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ABSTRACT

Skip connections enable deep Graph Convolutional Networks (GCNs) to overcome
over-smoothing, while graph sampling reduces computational demands by select-
ing a submatrix of the graph adjacency matrix during neighborhood aggregation.
Learning deep GCNs with graph sampling has shown empirical success across
various applications, but a theoretical understanding of the generalization guar-
antees remains limited, with existing analyses ignoring either graph sampling or
skip connections. This paper presents the first generalization analysis of GCNs
with skip connections using graph sampling. Our analysis demonstrates that the
generalization accuracy of the learned model closely approximates the highest
achievable accuracy within a broad class of target functions dependent on the
proposed sparse effective adjacency matrix, denoted by A*. Thus, graph sampling
maintains generalization performance when A* accurately models data correla-
tions. Notably, our findings reveal that skip connections lead to different sampling
requirements across layers. In a two-hidden-layer GCN, the generalization is more
affected by the sampled matrix deviations from A* of the first layer than the second
layer. To the best of our knowledge, this marks the first theoretical characterization
of skip connections’ role in sampling requirements. We validate our theoretical
results on deep GCNs for benchmark datasets.

1 INTRODUCTION

Graph neural networks (GNNs) outperform traditional machine learning techniques when learn-
ing graph-structured data, that comprises a collection of features linked with nodes and a graph
representing the correlation of the features. As one of the most popular variants of GNN, Graph
Convolutional Networks (GCNs) (Kipf & Welling| |2017) perform the convolution operations on
graphs by aggregating neighboring nodes to update the feature presentation of every node. GCN’s
have demonstrated great empirical success such as text classification (Norcliffe-Brown et al., 2018},
Zhang et al.,|2018) and recommendation systems (Wu et al.l 2019} |Ying et al.,[2018).

As the depth of vanilla GCNs increases, there is a tendency for the node representations to converge
toward a common value, a phenomenon known as “over-smoothing” (L1 et al., 2018). A widely
adopted mitigation approach is to incorporate skip-connections, which allow features to bypass
intermediate layers and directly contribute to future layers’ output (Li et al.| 2019; Xu et al.,|2018b).
Moreover, skip connections are shown to accelerate the training process (Xu et al.l [2021). Skip
connections have thus become an essential component of deep GCNss.

Processing large-scale graphs can be computationally demanding, particularly when dealing with
the recursive neighborhood integration in deep GCNs. To alleviate this computational burden, graph
sampling or sparsification methods select a subset of nodes or edges from the original graph when
computing neighborhood aggregation. Various graph sampling approaches have been developed,
including node sampling methods like GraphSAGE (Hamilton et al., 2017), layer-wise sampling like
FastGCN (Chen et al.| 2018]), subgraph sampling methods like Graphsaint (Zeng et al.,|2020), and
other graph sparsification methods like (Li et al., 2020; (Chen et al., 2021} |You et al., 2020).

While GCNs have demonstrated empirical success, their theoretical foundation remains relatively
underdeveloped, particularly the generalization analysis for training GCNs with graph sampling.
Du et al.| (2019a) provides a theoretical framework connecting graph neural networks and graph
kernels. [Verma & Zhang| (2019); |[Zhang et al.[ (2020a)); [Liao et al.| (2020); Maskey et al.| (2022);
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Tang & Liu|(2023)) offer convergence and generalization guarantees for GCN without sampling. [ Xu
et al.|(2021) proves the implicit acceleration achieved by skip connections in linearized graph neural
networks, ignoring graph sampling and non-linear activation. Li et al.| (2022a); Zhang et al.| (2023b)
provide theoretical generalization analyses of training GCNs with sampling. However, their network
architectures exclude skip connections and thus are oversimplified for deep GCNss.

To the best of our knowledge, this paper provides the first theoretical generalization analysis of
training GCNs with skip connections using graph sampling. We consider the semi-supervised node
regression problem, where given all node features and partial labels, the objective is to predict the
unknown node labels. Our major results include:

(1) We analyze training two-hidden-layer GCNs with a skip connection, using graph topology
sampling methods that prefer edges between low-degree nodes. Our analysis demonstrates that the
generalization accuracy of the learned model approximates the highest achievable accuracy within a
broad class of target functions, which map input features to labels. Each target function is a sum of a
simpler base function that contributes significantly to the output and a more complicated composite
function that has a comparatively smaller impact on the output. This class encompasses a wide range
of functions, including two-hidden-layer GCNs with skip connections.

(2) This paper proposes the concept of the sparse effective adjacency matrix, denoted as A*, to
characterize the influence of graph sampling in GCNs with skip connections. This is an extension
from the dense effective adjacency matrix introduced in (L1 et al.| 2022a) for GCNs lacking skip
connections, This work demonstrates that the target functions depend on A* rather than the original
graph’s adjacency matrix A. A* can be sparser than A. Consequently, even when the sampled
adjacency matrix is very sparse and significantly deviates from A, as long as it approximates A*
closely enough to enable accurate feature-to-output mapping by the target functions, graph sampling
does not compromise the model’s generalization performance.

(3) This paper theoretically demonstrates that, owing to the presence of skip connections, sampling
in different layers has varying impacts on the model’s output. Specifically, the first layer connects
directly to the output through the skip connection, and as a result, the deviation of the sampled matrix
from the sparse effective matrix A* has a more significant effect than the sampling deviation of
the second layer. In contrast, the second layer influences the output through a composite function
that contributes less significantly, allowing for more substantial deviations from A* in the sampling
process without compromising error rates. To the best of our knowledge, this is the first theoretical
characterization of how skip connections influence sampling requirements, while previous analyses
such as (L1 et al., [2022a) assumes that the sampling approach remains consistent across different
layers.

1.1 RELATED WORKS

Other theoretical analysis of GNNs focus on expressive power and convergence analysis. [Xu et al.
(2018a); Morris et al.|(2019) show the power of 1-hop message passing is upper bounded by 1-WL
test. [Feng et al.|(2022); Wang & Zhang| (2022)) extend the analysis to k-hop message passing neural
networks and spectral GNNSs. [Zhang et al.| (2023a)) explores the expressive power of GNNs from
the perspective of graph biconnectivity. |(Oono & Suzuki (2020); Ramezani et al.|(2020); Cong et al.
(2021) investigates the optimization of GNN training.

Generalization analyses of Neural Networks (NNs). Various approaches have been developed to
analyze the generalization of feedforward NNs. The neural tangent kennel (NTK) approach shows
that overparameterized networks can be approximated by kernel methods in the limiting case (Jacot
et al,[2018Du et al., 2019b). The model estimation approach assumes the existence of a ground-truth
one-hidden-layer model with desirable generalization and estimates the model parameters using the
training data (Zhong et al.l[2017; Zhang et al.,|2020b; |L1 et al., [2022b). The feature learning approach
analyzes how a shallow NN learns important features during training and thus achieves desirable
generalization (Li & Liang} [2018;|Allen-Zhu & Li, [2022;|2023). All works ignore the skip connection
except/Allen-Zhu & Li|(2019), which analyzes the generalization of two-hidden-layer ResNet. Our
analysis builds upon |Allen-Zhu & Li| (2019) and extends to GCNs with graph sampling.

Various GNN sampling methods. Node-wise sampling (Hamilton et al.,2017) randomly selects
nodes and their multi-hop neighbors to create a localized subgraph. Layer-wise sampling (Chen
et al.l 2018} [Zou et al.l [2019; |Huang et al., [2018)) sample a fixed number of nodes in each layer.
Subgraph-based sampling (Zeng et al.l 2020; |(Chiang et al.,[2019) generates subgraphs by sampling
nodes and edges. As for graph sparsification, SGCN (Li et al.l [2020) introduces the alternating
direction method of multipliers (ADMM) to sparsify the adjacency matrix. UGS (Chen et al., 2021,
Early-Bird (You et al.,[2020)) and ICPG (Su1 et al.| |2022]) design a sparsifying strategy to prune the
graph based on the lottery ticket hypothesis.
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2 TRAINING GCNS WITH LAYER-WISE GRAPH SAMPLING: SUMMARY OF
MAIN COMPONENTS

2.1 GCN LEARNING SETUP

Let G = {V, £} represent an undirected graph, where V is the set of nodes with |V| = N nodes and
£ is the set of edges. A is the maximum degree of G. An adjacency matrix A e RNXN s defined to
describe the overall graph topology where A(i,5) = 1 if (v;,v;) € & else A(i,j) = 0. A denotes
the normalized adjacency matrix with A = Dz (/Nl +1 )D’% where D is the degree matrix with
diagonal elements D, ; = ) j A(i, 7). Each element A; ; of the matrix A represents the normalized
weight of the edge between nodes i and j. a,, denotes the nth column of the A. Let X € R*N
denote the feature matrix of N nodes, where 7, € R denotes the feature of node n. Assume
|Z, || = 1 for all n without loss of generality. y,, € R* represents the label of node n. Let  C V

denote the set of labeled nodes. Given X and partial labels in €2, the objective of semi-supervised
node-regression is to predict the unknown labels in V /().

