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ABSTRACT

Contrastive loss has been successfully exploited in the latest visual unsupervised
representation learning methods. Contrastive loss is based on a lower-bound es-
timation of mutual information where its known limitations include batch size
dependency expressed as O(log(n)). It is also commonly known as @ negative
sampling size problem. To cope with the limitation, non-contrastive methods have
been proposed and they have been shown to achieve outstanding performance. The
non-contrastive methods, however, are limited in that their designs are typically
based on heuristics and their learning dynamics can be unstable. In this work,
we propose a derive-a-prineipled non-contrastive method where the loss design
begins from a formulation of mutual information as a difference of entropies such

that there 1S no need for a negatrve samphng Wrtlﬁkeurbespknewledg%thrs%
wsedrrepreseﬂtaﬁen—}eammg Our method performs on par wrth er%e&erwehan

the state-of-the-art contrastive and non-contrastive methods. The main idea of our
approach is to extend Shannon entropy H (Z) to von Neumann entropylSéZ)l The
von Neumann entropy ean-be has been shown to be a lower bound of Shannon
entropy and the corresponding loss enables a stable learning with a small sample
size. Additionally, we preve show that the conditional entropy term H (Z1|Z) is
upper bounded by the negative cosine similarity for the case of weak Gaussian
noise augmentation. Even though the derivation is limited to a special case of
augmentation, it provides a justification of the commonly used cosine similarity as
the measure between positive samples.
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(7tZK); Reviewer 2 (heVY); Reviewer 3i(gldt); Reviewer 4 (6s5¢)

1 INTRODUCTION

Visual unsupervised representation learning focuses on learning useful representations from unan-
notated visual examples, and recent works have achieved remarkable performance on par with
supervised learning (Chen et al., [2020; |Grill et al., 2020} |Chen & Hel 2020; |He et al.| 2020; |Caron
et al.,[2020; [Zbontar et al.l 2021). Many of the works are based on contrastive loss (Oord et al.| [2018];
Henaff et al.,|2020), where minimizing contrastive loss is equivalent to maximizing a lower bound
estimation of Mutual Information (M} The bound is known as InfoNCE, and the popular contrastive

loss is simply a variational implementation of InfoNCE [eielpositivelsamplesiandmegativelsanples

It is worthwhile to note that the need for negative samples
in contrastive learning is directly related to the need for approximating marginal distributions of
mutual information. In this sense, the negative samples may be explained without any relation to
noise-contrastive estimation (Gutmann & Hyvérinen, 2010) because they are naturally required for
marginal calculation. The use of negative samples, instead of random noise samples, is also more
consistent with the view point of marginal approximation.

InfoNCE estimation is known to be vulnerable to two problems. The first problem is the formal
limitation articulated in McAllester & Stratos| (2020). Specifically, it was shown that any distribution-
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free high-confidence lower bound on mutual information estimated from n samples cannot be larger
than O(log(n)). Often, this limitation is considered to be the reason why many negative samples
are needed or why mini-batch size needs to be very large for contrastive learning. The second
problem is the high variance of mutual information estimation when a variational estimator, such as
InfoNCE estimator, is used. While techniques for trading or reducing the high variance have been
proposed (Poole et al.,|2019;Song & Ermon, 2019), it is largely an unsolved or perhaps unsolvable
problem (McAllester & Stratos| [2020). The exact effect of the high variance to contrastive learning is
unclear, but it might be reasonable to assume a negative effect on the learning dynamics. Overall,
InfoNCE estimator has turned out to be extremely effective for learning, but finding a better way of
estimating mutual information is an important and still open problem.

While many of the visual unsupervised representation learning works are based on the contrastive
loss, more recent developments are frequently based on I non-contrastive loss, where the benefits in
terms of a superior performance or a simplified training are argued. The non-contrastive methods,
however, are typically more challenging to analyze because they tend to be based on heuristics (Grill
et al.,2020; Chen & Hel [2020)), clustering (Caron et al.| |2020), neuroscience (Zbontar et al.,2021]), or
statistical motivation (Bardes et al[2021). In contrast, contrastive learning is based on a theoretically
profound and historically influential concept, mutual information.

In our work, we adhere to the mutual information estimator-as-the-loss as the starting point of loss
design, because-it-is-theoreticallyprineipled; and develop a non-contrastive mutaal-information
esﬁma{er learning method to alleviate the O(log(n)) and high variance problems. As shown in Figure
we follow the recent self-supervised learning works where the learning is based on an invariant

mapping. Our method starts from the mutual information formulation as a Difference of Entropies
(DoE) as suggested by [McAllester & Stratos| (2020).

I(Zl, Zg) = H(Zl) — H(Z1|Z2)

Unlike McAllester & Stratos| (2020), however, we adopt von Neumann entropy (Nielsen & Chuang
2002; |Wildel 2013)) to-estimate as a lower bound of H(Z;) and empirically show that it allows a
stable learning without a need for a large batch size. For the conditional entropy term H(Z1|Zs),
we-adopteosine-similarity its quantum generalization requires an evaluation of the joint system that
is computationally disadvantageous. Instead, we recognize that H(Z;|Zs) can be bounded by the
well-known cosine similarity over positive pairs for a special case of augmentation, and apply the
bound even for other general augmentations. While not being a rigorous approach, the choice will be
empirically shown to provide promising results.

