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Abstract

Randomized trials are typically designed to de-
tect average treatment effects but often lack
the statistical power to uncover individual-
level treatment effect heterogeneity, limiting
their value for personalized decision-making.
To address this, we propose the QR-learner,
a model-agnostic learner that estimates con-
ditional average treatment effects (CATE)
within the trial population by leveraging ex-
ternal data from other trials or observational
studies. The proposed method is robust: it
can reduce the mean squared error relative to
a trial-only CATE learner, and is guaranteed
to recover the true CATE even when the exter-
nal data are not aligned with the trial. More-
over, we introduce a procedure that combines
the QR-learner with a trial-only CATE learner
and show that it asymptotically matches or
exceeds both component learners in terms of
mean squared error. We examine the perfor-
mance of our approach in simulation studies
and apply the methods to a real-world dataset,
demonstrating improvements in both CATE
estimation and statistical power for detecting
heterogeneous effects.

1 INTRODUCTION

By randomly assigning the interventions of interest,
randomized trials are unique in their ability to esti-
mate causal effects with little reliance on untestable as-
sumptions. This strength has made trials the preferred
approach for evaluating interventions across many sci-
entific domains. However, their high cost often limits
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sample size, which in turn limits the precision of sta-
tistical inferences that can be drawn from trial data.
The problem is especially acute when the aim is not
only to estimate an average treatment effect but also
to characterize treatment effect heterogeneity (Lagakos
et al.l 20006, a key step toward personalized decision-
making for the population represented by the trial. A
central quantity for this purpose is the conditional av-
erage treatment effect (CATE), which captures how
treatment effects depend on individual-level covari-
ates (Kiinzel et all 2019). However, the estimation
of CATEs for different subgroups is more challenging
than the estimation of average effects; therefore, the
data from trials powered to detect average treatment
effects are typically not adequate for the precise esti-
mation of CATEs (Dahabreh et al.,2016). As a result,
accurately estimating CATEs within a trial population
remains a difficult yet important challenge.

In recent years, there has been growing interest in aug-
menting trials with external data, mainly in the context
of improving average treatment effect estimation (van
Rosmalen et al., [2018; |Jahanshahi et al., |2021). A
key challenge in this setting is to properly account
for differences between the trial population and the
population underlying the external data (Ung et al.,
2024). These differences raise a fundamental concern:
whether causal quantities such as the CATE remain
stable across the two populations — a property known
as transportability (Bareinboim and Pearl, |2016} Da;
habreh and Hernanl 2019). In this paper, we investigate
the analogous problem of using external data, such as
from another trial or an observational study, to aug-
ment the estimation of CATEs in the trial population,
in settings where the populations underlying the trial
and external data may be misaligned. Here, we focus
on the setting where transportability does not neces-
sarily hold and the external data may be subject to
unmeasured confounding. Our objective is to leverage
external data for CATE estimation while ensuring that
using the external data does not harm the estimation
compared to if we had used trial data alone in cases of
misalignment between the underlying populations.
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Contributions We propose the QR-learner, a model-
agnostic learner that improves estimation of the CATE
in the population underlying a trial by leveraging ex-
ternal data from other trials or observational studies.
We prove this learner is robust even when the external
data are not aligned with the trial data: it recovers
the true CATE even when external data come from a
population which is not transportable with the trial
population or are affected by uncontrolled confound-
ing, while at the same time it can reduce the estimated
CATE mean squared error compared to using trial data
alone when the external data are sufficiently aligned
(Sections . As another safeguard against poten-
tial harm from misaligned external data, we propose a
procedure that combines the QR-learner with a trial-
only CATE learner and prove that the combined learner
asymptotically achieves a mean squared error that is no
worse and potentially better than its component learn-
ers (Section[4.4). Using simulations and real-world data
from the Student/Teacher Achievement Ratio (STAR)
project (Word et al., [1990; Krueger, [1999) we find that
our method is robust when integrating external data
that are not aligned with the trial data, and that it
improves both CATE estimation mean squared error
and the statistical power to detect treatment effect
heterogeneity (Section [5[ and @

2 RELATED WORKS

Our work builds upon a rich and growing literature
on CATE learners. Examples of approaches include
adaptations of decision trees (Athey and Imbens| 2016,
random forests (Wager and Athey, |2018), and neural
networks (Shalit et al [2017). Our proposed learner is
most closely related to model-agnostic “meta-learners’
which allow for estimating the CATE and nuisance mod-
els using any supervised learning algorithm (Kiinzel
et al.l |2019; [Nie and Wager} [2021; |[Kennedyl, 2023)).
However, most existing model-agnostic learners are tai-
lored to settings where data are drawn from a single
source, such as a single randomized trial or an observa-
tional study.

)

More recently, several CATE learners have been pro-
posed for multi-source settings, often relying on the
assumption that the CATE is transportable across the
underlying populations (Hatt et al., 2022;|Wu and Yang),
2022} [Shyr et al., [2023; [Wu and Yang, 2023)). For ex-
ample, [Schweisthal et al.| (2024) propose a learner that
constructs bounds on the transportable CATE under
unmeasured confounding across different populations,
while Kallus et al.| (2018)) rely on the transportability
assumption by estimating the CATE from a large, po-
tentially confounded observational dataset and then

apply a linear bias correction using data from a small
randomized trial. Although some of these approaches
might be used to estimate the trial-specific CATE un-
der non-transportability, to our knowledge only |Asiaee
et al.| (2023 [2025) explicitly address this setting; we
discuss these methods in more detail later. [Yang et al.
(2023) studied the related problem of using multi-source
data to perform valid statistical inference when estimat-
ing treatment effect heterogeneity under violations of
transportability. However, their approach is restricted
to a parametric linear working model for the CATE,
whereas we focus specifically on optimizing the predic-
tive performance (i.e., minimizing mean squared error)
for a model-agnostic CATE learner which also allows
for more flexible and nonparametric working models.

Finally, our work draws on recent developments in the
trial augmentation literature for average treatment ef-
fect estimation in trials using data from an external
population. These developments have emphasized ro-
bustness to integrating external data misaligned with
the trial data (Schuler et al., |2022; Huang et al., |2023}
Liao et al.l 2023; [De Bartolomeis et al., 2025} Karlsson
et al.,2026). In particular, we will adapt ideas from the
randomization-aware estimator framework proposed by
Karlsson et al.| (2026) to construct CATE learners that
are robust to misaligned external data.

3 PROBLEM SETTING

Notation Let X € X denote baseline (pre-treatment)
covariates; S the binary indicator of data source (S =1
for trial participants; S = 0 for individuals in the
external data); A the binary indicator for treatment
assignment (A = 1 for the experimental treatment;
A = 0 denotes the control); and Y € ) the outcome
(continuous, binary, or count). Throughout, we use
italic capital letters to denote random variables and
lowercase letters for their specific values. We write f()
to denote the density functions of random variables.

Study design and data structure We consider a
non-nested trial design where the trial and external
data are separately obtained and modeled as simple
random samples from different populations, obtained
with unknown and possibly unequal sampling fractions
(Dahabreh et all 2021). For observation ¢ with S; = s,
the data are modeled as i.i.d., conditional on study
source, with the random tuple O; = (X, S; = s, A4;,Y;)
for i = 1,...,n,, where ng is the number of observa-
tions from source S = s. The composite dataset has
total sample size n = ni +ng, where the proportions of
trial and external participants in the composite dataset
may not reflect the size of their underlying populations.
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In the trial, treatment is randomly assigned according
to the propensity score e(X) =Pr(A=1] X,5 =1)
which is assumed to be known (Rosenbaum and Rubin|
1983). As n — oo, we assume the ratios of the trial
and external data sample sizes to the total sample size
converge to some constants, i.e., ns/n — ¢s € (0,1).

3.1 Identification of Causal Effects

To define the causal quantity of interest, we use po-
tential outcomes (Rubin, [1974). For individual ¢ and
for a € {0, 1}, the potential outcome Y;* denotes the
outcome under intervention to set treatment A to a,
possibly contrary to fact. Our goal is to estimate the
CATE in the population underlying the trial,

() =EY'-Y° | X =2,5=1]. (1)

Under standard conditions, the CATE 7(z) is identifi-
able from data in the trial.

Condition 1 (Consistency). If A; = a, then Y =Y;
for every individual ¢ and treatment a € {0,1}.

Condition 2 (Strong ignorability in the trial popula-
tion). Positivity in trial: for each treatment a € {0, 1},
if f(x,§=1)#0, thenPr(A=a|X =2,5=1) > 0.
Conditional exchangeability in trial: for each a € {0,1},
Yo 1 A|(X,S=1).