We consider training a two-hidden-layer GCN with a single skip connection, where the function
out : RN x RVXN _y REXN with

out(X, A;W,U) =Co(WXA)+ Co(Us(WXA)A) (1

where o(-) applies the ReLU activation ReLU(z) = max(z,0) to each entry, W € R™*4 U ¢
R™*™ and C' € R**™ denote the first hidden-layer, second hidden-layer, and output layer weights,
respectively. We only train W and U. The output of the nth node can be written as out,, : R4*V x
RN — R is

out, (X, A;W,U) = Co(WXay,,)+Co(Uc(WXA)ay,) )
We focus on the ¢ regression task and the prediction loss of the nth node is defined as
1
Objn(XaAvyn;VVvU):iHyn_OUtn(XvA;VVvU)Hg 3)
The learning problem solves the following empirical risk minimization problem:
IVanLQ(WU IQ\ Xe;zOan (X, A, yn; W,U) 4)

2.2 TRAINING WITH STOCHASTIC GRADIENT DESCENT AND GRAPH SAMPLING

(@) is solved by the stochastic gradient descent (SGD) method starting from random initialization. In
each iteration, the gradient of the prediction loss of one randomly selected node is used to approximate
the gradient of Lq. The recursive neighborhood aggregation through multiplying the feature matrix
with A is costly in both computation and memory. Graph sampling sparsify the adjacency matrix A
to reduce the computation and memory requirement. For example, edge sampling prunes a subset of
edges in £ and the corresponding entries in A. One common theme of various edge sampling methods
is to keep the edge between nodes with smaller degrees while pruning edges between nodes with
larger degrees (Chen et al., [2018; Zeng et al.| 2020). The intuition is that if two nodes with smaller
degrees are connected, they are more influential to each other, and therefore, the edge between them
should be sampled with a higher probability.

In this paper, we allow the sampling methods with different parameter settings in different layers
and will characterize how sampling in different layers affects generalization differently. In the ¢th
SGD iteration, let A'* and A% denote the sampled A matrix in the first and second hidden layers,
respectively. Let W) and U®) denote the current estimation of W and U. When computing the
stochastic gradient, instead of , We useﬂ

out(X, A, A% W ”U ) = Co(WOXAY) + Co(UDa(WXAM)A%)  (5)

'If different layers use different adjacency matrices, we specify both matrices in the function representation.
Otherwise, we use one matrix to simplify notations.
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3  MAIN ALGORITHM AND THEORETICAL RESULTS

3.1 INFORMAL KEY THEORETICAL FINDINGS

We first summarize our major theoretical insights and takeaways before formally presenting them.

1. The first theoretical generalization guarantee of two-hidden-layer GCNs with skip-connection.
We demonstrate that training a single skip-connection two-hidden-layer GCN using our Algorithm
returns a model that achieves the label prediction performance almost the same as the best prediction
performance using a large class of target functions. We also characterize quantitatively the required
number of labeled nodes, referred to as the sample complexity, to achieve the desirable prediction
error. To the best of our knowledge, only [Li et al.| (2022a)); |[Zhang et al.| (2023b) provide explicit
sample complexity bounds for node classification using graph neural networks, but for shallow GCNs
with no skip connection. Our work is the first one that provides a theoretical generalization and
sample complexity analysis for the practical GCN architecture with skip connections.

2. Graph sampling affects generalization through the sparse effective adjacency matrix A*.
We show that training with edge sampling produces a model with the same prediction accuracy as
a model trained on a GCN with A* as the normalized adjacency matrix, i.e., replacing A with A*
in (1). The effective matrix is first discussed in (Li et al.,[2022a), in the setup of node sampling for
two-hidden-layer GCNs with no skip connection, but A* in (Li et al.,|2022a)) is dense. We show that
the effective matrix also exists for edge sampling on GCNs with skip connection and can be sparse,
indicating that the sampled matrices can be very sparse without sacrificing generalization.

3. Layer-Specific graph sampling due to skip connection. We show that in the two-hidden-
layer GCN with a single skip connection, the first hidden-layer learns a simpler base function that
contributes more to the output, while the second hidden-layer learns a more complicated function
that contributes less to the output. Therefore, compared with the first hidden-layer, the second
hidden-layer is more robust to graph sampling and can tolerate a deviation of the sampled matrix to
A* without affecting the prediction accuracy. To the best of our knowledge, this is the first theoretical
characterization of how skip connections affect the sampling requirements in different layers, while
the previous analysis in (Li et al.| [2022a) assumes the same matrix sampling deviations for all layers.

3.2 GRAPH TOPOLOGY SAMPLING STRATEGY

Our sampling strategy differs slightly from existing edge sampling methods due to our adjustments
aiming to facilitate and simplify the theoretical analysis. Nevertheless, our core concept is still
sampling edges between lower-degree nodes with a higher probability, while sampling edges between
higher-degree nodes with a smaller probability. This approach aligns with practical edge sampling
strategies such as|Zeng et al.| (2020).

We follow the same assumption on node degrees as that in|Li et al.| (2022a). Specifically, the node
degrees in G can be divided into L (L > 1) groups, with each group having N; nodes (I € [L]). The
degrees of all IV; nodes in group [ are in the order of d;, i.e., between cd; and C'd; for some constants
¢ < C. dy is order-wise smaller than d;1 1, i.e., d; = o(dj+1).

Let matrix Ap,; € RYN:XNj denote a submatrix of A with rows in group 7 and columns corresponding
to group j. Then all entries in Ap,; are in the order of L__ Note that a relatively smaller entry in

A/ d1 dj
A corresponds to an edge between relatively higher-degree nodes. Let pfj in [0,1] (k = 1, 2) reflect
the sampling weights on smaller entries in Ap,;in the first and second hidden layers, respectively.

Our sampling strategy can be described as follows: at each iteration, for each submatrix A Bij»

(1)if ¢ > j, each of the to dyy/ % largest edge weights A;; in Ap,; is sampled independently with

probability 1 — pfj. The remaining entries in Ap,; are sampled independently with a probability of
k

pij-

(2) if i < j, each of the top d; largest A;; in Ap,; are sampled with probability 1 — pfj. The

remaining entries in Ap,; are sampled independently with a probability of p,’fj.

The values d; % and d, for selecting the top largest entries in A;; are chosen to simplify our theoretical
J

analysis. In fact, any values in these orders are sufficient for our theoretical analysis. Note that the main idea of
sampling edges between nodes of lower degrees with higher probability is preserved in our sampling strategy.
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Algorithm 1 SGD with Hierarchical Layer Sampling (HLS)

1: Imput: Graph G with normalized adjancey matrix A, node features X, known labels in €2, step
size 1,, and 7,,, number of iterations 7.

2: Initialize W©®, V) C. W, =0,V =0
3: fort=0to7T — 1do
4: Sample A" using p;; and sample A% using p;;.
5:  Randomly sample n from €.
6:  Calculate the gradient of L in and update weight deviations through
W, « W, — n, 2LW.V) ,
i+l tT T oW W=W,, V=V,
Vi, V, — n, 2LV
t+l ¢ v W=W,, V=V,
7: end for

8: Output: W) = WO L W, VT =y O L V.

We allow the sampling weights to vary in different layers and will quantify how these weights affect
generalization differently. When others are fixed, a small pfj indicates sampling primarily low-degree

degree nodes, while a large pfj indicates sampling more edges between high-degree nodes.

To see why this sampling strategy prioritizes low-degree edges, consider the sampled edges between
a fixed group ¢ and other groups j. Assume pfj are the same for all groups for simplicity. If d; < d;

for two groups j and j’, then d; 4/ % > dy,/ j—"', indicating that more lower-degree edges connecting
J 5/

groups ¢ and j are sampled, compared with edges connecting groups ¢ and j’.

To analyze the impact of this graph topology sampling on the learning performance, we define the

sparse effective adjacency matrix A* where in each submatrix A B

(1)if¢ > j, the top dy % largest values in A Bij remain the same, while other entries are set to zero.
\V 4 ;

2)if ¢ < 4, the top d; largest values in Ap. . remain the same, while other entries are set to zero.
J p g i

One can easily check from the definition that ||A*||; = O(1), i.e., the maximum absolute column
sum of A* is bounded by a constant. Moreover, A* is sparse by definition.

