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Abstract

The attention mechanism is an important reason for the
success of transformers. To reduce the high computational
cost of standard quadratic attention, linear attention has
been proposed. It applies kernel functions to the inputs
before the pairwise similarities are calculated. Although that
allows for an efficient computational procedure, it reduces
the expressive power of linear attention, leading to worse
results than softmax-based attention.

We propose Hadamard Linear Attention (HLA). In con-
trast to others works on linear attention, the nonlinearity
in HLA is applied after the pairwise similarities have been
computed, analogously to standard softmax attention. An
efficient computation scheme for the proposed method is de-
rived that is similar to that of standard linear attention. The
effectiveness of the approach is demonstrated by applying it
to a large diffusion transformer model for video generation,
an application that involves very large amounts of tokens.

1. Introduction

The transformer architecture has demonstrated remarkable
success across a wide range of domains, for instance, ques-
tion answering [24], reasoning [28], and even tasks such
as 3D reconstruction [27]. An important limitation of the
attention mechanism used in transformers is its quadratic
complexity with respect to the length of the input sequence.
Although recent advances [2, 3, 22] have mitigated the
quadratic memory complexity, the computational complex-
ity remains quadratic. Linear attention mechanisms have
been proposed as scalable alternatives. However, despite
their improved efficiency, linear attention-based transform-
ers [13, 20] exhibit reduced performance compared to those
that use standard attention.

In standard linear attention, nonlinear transformations are
applied prior to computing pairwise interactions, resulting in
a low-rank approximation of the full attention matrix. This
contrasts with softmax-based attention, where the nonlin-
earity is applied after the pairwise interactions have been
computed. In this work, we introduce a novel nonlinear-

ity for linear attention, Hadamard Linear Attention (HLA).
Unlike existing approaches, the proposed nonlinearity can
also be applied after the pairwise interactions have been
computed. We derive an efficient computation scheme for
the proposed attention mechanism, preserving the scalability
benefits of linear attention.

An important advantage of the proposed algorithm is
that it can be directly applied to the sequence, unlike other
algorithms [14, 32] which first require the reshape the
tensor. While this reshaping operation is not measured
by metrics such as the number of floating point opera-
tions (FLOPs), it may cause a higher latency especially on
memory-constrained platforms. Furthermore, Hadamard
Linear Attention considers the entire sequence through its
attention mechanism whereas [14] only has a limited view
via its receptive field.

2. Related Works

Linear attention has been proposed to solve the quadratic
memory requirement and computation complexity that stan-
dard softmax-based attention has [13, 23]. It has been noted
that algorithms relying on linear attention often perform
poorly compared to algorithms using standard attention. The
authors of [20] point out that linear attention is equivalent
to fast weight programmers [21]. The same authors also
propose to use a decay factor to hinder retention of irrelevant
information over a sequence via the Delta rule.

[1, 16, 17, 19] propose how to better approximate the
exponential function in the context of linear attention. The
low-rank constraint inherent to linear attention is a likely
cause of the poor performance of linear attention. A solu-
tion has been proposed in [5]. Other approaches have been
proposed as well, for instance based on maximal coding rate
reduction [30] or locality sensitive hashing [8].

Recently, [32] and [6] combined softmax attention with
linear attention for video diffusion. This idea is to model
large values in the attention matrix by softmax, yet smaller
ones by linear attention. While these hybrid methods offer
good performance, they require dynamical indexing' and are

! Directly selecting one or multiple individual values in a tensor is not
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Figure 1. Results generated using the proposed video diffusion transformer (HLA-3F-R1-10, see sec. 5.1 for more details) using Hadamard

Linear Attention.

not softmax-free

3. Attention
3.1. Softmax Attention

Let there be N tokens X = [z ,..., @] € RV*? where
the scalar d indicates the number of elements each of the
vectors x; has. These input tokens are mapped to queries
@, keys K and values V' by right-multiplying with learnable
matrices Wy, Wy, W,,. The attention scores are the product
QKT normalized by softmax. The attention mechanism
used in [25] uses them to compute a convex combination of

1 T
the values softmax (7&QK ) V.

3.2. Linear Attention

Linear attention has been proposed [13, 20, 20] as a solution
to both problems. Its idea is to approximate the exp function
using a separable kernel

exp(mi, mj) ~ K(wla :13]') = <¢($1),¢(ﬂ3])> ()

Due to the separability of the kernels, the order of matrix
multiplication is changed for linear attention

Q) ((K)" V) =¢(Q)-C ©)

supported by some low-power compute units.

which avoids explicitly computing the attention scores
whereby the complexity is reduced to O(N) since ¢(K) -V
forms the d x d context matrix. Matrix C' in equation 2 is
often called the context.

4. Hadamard Linear Attention

4.1. Definition

Separable kernel functions are the basis of linear attention
and enable compute and memory-efficient attention proce-
dures. Since the nonlinearities are applied before the pair-
wise interactions are computed, linear attention models a
low-rank approximation of pairwise interactions [32]. This
is unlike softmax-based attention that applies the nonlinearity
to the pairwise interactions.