Conditions [I] and [2] are typically supported by a
well-designed randomized trial and together suffice to
identify the CATE as 7(x) = g1(z) — go(z), where
go(z) = ElY | X = 2,A = a,S = 1]. However, it
is common to assume additional conditions to enable
identification and estimation of 7(z) using both the
trial and external data.

Condition 3 (Strong ignorability in the external
population). Positivity in external population: for
each treatment a € {0,1}, if f(x,S = 0) # 0, then
Pr(A =a|X =2,5 =0) > 0. Conditional exchange-
ability in external population: for each a € {0,1},
Ye 1 A|(X,S =0).

Condition 4 (Transportability). For each a € {0,1},
Yo 15| X.

The above two conditions can be controversial, espe-
cially when the external data originate from an ob-
servational study, because these conditions are uncer-
tain and typically require substantial domain expertise
to justify. Notably, Conditions [I] to ] together have
testable implications that can be empirically assessed
to falsify them, see e.g. Hussain et al.| (2023); |De Bar,
tolomeis et al.|(2024); Dahabreh et al.| (2024). This
can be used in particular to evaluate Conditions [3]

and [4] because Condition [I] and [2] are supported by the
trial’s experimental design. Nonetheless, performing
such falsification tests remains an inherently difficult
task (Fawkes et al., |2025).

4 AUGMENTING TRIALS WITH
EXTERNAL DATA

4.1 A Class of Robust Pseudo-outcomes

Our goal is to learn a CATE function from a class of can-
didates F that minimizes the population risk relative
to the true CATE function, namely arg min:. » R*(7)
where R*(7) = E[(7(X) — 7(X))? | S = 1]. However,
as we cannot minimize R*(7) directly because the true
CATE 7(X) is unknown, we study the class of CATE
learners obtained by minimizing a pseudo-risk (Foster
and Syrgkanis|, 2023)),

arg min R(7;7) (2)

FeF

where R(7:n) = E[((O:n) — #(X))? | § = 1]. Here,
we introduce an auxiliary random variable, sometimes
referred to as a pseudo-outcome:
. - AZ — 6(XZ)
1/1(0“77) E(XZ)(l —€(X,L)) (Y; hAl(Xz))

+ha(X3) = ho(X))

3)

which is indexed by some nuisance models = {h1, ho},
where Ay : X — R and hy : X — R are real-valued
functions defined on the covariate space X. When
clear from context, we omit the arguments and write
¥ = ¥(Oy;m) and ¢; = ¥(0y;7) to denote the pseudo-
outcomes computed using either the nuisance models 7
or replacing the nuisance models with their estimates 7).

Depending on our choice of 7, we obtain different CATE
learners when solving (2). For instance, if n = {0,0},
we obtain the (inverse) propensity weighted learner,
refereed to as the PW-learner by [Curth and Van der]
Schaar| (2021). Meanwhile, if = {g1,90}, where
go = E[Y | X,A = a,5 = 1], we obtain the DR-
learner (Kennedyl 2023)). More generally, for any choice
of n, we can prove an important robustness property
of R(7;n) guaranteed by the trial’s randomized design.
Theorem 1. Under Conditions [ and [d where the
propensity score e(X) is known, for any fived speci-
fication of the nuisance models Nfged, the minimiza-
tion problem in always yields the true CATE
as its unique solution provided that T € F; that is,
T = arg minz¢ » R(7; Nfized) -

Although this result has appeared in the literature
before (see, for example, Morzywolek et al. (2023)
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and references therein), we provide a derivation in Ap-
pendix for completeness. We denote the nuisance
models 7gxeq With a fixed specification to emphasize
that they must be chosen independently of the dataset
used to compute the pseudo-outcome; this requirement
can be satisfied using cross-fitting, which we describe
in the following subsections.

Recognizing the central role of using the known propen-
sity score in the above theorem, we refer to the pseudo-
outcomes in constructed using the known propensity
score as randomization-aware pseudo-outcomes (Karls,
son et al., 2026). This framing allows us to consider
a broader class of pseudo-outcomes for robust CATE
estimation, distinguished by varying specifications of
the nuisance models 7. While Theorem [I] guarantees
that R(7;n) is a proper model selection criterion for the
CATE regardless of the choice of 7, as we will discuss
next, the choice of i ultimately still plays a crucial role
in estimating the CATE based on the observed data.
This happens as we transition to the sample analog
version of the minimization problem in .

Remark 1. While our main focus is on the pseudo-risk
and pseudo-outcomes in and , another relevant
pseudo-risk that may share similar robustness proper-
ties when having access to the true propensity score
e(X) is the one used by the R-learner (Nie and Wager,
2021). In Appendix|B| we outline potential connections
between our results and the R-learner pseudo-risk, par-
ticularly in the special case where the propensity score
e(X) is constant.

4.2 Using External Data to Improve CATE
Model Selection in the Trial Population

To estimate the CATE from observed data, we
must consider the sample analog of R(7;n), de-
fined as R(7;9) = -3¢ (¢ (0ii) =7 (X:)*.
We then obtain the CATE estimate by solving 7 =
argminzc » R(7:7).

Although the robustness property of randomization-
aware pseudo-outcomes discussed earlier might suggest
that the choice of nuisance models 7 is inconsequential,
we will show that this is not the case. Because the
model selection criterion R(7;7) is a sample average,
in finite samples, this criterion can choose subopti-
mal CATE models and, importantly, this behavior is
influenced by the choice of nuisance models 1. To un-
derstand this, we first note that we can decompose the

sample analog pseudo-risk as

n
L.s=1

—2(7(X;) — F(X:) (Wi — 7(X))
+(thi — T(Xi))ﬂ :

From the above decomposition, which we derive in Ap-
pendix [A.2] we see that R(T 7)) consists of three parts:
a first term that in expectation equals the population
risk R*(7) = E[(1(X) —7(X))? | S = 1]; a second term
that introduces model selection uncertainty; and a third
term which is independent of the candidate model 7.
Therefore, we may still end up selecting a suboptimal
7 due to the second term influencing R(7;7).

To see why the second term is problematic for model
selection, consider comparing two candidate models 71
and 75. If we observe Alg = R(Tl,T]) R(Tg, ) > 0,
we would conclude that 73 is better than 71; we would
make the opposite decision when Ajp <0, or remain
inconclusive when A1 = 0. However, note that only
the third term from the decomposition cancels out in
the risk difference Aj5. This means that in addition to
the first term, which captures the true error relative to
the true CATE, the second term can also influence our
decision about which candidate model performs better.

To improve ﬁ(%;ﬁ) as a model selection criterion, a
natural strategy is to choose 77 to minimize the variance
of the problematic second term. The next result pro-
vides insight into how this can be achieved (see proof
in Appendix .

Lemma 1. Under Conditions [1] and [, assume the
propensity score e(X) 18 known and the nuisance func-
tions i) = {hy,ho} are estimated on a dataset inde-
pendent of that used to compute the pseudo-outcomes
. Define € == (1(X) — 7(X))(¥ — 7(X)), then we
have that Ele | S = 1] = 0 and Var(e | S = 1) <

C [Q{Ll(ﬁl) + Lo(ho)} + 52} where

Lo(ha) =E [wa(X) (Y — ha (X))2 |A=a,S = 1]

=Var(Y' =Y | S =1) - Var(7(X) | S =1)
C= rxnea;((T(x) — 7(x))?
with we (X) = (1;(6)(())())2&_1 for a € {0,1}.

The above result shows that a weighted mean squared
error of the nuisance models 77 = {hl, ho} appears in an
upper bound on the variance of the terms responsible
for model selection uncertainty when using R(7;7).
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This motivates our approach for selecting n: choose it to
directly minimize both L; and Lg. Similar approaches
to selecting n have appeared in prior work in single-
source settings. [Cao et al.| (2009) addressed a related
problem of mean estimation with missing data, while
Saito and Yasui| (2020) considered conditional average
treatment effect estimation.

The tightness of the bound in the above lemma depends
on the candidate model 7 for the CATE. Specifically,
it is proportional to the non-negative constant C =
max,ex(7(x) — 7(x))?. Therefore, when the class of
candidate models F contains good approximations of
the true CATE 7 and 7 itself is bounded, C is expected
to be small, resulting in a relatively tight upper bound.

In the next result, we show how external data can
be used to minimize the identified upper-bound in
Lemma To achieve this, we invoke the assump-
tions of strong ignorability in the external data (Con-
dition |3)) and transportability (Condition . However,
because these conditions are uncertain and may not
hold in many settings, we recall that these conditions
are not needed to ensure the robustness properties of
the randomization-aware pseudo-outcomes. We later
discuss a strategy for further improving robustness
against these violations.

Theorem 2. Under Conditions[3 and [}, in addition
to those of Lemmal[l], we can express

La(ha) = E[6a(X) (Y = ha(X))? | A=a] (4

2a—1
~ Pr(S=1|X,A=a —e(X
where Wy (X) = P(r(S:l|1|A:a)) (1e()(() )) .