3.3 CONCEPT CLASS AND HIERARCHICAL LEARNING

Our theoretical generalization analysis shows that the returned GCN model achieves a prediction
error that is a small constant times the minimum prediction error achieved by the best target function
among a large concept class of functions. When the concept class characterizes the mapping function
from node features to labels, the minimum prediction error by that class is close to zero, and so is the
prediction error by the learned GCN model. Moreover, the concept class depends on the sparse A*,
rather than the dense A. As long as the sampled matrices are close A*, despite being very sparse,
graph sampling does not degrade generalization.

Consider a concept class of target functions # consisting of two smooth functions F and G :
RIXN 5 RNXN s RFXN and a constant o € R*:

Ha«(X) = Fax(X) + aGa- (Fa(X)) (6)

where the rth (r € [k]) row of F4- and G4+, denoted by F" and G": RN x RVXN _ RIXN,
satisfy

PF
W (X) = ak,, Fo(wiX A%,
I )
Gh.(X) = Zagm - Gn (T X AY)
=1
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where pr, pg are positive integers. Given 7, 4, the scalers a’ . ;, a§ ,.; are in [—1, 1], the vectors w;’ ;

x . EE

are in R?, and v}, are in R¥. For simplicity, we assume ||w”|| = vzl = 5 forallri. All

Fi G : R — R are smooth activation fuctions. We abuse notations in (7)) to apply activations to

every entry of a 1 x N vector. The nth column of H 4+, denoted by H,, a+ : RN x RNXN 5 RF,
represents the target function for node n.

F and G can both be viewed as one-hidde-layer GCNs with smooth activation functions and adjacent
matrix A*. The target function # includes the base signal F, which is less complex yet contributes
significantly to the target, and G, which is more complicated but contributes less. Intuitively, we will
show that using a two-hidden-layer GCN with a skip connection, the first hidden layer learns F and
the second hidden layer learns G(F).

To quantify the complexity of target functions, we define model complexity constants C, and sample
complexity constants C., follow those in|Li et al| (2022a) (Section 1.2) and [Allen-Zhu & Li (2019)

(Section 4).

Formally, for any smooth function ¢(z) with its power series representation as ¢(z) = >~ ¢;z",
define two useful parameters as follows,

= Vg d)
C(o,R) = C*R)' + (——F—C"R)")|c; 8
<¢>;(< i e ®)
Co(¢,R) =C* Y (i+ 1) Ry ©)

i=0
where R > 0 and C* is a sufficiently large constant. €. and €, represent the required number of

model parameters and training samples to learn ¢ up to € error, respectively. see Appendix |B|for
more discussion.

We will show that the learned GCN by our method performs almost the same as the best function
in the concept class in predicting unknown labels. Let Dz, and D, denote the distribution from
which the feature and label of node n are drawn, respectively. Let D denote the concatenation of
these distributions. Then the given feature matrix X and partial labels in 2 can be viewed as ||
identically distributed but correlated samples (X, y,,) from D. The correlation results from the fact
that the label of node 7 depends on not only the feature of node ¢ but also neighboring features.

To measure the label approximation performance of the target function, define

. 1
min Enev,(X,yn)~D §\|Hn,A* (X) = ynll3| = OPT (10)

" * -
AF ri19G ri Wr,iVri

as the minimum prediction error achieved by the best target function (over the choices of parameters

* * * * : .
A% i) QG i Wy 0y ;) in the concept class. OPT decreases when the target functions are more

complex, or the concept class enlarges, or if A* characterizes the node correlations properly.

3.4 MODELING THE PREDICTION ERROR OF UNKNOWN LABELS

V € R™**_ Then, (2) can be rewritten as follows:

out, (X, 4; W, V) = outl (X, A) + Co(Vout! (X, A)a,) (11
where out!(X, A; W) = Co(WXA), outl(X,4;W)=Co(WXa,)

To simplify the anzgsis and representation, we re-parameterize U in (I) and (Z) as VC, where
2

We follow the conventional setup for theoretical analysis that C' is fixed at its random initialization,
and only W and V' are updated during training. C, W (), V(©) are randomly initialized from Gaussian
distributions, C; ; E e (0,1), Wi(g) EYs (0,02) and Vifg) EYe (0,02/m), respectively. o,
and o, follow the parameter selection in Table|I]
The algorithm is summarized in Algorithm[I] When computing the stochastic gradient of a sampled
label y,,, the loss is represented as a function of the weight deviations W,V from initiation 1#(®)
and VO je.,

L(W,V) = Obj, (X, A", A%, y,; WO + W, V(O 1 V). (12)
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W, and V; denote the weight deviations of the estimated weights T (*) and V() in iteration ¢ from

WO and VO, ie, WO = WO 1 W, VO = VO 1V, Weassume 0 < a < O (e )

throught the training. We prove that ||[W,||, and ||[V,||, are bounded by O (Cs(F)) and
© (als(G, [[A*]|1)) during training, i.e., [W[[, < © (Cs(F)), [[Vill, < © (aCs(G, [[A*]1)) <1
for all t. See Appendix for the proof.

The following lemma shows that graph sampling in different layers contributes to the output ap-
proximation differently. In other words, to maintain the same accuracy in the output, the tolerable
sampling rates in different layers are different.

Lemma 3.1 For any given constant E, if the first and second layer A't and A?' are sampled with

Vdidj E Vdid; E

1 <8 y = . .
pij < @(m) and p;; < @(NiNjacs (f7|‘A*H1)Cs(g7HA*H1)), respectively, then with the
probability over 1 — e~ SUEN/did;/Cs(F))

<= " E)
© (aCs(F, [|A*[11)Cs (G, [[A*]]1))

HAlt —A*

, and || A% — A*

125G
Houtn (X,A“,A%; W, V(t)) — out,, (X, AW, V“)) H <E, forallt. (14
2

Note that © (aCs(G, |[A*[|1)) < 1, then the upper bound for p;; is higher than that for p;; in the

assumption. That means the sampling for the first hidden layer must focus more on low-degree edges,
while such a requirement is relaxed in the second layer. Then, indicates that a larger deviation
of the sampled matrix from A* can be tolerated in the second hidden layer compared with the first
layer. Lemma [3.1] reveals that the skip connection allows for a more flexible sampling strategy in
deeper layers.

We will show the learned model can achieve an error close to O(OPT). Our main theorem can be
sketched as follows,

Theorem 3.2 For ¢ = O(a*Cy(G, |A*||1)*) < 1 and ¢ = 10 - OPT + €, suppose sampling
Vdidjeo ) and plzj < é( Vdidjeo

NiN;Cs (F,[[A*][1) NiN;jaCs (F,[[A*[[1)Cs (G,]|A* 1)
My = poly (Cs(F, I|A* 1), C(G. | A*[11), A% [, at), To = © (el Zld )’ ) ana Ny =
o = poly (Cs(F, A1), Cs(G, |A*[[1), |A*[l1, a7 1), To A=, min{0.1,e2} ) 414 HNo

O(AYC,(F, | A*|1)2 ||A*||Alllog Ne™2) such that for every m > My, T > Ty and || > No, with
high probability, the SGD algorithm satisfies

probability p%j < é(

), there exist

T-1

1

T Z ney ()I(Ey )~D Hyn ~ outn (X’Alt’A2t;Wt’Vt) Hi Se (15)
t=0 R dn

As a sanity check, when the concept class enlarges, OPT decreases. Theorem shows that the
required number of neurons M (model complexity) and labels [Ny (sample complexity) both increase

accordingly. p}j and p?j decreasing means that we should sample more high-weight edges. Thus, our

theoretical bounds match the intuition that a larger model, more labels, and more high-weight edges
improve the prediction accuracy. Ny is in the order of log NV, indicating that the unknown labels can
be accurately predicted from partial labels. Moreover, when ||A*||; increases, C. and Cs, and ¢ all
increase. Theorem [3.2]indicates the model complexity My, Ny, and the generalization error € all
increasing, indicating worse prediction performance.