A possible interpretation of von Neumann entropy S(Z) is that it is an extension of Shannon entropy
H(Z). This interpretation is based on the fact that H(Z) is a special case of S(Z), and further
explanations will be provided in later sections. In fact, S(Z) can be shown to be a lower bound of

I1(Z) and eur-derivation-is-bascd-on-the-incquality While the
theory of quantum information theory, the background that is needed for fully understanding von
Neumann entropy, is not straightforward, the calculation of S(Z) turns out to be quite simple. For a
given mini-batch of n samples, the normalized representations can be stacked into a matrix form as

U = [2«'1, Z9y ey Zn]T,

where EJERUNZIZ=1, and d is the size of the representation vector. Then, von Neu-
mann entropy is calculated as Shannon entropy over the eigenvalues of UTU /n, Wheté
UU =1y 2z and tr(U T A =1. Note that the n samples are used to estimate
each element of the representation covariance matrix UT U /n. Therefore, the estimation of von
Neumann entropy does not suffer from O(log(n)) problem. We will also empirically show that von
Neumann entropy is a numerically stable loss.

Cosine similarity has been a popular loss for positive pairs. In SImCLR (Chen et al.| 2020), it was
empirically shown that maximizing cosine similarity (i.e. normalized dot product) performs better
than maximizing the un-normalized dot product. In SimSiam (Chen & Hel [2020), it was empirically
shown that maximizing cosine similarity performs better than minimizing cross-entropy. In our work,
the choice of cosine similarity as the estimation of H(Z1|Z2) can be formally justified for the case
of weak Gaussian noise as the augmentation where we prove that H (Z|Z) is upper bounded by
negative cosine similarity. Even though the proof is for a special case, we adopt the cosine similarity
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Figure 1: Structure of unsupervised representation learning by maximizing mutual information as a
difference of entropies. H; and H are the representations used for downstream tasks. Z, and Z, are
normalized representations on a unit hypersphere.

as the estimation surrogate loss of H(Z|Z2) because its calculation is quite stable and it has been
empirically shown to be effective in the previous works.

Our main contribution is in desi

eentrasﬂean&uﬂh%esdrﬁferene%f—entrepresiemﬂaﬁen proposmg a new non- contrastrve loss
that can be related to a basic mutual information formulation as a difference of entropies. We also
provide empirical results of visual unsupervised representation learning where our proposed method
performs on par with the state-of-the-art methods despite the use of a small batch size. In particular,
our method is able to achreve the best results so far for COCO transfer learnlng tasks qiheeﬂtrre

2 RELATED WORKS

Quantum theory in deep representation learning: The quantum theory provides a mathematical
framework for representing and manipulating probabilistic distributions of quantum states in a Hilbert
space H (Nielsen & Chuang, |[2002; Wilde} 2013). Compared to the representation of deep learning,
the quantum state is theoretically well defined and understood. Interestingly, some of the fundamental
concepts in quantum theory, such as superposition and entanglement, can be related to popular
methods in deep learning. Superposition in quantum theory states that any linear combination of two
states forms a superposition state. Some of the deep learning methods (e.g. sum fusion (Feichtenhofer
et al.|[2016), model superposition (Cheung et al.,[2019), and mixup (Zhang et al.,|2017)) also utilize
linear combination as a basic operator of representations. Entanglement in quantum theory refers to
the strong correlation that can be formed between two or more quantum particles. In deep learning,
each element of a representation cannot be described separately in general (Szegedy et al.l 2013) and
only partial disentanglements have been achieved with a variety of training methods (e.g. (Chen et al.|
20165 Higgins et al.,|2016)). Among the existing studies, some have considered topics relevant to
quantum theory. In language modeling, several works have incorporated quantum theory as a general
probabilistic framework to model semantic information (Sordoni et al., 2013} [Zhang et al., 2018))
where the main goal is to address words with multiple meanings using superposition.

Mutual information motivated methods: While measuring mutual information in a high di-
mensional vector space is a notoriously difficult problem, variational bounds implemented with
deep neural network based critics have been studied for estimating and optimizing mutual informa-
tion (Hjelm et al.| 2018 [Poole et al., 2019). After a popular Shannon MI estimator InfoNCE was
used as a principled loss of unsupervised representation learning by |Oord et al.| (2018)) and |Henaff
et al.[(2020), the later works largely focused on developing variants of the InfoNCE loss so as to
improve the downstream task performance (Chen et al.,[2020; He et al., [2020).

Non-contrastive methods: While variational mutual information bounds including InfoNCE suffer
from the inherent statistical limitations that are addressed in (McAllester & Stratos, [2020), some of
the recent non-contrastive methods have successfully resolved such limitations by designing learning
methods that do not need negative pairs. A variety of strategies had to be adopted to prevent the
representation collapse [aATHESUIES , and the prevention of such a
representation collapse is often considered as the main challenge. In (Caron
et al., 20205 |Asano et al.| 2019), collapse prevention is achieved by balancing the number of elements
in each cluster. Other works utilize stop-gradient. The stop-gradient in Siamese network -
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mwlically shown to be capable of preventing representation
collapse (Grill et al., [2020; [Chen & Hel| [2020). Stop-gradient was theoretically studied by
let al.| (2021). Barlow twins (Zbontar et al.l [2021) avoids representation collapse by regularizing the
cross-correlation. VICReg (Bardes et al.,2021)) adopts variance-invariance-covariance regularization

as in an earlier work on covariance and variance regularization (Choi & Rhee, 2019). BeSides/the

3 PRELIMINARIES OF QUANTUM INFORMATION THEORY

While quantum theory encompasses a broad scope of subjects, quantum information theory or
quantum Shannon theory is a sub-field that focuses on the quantum equivalent of Shannon information
theory . A brief introduction is provided in Appendix[Al Among the extensive results, we
utilize only the basic concepts of von Neumann entropy, conditional entropy, and mutual information
in this work.

