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Abstract

We focus on developing a theoretical understanding of meta-learning. Given
multiple tasks drawn i.i.d. from some (unknown) task distribution, the goal is to
find a good pre-trained model that can be adapted to a new, previously unseen,
task with little computational and statistical overhead. We introduce a novel
notion of stability for meta-learning algorithms, namely uniform meta-stability.
We instantiate two uniformly meta-stable learning algorithms based on regularized
empirical risk minimization and gradient descent and give explicit generalization
bounds for convex learning problems with smooth losses and for weakly convex
learning problems with non-smooth losses. Finally, we extend our results to
stochastic and adversarially robust variants of our meta-learning algorithm.

1 Introduction

Traditional machine learning algorithms excel at generalizing, but they often require extensive training
data and assume that both training and test data come from the same distribution or task. In real-world
scenarios, large sets of training data from a single task are often lacking. Instead, training data may
stem from diverse tasks with shared similarities, while test data come from entirely new tasks. The
challenge is to rapidly adapt to these unseen tasks without the need to train from scratch.

To address this challenge, meta-learning, also referred to as learning-to-learn, has emerged as
an effective approach. Meta-learning has gained significant attention recently [Hospedales et al.,
2021], with applications spanning across various domains including computer vision [Nichol et al.,
2018] and robotics [Al-Shedivat et al., 2017], ranging from few-shot classification [Snell et al.,
2017], hyperparameter optimization [Franceschi et al., 2018], to personalized recommendation
systems [Wang et al., 2022].

As the name suggests, meta-learning operates on two levels of abstraction to enhance learning over
time. On an intra-task level, the learner needs to find models that perform well on individual tasks.
On a meta-level, the learner needs to figure out useful meta-information, perhaps a prior over tasks,
that relates different tasks and allows transferring and adaptation of knowledge to new unseen tasks
efficiently (both in terms of statistical as well computational overhead). It is typical to represent
such meta-information in the form of a pre-trained model, which we can represent using certain
meta-parameters. Distinct from a standard setting, meta-learning involves training on a diverse set of
tasks. At test time, we evaluate the performance of the pre-trained model on new unseen tasks while
allowing it to adapt using a small sample on the test task.

An increasing body of empirical research is dedicated to advancing meta-learning algorithms, among
which model-agnostic meta-learning (MAML) [Finn et al., 2017] stands out as a prominent approach.
MAML is designed to find a good meta-parameter w which facilitates the learning of task-specific
parameters through a single step of gradient descent. In particular, given a set of m tasks denoted
as {D;}7",, MAML estimates the meta-parameter as w = argmin,, ;- >’ L(uj, D;), where
task-specific parameters are computed as u; = w — nVL(w, D;).
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However, a notable limitation of MAML is that it requires computing second-order derivatives,
which is computationally demanding for deep neural networks in practical applications. This
computational complexity also poses a challenge for a theoretical understanding of MAML, an
aspect that remains largely under-explored. To mitigate this challenge, several MAML variants have
been proposed, including first-order MAML [Finn et al., 2017], Reptile [Nichol et al., 2018], and
iMAML [Rajeswaran et al., 2019]. Owing to its success, MAML has been used for robust adversarial
meta-learning [Yin et al., 2018, Goldblum et al., 2020, Wang et al., 2021, Collins et al., 2020],
differential private meta-learning [Li et al., 2019], and personalized federated learning [Chen et al.,
2018, Fallah et al., 2020].

Another popular framework for meta-learning is based on a “proximal” update, wherein the
task-specific parameter are iteratively learned by minimizing the empirical loss and an ¢y regu-
larizer [Denevi et al., 2018, Zhou et al., 2019, Denevi et al., 2019a, 2020, Jiang et al., 2021].
Given a task D and a meta-parameter w, the task-specific parameter u are defined as u =
argmin, L(u; D) + 3 [u — w||?. This regularization strategy ensures that the task-specific parameter
remains close to the meta-parameter. A similar strategy has been explored in other contexts. For exam-
ple, Kuzborskij and Orabona [2017] study the problem of hypothesis transfer learning and show a fast
rate on the generalization error of a task-specific parameter u returned by regularized empirical risk
minimization conditioned on a good meta-parameter w. Yet, it remains unclear how to ensure finding
such a good meta-parameter, provably. Relatedly, Denevi et al. [2019b] study stochastic gradient de-
scent with biased regularization for linear model and incrementally update the bias (meta-parameter).
Concurrently, Zhou et al. [2019] proposed the Meta-Prox algorithm as a generic stochastic meta-
learning approach. Specifically, given a set of meta-training tasks Dy, ..., D,,, the meta-parameter
w is estimated by solving miny, Z;nzl min, L(u, D;) + % lu— w||2_ Zhou et al. [2019] argue that
Meta-Prox is a generalization of MAML since the gradient descent update in MAML can be viewed
as taking the first-order Taylor expansion of the objective, [Zhou et al., 2019, Section 3.1].

In this work, we adopt the framework of Zhou et al. [2019] to study meta-learning from a theoretical
perspective. Given m tasks drawn i.i.d. from some (unknown) task distribution p, our goal is to find
a good pre-trained model (the meta-parameter) which can be adapted to a new unseen task, drawn
i.i.d. from p, at test time, using gradient descent. Our key contributions are as follows.

1. We introduce a novel notion of stability for meta-learning algorithms, namely
uniform meta-stability. For S uniformly meta-stable algorithm, we bound the generaliza-

tion gap by O(Blog (mn/§) + /log (1/8)/(mn)).
2. We consider two variants of task-specific learning — based on regularized empirical risk minimiza-
tion (RERM) and gradient descent (GD) — within our meta-learning framework. We apply our

stability-based analysis to these variants to learning problems with convex, smooth losses and
weakly convex, non-smooth losses. Our results are summarized in Table 1.

Algorithm Loss Conditions Uniform meta-stability 5
Algo. 1 with RERM | convex, G-Lipschitz y<i /\Gi + %2
Algo. I with RERM | convex, H-smooth, M-bounded | v <+, A > H % + %
. . . 2 1 2 2
Algo. 1 with GD convex, G-Lipschitz, H-smooth | 5 < TV S a7 % %
Algo. 1 with GD | p-weakly convex, G-Lipschitz n<iy<da=2p GA/T+ % + %QL
Algo. 3 with GD | p-weakly convex, G-Lipschitz N<+.7< 55, A>2p G%/T+ % + %QL w.h.p.

Table 1: Bounds on uniform meta-stability 3 for different families of learning problems. Here, 7 is
the step-size for GD for task-specific learning, - is the step-size for GD for meta-parameter learning,
m is the number of tasks during training, n is the number of training data for the task at test time.

