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Abstract

Causal Temporal Representation Learning (Ctrl) methods aim to identify the tem-
poral causal dynamics of complex nonstationary temporal sequences. Despite
the success of existing Ctrl methods, they require either directly observing the
domain variables or assuming a Markov prior on them. Such requirements limit
the application of these methods in real-world scenarios when we do not have such
prior knowledge of the domain variables. To address this problem, this work adopts
a sparse transition assumption, aligned with intuitive human understanding, and
presents identifiability results from a theoretical perspective. In particular, we ex-
plore under what conditions on the significance of the variability of the transitions
we can build a model to identify the distribution shifts. Based on the theoretical
result, we introduce a novel framework, Causal Temporal Representation Learning
with Nonstationary Sparse Transition (CtrlNS), designed to leverage the con-
straints on transition sparsity and conditional independence to reliably identify both
distribution shifts and latent factors. Our experimental evaluations on synthetic and
real-world datasets demonstrate significant improvements over existing baselines,
highlighting the effectiveness of our approach.

1 Introduction

Causal learning from sequential data remains a fundamental yet challenging task [1–3]. Discovering
temporal causal relations among observed variables has been extensively studied in the literature [4–
6]. However, in many real-world scenarios such as video understanding [7], observed data are
generated by causally related latent temporal processes or confounders rather than direct causal
edges. This leads to the task of causal temporal representation learning (Ctrl), which aims to build
compact representations that concisely capture the data generation processes by inverting the mixing
function that transforms latent factors into observations and identifying the transitions that govern the
underlying latent causal dynamics. This learning problem is known to be challenging without specific
assumptions [8, 9]. The task becomes significantly more complex with nonstationary transitions,
which are often characterized by multiple distribution shifts across different domains, particularly
when these domains or shifts are also unobserved.

Recent advances in unsupervised representation learning, particularly through nonlinear Indepen-
dent Component Analysis (ICA), have shown promising results in identifying latent variables by
incorporating side information such as class labels and domain indices [10–19]. For time-series data,
historical information is widely utilized to enhance the identifiability of latent temporal causal pro-
cesses [20–23]. However, existing studies primarily derive results under stationary conditions [11, 21]
or nonstationary conditions with observed domain indices [13, 22, 23]. These methods are limited in
application as general time series data are typically nonstationary and domain information is difficult
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to obtain. Recent studies [15, 24–26] have adopted a Markov structure to handle nonstationary
domain variables and can infer domain indices directly from observed data. (More related work can
be found in Appendix S4.) However, these methods face significant limitations; some are inadequate
for modeling time-delayed causal relationships in latent spaces, and they rely on the Markov property,
which cannot adequately capture the arbitrary nonstationary variations in domain variables. This
leads us to the following important yet unresolved question:

How can we establish identifiability of nonstationary nonlinear ICA for general
sequence data without knowledge of the prior distribution of the domain variables?

Relying on observing domain variables or known Markov priors to capture nonstationarity seems
counter-intuitive, especially considering how easily humans can identify domain shifts given sufficient
variation on transitions, such as video action segmentation [27, 28] and recognition [29–31] tasks.
In this work, we theoretically investigate the conditions on the significance of transition variability
to identify distribution shifts. The core idea is transition clustering, assuming transitions within the
same domain are similar, while transitions across different domains are distinct. Building on this
identification theorem, we propose Causal Temporal Representation Learning with Nonstationary
Sparse Transition (CtrlNS), to identify both distribution shifts and latent temporal dynamics. Specifi-
cally, we constrain the complexity of the transition function to identify domain shifts. Subsequently,
with the identified domain variables, we learn the latent variables using conditional independence
constraints. These two processes are jointly optimized within a VAE framework.

The main contributions of this work are as follows: (1) To our best knowledge, this is the first
identifiability result that handles nonstationary time-delayed causally related latent temporal processes
without knowledge of the prior distribution of the domain variables. (2) We present CtrlNS, a
principled VAE-based framework for recovering both nonstationary domain variables and time-
delayed latent causal dynamics. (3) Experiments on synthetic and real-world datasets demonstrate
the effectiveness of the proposed method in recovering latent variables and domain indices.

2 Problem Formulation

2.1 Nonstationary Time Series Generative Model
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Figure 1: Graphical model for
nonstationary causally related
time-delayed time-series data
generation process with unob-
served domain variables ut.

We first introduce a nonstationary time-series generative model in
our setting. The observational dataset is D = {xt}Tt=1, where
xt ∈ Rn is produced from causally related, time-delayed latent
components zt ∈ Rn through an invertible mixing function g:

xt = g(zt). (1)

In the nonstationary setting, transitions within the latent space vary
over time. Define u as the domain or regime index variable, with ut

corresponding to domain variable at time step t. Assuming there are
U distinct regimes, i.e., ut ∈ {1, 2, . . . , U}, each regime exhibits
unknown distribution shifts. Those regimes are characterized by U
different transition functions {mu}Uu=1, which were originally in-
troduced in [32] through change factors to capture these distribution
shifts in transition dynamics. The i-th component of latent variable
zt, is then generated via i-th component of transition function m:

zt,i = mi (ut, {zt′,j | zt′,j ∈ Pa(zt,i)}, ϵt,i) , (2)

where Pa(zt,i) represents the set of latent factors directly influencing zt,i, which may include
any subset of z<t = {zτ,i | τ ∈ {1, 2, . . . , t− 1}, i ∈ {1, 2, . . . , n}}. For analytical simplicity, we
assume that the parents in the causal graph are restricted to elements in zt−1. Extensions to higher-
order cases, which involve multistep, time-delayed causal relations, are already discussed in Appendix
S1.5 of [23]. These extensions are orthogonal to our contributions and are therefore omitted here
for brevity. Importantly, in a nonstationary context, Pa(·) may also be sensitive to the domain index
ut, indicating that causal dependency graphs vary across different domains or regimes, which will
be revisited in our later discussion on identifiability. We assume that the generation processes for
each i-th component of zt are mutually independent, given z<t and ut. Consistent with the existing
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literature [23, 25], we further assume that the noise terms ϵt,i are independent both spatially and
temporally. This assumption implies that there is no instantaneous causal influence among the latent
causal processes. The graphical model corresponding to this setting is illustrated in Figure 1.

2.2 Identifiability of Domain Variables and Latent Causal Processes

In this section we introduce the identifiability of both domain variables and time-delayed latent causal
processes in Definitions 2 and 3, respectively. If the estimated latent processes are identifiable at least
up to a permutation and component-wise invertible transformations, then the latent causal relationships
are also immediately identifiable. This follows from the fact that conditional independence relations
comprehensively characterize the time-delayed causal relations within a time-delayed causally
sufficient system, in which there are no latent causal confounders in the causal processes. Notably,
invertible component-wise transformations on latent causal processes preserve their conditional
independence relationships. We now present definitions concerning observational equivalence, the
identifiability of domain variables and latent causal processes.

Definition 1 (Observational Equivalence). Formally, consider {xt}Tt=1 as a sequence of observed
variables generated by true temporally causal latent processes specified by (m,u, p(ϵ),g) given in
Eqs. (1) and (2). Here, m and ϵ denote the concatenated vector form across n dimensions in the latent
space. Similarly u for time steps 1 to T . A learned generative model (m̂, û, p̂(ϵ), ĝ) is observationally
equivalent to the ground truth one (m,u, p(ϵ),g) if the model distribution pm̂,û,p̂ϵ,ĝ({xt}Tt=1)
matches the data distribution pm,u,pϵ,g({xt}Tt=1) everywhere.

Definition 2 (Identifiable Domain Variables). Domain variables are said to be identifiable up to
label swapping if observational equivalence (Def. 1) implies identifiability of domain variables up to
a permutation σ for domain indices:

pm̂,û,p̂ϵ,ĝ({xt}Tt=1) = pm,u,pϵ,g({xt}Tt=1) ⇒ ût = σ(ut),∀t ∈ {1, 2, . . . , T}. (3)

Definition 3 (Identifiable Latent Causal Processes). The latent causal processes are said to be
identifiable if observational equivalence (Def. 1) leads to the identifiability of latent variables up to a
permutation π and component-wise invertible transformation T :

pm̂,û,p̂ϵ,ĝ({xt}Tt=1) = pm,u,pϵ,g({xt}Tt=1) ⇒ ĝ−1(xt) = T ◦ π ◦ g−1(xt), ∀xt ∈ X , (4)

where X denotes the observation space.

3 Identifiability Theory

In this section, we demonstrate that under mild conditions, the domain variables ut are identifiable up
to label swapping and the latent variables zt are identifiable up to permutation and component-wise
transformations. We partition our theoretical discussion into two sections: (1) identifiability of
nonstationary discrete domain variables ut and (2) identifiability of latent causal processes. We
slightly extend the usage of supp(·) to define the square matrix support and the support of a square
matrix function as follows:

Definition 4 (Matrix Support). The support (set) of a square matrix A ∈ Rn×n is defined using the
indices of non-zero entries as:

supp(A) := {(i, j) | Ai,j ̸= 0} . (5)

Definition 5 (Matrix Function Support). The support (set) of a square matrix function A : Θ → Rn×n

is defined as:
supp(A(Θ)) := {(i, j) | ∃θ ∈ Θ,A(θ)i,j ̸= 0} . (6)

For brevity, let M and M̂ denote the n× n binary matrices representing the support of the Jacobian
Jm(zt) and Jm̂(ẑt), respectively. The (i, j)-th entry of M is 1 if and only if (i, j) ∈ supp(Jm). We
further define the transition complexity using its Fréchet norm as |M| = ∑

i,j Mi,j , and similarly

for M̂. In the nonstationary setting, this support matrix becomes a function of the domain index u,
denoted as Mu and M̂u. Additionally, we introduce the concept of weakly diverse lossy transitions
for the data generation process, which is formally defined below:
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Definition 6 (Weakly Diverse Lossy Transition). The set of transition functions described in Eq. (2)
is said to be diverse lossy if it satisfies the following conditions:

1. (Lossy) For every time and indices tuple (t, i, j) with edge zt−1,i → zt,j representing a
causal link defined with the parents set Pa(zt,j) in Eq. 2, transition function mj is a lossy
transformation w.r.t. zt−1,i i.e., there exists an open set St,i,j

1, changing zt−1,i within this
set will not change the value of mj , i.e. ∀zt−1,i ∈ St,i,j ,

∂mj

∂zt−1,i
= 0.

2. (Weakly Diverse) For every element zt−1,i of the latent variable zt−1 and its correspond-
ing children set Jt,i = {j | zt−1,i ∈ Pa(zt,j), j ∈ {1, 2, . . . , n}}, transition functions
{mj}j∈Jt,i

are weakly diverse i.e., the intersection of the sets St,i = ∩j∈Jt,i
St,i,j is not

empty, and such sets are diverse, i.e., St,i ̸= ∅, and St,i,j \ St,i ̸= ∅,∀j ∈ Jt,i.

3.1 Identifiability of Domain Variables

Theorem 1 (Identifiability of Domain Variables). Suppose that the dataset D are generated from the
nonstationary data generation process as described in Eqs. (1) and (2). Suppose the transitions are
weakly diverse lossy (Def. 6) and the following assumptions hold:

i. (Mechanism Separability) There exists a ground truth mapping C : X ×X → U determined
the real domain indices, i.e., ut = C(xt−1,xt).

ii. (Mechanism Sparsity) The estimated transition complexity on dataset D is less than or equal

to ground truth transition complexity, i.e., ED|M̂û| ≤ ED|Mu|.
iii. (Mechanism Variability) Mechanisms are sufficiently different. For all u ̸= u′, Mu ̸= Mu′

i.e. there exists index (i, j) such that [Mu]i,j ̸= [Mu′ ]i,j .

Then the domain variables ut is identifiable up to label swapping (Def. 2).

Theorem 1 states that if we successfully learn a set of estimated transitions {m̂u}Uu=1, the decoder ĝ,
and the domain clustering assignment Ĉ, where m̂u corresponds to the estimation of Eq. (2) for a
particular regime or domain u, and the system can fit the data as follows:

x̂t = ĝ ◦ m̂ût ◦ ĝ
−1(xt−1) and ût = Ĉ(xt−1,xt), (7)

assuming that the transition complexity is kept low (as per Assumption ii). Then the estimated domain
variables ût must be the true domain variables ut up to a permutation.

Proof sketch The core idea of this proof is to demonstrate that the global minimum of transition
complexity can only be achieved when the domain variables ut are correctly estimated. (1) First,
we consider the case when we have an optimal decoder estimation ĝ∗ which is a component-wise
transformation of the ground truth, incorrect estimations of ut will strictly increase the transition
complexity, i.e., ED|M̂∗

û| > ED|M̂∗
u|. (2) Second, we show that with arbitrary estimations ût, the

transition complexity for any non-optimal decoder estimation ĝ will be equal to or higher than that for
the optimal ĝ∗, i.e., ED|M̂û| ≥ ED|M̂∗

û|. Thus, the global minimum of transition complexity can
only be achieved when ut is optimally estimated, which must be a permuted version of the ground
truth domain variables ut. A comprehensive proof can be found in Appendix S1.1.