The above theorem, proven in Appendix [A.4] shows
that the function Lg(he), which appeared in the upper-
bound of the variance Var(e | S = 1), can be rewritten
in terms of all observed data from both the trial and
external populations. Unlike the expression for La(ﬁa)
in Lemma [}, we no longer condition on S. With this
result, we can proceed with proposing a novel CATE
learner that chooses the nuisance models 7 to minimize

this upper-bound with the help of external data.

Remark 2. The results in Theorem [2| are reminis-
cent of results from the transfer learning literature,
where one express the expected mean squared error of
a prediction function for data within some domain by
reweighting data from another domain (Shimodairal
2000; |Weiss et al., 2016]). To obtain this type of re-
sult in transfer learning, one typically assumes that
the conditional distribution of labels remains constant
across the two domains; this is analogous to how the
transportability condition put certain requirements on
the conditional distribution of the potential outcomes

in our setting. However, unlike this literature, our goal
is to be explicitly robust to violations of this condition,
for which we propose a solution to this problem later
in Section .4

4.3 The QR-learner Algorithm

In this section, we introduce a novel method for esti-
mating the CATE, which we call the Quasi-optimized
Randomization-aware learner, or QR-learner. This
method is model-agnostic, allowing it to use any su-
pervised learning algorithm for estimating the CATE
and nuisance models. It follows a two-stage procedure:
In the first stage, it solves an optimization problem
to select 1 using both trial and external data that
minimizes the identified upper bound related to the
model selection uncertainty in finite samples. We call
this step quasi-optimized because it targets an upper
bound rather than the variance directly. In the sec-
ond stage, the method regresses randomization-aware
pseudo-outcomes on the covariates using only trial data
to estimate the CATE. The first stage reduces finite-
sample uncertainty for model selection, while the sec-
ond stage leverages the robustness of the randomization-
aware pseudo-outcomes to target the true CATE in the
trial population.

To prevent overfitting and ensure that 7 is estimated
independently of the data used for pseudo-outcomes,
we employ a cross-fitting procedure that partitions the
data into D' UD?, stratified by treatment A and study
population S. In the first stage, we use both the trial
and external data in D! to estimate 7* = {h},h%}
where each component ﬁz is obtained by solving the
optimization problem

1-— €(X1

min, 3 700 (S ) 0 k(X))

where the sum is taken over D! = {i € D! : A; = a},
H is the model class under consideration for the
nuisance models n = {hy,ho}, and 7, is an esti-
mator from the model class G for the probability
of trial participation Pr(S = 1 | X = 2,4 = a)
which is also estimated using D}. Then, in the sec-
ond stage, the pseudo-outcomes ¥ (O;;7*) are com-
puted on D? using the estimated nuisance models
f*. We estimate the CATE using D? by solving
T o= argminecx Y iepe.g.—q (V(05 1) — 7(Xi))?. To
efficiently use all available data, we reverse the roles
of the splits to obtain a second CATE estimator, and
then take the average of the predictions from the two
resulting estimators; this procedure naturally extends
to more than two data splits if desired. Pseudo-code
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for the QR-learner is also provided in Appendix [C]

We now discuss several noteworthy remarks about the
QR-learner. First, we recommend using a linear logistic
regression with a cross-validated ridge penalty for esti-
mating 7,. The reason we use a linear model is that,
although the external sample size is large, the trial sam-
ple size may be much smaller, so a more flexible model
could still overfit or have poor calibration. It is also
known that maximum likelihood estimation of logistic
regression can be biased in small-sample settings or
when the number of observations from one of the events
is rare. Adding a shrinkage penalty, as we do here, can
reduce this type of bias; see, for example, [Firth| (1993)
and |Leitgob| (2020) for more detailed discussion.

Second, while our primary focus is to predict the CATE
well with respect to the risk R*(7) = E[(7(X)—7(X))? |
S = 1], we note that in some cases, it may also be
possible to use the estimated function 7(X) obtained
from the QR-learner for inference about the CATE.
Although a full theoretical treatment is beyond the
scope of this work, we provide supporting arguments in
Appendix [D] to explain why this may be justified, and
later show in a simulation study that this is feasible.

Third, our motivation for proposing the QR-learner
stems from Theorem [2] which shows that minimizing
the objective in (5) can improve CATE model selec-
tion. Here we provide another argument for why the
QR-learner may outperform a trial-only learner, specif-
ically the DR-learner. Both learners differ only in how
their outcome nuisance models are estimated, and it is
known that the DR-learner’s convergence rate depends
on errors in both estimating the CATE function in
the second stage and the outcome nuisance models in
the first stage (Kennedy, [2023). The QR-learner can
improve upon the DR-learner by estimating these out-
come nuisance models more accurately using both trial
and external data when populations are well-aligned.
With sufficiently large external data, outcome nuisance
estimation errors become negligible, and we could ex-
pect the QR-learner to outperform the DR-learner,
which is also what we observe in our simulations.

Finally, the CFACE learner proposed by |Asiaee et al.
(2023)) shares close similarities with the QR-learner.
Their method differs from ours in the first stage by esti-
mating nuisance models n = {m*, m*}, where m*(x) =
e(x) - po(x)+ (1 —e(x)) - pa(x) with pa(z) =E[Y | X =
x, A =a,S =0]. This formulation comes from solving
argmin,, Var (¢(O;n = {m,m}) | X =z,5 = 1), with
nuisance models estimated entirely from external data.
Their approach works well when external data are abun-
dant and aligned with the trial population, but can

fail if the populations differ substantially or external
data are limited. This pitfall was noted by the same
authors in |Asiaee et al.| (2025)), where they propose
another learner called R-OSCAR. This learner differs
more substantially from ours and instead resembles the
bias correction approach of Kallus et al. (2018)), but
tailored specifically for estimating the CATE in the un-
derlying population of a randomized trial. We further
discuss the procedures of both CFACE and R-OSCAR
in Appendix [E]

4.4 Combining CATE Learners

The success of the optimization in relies on two con-
ditions that are not necessary for the identification of
the CATE in the trial population. First, it requires that
the external data are aligned with the trial data: that
is, Conditionsandhold. Second, for each a € {0, 1},
the estimator 7, (z) needs to be a correctly specified
model of the probability Pr(S =1 | X = z,A = a).
As a result, while the QR-learner always targets the
correct CATE in the trial population, it may perform
worse in finite samples, in terms of mean squared er-
ror, than a CATE learner based on the trial data
alone. To address this issue, we therefore propose
a variant which combines the potential benefits from
using external data via the QR-learner with the ad-
ditional robustness from a trial-only learner. Specifi-
cally, we use the DR-learner (Kennedy, 2023) obtained
by regressing randomization-aware pseudo-outcomes
¥(0;% = {g1,J0}) on the covariates X where g, esti-
mates E[Y | X, A = @, S = 1] using only trial data.

Our proposed combined learner is defined as
7A'($L'; )\) =\ 7A'QR(.’17) + (1 - )\) . 7A'DR(.’1?), AE [0, 1] R

where Tqr is the estimator from the QR-learner us-
ing both trial and external data, and 7pr is the es-
timator from the DR-learner using trial data alone;
this combined learner can be viewed as an instance
of stacked regression (Breiman, (1996)) for CATE esti-
mation. We recommend using the DR-learner as the
trial-only learner here because it is also robust to mis-
specification of the outcome models, even though the
theoretical guarantees in this section also hold if we
replace it with another CATE learner fitted using only
the trial data.

Recall the population risk introduced in Section 4.1,
R*(7) = E[(7(X) — 7(X))? | S = 1]. For the com-
bined learner we write R*(A) := R*(7(-;\)) with
Rpg = R*(0) and Rgg = R*(1). Our goal in this
section is to choose A such that R*()) is no larger
than min{ Ry, Rg}. We first show that for the or-
acle weights the mean squared error of the combined
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estimator is no worse than the individual components
(see proof in Appendix [A.5).

Lemma 2. Let \* = argminyep R*(A\) be the oracle
weight then R*(X\*) < min{R{x, Rpr}. Furthermore,
if El(7or(X) — 7pr(X))? | S = 1] > 0, then the oracle
weight \* is unique.

In practice, the population risk cannot be computed
directly, so we minimize the sample analog pseudo-risk
R(\) = n% >iis,—1 (¥ — (X35 A))?. We show that an
empirical estimate of the oracle weight A\* can be ob-
tained via cross-validation and achieves the same risk
asymptotically as the oracle. Let the trial data be
partitioned into K mutually exclusive folds. For each
observation i, let 755" and 72(5;) denote the learners
trained on data excluding the fold containing ¢, and
define 7#(=9 (z; \) := X - %&;) +(1-=X)- %gRl). We con-
sider computing the pseudo-outcomes with n = {0,0},
yielding a model-free combination approach. The K-

fold cross-validated pseudo-risk estimate is Roy (A) =
Ly (v — (=D (; M) ? The cross-validated weight

mn1
is then obtained as \* = arg minyep ]’%CV(/\).