While Shannon entropy is calculated for a classical probability distribution, von Neumann entropy

(also called quantum entropy) is calculated for a density operator FNiCISERISICHuaREI2002)14

Similar to Shannon information theory, it measures the uncertainty
associated with a quantum system.

Definition 3.1 (von Neumann entropy (Nielsen & Chuang| [2002)). The von Neumann entropy
(quantum entropy) of a quantum state with density operator p is defined as below.

S(p) = —tr(plogp) = — Z Ae log Ay, where \, are the eigenvalues of p.

T

0™I6g(0)=10! S(p) ranges from zero (when p is a pure state) to log d (when p is uniformly mixed),
where p is in a d-dimensional space. The von Neumann entropy agrees with the Shannon entropy if
and only if the states |1);) are orthogonal (Nielsen & Chuang][2002).

When we have two quantum systems A and B, their composite system is called AB. The correspond-
ing density operators are denoted as p4, pp, and p4 g, respectively. Then, conditional entropy and
mutual information are defined as below, where the quantum system name instead of the density
operator is used as the argument’s notation.

Definition 3.2 (Conditional entropy and mutual information (Nielsen & Chuangl[2002)). The quantum
conditional entropy and mutual information of a composite system AB with components A and B
are defined as below.

S(A|B) = S(AB) — S(B).
S(A; B) = S(A) — S(A|B).

The value of conditional entropy S(A|B) is reduced as the two systems become entangled. In fact, it
can be even negative (Cerf & Adami,[1997). In general, measuring quantum entanglement is compu-
tationally challenging 2014). The quantum mutual information S(A; B) can be understood
in a similar way as in Shannon information theory, and it is a measure of shared information between
the two systems.

4 DERIVATION OF ENTROPY BOUND AND CONDITIONAL ENTROPY BOUND

In this section, we provide the derivation of von Neumann entropy lower bound for H(Z) and derive
the negative cosine similarity upper bound for H(Z1|Z>). In Section the two bounds are combined
to form a new lewerbeound-ef mutualinformation- non-contrastive loss for unsupervised learning.

4.1 VON NEUMANN ENTROPY S(Z) AS A LOWER BOUND OF SHANNON ENTROPY H (Z)

As discussed in Section [3] von Neumann entropy is defined for a quantum state that lies on a unit
hypersphere in a Hilbert space 7. In our work, the state vector |¢) corresponds to the representation
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vector z (i.e. |1) = z). Von Neumann entropy of a random variable Z, that is on a unit hypersphere in
R?, has been shown to be a lower bound of Shannon entropy (Nielsen & Chuang, [2002; Wilde, [2013).
We merely apply an estimation with samples to obtain the desired result as shown in Theorem 4.1}
Theorem 4.1. Let ZEVZ be a unit column vector with probability p(i). For p =Y, p(i)z;(z;)" ~
S 22i(2)T = LUTU = j, where U = |21, 23, ..., 2] 7,

H(Z) > S(p) = S(p) =— Z \jlog \j, where \; denote the eigenvalues of U U /n.
J

Proof. By the quantum data-processing inequality, H(Z) > S(p) holds for the Shannon entropy
H(Z) and the von Neumann entropy S(p) (Nielsen & Chuang, [2002; |Wilde, 2013). For sufficiently
large n, the density operator p can be approximated as the empirical density operator p that sat-
isfies p > 0 and ¢r(p) = 1. Then, S(p) can be evaluated with the eigenvalues of p following the
Definition[3.1] O

With a slight abuse of notation, we use both S(Z) and S(p) to refer von Neumann entropy.

4.2 NEGATIVE COSINE SIMILARITY AS AN UPPER BOUND OF CONDITIONAL ENTROPY
H(Z,|Zy)

Consider two random variables Z and Z,, where Z is assumed to be on a unit hypersphere in R¢.
If Z; is an augmented version of Z» with a weak Gaussian perturbation, the two random variables
are related as Z; ~ N (Z2, ). For this special augmentation, the main result of Theoremcan
be proved. For the two lemmas, it is assumed that X is a symmetric positive definite matrix whose
eigendecomposition is 3 = QAQT A= dlag()\l, v Ad),and 0 < Ag < ... < A\; < 1. Also, note

that ||z1]|? &~ ||22]|? = 1 and 27 - 25 =~
noise perturbation condition.

Lemma 4.2. —5(21 —ZQ)TEI(Zl —22) —1/)\d+Z1 Z2/A1

Proof. Tt suffices to prove that (21 — 2z2)TX (21 — 29) < 2(1/X\g — 21 - 22/ \1).

m = cos (21, 22) > 0 due to the weak Gaussian

(21 —22)TZ 21 —20) = (2] B 21 + 20 B 2) — (2] B2y + 22 Bl 2y)
= (2IQA'QT 2z, + 2I'QA'QT z3) — (2T QA'QT 2, + 2T QA QT 2))
§ I/Ad(zl 21+ 2o 22) — 1/A1(Zl c 29+ 2o - Zl) = 2(1/>\d — Z1 - ZQ/)\l)