3.2 Remark on Mechanism Variability

The assumption of mechanism variability, as stated in Assumption iii, requires that the Jacobian
support matrices differ across domains, indicating that the causal graph connecting past states (zt−1)
to current states (zt) must differ by at least one edge. Addressing scenarios where the causal graphs
remain identical but the transition functions associated with the edges vary is generally challenging
without imposing additional assumptions. A more detailed discussion of the difficulties involved in
such cases is provided in Appendix S1.4.4. To effectively address these scenarios, we extend the
concept of the Jacobian support matrix by incorporating higher-order derivatives. This extension

1We implicitly assume St,i,j together with St,i, St,i,j \ St,i have non-zero measure.
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provides a more detailed characterization of the variability in transition functions across different
domains. We now present the following definition to formalize this concept:
Definition 7 (Higher Order Partial Derivative Support Matrix). The k-th order partial derivative
support matrix for transition m denoted as Mk is a binary n× n matrix with[

Mk
]
i,j

= 1 ⇐⇒ ∃z ∈ Z,
∂kmj

∂zki
̸= 0. (8)

We utilize the variability in the higher-order partial derivative support matrix to extend the identifia-
bility results of Theorem 1. This extension applies to cases where the causal graphs remain identical
across two domains, yet the transition functions take different forms.
Corollary 1 (Identifiability under Function Variability). Suppose the data D is generated from
the nonstationary data generation process described in (1) and (2). Assume the transitions are
weakly diverse lossy (Def. 6), and the mechanism separability assumption i along with the following
assumptions hold:

v. (Mechanism Function Variability) Mechanism Functions are sufficiently different. There
exists K ∈ N such that for all u ̸= u′, there exists k ≤ K, Mk

u ̸= Mk
u′ i.e. there exists

index (i, j) such that
[
Mk

u

]
i,j

̸=
[
Mk

u′

]
i,j

.

vi. (Higher Order Mechanism Sparsity) The estimated transition complexity on dataset D is no
more than ground truth transition complexity,

ED

K∑
k=1

|M̂k
û| ≤ ED

K∑
k=1

|Mk
u|. (9)

Then the domain variables ut are identifiable up to label swapping (Def. 2).

To prove this corollary, we leverage the property that, for any two distinct domains, there exists an edge
in the causal graph such that the supports of their k-th order partial derivatives differ. This difference
ensures the separability of the two domains. A detailed proof can be found in Appendix S1.2.

3.3 Identifiability of Latent Causal Process

Once the identifiability of ut is achieved, the problem reduces to a nonstationary temporal nonlinear
ICA with observed domain index. Leveraging the sufficient variability approach proposed in [23],
we demonstrate full identifiability of the data generation process. This sufficient variability concept
is further incorporated into the following lemma, adapted from Theorem 2 in [23]:
Lemma 1 (Theorem 2 in Yao et al., [23]). Suppose that the data D are generated from the nonsta-
tionary data generation process as described in Eqs. (1) and (2). Let ηkt(u) denote the logarithmic
density of k-th variable in zt, i.e., ηkt(u) ≜ log p(zt,k|zt−1, u), and there exists an invertible function
ĝ that maps xt to ẑt, i.e., ẑt = ĝ(xt) such that the components of ẑt are mutually independent
conditional on ẑt−1. (Sufficient variability) Let

vk,t(u) ≜
( ∂2ηkt(u)

∂zt,k∂zt−1,1
,

∂2ηkt(u)

∂zt,k∂zt−1,2
, ...,

∂2ηkt(u)

∂zt,k∂zt−1,n

)⊺
, (10)

v̊k,t(u) ≜
( ∂3ηkt(u)

∂z2t,k∂zt−1,1
,

∂3ηkt(u)

∂z2t,k∂zt−1,2
, ...,

∂3ηkt(u)

∂z2t,k∂zt−1,n

)⊺
. (11)

skt ≜
(
vkt(1)

⊺, ...,vkt(U)⊺,
∂2ηkt(2)

∂z2t,k
− ∂2ηkt(1)

∂z2t,k
, ...,

∂2ηkt(U)

∂z2t,k
− ∂2ηkt(U − 1)

∂z2t,k

)⊺
, (12)

s̊kt ≜
(
v̊kt(1)

⊺, ..., v̊kt(U)⊺,
∂ηkt(2)

∂zt,k
− ∂ηkt(1)

∂zt,k
, ...,

∂ηkt(U)

∂zt,k
− ∂ηkt(U − 1)

∂zt,k

)⊺
. (13)

Suppose xt = g(zt) and that the conditional distribution p(zk,t | zt−1) may change across m
domains. Suppose that the components of zt are mutually independent conditional on zt−1 in each
context. Assume that the components of ẑt produced by ĝ are also mutually independent conditional
on ẑt−1. If the 2n function vectors sk,t and s̊k,t, with k = 1, 2, ..., n, are linearly independent, then
ẑt is a permuted invertible component-wise transformation of zt.
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Then, in conjunction with Theorem 1, complete identifiability is achieved for both the domain
variables ut and the independent components zt. See detailed proof in Appendix S1.3.

Theorem 2 (Identifiability of the Latent Causal Processes). Suppose that the observed dataset D is
generated from the nonstationary data generation process as described in Eqs. (1) and (2), which
satisfies the conditions in both Theorem 1 and Lemma 1, then the domain variables ut are identifiable
up to label swapping (Def. 2) and latent causal process zt are identifiable up to permutation and a
component-wise transformation (Def. 3).

Discussion on Assumptions The proof of Theorem 1 relies on several essential assumptions that
correspond with human intuition regarding domain transitions. First, the assumption of separability
posits that if human observers are unable to differentiate between two domains, it is improbable that
automated systems will achieve such a distinction. Second, the variability assumption requires that
the differences in transitions between domains be substantial enough to be perceptible to humans.
This often results in changes to the temporal causal structure across domains, indicating that at least
one edge in the causal graph must differ between the domains.

The mechanism sparsity is a standard assumption that has been previously explored in [33, 19, 18]
using sparsity regularization to enforce the sparsity of the estimated function. The assumption of
weakly diverse lossy transitions is a mild and realistic condition in real-world scenarios, allowing for
identical future latent states with differing past states. The sufficient variability in Theorem 2 is widely
explored and adopted in nonlinear ICA literature [12, 22, 23, 25, 26]. For a more detailed discussion
of the feasibility and intuition behind these assumptions, we refer the reader to the Appendix S1.4.

4 The CtrlNS Framework

4.1 Model Architecture
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<latexit sha1_base64="pd6G7KLa0hRZPAy22/3zlbkwBDU=">AAACE3icbZDLSgMxFIYz9VbrbdSlm2ARRKTMVKkui25cVugNOkPJpJk2NHMhOSOUYd7Bja/ixoUibt24821ML6K2/hD4+M85Sc7vxYIrsKxPI7e0vLK6ll8vbGxube+Yu3tNFSWSsgaNRCTbHlFM8JA1gINg7VgyEniCtbzh9bjeumNS8SiswyhmbkD6Ifc5JaCtrnnipM6AQJpk3fIp/sYzjb0I1I9Td7KuWbRK1kR4EewZFNFMta75oS+hScBCoIIo1bGtGNyUSOBUsKzgJIrFhA5Jn3U0hiRgyk0nO2X4SDs97EdSnxDwxP09kZJAqVHg6c6AwEDN18bmf7VOAv6lm/IwToCFdPqQnwgMER4HhHtcMgpipIFQyfVfMR0QSSjoGAs6BHt+5UVolkt2pVS5PS9Wr2Zx5NEBOkTHyEYXqIpuUA01EEX36BE9oxfjwXgyXo23aWvOmM3soz8y3r8Ad0+d7A==</latexit>{û2, û3, . . . , ûT }
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m̂�1(ût, ẑt, ẑt�1)

Figure 2: Illustration of CtrlNS with (1)
Sparse Transition, (2) Prior Network, (3)
Encoder-Decoder Module.

Our framework builds on VAE [34, 35] architecture, incor-
porating dedicate modules to handle nonstationarity. It en-
forces the conditions discussed in Sec. 3 as constraints. As
shown in Fig. 2, the framework consists of three primary
components: (1) Sparse Transition, (2) Prior Network, and
(3) Encoder-Decoder.

Sparse Transition The transition module in our frame-
work is designed to estimate transition functions {m̂u}Uu=1

and a clustering function Ĉ as specified in Eq. (7). As high-
lighted in Sec. 3, the primary objective of this module is
to model the transitions in the latent space and minimize
the empirical transition complexity. To achieve this, we
implemented U different transition networks for various
m̂(ût, ·) and added sparsity regularization to the transition
functions via a sparsity loss. A gating function with a (hard)-Gumbel-Softmax function was used
to generate ût, which was then employed to select the corresponding transition network m̂ût . This
network was further used to calculate the transition loss, which is explained in detail in Sec. 4.2.

Prior Network The Prior Network module aims to effectively estimate the prior distribution

p(ẑt,i | ẑt−1, ût). This is achieved by evaluating p(ẑt | ẑt−1, ût) = pϵi
(
m̂−1

i (ût, ẑt,i, ẑt−1)
) ∣∣∣∂m̂−1

i

∂ẑt,i

∣∣∣,
where m̂−1

i (ût, ·) is the learned holistic inverse dynamics model. To ensure the conditional indepen-
dence of the estimated latent variables, p(ẑt | ẑt−1), we utilize an isomorphic noise distribution for ϵ
and aggregate all estimated component densities to obtain the joint distribution p(ẑt | ẑt−1, ût) as
shown in Eq. (14). Given the lower-triangular nature of the Jacobian, its determinant can be computed
as the product of its diagonal terms. Detailed derivations is provided in Appendix S3.1.

log p (ẑt | ẑt−1, ût) =

n∑
i=1

log p(ϵ̂i | ût)︸ ︷︷ ︸
Conditional independence

+

n∑
i=1

log
∣∣∣∂m̂−1

i

∂ẑt,i

∣∣∣︸ ︷︷ ︸
Lower-triangular Jacobian

(14)
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Encoder-Decoder The third component is an Encoder-Decoder module that utilizes reconstruction
loss to enforce the invertibility of the learned mixing function ĝ. Specifically, the encoder fits the
demixing function ĝ−1 and the decoder fits the mixing function ĝ.

4.2 Optimization

The first training objective of CtrlNS is to fit the estimated transitions with minimum transition
complexity according to Eq. (7):

Lsparse ≜ EDL(m̂ût(ẑt−1), ẑt)︸ ︷︷ ︸
Transition loss

+ED|M̂û|︸ ︷︷ ︸
Sparsity loss

, (15)

where L(·, ·) is a regression loss function to fit the transition estimations, and the sparsity loss is
approximated via L2 norm of the parameter in the transition estimation functions.

Then the second part is to maximize the Evidence Lower BOund (ELBO) for the VAE framework,
which can be written as follows (complete derivation steps are in Appendix S3.2):

ELBO ≜ Ezt

T∑
t=1

log pdata(xt | zt)︸ ︷︷ ︸
−LRecon

+

T∑
t=1

log pdata(zt | zt−1, ut)−
T∑

t=1

log qϕ(zt | xt)︸ ︷︷ ︸
−LKLD

(16)

We use mean-squared error for the reconstruction likelihood loss LRecon. The KL divergence LKLD is
estimated via a sampling approach since with a learned nonparametric transition prior, the distribution
does not have an explicit form. Specifically, we obtain the log-likelihood of the posterior, evaluate
the prior log p (ẑt | ẑt−1, ût) in Eq. (14), and compute their mean difference in the dataset as the KL
loss: LKLD = Eẑt∼q(ẑt|xt) log q(ẑt|xt)− log p (ẑt | ẑt−1, ût).

5 Experiments

We assessed the identifiability performance of CtrlNS on both synthetic and real-world datasets.
For synthetic datasets, where we control the data generation process completely, we conducted a
comprehensive evaluation. This evaluation covers the full spectrum of unknown nonstationary causal
temporal representation learning, including metrics for both domain variables and the latent causal
processes. In real-world scenarios, CtrlNS was employed in video action segmentation tasks. The
evaluation metrics focus on the accuracy of action estimation for each video frame, which reflects the
identifiability of domain variables.

5.1 Synthetic Experiments on Causal Representation Learning

Evaluation Metrics For domain variables, we assessed the clustering accuracy (Acc) to estimate
discrete domain variables ut. As the label order in clustering algorithms is not predetermined,
we selected the order that yielded the highest accuracy score. For the latent causal processes, we
computed the mean correlation coefficient (MCC) between the estimated latent variables ẑt and
the ground truth zt. The MCC, a standard measure in the ICA literature for continuous variables,
assesses the identifiability of the learned latent causal processes. We adjusted the reported MCC
values in Table 1 by multiplying them by 100 to enhance the significance of the comparisons.

Baselines We compared our method with identifiable nonlinear ICA methods: (1) BetaVAE [36],
which ignores both history and nonstationarity information. (2) i-VAE [13] and TCL [10], which
leverage nonstationarity to establish identifiability but assume independent factors. (3) SlowVAE
[21] and PCL [11], which exploit temporal constraints but assume independent sources and stationary
processes. (4) TDRL [23], which assumes nonstationary causal processes but with observed domain
indices. (5) HMNLICA [15], which considers the unobserved nonstationary part in the data generation
process but does not allow any causally related time-delayed relations. (6) NCTRL [25], which
extends HMNLICA to an autoregressive setting to allow causally related time-delayed relations in
the latent space but still assumes a Markov chain on the domain variables.