Theorem 3. Assume that the pseudo-outcome
¥(O;n = {0,0}) and the base learners Tor(X) and
Tpr(X) are uniformly bounded. Then, we have
RO £ R'OV) + op(1) < min{Rpp Rpn} +
op(1) where 0,(1) converges to 0 as n — .

The above result describes the oracle excess risk of
the combined learner and guarantees that selecting
the parameter A\ via cross-validation yields a combined
learner whose risk differs from the best possible risk by
a vanishing term. In other words, the cross-validated
choice is asymptotically as good as the oracle-optimal
choice and, in large samples, performs at least as well
as the better of the two candidate learners. Note that
our setting does not require the two component learners
to converge to the same CATE function. If they use
different model classes and converge to different func-
tions, a linear combination may be strictly better than
either component learner. In the special case where
both learners converge to the same function such that
Rpr = R{ R, the combined learner also converges to
this function.

As a final remark, we note that an alternative ap-
proach to combine the QR- and DR-learner would be
to take the pseudo-outcomes from their respective first
stages and fit a CATE model to a linear combination of
these pseudo-outcomes. However, this is a less general
solution since our formulation allows the theoretical
guarantees in this section to hold for any trial-only
learner, including those that do not rely on learning
the CATE using pseudo-outcomes such as the S- or

T-learner (Kinzel et al., |2019).

5 SIMULATION STUDY

We conduct a series of simulations to evaluate the
performance of our proposed method against sev-
eral baselines, focusing on CATE prediction mean
squared error. We also assess statistical power to
detect treatment effect heterogeneity through inter-
action tests between the treatment and a hypothesized
effect modifier, an analysis commonly performed in
real-world trials. For this second evaluation, we con-
sider only methods that support statistical inference.
The code to reproduce our experiments is available
in the public Github repository https://github.com/
RickardKarl/robust-trial-CATE-augmentation.

Baselines In addition to our proposed QR-learner
and combined learner, we apply the DR-learner with
known propensity scores using only trial data (Kennedy),
2023); the T-learner, which computes CATE estimates
as §1(x) — go(x) with the same nuisance models that
are used in the DR-learner; a pooled variant of the T-
learner obtained by estimating E[Y | X, A = 1] —E[Y" |
X, A = 0] using both the trial and external data; the
method proposed by |Asiace et al| (2025|) called R-
OSCAR, in addition to a method from a previous
version of their manuscript called CFACE (see |Asiaee
et al.[(2023); an extended discussion on their differences
is found in Appendix [E); and the linear additive bias
correction method of |[Kallus et al.| (2018) which we refer
to as KSP (after the authors’ initials). Implementation
details are provided in Appendix

5.1 Influence of External Data Sample Size
and Population Misalignment

First, we assess the root mean squared error (RMSE)
of CATE predictions in a setting with a fixed trial
size while varying the size of the external dataset. We
consider two scenarios: (i) an idealized setting in which
both Conditions [3] and [@] hold — i.e., the external data
are unconfounded and transportability holds — and
(ii) a more realistic, challenging setting where these
assumptions are violated. We use gradient boosting
regressors to estimate the outcome nuisance compo-
nents and a linear model to estimate both the trial
participation probability and the CATE; this modeling
choice aligns with the data-generating process, where
the baseline outcome is a highly nonlinear function of
the covariates, while the CATE is linear.

Table [I] shows that our proposed methods consistently
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achieve the lowest or near-lowest RMSE across all set-
tings, with performance improving as the external sam-
ple size increases. The trial-only DR~ and T-learners
performs no better than simply predicting an estimated
average treatment effect (ATE) for all individuals, in-
dicating the difficulty of this task based on trial data
alone. While all integrative methods perform best when
Conditions 3 and 4 hold, it is noteworthy when these
conditions are violated that our methods exhibit RM-
SEs comparable to that of the trial-only DR-learner.
CFACE shows a similar pattern, except when the exter-
nal dataset is small (ny = 100), where it performs worse
than both the trial-only DR-learner and the ATE pre-
dictor. This suggests that their nuisance model fitting
is somewhat less robust than ours, as it can under-
perform relative to the best trial-only CATE learner.
Interestingly, R-OSCAR and KSP underperform in all
settings; both of these methods rely on fitting separate
functions to model the bias between the trial and ex-
ternal population. The difficulty of this bias modeling
when the trial size is small could likely explain why
both these methods fail.

When examining average prediction bias (full results in
Appendix , we find that all methods are largely unbi-
ased except the pooled T-learner. This is expected since
we fit linear CATE models that match the true CATE
function. Thus, the observed RMSE gains among the
integrative methods using external data primarily stem
from variance reduction rather than bias reduction,
provided the model is correctly specified.

5.2 Assessing Statistical Power to Detect
Interaction Effects

We next assess statistical power to detect treatment
effect heterogeneity via interaction tests between the
treatment and a hypothesized effect modifier when
integrating external data while transportability (Con-
dition |4} is violated. This analysis is conducted in a
setting with five observed covariates X, where one is
a potential effect modifier Z C X. We consider two
scenarios: one in which the effect modifier is present,
and another where it is absent. Methods based on the
T-learner, R-OSCAR, KSP and the combined learner
are excluded, as they do not support inference on the
estimated CATE model 7. For the remaining methods,
we regress 7 on Z and perform a two-sided test on the
Z coefficient. As a baseline, we also include a simpler
test aligned with standard practice in trial analyses,
fitting a linear regression of Y on (A, Z, A - Z), testing
the A - Z interaction using either only the trial data or
the pooled data. We use a significance level a = 0.05.
Full implementation details of the tests are provided

in Appendix [F-3]

The results in Figure |la] show that when varying the
trial sample size with the external dataset size fixed
at ng = 1000, all methods maintain nominal type I
error in the absence of an effect modifier except for the
pooled covariate adjustment which can be explained by
transportability being violated. Among the methods
with nominal type 1 error, the QR-learner and CFACE
consistently improve the power by about 10 to 20 per-
centage points to detect the effect modifier when it is
present.

6 CASE STUDY: STAR DATASET

We use data from the Tennessee Student/Teacher
Achievement Ratio (STAR) project (Word et al., 1990
Krueger} [1999), a large-scale randomized trial on the ef-
fects of class size on student performance. The dataset
is divided into two populations based on school location:
rural and urban schools. Since both originate from a
randomized study, strong ignorability is expected to
hold within each population. However, outcome distri-
butions differ across rural and urban schools, and by
deliberately omitting school location from the observed
covariates, we create a setting where transportability
between the two populations is violated. Additional
details on the data are provided in Appendix [F.4] Per-
formance is measured using RMSE on a held-out test set
from the target population, where the pseudo-outcome
¥(04;m = {0,0}) serves as a proxy for the true CATE.
Although this proxy has high variance, the use of the
known trial propensity score ensures that the estimate
aligns in expectation with the true population risk, as
discussed in Section [} Gradient boosting is used for
estimating the outcome nuisance models, and ridge-
penalized (logistic) linear models to estimate both the
trial participation probability and the CATE.

We evaluate the RMSE of each method as the trial sam-
ple size increases, while fixing the external data size at
no = 1000. In Figure urban schools are treated as
the target trial population (S = 1) and rural schools as
the external population (S = 0); the flipped setting is
reported in Appendix [G] KSP performed significantly
worse than the other methods and is therefore omitted
from the main figure for ease of visualization, though
it is included in the appendix. The integrative meth-
ods mostly benefit from external data when the trial
sample is small, with gains diminishing as the trial
grows. The combined learner consistently outperforms
its component learners, the DR- and QR-learners, as
predicted by our theory, and also outperforms CFACE
and R-OSCAR at smaller sample sizes. The QR-learner
offers no improvement over the DR-learner in this set-
ting, though in the flipped setting we observe that it
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Table 1: Average root mean squared error reported over 500 repeated runs from the simulation study with a trial sample
size n1 = 250 under different scenarios. Lowest number for each scenario is marked with bold.