O
Lemma 4.3. —logp(z1|22) < $log2mA; + )\ — %zl - Zo.
Proof. Tt suffices to prove that p(z1|22) > (27A1)~ % exp{—1/Aq + 21 - 22/\1 }.
1 1 1 S
(Z1|Z2) (27‘(‘)d/2 o t( )1/2 exp{—2(z1 — ZQ) 3 (21 — Zg)}
L ! 1/A A
2 Gy g P At 21z )
Where the inequality follows from det(X) = Hd ' i < A and by Lemma O
Theorem 4.4. H(Z1|Z) < §log2mA; + 5= — 3-E[cos (Z1, Zs)).
Proof.
H(Z,|Z5) = —/ p(2z1, z2) log p(z1|z2)dz1d 2o
21,22
d 1
—log2r A1 + — — — (21, 22)(z1 - 22)dz1dz2 (by Lemmad.3)
2 )\d A Sz oz
dlo 2T\ + — — iIE[Z Z,)] glo 2T\ + — — —E[COS(Z Zs)].
2% 1>\d)\1122g1)\d/\1 1, 42
O
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5 NON-CONTRASTIVE MUTUAL INFORMATION LOSS FOR UNSUPERVISED
REPRESENTATION LEARNING

‘We have derived two bounds in Section@ In this section, we utilize the two bounds to develop an
unsupervised learning method that can be used with the standard diagram shown in Figure[I] As-asual:

5.1 MAXIMIZING ENTROPY H(Z)

A direct application of Theorem &1 is used, and the following von Neumann entropy is maximized.

S(p1) =— Z \jlog \j, \; denote the eigenvalues of U7 U, /n. (1)
J

From equation |1} we obtain the desired empirical loss —S(p1) = _; A;log A;, and it is used to learn
(Oenc, Oproj) that maximizes the entropy H (Z,) for the given input data distribution X;. Computing
a more accurate density operator requires a larger batch size of n. However, a large batch size is
not really needed as long as the empirical density operator is sufficiently accurate for training the
network. Our experiments in Figure [3]show that the default batch size of 128 is sufficient. In fact,
even smaller values of 32 and 64 are effective as well.

5.2 MINIMIZING CONDITIONAL ENTROPY H(Z1|Z,)

The Theorem [5.1] was derived for random variables Z; and Z,. For unsupervised representation
learning, however, augmentation is applied to input random variables X; and Xs. Therefore, we
assume the commonly used ReLU as the activation vector and utilize its piecewise linearity to prove
the following theorem.

Theorem 5.1. Let Xy be an input distribution and X1 (= {z1|x1 = x2 + N(0,¢- 1),z € X2})

be a Gaussian noise perturbation of Xo with ¢ — 0. For a deep feedforward neural network with
piecewise linear activations f(-) whose output vectors are L2-normalized, we have

Ja,38>0, H(Z1|Zs) < o — B E[cos (Z1, Zy)],
where Zy = f(X1), Za = f(X2).

Proof. A deep feedforward neural network with piecewise linear activations is piecewise lin-
ear (Montifar et al., 2014). [RUS|foRGaRIx. < X., 3 [HSHEIEKISHE < > 0, A, and b such
that f(-) is equivalent to a linear transformation {(z) : € — z = Ax + b on B.(z2) =
{z1 € Xi| ||®1 — @2|] < €}. Hence we have z; ~ N(z3,X) where a symmetric matrix
Y =E[(z1 — 22)(z1 — 22)T] = AE[(z1 — T2) (1 — 22)T]AT = cAAT and ||Z|| < 1 forc — 0.
By Theorem H(Z1|Z5) < $log2mA; + /\% - )\%E[COS(Zl,Zg)] where 0 < Ag < ... < Ay are
the eigenvalues of 3. O

As explained a few times, Theorem [5.1|holds only for weak Gaussian noise perturbation. Nonetheless,
we use the cosine similarity loss for all the experiments.

6 EXPERIMENTS

Main algorithm: Our method is described in Algorithm|[T] It is a straightforward implementation
of designed by considering mutual information maximization as a difference of entropies, where the
von Neumann entropy term is maximized and the conditional entropy term is minimized. The training
and evaluation details are described in Appendix [C]
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Variance analysis: In Section (1} the high variance problem of variational mutual information
estimators was explained. To see if our method suffers less from such a high variance problem, we
have investigated three different learning methods. The first is contrastive learning (SimCLR), the
second is a difference of entropies implementation where the entropy is calculated as InfoNCE self-
information (Iycg(Z1; Z1) is estimated as the Shannon entropy) and the conditional entropy term is
calculated as the cosine similarity, and the third is a difference of entropies implementation where
the entropy is calculated as von Neumann entropy and the conditional entropy term is calculated as
the cosine similarity. The results are shown in Figure For the contrastive loss in (a), the mutual
information estimate steadily increases as the learning progresses. The estimated mutual information
shows a considerable amount of variation. We have used batch size of 128 for the InfoNCE estimation
of mutual information (Ixcg(Z1; Z2)). In this case, the log(n) bound is equal to 7 bits, and the
mutual information estimate did not hit the 7 bit bound. For the DoE loss with Shannon entropy in (b),
the entropy estimation shows a considerable amount of variance. The entropy estimation also hits the
7 bit bound around epoch 80. Actually, the Shannon DoE loss fails to learn effective representations,
and the linear evaluation fails with the Top-1 accuracy result of only 26.6%. For our method of DoE
loss with von Neumann entropy in (c), the entropy estimation does not show any visible variance
problem. The entropy steadily increases as the learning progresses. The von Neumann entropy is not
limited by the 7 bit bound, but it happened to stay below 7 bits in our experiment. Similar results for
the loss itself can be found in Appendix

Sensitivity to batch size: Figure [3]shows the trends of linear evaluation performance of our method
for batch sizes between 8 and 128. In most of the cases, the performance improvement saturates
around the batch size of 32. Batch size of 128 looks sufficiently large for the approximation of the
empirical density operator for training while marginal improvement can be observed for larger batch
sizes. Although a sufficiently large batch size is required for batch normalization due to inaccurate
batch statistics estimation at small batch sizes (Wu & He, 2018), the von Neumann entropy loss
works quite well for the small batch sizes.