3. We extend our results to stochastic and adversarially robust variants of our meta-learning algorithm.

1.1 Related Work

Algorithmic Stability Analysis. In many machine learning problems, standard learning theoretic
tools, such as uniform convergence, do not apply since the associated complexity measures are
unbounded or undefined (e.g., nearest neighbor classification), or yield guarantees that are not
meaningful. Stability-based analysis is an alternative approach for obtaining generalization bounds



in such settings, introduced by Bousquet and Elisseeff [2002] and further developed in a long line
of influential works [Elisseeff et al., 2005, Mukherjee et al., 2006, Shalev-Shwartz et al., 2010, Liu
et al., 2017]. More recently, there have been significant breakthroughs in this field, with the work
of Feldman and Vondrak [2018, 2019], Bousquet et al. [2020], Klochkov and Zhivotovskiy [2021],
thereby improving the high probability bounds for uniformly stable learning algorithms beyond those
established by Bousquet and Elisseeff [2002]. These results are complemented by Hardt et al. [2016],
who provide the generalization bounds via algorithmic stability analysis of stochastic gradient for
stochastic convex optimization with smooth loss functions. Subsequent work by Bassily et al. [2020]
improves upon these results by removing the smoothness assumption, while Zhou et al. [2022], Lei
[2023] advance the state-of-the-art by relaxing the convexity assumption.

Theoretical Guarantees for Meta-Learning. There has been significant progress in understanding
the theoretical aspects of meta-learning, both in terms of convergence guarantees [Fallah et al., 2019,
Ji et al., 2020, Mishchenko et al., 2023] and the generalization guarantees. The first generalization
analysis can be traced back to Baxter [2000], who assumed that all tasks are sampled i.i.d. from
the same task distribution. Subsequent works have enriched the guarantees through various learning
theoretic constructs, including VC theory [Ben-David and Schuller, 2003, Maurer, 2009, Maurer
et al., 2016], information-theoretic tools [Chen et al., 2021, Jose and Simeone, 2021, Jose et al.,
2021, Rezazadeh et al., 2021, Hellstrom and Durisi, 2022], PAC-Bayes framework [Pentina and
Lampert, 2014, Amit and Meir, 2018, Rothfuss et al., 2021, Farid and Majumdar, 2021, Liu et al.,
2021, Ding et al., 2021, Rezazadeh, 2022, Riou et al., 2023, Zakerinia et al., 2024], etc. Other works
that do not rely on the task distribution assumption instead choose to get a handle on the bound by
defining certain metrics to measure either the task similarity [Du et al., 2020, Tripuraneni et al., 2020,
Guan and Lu, 2021] or the divergence between the new tasks and the training sample for the training
tasks [Fallah et al., 2021]. Finally, several works focus on the online meta-learning setting, also
referred to as the lifelong learning [Pentina and Lampert, 2014, Balcan et al., 2019, Denevi et al.,
2019a,b, Meunier and Alquier, 2021].

A prominent line of work, starting with that of Maurer [2005], focuses on giving theoretical
guarantees for meta-learning via algorithmic stability analysis. More recently, Chen et al. [2020]
establish connections between single-task learning with support/query (episodic) meta-learning
algorithms, providing generalization gap of O(1/+/m) (where m is the number of tasks) for smooth
functions that is independent of the sample size n — this was shown to be nearly optimal in Guan
et al. [2022]. Subsequently, Fallah et al. [2021] show a bound of O(1/mn) for strongly convex
functions and by leveraging a new notion of stability. Al-Shedivat et al. [2021] extend the result
of Maurer [2005] to practical meta-learning algorithms for Lipschitz and smooth losses. Farid and
Majumdar [2021] derive a PAC-Bayes bound to address the qualitatively different challenges of
generalization within the task compared to that at the meta-level. Other relevant work includes
analyzing the stability of bilevel optimization [Bao et al., 2021] and federated learning [Sun et al.,
2024] for smooth functions.

2 Problem Setup and Preliminaries

Notation. Throughout the paper, we denote scalars and vectors with lowercase italics and lowercase
bold Roman letters, respectively; e.g., u, u. We work in a Euclidean space and use ||-|| and |||, to
denote the ¢5 norm. We use [n] to represent the set {1,2,...,n}, and define U[n] to be the uniform
distribution over [n]. Let Iy be the Euclidean projection onto V. We adopt the standard O-notation

and use < and O interchangeably. We use O to hide poly-logarithmic dependence on the parameters.

Let X', Y denote the input and output spaces, respectively. Consider a supervised learning setting
where each data point is denoted by z = (x,y) drawn from some unknown distribution D over
Z = X x Y. We consider a hypothesis space H (maps from X — ))) parameterized by w &€
W, where W C R< is a closed set with radius D. Let ¢ : R? x Z — RT denote the loss
function. We say that a loss function ¢ is M-bounded if Yw € W,Vz € D {(w,z) < M; ¢
is p-strongly convex if Ywy,we € W, Vz € D, {(wy,z) > £(wa,z) + (Vl(Wa,z), W1 — W) +
Ellwi — W2||§; if p =0, we say £(-,z) is convex. We say ¢ is G-Lipschitz continuous if Ywy, wy €
W,Vz € D, ||l(wi,z) — l(wa,z)||, < G|lwi—wally; ¢is H-smooth if ,VYwq,wo € W,Vz €
D, [[Vl(w1,2) = Vi(wa,2) [y < H [lwi — wa,.

In a standard (single-task) learning setup, given a model w, the expected loss on task D and the
empirical loss on a training sample S drawn i.i.d. from D, are defined, respectively, as follows.




L(w,D) =E,.p [l(w,z)]; L(w,S)= W LY s lw,z).
In a meta-learning framework, we consider distributions {D; } _, associated with m different tasks
that are drawn from some (unknown) task distribution p. For each task j, we assume that the learner
has access to n training examples drawn i.i.d. from Dy, i.e., §; = {z; }:L:l ~ DJ” We denote the

cumulative training data as S = {S; } and refer to it as the meta-sample.

_1’
A meta-learning algorithm 4 takes the meta-sample S as input and outputs an algorithm A(S) :

(X x ¥)" — H. The performance of the meta-algorithm A is measured in terms of its ability to
generalize w.r.t. loss £(-) to a new (previously unseen) task from the task distribution p; we also refer
to it as the transfer risk:

L(A(S), 1) = Ep~,Es~pr L(A(S)(S), D).

The goal of meta-learning is to learn a useful prior over tasks to help with rapid adaptation to new
tasks. Formally, we pose the problem as learning a meta-model, parameterized by what we will refer
to as meta-parameter w, that performs well on a variety of tasks. The hope is that the meta-parameter
w can be adapted easily to a new task D ~ p; in particular, that a task-specific model u can be quickly
learned from a task-specific training set S ~ D" of size n using the following proximal update:

u = argmingeyy L(u,S) + 3 [ju — wl?,

where \ > 0 is a regularization parameter.