External sample size 100 1000 10000
Condition 3 and 4 violated? No Yes No Yes No Yes
Predict ATE 0.31 (1e-3) 0.31 (1e-3) 0.31 (1le-3) 0.31 (1e-3) 0.31 (1e-3) 0.31 (1e-3)
DR-learner 0.28 (4e-3) 0.32 (4e-3) 0.28 (4e-3) 0.32 (4e-3) 0.27 (4e-3) 0.32 (4e-3)
T-learner 0.55 (3e-3) 0.55 (3e-3) 0.55(3e-3) 0.55 (3e-3) 0.55 (3e-3) 0.55 (3e-3)
Pooled T-learner 0.52 (2¢-3) 0.60 (3e-3) 0.47 (9e-4) 0.60 (1e-3) 0.33 (7e-4) 0.48 (1e-3)
CFACE (Asiaee et al., 2023) 0.34 (5e-3) 0.36 (4e-3) 0.24 (4e-3) 0.30 (3e-3) 0.19 (3e-3)  0.28 (3e-3)
R-OSCAR (Asiaee et al., 2025) 0.60 (4e-03) 0.60 (4e-03) 0.52 (2e-03) 0.58 (2e-03) 0.37 (1e-03) 0.41 (2e-03)
KSP (Kallus et al., 2018) 0.71 (1e-2) 0.76 (1e-2) 0.72 (1e-2) 0.77 (1e-2) 0.71 (1e-2) 0.77 (1e-2)
QR-learner (ours) 0.28 (4e-3)  0.32 (4e-3) 0.23 (3e-3)  0.29 (3e-3) 0.19 (3e-3)  0.27 (3e-3)
Combined learner (ours) 0.29 (4e-3) 0.32 (4e-3) 0.23 (3e-3) 0.29 (4e-3) 0.19 (3e-3)  0.27 (3e-3)
STAR dataset
82
No effect modification Effect modifier present
e 80
] 0.8 i g 28
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Figure 1: (a): Evaluating type 1 error (lower better) and power (higher better) in the simulation study with the methods
applicable for statistically testing for the presence of an effect modifier as sample size in trial increases, reported over
500 repeated runs. (b) We evaluate the RMSE on the STAR dataset when increasing the trial sample size with a fixed
external sample size of ng = 1000. We report the average RMSE and standard error over 200 repeated runs.

improves over the DR-learner. When the trial size
becomes large, the trial-only and pooled T-learners,
along with CFACE and R-OSCAR, achieve the lowest
RMSE. The margin between these approaches and the
DR-learner also grows, although this margin depends
on whether the target population is urban or rural.
This suggests that the advantage may reflect asymme-
tries between the two populations rather than a general
property of the methods. Overall, the results show that
our proposed CATE learners can effectively leverage
external data to improve prediction accuracy.

7 DISCUSSION

Our experimental findings demonstrate that the pro-
posed learners for estimating the CATE using external
data can effectively reduce the mean squared error of
CATE estimates, while remaining robust in scenarios
where the external data has unmeasured confounders or
transportability is violated. Notably, in cases where the
DR-learner failed to outperform a simple baseline that

predicts the average treatment effect — thus providing
limited value — our proposed learners were still able to
achieve better accuracy. This highlights the potential
value of incorporating external data into analyses of
heterogeneous treatment effects in randomized trials.

While our proposed methodology performs as intended,
it is important to acknowledge its limitations, particu-
larly given its potential impact on real-world decision-
making in public health and policy. First, we observe
an upper limit to the incremental gain of incorporating
additional external data. This is because the external
data primarily improves the first-stage estimation of
the QR-learner, whereas the second stage relies solely
on the randomized trial and is therefore constrained
by the trial sample size. Second, although we observe
that minimizing the upper bound in Lemma|[I]improves
CATE accuracy empirically and our method appears
robust, it remains of interest to explore under what
scenarios tighter bounds can be obtained or more di-
rect strategies for improving CATE estimation can
be developed.
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e.g., personally identifiable information or
offensive content. Not Applicable: The
STAR dataset is completely anonymized.

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

The full text of instructions given to partici-
pants and screenshots. Not Applicable
Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable. Not Applicable
The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. Not Applicable
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A PROOFS AND DERIVATIONS
A.1 Proof of Theorem

Proof. We write Yfixed = ¥(O; Nfixed )-

First, we need to prove conditional unbiasedness, E[t)fxeq | X = 2,5 = 1] = 7(z), as follows:

= m0) = T (Y = (X)) | X =5 = 1| + (o) — ho(o)

where the second equality follows from consistency in Condition [I] Next, we inspect the first term inside the
above expectation, which can be rewritten as follows
(E{Yl | X =2,8= 1} - hl(a:)>

A A
_ e(x) <]E{Y1 | X =8 = 1} —hl(x))

| X =2,5=1

(Y1 — hy (X)) |X=x,5=1] =E

e(X) e(X)
e(x)

:E[Y1|X=z,5:1] — hy(z)

where the first equality follows from conditional exchangeability in the trial population, Y* 1 A | X,S =1, in
Condition [2| and the second equality follows from that E[A | X =z, S = 1] = e(x). Similarly, we can show that

1-A

£ 1—e(X)

(YO~ ho(X) | X =2,5=1

:E[Y“\X:x,szl} — ho(z) .

Putting all of the above together, we see that
E["/}ﬁxed | X:QC] :E[Yl —Yo ‘ X:$7S: 1:| :7—(1-)

Next, we show that 7 = argmin:. » R(7; xed) When 7 € F. By adding and subtracting 7(X) inside R(7; Nfixed)
we can decompose it as

E[(T(X) = 7(X))? | S = 1] —E[(7(X) = 7 (X)) (bsixea — (X)) | S = 1] + E [(zbﬁxed —T(X))? S =1
(a) () (©)

First, we see that (a) = R*(7). Next, we have that (b) = 0 because

E[(m(X) = 7 (X)) (Yfixead — 7(X)) [ S =1] =
[E[(7(X) = 7 (X)) (Yfixea — 7(X)) | X, 5 =1] | § =1]
[(7(X) = 7 (X)) E [(¥ixea — 7(X)) | X, S =1] | § =1]
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where the last equality follows from conditional unbiasedness such that E [(¢gxea — 7(X)) | X, S = 1] = 0. Finally,
(¢) = C is a real-valued constant C' > 0 independent of 7. Thus, we can write that

R(,]N—a nﬁxcd) =R (%) +C
which implies that
arg min R(7; Nfixed) = arg min{R*(7) + C} = argmin R*(7) = 7 .
FeF FeF FeF

A.2 Decomposition of the Sample Analog Pseudo-risk

We have that

R(7yi) = nil (zZ - %()Q))2
3:5;=1
= nil (TZz —7(X;) +7(X;) — T(Xl)>2
’L:S,;Zl
- nil { (r(X:) = 7 (X)) = 2(r(X3) = 7 (X)) (6 = 7(X)) + (% — T(XZ))Q }
3:5;=1

A.3 Proof of Lemmalll

Proof. To make it more explicit that the estimated nuisance models 7) are obtained independently of the
observations used to compute the pseudo-outcomes, we denote it as ngxeda = {h1,ho}. Moreover, we write

Yixed = V(O; Nfixed)-

Defining € := (7(X) — 7 (X)) (¥fixea — 7(X)), we then have that E[e | S = 1] = 0 which we showed in the proof of
Theorem [T} Next, we note that

Var(e | S=1)=E [ | 5 =1]
=E[(r(X) = 7 (X)) (txea — 7(X))* | § = 1]
—E [E[(r(X) = 7 (X)) (sea — (X)) | X, 8 =1] | § = 1]
=E[(r(X) =7 (X))’ E [($xea — (X))’ | X, 5 =1] | § = 1]
= E |(7(X) = 7 (X))* Var (timea | X, 5 = 1) | § = 1]

where the first equality follows from that Ele | S = 1] = 0 and the last from the conditional unbiasedness of the
pseudo-outcome, E[t)gxeq | X = 2,5 = 1] = 7(x), which we derived in the proof of Theorem

Next, we show how to upper-bound Var(e | S = 1) as follows:
Var(e | S =1) =E [(T(X) — 7(X))? Var (12 | X, 8 = 1) 1S = 1]
< C-E[Var (Ygixea | X, 5 =1)] 8 =1]

where the inequality holds if define the constant C' = max,cx (7(z) — 7(2))? > 0 . Next, we have from the law of
total variance that
E [Var (¥ixea | X, S =1) | S = 1] = Var(¢fixea | S = 1) — Var (E [¢fixea | X, S =1] | S =1)
= Var(i//ﬁxed | S = 1) —VaI‘(T (X) | S = 1) .
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where the second equality follows from the conditional unbiasedness of the pseudo-outcomes. Thus, so far, we
have Var(e | S = 1) < C' [Var(¢fixea | S =1) — Var (7 (X) | S =1)].

Next, we inspect the variance Var(¢fixeq | S = 1), which we rewrite using the law of total variance:

Var (Yfixed | S =1) = E [Var (¢gixea | Y'Y, X, 5 =1) | S =1] + Var (E [fixea | Y, Y%, X, 5 =1] | S =1)
=E[Var ({fixea | Y, Y, X,5=1) | S=1] + Var (Y' -Y? [ 5 =1)

where the second inequality follows from that
E [Yfixea | Y, Y0, X, S=1] =E[Y'-Y° | Y Y° X, S=1] =Y'-Y"
where the first equality stems from the conditional unbiasedness of the pseudo-outcomes.