This proof of Theorem@ builds upon the proof of Theorem 1 in |Allen-Zhu & Li (2019)), which
analyzes the generalization of a three-layer ResNet for a supervised regression problem. We extend
the analysis to training GCNs with graph sampling for a semi-supervised node regression problem.
The main technical challenge is to handle the dependence of labels on neighboring features and
the error in adjacency matrices due to the sampling. Compared with L1 et al.| (2022a) which also
considers training GCN with graph sampling, we consider a different sampling method from that
in|Li et al|(2022a)). The resulting A* in|Li et al.| (20224)) is a dense matrix as A, while A* in our
paper is a sparse matrix. Our results thus allow the sampled matrices to be very sparse while still
maintaining the generalization accuracy. Moreover, the sampling method is the same for both hidden
layers in|Li et al.|(20224), resulting the same deviation from A* in both layers. Our results indicate
that the skip connection allows a more flexible sampling method in the second layer.
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4 EMPIRICAL EXPERIMENT

4.1 EXPERIMENT ON SYNTHETIC DATA

We generate a graph G with N = 2000 nodes. G has two-degree groups. Group 1 has N; = 200 nodes,
and the degree of each node follows a Gaussian distribution A/ (dl, 02). Group 2 has Ny = 1800
nodes, and the degree of each node follows a Gaussian distribution A/ (dg, 02). d; = 200 and

o = 20. The degrees are truncated to fall within the range of 0 to 500. Given A, the sparse A* is
obtained following the procedure in Section[3.2] The node labels are generated by the target function

Fae(X) =CW*X A* (16)
Gax(Fa-(X)) = C (sin (V*Fax(X)A") © tanh (V* Fu« (X)AY)) (17)
HA*(X):}'A*(X)JragA*(]-'A*(X)) (18)

where X € RN W* ¢ R4 V* ¢ R™* and C € R**" are randomly generated with each
entry i.i.d. from A'(0,1). d = 100, k = 5, r = 30, a = 0.5. A two-hidden-layer GCN with a
single skip-connection as defined in (2)) with m neurons in each hidden layer is trained on a randomly
selected set €2 of labeled nodes. The rest N — |(2| labels are used for testing. The test error is measured
by the ¢ regression loss in (3).

Model and sample complexities with || A*||;: In Figures[I| (a) (b), we vary A* by changing d5 and
the corresponding A . We directly train with A* to study the impact of A* on model and sample
complexities. In Figures|l|(a), |2] = 1200 and the number of neurons per layer m varies. To achieve
the same test accuracy, when || A*||; increases, the number of neurons also increases, verifying our
model complexity M in Theorem In Figures(b), m = 50 and || varies. To achieve the same
test accuracy, when ||A*||; increases, the required number of labels also increases, verifying our
sample complexity No in Theorem 3.2}

2.6/ 2.61
2.4 2.2
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Figure 1: Experiment on synthetic data (a) Test error with model complexity and || A*||;. (b) Test
error with sample complexity and || A*||;. (c) The second hidden layer tolerates more error than the
first hidden layer. See more details in Appendix E

Layer-wise sampling impact on generalization: We fix Q = 1200, m = 50, ||A*|; = 1.27. We
sample adjacency matrices during training. Figure|I|(c) shows the relationship between the test error
and the average deviation of sampled matrices (A" and A2 in the first and second hidden layers)
from A*. One can see that sampling in the second hidden layer (yellow dashed line) contributes to
generalization degradation much milder than sampling in the first hidden layer (red solid arrow). This
verifies our Lemma [3.1|that the sampling requirements are more restrictive in the first layer than the
second layer to maintain the same generalization accuracy.

4.2 EXPERIMENT ON REAL DATA

We evaluate on the large-scale Open Graph Benchmark (OGB) datasets for node multi-class clas-
sification tasks. The results on Ogbn-Arxiv are reported here. The results on Ogbn-Products and
details of the datasets are in Appendix [D] The task of Ogbn-Arxiv is to classify the 40 subject areas
of arXiv CS papers. We use 60% of the data for training, 20% for testing, and 20% for verification.
We deploy an 8-layer Jumping Knowledge Network (Xu et al.,[2018b) GCN with concatenation layer
aggregation as a learner network. Each hidden layer consists of 128 neurons. We treat the first four
layers as shallow layers and the last four layers as deep layers. Shallow and deep layers are sampled
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differently. The generalization is evaluated by the fraction of erroneous predictions of unknown
labels.

Sampling in deep layers is more flexible with less generalization degradation. In this experiment,
we employ a simplified version of the graph sampling method discussed in Section For the
shallow layers, at each iteration ¢, we obtain a sampled adjacency matrix A'* as follows: we sample
the top ¢; fraction of the largest edge weights A;; from the adjacency matrix A with a 99% probability,
and sample the remaining entries with a 1% probability. For the deep layers, the sampled adjacency
matrix A% is generated similarly, but we use the top g2 fraction of largest A;;, again sampling with
probabilities of 99% and 1% for the top and remaining entries, respectively.

Figure 2| (a) shows test error when ¢; and gy vary. One can see that the test error decreases more
drastically when only increasing ¢; (yellow dashed arrow) compared with only increasing ¢o (red
solid arrow), indicating that graph sampling in shallow layers has a more significant impact than
graph sampling in deeper layers. When both ¢; and ¢, are greater than 0.6, the test error is always
small (less than 0.29) for a wide range of q1, go. That may suggest the existence of multiple sparse
A* such that sampled matrices with different ¢;, g2 pairs approximate different A*, and all A* can
accurately represent the data correlations in the mapping function from the features to the labels.
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ﬂ0.4 0.4
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Figure 2: Learning deep GCNs on Ogbn-Arxiv (a) Deeper layers tolerate higher sampling rates
than shallow layers while maintaining accuracy. (b) Sampling more low-degree edges (small s1, S2)
outperforms sampling more high-degree edges (large si, s2). See 2D projection in Figure@

Lower-degree edges are more influential on generalization than high-degree edges. Note that
if nodes 7 and j have higher degrees, then A;; has a smaller value. We sample one matrix for the
shallow layers by keeping the values of A;; that are in the range of top s; to s; + 0.5 fraction and
setting all other values to zero. Similarly, we sample one matrix for the deep layers by keeping the
values in the range of top sy to sy + 0.5 fraction and setting all other values to zero. These two
sampled matrices are used during training. When s; and s5 increase, the resulting matrices have the
same number of nonzero entries, and the sampled entries focus more on high-degree edges. Figure 2]
(b) shows the test error indeed increases as sj, so increase. This justifies the sampling strategy to
sample more low-degree edges.

5 CONCLUSION

This paper provides a theoretical generalization analysis of training GCNs with skip connections
using graph sampling. To the best of our knowledge, this paper provides the first analysis of how
skip connection affects the generalization performance. We show that for a two-hidden-layer GCN
with a skip connection, the first hidden layer learns a simpler function that contributes significantly
to the output, making the choice of sampling more crucial in the first hidden layer. In contrast, the
second layer learns a composite function that contributes less to the output, allowing for a more
flexible sampling approach while preserving generalization. This insight is verified on deep GCNs
on benchmark datasets. Future works include generalization analysis of deep GCNs and designing

layer-specific sampling strategies that optimize generalization within the constraints of available
computational resources.
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A PRELIMINARIES
Lemma A.1 If M € R"*™ is a random matrix where M, ; are i.i.d. from N'(0,1). Then,

e For anyt > 1, with probability 1 — e‘t2, it satisfies

M|z <O (Vn++vm)+t
* If1<s<0 (mgL?m)’ then with probability 1 — e~ ("+5108" M) ¢ sarisfies
|Mul2 <O (Vi + /sTogm) [lell
for all s-sparse vectors v € R™,
Proof: The statement can be found in Proposition B.2. from Allen-Zhu & Li| (2019)

Lemma A.2 Suppose § € [0,1] and g\© € R™ is a random vector g\©) ~ N(0,1,,). With

probability at least 1 — e‘Q("L‘Sz/S),for all vectors g' € R™ with ||g'||2 < 0, letting D" € R™*™ be
the diagonal matrix where (D'")y. 1 = 1(40) 441y, — L4, for each k € [m], we have

ID'[lo < O(m?*?) and ||D'g |y < ||g'l|2-
Proof: The statement can be found in Proposition B.4. from |Allen-Zhu & Li|(2019)

Lemma A.3 Given a sampling set X = {x,}N_, that contains N partly dependent random vari-
ables, for each n € [N], suppose x., is dependent with at most dx random variables in X (including

. . . . 2
Xy, itself), and the moment generating function of x,, satisfies Ele ”""] < €% for some constant C
that may depend on x,,. Then, the moment generation function of Z _1 Tn is bounded as

]E[esznzlm"] < eC’dXNs )

Proof: The statement can be found in Lemma 7 from |Zhang et al.| (2020b)
Lemma A4 || Xa,| < |Al:-

Proof:
N
[ Xanl = | chkak,nll

*IIZ

N

—— Tkl - ) arn
Zk 1 Qk,n ; (19)

ag

< P b
k= 1Zk 1 0k,n
= [| 4]l

] - 1Al

Lemma A.5 If F : RY — R* has general complexity (p, €(F), €. (F)), then for every z,y € RY,
it satisfies || F(z)||2 < VEPE(F) - |||z and | F(z) = F(y)lla < VEpE€s(F) - [lz = ylla -