Algorithm 1 Prox Meta-Learning Algorithm A Algorithm 2 Task-specific Algorithm A,
Input: Meta-sample S={S; }] 1»epochs T', K, Input: Pretrained model w, training data S,
step sizes v, 7, regularization parameter \ #epochs K, step size 7), reg. parameter A
1wy = 0. 1: Option 1 (RERM): ,
2: fort =1,2,...,T do 2: u(w,S) =argminyey L(u, S)+% [lu—w|*
3: forj=1,...,mdo .
4 u(we, S ) A (We, S;, K17, \) 3: Option 2 (GD): Set u(l)(w78) =w
% Using Algorithm 2 Elort T2 K9
5:  end for S )(W S) (‘Z )
6:  Calculate the gradient, Vj € [m], *TI(VL(U( L (w,85),S)
VFs, (u(wy,S;), we) = —A(u(wy, ;) —wy). FAUP (w, §)—w))
7: Updatewt+1:Wt—%Z;ﬁ:lVFSj(u(Wth),Wt) 6: u(k+1)(wv S) = HW (u(k+1)(wv 8))
8 wirr = Iy(Wegr) 7: end for .
9: end for 8: return Option 1 (RERM): u(w,S)
10: return QAo (Wri1, -, K, 1, \) Option 2 (GD): %Zleu(k)(w,S)

The meta-parameter w itself is learned on the given meta-sample S by minimizing a regularized
empirical loss averaged over tasks, where the regularization term penalizes the task-specific models
in proportion to the /5 distance from the meta-parameter [Zhou et al., 2019]:

fgmm*Z .S+

wew M

min Fs (u, w)
ueWw

A
= argmln—Zmln 5 Ju—wl” (1)

wew MM

The formulation above involves a bi-level optimization problem. The upper-level optimization
involves finding the meta-parameter w which requires solving the lower-level optimization problem
of finding task-specific model parameters u. We consider both Gradient Descent (GD) as well
Regularized Empirical Risk Minimization (RERM) for task-specific learning (see Algorithm 2 for
more details); for meta-learning we employ a gradient descent method (see Algorithm 1).

We would like to bound the transfer risk in terms of the empirical multi-task risk:

L(A(S).8) = 7 3252, LIA(S)(S)), S))-

To do so, we rely on the stability of the meta-learning algorithm.

Stability of Meta-Learning Algorithm. Given a meta-sample S = {S; };”:1 define S to be
the meta-sample obtained by replacing the training samples S; for the j-th task, in S, by another
ii.d. sample S’ D}. Werefer to S, S() as neighboring meta-samples. For a task-specific training
sample S = {z }
by another example 7' ~ D drawn independently; we refer to S, S() as neighboring samples.

, let S denote the training data obtained by replacing the i-th example z* € S

Theorem 2.1 (Maurer [2005]). Suppose the meta-algorithm A satisfies:

4



1. (Uniform Stability of Single-Task Learning) For any meta-sample S and any S, S,
[L(A(S)(S),2) — L(A(S)(8W),2)| < B.
2. (Uniform Stability of Meta-Learning) For any S, SU) and any given training set S ~ D,
[L(A(S)(S),S) = LIASY)(S),8)| < 5.
Then, for M-bounded loss ¢, with probability at least 1 — &, we have that
L(A(S), n) S L(A(S),S) + (mp' + M)+/log (1/6) /m + j.

Theorem 2.1 follows using a simple extension of arguments in Bousquet and Elisseeff [2002]. By
utilizing sharper bounds tailored for uniformly stable algorithms [Bousquet et al., 2020], a tighter
bound can be achieved, as demonstrated in Theorem 2.2 below. A similar result was shown in Guan
et al. [2022] for episodic training algorithms (except there is no /3).

Theorem 2.2. Suppose the meta-algorithm .4 satisfies the same conditions as shown in Theorem 2.1.
Then for M -bounded loss ¢, with probability at least 1 — §, we have that

L(A(S), ) S L(A(S),S) + §"log (m) log (1/6) + M \/log (1/6) /m + .

3 Uniform Meta-Stability

Motivated by prior work (i.e., Theorem 2.1 and the definitions therein), we introduce a new notion
of stability which measures the sensitivity of the learning algorithm as we replace both a task in the
meta-sample as well as a single training example available for the task at test time.

Definition (Uniform Meta-Stability). We say that a meta-learning algorithm A s B—
uniformly meta-stable if for any neighbouring meta-samples S, S¢), and neighboring samples S, S*),
for any task D ~ p and any z ~ D, we have that

[((AS)(S),2) — LAY (SD),2)| < B.

The definition above is rather natural. Intuitively, for a meta-learning algorithm to transfer well, we
require that the learning algorithms, i.e., A(S) and A(S’), returned on two neighboring meta-samples,
when trained on two neighboring samples return models that predict similarly. Our first result bounds
the generalization gap in terms of the uniform meta-stability parameter.

Theorem 3.1. Consider a meta-learning problem for some M-bounded loss function ¢ and task
distribution p. Let S be a meta-sample consisting of training samples on m tasks each of size n, and
let S ~ D be a sample of size n on a previously unseen task D ~ p. Then, for any S-uniformly
meta-stable learning algorithm .4, we have that with probability 1 — 6,

L(A(S), ) < L(A(S),8) + Blog (mn) log (1/8) + M+/log (1/6) / (mn).

The result above is a direct analogue of Theorem 2.1 with stability parameters 3, 5’ both subsumed
into a single meta-stability parameter. We do obtain a faster rate of convergence — as we instantiate
concrete algorithms and specialize our results to specific problems in Section 4.1, we will see a
notable improvement in rates from 1/1/m to 1/m, for n > m.

We conclude the section by presenting an alternate notion of algorithmic meta-stability and a basic
result that directly bounds the generalization gap for the meta-learning problem.

Definition (On-Average Meta-Stability). Let ;¢ be an (unknown) underlying task distribution. We
say that a meta-learning algorithm A is S-on-average-replace-one-meta-stable if

i j @y i 3
]ESN{D;"}:;,(S]’.,z;)~D_;”+1,{Dj};"’zl~u"”,j~U[m],i~U[n] L(A(S)(S;) Zj)fﬁ(.A(S(J))(Sj )7Zj) <.