The contribution made in this paper is to propose both a
novel type of linear attention mechanism and a nonlinearity
that is novel in linear attention. In contrast to existing works,
this novel nonlinearity can be applied after the pairwise inter-
actions have been computed. The proposed attention mecha-
nism is therefore more similar to standard softmax attention.
Although it would appear that such a model prohibits an
efficient computational procedure to calculate attention, we
will prove that our proposed attention mechanism allows for
that, similar to linear attention.

Let ¢g : d — dy and ¢, : d — d, be nonlinear
transformations with f = 1,..., F. We define our attention
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operator as follows

A= (94(Q) -0, (K)") © (6,(Q) - 60 (K) ) @ -+
3
where the symbol © indicates the element-wise product, also
called Hadamard product. Instead of softmax as nonlinearity,
equation 3 uses the element-wise products Hf;l bq (¢:)"
®x, (kj). The attention update can be computed by right-
multiplying A with the value matrix V.

4.2. Efficient Attention

Naively evaluating A - V' by equation 3 has quadratic com-
putational complexity. We now derive an efficient strategy
for computing the attention, which will reveal a procedure
analogous to that of standard linear attention. In the follow-
ing, indicate by a summation symbol without any indices
a summation over all elements of the argument.

Lemma 4.1. Given F' = 2 factors for the Hadamard product
in equation 3, we may express the product involving the d-
dimensional vectors q, rl and r? as

(qT _Tl) ) (qT _TQ) _ Z(q_qT)Q (rl ~r2T> @)
dxd d><~d

where the sum is over all the len(q)? elements.
For F' > 2, the relation involving the d-dimensional
vectors q and 11 generalizes to

F
[TG@ ) =>@e 9o e o) 6
f=1

dx---xd dx---xd

where the symbol @ denotes the outer tensorial product and
the summation is over all the elements.

Let 7, be the N x dg x - --d, dimensional tensor that
contains the N F-fold tensorial outer products of the vectors
¢q (¢;) with themselves, ie the ith slice, ¢ = 1,..., N, is
equivalent to [7,], = ¢4 (¢i) ® - - @ ¢4 (¢;). Analogously,
define by 7}, the N X dg X - - - dy tensor that contains the N
F-fold tensorial outer products of the vectors ¢y, (k;).

Theorem 4.2. The attention defined by equation 3 can be
equivalently expressed by the product between T, and a
dg x -+ X dg x d dimensional context tensor C

Ty @ C. (6)

Please note that although equation 6 appears similar to the
formulation of plain linear attention, it contains higher-order
terms of the keys in C via T. In other words, linear attention
computes attention scores linear in the keys, whereas HLA
computes attention scores F'-fold in the keys.

Lastly, we need to ensure that each row of matrix A sums
up to 1. We may perform this similarly to standard linear
attention if we require that @¢ , k, ks (-) > 0. The factors 7;
that normalize each row of the matrix in equation 3 to sum 1
are given by the contraction of the tensor 7, ® 7}, over all
dimensions except the first

n=> [TOTm.. - (7)

lm,...

4.3. Causal Attention, Decay Factors and Sequen-
tial Updates

Since we require that @q k, ks ks (-) > 0 for normalization,
we may easily consider, for instance, causal attention by
left-multiplying an n x n matrix M to the keys ¢y (K'). For
causal attention, the entries of M are chosen to be {0, 1}.
The mask can include decay factors as proposed in [20].

5. Experiments

5.1. Implementation Details

Data We fine-tune our model variants using a 350K subset
of the data used by OpenSoraPlan [15]. We also use about
100K synthetic videos generated by Wan2.1 14B.

Model The proposed attention mechanism is integrated
into the Wan2.1 1.3B model for video diffusion [4]. Two res-
olutions are used: first, the smaller of two resolutions used by
the original model (81x480x832); second, a lower solution
more suitable for fast video generation (81x320x480). The
sequence lengths are 32760 and 12600 tokens, respectively.
We indicate the two resolutions by R1 and R2.

We evaluate with two variants of Hadamard Linear At-
tention. The first one employs three factors in equation 3,
whereas the second only uses two factors. For the first, we
use small MLPs ¢, ¢, ,j = {1,2,3} and ¢, = {1,2}.
For the second, we use slightly larger MLPs.

The two HLA variants are included into four variants
of Wan: HLA-2F-R1-21 uses two factors in equation 3, a
resolution of 81x480x832, and applies Hadmard Linear At-
tention to 21 out of 30 transformer blocks. HLA-3F-R1-21
is identical to HLA-2F-R1-21 except that it uses three fac-
tors in equation 3. HLLA-3F-R1-10 is identical to HLLA-3F-
R1-21 except that it applies HLA to 10 transformer blocks.
Lastly, HLA-3F-R2-15 uses three factors for the Hadamard
product in 15 out of 30 transformer blocks and resolution
81x320x480. Please see the supplementary material for more
information about the model definitions.