Result and Analysis We generate synthetic datasets that satisfy our identifiability conditions in
Theorems 1 and 2, detailed procedures are in Appendix S2.1. The primary findings are presented in
Table 1. Note: the MCC metric is consistently available in all methods; however, the Acc metric for
ut is only applicable to methods capable of estimating domain variables ut.
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Table 1: Experiment results of synthetic dataset on baseline models and the proposed CtrlNS. All
experiments were conducted using three different random seeds to calculate the average and standard
deviation. The best results are highlighted in bold.

ut Method zt MCC ut Acc (%)

Ground Truth TDRL(GT) 96.93 ± 0.16 -

N/A

TCL 24.19 ± 0.85

-

PCL 38.46 ± 6.85
BetaVAE 42.37 ± 1.47
SlowVAE 41.82 ± 2.55

i-VAE 81.60 ± 2.51
TDRL 53.45 ± 1.31

Estimated
HMNLICA 17.82 ± 30.87 13.67 ± 23.67

NCTRL 47.27 ± 2.15 34.94 ± 4.20
CtrlNS 96.74 ± 0.17 98.21 ± 0.05

In the first row of Table 1, we evaluated a recent nonlinear temporal ICA method, TDRL, providing
ground truth ut to establish an upper performance limit for the proposed framework. The high
MCC (> 0.95) indicates the model’s identifiability. Subsequently, the table lists six baseline methods
that neglect the nonstationary domain variables, with none achieving a high MCC. The remaining
approaches, including our proposed CtrlNS, are able to estimate the domain variables ut and
recover the latent variables. In particular, HMNLICA exhibits instability during training, leading
to considerable performance variability. This instability stems from HMNLICA’s inability to allow
time-delayed causal relationships among hidden variables zt, leading to model training failure when
the actual domain variables deviate from the Markov assumption. In contrast, NCTRL, which
extends TDRL under the same assumption, demonstrates enhanced stability and performance over
HMNLICA by accommodating transitions in zt. However, since they use incorrect assumption
on the nonstationary domain variables, the performance of those methods can be even worse than
methods which do not include the domain information. Nevertheless, considering the significant
nonstationarity and deviation from the Markov properties, those methods struggled to robustly
estimate either the domain variables or the latent causal processes. Compared to all baselines, our
proposed CtrlNS reliably recovers both ut (MCC > 0.95) and zt (Acc > 95%), and the MCC is on
par with the upper performance bound when domain variables are given, justifying it effectivess.

Phase 1

Phase 2

Phase 3

Figure 3: Visualization of three phase
training process of CtrlNS.

Detailed Training Analysis To further validate our the-
oretical analysis, we present a visualization of the entire
training process for CtrlNS in Figure 3. It consists of three
phases: (1) In Phase 1, the initial estimations for both ut

and zt are imprecise. (2) During Phase 2, the accuracy
of the estimation of ut continues to improve, although
the quality of the estimation of zt remains relatively un-
changed compared with Phase 1. (3) In Phase 3, as ut

becomes clearly identifiable, the MCC of zt progressively
improves, ultimately achieving full identifiability. This
three-phase process aligns perfectly with our theoretical
predictions. According to Theorem 1, phases 1 and 2
should exhibit suboptimal zt estimations, while sparsity
constraints can still guide training and improve the accu-
racy for domain variables ut. Once the accuracy of ut

approaches high, Theorem 2 drives the improvement in MCC for zt estimations, leading to the final
achievement of full identifiability of both latent causal processes for zt and domain variables ut.

5.2 Real-world Application on Weakly Supervised Action Segmentation

Experiment Setup Our method was tested on the video action segmentation task to estimate actions
(domain variables ut). Following [37, 28], we use the same weakly supervised setting utilizing
meta-information, such as action order. The evaluation included several metrics: Mean-over-Frames
(MoF), the percentage of correctly predicted labels per frame; Intersection-over-Union (IoU), defined
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Table 2: Real-world experiment result on action segmentation task. We use the reported value for the
baseline methods from [28]. Best results are highlighted in bold.

Dataset Method MoF IoU IoD

Hollywood

HMM+RNN [41] - 11.9 -
CDFL [42] 45.0 19.5 25.8
TASL [40] 42.1 23.3 33

MuCon [37] - 13.9 -
ATBA [28] 47.7 28.5 44.9

CtrlNS (Ours) 52.9±3.1 32.7±1.3 52.4±1.8

CrossTask

NN-Viterbi [43] 26.5 10.7 24.0
CDFL [42] 31.9 11.5 23.8
TASL [40] 40.7 14.5 25.1
POC [44] 42.8 15.6 -

ATBA [28] 50.6 15.7 24.6

CtrlNS (Ours) 54.0±0.9 15.7±0.5 23.6±0.8

as |I∩I∗|/|I∪I∗|; and Intersection-over-Detection (IoD), |I∩I∗|/|I|, I∗ and I are the ground-truth
segment and the predicted segment with the same class.

Datasets Our evaluation used two datasets: Hollywood Extended [38], which includes 937 videos
with 16 daily action categories, and CrossTask [39], focusing on 14 of 18 primary tasks related to
cooking [40], comprising 2552 videos across 80 action categories.

Model Design Our model is build on top of ATBA [28] method which uses multi-layer transformers
as backbone networks. We add our sparse transition module with the sparsity loss function detailed
in Sec. 4.2. Specifically, we integrated a temporally latent transition layer into ATBA’s backbone,
using a transformer layer across time axis for the Hollywood dataset and an LSTM for the CrossTask
dataset. To encourage sparsity in the latent transitions, L2 regularization is applied to the weights of
the temporally latent transition layer.

Figure 4: Two illustrative visualizations of the
action segmentation task on the Hollywood
dataset are presented. The colors represent the
ground truth and the predicted action labels
for each frame, as produced by the baseline
ATBA and our proposed CtrlNS.

Result and Analysis The primary outcomes for
real-world applications in action segmentation are
summarized in Table 2. Traditional methods based
on hidden Markov models, such as HMM+RNN [41]
and NN-Viterbi [43], face challenges in these real-
world scenarios. This observation corroborates our
previous discussions on the limitations of earlier iden-
tifiability methods [15, 24, 25], which depend on the
Markov assumption for domain variables. Our ap-
proach significantly outperforms the baselines in both
the Hollywood and CrossTask datasets across most
metrics. Especially in the Hollywood dataset, our
method outperforms the base ATBA model by quite a
large margin. Notably, the Mean-over-Frames (MoF)
metric aligns well with our identifiability results for
domain variables ut. Our method demonstrates sub-
stantial superiority in this metric. For Intersection-
over-Union (IoU) and Intersection-over-Detection
(IoD), our results are comparable to those of the base-
line methods in the CrossTask dataset and show its
superiority in the Hollywood dataset. Furthermore,
our proposed sparse transition module which aligns
with human intuition and is easily integrated into ex-
isting methods like a plug-in module, thus further
enhancing its impact in real-world scenarios.

To make the illustration more straightforward, some example segmentation results from the Hol-
lywood dataset are visualized in Figure 4. By comparing the number of distinct actions and the
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segmentation boundaries between our method and the baseline, it is evident that our CtrlNS estimates
the actions more accurately, demonstrating improved performance.

Table 3: Ablation study on sparse transition
module in Hollywood dataset.

Method MoF IoU IoD
CtrlNS 52.9 32.7 52.4
- Complexity 50.5 31.5 51.5
- Module 47.7 28.5 44.9

Abalation Study Furthermore, we conducted an
ablation study on the sparse transition module, as
detailed in Table 3. In this study, we test on a subset
of Hollywood dataset for computational efficiency.
For methods we compared, “- Complexity” refers to
the configuration where we retain the latent transi-
tion layers but omit the sparse transition complexity
regularization term from these layers, and “- Module”

indicates the removal of the entire sparse transition module, effectively reverting the model to the
baseline ATBA model. The comparative results in Table 3 demonstrate that both the dedicated design
of the sparse transition module and the complexity regularization term enhance the performance.

6 Conclusion

In this study, we developed a comprehensive identifiability theory tailored for general sequential
data influenced by nonstationary causal processes under unspecified distributional changes. We then
introduced CtrlNS, a principled approach to recover both latent causal variables with their time-
delayed causal relations, as well as determining the values of domain variables from observational data
without relying on distributional or structural prior knowledge. Our experimental results demonstrate
that CtrlNS can reliably estimate the domain indices and recover the latent causal process. And such
module can be easily adapted to handle real-world scenarios such as action segmentation task.

7 Limitations

As noted in Sec. 3.2, our main theorem relies on the condition that causal graphs among different
domains must be distinct. Although our experiments indicate that this assumption is generally
sufficient, there are scenarios in which it may not hold, meaning that the transition causal graphs
are identical for two different domains, but the actual transition functions are different. We have
addressed this partially through an extension to the mechanism variability assumption to higher-order
cases (Corollary 1). However, dealing with situations where transition graphs remain the same across
all higher orders remains a challenge. We acknowledge this as a limitation and suggest it as an
area for future exploration. We also observed that the random initialization of the nonlinear ICA
framework can influence the total number of epochs needed to achieve identifiability, as illustrated
in Figure 3. Also, for the computational efficiency, the TDRL framework we adopted involves a
prior network that calculated each dimension in the latent space one by one, thus making the training
efficiency suboptimal. Since this is not directly related to major claim which is our sparse transition
design, we acknowledge this as a limitation and leave it for future work.

8 Boarder Impacts

This work proposes a theoretical analysis and technical methods to learn the causal representation
from time-series data, which facilitate the construction of more transparent and interpretable models
to understand the causal effect in the real world. This could be beneficial in a variety of sectors,
including healthcare, finance, and technology. In contrast, misinterpretations of causal relationships
could also have significant negative implications in these fields, which must be carefully done to
avoid unfair or biased predictions.
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S1 Identifiability Theory

S1.1 Proof for Theorem 1

We divide the complete proof into two principal steps:

1. Firstly, assuming access to the optimal mixing function estimation ĝ∗, we demonstrate
that under the conditions in our theorem, the estimated clustering result will align with the
ground truth up to label swapping. This alignment is due to the transition complexity with
optimal û∗

t and ĝ∗ being strictly lower than that with non-optimal ût but still optimal ĝ∗.
2. Secondly, we generalize the results of the first step to cases where the mixing function

estimation ĝ is suboptimal. We establish that for any given clustering assignment, whether
optimal or not, a suboptimal mixing function estimation ĝ can not result in a lower transition
complexity. Thus, the transition complexity in scenarios with non-optimal ĝ will always be
at least as high as in the optimal case.

From those two steps, we conclude that the global minimum transition complexity can only be
attained when the estimation of domain variables ût is optimal, hence ensuring that the estimated
clustering must match the ground truth up to label swapping. It is important to note that this condition
alone does not guarantee the identifiability of the mixing function g. Because a setting with optimal
û∗
t and a non-optimal ĝ may exhibit equivalent transition complexity to the optimal scenario, but it

does not compromise our proof for the identifiability of domain variables ut. Further exploration of
the mixing function’s identifiability g is discussed in Theorem 2 in the subsequent section.

S1.1.1 Identifiability of C under optimal ĝ∗
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Ĉ

Figure S1: Illustration of Ĉ incor-
rectly assigning two different domain
subsets of inputs A and B into the
same û. The black lines represent the
ground truth partition of C and the
orange line represent the incorrect do-
main partition for set A and B.

We fist introduce a lemma for this case when we can access
an optimal mixing function estimation ĝ∗.
Lemma S1 (Identifiability of C under optimal ĝ∗). In addi-
tion to the assumptions in Theorem 1, assume that we can also
access an optimal estimation of g, denoted by ĝ∗, in which the
estimated ẑt is an invertible, component-wise transformation
of a permuted version of zt. Then the estimated clustering Ĉ
must match the ground truth up to label swapping.

Proof. In the first case we deal with optimal estimation ĝ∗

in which the estimated ẑt is an invertible, component-wise
transformation of a permuted version of zt, but inaccurate es-
timated version of Ĉ, Consider the following example (Figure
S1):

With slight abuse of notation, we use C(A) to represent the domain assigned by C to all elements in
A, and all elements in A have the same assignment. The same argument applies to B.

Then, for an estimated Ĉ, if it incorrectly assigns two subsets of input A and B to the same û (Figure
S1 orange circle), i.e.,

C(A) = i ̸= j = C(B) but Ĉ(A) = Ĉ(B) = k. (17)

Note that if the ground truth C gives a consistent assignment for A and B but estimated Ĉ gives
diverse assignments, i.e.

Ĉ(A) = i ̸= j = Ĉ(B) but C(A) = C(B) = k, (18)

it is nothing but further splitting the ground truth assignment in a more fine-grained manner. This
scenario does not break the boundaries of the ground truth assignments. Consider two cases in the
estimation process:

1. If the number of allowed regimes or domains exceeds that of the ground truth, such more
fine-grained assignment is allowed. The ground truth can then be easily recovered by
merging domains that share identical Jacobian supports.
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2. If the number of regimes or domains matches the ground truth, it can be shown that the
inconsistent scenario outlined in Eq. (17) must occur.

Given that these considerations do not directly affect our approach, they are omitted from further
discussion for brevity.