Proof: The boundedness of || F(z)||2 is trivial so we only focus on || F(z) — F(y)|l2 . For each
component g(z) = F,; % - (w3, (x,1)) , denoting by w7 as the first d coordinate of

wy ; , and by w3 ; as the first d coordinates of w3 ; , we have

13
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") = . <wiiv('r71)> Wk
9<)f“< [ERE ) :
* (i @)Y i@ Dl — (g, (1) @)/ DI
F e (1) 7 ( [CSIE ) TESVE
This implies
/ ) <w>1k,iv(x’1)> / <wf,iv(xv1)> )
el = f( [ERIE )*”’”vi( [CRIE >|§3¢5(E’”

As aresult, |[F.(z) — Fr(y)| < 3p&s (Fri) -

Lemma A.6 For every smooth function ¢, every ¢ € (0, m), there exists a function

h:R? = [-Cc(¢,a)Va2 + 1,Cc(¢,a)Va® + 1] that is also C.(¢, a)v/a2 + 1-Lipschitz continuous
on its first coordinate with the following two (equivalent) properties:
(a) For every x1 € [—a,a] where a > 0:

‘E [1a1z1+61\/@+bozoh(a1’bO)] - ¢(x1)‘ =

where a1, B1,by ~ N(0,1) are independent random variables.
(b) For every w*,x € R with |w*||s = 1 and ||x|| < a:

’E [1wx+b020h(WTW*, bo)] — (ZS(W*TX)‘ S €

where w ~ N (0,1) is an d-dimensional Gaussian, by ~ N (0, 1).

Furthermore, we have B, 4, nr0,1)[h(1,00)?] < (Cs(9,a))?(a? + 1).

(c) For every w*,x € R% with |[w*|ly = 1, let w = (w,by) € R¥TL, x = (x,1) € R with
Ix|| < Va2 + 1, then we have

’E [1€vri20h(\7v[1 L d) w, wld + 1])} —p(w Tx[1: d])| < e

where w ~ N (0,1441) is an d-dimensional Gaussian.
We also have Egcn0,1,,,)[M(W][1 : d"w*, wld + 1))2] < (Cs(0, a))?(a2 + 1).

Proof: The statement can be found in Lemma B.1. from|Li et al.| (2022a)

B CONCEPT CLASS

When the target function is more complex, H,, will approach y,,, and O PT" will be closer to zero.
To evaluate the complexity of the target function, we introduce model complexity constants €. and
sample complexity constants €, in () and (9) following the definitions in (Allen-Zhu & Li, 2019; [Li
et al., 2022a). Many population functions have bounded complexity. For instance, if ¢(z) is exp(z),
sin(z), cos(z) or polynomials of z, then C.(¢, O(1)) < O(poly(1/e€)) and Cs(¢, O(1)) < O(1).

We define Qﬁg(}", IA*]11) = max,; {€. (F, |A*]|;)} and & (F,|A*,) =
max,; {€s (F™, [|A*]|;)} as the model and sample complexity of F, respectively, and
similarly define €. (G, ||A*||;) and €4(G, ||A*||,) for G.

F and G are composed by pr and pg different smooth functions. The complexity of F is the most
complex sub-target function 7" in the pr functions.

We define Br := max, | Fna+(X)|l2, Brog = maxy, ||Gn ax(Fax(X))|2 for all X satisfy-
ing ||z.|| = 1. Assume G(-) is £g Lipschitz continuous. It is simple to verify (see Lemma

AS) that Br < VEpre(F,|[A*,) |A*]y, Lo < VEpg€s(G,BF|A*],) and Brog <
Epr€s(F, |A*|l,) - pg€s(G, BF | A*]|,) B+ [|A*|;.

14
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C THEOREM PROOF DETAILS

Let us define learner networks that are single-skip two-hidden-layer with ReL U activation out,, :
RN » RN — RF with

out, (X, A; W, V) = out} (X, A) + Co(Vout*(X, A)a,) (20)
and
out! (X, A) = CDw © (WXA') € RPN, (21)
outl (X, A) = CD% WXal, € RF (22)
where
s A=[a1, a2, ---, an]€ RN*YN denotes the normalized adjacency matrix.

* X € R¥™N denotes the the matrix of d dimension features of N nodes.

» W € R™*4 denotes the first hidden layer weight.

» V € R™** denotes the second hidden layer weight.

» C € R**™ denotes the output layer weight.

* Dw = [Lwxa200 1wxa20),  Lwxay>0)]s Diy = diag{1wxa,>0)}

* Dy = [lwoutl(x,4)a20) L(Voutl(X,4)as20) **° L(voutl(x,4)an>0)], DY =
diag{1(v out! (x,4)a, >0}

The I, loss is represented as a function of the weight deviations W, V' from initiation 1 (®) and V(0
ie.,

L(W,V) = Obj, (X, A", A% 4, W© + W, vO V), (23)

Let WO = W© + W,, V) = V(O 4V, Weassume 0 < a < O (kpgu(g isan*ul))

the training. We prove that |[W,||, and || V||, are bounded by 7,, and 7, in Table | during training,
ie., [Willy < 7w, [ Ve]l, < 7 for all t. See Appendix [C.5]for the proof.

throught

Table 1: Parameter choices

ow | MmO < gy <m0 | oy | 7, = O(polylog(m))
= I
Tw 7w = © (kpr€s(F, ||A*]],)) and ms+0015 < 7 < 5000153
P 3
T | 7o =0 (akpg€s(G, B || A%||,)Br |A°],) and oy (£)° <70 < Sl <1

C.1 PROOF OVERVIEW

In practice, for computational efficiency, we use the sampled adjacency matrix A? in the learning
network. Therefore, we should consider the discrepancy between the target function with A* and the
practical learning network:

||H71,,A* (X) - Outn (X7A1t7A2t;Wt7Vt) H2 S HHH,A* (X) - Outn (X7 A*)H2

+ [louty, (X, AY, 4%t) — out,, (X, 4%)|,
(24)

First, we prove the existence of W* and V* with m > My, T' > Ty and 2 > Ny such that
|Hn,ax(X) — outy, (X, A*;W*,V*)H2 < €. (25)

Second, we demonstrate that
[|out,, (X, A™, A*") — out,, (X, A*)H2 <||Co(WXa,)) - CJ(WXa;i)H2
+ ||Co(V out,, (XA™)a?!) — Co(V out,ll(XA*)CLZ)H2 .
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For the inequality ||Co (W Xa)!) — Co(WXay)||, < € to hold, it is required that || A" — A*||; <

and similarly, || A% — €0

* < _
A H1 — O(als(F)Cs (G| A% 1))

O(Cs(F))
Third, we establish that with appropriate sampling probabilities p}j and pfj, the norms HA“ — A* H L
and HA% — A* Hl can be sufficiently small.

Finally, consider the definition of OP'T, we can prove ||yn — outy, (X, At A2 W Vt) H2 <e
C.2 COUPLING
Lemma C.1 We show that the weights after a properly bounded amount of updates stay close to the

initialization, and many good properties occur. Suppose that |W ||z < 7, [|V|2 < T, Wo from
N (0, ofu) and Vg from N' (O, Jz/m), we have that

v

1.
n n Tw
| D3y — Diwrwi |y < O <(0)2/3m2/3> (26)
2.
n n ~ \/g
|CDV s wo, WXan — CDYy yw, (W +Wo) Xa |, <O (\/ﬁTw 1A, + VEow [|A],
27
3 B
|out), (X, A;W)]|, < O(rw || All;) (28)
4.
n n Ty 2/3
D0~ Diavay <0 ((521m) @
|CDY v, Vout' (X, A)a, — CDY v, (V + Vo) out' (X, A)ay |,
~( Vk s (30)
<0 <<ﬁau + j%mn ot} (X, A) 21 4]
6. .
CD% v, Voll, < 72217 @D
7. _
ICDY v, (V + Vo) out! (X, A)an |2 < O (1]l outy, (X, A2 [|All})  (32)
Proof:

2
LW Xanlly < Wiy [Xanll, < 7w [[Xan|l, and (Wo, Xan); ~ N(0, | Xan|303,). us-
ing Lemma[A2] we have

Tw HXanH 2/3
| Dy — Diviw, ||, <O ((W) /*m (33)

2. We write CD%+WOWXa;§1 - CD%v w, (W + W) Xail = —CD(SVOVV(O)Xa;i1 +
C (D, — Dy w,) WoXaj!. For the first term, || Dy, WoXay|, < [WoXan|, <
O (a0 | All, v/m), 50 ||C Dy, WoXa,||, < O (\/an ||A||1)
For the second term, using Lemma[A.2]again, we have
||(D<L7V0 - D&/JrWo) WOXa”HQ < ||WXan||2 =< Tw HA”l

Using Lemma for every s-sparse vector y, it satisfies ||Ay|l2 < W) ly]|2 with

high probability. The sparsity of the second term is s = (;—f4; )2/3m?2/3, so we have
w 1

1€ (DR, = D) WoXan|, <0 () - [WXaull2 < O (Fam 1411,
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3. |Joutk (X, A)||, < [|CD%y s wo WXan||,+||CDY wy WXan — CDYy  w, (W + W) Xan||,.