Theorem 3.2. Let 1 be an underlying task distribution. Given a meta-sample S, test task D ~ p, and
S ~ D™, for any (3 -on-average-replace-one-meta-stable meta-learning algorithm A, we have that

E [L(A(S), 1) — L(A(S),8)] < 8.

nm m m
S~ (D} D

4 Bounding Transfer Risk

In this section, we consider a concrete meta-learning algorithm given in Algorithm 1.



4.1 Convex and Smooth Losses
We begin with meta-learning problems with convex, Lipschitz (and potentially smooth) losses.

Lemma 4.1. Assume that the loss function £ is convex and G-Lipschitz loss. Let S, SU) denote

neighboring meta-samples and S, S the neighboring samples on a test task. Then, the following
holds for Algorithm 1 with RERM for task-specific learning (i.e., Option 1 for Algorithm 2) VT' > 1,

2G

A(S)(S) — A(SY))(SW) ‘ <ot

sup
S,S,j€[m],i€[n]

Further, if ¢ is convex, M-bounded and H-smooth, then setting A > H, v < %, we have VT > 1,

2 2HM+ n 4v2HM
2\n—H  2\n—H (m+1)’

sup
S,S,j€[m],i€[n]

A(8)(8) = ASY)(s) | <

We can now use the result above with Theorem 3.1 to get the following bound on the transfer risk.

Theorem 4.2. The following holds for Algorithm 1 with step-size v < % on a given meta-sample S,
and RERM for task-specific learning (i.e., Option 1 for Algorithm 2), for all 7" > 1:

1. For convex, M-bounded, and G-Lipschitz loss functions, with probability at least 1 — §

L(A(S), 1) S L(A(S).S) + (fn ¥ fm) log (mn) log (1/5) + MW

2. For convex, M-bounded, and H-smooth loss functions (H < \), with probability at least 1 — ¢

M\/log 1/5

HM n HM
@n—1x " (m+ 1A

L(A(S), u) SL(A(S),S)+ ( ) log (mn)log (1/8)+

Next, we give analogous results for GD for task-specific learning (i.e., Option 2 for Algorithm 2),
albeit for smooth loss functions. Lemma 4.3 bounds the output sensitivity of the meta-learning
algorithm. We use it with Theorem 3.1 to give the generalization guarantee in Theorem 4.4.

Lemma 4.3. Assume that the loss function _is convex, G-Lipschitz and H-smooth. Let S, S
denote neighboring meta-samples and S, S(*) the neighboring samples on a test task. Then the
following holds for Algorithm 1 with GD for task- spe01ﬁc learning (i.e., Option 2 for Algorithm 2)

with n < forall T' > 1 as long as we set v <

H+2A’ )\T’

A(S)(S) —A(S(j))(s(i))‘ < deG  2G

sup =9 Tow

S,S,j€[m],i€[n]

Theorem 4.4. Assume that the loss function is convex, M -bounded, G-Lipschitz and H-smooth.
Suppose we run Algorithm 1 for 7 iterations with v < /\T on a given meta-sample S, and GD for

task-specific learning (Option 2, Algorithm 2) with < Then, with probability at least 1 — 4,

H+2)\
2 2
L(A(S), n) < L(A(S),S)+ <fm+f ) log (mn) log (1/5)+M\1/0%7(L1/6)'

The results above show that meta stable learning algorithms do not overfit. The bound on the
generalization gap of (9( + o L \/7) is tighter than What we would obtain using prior work.

Indeed, we show that Theorem 2.2 yields a rate of (’)( +14 \ﬁ) (see Theorems C.2 and C.3

in Appendix), which is worse for all m < n?. Notably, the bounds on the generalization gap

are independent of the number of iterations of the meta learning Algorithm 1 and the number of
iterations of GD for Algorithm 2. This holds since the objective we are minimizing is strongly convex
(given the strongly convex regularizer), which ensures that the output sensitivity (in Lemmas 4.3
and 4.1 are independent of T" and K. In itself, this should not be surprising since we only bound the
generalization error in terms of the empirical error — the latter may not be small unless the algorithms
have converged. To get a better handle on the generalization error we focus on excess (transfer) risk
bounds in Section 4.3. But first we give a similar development for another important problem class.



4.2 Weakly Convex and Non-smooth Losses

Here, we focus on a more practical setting of learning problems with loss functions that are weakly
convex and non-smooth. The notion of weak convexity is often used in non-convex optimization
literature in a variety of problems including robust phase retrieval [Davis et al., 2020] and dictionary
learning [Davis and Drusvyatskiy, 2019]; see Drusvyatskiy [2017] for an extended discussion.

Definition. A function f(w) is p-weakly convex w.r.t. |-|| if f(w) + § lw||? is convex in w.

The class of weakly convex functions is contained within the larger class of non-smooth functions
and semi-smooth functions [Mifflin, 1977]. It includes convex functions and smooth functions with
Lipschitz continuous gradient as special cases; p < 0 implies that the function is strongly convex.
An important example from a practical perspective is that of training over-parameterized two-layer
neural networks with smooth activation functions using a smooth loss [Richards and Rabbat, 2021].
We first bound the sensitivity of Algorithm 1 for weakly convex and non-smooth losses.

Lemma 4.5. Assume that the loss function is p-weakly convex and G-Lipschitz. Let S, S1%) denote
neighboring meta-samples and S, S the neighboring samples on a test task. Then the following

holds for Algorithm 1 with A > 2p, and GD for task-specific learning (i.e., Option 2 for Algorithm 2)
with n < %, forall T' > 1 as long as we set v < L

A(S)(S) — A(S(J'))(S(A”T)’H < (8¢G + 20)\/2 4 3G | 8

sup

S,S,j€[m],i€[n] Am o An

Using the result above in conjunction with Thm 3.1 gives the following bound on the transfer risk.

Theorem 4.6. Assume that the loss function is p-weakly convex, M-bounded, and G-Lipschitz.

Suppose we run Algorithm 1 for T iterations with v < )%T, A > 2p on a meta-sample S, and GD for

task-specific learning (Option 2, Algorithm 2) with n < %, Then, with probability at least 1 — 9,

L(A(S), u) S L(A(S),S) + <G2 g + % + f;) log (mn) log (1/5)+M7 '\1/0%7(;/5).

Proof of Theorem 4.6 follows from Lemma 4.5 and Theorem 3.1. A few remarks are in order.

For learning rate y < %, Theorem 4.6 gives a rate of @(\/ﬁ + % + % + ﬁ) on the generalization

gap. This naturally suggests setting n = ﬁ, where K > min {m,n} is the number of iterations of

GD in task-specific learning. Then, similar to the discussion in Section 4.1, Theorem 4.6 gives a
tighter bound, when n > m, than those derived using prior work (Theorem 2.2); we refer the reader
to Theorem D.4 in the appendix for further details.