Mi =

0 0 1 0
1 1 0 0
0 0 0 1
0 0 1 0

 Mj =

1 0 1 0
1 1 0 0
0 0 0 1
0 0 1 0

 M̂k =

1 0 1 0
1 1 0 0
0 0 0 1
0 0 1 0


Figure S2: Comparison of matrices Mi, Mj , and M̂k. The elements in red highlight the differences
between them.

Then considering the case in Eq. 17, the estimated transition must cover the functions from both A

and B, then the learned transition m̂k must have Jacobian Jm̂k
with support matrix M̂k = Mi+Mj

which is the binary addition of Mi and Mj , such that for all indices in Mi,Mj if any of these
two is 1, then the corresponding position in M̂k must be 1. That is because if that is not the case,
for example, the (a, b)-th location for Mi, Mj , and M̂k are 1, 0, and 0. Then we can easily find
an input region for the (a, b)-th location such that a small perturbation can lead to changes in mi

but not in mj nor m̂k, which makes m̂k unable to fit all of the transitions in A ∪ B which cause
contradiction. See the three matrices in Figure S2 for an illustrative example.

By assumption iii, since all those support matrix differ at least one spot, which means the estimated
version is not smaller than the ground truth.

|M̂k| ≥ |Mj | and |M̂k| ≥ |Mi|, (19)

and the equality cannot hold true at the same time.

Then from Assumption (i), the expected estimated transition complexity can be expressed as:

ED|M̂û| =
∫
X×X

pD(xt−1,xt) · |M̂Ĉ(xt−1,xt)
| dxt−1 dxt. (20)

Similarly for ground truth one:

ED|Mu| =
∫
X×X

pD(xt−1,xt) · |MC(xt−1,xt)| dxt−1 dxt. (21)

Let us focus on the integral of the region A ∪B, the subset of X × X mentioned above. If for some
area pD(xt−1,xt) = 0, then the clustering under this area is ill defined since there is no support from
data. Hence we only need to deal with supported area. For area that pD(xt−1,xt) > 0 and from
Eq. (19) the equality cannot hold true at the same time, then the estimated version of the integral is
strictly larger than the ground-truth version for any inconsistent clustering as indicated in Eq. (17).

For the rest of regions in X × X , any incorrect cluster assignment will further increase the M with
same reason as discussed above, then the estimated complexity is strictly larger than the ground truth
complexity:

ED|M̂û| > ED|Mu|. (22)

But assumption (ii) requires that the estimated complexity be less than or equal to the ground truth.
Contradiction! Hence, the estimated Ĉ must match the ground truth up to label swapping.

S1.1.2 Identifiability of C under arbitrary g

Now we can leverage the conclusion in Lemma S1 to show the identifiability of domain variables
under arbitrary mixing function estimation.
Theorem S1 (Identifiability of Domain Variables). Suppose that the data D are generated from the
nonstationary data generation process as described in Eqs. (1) and (2). Suppose the transitions are
weakly diverse lossy (Def. 6) and the following assumptions hold:
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i. (Mechanism Separability) There exists a ground truth mapping C : X ×X → U determined
the real domain indices, i.e., ut = C(xt−1,xt).

ii. (Mechanism Sparsity) The estimated transition complexity on dataset D is less than or equal

to ground truth transition complexity, i.e., ED|M̂û| ≤ ED|Mu|.
iii. (Mechanism Variability) Mechanisms are sufficiently different. For all u ̸= u′, Mu ̸= Mu′

i.e. there exists index (i, j) such that [Mu]i,j ̸= [Mu′ ]i,j .

Then the domain variables ut is identifiable up to label swapping (Def. 2).

Proof. To demonstrate the complete identifiability of C, independent of the estimation quality of g,
we must show that for any arbitrary estimation Ĉ ̸= σ(C), the induced M̂û for inaccurate estimation
ĝ has a transition complexity at least as high as in the optimal ĝ∗ case. If this holds, from Lemma S1,
we can conclude that the transition complexity of optimal Ĉ∗ = σ(C) and optimal ĝ∗ is strictly
smaller than any non-optimal Ĉ and any ĝ.

Suppose the estimated decoder and corresponding latent variables are ĝ and ẑt, respectively, then the
following relation holds:

ĝ∗(zt) = ĝ(ẑt). (23)
Since ĝ is invertible, by composing ĝ−1 on both sides, we obtain:

ĝ−1 ◦ ĝ∗(zt) = ĝ−1 ◦ ĝ(ẑt). (24)

Let
h := ĝ−1 ◦ ĝ∗, (25)

we then have:
h(ẑ∗t ) = ẑt. (26)

We aim to demonstrate that under this transformation, if h is not a permutation and component-wise
transformation, the introduced transition complexity among estimated ẑ will not be smaller than the
optimal ĝ∗.

Proposition S1. Suppose |M̂| < |M̂∗|, then for any permutation σ mapping the indices of the
dimensions from M̂ to M̂∗, there must exist an index pair (i, j) such that M̂i,j = 0 and M̂∗

σ(i),σ(j) =
1.

Proof. An intuitive explanation for this proposition involves the construction of a directed graph
GM̂∗ = (VM̂∗ , EM̂∗), where VM̂∗ = {1, 2, . . . , n} and EM̂∗ = {(i, j) | M̂∗

i,j = 1}. A similar
construction can be made for GM̂. It is straightforward that |M̂∗| = |EM̂∗ |, which represents
the number of edges. Consequently, |M̂| < |M̂∗| implies that GM̂∗ has more edges than GM̂.
Since there is no pre-defined ordering information for the nodes in these two graphs, if we wish to
compare their edges, we need to first establish a mapping. However, if |EM̂| < |EM̂∗ |, no matter
how the mapping σ is constructed, there must be an index pair (i, j) such that (i, j) /∈ EM̂ but
(σ(i), σ(j)) ∈ EM̂∗ . Otherwise, if such an index pair does not exist, the total number of edges
in GM̂ would necessarily be greater than or equal to that in GM̂∗ , contradicting the premise that
|M̂| < |M̂∗|.
Lemma S2 (Non-decreasing Complexity). Suppose transitions are weakly diverse lossy as defined
in Def. 6 and an invertible transformation h maps the optimal estimation ẑ∗t to the estimated ẑt, and
it is neither a permutation nor a component-wise transformation. Then, the transition complexity on
the estimated ẑt is not lower than that on the optimal ẑ∗t , i.e.,

|M̂| ≥ |M̂∗|.

Proof. The entire proof is based on contradiction. In Figure S3, we provide an illustrative example.
Note that the mapping from ground truth zt to optimal estimation ẑ∗t is a permutation and element-
wise transformation, it does not include mixing, and hence ei exists if and only if ê∗i exists. Therefore,
|M̂∗| = |M|. The core of the proof requires us to demonstrate that |M̂| < |M| cannot be true.
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<latexit sha1_base64="nJcG52sQQuToMjLeA8ACf9HRbfY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUnssePFY0dpCG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjRxOnmvEWi2WsOwE1XArFWyhQ8k6iOY0CydvB+Gbmt5+4NiJWDzhJuB/RoRKhYBStdI8XXr9ccavuHGSVeDmpQI5mv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDOt+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKnm8rHq1au3uqtKo53EU4QRO4Rw8uIYG3EITWsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we3FY1p</latexit>

t + 1
<latexit sha1_base64="yQZoIhQhijXaB8H6z6YZq6xgYcw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI4qEkIrXHghePFewHtDFsttt26WYTdjdCG/JLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDmTGnH+bYKG5tb2zvF3dLe/sFh2T46bqsokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNzO/c4TlYpF4kFPY+qFeCTYkBGsjeTb5f4Y63SWPaaXmZ+yzLcrTtVZAK0TNycVyNH07a/+ICJJSIUmHCvVc51YeymWmhFOs1I/UTTGZIJHtGeowCFVXro4PEPnRhmgYSRNCY0W6u+JFIdKTcPAdIZYj9WqNxf/83qJHta9lIk40VSQ5aJhwpGO0DwFNGCSEs2nhmAimbkVkTGWmGiTVcmE4K6+vE7aV1W3Vq3dX1ca9TyOIpzCGVyACzfQgDtoQgsIJPAMr/BmzawX6936WLYWrHzmBP7A+vwBY7qTjQ==</latexit>

ẑ⇤i

<latexit sha1_base64="y7QcaLzBnAegnKr5Hl35odphTbE=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0UQFyURqV0W3LisYB/QxjCZTtqxk0mYuRHakC9x40IRt36KO//G6WOhrQcuHM65l3vvCRLBNTjOt7W2vrG5tV3YKe7u7R+U7MOjlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdDP1209MaR7LexgnzIvIQPKQUwJG8u1Sb0ggm+QP2UXuZ4+5b5edijMDXiXugpTRAg3f/ur1Y5pGTAIVROuu6yTgZUQBp4LlxV6qWULoiAxY11BJIqa9bHZ4js+M0sdhrExJwDP190RGIq3HUWA6IwJDvexNxf+8bgphzcu4TFJgks4XhanAEONpCrjPFaMgxoYQqri5FdMhUYSCyapoQnCXX14lrcuKW61U767K9doijgI6QafoHLnoGtXRLWqgJqIoRc/oFb1ZE+vFerc+5q1r1mLmGP2B9fkDZT+Tjg==</latexit>

ẑ⇤j

<latexit sha1_base64="ZYX2ARcLLZCJdrNsJ/PNzSM1Uq8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4rmLbQhrLZbtulm03YnQg19Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM+6zWMa6E1LDpVDcR4GSdxLNaRRK3g4nt3O//ci1EbF6wGnCg4iOlBgKRtFK/lM/E7N+ueJW3QXIOvFyUoEczX75qzeIWRpxhUxSY7qem2CQUY2CST4r9VLDE8omdMS7lioacRNki2Nn5MIqAzKMtS2FZKH+nshoZMw0Cm1nRHFsVr25+J/XTXFYDzKhkhS5YstFw1QSjMn8czIQmjOUU0so08LeStiYasrQ5lOyIXirL6+T1lXVq1Vr99eVRj2PowhncA6X4MENNOAOmuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHKQ2O5w==</latexit>zi

<latexit sha1_base64="4MS0DfZTIEl4AWB5ZhIqNcvHs6s=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWMF0xbaUDbbbbt2swm7E6GG/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumjjVjPsslrFuh9RwKRT3UaDk7URzGoWSt8LxzcxvPXJtRKzucZLwIKJDJQaCUbSS/9TLHqa9UtmtuHOQVeLlpAw5Gr3SV7cfszTiCpmkxnQ8N8EgoxoFk3xa7KaGJ5SN6ZB3LFU04ibI5sdOyblV+mQQa1sKyVz9PZHRyJhJFNrOiOLILHsz8T+vk+KgFmRCJSlyxRaLBqkkGJPZ56QvNGcoJ5ZQpoW9lbAR1ZShzadoQ/CWX14lzcuKV61U767K9VoeRwFO4QwuwINrqMMtNMAHBgKe4RXeHOW8OO/Ox6J1zclnTuAPnM8fKpKO6A==</latexit>zj

<latexit sha1_base64="otDqTrUutRKyPhEkVFWsUd+e5f0=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAjiIiRpTeuu4MZlBfuANpbJdNIOnUzizKRQQr7DjQtF3Pox7vwbJ20FFT1w4XDOvdx7jx8zKpVlfRgrq2vrG5uFreL2zu7efungsC2jRGDSwhGLRNdHkjDKSUtRxUg3FgSFPiMdf3KV+50pEZJG/FbNYuKFaMRpQDFSWvL6Y6RSkt2l59nAHpTKlnlZd50LB1qmZdWcipsTp1Z1KtDWSo4yWKI5KL33hxFOQsIVZkjKnm3FykuRUBQzkhX7iSQxwhM0Ij1NOQqJ9NL50Rk81coQBpHQxRWcq98nUhRKOQt93RkiNZa/vVz8y+slKqh7KeVxogjHi0VBwqCKYJ4AHFJBsGIzTRAWVN8K8RgJhJXOqahD+PoU/k/ajmm7pntTLTfqyzgK4BicgDNggxpogGvQBC2AwT14AE/g2Zgaj8aL8bpoXTGWM0fgB4y3Twx8kkc=</latexit>

ê⇤1

<latexit sha1_base64="BN9meVRBvjpU6GOeUxjykNWRt+k=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAjiIiRpTeuu4MZlBfuANpbJdNIOnUzizKRQQr7DjQtF3Pox7vwbJ20FFT1w4XDOvdx7jx8zKpVlfRgrq2vrG5uFreL2zu7efungsC2jRGDSwhGLRNdHkjDKSUtRxUg3FgSFPiMdf3KV+50pEZJG/FbNYuKFaMRpQDFSWvL6Y6RSkt2l59nAGZTKlnlZd50LB1qmZdWcipsTp1Z1KtDWSo4yWKI5KL33hxFOQsIVZkjKnm3FykuRUBQzkhX7iSQxwhM0Ij1NOQqJ9NL50Rk81coQBpHQxRWcq98nUhRKOQt93RkiNZa/vVz8y+slKqh7KeVxogjHi0VBwqCKYJ4AHFJBsGIzTRAWVN8K8RgJhJXOqahD+PoU/k/ajmm7pntTLTfqyzgK4BicgDNggxpogGvQBC2AwT14AE/g2Zgaj8aL8bpoXTGWM0fgB4y3Tw4Akkg=</latexit>