Downstream task performance: Table[lalcompares linear evaluation Top-1 accuracies between
SimCLR, SimSiam, and ours for early epochs, small batch sizes, and a variety of datasets. When
reproducing the results of SimCLR and SimSiam, we have followed all the details described in their
works. As shown, our method consistently outperforms the other contrastive and non-contrastive
methods. Table|1b|compares linear evaluation Top-1 accuracies with ImageNet. The results for Sim-
CLR and SimSiam are from (Chen et al.,|2020) and (Chen & Hel [2020), respectively. Our method
eertainty outperforms the contrastive method (SimCLR) and shows comparable results for the non-
contrastive method (SimSiam). Due to the limited computation resource, we were able to train our
model only upto 200 epochs and batch size upto 128. Transfer learning results are shown in Table 2]
and we achieve the best performance for the half of the benchmark tasks in there (COCO tasks).

Algorithm 1: Main algorithm, PyTorch-like

Inputs: encoder f, projector g, Aug
Hyperparameters: batch size n, coefficient 5
for X in loader do
zerograd(f, g)
aug; ~ Aug; augs ~ Aug
Xy, Xg = augy(X), auga(X)
Hi, H = f(Xy), f(X2)
U;, Uy = normalize(g(H;), dim=1), normalize(g(Hs2), dim=1)
eig_val = symeig(matmul(U;.T,U;)/n)[0][-n:]

Loss; = (eig-val*log(eig_val)).sum() # maximization of the von Neumann entropy
Lossy = —cosine_similarity(U;, Uy).mean() # minimization of the conditional entropy
Loss = Loss; + S*Losss # maximization of the mutual information
Loss.backward()
update(f, g)

end for
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Figure 2: Comparison of SimCLR (contrastive learning), Shannon DoE (learning with Shannon
entropy and cosine similarity), and von Neumann DoE (learning with von Neumann entropy and
cosine similarity). As the training is carried out, the loss function’s information theoretic part is
assessed. (a) For SimCLR, the mutual information is estimated with InfoNCE. (b) For Shannon DoE,
the Shannon entropy part is estimated with InfoNCE self-information (Iycg(Z1; Z1)). (c) For von
Neumann DoE, the von Neumann entropy part is directly evaluated. (a), (b), and (c) achieved 85.0%,
26.6%, and 88.3% of Top-1 linear evaluation accuracy for CIFAR-10, respectively.
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Figure 3: Analysis on the effect of batch sizes for empirical density operator for optimization

COCO dataset is more complex than VOC (x4 more categories, X 7 more training samples, X3 more
sample boxes per images), and it turns out that our loss works better than any other benchmark meth-
ods for the complex dataset. This is an evidence that the-prineipled-appreach-ean our von Neumann
entropy loss has the ability to outperform other existing non-contrastive methods. Considering that
we [@i@i6t try to improve the results at the cost of tuning, we believe our method certainly provides
advantages over the existing methods. All the training details are described in Appendix [C]

7  DISCUSSION

Beyond mutual information: There are different views on self supervised learning beyond the
InfoMax principle (Linsker, [1988)). In Shannon information theory, MI is invariant under invertible
transformation. Hence, MI alone does not guarantee learning of a useful structure of representation.
Tschannen et al.|(2019) provides empirical evidences that indicate the success of various self-
supervised learning methods can be attributed not only to the maximization of mutual information but
also to an effective geometry learned for the representation. Following the work,|Wang & Isolal(2020)
explains contrastive learning as alignment (comparing positive pairs) and uniformity (comparing
negative pairs). In our work, the von Neumann entropy takes linear correlations of representation
into account. While one can think of its linearity as a limitation, we believe that minimization of
negative von Neumann entropy S(Z) and negative cosine similarity effectively guides the geometric
characteristics of the learned representations. This can be another benefit of our method when
compared to the original contrastive learning.

Limitation of log(d): The von Neumann loss successfully removes InfoNCE’s limitation of
O(log(n)) and enables a learning with a small batch size. Instead, another limitation of O(log(d))
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Table 1: Linear evaluation Top-1 accuracies (%). All are based on ResNet-50 pre-trained models.

(a) CIFAR-10/100 and ImageNet-10/100 (b) ImageNet
CIFAR-10 CIFAR-100 TmageNet-10 ImageNet-100 Epoch \ \ Top-1 acc  Batch size
Epoch | Batchsize | 16 32 64 128 | 16 32 64 128 | 16 32 64 128 16 32 64 128 100 | SmCIR | 628 5%
25 | SimCLR | 73.6 738 735 687|432 444 403 393 | 654 634 636 654|631 647 667 659 — :
Simsiam | 406 499 634 631|128 253 27.5 341|430 490 492 532|371 495 507 565 ‘ SimSiam | 673 128
Ours 761 763 752 746 | 48.1 511 497 491|654 704 69.6 69.0 | 64.6 678 69.6 704 68.1 256
50 | SimCLR |78.1 797 790 79.7 | 477 495 49.1 50.1|708 700 700 690 | 683 711 721 728 ‘ Ours ‘ 044 64
Simsiam | 524 628 744 742|245 339 382 357|528 514 562 564|269 314 444 650 67.1 128
Ours 804 819 821 817|533 567 581 577|732 728 752 744|690 742 760 761 200 | SimCLR | 643 256
100 | SimCLR |81.8 828 836 850|522 558 572 593|774 77.6 714 784|686 716 719 784 | SimSiam | 70.0 256
Simsiam | 63.8 694 793 807 | 304 328 404 472|598 632 620 660|247 297 545 68.1
Ours 842 872 882 883|562 619 620 633|776 808 810 822|703 799 812 820 | Ours | 691 128

Table 2: Transfer learning. All are based on ResNet-50 models pre-trained for 200-epoch in ImageNet.