Our proof technique shares similarities with Bassily et al. [2020]. However, our result is not a
straightforward application of theirs as we deal with a bi-level optimization problem and focus on
weakly convex functions. It is worth noting that our results for weakly convex non-smooth losses
require regularization parameter A > 2p, which can be chosen in practice using cross-validation.

The work most related to ours is that of Guan et al. [2022]. However, our results are fundamentally
different from theirs in several aspects. Firstly, the algorithms we study are different. Guan et al.
[2022] focus on support/query (S/Q) training strategies (aka episodic training) where each task S;
is split into two non-overlapping parts — the support set Sj” for training the task-specific parameter

and the query set Sjt-s for measuring the algorithm’s performance [Vinyals et al., 2016]. The meta-
parameter is learned by minimizing the loss computed over the query set. Such S/Q training
strategy is popular for modern gradient-based meta-learning algorithm such as MAML for few-shot
learning [Finn et al., 2017], where the optimization objective can be written as miny % ZT=1 L(w—
VL(w, S;T), SJ’?S). One notable limitation is that Guan et al. [2022] assume that the loss function
on the task level, e.g., R(w, S;) = L(w—VL(w,S}"),Sk*), is convex or (Holder) smooth. Such an
assumption is highly impractical, as demonstrated by [Mishchenko et al., 2023, Theorem 1, Theorem
2], which provides several counterexamples where L is convex and smooth but R is neither convex
nor smooth. In contrast, we directly deal with L being weakly convex and nonsmooth. Our approach
requires a more involved proof that deals with stability of bi-level optimization. This is in stark
contrast with Guan et al. [2022] who directly reduce the meta-learning problem to a single-task
learning problem without considering the bi-level structure of the problem.

The work of Fallah et al. [2021] proposed a notion of stability similar to ours. The difference is that
they consider S/Q training and define the stability by changing a mini-batch of samples in Sjt-’” as



well as a single sample in S;fs. Moreover, their focus is primarily on strongly convex losses. They
discuss generalization to training tasks and unseen tasks separately, as they do not assume all tasks
are sampled from the same task distribution. Another related work of Guan and Lu [2021] present
a generalization bound of O(1/C/mn) under a task relatedness assumption, where C' captures the
logarithm of the covering number of hypothesis class that possibly depends on the dimension d. More
recently, Riou et al. [2023] provide generalization bounds with a fast rate of O(% + %), albeit under
an additional extended Bernstein’s condition.

4.3 Excess Transfer Risk

In the previous sections, we focused on establishing that meta-stable rules do not overfit to the
meta-sample. In this Section, we focus on the question of whether meta-learning Algorithm 1 can
achieve a small generalization error, i.e., are they guaranteed to transfer well on unseen tasks? We
show that by focusing on the computational aspects, i.e., by bounding the optimization error in terms
of the number of iterations. Furthermore, we give bounds on excess risk, wherein the benchmark is
the performance of the best possible in-class predictor.

Let u, = argmin,eyy L(u, D), uf = argmin,eyy, L(u,S;), Vj € [m] be the optimal task-specific
hypotheses for the unseen task and the given training tasks, respectively. Given a meta-algorithm A,
the excess transfer risk can be decomposed as follows:

L(A(S)(SLD)—L(H*»D):L(A(S)(S)D)—%ZL(A(S)( *Z ), 85) —L(vj.S;)]

Excess Transfer Risk Ejgx (A)

Generalization Gap Egen (A) Optimization and Approximation Error Eqptapp (\A)

oY (058 0]+ 3 (L0, §)~ L, D)

<0 Evjeiml,sj~D0 Dj~pu, DAp=0
To control excess risk, we need to bound Egen(A) and Egpitapp (A) simultaneously. The bounds on
the first term are presented in the previous section. Here, we focus on analyzing the second term.
Theorem 4.7. Assume that the loss ¢ is convex and G-Lipschitz. Define u* =argmin, L(u,S;),Vj €

[m]. Suppose we run Algorithm 1 for T iterations with step-size v = and using GD for task-
speciﬁc learning (i.e., Option 2 for Algorithm 2), to ﬁnd an algorithm A(S S Aask (Wr 1, -) which
is then run on S; for K iterations with step-size n < 5. Then, we have that

D? ~
L(A(S)(S;),S;) —ir&f L(u,S;) S U—K+G277+GD77)\+)\ |wr1 —w|*+Ao?

2. N
is the approximation error, and

A~ . . . e 1 o~ *
where w is defined in Equatlon (1). Here ¢2 := o Z;nzl Hw—u4

(G+2/\D) )

[wrir — W] < +(D*+ AnK + 1 is the optimization error.

Finally, to bound the excess transfer risk for convex and non-smooth losses, we use Theorem 4.6 with
Theorem 4.7 to get that in expectation over the sampling of data (meta-sample S and sample S)

G G* D? AD? 2,y 2
IE[(c/’risk (A)] SE[ggcn(A)} +E[gopt+app (A)] < G + + + = +G 7]+GD7])\+ +7](G+ 2>\D) +Ao”.
A Adm o An nK T
By properly choosing step size n = O (W)’ we obtain that the expected excess transfer risk

decays at a rate of (O(Tll/3 + 5=+ 5 + 2 +Ac?). Similarly, for convex, Lipschitz and smooth
losses, applying Theorem 4.4 with Theorem 4.7 and selecting 7 = (’)(ﬁ) results in an expected

excess transfer risk of O(ﬁ + 55 4+ & + 2 + Ao?). Therefore, as K, T, m, n tend to infinity, the

excess risk converges to o2, As ¢ represents the average distance between the optimal task-specific
parameters u;’s and the optimal estimated meta-parameter W, the excess risk is small when ¢ is small.
It is also typical to set the regularization parameter A inversely proportional to the sample size n (e.g.,

A= 0(1/vn)).
Denevi et al. [2019a] study the same algorithm as ours except in the online setting. However, the
function classes they consider are limited to compositions of linear hypothesis classes with convex

and closed losses. In contrast, our work considers a broader range of functions, encompassing not
only convex, Lipschitz, and smooth functions but also weakly-convex and non-smooth functions. The



Vary,

bound on expected excess risk shown in Denevi et al. [2019a] takes the form Oz et f) where
Var,,, captures the relatedness among the tasks sampled from the task environment. Unfortunately,

this bound relies on a specific choice of A = O <Vai A/ bgp) , which depends on Var,, — a

quantity that is often not known a priori in practice. To compare with our work, set K =n, T = m,
n = 0O(1/y/n),and A = O(1/+/n).Then, applying Theorem 4.4 with Theorem 4.7, we obtain that

E[&isk(A)] S % + %1””2) Considering both Var,,, and ¢ as constants, the bound on expected

excess risk based on our analysis is tighter than that of Denevi et al. [2019a] when n < m, a common
setting studied in meta-learning framework.