Using ||C|, < 1 with high probability, we have ||CDW_HN0Xan||2 < O(7w IAll;)
. 1(X A) anH2 < 7y [Jout! (X, A)anH2 and (Vp, out! (X, A)an>j ~
N(0, ||0ut1 (X, A) anH ), using Lemmawe can prove it.

5. We write CD{L,JrVoVout (X,A)an, — CDY,v, (V—i—Vo)outl(X Aa, =
~CDy, VW out! (X, Aa, + C (DY, - Dyy,y,) Voout! (X, A)a,. Similar to ( .
we have |CDY V@ out!(X, A)anlz: < OWk/ym) - O (o,]|out!(X, A)ay|2)
and HC (D{}O — DQ,+VO) Vyout!(X, A) anH2 < O ( Tq,||out (X, A)a,|| )
lout! (X, A)anll2 < || out,, (X, A)[2]| Allx

6. From 5, it is easy to get.

4. Similar to (

7. From 3, it is easy to get.

C.3 EXISTANTIAL

Consider random function S, (X, A); W*) = (S} (X, A); W*),..., 5% ((X, A); W*)) in which

T xy def % *
Sh((X, A W) S ap - (w), Xay) - 1 (4 Xa,)50 (34)
i=1

where W* is a given matrix, WO is a random matrix where each wZ( is i.i.d. from NV (0 ( ) and
ar;is i.id. from N (0,1).
Based on Lemma B.1. from L1 et al.| (2022a) and Lemma E.1. from Allen-Zhu & Li (2019), we have

Lemma C.2 Given any F : R4 — RF  with  general — complexity

(0, €o(F, AN Al € (F, [ AIDIAL), for every ¢ € (0, srerilaoypars ) there exist

M = poly (€.(F, |1 A1), ||AH1, 1/€) such that if m > M, then with high probability there is a
construction W* = (w}, ..., w} ) € R™*% with

) kpe.(F, | AllL), | A . kpCo(F, | AllL)|| A
W, < 2 & Al 1Al W, ( PEs(F, [ AllL) |l ||1> 35)
m NLD
satisfying, for every x,, € R% and ||x,,||, < 1, with probability at least 1 — e~ V™)
k
D IFNX A) = S (X, AW < e |Af (36)
Sh(X, A; W)
where G, (X, A;W*) = and S, (X, A;W*) = CDYy w, W* Xay,
Sp(X, A, W)

Proof: Define w} = >,y @rj > icqy) ay h) (\/ﬁ <w§0), wfz>) w3 ; has the same distribution
with a1 in Lemma [A.6]

Using Lemma IA_§| we have [n(")| < €.(F,||A]1)||All1 and using Lemma E.1. from Allen,
Zhu & Li| (2019), we have for our parameter choice of m, with probability at least 1 —
o~ (me*/ (kP e (F Il AllL))

|[F(X,A) =S, (X, A, W*)| <

??‘

We have for each j € [m], with high probability ||wj||, < 9] (kpcﬁ(f SIELH ”A”1> This means

W, o < 9] (W) . As for the Frobenius norm,

Wl =3 flusl;< >0 0 < )ZW( m(w i) e

J€[m] J€[m] i€[p]

17
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Applying Hoeffding’s concentration, we have with probability at least 1 — e~ (V™)

. 2
S e (Vim (0l i) V) < me @ (FALDIAIR).
j€lm]

(38)
+m (€ (F AIDIAl),

< 2m(C(F, [ All)lIAl)*.

Putting this back to we have ||W*||i“ < 6 (k2p2(€s (]:aHAHI)HAHl)2)

m

Lemma C.3 Under the assumptions of Lemma suppose o € (0,1) and a =
R & TATD Tre € @ AT there exist M = poly (€& (F. [ Alh), €a(G, | All1). [ All, &™) sar
isfying that for every m > M,||W*| . < O (kpr€s(F)) and |V*||p < O (akpg€s(G)) with high
probability

1.
Epev,(X.yn)~D [||[CDW, W* Xan — Fn(X, A)||,] < a* Al (39)

2.
|CDy,, V™ outl(X7 A)a, — aG, (outl(X7 A)7A) ||2 < aQ-H out}L(X, A)ll2 [|All, (40)

3.
Enev,(x.yn)~p [ICDWW* Xa, — F, (X, A)l,] < O@@* || Al) 1)

4

|CDYV* out' (X, A)a, — aG, (out' (X, A), A) ||2

1/3 42
g<w+o<n(j) ))WMMKAWNMM .

5.

EnEV,(X,yn)ND [HCD%VU—i-W(W* - W)Xan - (an(Xa A) - Outiz(X? A))HQ] < a2(‘|‘.|£”1

Proof:

1. Using Lemma we can find a W* satisfying |’CD3VO+WW*Xan — Fu(X,A) ||2 small
enough with probability at least 1 — e~ (V7).
2. Using Lemmaand Houtl(X, A)anH2 < || out} (X, A)||2 [|A]|,, we can easily prove it.

3. (IW*Xaull, < O(IW*|lp [ Xanll,) < O (7w lAll)- [|C(DYy — Dy, )W Xau||, <
O (V/s7w ||All; /+/m) where s is the maximum sparsity of (D — DYy, ). Using , we
know s < O (( )2/3m2/3>. This, combining with gives

Tw
Ow

* ~ Tw
Bucv. 0 [1CD W Xa, = £, (X, )] < @ 41, +0 (2217 i)

<0(@*|Al,) w

4. Using and HV* out! (X, A)anH2 < O (7] outy, (X, A)|2 [|A]l;) we can easily prove
it.

5. Using (27) and @T), with larger enough m, we can prove it.

18
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C.4 OPTIMIZATION

We write the gradient of loss function as Vv Obj, (W) = Vw Objl(W) 4+ Vw ObjZ (W),
where Vw Objh, (W) = Vw outl (X, A) and Vw Obj2 (W) = VwCDEV out! (X, A)ay,, we
can write its gradient as follows.

(Vw Objh (W), =W') = tr(Xan(y, — outn (X, A)) " CD}y yy W)
= tr((yn — out, (X, A)) " CD}y W' Xay) (45)
= <yn — out, (X, A), CD{’LVJrWO W/Xan>

N
<VW Oin(W)v _W/> = t’l“(z anixai(yn — out, (Xa A))TCD$+VO (V(O) + V)CD%/VJrWOW/)

i=1
N

= t’l"(z Ani (yn - Outn(Xa A))TCDT\}_FVO (V(O) + V)CD%/V-Q-WOWIXQZ)
i=1

N
= tr((yn — outn (X, A)) 7> aniCDY 1, (VO + V)CDYy  yy, WX ;)
=1

_ <yn — oty (X, A), CDY v (VO 4+ V)C (D 1w © W’XA)an>
(46)

Vv Obj,, (V), =V} = tr(out(X)a, (yn, — out, (X, A)) CDY, V'
V+Vy
= tr((yn — out, (X, A)) "CDY y, V' out(X)a,) (47)
= <yn - OUtn(Xy A)a CD@-&-VOV/ Out(X)an>

Let us define f(W’') = CD},_ . W' Xa, + CD}_y, (VO + V)C(Dw 4w, ©® WX A)a, and
g(V') = CDY, .y, V' out(X)a,. Therefore,

(Vw,v Obj,, (W, V), (=W', =V’)) = (y, — out, (X, A), f (W') + g (V")) (48)

Claim C.4 We have that for all W and V satisfying ||W||p < 7y, and |V||r < 7, it holds that
IVw Obj(W, V; (2,9)) |l < [[All1[lyn — outn (X, A)lj2 - O (o0 +1) (49)

[Vv Obj(W, V; (z,y))F < Twl[All1[lyn — out, (X, A)]2- O (1) (50)
Proof:
IVw Obj(W, V; (2,9)) |7 = [ Xan(yn — out, (X, A)) "
X (CDiy 4w, + CDY oy, (VY + V)CDY ) e
< [[Xan|2llyn — outy (X, A)l|2 (51)
X |CDYy 1w, + CDY 4y, (VO + V)CDY Ly 12
< [[All1llyn — outn (X, A)l2 - O (0 +1)