We next write wﬁxed = '(/)l,ﬁxed - wo,ﬁxed where '(/Ja,ﬁxed = 1(A:1)€(X)1_i(_?(:14aio)(1_5()()) (Y - ha(X)) + ha (X) This

will help us simplify the expression for the above inner conditional variance as follows,

Var (’l/)ﬁxed | Y17 Y07X7 S = 1) = Var (wl,ﬁxed - wo,ﬁxed | Y17Y0aXa S = 1)
2

=E wl,ﬁxcd - 1/)O,ﬁxcd —-E [wl,ﬁxcd - wO,ﬁxcd | Ylv Yoa Xv S = 1] | Ylv Yoa Xa S=1

—_yl_yo
=B [{ ($1xea = Y1) = (Yosixea = YO} 1Y, Y0, X, 5 = 1]

< 2E |:(1/11,ﬁxed - Y1)2 + ('l/}(),ﬁxed - Y0)2 | YlaY()vXaS = ]-:|

where the third inequality follows again from the conditional unbiasedness of the pseudo-outcomes and the final
inequality from that (a — b)? < 2(a? + b?) for any real numbers a and b. At last, we note that

E [(wl,ﬁxed - Y1)2 [ YLY? X, 8 = 1} =

_ [ A _ _ 1 2 1 0 _
=E <6(X)(Y hi (X)) + b (X) Y) |Y7Y,X,S—1]

=E ( A (Yl—h1(X))+h1(X)—Y1>2|Y1,Y07X,S:1]

I e(X)
_ (A _ ? _ 1 2
E_(e(X) 1) | X, 8 =1| (Y — h (X))
:1—e(X)

— e (Y = (X))?

where the second equality follows from consistency (Condition and the third equality from conditional
exchangeability in the trial population (Condition . Similarly, we have that

e(X)

m(yo — ho(X))* .

E [(wo,ﬁxed — Y0)2 |[YLYy? X, 8 = 1} =

At last, plugging the above expressions back into our original expression for Var(vfxeq | S = 1), we obtain the
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inequality

Var(e | S = 1) < O{QE {16(6()()

) (Y' = hi(X))?] S = 1} +2FE [e(X)(YO —ho(X))?|S=1

1—e(X)

—I—Var(Yl—YO|X,S:1)—Var(7(X)|S=1)}

:C’{QE [lg(ig()(}/—hl(X))ﬂX,A:l,S: 1} +2F [%(Y—hO(X))Z | X,A=0,S=1
+Var(Y1—Y0|S:1)—Var(T(X)Szl)}

where the equality follows from consistency and conditional exchangeability in the trial population again
(Condition [[] and [2)). O

A.4 Proof of Theorem 2]

Proof. We begin by writing

La(h) =E {lg(ié)X)} . (Y—h(X))2|A:a,S:1]
sl S 1—e(X) > _—
_E_Pr(S:1|A:a){ e(X) } Y -h(X)" |A=a
_ I S 1—e(X) 2a-1 B B
_E_ElPr(SHAa){ e(X) } Y -h(X)’| X, A=a||A=a
B [ 1 |- e(x)) %! ) )
_E_Pr(S_1|A_a){ o(X) } E[S(Y -h(X)*| X, A=a||A=a

We inspect the inner conditional expectation, E [S (Y —h(X)| X, A= a}, and note that

E[S(Y-h(}())ﬂx,A:a} —E[S | X,A=a]E[(Y — h(X))?| X, A =d]
=Pr(S=1|X,A=a)E[(Y —h(X))*| X,A =4

where the first equality follows from that Y 1L S | (X, A) holds under Conditions To show this, we note
that the conditional independencies Y* 1L A | (X,S = 1) (Condition [2)) and Y* 1 A | (X,S = 0) (Condition
jointly imply that Y* 1L A | (X,S). Combining this conditional independence statement with Y* 1 S | X from
Condition [4] they together imply Y* L (A,S) | X. Thus, from the weak union of conditional independence, we
have that Y* 1L S| (X,A) =Y L S| (X, A) where the final implication follows from consistency (Condition [I]).

Combining all of the above, we finally obtain the following expression,

_ Pr(S:1|X,A:a){1—e(X

L) =B 5 s 1T a=a) e(X))} -h(X) A=

A.5 Proof of Lemma [2]

Proof. The inequality R*(\*) < min{Rr, Rpg} follows directly from the definition of A* as the minimizer
of R*(\) over the set A. Since both A = 0 and A = 1 are in this set, the minimum value R*(A\*) cannot be
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greater than the value at either endpoint: R*(\*) < R*(0) = Rpp and R*(\*) < R*(1) = Rp. Therefore,
R*(\*) <min{Rpg, RHr}-

For uniqueness, we note that the risk R*(\) can be expanded as
RN =E[(V+AU-V))*|S=1]
=E[(U - V)’ N +2E[V(U - V)]A+E[V?]
= AN+ B)+C,
where U = 7gr(X) — 7(X), V = #pr(X) — 7(X), A = E[(U - V)?], B=2E[V(U — V)], and C = E[V?]. If

\%4
A > 0, the risk function R*()\) is a strictly convex quadratic function. A strictly convex function has a unique
minimum over any convex set, including the set A. Therefore, if A > 0, the minimizing weight A\* is unique. [

A.6 Proof of Theorem [3]

Proof. Let E(A) be the expectation of the cross-validated loss term. Since the squared loss is bounded in [0, B],
A :=10,1] is a compact subset of R, the uniform law of large numbers gives

sup|Rov () = RO)| = o,(1).
AEA

Further, by definition Roy (A*) < Roy (A*), hence

R(\) = Rev (W) +0,(1) < Rov(\) +0p(1) = R(\) + 0,(1).

Finally, it follows from the proof in Lemma || that R(\) = R*(\) + C for some constant C
R'A\)+C < RE\\)+CHo,(1) = R*(\*) < R*(\") +0,(1).

Finally, Lemma [2] yields

R*(A") < min{Rpg, Ror}

completing the chain: R
R*(\*) < R*(\") + 0p(1) < min{Rpg, Ror} + op(1).

B CONNECTIONS TO R-LEARNER

It can be shown that the DR-learner (Kennedy, [2023) and the R-learner (Nie and Wager, [2021)) both minimize
two closely related loss functions when estimating the CATE. Below, we outline this connection and discuss its
implications for connections between our proposed QR-learner and the R-learner.

Morzywolek et al.| (2023) introduced a general formulation of a loss function,

1
Ro(F:m,A) = =————F [p{A, e(X); \Ho(O;m,\) —7}2 | S =1 6
(7110 = Erracr e A A Ho0m )~ 717 5 = 1] ©
which, when minimized, yield a broad class of CATE learners. Here, the function p{A4,e(X); A} and pseudo-
outcome ¢(O;n, \) are defined as

p{A, e(X); A} = {A — e(X)IN{e(X)} + Me(X)}
Me(X)}  A-e(X)

P(O5n, A) = DA (X)] 6(X)(l76()())(1/—9,4()())+91(X) — go(X)

where the nuisance models are n = {e(X), 91,90} and g, = E[Y | X, A=a,S = 1] for a € 0, 1.
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The loss R,(7;1n,\) is indexed by a weighting function A : [0,1] — R and different CATE learners are obtained
depending on this weighting function. For example, the DR-learner and R-learner can both be recovered as
special cases with different functions A.

If we let AM{e(X)} = ¢ for some constant ¢ € R, we obtain p{A,e(X);A\} = c and ¢(O;n, \) = C(X%%(Y -
ga) + 91(X) — go(X) which is equivalent to the pseudo-outcome 1(O;n = {g1,g0}) from (3). Consequently, the

loss function Rg(7;n, A) then equals the pseudo-risk R(7;n = {g1, go}) of the DR-learner.

Meanwhile, when letting Me(X)} = e(X)(1 — e(X)) and following some algebraic steps, we arrive at another
expression for the loss function Ro(7;7,\), given by

1
Efe(X)(1 - e(X)) | S = 1

E[({Y —q(X)} = {A—e(X)}7(X))* | S =1]

where ¢(X) =E[Y | X, S =1]=¢(X) - ¢1(X) 4+ (1 —e(X)) - go(X). This expression can be recognized as the loss
function of the R-learner (Nie and Wager, [2021)).

The above observations highlight an interesting point: the difference between the DR-learner and R-learner
depends on the propensity score e(X). If e(X) is constant, then Me(X)} = e(X)(1 — e(X)) is also constant,
and the two loss functions coincide. Meanwhile, if e(X) is non-constant, the DR-learner and R-learner lead to
different CATE learners.