We also conduct a simple experiment to empirically verify the tightness of our generalization bounds,
which we defer to Appendix A due to space limitations.

S Implications of the Generalization Bounds

Next, we present stochastic and adversarially robust variants of the meta-learning Algorithm 1.

5.1 Proximal Meta-Learning with Stochastic Optimization

We adapt Algorithm 1 to utilize sampling-with-replacement where at each iteration we process the
training set of a single task; see Algorithm 3 for more details. We show that with high probability the
sensitivity of this stochastic meta-learning algorithm is bounded.

Lemma 5.1. Assume that the loss function is p-weakly convex and G-Lipschitz. Let S, S\4) denote
neighboring meta-samples and S, S(*) the neighboring samples on a test task. Then, with probability
at least 1 —exp (—72e?/m?), the following holds for Algorithm 3 with A > 2p, and GD for task—

specific learning (i.e., Option 2 for Algorithm 2) with 7 § ,forall T" > 1 as long as we set v < /\T,

sup HA A(S(j))(s(i))H < (8¢G + 2G)\/§+ 8eG S 8G

S,S,i€[n],j€[m m n’

5.2 Robust Adversarial Proximal Meta-Learning

We consider inference-time adversarial at-
tacks with a general threat model B : X —
2% Specifically, given an input example Input: Meta-sample S ={S; e j—1» epochs T’ K, step
X € X, B(x) C R4 represents the set of all size -y, 1, regularization parameter \.

possible perturbations of x that an adversary ~ 1: w1 = 0.

can choose from. This includes the typical ~2: fort =1,2,...,T do

examples such as the L, threat models that ~ 3:  Sample j; ~ U[m].

are often considered in practice, or a discrete ~ 4:  U(W¢, Sj,) = Awsk(Wt, Sj,, K, 1, A).

Algorithm 3 Stochastic Prox Meta-Learning

set of designed transformations. % Usmg Algorithm 2
. ~ 5: Calculate the gradient
Given a model parameter w, let {(w,z) = Vs, (u(we, Sj,) o) = —~A(u(we, Sj,) —wy).

max;ecp(,) ¢ (w, Z) denote the adversarial loss.
We adapt the standard meta-learning frame-
work simply by considering the robust vari-
ant, ¢, of the standard loss /. We denote
the robust transfer risk and empirical ro-
bust multi-task risk as L (A(S), 1) and
Lov(A(S),S). Now, given meta-sample S, the goal is to learn a robust prior (e.g., a pre-trained
model) for rapid adaptation to and robust generalization on new tasks. We adopt the framework
presented in Section 2 except we use robust loss for task-specific training; indeed, using GD (Option
2) on robust loss in Algorithm 2 yields adversarial training. We use Algorithm 1 for meta-learning.
We now relate a loss function with its adversarially robust counterpart.

6:  Update wyy1 =w; —7VFEs, (u(wy,Sj,), We).
7: Wil = HW(Wt+1)-
8: end for

9: return QA4 (Wry1,-, K, 1, \)

Proposition 5.2. Given a loss function £(-, z) and its adversarial counterpart {(-,z), the following
holds: (1) If £ is G-Lipschitz (in its first argument), then lis G- -Lipschitz. (2) 7 is not H-smooth even
if £ is H-smooth. (3) If £ is H-smooth in w, then lis H- -weakly convex in w.

Using the result above with Theorem 3.1 yields the following bound on robust (transfer) risk.



Corollary 5.3. Assume that the loss ¢ is M-bounded and H-smooth. Suppose we run Algorithm 1
for T iterations with v < /\LT, n< %, A > 2H, and wherein task-specific learning Algorithm 2 (GD)

is invoked with robust loss £, we have that with probability at least 1 — 6,

Ll A(S).1) S Lanl(AS). 81+ (63 L2+ Y g (o (1/6)+ LIS,

Note that prior work on robust adversarial meta-learning [Yin et al., 2018, Goldblum et al., 2020,
Wang et al., 2021] focuses on empirical study of the problem; we present first theoretical guarantees.

6 Conclusion

In this paper, we introduce a novel notion of stability for meta-learning algorithms, namely uniform
meta-stability, and offer a tighter bound on the generalization gap for the meta-learning problem
compared to existing literature. We instantiate uniformly meta-stable learning algorithms and give
generalization guarantees for both convex, smooth losses as well as weakly convex and non-smooth
losses. Several avenues for further exciting research remain. For instance, it remains to be seen
if our bounds are tight. Can we show lower bounds on the generalization error for meta-learning?
Additionally, understanding how meta-learning relates to federated learning may offer insights on
how to extend the theory to broader applications and inform the design of new algorithms. Finally,
motivated by data privacy considerations, it would be interesting to extend our setup to privacy-
preserving meta-learning, similar in spirit to the recent work of Zhou and Bassily [2022].
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Supplementary Material

A Experiments
In this section, we conduct a simple experiment to empirically verify our generalization bounds.

Setting. Following the experimental setting in Nichol et al. [2018] and Zhou et al. [2019], we
consider a synthetic one-dimensional sine wave regression problem. The goal is to approximate the
distribution of parameters of function f(x; «, 8) = asin(z + 3). The task environment y is a joint
distribution D(a, B) of the parameters « and 3. We take D(a, 8) to be a product distribution of
D(a) = U([-5,5]), D(B) = U([0, 7]). We generate the meta-sample by first sampling m training
tasks, i.e., m pairs of («, 3) sampled independently from D(c, ). For each of these m tasks,
we sample n = 10 points, z1, ..., 1o uniformly on [—5,5] and label them as y; = f(z;; o, B).
Similarly, at test time we generate a new task from the task distribution and generate a training sample
of size n (by sampling x’s uniformly on the interval [—5, 5] and labeling them using f(z; «, ). We
sample 1000 new tasks at test time. For each of the test task, we also generate an evaluation set of
size 200, and use it to estimate the mean-squared error between the predictions of the learned model
and the true labels. Our hypothesis class is a two layer network of width 40 and tanh(-) activation
function. We run Algorithm 1 for 7" = 100 iterations with a step size of v = 0.1 and regularization
parameter A = 0.5. Algorithm 2 (GD) is run for K = 15 iterations with step size n = 0.02. The
experiment is conducted on a T4 GPU.