VOC 07 detection VOC 07+12 detection COCO detection COCO instance seg.
Pretrain APsy AP  AP;; APs; AP APy APs; AP APy APISK Apmask ppmask
Scratch (repro. in {Chen & Hel2020)) 359 168 13.0 602 338 33.1 440 264 278 46.9 293 30.8

Supervised (repro. in (Chen & HeJ2020)) 74.4 424 427 81.3 53.5 58.8 58.2 38.2 41.2 54.7 33.3 352

SIMCLR (epro. in (Chen& ey 75.9 468 501 818 555 614 577 379 409 546 333 353
MoC0 V2 gepro. in (Chen & Helpozo) 771 485 525 823 570 633 588 392 425 555 343 366

BYOL. (repro, in (Chen & FeT2020)) 771 470 499 814 553 611 578 379 409 543 332 350
SWAV (cepro. in {Chion & Ho12070)) 755 465 496 815 554 614 576 376 403 542 331 351
SImSiam (from (Chen & HeI2020]) 773 485 525 824 570 637 593 392 421 560 344 367
Ours 764 456 477 809 526 577 601 403 433 565 349 370

becomes relevant because the von Neumann entropy in Definition [3.1]is limited in that its maximum
value is log(d), where d is the size of the representation vector Z. Increasing d, however, does not
incur a significant increase in computation and memory requirements when compared to increasing
the mini-batch size n. The experiment results also support that our choice of d = 256 or d = 512
does not prevent a successful learning.

Quantum representation: Consider a coin flip. Shannon entropy is a measure of the expected
surprise upon obtaining an observation where the observation can be either a tail or a head, but
nothing else. The surprise is larger when a lower probability event occurs. Quantum entropy is also a
measure of information but it is more complex in the sense that it is defined over the state where a
state can be a tail ([1,0]7 in vector representation), a head ([0, 1], or any probabilistic representation
of the two (e.g., [v/0.7,+/0.3]7 which represents a state of 70% chance of tail and 30% chance of
head)[l In quantum theory, a probability distribution itself is considered as a state and therefore
quantum theory inherently has an additional level of uncertainty built in its representation and theory.
Considering that the representation in deep learning is very difficult to understand analytically and
that the ideas of many practical deep learning techniques stem from the concepts of superposition
and entanglement, it might be helpful if we can train a neural network to have its representations
follow the rules of quantum information theory. Ideally, it would be enlightening to be able to learn
such a quantum representation, but our loss is limited in that the tightness of the H(Z) bound is
not guaranteed to be achievable and in that the conditional entropy H (Z|Zs) is not transformed
into a quantum conditional entropy. Furthermore, the tightness of the cosine similarity bound is not
guaranteed to be achievable, either. Nonetheless, quantum theory turned out to be quite useful and
effective for handling practical problems such as O(log(n)) limitation and for improving learning
stability in unsupervised representation learning.

'In quantum physics, an observation becomes available only after a measurement is made. Quantum in-
formation theory is defined over states, not observations, and it can be considered as a generalization of the
Shannon information theory.
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8 CONCLUSION

We proposed a prineiple h th e erence-ofen e m nformation
non-contrastive loss based on a dlfference of entropies with a von Neumann entropy bound. We
employed a mathematical framework of quantum information theory as an extension of Shannon
information theory. The von Neumann entropy provides a tractable lower bound of Shannon entropy
in the high dimensional vector space of R¢. Additionally, negative cosine similarity was proven to be
an upper bound for the conditional entropy. The proof of cosine similarity maximization is limited
because it is derived for weak Gaussian noise augmentation only. By combining the two entropy
losses, we have obtained-the-firstsueeessful proposed a non-contrastive mutaal-information loss for
visual unsupervised representation learning. Our method is prineipled; simple, and it performs well
even for a single-device training due-te-the-small because it does not require a large batch size.

NOTE: length of this work will be shortened later by removing strikethrough lines.

Ethics Statement Our work proposes fundamental theories on deep representation learning. Hence,
we do not expect any ethical issue. Depending on the applications, however, improved representation
learning methods may or may not cause potential ethical problems including inappropriate use of
deep fake.

Reproducibility Statement We have included concrete proofs for the theorems in Section
and Section [5] PyTorch-like pseudo codes for the algorithms in Section [6] and detailed learning
hyperparameters in Appendix [C] Fully reproducible code will be made available in github.
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A A BRIEF INTRODUCTION TO QUANTUM THEORY

A classic bit can be either 0 or 1. In quantum theory (Nielsen & Chuang| [2002; |Wilde, [2013)), a qubit
is a quantum extension of the classic bit, and it can be in state |0), state |1), or any linear combination
(superposition state) of the two as [¢)) = a|0) + b|1), where |a|?> + |[b]> = 1. Even though deep
learning is not directly related to quantum physics, theories based on this extension can be a useful
tool for handling deep representations.