ê⇤2

<latexit sha1_base64="ty3z4pBjAKhwJ/o1KPeBbmI+Dkk=">AAAB6nicdVDLSsNAFL3xWeur6tLNYBFchaSmr13BjcuK9gFtKJPppB06mYSZiVBCP8GNC0Xc+kXu/BunD0FFD1w4nHMv994TJJwp7Tgf1tr6xubWdm4nv7u3f3BYODpuqziVhLZIzGPZDbCinAna0kxz2k0kxVHAaSeYXM39zj2VisXiTk8T6kd4JFjICNZGuqUDd1AoOrZTrnvVEnLssuPWvUtD6vWaVykj13YWKMIKzUHhvT+MSRpRoQnHSvVcJ9F+hqVmhNNZvp8qmmAywSPaM1TgiCo/W5w6Q+dGGaIwlqaERgv1+0SGI6WmUWA6I6zH6rc3F//yeqkOa37GRJJqKshyUZhypGM0/xsNmaRE86khmEhmbkVkjCUm2qSTNyF8fYr+J+2S7Vbsyo1XbNRWceTgFM7gAlyoQgOuoQktIDCCB3iCZ4tbj9aL9bpsXbNWMyfwA9bbJ3EXjeg=</latexit>e1

<latexit sha1_base64="HeH6O9vtr3uSjPgBRpSx4e1BxXM=">AAAB6nicdVDLSsNAFJ34rPVVdelmsAiuQlLTR3YFNy4r2ge0oUymt+3QySTMTIQS+gluXCji1i9y5984fQgqeuDC4Zx7ufeeMOFMacf5sNbWNza3tnM7+d29/YPDwtFxS8WppNCkMY9lJyQKOBPQ1Exz6CQSSBRyaIeTq7nfvgepWCzu9DSBICIjwYaMEm2kW+iX+oWiYztl36uWsGOXHdf3Lg3x/ZpXKWPXdhYoohUa/cJ7bxDTNAKhKSdKdV0n0UFGpGaUwyzfSxUkhE7ICLqGChKBCrLFqTN8bpQBHsbSlNB4oX6fyEik1DQKTWdE9Fj99ubiX1431cNakDGRpBoEXS4aphzrGM//xgMmgWo+NYRQycytmI6JJFSbdPImhK9P8f+kVbLdil258Yr12iqOHDpFZ+gCuaiK6ugaNVATUTRCD+gJPVvcerRerNdl65q1mjlBP2C9fQJym43p</latexit>e2

<latexit sha1_base64="j1BWb3q8TsxGLgB4dKFNSxiUcP4=">AAAB6HicbVBNS8NAEN34WetX1aOXxSJ4KolI7bHgxWML9gPaUDbbSbt2swm7E6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVHFo8lrHuBsyAFApaKFBCN9HAokBCJ5jczf3OE2gjYvWA0wT8iI2UCAVnaKUmDkplt+IuQNeJl5MyydEYlL76w5inESjkkhnT89wE/YxpFFzCrNhPDSSMT9gIepYqFoHxs8WhM3pplSENY21LIV2ovycyFhkzjQLbGTEcm1VvLv7n9VIMa34mVJIiKL5cFKaSYkznX9Oh0MBRTi1hXAt7K+VjphlHm03RhuCtvrxO2tcVr1qpNm/K9VoeR4GckwtyRTxyS+rknjRIi3AC5Jm8kjfn0Xlx3p2PZeuGk8+ckT9wPn8A4LmM+Q==</latexit>

t
<latexit sha1_base64="yQZoIhQhijXaB8H6z6YZq6xgYcw=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEI4qEkIrXHghePFewHtDFsttt26WYTdjdCG/JLvHhQxKs/xZv/xm2bg7Y+GHi8N8PMvCDmTGnH+bYKG5tb2zvF3dLe/sFh2T46bqsokYS2SMQj2Q2wopwJ2tJMc9qNJcVhwGknmNzO/c4TlYpF4kFPY+qFeCTYkBGsjeTb5f4Y63SWPaaXmZ+yzLcrTtVZAK0TNycVyNH07a/+ICJJSIUmHCvVc51YeymWmhFOs1I/UTTGZIJHtGeowCFVXro4PEPnRhmgYSRNCY0W6u+JFIdKTcPAdIZYj9WqNxf/83qJHta9lIk40VSQ5aJhwpGO0DwFNGCSEs2nhmAimbkVkTGWmGiTVcmE4K6+vE7aV1W3Vq3dX1ca9TyOIpzCGVyACzfQgDtoQgsIJPAMr/BmzawX6936WLYWrHzmBP7A+vwBY7qTjQ==</latexit>

ẑ⇤i

<latexit sha1_base64="y7QcaLzBnAegnKr5Hl35odphTbE=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0UQFyURqV0W3LisYB/QxjCZTtqxk0mYuRHakC9x40IRt36KO//G6WOhrQcuHM65l3vvCRLBNTjOt7W2vrG5tV3YKe7u7R+U7MOjlo5TRVmTxiJWnYBoJrhkTeAgWCdRjESBYO1gdDP1209MaR7LexgnzIvIQPKQUwJG8u1Sb0ggm+QP2UXuZ4+5b5edijMDXiXugpTRAg3f/ur1Y5pGTAIVROuu6yTgZUQBp4LlxV6qWULoiAxY11BJIqa9bHZ4js+M0sdhrExJwDP190RGIq3HUWA6IwJDvexNxf+8bgphzcu4TFJgks4XhanAEONpCrjPFaMgxoYQqri5FdMhUYSCyapoQnCXX14lrcuKW61U767K9doijgI6QafoHLnoGtXRLWqgJqIoRc/oFb1ZE+vFerc+5q1r1mLmGP2B9fkDZT+Tjg==</latexit>

ẑ⇤j

<latexit sha1_base64="ZYX2ARcLLZCJdrNsJ/PNzSM1Uq8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4rmLbQhrLZbtulm03YnQg19Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM+6zWMa6E1LDpVDcR4GSdxLNaRRK3g4nt3O//ci1EbF6wGnCg4iOlBgKRtFK/lM/E7N+ueJW3QXIOvFyUoEczX75qzeIWRpxhUxSY7qem2CQUY2CST4r9VLDE8omdMS7lioacRNki2Nn5MIqAzKMtS2FZKH+nshoZMw0Cm1nRHFsVr25+J/XTXFYDzKhkhS5YstFw1QSjMn8czIQmjOUU0so08LeStiYasrQ5lOyIXirL6+T1lXVq1Vr99eVRj2PowhncA6X4MENNOAOmuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHKQ2O5w==</latexit>zi

<latexit sha1_base64="4MS0DfZTIEl4AWB5ZhIqNcvHs6s=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWMF0xbaUDbbbbt2swm7E6GG/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumjjVjPsslrFuh9RwKRT3UaDk7URzGoWSt8LxzcxvPXJtRKzucZLwIKJDJQaCUbSS/9TLHqa9UtmtuHOQVeLlpAw5Gr3SV7cfszTiCpmkxnQ8N8EgoxoFk3xa7KaGJ5SN6ZB3LFU04ibI5sdOyblV+mQQa1sKyVz9PZHRyJhJFNrOiOLILHsz8T+vk+KgFmRCJSlyxRaLBqkkGJPZ56QvNGcoJ5ZQpoW9lbAR1ZShzadoQ/CWX14lzcuKV61U767K9VoeRwFO4QwuwINrqMMtNMAHBgKe4RXeHOW8OO/Ox6J1zclnTuAPnM8fKpKO6A==</latexit>zj

(a) Transition graph for ground truth zt and opti-
mal estimation ẑ∗t

<latexit sha1_base64="nJcG52sQQuToMjLeA8ACf9HRbfY=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBZBEEoiUnssePFY0dpCG8pmu2mXbjZhdyKU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjRxOnmvEWi2WsOwE1XArFWyhQ8k6iOY0CydvB+Gbmt5+4NiJWDzhJuB/RoRKhYBStdI8XXr9ccavuHGSVeDmpQI5mv/zVG8QsjbhCJqkxXc9N0M+oRsEkn5Z6qeEJZWM65F1LFY248bP5qVNyZpUBCWNtSyGZq78nMhoZM4kC2xlRHJllbyb+53VTDOt+JlSSIldssShMJcGYzP4mA6E5QzmxhDIt7K2EjaimDG06JRuCt/zyKnm8rHq1au3uqtKo53EU4QRO4Rw8uIYG3EITWsBgCM/wCm+OdF6cd+dj0Vpw8plj+APn8we3FY1p</latexit>

t + 1
<latexit sha1_base64="diW7BmMit61SfSoOF5WMOP89Qzk=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4r2FZpQ9lsN+3SzSbsToQa+iu8eFDEqz/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMb6PqCGS6F4CwVKfp9oTqNA8k4wvp75nUeujYjVHU4S7kd0qEQoGEUrPfRGFLOnaV/0yxW36s5BVomXkwrkaPbLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/mx88JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Ww7mdCJSlyxRaLwlQSjMnsezIQmjOUE0so08LeStiIasrQZlSyIXjLL6+S9kXVq1Vrt5eVRj2PowgncArn4MEVNOAGmtACBhE8wyu8Odp5cd6dj0VrwclnjuEPnM8fM2uQqA==</latexit>

ẑi

<latexit sha1_base64="OGfTCHy8gsKsHdFuLYFuvlPhqUQ=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4KolI7bHgxWMF+wFpKJvtpl272Q27E6GG/AwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTAQ34Lrfztr6xubWdmmnvLu3f3BYOTruGJVqytpUCaV7ITFMcMnawEGwXqIZiUPBuuHkZuZ3H5k2XMl7mCYsiMlI8ohTAlby+2MC2VM+yB7yQaXq1tw58CrxClJFBVqDyld/qGgaMwlUEGN8z00gyIgGTgXLy/3UsITQCRkx31JJYmaCbH5yjs+tMsSR0rYk4Ln6eyIjsTHTOLSdMYGxWfZm4n+en0LUCDIukxSYpItFUSowKDz7Hw+5ZhTE1BJCNbe3YjommlCwKZVtCN7yy6ukc1nz6rX63VW12SjiKKFTdIYukIeuURPdohZqI4oUekav6M0B58V5dz4WrWtOMXOC/sD5/AH+/JG1</latexit>

ẑj

<latexit sha1_base64="ZYX2ARcLLZCJdrNsJ/PNzSM1Uq8=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEao8FLx4rmLbQhrLZbtulm03YnQg19Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5YSKFQdf9dgobm1vbO8Xd0t7+weFR+fikZeJUM+6zWMa6E1LDpVDcR4GSdxLNaRRK3g4nt3O//ci1EbF6wGnCg4iOlBgKRtFK/lM/E7N+ueJW3QXIOvFyUoEczX75qzeIWRpxhUxSY7qem2CQUY2CST4r9VLDE8omdMS7lioacRNki2Nn5MIqAzKMtS2FZKH+nshoZMw0Cm1nRHFsVr25+J/XTXFYDzKhkhS5YstFw1QSjMn8czIQmjOUU0so08LeStiYasrQ5lOyIXirL6+T1lXVq1Vr99eVRj2PowhncA6X4MENNOAOmuADAwHP8ApvjnJenHfnY9lacPKZU/gD5/MHKQ2O5w==</latexit>zi

<latexit sha1_base64="4MS0DfZTIEl4AWB5ZhIqNcvHs6s=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KolI7bHgxWMF0xbaUDbbbbt2swm7E6GG/gYvHhTx6g/y5r9x2+agrQ8GHu/NMDMvTKQw6Lrfztr6xubWdmGnuLu3f3BYOjpumjjVjPsslrFuh9RwKRT3UaDk7URzGoWSt8LxzcxvPXJtRKzucZLwIKJDJQaCUbSS/9TLHqa9UtmtuHOQVeLlpAw5Gr3SV7cfszTiCpmkxnQ8N8EgoxoFk3xa7KaGJ5SN6ZB3LFU04ibI5sdOyblV+mQQa1sKyVz9PZHRyJhJFNrOiOLILHsz8T+vk+KgFmRCJSlyxRaLBqkkGJPZ56QvNGcoJ5ZQpoW9lbAR1ZShzadoQ/CWX14lzcuKV61U767K9VoeRwFO4QwuwINrqMMtNMAHBgKe4RXeHOW8OO/Ox6J1zclnTuAPnM8fKpKO6A==</latexit>zj

<latexit sha1_base64="BRIT9WSJs+wVlpZYoWHr+qjmO3Q=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4GjK1rdNdwY3LCvYh7VAyaaYNTTJDkhHK0K9w40IRt36OO//G9CGo6IELh3Pu5d57woQzbRD6cHJr6xubW/ntws7u3v5B8fCoreNUEdoiMY9VN8SaciZpyzDDaTdRFIuQ0044uZr7nXuqNIvlrZkmNBB4JFnECDZWuuuPscnobFAeFEvIrddRxatD5FYRKvs1S9BF2a9WoeeiBUpgheag+N4fxiQVVBrCsdY9DyUmyLAyjHA6K/RTTRNMJnhEe5ZKLKgOssXBM3hmlSGMYmVLGrhQv09kWGg9FaHtFNiM9W9vLv7l9VIT+UHGZJIaKslyUZRyaGI4/x4OmaLE8KklmChmb4VkjBUmxmZUsCF8fQr/J+2y69Xc2k2l1PBXceTBCTgF58ADl6ABrkETtAABAjyAJ/DsKOfReXFel605ZzVzDH7AefsELjOQqA==</latexit>
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(b) Transition graph for ground truth zt and arbi-
trary estimation ẑt

Figure S3: A partial observation of the transition graph among ground truth zt, optimal estimation
ẑ∗t and arbitrary estimation ẑt. For brevity, the index permutation is assumed to be identity, i.e.,
σ(i) = i.