Results. We report the transfer risk, the average empirical risk (over tasks), and the generalization
gap for different values of m and n in Figure 1. In the plot on the left, we fix n = 10, and vary
the number of tasks m from 10 to 5000. In the plot in the middle, we fix m = 1000, and change
the number of samples n from 5 to 1000. In the plot on the right, we choose m = n, and scale
m and n simultaneously from 10 to 1000. We observe that in all of these three scenarios, as m
(and/or n) increase, both the generalization gap as well as the transfer risk decrease. Moreover,
the generalization gap decreases at rates approximately O(1/m + 1/n + 1/+/mn) for these three
scenarios as suggested by our theoretical result.
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Figure 1: Error plots as a function of: (left) the number of tasks m for fixed n = 10; (middle) the
number of training samples n on a test task for fixed m = 1K; (right) both m and n.

B Missing Proofs of Section 3

The following Lemmas and Theorems are used for proving Theorem 3.1.

Lemma B.1 (Bounded differences/McDiarmid’s inequality). Consider a function f of indepen-

dent random variables z1, . .., z, that take their value in Z. Suppose that f satisfies the bounded
differences property, namely, forany ¢ = 1,...,n and any 21, ..., 2,, 2, € Z, it holds that
f(zlv'“vzn) _f(le~«,Zi—1»22azi+1a-~~»zn) S ﬁ

Then we have for any p > 2,

1ot orzn) = Bf Gar, ozl < 2755,

Theorem B.2 (Marcinkiewicz-Zygmund’s inequality Ren and Liang [2001]). Let x4,...,x, be
independent centered random variables with a finite p-th moment for p > 2. Then

n 1n %
zil| <3v2np | =) b
2| =3 (Z p
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Theorem B.3. Let Z = (z1,...,2,) be a vector of independent random variables each taking values
in Z. LetZ = (Zy,...,Zy) be a vector of independent random vectors each taking values in Z".
Let g;; : (2™)™ x 2™ — R be some functions such that the following holds for any i € [n], j € [m]:

(1) |E[gj,l(zaz)|zjazz}| < M a.s.,

). E [9j,i(Z,2)|Zmp\ 15} 2\ i3] = O as.,
(3). gj,: has a bounded difference B w.r.t. all variables except the (j,)-th variable.

Then we have

n

ZZ 9;.1(Z,2)|| < mnBlog (mn) + M+/mn.
=1i=1

Proof of Theorem B.3. The proof is an extension of [Bousquet et al., 2020, Theorem 4].

Without loss of generality, we suppose that n = 2% m = 27. Otherwise, we can add extra functions
that equal to zero. Consider a sequence of partitions Cy, . ..,C, with Co = {{i} : 7 € [n]}, Cx, =
{[n]}, and to get C; from C; 1 we split each subset into C;; into two equal parts. We have

Co={{1},....{2"}},co = {{1,2}.{3,4},.... (2" —1,2"}} ,c. = {{1,..., 2"} }.

By construction, we have |C;] = 2¥~! and |C| = 2! for each C' € C;. For each i € [n] and
1 =0,...,k, denote by C'(i) € C; the only set from C; that contains 4. In particular, C°(i) = {i}
and C*(i) = [n].

Similarly, we consider a sequence of partitions &, . .., &, with & = {{j} : j € [m]}, & = {[m]}.
and to get &, from &, we split each subset in £, into two equal parts. We have

Eo={{1},....,{2"}},& = {{1,2},{3,4},...,{2" = 1,2"}},& = {{1,...,2"}}.

By construction, we have |€,| = 2”79 and |E| = 29 for each E € &,. For each j € [m] and
q=0,...,r, denote by E%(j) € &, the only set from &, that contains j. In particular, E°(j) = {j}
and E"(j) = [m].

For eachi € [n],j € [m] andeveryl =0,...,k, ¢ =0,...,r, consider the random variables
955 = 953 (Zss Zin\ 5o (3): Zis L\ 01 (1)

i.e., conditioned on Z;, z; and all the vectors that are not in the same set as Z; in the partition &,
and all the variables that are not in the same set as z; in the partition C;. In particular, g?’io = Gj.i»

N
g;','i = E[gj,i

;|- We can write a telescopic sum as follows:

VEl
1,0 l 1
9.6 — Elg;ilZj,z] = E gt — gttt +§ gy — g5

and the total sum of interest satisfies by the triangle inequality

n

m n m r—=1|l m n k=1l m n
DD gl <D0 D Elgsalzy || + 31303l - a0+ DD D g - g
Jj=1 =1 j=11:i=1 j=1i=1

q=0 ||j=1 i=1 1=0

Since |E[g;,i|Z;,z;]|] < M and E(E[g;;|Z;,z;]) = 0, by applying McDiarmid inequality in
Lemma B.1, we have

n

iz E[g;:|Zj, )| < 4vV2mnM. )
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‘We observe that

9 N2, Zy e () 200 2 ()

=k {ggqfl (Zjs Zpm\Ba+1.(5)> Zis Zin\ 01 (0)) 205 2116 )]
(The expectation is take w.r.t. the variable z4, s € C'+1(i)\C!(i))
N
=B {931 i (25 Zm\ ey, 2 e () 2 Z[m]\Ew(])}
(The expectation is take w.r.t. the variable Zs, s € B9 (5)\E9(j))

As function g preserves the bounded differences property, if we apply McDiarmid’s inequality
conditioned on Z] s Zim)\Ea+1(j)s Zis Z[n]\C1+1(;)» We Obtain a uniform bound

q+1 0
st

9§f+lH M\ (i), Zis 2\ i)) < 2V2IHLB

(sz[m]\Ew(j)a Zis 200 (i) < 2V20H1 B

as there are 2! indices in Cl“(i)\Cl (i) and 27 indices in B4 (5)\E4(j).

.0 g+1,0 q I+1 I
NowwefocusonzjeEq Zzecogﬂ —g;; " for BT €&, andzjeET Y icct g]z g” forC* €

Cy, respectively. Since g;{ gjlﬂ’ for j € E9,i € C° depends on Zj, Zim)\Ea(5)> Zi» Z[n]\CO () the

terms are independent and zero mean condltloned on Zmp\Ea(j)- Applying Theorem B.2, we have

2
1,0
Z Z 95 —Q;f{ (Zpmp\m4a)
JEE1icCO
<36 2q a2 > [ - Q?TIOH (Zpm)\0)
]GEq ieCo

Integrating with respect to (Z[,;,)\ g« ) and using Hg?, gﬁrl 0 H < 2v/29+1 3, we have

Z quo g;;;rlo < 6v/27 x 2V24H1 3 = 12¢/2 - 293,

JjEET i€COC

Applying triangle inequality over all sets C° € Cy, E? € &, gives us that

ZZQ B DY PO

jE€[m]i€[n Ei€&y,C0€Cy ||jEET,ieCO
< rtR—a 5 124/2. 295
=12v2.27FF5,

Similarly, gj P — g;fﬂ for j € E",i € C' depends on z;, Z[,)\c+1 (i), the terms are independent and
zero mean conditioned on Z[p\c+1(i)- Applying Theorem B.2, we have

2
I
S =gt @aner)
JEET €Cl

<362 g;f“H (Zpp\ct)

2l+7‘

JEET jeC!