This connection has direct implications for our proposed QR-learner. As discussed in the main paper, the
QR-learner has natural links to the DR-learner, since it uses the same loss function but fits the nuisance models
differently with the help of external data. When the propensity score e(X) is constant, a scenario realistic in
randomized trials which often have fixed treatment probabilities, the R-learner and DR-learner coincide. Hence,
in these cases, we argue that the QR-learner can be viewed as minimizing an analogous loss function to either the
DR-learner or the R-learner. On the other hand, if the treatment probabilities are covariate-dependent and not
fixed, the QR-learner does not minimize the same loss as the R-learner, but rather that of the DR-learner.

C PSEUDO-CODE FOR QR-LEARNER

Algorithm 1 QR-learner: Quasi-optimized Randomization-aware Learner

Require: Data D = {(X;, S;, A;, Y;)}_,, treatment propensity score e(X ), model classes H (for outcome models),
G (for treatment participation probability) and F (for CATE), number of folds K
1: Partition D into K folds {D*}E | stratified by treatment A and study indicator S.
2: for k=1 to K do

3: Stage 1: Estimate nuisance models

4: forae {0,1} do

5 Define D¥ = {i e D" : A; = a}

6: Estimate Pr(S = 1| X, A = a) using D using an estimator 7,(X) from model class G
7 Solve optimization problem in

8: end for

9: Set AW = (M AN

10:  Stage 2: Estimate CATE model

11:  Let D~k =D\ DF

12:  Compute pseudo-outcome 1(O;; %)) for each i € D~* according to

13:  Estimate CATE on trial data by solving 7(*) = arg min-, » D ieD—kiS5,—1 (¥(O;; 7)) — 7(X5))
14: end for

15: return #(X) = £ Zszl ) (X)

2
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D STATISTICAL INFERENCE WITH QR-LEARNER

In this section, we discuss when statistical inference is feasible for the estimated CATE function 7(z) produced by
the QR-learner. Although a full theoretical analysis is beyond the scope of this work, we outline key conditions
under which inference is expected to be valid.

Under standard regularity conditions and with the use of cross-fitting, inference on 7(x) becomes possible when
the regression of pseudo-outcomes zZ)\ on covariates X is performed using a low-dimensional model (Chernozhukov,
et al., (2024, Chapter 14). This is enabled by the Neyman orthogonality of the pseudo-outcomes in , which
ensures that the impact of nuisance estimation errors on 7(x) is second-order (Foster and Syrgkanis| 2023).

Moreover, Kennedy| (2023) show that if a “stable regressor” is used to estimate 7(z) in the DR-learner (we refer
to their paper for the formal definition), statistical inference may also be guaranteed. Examples of such regressors
include linear regression, smoothing splines, and kernel ridge regression. Importantly, this remains feasible even
if the nuisance components 7) converge at slower rates than 7(x), since their influence appears as a product of
estimation errors — specifically, those from 7 and the estimated propensity score (if one were to estimate it). In
randomized trials, where the true propensity score is known, we could expect this product to vanish rapidly,
making the impact of nuisance estimation asymptotically negligible on the final CATE estimate 7(z). In this
case, asymptotically valid inference for 7(z) may be warranted as long as the regressor used for the final stage
regressor has inferential guarantees (Kennedy) 2023).

E DISCUSSION ON METHODS FROM ASIAEE ET AL.

In this section, we explain the method R-OSCAR (Robust Observational Studies for CMO-Augmented RCT)
from |Asiaee et al.| (2025)) as well as another variant proposed in an earlier version of their manuscript (see |Asiaee
et al| (2023)), refered to as CFACE (CounterFactual Average Covariate Effect). We start with explaining CFACE
since it came out first.

CFACE The central idea of CFACE is to estimate a trial-specific CATE learner leveraging pseudo-outcomes
which fits into our randomization-aware framework, but using a different procedure for estimating the outcome
nuisance models. Specifically, we instead consider randomization-aware pseudo-outcomes on the restricted form:

90 = {m,m}) = A

m(Y—m(X)), (7)

where the propensity score e(X) is known and the nuisance models are constrained to be identical, h; = hg = m.
Then, |Asiaee et al|(2023) show that m can be chosen to minimize the conditional variance,

m*(x) = argmin Var (¢ (O;n = {m,m}) | X =2,5 =1)

m

=e(z) py (@) + (L —e(2)) - pi ' (x),

with p9=Y(z) = E[Y | X = ,A = a,S = 1]. Under transportability (Condition 4), uS=1(x) also equals
ps=9%z) =E[Y | X =z,A =a,S = 0] and can thus be estimated from external data. Thus, we can fit ;5= (x)
on only the external data for a € {0,1} and then compute pseudo-outcomes using m* following a two-stage
procedure similar to the DR~ and QR-learners. However, in their updated manuscript, the authors acknowledge
that this procedure is possible but caution that it may fail when trial and external populations are misaligned

(i.e., when Condition 4 does not hold). For this reason, they now recommend against this and instead focus on a
new CATE learner, called R-OSCAR.

R-OSCAR R-OSCAR departs from CFACE by proposing to fit 42=%(z) on external data and correct for
possible transportability violations by modeling the difference

do(x) =E[Y | X =2,A=0a,S=1]-EY | X =2,A=0a,5=0] (8)
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Since their focus is on the CATE itself, they further propose modeling the direct discrepancy in the CATE
between the populations:

() =EY'—Y° | X =2,S=1]-EY'-Y" | X =25 =0]. (9)

Using the optimality of m*, computed using estimates of 5= and §,, and the unbiasedness of 1/(O;n = {m*, m*})
for the true CATE, they derlve a procedure to also estimate §(z). Their final CATE learner, R-OSCAR, is then

froscar(2) = (A7~ (z) + 61(z)) — (45 ~(2) + do(2)) + b (), (10)

where [15=0, 84, and & are estimated using trial and external data. Modeling the differences J, and § resembles
the additive bias correction of |[Kallus et al.| (2018)) more than our approach. In fact, R-OSCAR could be seen as a
T-learner with additive bias correction, and diverges substantially from the two-stage procedures of the DR- and
QR-learners. By contrast, the implementation of CFACE follows a two-stage design and aligns more closely with
our framework.

F EXPERIMENTAL DETAILS

F.1 Data-Generating Process in Simulation Studies

We simulate data as follows: We set S; =1 fori=1,...,n1, and for S; =0 for i =ny +1,...,n1 + ng, and
sampled a Normal d-dimensional covariate according to X; ~ N(us,, %E) with the mean iy =0 or pg=0.2-1

and the covariance matrix ¥ of shape d x d had its diagonal elements set to 1 and its off-diagonal elements set to
0.1. Thereafter, we sampled the treatment T; ~ Bern(e(Xj;, S;)) according to the Bernoulli probability

0.5, if S, =1
e(X;, 8;) = { X !

T+exp {—(xot+al X;)}° otherwise

Fmally, we computed outcomes Y; = b(X;) + A; - 7(X;) + &; where the noise variables were sampled according to
i~ N(0,0% =1/4).

For the experiment in Section we modeled a highly non-linear baseline risk together with a linear CATE,
which as done by defining:

&\w

Z < Zj>+ZZdX”X”,

7j=1 Jj=15'=1
d

In the scenario where Conditions [3] and El held, we set the covariate dimension to d = 5. To simulate violations of
these assumptions, we increased the covariate dimension to d = 7 but masked the last two dimensions, so that
only 5 covariates remained observed.

Q.M—‘

For the experiment in Section we considered a setting with a linear baseline outcome and a sparse linear
CATE that depended only on a single covariate. To violate transportability (Condition , this time we encoded
different functions 7(X) for the trial and external population. Specifically, we defined:

%=L

R

&\*—‘

7(X;) = B-d- X, if S5 =1
E (B+ 35)-d-X;1, otherwise

where § was a tunable parameter that controlled the size of the interaction effect between the treatment A; and
the first covariate X;;. As before, we set d = 5.
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F.2 Implementation Details For CATE Learners

For the experiments in Section [5.1] and [6] we implemented the CATE learners as follows.

For the estimators used inside the CATE learners we used implementations from the scikit-learn Python
package (Pedregosa et all |2011) . For the DR-learner, T-learner, pooled T-learner, CFACE, and QR-learner,
we used histogram-based gradient boosting regression tree using default hyperparameters. As the final CATE
regressor in the two-stage CATE learners (all of the above except the T-learner variants), we used a linear
regression model. For estimating m,(X) = Pr(S =1 1] X, A = a), we used a cross-validated logistic regression
with ridge penalty. For KSP, we fitted the DR-learner on the external dataset and then used a linear regression
to estimate the bias model. For R-OSCAR, we also used histogram-based gradient boosting regression for the
outcome nuisance models and a cross-validated linear regression with ridge penalty for estimating both its bias
functions. We applied cross-fitting to all two-stage CATE learners using two folds consistently. For cross-fold
validation in the combined learner, we used three folds.