Suppose the transitions are weakly diverse lossy as defined in Def. 6, then for each edge zt,i → zt+1,j

in the transition graph, there must be a region of zt,i such that only zt+1,j is influenced by zt,i.
Consequently, the corresponding ẑt+1,j and ẑt+1,i are not independent, since no mixing process can
cancel the influence of zt,i. Therefore, the edge ẑt,i → ẑt+1,j in the estimated graph must exist.

Note that without the weakly diverse lossy transition assumption, this argument may not hold. For
example, if ẑt+1,j can be expressed as a function that does not depend on zt,i, then even though the
edge zt,i → zt+1,j exists, the estimated edge ẑt,i → ẑt+1,j may not exist. This could occur if, after
the transformation h, the influences in different paths from zt,i to ẑt+1,j cancel out with each other.

Necessity Example An example that violates the assumption is as follows:

zt+1,i = zt,i + ϵt+1,i

zt+1,j = zt,i + ϵt+1,j

ẑi = zi
ẑj = zi − zj

Here, the mapping from z to ẑ is invertible. Writing down the mapping from ẑt to ẑt+1, particularly
for ẑt+1,j , yields:

ẑt+1,j = (zt,i + ϵt+1,i)− (zt,i + ϵt+1,j)

= ϵt+1,i − ϵt+1,j

Clearly, this is independent of ẑt,i. Hence, in this scenario, the edge on the estimated graph does not
exist. This explains the necessity for the weakly diverse lossy transition assumption. Furthermore,
it can be seen that violating the weakly diverse lossy transition assumption would require a very
specific design, such as the transition in an additive noise case and the transition on z being linear,
which is usually not the case in real-world scenarios. Generally, this requires that the influences from
different paths from zt,i to ẑt+1,j cancel each other out, a condition that is very challenging to fulfill
in practical settings.

Permutation Indexing One may also ask about the permutation of the index between zt and ẑt.
Since the transformation h is invertible, the determinant of the Jacobian should be nonzero, implying
the existence of a permutation σ such that

(i, σ(i)) ∈ supp(Jh), ∀i ∈ [n].

Otherwise, if there exists an i such that [Jh]i,· = 0 or [Jh]·,i = 0, such a transformation cannot be
invertible. We can utilize this permutation σ to pair the dimensions in zt and ẑt.

Since each ground-truth edge is preserved in the estimated graph, by Proposition S1, the inequality
|M̂| < |M̂∗| cannot hold true. Thus, the lemma is proved.
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Then, according to this lemma, the transition complexity |M̂û| of the learned m̂û should be greater
than or equal to |M̂∗

û|, which is the complexity when using an accurate estimation of ĝ∗. This
relationship can be expressed as follows:

|M̂û| ≥ |M̂∗
û|.

By Lemma S1, the expected complexity of the estimated model ED|M̂∗
û| is strictly larger than that

of the ground truth ED|Mu|. This implies the following inequality:

ED|M̂û| ≥ ED|M̂∗
û| > ED|Mu|. (27)

However, Assumption (ii) requires that the estimated complexity must be less than or equal to the
ground-truth complexity, leading to a contradiction. This contradiction implies that the estimated
Ĉ must match the ground truth up to label swapping. Consequently, this supports the conclusion of
Theorem 1.

S1.2 Proof of Corollary 1

Corollary S1 (Identifiability under Function Variability). Suppose the data D is generated from
the nonstationary data generation process described in (1) and (2). Assume the transitions are
weakly diverse lossy (Def. 6), and the mechanism separability assumption i along with the following
assumptions hold:

v. (Mechanism Function Variability) Mechanism Functions are sufficiently different. There
exists K ∈ N such that for all u ̸= u′, there exists k ≤ K, Mk

u ̸= Mk
u′ i.e. there exists

index (i, j) such that
[
Mk

u

]
i,j

̸=
[
Mk

u′

]
i,j

.

vi. (Higher Order Mechanism Sparsity) The estimated transition complexity on dataset D is no
more than ground truth transition complexity,

ED

K∑
k=1

|M̂k
û| ≤ ED

K∑
k=1

|Mk
u|. (28)

Then the domain variables ut are identifiable up to label swapping (Def. 2).

Proof. With a strategy similar to the proof of Theorem 1, we aim to demonstrate that using an
incorrect cluster assignment Ĉ will result in

∑K
k=1 |Mk

û| being higher than the ground truth, thereby
still enforcing the correct ut.

Differing slightly from the approach in Theorem 1, in this setting, we will first demonstrate that under
any arbitrary Ĉ assignment, the estimated complexity is no lower than the complexity in the ground
truth, i.e.,

∑K
k=1 |M̂k| ≥ ∑K

k=1 |Mk|.
First, we address the scenario where two different domains have the same transition graph but with
different functions, as otherwise, the previous lemma S1 still applies. In cases where the same
transition causal graph exists but the functions differ, assumption v indicates that there exists an
integer k such that Mk

u ̸= Mk
u′ , meaning the ground truth support matrices are different. However,

due to incorrect clustering, the learned transition must cover both cases. To substantiate this claim,
we need to first introduce an extension of the non-decreasing complexity lemma.

Lemma S3 (Non-decreasing Complexity under Mechanism Function Variability). Suppose there
exists an invertible transformation h which maps the ground truth zt to the estimated ẑt, and it is
neither a permutation nor a component-wise transformation. Then, the transition complexity on the
estimated ẑt is not lower than that on the ground truth zt, i.e.,

K∑
k=1

|M̂k| ≥
K∑

k=1

|Mk|.
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Proof. We can extend the notation of the edges e to the higher-order case ek to represent the existence
of a non-zero value for the k-th order partial derivative ∂kmi

∂zk
j

. Under the weakly diverse lossy

transition assumption, it is always possible to find a region where the influence in ek cannot be
canceled in êk. In this region, the mapping from zi to ẑi can be treated as a component-wise
transformation, since the influence of z other than zi is zero due to the lossy transition assumption.
It is important to note that there is also an indexing permutation issue between zi and ẑi; the same
argument in the permutation indexing part of the proof of lemma S3 applies.

Since Mk represents the support of the k-th order partial derivative, this implies that [Mk]i,j = 1

implies [Mk′
]i,j = 1 for all k′ ≤ k. We aim to show that if for the transition behind edge

zt,j → zt+1,i, there exists a K such that [Mk
u]i,j are different for two domains, then one of them

must be a polynomial with order K − 1. For this domain, [Mk
u]i,j = 1 when k = 1, 2, . . . ,K − 1

and [Mk
u]i,j = 0 when k ≥ K.

To demonstrate that the non-decreasing complexity holds, we need to show that after an invertible
transformation h to obtain the estimated version, [M̂k

u]i,j cannot be zero for k < K − 1, which can
be shown with the following proposition.

Proposition S2. Suppose f is a polynomial of order k with respect to x. Then, for any invertible
smooth function h, the transformed function f̂ := h−1 ◦ f ◦ h cannot be expressed by a polynomial
of order k′, when k′ < k.

Proof. Let’s prove it by contradiction. Suppose f̂ := h−1 ◦ f ◦ h can be expressed as a polynomial
of order k′ < k. It follows that the function f̂(x) = C has k′ roots (repeated roots are allowed), since
h is invertible. Therefore, h ◦ f̂(x) = h(C) also has the same number of k′ roots. By definition,
h◦ f̂ = f ◦h, which means f ◦h = h(C) has k′ roots. However, since h is invertible, or equivalently
it is monotonic, the equation f ◦ h = h(C) having k′ roots implies that f(x) = C ′ has roots k′.
Yet, since f is a polynomial of order k, it must have k roots, contradicting the fundamental theorem
of algebra, which means that they cannot have the same number of roots. Hence, the proposition
holds.

The advantage of support matrix analysis is that, provided there exists at least one region where the
support matrix is non-zero, the global version on the entire space will also be non-zero. Based on the
definition of diverse lossy transition in Def. 6, it is always possible to identify such a region where
for an edge zt,i → zt+1,j , the mapping from zt+1,j to zt+1,j can be treated as a component-wise
relationship. This is because no other variables besides zt+1,j change in conjunction with zt,i to
cancel the effect. Therefore, proposition S2 applies, and as a result, the complexity is nondecreasing.
Thus, the lemma is proved.

With this lemma, we have shown that for an arbitrary incorrect domain partition result, the induced
ground-truth transition complexity is preserved after the invertible transformation h. This partition
effectively combines two regions, as illustrated in Figures S1 and S4. Consequently, the transition
complexity has the following relationship:

M̂k
û = Mk

u +Mk
u′ .

Here, u and u′ represent the ground-truth values of the domain variables, and û denotes the estimated
version, defined as the binary addition of the two ground truths.

By assumption v, the two ground truth transitions’ complexity Mk
u,Mk

u′ are different, then with the
same arguments in the proof of the lemma S1, we can show that the expected transition complexity
with wrong domain assignment over the whole dataset is strictly larger than the ground truth com-
plexity with correct domain assignment. And it is easy to see that when the estimated latent variables
are equal to the ground truth, ẑt = zt then the lower bound is achieved when the estimated domains
are accurate. Note that this argument is not a sufficient condition to say that the estimated ẑt is
exactly the ground truth zt or an optimal estimation of it, since there can be other formats of mapping
from zt to ẑt that generate the same complexity. But this is sufficient to prove that by pushing the
complexity to small, the domain variables ut must be recovered up to label swapping. This concludes
the proof.
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S1.3 Proof of Theorem 2

Theorem S2 (Identifiability of the Latent Causal Processes). Suppose that the data D is generated
from the nonstationary data generation process (1), (2), which satisfies the conditions in Theorem 1
and Lemma 1, then the domain variables ut are identifiable up to label swapping (Def. 2) and latent
variables zt are identifiable up to permutation and a component-wise transformation (Def. 3).

Proof. From Theorem 1, the domain variables ut are identifiable up to label swapping, and then use
the estimated domain variables in Lemma 1, the latent causal processes are also identifiable, that is,
zt are identifiable up to permutation and a component-wise transformation.

S1.4 Discussion on Assumptions

S1.4.1 Mechanism Separability

Note that we assume that there exists a ground truth mapping C : X × X → U , gives a domain
index based on xt−1,xt. The existence of such mapping means that the human can tell what the
domain is based on two consecutive observations. If two observations are not sufficient, then it can be
modified to have more observation steps as input, for example x≤t or even full sequence x[1:T ]. If the
input has future observation, which means that x>t is included, then this is only valid for sequence
understanding tasks in which the entire sequence will be visible to the model when analyzing the
time step t. For prediction tasks or generation tasks, further assumptions on C such as the input
only contains x<t should be made, which will be another story. Those variants are based on specific
application scenarios and not directly affect our theory, for brevity, let us assume the two-step case.

S1.4.2 Mechanism Sparsity

This is a rather intuitive assumption in which we introduce some form of sparsity in the transitions,
and our task is to ensure that the estimated transition maintains this sparsity pattern. This requirement
is enforced by asserting an equal or lower transition complexity as defined in Assumption ii. Similar
approaches, grounded in the same intuition, are also explored in the reinforcement learning setting,
as discussed in works by Lachapelle et al. [18] and Hwang et al. [45]. The former emphasizes
the identifiability result of the independent components, which necessitates additional assumptions.
In contrast, the latter focuses on the RL scenario, requiring the direct observation of the latent
variables involved in the dynamics, which leaves significant challenges in real-world sequence-
understanding tasks, where the states are latent. Some studies have also explored the application of
sparsity constraints on the estimated latent representations [46]. And it is also extensively discussed
in the nonlinear ICA literature [33, 19], in which such a sparsity constraint was added to the mixing
function.

S1.4.3 Mechanism Variability

The assumption of mechanism variability requires that causal dynamics differ between domains,
which requires at least one discrete edge variation within the causal transition graphs. This assumption
is typically considered reasonable in practical contexts; humans identify distinctions between domains
only when the differences are substantial, which often involves the introduction of a new mechanism
or the elimination of an existing one. Specifically, this assumption requires a minimal alteration, a
single edge change in the causal graph, to be considered satisfied. Consequently, as long as there are
significant differences in the causal dynamics among domains, this criterion is fulfilled.

S1.4.4 Mechanism Function Variability

In this section, we will further discuss the mechanism function variability introduced in Corollary 1.
One might question the necessity of this assumption. To illustrate this issue, we claim that if we only
assume that the mechanism functions differ across domains but without this extended version of the
variability assumption, i.e., for u ̸= u′, mu ̸= mu′ , then under this proposed framework, the domain
variables ut are generally unidentifiable.