In (51, the last inequality uses ||V (9| = O(7,) and ||C|, < 1.
IVv Obj(W, Vs (2, 9)) |7 = || out (X, A)an (yn — outn (X, 4)) ' CDY v, |7
< [loutn (X, A)an|l2llyn —outn (X, A)l2[CDV vy [z (52)

< 7| All1[lyn — out, (X, A)[[2- O (1)
In (52), the last inequality uses and |C||, < 1.
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Claim C.5 In the setting of Lemma|C.1| we have f (W* — W) + g (V* = V) = M, 4-(X, A) —
out,, (X, A) + Err,, with

E Errp|ls < E O (r, ||A £ollAlL) - (X, A) —outn (X, A
oo B B < E 10 (Al + aLglAlh) - [ a- (X, 4) = out, (X, A) ]

+0 (72| Al B + 7a® | AII} + am | Al £o%B )
(53)
Proof: Based on the definition of f(W’) and ¢g(V’), we have
fW*=W;X,a;) +g (V"= V;X,a3) = CDyy oy, (W5 — W) Xay,
+ CDY vy (VF = V) out(X)ay,
+CDY Ly, (VO + V)C(Dwiw, © (W* = W)X A)a,
= CD} v, (VY + V)C(Dwiw, @ (W* — W)X A)a,

&
+ CD}y s w, W Xa, + CDY .y, V*out' (X, A)a,
L)
— (CD}yyw,WXan + CDY .y, Vout! (X, A)ay,)
&
(54)
1. For the & term,
& < (||cDp, VO + ICIBIVIL) 10w, © (W = W)X Aanll,
N
<O(1)-0 (1) > ani (|F(x) — outh (X, A)l2 + O (@* [|4],)) (55)
=1

<0 () (IF(2) - out() | 1Al + 0 (@ 14113 )

. 1
together with 7, < Polyog () 7 v

2. For the & term,
& — (Fo(X,A) + aG(F(x),an) = ODy w, W*Xa, — Fn(X, A)
+CDy V" out' (X, A)a, — aG (out, (X, A),a,) (56)
+ ag (out}l(X, A),an) — oG (F(z),an)

The first term uses (39), the second term uses (40) and the third term uses the Lipscthiz continuity of
g, so we have
Ty

18— (F(@) + aG(F@)]2 < O (a2 +n<0>1/3) Jlout! (X, an) 2 4],

v

+ 0 (afyg) | F(X)ay, — out}L(X)anHQ

<O (77) - llouty, (2) 2 [ All + O (a€q) [ Fu(w) — out,, (z)]2 H(fs‘lH)l
7
We use % < 72 and definition of a.
3. For the ) term,
10 = outn (X)[l2 < O ((llouty ()]|2 [|All,) 7) (58)

where the inequality uses and (30).
In sum, we have

Bre & F (W= Wiz) +9 (V" = Via) = (F(@) + a0(F(@)) — outa(X. 4) (59
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satisfy

E E < E O(r,]|A Lc1lA
wE ’"’”"Z—nev,@,y”)w[ (ry |All, + a€g]|AlL)

x | F(x) = outy (X, A)l|z + O ([louty, () [l2 [|A]l) 7| (69

+0 (na® A7)

Using ||out} (2) |2 <[l outl (X, A) — F(x)|2 + B, we have

E Err|s < E O (1, || A ol All) - [|H(z) — out, (X, A
o B Erla < B0 Al aggllAll) - () - outa (X, )]

+0 (72|l B7 +na® | Al) (D
+ 0 (r Al +aLgllAlL) - (. 1Al B + aBrog)
Using Brog < VEpg€a(G. | All, Br)(| 4], B5)*Br < %7, 50 we have

E Err|s < E O (1, || A 5l AlL) - — outn(X, A
veri ool B S e B o0 A0Sl ()~ owa KA

+0 (F21IAIF B + a2 Al + | Al £%5)

Claim C.6 In the setting OfLemma if o || A]l; < m, we have
[Jouty, (X, A) — F(X)]], < 2||out)h (X, A) — Ha(X, A)||, + aBrog + O (7, | All, Br) (63)

Proof: Using[32]and ||G(F(X), a,)|2 < Brog, we have
[|outy, (X, A) — Fn(X)]|, < [|outy (X, A) = Hn(X, A)||, + aBrog

~ (64)
+0 (1o | Ally (Jlouth (X, an) — Fu(X, A)||2 +Bx))

Using 7, || Al|; small enough, we have

Jout} (X, A) — Fu(X)]||, < 2[Jouth (X, A) — Ha(X, A)||, + aBrog + O (1, [|A]l, Br) (65)

C.5 PROOF OF THEOREM [3.2]

Proof: Using (48) and Claim[C.3] in iteration ¢, we have

(Vw,v Obj,, (W, Vy)), (W, = WV, — V7))
— (g — o0t (Wi, V), [ (W* — W) + g (V* — V) 6)
= (yn — out,, (W¢, Vy) s H, A (X) —out,, (W, Vi) + Erry)

We also have
Wi — W[5 = [|[W; — 0o Vi Obj, (Wy) — W* |3,

= |Wy = W*|[3 = 21, (Vi Obj, (Wy), W, — W) (67)
+ 72 |V Obj, (W)[|%,

IVisr = V* 1% = IVi — 1,V Obj, (Vi) = V%
= |[Vi = V*|[% — 20, (Vv ODj,, (Vp), V; = V) (68)
+ 12 |V Obj, (Vi)|%
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Using Algorithm (I, we have W11 = W; — 1, Vw Obj,, (W, V;) and Vi1 = V, —
175 Vv Obj,, (W, V), so we have

(Vw.v Obj, (W, V,), (W — W* V-V))
= 2 |[Vw Obj, (We, Vo)l[7 + 2 |Vv Obj, (Wi, Vi) 7

v

1 2 1 2 1 2 1 2
W, = WA — —— [Wet = W2+ — [V = V|2 = —— [y — V*
+ 2 W I 2 Wit %+ 2 Vi % 2, Vi1 %

(69)
Using Claim and change all A to A*, we have
<O (an + T, ) HAH ”yn OUtn(Xv A*)”%
(70)

(12 2
< 0 (1002 +1u72) - A1 (IHn,a (X) = 0wt (X, A3 + [ Ha,a (X) = yall3)
Therefore, as long as O (nwa + N, ) < 0.1, it satisfies
112 2 2
Z [Hn, - (X) — outy, (X, A%)[ly <2|[Errely + 4 [[Hn,a- (X) = wall5

1 2 1 2
- _ * o _ *
o W= W - e [Wen - W

)12 1 |2
-V ||F—§||Vt+1—V %

After telescoping fort = 0,1,...,7p — 1,

To—1
[Wr, = Wl [[Wr, = Vo5 1 2
n,A* - tn X,A*
Ty Tt o ZHH A out, (X, A*) 3
W= 1% V¥ <>T° ' o
WA v* O(1
< F Lo E woas (X) — w2
Sty oy ; IEerll + e 0 il
Using O (7, [|A]]; + a£g) < 0.1, we have
T—1 2 2
1 2 _ [WoE IVEIE
— E noax(X) — outy, (X, AM)|2 < PT
4T;nev,<x7un>~z|m e (X) = outn{ M= T 2T +O(OPT +e)
(73)
where )
co = © (&, A"} + 721|A4% [, B + a7y |4°], £oB )
= 6 (@77, 1471} + 0 (kpoa(G. B | A*])* (B | A°],)? o

+a?kpg€a(G, B | A")(Br1|A*]1,)° 14°,)°
=6 (a® (poa(G. B [ 47],)) (147, B5)°)

In practice, for computational efficiency, we use the sampled adjacency matrix A¢ in the learning
network, so we should consider the discrepancy between the target function and the practical output

o= (X) = oty (X, A", A7) |5 <[ Mo a- (X) = outy, (X, A7) (75)
+ ||out, (X, A™, A*") — out, (X, A)| ;

We have already considered ||H,, - (X) — out,, (X, A*)||2 and

2

||outy, (X, AM, A%") —out,, (X, A*)H2 <||[Co(WXa,') — C’chVXafLH2

+||Co(V outy, (X A)a2') — Co(V out, (X A*)ay)|,
76
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Using (28), we have

|Co(WXall) — CoWXai||, < 7 || Xak! — Xa%||, < ||Err, (77)
For the above equation to hold, it requires
E
Jare - ), < |2 )
Tw |9
Using ||A*||; < O(1) and (32), we have
|Co(Vout), (XA™)a2) — Co(V out, (X A*)a ||2 < 7, [Jout, (X AM)a2! — out (XA*)a:‘LH2
< ToTw HA% — A*H1 < [|Erre|
(79)
For the above equation to hold, it requires HAQt — A* L < f’% .
vTw ||g
Under assumptions of Lemma with high probability, we can ensure HA“ =A%, < % ,
w 2
- ), < 222
vTw || 9
Using ||[W*| z < 7,/10, |[V*|| o < 7,/10 and € > OPT + ¢, we have
n.a-(X) —out,, (X, 4™, 42|12 <0 80
ZHGV(MMIIH 4 (X) = out,, (X, A", A7)||, < O(e) (80)

t=0
aslongas T > (M)
Finally, we should check ||W,||» < 7, and || V|| < 7, hold.