Evaluation VBench [10] scores are reported to assess
the visual quality and report the floating-point operations
(FLOPs) of each model variant to measure the computa-
tional complexity. We evaluate against two checkpoints of
Wan2.1 [4], one at 480p provided by the original authors, the
second at 320p trained by us. We do not compare with recent
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Totalt Quality? Semantict
Models with at most 2B parameters
Open-Soral.2 [18] 79.76 81.35 73.39
SnapGenV [29] 81.14 83.47 71.84
LTX-Video [7] 80.00 82.30 70.79
CogVideoX [31] 81.55 82.48 77.81
Hummingbird [11]  81.35 83.73 71.84
M4V [9] 81.91 83.36 76.10
PyramidFlow [12] 81.72 84.74 69.62
Wan2.1-1.3B [26] 83.31 85.23 75.65
Wan2.1-1.3B-HLA
~ 23% less total compute
HLA-3F-R1-10 81.42 83.22 74.20

Table 1. Comparison on VBench with other models for video
diffusion. We report the numbers published in the respective papers.
While the proposed method has slightly lower scores, it requires
less than 80% of the TFLOPs used by Wan2.1-1.3B.

sophisticated variants of linear attention that use windowing,
delta rule or hybrid methods that combine standard linear
attention with softmax-attention. These techniques can be
integrated into HLA, or HLA can replace standard linear
attention in hybrid methods.

5.2. Main Results

We compare the performance of HLA-3F-R1-10 with sev-
eral state-of-the-art models of comparable number of pa-
rameters in table 1. Higher numbers indicate better results.
Compared with Wan2.1-1.3B, the proposed model has about
23% lower computational complexity (cf. table 2) but only
slightly lower vbench scores.

5.3. Ablations

Table 2 shows a comparison of different model variants.
They differ in whether they use two or three factors in the
Hadamard product in equation 3 (indicated by 2F or 3F), the
video resolution they were trained with (R1 or R2) and the
number of Hadamard Linear Attention Layers they use (10,
15 or 21). It can be seen that the VBench scores slightly re-
duce while the number of HLA layers increases. Conversely,
the computational complexity reduces. The time necessary
to generate a single video is perceivably lower for HLA-3F-
R1-21 compared to the baseline. HLA-3F-R1-21 requires
almost half the number of floating-point operations (FLOPs)
as the baseline. We also see that 3-factor HLA provides
better performance than 2-factor, despite that the 2-factor
version has similar FLOPs (by using larger MLPs). The
reason that the computation time does not reduce as much
as the number of FLOPs lies in the number of compute units
that allow massive parallelization. Less capable accelerators,
for instance those widely used in mobile applications, can be
expected to benefit even more from the proposed algorithm.

This shows that using higher-degree HLA is a more effective
way to scale up model capacity.

5.4. Complexity

Table 3 compares the computational complexities of the four
different HLA variants compared with standard quadratic
attention. As in Sec. 5.1, we use slightly larger MLPs for
HLA with 2 factors. Depending on the resolution and the al-
gorithmic variant, HLA requires between 20% and 90% less
floating-point operations (FLOPs) than quadratic attention.

Method Tokens Score TFLOPs Time
Wan2.1 (quad.) 32760 83.3 283.03 1:36
Wan2.1 (quad.) 12600 81.0 62.13 0:45
HLA-3F-R1-10 32760 81.42 218.59 1:26
HLA-3F-R2-15 12600 79.78 48.37 0:26
HLA-2F-R1-21 32760 79.02 147.16 1:13
HLA-3F-R1-21 32760 80.54 147.71 1:16

Table 2. VBench scores and times to generate a single video of
several model variants. TFLOPs are for a single forward pass
through the model. All measurement were done on an H100 GPU.

Attn Type Resolution Tokens TFLOPs
Wan2.1 (quad.)  320x480 12600 1.21
Wan2.1 (quad.)  480x832 32760 7.21
HLA 2 factors 320x480 12600 0.97
HLA 2 factors 480x832 32760 2.52
HLA 3 factors 320x480 12600 0.30
HLA 3 factors 480x832 32760 0.77

Table 3. Computational complexity of models with 2 or 3 factors
in the Hadamard product in equation 3 for 12600 or 32760 tokens.

6. Conclusions

We proposed Hadamard Linear Attention (HLA), a novel
algorithm to compute attention. Unlike traditional linear
attention algorithms, HLA applies a nonlinearity after the
pairwise similarities have been computed. We derived an
efficient formulation that reduces the complexity to O(N).
HLA relies on standard tensor operations and can directly
operate on the input sequence without requiring any time-
consuming tensor reshaping. We demonstrated good re-
sults on the challenging application of video diffusion which
involves extremely long sequences. For typical sequence
lengths, our proposed HLA requires only about 1/10 of the
FLOPs that baselines need. HLA can replace standard linear
attention in hybrid algorithms like [32] and [6] to yield im-
proved performance. Likewise, HLA can be extended with
windowing or the delta-rule to improve the algorithm.
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