In Figure S4, we present a simple example of the space of zt+1 given a fixed zt. For the sake of
brevity, assume that there are two domains. By the mechanism separability assumption i, the space Z
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of zt+1 is divided into two distinct parts, each corresponding to one domain. In this illustration, C
denotes the partition created by the ground truth transition function:

zt+1 =

{
m1(zt, ϵ) if ut+1 = 1,

m2(zt, ϵ) if ut+1 = 2.
(29)
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Figure S4: Correct domain separation
C and incorrect domain separation Ĉ of
zt+1, given a fixed zt.

Then the question arises: when the domain assignment
is incorrect, that is, Ĉ ̸= C, can we still get the same
observational distributions, or equivalently, can we obtain
the same distribution for zt+1?

The answer is yes. For the ground truth transition,
m1(zt, ϵ) ∈ A ∪ C and m2(zt, ϵ) ∈ B ∪ D. In the
case of an incorrect partition Ĉ, it is sufficient to have
m̂1(zt, ϵ) ∈ A∪B and m̂2(zt, ϵ) ∈ C ∪D. Ensuring that
the conditional distribution p(zt+1 | zt) is matched every-
where, we can create two different partitions on domains,
yet still obtain exactly the same observations. That makes
the domain variables ut unidentifiable in the general case.

How does the previous mechanism variability assumption work? In the assumption of mecha-
nism variability (Assumption iii), the support matrices of the Jacobian of transitions across different
domains differ. Consider a scenario where the ground truth partition is C, denoted by A,C | B,D. If
an incorrect estimation occurs, where our estimated partition is Ĉ, represented as A,B | C,D, then
the estimated transition in domain one should cover the transitions in both A and B, and similarly for
the second domain. This leads to an increase in complexity within the estimated Jacobian support
matrix, as discussed in the previous sections. Consequently, this complexity forces the sets B and C

to be empty, resulting in Ĉ converging to C.

How about mechanism function variability? Roughly speaking, and as demonstrated in our
experiments, the mechanism variability assumption previously discussed is already sufficient to
identify domain changes in both synthetic and real-world settings. This sufficiency arises because the
assumption only requires a single differing spot, even though some transition functions behind some
edges may persist across different domains. As long as there is one edge spot that can separate the
two domains, this condition is met. In the relatively rare case where all edges in the causal dynamic
transition graphs are identical across two different domains and only the underlying functions differ,
we can still demonstrate identifiability in this scenario by examining differences in the support of the
higher-order partial derivative matrices.

S1.4.5 Weakly Diverse Lossy Transition

The weakly diverse lossy transition assumption requires that each variable in the latent space can
potentially influence a set of subsequent latent variables, and such transformations are typically
non-invertible. This implies that given the value of zt+1, it is generally challenging to precisely
recover the previous zt; equivalently, this mapping is not injective. Although this assumption requires
some explanation, it is actually considered mild in practice. Often in real-world scenarios, different
current states may lead to identical future states, indicating a loss of information. The “weakly diverse”
of this assumption suggests that the way information is lost varies between different dimensions,
but there is some common part among them, hence the term “weakly diverse”. In the visualization
example shown in Figure 4, we can clearly see this pattern, in which the scene is relatively simple
and it is very likely that in two different frames, the configuration of the scene or the value of the
latent variables are the same but their previous states are completely different.

S2 Experiment Settings

S2.1 Synthetic Dataset Generation

The synthetic dataset is constructed in accordance with the conditions outlined in Theorems 1 and 2.
Transition and mixing functions are synthesized using multilayer perceptrons (MLPs) initialized with
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random weights. The mixing functions incorporate the LeakyReLU activation function to ensure
invertibility. The dataset features five distinct values for the domain variables, with both the hidden
variables zt and the observed variables xt set to eight dimensions. A total of 1,000 sequences of
domain variables were generated. These sequences exhibit high nonstationarity across domains,
which cannot be captured with a single Markov chain. This was achieved by initially generating two
distinct Markov chains to generate two sequences of domain indices. Subsequently, these sequences
were concatenated, along with another sequence sampled from a discrete uniform distribution over
the set {1, 2, 3, 4, 5}, representing the domain indices.

Table S1: Synthetic Dataset Statistics

Property Value
Number of State 5
Dimension of zt 8
Dimension of xt 8

Number of Samples 32,000
Sequence Length 15

For each sequence of domain variables, we sampled a
batch size of 32 sequences of hidden variables zt begin-
ning from a randomly initialized initial state z0. These
sequences were generated using the randomly initialized
multilayer perceptron (MLP) to model the transitions.
Observations xt were subsequently generated from zt
using the mixing function as specified in Eq. 1. Both
the transition functions in the hidden space and the mix-
ing functions were shared across the entire dataset. A
summary of the statistics for this synthetic dataset is pro-
vided in Table S1. For detailed implementation of this data generation process, please refer to our
accompanying code in Sec. S3.3.

S2.2 Real-world Dataset

Hollywood Extended The Hollywood [38] dataset contains 937 video clips with a total of 787,720
frames containing sequences of 16 different daily actions such as walking or sitting from 69 Hol-
lywood movies. On average, each video comprises 5.9 segments, and 60.9% of the frames are
background.

CrossTask The CrossTask [39] dataset features videos from 18 primary tasks. According to
[40], we use the selected 14 cooking-related tasks, including 2552 videos with 80 action categories.
On average, each video in this subset has 14.4 segments, with 74.8% of the frames classified as
background.

S2.3 Mean Correlation Coefficient

MCC, a standard metric in the ICA literature, is utilized to evaluate the recovery of latent factors.
This method initially computes the absolute values of the correlation coefficients between each
ground truth factor and every estimated latent variable. Depending on the presence of component-
wise invertible nonlinearities in the recovered factors, either Pearson’s correlation coefficients or
Spearman’s rank correlation coefficients are employed. The optimal permutation of the factors is
determined by solving a linear sum assignment problem on the resultant correlation matrix, which is
executed in polynomial time.

S3 Implementation Details

S3.1 Prior Likelihood Derivation

Let us start with an illustrative example of stationary latent causal processes consisting of two time-
delayed latent variables, i.e., zt = [z1,t, z2,t], i.e., zi,t = mi(zt−1, ϵi,t) with mutually independent
noises, where we omit the ut since it is just an index to select the transition function mi. Let us write
this latent process as a transformation map m (note that we overload the notation m for transition
functions and for the transformation map):

z1,t−1

z2,t−1

z1,t
z2,t

 = m


z1,t−1

z2,t−1

ϵ1,t
ϵ2,t


 . (30)
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By applying the change of variables formula to the map m, we can evaluate the joint distribution of
the latent variables p(z1,t−1, z2,t−1, z1,t, z2,t) as:

p(z1,t−1, z2,t−1, z1,t, z2,t) = p(z1,t−1, z2,t−1, ϵ1,t, ϵ2,t)/ |detJm| , (31)

where Jm is the Jacobian matrix of the map m, which is naturally a low-triangular matrix:

Jm =


1 0 0 0
0 1 0 0

∂z1,t
∂z1,t−1

∂z1,t
∂z2,t−1

∂z1,t
∂ϵ1,t

0
∂z2,t

∂z1,t−1

∂z2,t
∂z2,t−1

0
∂z2,t
∂ϵ2,t

 .

Given that this Jacobian is triangular, we can efficiently compute its determinant as
∏

i
∂zi,t
∂ϵi,t

. Fur-
thermore, because the noise terms are mutually independent, and hence ϵi,t ⊥ ϵj,t for j ̸= i and
ϵt ⊥ zt−1, we can write the RHS of Eq. 31 as:

p(z1,t−1, z2,t−1, z1,t, z2,t) = p(z1,t−1, z2,t−1)× p(ϵ1,t, ϵ2,t)/ |detJm| (because ϵt ⊥ zt−1)

= p(z1,t−1, z2,t−1)×
∏
i

p(ϵi,t)/ |detJm| (because ϵ1,t ⊥ ϵ2,t)

(32)

Finally, by canceling out the marginals of the lagged latent variables p(z1,t−1, z2,t−1) on both sides,
we can evaluate the transition prior likelihood as:

p(z1,t, z2,t | z1,t−1, z2,t−1) =
∏
i

p(ϵi,t)/ |detJm| =
∏
i

p(ϵi,t)×
∣∣detJ−1

m

∣∣ . (33)

Now we generalize this example and derive the prior likelihood below.

Let {m̂−1
i }i=1,2,3... be a set of learned inverse transition functions that take the estimated latent

causal variables, and output the noise terms, i.e., ϵ̂i,t = m̂−1
i (ut, ẑi,t, ẑt−1).

Design transformation A → B with low-triangular Jacobian as follows:

[
ẑt−1, ẑt

]⊤︸ ︷︷ ︸
A

mapped to
[
ẑt−1, ϵ̂t

]⊤︸ ︷︷ ︸
B

, with JA→B =

In 0

∗ diag
(

∂m−1
i,j

∂ẑjt

) . (34)

Similar to Eq. 33, we can obtain the joint distribution of the estimated dynamics subspace as:

log p(A) = log p (ẑt−1) +

n∑
j=1

log p(ϵ̂i,t)︸ ︷︷ ︸
Mutually independent noise

+ log (|det (JA→B)|) . (35)

log p (ẑt | ẑt−1, ut) =

n∑
i=1

log p(ϵ̂i,t | ut) +

n∑
i=1

log
∣∣∣∂m−1

i

∂ẑi,t

∣∣∣. (36)

S3.2 Derivation of ELBO

Then the second part is to maximize the Evidence Lower BOund (ELBO) for the VAE framework, which can be
written as:
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ELBO ≜ log pdata({xt}Tt=1)−DKL(qϕ({zt}Tt=1 | {xt}Tt=1) || pdata({zt}Tt=1 | {xt}Tt=1))

=Ezt log pdata({xt}Tt=1 | {zt}Tt=1)−DKL(qϕ({zt}Tt=1 | {xt}Tt=1) || pdata({zt}Tt=1 | {xt}Tt=1))

=Ezt log pdata({xt}Tt=1 | {zt}Tt=1)− Ezt

(
log qϕ({zt}Tt=1 | {xt}Tt=1)− log pdata({zt}Tt=1)

]
=Ezt

(
log pdata({xt}Tt=1 | {zt}Tt=1) + log pdata({zt}Tt=1)− log qϕ({zt}Tt=1 | {xt}Tt=1)

)

=Ezt


T∑

t=1

log pdata(xt | zt)︸ ︷︷ ︸
−LRecon

+

T∑
t=1

log pdata(zt | zt−1, ut)−
T∑

t=1

log qϕ(zt | xt)︸ ︷︷ ︸
−LKLD


(37)

S3.3 Reproducibility

All experiments are performed on a GPU server with 128 CPU cores, 1TB memory, and one NVIDIA L40 GPU.
Our code is also available via https://github.com/xiangchensong/ctrlns. For synthetic experiments,
we run the baseline methods with implementation from https://github.com/weirayao/leap and https:
//github.com/xiangchensong/nctrl. For real-world experiments, the implementation is based on https:
//github.com/isee-laboratory/cvpr24_atba.

S3.4 Hyperparameter and Train Details

For synthetic experiments, the models were implemented in PyTorch 2.2.2. We trained the VAE network
using the AdamW optimizer with a learning rate of 5× 10−4 and a mini-batch size of 64. Each experiment was
conducted using three different random seeds and we reported the mean performance along with the standard
deviation averaged across these seeds. The coefficient for the L2 penalty term was set to 1 × 10−4, which
yielded satisfactory performance in our experiments.

the most accurate way to enforce sparsity is through the L0 norm. However, since calculating the gradient for
it is challenging, Lp norms are commonly used as approximations. We also tested alternative settings such as
L1 penalty or larger coefficients for L2 norm, and we found that the setting we used in this paper (L2 with
coefficient 1× 10−4) provided the best stability and performance.

All other hyperparameters of the baseline methods follow their default values from their original implementation.
For real-world experiments, we follow the same hyperparameter setting from the baseline ATBA method. In
the Hollywood dataset, we used the default 10-fold dataset split setting and calculated the mean and standard
derivation from those 10 runs. For the CrossTask dataset, we calculate the mean and standard derivation using
five different random seeds.

S3.5 Enforce Invertibility

In our experimental setup, using reconstruction loss already provides strong identifiability results (MCC>0.95),
and it is widely used in the identifiability literature. During our experiments, we found that flow-based methods
are usually less efficient and typically take longer to converge. Since our main contribution is to address the
challenge of unknown domain variables, this choice is orthogonal to our theoretical contribution. Therefore,
we followed the existing work for the design of the estimation for the mixing function. As also mentioned in
[47], the reconstruction loss-based framework can definitely be extended to flow-based methods, especially in
environments where invertibility is a critical issue and computation is not a top priority in the estimation process.

S3.6 Encode Domain Variables

As introduced in 4, we utilize U distinct networks to capture the different transitions. One may question whether
this choice introduces redundant parameters and suggest employing parameter-sharing networks, as in [22, 45].
However, our decision to use separate transition networks is based on the assumptions regarding the complexity
of the transition functions, which we regularize through the sparsity of the Jacobian matrix. Implementing
parameter-sharing techniques would significantly complicate the optimization process, as updating parameters
for one domain would immediately alter the Jacobian matrix for another domain.