Dirac notation and basic concepts D1rac notation is used n quantum theory (Diracl [1939). His

a-ketn i se nd—>- For a state
|1/J> w should be understood as the name or label of the state Because hnear algebra provides the
mathematical foundation of quantum theory, vector notation is adopted. For instance, in the simple
example of [¢)) = a |0) +b|1), [1) can be expressed as [¢)) = [a, b]” where the interpretation should
be state |+)) can be 0 with probability |a|? and 1 with probability |b]? (therefore |a|? + [b]* = 1).
Here, the ket vector |¢) is the Dirac notation for a column vector in a Hilbert space H. To represent a
row vector, the bra vector (v| is used, as in (¢)| = [a, b]. An inner product or braket is represented as
(1|@) and an outer product or kerbra is represented as |1 )X ¢|.

A state can be either pure or mixed. In the simple example, |0) = [1,0]% and |1) = [0, 1]* form the
computational basis states, and they are pure states. Any superposition of the two, 1)) = a |0) +b 1),
is also a pure state because it corresponds to a single vector with a probabilistic distribution over
the basis states. By contrast, a mixed state is a probabilistic mixture of a set of pure states. Note
that a pure state already has a probabilistic interpretation over the basis states and a mixed state
has an additional level of probabilistic interpretation over a set of such pure states. In this case, we
are considering a state that is not completely known but is an ensemble of pure states {|v;)} with
respective probabilities {p; }. The full information of a mixed state cannot be represented as a vector,
and the notion of the density operator (also called density matrix) is required.

Definition A.1 (Density operator (Nielsen & Chuang| 2002)). A density operator is defined as below.
pP=Y pilti)vl.

Density operator p satisfies p > 0 and #r(p) = 1. In addition, p = p? and rank(p) = 1 are
satisfied for pure states and t7(p?) < 1 is satisfied for mixed states. The density operator provides a
convenient way to describe the uncertainty or probability distribution of a quantum system. According
to Gleason’s theorem (Gleason, |1957), the probability of a state |¢;) in the system with p is given by

tr(p [1hi 1)

A composite quantum state of n qubits can be represented as a vector of size 2" (e.g., a single-qubit
state is represented as a vector of size two). For example, a quantum state of two separable single-qubit
states can be represented as

) @ [¢) = [¥) [¢) = [v¢) = [a,b]" @ [c,d]” = [ac, ad, be, bd]"

in which |ac|?, |ad|?, |bc|?, and |bd|* represent the probability of |1)¢) being [00) ,]01), |10), and
|11), respectively. In d-dimensional quantum system, a quantum state is on the unit hypersphere in a
Hilbert space H. Note that . hypersphere constraint on representation plays an important role for
connecting cosine similarity and positive pair loss part of contrastive learning.

An entangled state is a state that cannot be represented as a product of two independent states. For
example,

1 1 1
= —|00) + —|11) = —
cannot be represented as a product of two single-qubit states; therefore it is an entangled state. In

this example, note that |¢) is always equal to |¢) (with 50% chance, |¢)) = |¢) = |0) and with 50%
chance, |1) = |¢) = |1)). However,

[1,0,0,1]"

1 1 T 1
he) = 751000+ 7= b 10,07 =0) @ —5(10) + 1)

is not an entangled state. For an entangled state, each qubit’s state cannot be described independently.

01) =
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B LOSS CURVE COMPARISONS

Similar to Figure 2] we have plotted the progress of loss values for the three learning methods. As in
Figure 2] the loss is stably decreased by our method.
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Figure 4: Comparison of SimCLR (contrastive learning), Shannon DoE (learning with Shannon
entropy and cosine similarity), and von Neumann DoE (learning with von Neumann entropy and
cosine similarity). As the training is carried out, the loss value is plotted for the three types of learning.

C TRAINING AND EVALUATION DETAILS

Encoder pre-training We pre-train the encoding network, ResNet-50 2016), using
ImageNet (Russakovsky et al.| [2015) training set without labels. The representation is the output
of the second last layer (i.e. the global average pooling layer of 2048 dimensions). The projection
network has three fully connected linear layers, two hidden layers of dimension 2048 and an output
layer of dimension 512, with batch normalization (Toffe & Szegedyl [2015)). The default optimizer is
SGD with momentum and global weight decay excluding biases and batch normalization parameters.
The learning rate is linearly scaled with batch size (Ir = base learning rate X batch size /256) and is

scheduled by cosine learning rate decay with 10-epoch warm-up and without restarts (Loshchilov|
& Hutter, |2016; Goyal et al., 2017). Table [3|summarizes the details of hyperparameters.

entropy quickly saturates while cosine similarity loss does not, we linearly increased /5 from 1 to 10
When pre-training with tiny images (CIFAR-10 and CIFAR-100) (Krizhevsky et al.,
2009), we made a few modifications to the encoding network and data augmentation, as described in

Table @

Table 3: Hyperparameters.

ImageNet CIFAR-10

100 ep 200 ep 100ep 800 ep
Batch size 64 128 64 128
Weight decay 5.0e-06 7.5e-06 2.5¢-06 5.0e-06 5.0e-05 1.0e-04
Base learning rate 0.45 0.45 0.45 0.45 0.5 0.25
Learning rate base learning rate x batch size / 256
Scheduling 10-epoch warm-up & cosine decay
Momentum coefficient 0.9
B Linear scaling from 1 to 10

As a key component of the invariant mapping, random data augmentation must inject sufficient
randomness while guaranteeing that all distortions from one image share the same semantic content,
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Table 4: Hyperparameters for CIFAR-10 and CIFAR-100 (modified from the hyperparameters of
ImageNet).