Wo, — WHA [V, = V5 W% ([VH3 A
W, Iz, IV, I < W= ile |, 1V7IE +O(e )+O(7w| |1) @)
27711)1-‘0 277UT0 277wTO 277UT0 \/ZTO

2 2
Using the relationship ;—w = ;—”, we have

2 * *
Wl Va5 o 4w I L 4V [

2 2 - 2
Tw T, T

(82)

Forso (AT

Tv Tw

Therefore, choosing T = © (W) and 7, = O(min{1,e}) < 0.1, we can ensure
1 )

2 2

C.6 GRAPH SAMPLING

Tw

Lemma C.7 Given a graph G with the minimum degree 6(G) > Q(|| g

‘ ), in iteration t, for
2
the first layer Al is generated from the sampling strategy with the samplmg probability p}j <

O(i”di’ljfwt‘b) and for the second layer A% is generated from the sampling strategy with the
Vdid;
< O( HET”HQ) we have

NijTw T

sampling probability p?. '

Pr |:HA1t _A X < O(‘ E’I"’I“t ):| < e*Q(HETTtHQ\/fd]‘/Tw) (83)
Tw |9
TwTv ||o
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Proof: The difference between AtBij and Aj, is

Nij

=> (af; —a};) (85)

_ t *
Ap, = HABU — A,

1=

ij
) is

where n;; is the number of elements in A} = and (af; — aj;) are iid, with p;; = E[Ap, ] =

*

: i . t
naiDis \/TT] The Moment-generating function of (aij — Gy
M(at___aik_)(s) -E [es(afj*afj)}
o1
=e Vihpi+ 01 — pij) (86)
=1+p;; (eﬁ N 1)

<exp (evdsidf — 1)

Thus, for any ¢ > 0, using Markov’s inequality and the definition of MGF, we have

H17;7 Matv.—a’fv (S)
P(Ap,, > k) < min —— (@, —ai)

s>0 etk,
W (ﬁ _1> (87)
= min

>0 etk

e

If 0 < 6;; < 1, we plugin k;; = (1 + J;;)p;; and the optimal value of s;; = /d;d; In(1 + €;;) to
the above equation:

P(Ap, > (1436 < c v ~ i V/did; 88
( Bij—( + ij)Mz‘j)_ W < exp f (88)

(14 6:5) 1 T09) = eap[(1 4 6;;)In(1 + 6;5)]

0 Oy . 0 5 ®9)
= exp(di; + 5 "6 +0(d;5)) > exp(dij + 5 F)

Let 6ij = 1, Mij = @(ETTt), and di > Q(L), we have Dij < O(%)

Erry

C.7 SAMPLE COMPLEXITY

Lemma C.8 Given a graph G with |V (G)| = N, if the maximum degree A(G) < O((Ne2)7)
2 2

AQ) (rwlAly) 1OgN), with probability 1 — N~ 1411 we have

E ||yn—outn (X,Alt,Azt)HQ— Hyn—outn (X,Alt,AQt)H2 <e

neV,(X,yn)~2Z

and sample complexity Q > O(

neV,(X,yn)~D

Proof: For the set of samples Z define

I, ©0

Q
1
U T [y — out,, (X, AM, A71)]|, = 5; [y — out,, (X, A1, A%

Denote the generalization error as

[y = outn (X, A™, A%)]], - lym = outn (X, A, A7),

neV,(X,yn)~Z neV,(X,yn)~D

Jont, (X, 41, 42)], - Jota (X, 41,42,

E E
neV,(X,yn)~2 neV,(X,yn)~D
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By Hoeffding’s inequality and [jout,, (X, ay )|, < O(7y ||A]|;) , we have

out, (X,At A%t —
1t 42

2 nev, (g |[00En (AT AT

E
neV,(X,yn)~2

GTwllAllg)?
e 8

E|e 1)

Define maximum degree of G is A(G). It is easy to know that [jout, (X, A, A%)||, is de-
pendent with at most its second order neighbor, so the maximum number of nodes related with
||out, (X, A, A%!)]|, is A(G)?. By Lemma 7 in Shuai, we have

Eet S [Joutn (X,A1,42) [ < A (G)? (sTwllAll)?02/8 92)
p( E  fouts (X, A%, 4%)|,— E |louts (X, 4%, 42|, > e>
neV,(X,yn)~2Z neV,(X,yn)~D (93)
< exp (A(G)*(s7y || All;)?Q/8 — 5e0)
€ A(G)4log N
Lets = srarrropar,e and € = (o [14]1)?y 2555
]z»( E  fouts (X, A", 4%)|. -~ E [louts (X,A“,A%)M > e>
neV,(X,yn)~2Z neV,(X,yn)~D 94)
< exp (—(ru]lA1)21og N) ¢
< N TwllAllL
with ) )
A(G)2(7 | Al log N
0> 0GP AL P los ¥ o5

€
D ADDITIONAL EXPERIMENT

D.1 ADDITIONAL EXPERIMENT ON SYNTHETIC DATA

Model and sample complexities with || A*||1: In Figures [3| (a) (b), we generate a graph G with
N = 2000 nodes. G has one-degree groups and the degree of each node follows a Gaussian
distribution N/ (d7 02). d = 200. The degrees are truncated to fall within the range of 0 to 500. We
vary A* by changing o and the corresponding A. We directly train with A* to study the impact of A*
on model and sample complexities.

In Figures |3 (), |©2] = 1200 and the number of neurons per layer m varies. Fig.[3|(a) shows the
testing error decreases as m increases. When m is the same, the testing error increases as || A*||;
increases. This verifies our model complexity in Theorem In Figures [3|(b), m = 50 and ||
varies. Fig.[3|(b) shows the testing error decreases as {2 increases. When € is the same, the testing
error increases as ||A*||; increases. This verifies our model complexity in Theorem 3.2}

Fig.[3|(c) is a 2D vertical projection of the 3D Fig.[I] (c).
D.2 ADDITIONAL EXPERIMENT ON REAL DATA
A summary of Ogbn datasets’ statistics is presented in Table[2}

Table 2: Ogbn datasets statistics.

Dataset Nodes Edges Features | Classes | Metric
Ogbn-Arxiv 169,343 1,166,243 128 40 Accuracy
Ogbn-Products | 2,449,029 | 61,859,140 100 47 Accuracy
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2.0 2D Heatmap of Test Error
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Figure 3: Experiment on synthetic data. (a) Test error with model complexity and || A*||;. (b) Test
error with sample complexity and || A*||;. (c) 2D heatmap of 3D Fig. (c)
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Figure 4: Learning deep GCNs on Ogbn-Arxiv (a) 2D Heatmap of 3D Fig. (a). (b) 2D Heatmap of
3D Fig. |Z| (b).

For the Ogbn-Products dataset, we deploy a 4-layer Jumping Knowledge Network
GCN with concatenation layer aggregation. Each hidden layer consists of 128 neurons. We define the

first two layers as shallow layers and the last two layers as deep layers. with sampling rate ps. The
task of Ogbn-Products is to classify the category of a product in a multi-class, where the 47 top-level
categories are used for target labels. We use 60% of the data for training, 20% for testing, and 20%
for verification.

We run the similar experiment as Figure 2] (a) for Obgn-Arxiv dataset. We fix ¢g; = 0.1 and vary
g2 from 0.1 to 1.0 at increments of 0.1, then fix go = 0.1 and vary ¢; from 0.1 to 1.0 at increments
of 0.1. Figure 5] shows that with the increasing sampling rate in shallow layers, the test accuracy
is higher than the test accuracy with the increasing sampling rate in deep layers. It suggests that
the generalization is more sensitive to the sampling in the shallow layers rather than deep layers,
consistent with observations in other datasets.
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Test Accuracy
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Figure 5: Layer-wise Sampling Rate Effect on Ogbn-Products
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