To predict with the average treatment effect (ATE), we used the difference-in-means estimate

FoM = Z;;ll AY; _ 2:;11(1 — A)Y;
YA Xihl-4

=1

as a constant CATE prediction 7(x) = 7pys for all z.

For the case study Tennessee STAR dataset, we made a few changes to the implementation of all learners. First,
due to having a large number of features relative to the sample size, we use ridge-penalized linear regression
for the CATE model, and further changed from the default hyperparameters of the histogram-based gradient
boosting regression to a max depth of 3 for the decision trees (default is unconstrained depth) and a minimum
sample size per leaf of 5 (default is 20). Finally, we used 10 folds for the cross-validation in the combined learner,
to prevent the training splits from becoming very small in size.

F.3 Statistical Tests for Treatment Effect Heterogeneity

Below we describe our implementations for the statistical tests used to detect treatment effect modification in the
experiment in Section [5.2}

For covariate adjustment, we fit a linear regression model of ¥ on the covariates (A4, X1, A - X1) using the trial
data. We then estimated 95% confidence intervals for the coefficient of A - X to assess whether it was significantly
different from zero. For the pooled covariate adjustment, we followed the same approach but fit the linear
regression model on the combined dataset consisting of both the trial data and the external data.

For the DR-learner, QR-learner, and CFACE, we split the data into two folds (stratified by the treatment A and
the study population S). We used the first fold to estimate the nuisance components in 7 via linear regression
using their respective strategies as outlined in the main paper, then computed pseudo-outcomes on the second
fold. These pseudo-outcomes were regressed on the feature X; using another linear regression model, resulting
in the first CATE estimate 7(X;) = aM - X; + B(l). To utilize the entire dataset efficiently, we repeated the
process by swapping the folds, obtaining a second CATE estimate 7(X;) = &2 - X; + 3. We then computed
95% confidence intervals to test the null hypothesis that a = 0 as follows:

[ —1.96 - se(@), a+ 1.96 - se(@)],

where a = (4" + @?)) and using the individual standard errors se(a¢(")) and se(@?)) to compute

1
2

se(@) = V i (se(@M)2 4 se(a()?),

assuming normality and that the covariance between &(*) and @ to be negligible.
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Figure 2: (a): Distributions of the outcome (average test scores) for rural and urban schools in the STAR dataset.
We observe a slight shift in the mean between the two groups, suggesting potential violations of transportability,
as the primary difference between the trial and the external population lies in school location. (b): t-SNE plot
over features colored by study population. We observe some lack of overlap between populations.

F.4 Tennessee STAR Dataset

The data from the STAR study consists of 4218 students: 2811 from rural schools and 1407 from urban schools.
The treatment is class size: small (A = 0) versus regular (A = 1), and the continuous outcome Y is the
student’s average test score. Our observed covariates include gender, race, birth date, teacher ID, and free lunch
eligibility. After applying one-hot encoding to these variables, which are either binary or categorical, we obtain a
310-dimensional feature vector.

To construct two datasets from different populations, we split the dataset into rural and urban school. One
school location is assigned as the target trial population and the other as the external population. In the
experiment, we sample without replacement half of the target trial population as a held-out test set, and then
sample without replacement n, and ny observations from the target trial and external populations, respectively.
We kept ng = 1000 fixed while varying n; from 100 to 700 (about half of the number of urban schools).

We further evaluate whether transportability (Condition E[) is violated between the two populations in this dataset.
As shown in Figure we can see that the distribution of outcomes (average test scores) differs between rural
and urban schools. This may indicate that transportability also is violated if the school location is omitted from
the observed covariates X. We performed a conditional independence test of Y L S| (X, A), which is a testable
implication for Conditions [I] to [4] jointly (Dahabreh et al) [2024). We applied both a partial linear correlation
test and the randomized conditional correlation test (RCoT) (Strobl et al.,|2019), implemented in the Python
package pybnesian (Atienza et al., 2022)). Both tests indicate that the conditional independence is violated at the
5% significance level, suggesting that one of Conditions [1] to 4| may not hold. Since consistency (Condition [1)
and strong ignorability in both populations (Conditions [2{ and [3]) are expected to hold, it is most likely that
transportability (ConditionEl[) is violated.

We further used t-SNE for dimensionality reduction to visualize the distribution of covariates across the two
populations. These visualizations, shown in Figure 2B] reveal limited overlap in certain regions between rural and
urban schools.
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Table 2: Average prediction bias reported over 500 repeated runs from the simulation study with a trial sample size
n1 = 250 under different scenarios.

External sample size 100 1000 10000
Condition 3 and 4 violated? No Yes No Yes No Yes
DR-learner -0.00 (5e-03) -0.00 (5e-03) -0.00 (5e-03) -0.01 (5e-03) 0.00 (4e-03)  0.01 (5e-03

(5e-03)
T-learner 0.01 (4e-03)  0.01 (5¢-03)  0.01 (5e-03)  0.00 (5e-03)  0.01 (4e-03)  0.00 (5e-03)
Pooled T-learner 0.06 (3e-03)  0.12 (4e-03)  0.05 (2e-03)  0.20 (3e-03)  -0.03 (1e-03) 0.11 (1e-03)
CFACE (Asiace et al., 2023)  0.01 (5e-03)  0.00 (5e-03)  0.01 (4e-03)  -0.00 (5¢-03) 0.00 (3e-03)  0.00 (4e-03)
R-OSCAR (Asiace et al., 2025) 0.00 (6e-03)  0.00 (5¢-03)  0.00 (4e-03)  0.01 (5e-03)  -0.00 (3e-03) 0.0 (4e-03)
KSP (Kallus et al., 2018) 0.01 (5e-03)  -0.01 (5e-03) -0.01 (6e-03) -0.01 (6e-03) -0.01 (5e-03) 0.01 (6e-03)
QR-learner (ours) 0.01 (5e-03)  -0.00 (5e-03) 0.01 (4e-03)  -0.00 (4e-03) 0.00 (3e-03)  0.00 (4e-03)

(5e-03) (4e-03)

Combined learner (ours) 0.00 (5e-03)  0.00 (5e-03)  0.00 (4e-03)  0.00 (4e-03)  -0.00 (3e-03) 0.00 (4e-03

F.5 Compute Resources Used for Experiments

All experiments were run on a CPU machine. The simulations in Sections [5] and [6] each completed in under 72
hours on a laptop with a 2 GHz Quad-Core Intel Core i5 processor and 16GB of RAM. Including preliminary
experiments not shown in the paper, no single run exceeded this runtime.

G ADDITIONAL EXPERIMENTAL RESULTS

G.1 Analysis of Prediction Bias

As a complement to Table[I} which reports the average root mean squared error of each method in our simulation
study, Table [2| presents the corresponding average prediction bias, defined as bias(7) = E[7(X) — 7(X) | S = 1].
We find that all methods, except the pooled T-learner, were largely unbiased. This aligns with expectations, as
we fitted linear models for the CATE which matches with the true underlying linear CATE function. The pooled
T-learner, however, exhibited increasing bias when conditions 3 and 4 were violated, which is consistent with its
reliance on these conditions for identification of the CATE.

G.2 Tennessee STAR Dataset

We include both settings from the Tennessee STAR dataset case study. In the first setting, presented in the main
paper, we treat the urban schools as the target trial population and the rural schools as the external population.
We then flipped the populations, treating the rural schools as the target trial population. Overall, we observe
similar trends in both cases, but we highlight below the differences that arise when flipping the two populations.
The results from both settings are shown in Figure [3]

First, we observe that the trial-only and pooled T-learner improve faster when the urban schools are the target
population compared to when the rural schools are the target. Second, CFACE and R-OSCAR perform better
when the rural schools are the target population. Finally, the QR-learner shows little improvement over the
DR-learner when the urban schools are the target, but it exhibits noticeable improvement when the rural schools
are the target.

We also include the performance of KSP, the additive bias correction method of Kallus et al.| (2018), in Figure
This method exhibits significantly higher RMSE than the other methods and, unusually, its performance worsens
as the number of trial samples increases. While we cannot fully explain this behavior, one possible reason is that,
unlike the other learners, this approach is not specifically designed for estimating a trial-specific CATE.
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Figure 3: We evaluate the RMSE on the STAR dataset when increasing the trial sample size with a fixed external sample
size of ng = 1000. We report the average RMSE and standard error over 200 repeated runs.
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Figure 4: Separate plot for additive bias correction method of [Kallus et al. (2018) because its large RMSE values make it
difficult to display alongside the other methods. We evaluate the RMSE on the STAR dataset when increasing the trial
sample size with a fixed external sample size of no = 1000. We report the average RMSE and standard error over 200
repeated runs.
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