ImageNet CIFAR-10,CIFAR-100
Data augmentation (2020) RandomResizedCrop 224x224 32x32
ColorJitter p=0.8,b=0.8,c=0.8,5=0.8,h=0.2  p=0.8,b=0.4,c=0.4,5=0.4,h=0.1
GaussianBlur p=0.5 p=0
Encoding network|Chenet al.|(2020)  First Layer 7x7 Conv of stride 2 3x3 Conv of stride 1
Second Layer Maxpool Identity
Projection network # of hidden layers 2 1
Dimension of output layer 512 256

which is supposed to be retained in the representation. Various combinations of image augmentations
in visual self-supervised learning have been studied in (Chen et al., 2020; [Grill et al.| 2020). Following
the works, we use similar data augmentation schemes as summarized in Table[5] Ours follows the
same ones as in SimCLR, and it works consistently well with the other data augmentation sets as
well.

Table 5: Summary of data augmentation policies (for ImageNet).

Ours, SImCLR  SimSiam  BYOL

RandomResizedCrop Probability 1.0 1.0 1.0
RandomHorizontalFlip  Probability 0.5 0.5 0.5
ColorJitter Probability 0.8 0.8 0.8
Brightness 0.8 0.4 0.4
Contrast 0.8 0.4 0.4
Saturation 0.8 0.4 0.2
Hue 0.2 0.1 0.1
RandomGrayscale Probability 0.2 0.2 0.2
GaussianBlur Probability 0.5 0.5 1.0/0.1
Kernel size 23 23 23
Sigma range 0.1,2.0 0.1,2.0 0.1,2.0
Solarization Probability 0.0 0.0 0.0/0.2

Because Ours works for small batch sizes, special optimizers such as LARS and
multi-GPU data parallelisms for large batch training are not necessary. A single RTX 3090 GPU was
used as the default device for pre-training the encoding network as it can handle a batch size of 128
in ImageNet. An 100-epoch pre-training takes a week, and can be accelerated by multiple GPUs.

Linear evaluation A linear classifier probe (Alain & Bengio, 2016)) is a general method for
measuring the quality of representation by training an independent linear classifier with labels on top
of the frozen model’s representations. We freeze the pre-trained encoding network and train a linear
classifier with the labeled training set using the SGD optimizer with a learning rate of 0.3, weight
decay of 1e-6, momentum of 0.995, and batch size of 256. The learning rate is scheduled for 100
epochs by cosine learning rate decay without warm-up and restarts. Performance is measured using
the validation set Top-1 accuracy (%).

In Table [Ta] in Section [6] All the encoding networks are pre-trained in each training set with a
base learning rate of 0.25, cosine learning rate decay with 10-epoch warm-up. ImageNet-10 and
ImageNet-100 are randomly chosen subsets of 10 classes of ImageNet and 100 classes of ImageNet,

respectively. The class names of ImageNet- 10/100 are summarized in Table 6

Transfer learning We also evaluate our method by transferring the model to various tasks. We
use the detectron2 released under the Apache 2.0 license and follow the MoCo’s
public codes 2020) under the CC-BY-NC 4.0 license, which fine-tunes the pre-trained
model to VOC object detection (Everingham et al.,2010) and COCO object detection and instance
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Table 6: List of ImageNet-10/100 classes

ImageNet-10
n02002556 n02168699 n02526121 n02930766 n03814639 n03843555 n04179913 n04591713 n07615774 n07717410
ImageNet-100

n01484850 n01494475 n01532829 n01560419 n01632458 n01667114 n01689811 n01698640 n01770393 n01796340
n01828970 n01843383 n01855032 n01873310 n01978455 001981276 n01990800 n02007558 n02086910 n02088238
n02090721 n02093647 102096051 n02096294 n02098286 n02111500 n02111889 n02117135 n02123597 n02138441
n02167151 n02219486 1n02321529 n02363005 n02483708 n02486261 n02492660 n02494079 n02500267 n02783161
n02787622 n02802426 n02814860 n02817516 n02883205 n02906734 n02917067 n02978881 102992529 n03014705
n03063599 n03127747 1n03255030 n03259280 n03344393 n03404251 n03417042 n03478589 n03482405 103529860
n03642806 n03676483 n03706229 n03761084 n03769881 n03792782 n03803284 n03804744 n03873416 103982430
n03992509 n04044716 n04070727 n04086273 n04141975 n04146614 n04153751 n04162706 n04179913 n04204238
n04252225 1004254120 n04355933 n04435653 n04476259 n04517823 n04525305 004584207 n04613696 n07711569
n07714990 n07716906 n07718472 n07718747 n07754684 109288635 n09472597 nl12144580 nl12620546 nl13054560

segmentation tasks (Lin et al., 2014). VOC 07 detection and VOC 07+12 detection tasks fine-tune
Faster R-CNN with C4-backbone (Ren et al.| 2015} |Wu et al., 2019) in VOC 07 trainval and VOC
07 trainval + VOC 12 train respectively and evaluate in VOC 07 test. COCO detection and instance
segmentation tasks fine-tune (1 x schedule) Mask R-CNN with C4-backbone (He et al., 2017} [Wu
et al.,12019) in COCO 17 train and evaluate in COCO 17 val. In this evaluation, we use 8 X RTX
3090 GPUs, the default number of GPUs for the tasks.
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