Despite using individual transition networks, they remain lightweight compared to the entire framework. Even
in synthetic scenarios where the framework is relatively small, each transition network accounts for only
approximately 2.3% of the total parameters. This proportion becomes even smaller in real-world applications
with larger encoder-decoder frameworks.
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S4 Extended Related Work

S4.1 Causal Discovery with Latent Variables

Various studies have focused on uncovering causally related latent variables. For example, [48–50] use vanishing
Tetrad conditions [51] or rank constraints to detect latent variables in linear-Gaussian models, whereas [52–55]
rely on non-Gaussianity in their analyses of linear, non-Gaussian models. Additionally, some methods seek to
identify structures beyond latent variables, leading to hierarchical structures. Certain hierarchical model-based
approaches assume tree-like configurations, as seen in [56–59], while other methods consider a more general
hierarchical structure [55, 50]. Nonetheless, these approaches are restricted to linear frameworks and encounter
increasing difficulties with complex datasets, such as videos.

S4.2 Causal Temporal Representation Learning

In the context of sequence or time series data, recent advances in nonlinear Independent Component Analysis
(ICA) have leveraged temporal structures and nonstationarities to achieve identifiability. Time-contrastive
learning (TCL) [10] exploits variability in variance across data segments under the assumption of independent
sources. Permutation-based contrastive learning (PCL) [11] discriminates between true and permuted sources
using contrastive loss, achieving identifiability under the uniformly dependent assumption. The i-VAE [13]
uses Variational Autoencoders to approximate the joint distribution over observed and nonstationary regimes.
Additionally, (i)-CITRIS [60, 61] utilizes intervention target information to identify latent causal factors. Other
approaches such as LEAP [22] and TDRL [23] leverage nonstationarities from noise and transitions to establish
identifiability. GCIM [62] builds on the theoretical insights from LEAP by implementing a clustering algorithm
to address the challenge of unobserved domain indices. However, it does not achieve identifiability of the
domain variables. CaRiNG [63] extended TDRL to handle non-invertible generation processes by assuming
sequence-wise recoverability of the latent variables from observations.

All the aforementioned methods either assume stationary fixed temporal causal relations or that the domain
variables controlling the nonstationary transitions are observed. To address unknown or unobserved domain
variables, HMNLICA [15] integrates nonlinear ICA with a hidden Markov model to automatically model
nonstationarity. However, this method does not account for the autoregressive latent transitions between latent
variables over time. IDEA [26] combines HMNLICA and TDRL by categorizing the latent factors into domain-
variant and domain-invariant groups. For the variant variables, IDEA adopts the same Markov chain model as
HMNLICA, while for the invariant variables, it reduces the model to a stationary case handled by TDRL. Both
iMSM [24] and NCTRL [25] extend this Markov structure approach by incorporating transitions in the latent
space but continue to assume that the domain variables follow a Markov chain.

Moreover, causal temporal representation learning has been explored in the reinforcement learning literature [64,
45]. These works primarily focus on the relationship between states and actions, typically relying on direct state
observations. In contrast, our setting involves recovering meaningful latent causal variables from observational
data.

S4.3 Weakly-supervised Action Segmentation

Weakly-supervised action segmentation techniques focus on dividing a video into distinct action segments
using training videos annotated solely by transcripts [38, 65, 43, 66, 42, 67, 41, 68–74]. Although these
methods have varying optimization objectives, many employ pseudo-segmentation for training by aligning
video sequences with transcripts through techniques like Connectionist Temporal Classification (CTC) [65],
Viterbi [41, 43, 42, 70, 71, 73], or Dynamic Time Warping (DTW) [67, 69]. For instance, [65] extends CTC to
consider visual similarities between frames while evaluating valid alignments between videos and transcripts.
Drawing inspiration from speech recognition, [71, 41, 73] utilize the Hidden Markov Model (HMM) to link
videos and actions. [66] initially produces uniform segmentations and iteratively refines boundaries by inserting
repeated actions into the transcript. [43] introduces an alignment objective based on explicit context and length
models, solvable via Viterbi, to generate pseudo labels for training a frame-wise classifier. Similarly, [42] and
[70] propose novel learning objectives but still rely on Viterbi for optimal pseudo segmentation. Both [67, 69]
use DTW to align videos to both ground-truth and negative transcripts, emphasizing the contrast between them.
However, except for [66], these methods require frame-by-frame calculations, making them inefficient. More
recently, alignment-free methods have been introduced to enhance efficiency. [68] learns from the mutual
consistency between frame-wise classification and category/length pairs of a segmentation. [44] enforces the
output order of actions to match the transcript order using a novel loss function. Although POC [44] is primarily
set-supervised, it can be extended to transcript supervision, making its results relevant for comparison.
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contributions and scope?
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introduction.

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims made in the
paper.
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made in the paper and important assumptions and limitations. A No or NA answer to this
question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how much the
results can be expected to generalize to other settings.
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2. Limitations
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these assumptions (e.g., independence assumptions, noiseless settings, model well-specification,
asymptotic approximations only holding locally). The authors should reflect on how these
assumptions might be violated in practice and what the implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was only tested
on a few datasets or with a few runs. In general, empirical results often depend on implicit
assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach. For
example, a facial recognition algorithm may perform poorly when image resolution is low or
images are taken in low lighting. Or a speech-to-text system might not be used reliably to provide
closed captions for online lectures because it fails to handle technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms and how
they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to address problems
of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by reviewers
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that individual actions in favor of transparency play an important role in developing norms that
preserve the integrity of the community. Reviewers will be specifically instructed to not penalize
honesty concerning limitations.
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Question: For each theoretical result, does the paper provide the full set of assumptions and a complete
(and correct) proof?

Answer: [Yes]

Justification: All assumptions together with necessary definitions are provided in the main text, proof
sketch is also provided in the main text, and the complete proof is provided in the appendix.

Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-referenced.
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• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if they appear in

the supplemental material, the authors are encouraged to provide a short proof sketch to provide
intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented by
formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility
Question: Does the paper fully disclose all the information needed to reproduce the main experimental
results of the paper to the extent that it affects the main claims and/or conclusions of the paper
(regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: The code to reproduce the experiment and the figures are provided as mentioned in
Appendix S3.3.

Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived well by the

reviewers: Making the paper reproducible is important, regardless of whether the code and data
are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken to make
their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways. For
example, if the contribution is a novel architecture, describing the architecture fully might suffice,
or if the contribution is a specific model and empirical evaluation, it may be necessary to either
make it possible for others to replicate the model with the same dataset, or provide access to
the model. In general. releasing code and data is often one good way to accomplish this, but
reproducibility can also be provided via detailed instructions for how to replicate the results,
access to a hosted model (e.g., in the case of a large language model), releasing of a model
checkpoint, or other means that are appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submissions
to provide some reasonable avenue for reproducibility, which may depend on the nature of the
contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how to

reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe the

architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should either be

a way to access this model for reproducing the results or a way to reproduce the model (e.g.,
with an open-source dataset or instructions for how to construct the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case authors are
welcome to describe the particular way they provide for reproducibility. In the case of
closed-source models, it may be that access to the model is limited in some way (e.g.,
to registered users), but it should be possible for other researchers to have some path to
reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instructions to
faithfully reproduce the main experimental results, as described in supplemental material?

Answer: [Yes]

Justification: The code and the data to reproduce the experiment and the figures are provided as
mentioned in Appendix S3.3.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be possible,
so “No” is an acceptable answer. Papers cannot be rejected simply for not including code, unless
this is central to the contribution (e.g., for a new open-source benchmark).
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• The instructions should contain the exact command and environment needed to run to reproduce
the results. See the NeurIPS code and data submission guidelines (https://nips.cc/public/
guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how to access
the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new proposed
method and baselines. If only a subset of experiments are reproducible, they should state which
ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized versions (if
applicable).

• Providing as much information as possible in supplemental material (appended to the paper) is
recommended, but including URLs to data and code is permitted.

6. Experimental Setting/Details
Question: Does the paper specify all the training and test details (e.g., data splits, hyperparameters,
how they were chosen, type of optimizer, etc.) necessary to understand the results?

Answer: [Yes]

Justification: The experiment settings for both synthetic and real-world experiment are discussed in
setup parts in Sec. 5. The Appendix. S3.4 also discussed the training details. Those information can
also be easily obtained from the released code.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail that is

necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental material.

7. Experiment Statistical Significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate informa-
tion about the statistical significance of the experiments?

Answer: [Yes]

Justification: The synthetic experiments were supported by mean values and one standard derivation
from the mean, with analysis on the stability of the training. For real-world setting, we report the error
bars for our model. We run the experiments following existing setting on the data splitting or random
seeds to calculate the mean and std.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The authors should answer "Yes" if the results are accompanied by error bars, confidence

intervals, or statistical significance tests, at least for the experiments that support the main claims
of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for example,
train/test split, initialization, random drawing of some parameter, or overall run with given
experimental conditions).

• The method for calculating the error bars should be explained (closed form formula, call to a
library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error of the

mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should preferably report

a 2-sigma error bar than state that they have a 96% CI, if the hypothesis of Normality of errors is
not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or figures
symmetric error bars that would yield results that are out of range (e.g. negative error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how they were
calculated and reference the corresponding figures or tables in the text.

8. Experiments Compute Resources
Question: For each experiment, does the paper provide sufficient information on the computer
resources (type of compute workers, memory, time of execution) needed to reproduce the experiments?

Answer: [Yes]
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Justification: See Appendix S3.3 for details.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster, or cloud

provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual experimental

runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute than the

experiments reported in the paper (e.g., preliminary or failed experiments that didn’t make it into
the paper).

9. Code Of Ethics
Question: Does the research conducted in the paper conform, in every respect, with the NeurIPS Code
of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conform, in every respect, with the NeurIPS Code
of Ethics.

Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a deviation

from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consideration due

to laws or regulations in their jurisdiction).

10. Broader Impacts
Question: Does the paper discuss both potential positive societal impacts and negative societal impacts
of the work performed?

Answer: [Yes]

Justification: The broader impact is discussed in Appendix 8

Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal impact or

why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses (e.g.,

disinformation, generating fake profiles, surveillance), fairness considerations (e.g., deploy-
ment of technologies that could make decisions that unfairly impact specific groups), privacy
considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied to particular
applications, let alone deployments. However, if there is a direct path to any negative applications,
the authors should point it out. For example, it is legitimate to point out that an improvement in
the quality of generative models could be used to generate deepfakes for disinformation. On the
other hand, it is not needed to point out that a generic algorithm for optimizing neural networks
could enable people to train models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is being used
as intended and functioning correctly, harms that could arise when the technology is being used
as intended but gives incorrect results, and harms following from (intentional or unintentional)
misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation strategies
(e.g., gated release of models, providing defenses in addition to attacks, mechanisms for monitor-
ing misuse, mechanisms to monitor how a system learns from feedback over time, improving the
efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible release of
data or models that have a high risk for misuse (e.g., pretrained language models, image generators, or
scraped datasets)?

Answer: [NA]

Justification: The paper does not pose such risks.

Guidelines:
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• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with necessary

safeguards to allow for controlled use of the model, for example by requiring that users adhere to
usage guidelines or restrictions to access the model or implementing safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors should
describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do not require
this, but we encourage authors to take this into account and make a best faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in the paper,
properly credited and are the license and terms of use explicitly mentioned and properly respected?

Answer: [Yes]

Justification: The codebase together with the datasets used in our paper are properly cited.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
• The authors should state which version of the asset is used and, if possible, include a URL.
• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of service of

that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the package should

be provided. For popular datasets, paperswithcode.com/datasets has curated licenses for
some datasets. Their licensing guide can help determine the license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of the derived
asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to the asset’s
creators.

13. New Assets
Question: Are new assets introduced in the paper well documented and is the documentation provided
alongside the assets?

Answer: [Yes]

Justification: Details about the code together with the synthetic dataset can be found in anonymized
url provided in Appendix S3.3.

Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their sub-

missions via structured templates. This includes details about training, license, limitations,
etc.

• The paper should discuss whether and how consent was obtained from people whose asset is
used.

• At submission time, remember to anonymize your assets (if applicable). You can either create an
anonymized URL or include an anonymized zip file.

14. Crowdsourcing and Research with Human Subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper include
the full text of instructions given to participants and screenshots, if applicable, as well as details about
compensation (if any)?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with human
subjects.

• Including this information in the supplemental material is fine, but if the main contribution of the
paper involves human subjects, then as much detail as possible should be included in the main
paper.
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• According to the NeurIPS Code of Ethics, workers involved in data collection, curation, or other
labor should be paid at least the minimum wage in the country of the data collector.

15. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human Subjects
Question: Does the paper describe potential risks incurred by study participants, whether such
risks were disclosed to the subjects, and whether Institutional Review Board (IRB) approvals (or an
equivalent approval/review based on the requirements of your country or institution) were obtained?

Answer: [NA]

Justification: The paper does not involve crowdsourcing nor research with human subjects.

Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with human
subjects.

• Depending on the country in which research is conducted, IRB approval (or equivalent) may be
required for any human subjects research. If you obtained IRB approval, you should clearly state
this in the paper.

• We recognize that the procedures for this may vary significantly between institutions and
locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the guidelines for
their institution.

• For initial submissions, do not include any information that would break anonymity (if applica-
ble), such as the institution conducting the review.
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