Integrating with respect to (z[,)\ 1) and using ’

95 ”HH < 2v21+13, we have

SO g g < 6V x 2V = 12V 21405,

JEET i€C
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Applying triangle inequality over all sets C' € C;, E" € &, gives us that

IR E DY S gt
JE€[m] ]

m]i€[n Ereé&,.,CleC, ||jeET,icC!t
S 2]671 % 12\/§ . 2l+0.5’r‘5
<122 - 274k

Recall that 2% < 2n, 2" < 2m due to the possible extension of the sample. Therefore we have

r—=1{|lm n k=1l m n
ST g =gt O+ DD gt — g <48v2mnB([log (m)]+ [og (n)])
q=0 ||j=1 i=1 1=0 ||j=1 i=1

<mnflog (mn)

Combined with Equation (2) get the required bound.

We now restate and prove Theorem 3.1.

Theorem 3.1. Consider a meta-learning problem for some M-bounded loss function £ and task
distribution y. Let S be a meta-sample consisting of training samples on m tasks each of size n, and
let S ~ D be a sample of size n on a previously unseen task D ~ p. Then, for any S-uniformly
meta-stable learning algorithm .4, we have that with probability 1 — &,

L(A(S), 1) < L(A(S),8) + Blog (mn)log (1/6) + M+/log (1/5) /(mn).
Proof of Theorem 3.1. In order to make use of Theorem B.3, we consider the following functions:

915 = 94(2.2) = Eis, 1) pnst s s ol (ASY)(S).2) — UASD)(S). )

By the definition of uniform meta stability, we can write the following decomposition:

[mn (L(A(S), ) — L(A(S), S))]

DD Esaennit papl(A(S)(S),2) — LA(S)(S)), 2})

j=1i=1

n

= 22D st By, <E<A<s><s>, z) — LASY)(S]"), 7))

j=1i=1 Drp Dy~

+UASD)(S]).25) — (AS)(S)) >> |

< |D D Es ot Bt ymr s, (E(A(S)(S), z) — L(A(SD)(S), z;) +mnB
j=114i=1 Dr~p D~
= 22> gi|| +mnB
j=1i=1
Moreover, we have E [g;;|S1,...,Sj—1,Sj41, -+, Sm, 21, - -+, Zi—1,Zi41, - - -, Zn) = 0 and |g; ;| <

2M as. fori € [n],j € [m]. Applying Theorem B.3 as well as [Bousquet and Elisseeff, 2002,
Lemma 1] achieves the results.

O

Theorem 3.2 can be directly proved by the definition of uniform meta-stability.
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Theorem 3.2. Let 1 be an underlying task distribution. Given a meta-sample S, test task D ~ p, and
S ~ D™, for any [ -on-average-replace-one-meta-stable meta-learning algorithm A, we have that

Ego{op}7 0y [LCA(S), 1) = L(A(S), S)] < 6.

Proof of Theorem 3.2. Since S and z’ are both drawn i.i.d. from D, and S and S]‘ are both drawn
i.i.d. from p, we have

Es o} | o, mum Es~Dn Do L(A(S)(S), D)
= Esfpry (sp~pp o7 o m joim) LAASY)(S;), Dy)

_ j () i
= Esfory | (s))~0p 0 o et it CCASY)(S)7), 25)

as well as

m

Bsfory mae, ~um ZL Sj)

= ESN{DU}TF AD} T ~pm,j~Um] [L(A(S)(S;),S;)]

= ESN{’D"}m 17(51 z’ )NDn+1 {D7}j 1~# ,JNU[m],in[n]ESNDne(A(S)(Sj)7 Z;)
As a result, we have
ESN{D;'};’;17{D_j};”‘:1NH"l [L(A(S)> M) - L(-A(S)7 S)]

= Bs o™ (8).2)~D) DI~ e Um] i U] HASD)(S]), 7))~ UAS)(S)), 7))
<p (By definition of /3 -on-average-replace-one-meta-stable)

O

C Missing Proofs of Section 4.1

Lemma C.1 (Shalev-Shwartz and Ben-David [2014]). Given S and S, for a fixed w, define u(w, S)
and u(w, S) is achieved via Algo. 1 with Option 1 RERM. Then if / is convex, G-Lipschitz, we
have supg ;cin] |u(w,S) — u(w,S(i))H < ‘f\—g. If £ is convex and H-smooth (H < ), we have
[la(w. S) — u(w, SO)[| < T (Vllw. 2i) + \/{(w.2))

Lemma 4.1. Assume that the loss function ¢ is convex and G-Lipschitz loss. Let S, S() denote

neighboring meta-samples and S, S() the neighboring samples on a test task. Then, the following
holds for Algorithm 1 with RERM for task-specific learning (i.e., Option 1 for Algorithm 2) V1" > 1,

sup A(S)(S) — A(S(j))(S(i)) G + E

S,8,j€[m]i€[n] = am
Further, if ¢ is convex, M -bounded and H-smooth, then setting A > H, v < 1 we have VT > 1,

H 2V2HM n n 4v2HM
“2\n—H 2wn—-H (m+1)’

A(S)(S) — A(sW)(s™

sup
S,S,j€[m],i€[n]

Proof of Lemma 4.1. We slightly abuse the notation, at iteration ¢, define w; = A(S), w, = A(SV)).
Given Wy 1, define u(wr1,S) = A(S)(S), u(Wh;,8W) = ASW)(SW).

We first consider the setting where the loss £ is convex, G-Lipschitz. Recall that Fs(u,w) =
L(u,S) + 3 [lu— w]|. If £ is convex, then Fs(u, w) is A-strongly-convex w.r.t u. Define u(w, S)
argmin, ¢y, Fs(u, w), u(w’,S) = argmin, ¢, Fs(u, w’). We have the following:

Fs(u(w,8),w) — Fs(u(w,8),w) > A|u(w,S) —u(w’,S)||
Fs(u(w,S),w') — Fs(u(w',S),w') > AJu <w S) —u<w S|
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Sum the above gives us that
2 [lu(w, S) — u(w', S)|?
< Fs(u(w',8),w) — Fs(u(w,S),w) + Fs(u(w,S),w') — Fs(u(w',S),w')
= 2 (I 8) — wl* ~ fuw,8) —wl* + u(w, &) ~ /> ~ Ju(w',) —w'|f)
=A(u(w,S) —u(w,S),w—w)
< Mu(w,8) —u(w", )| [lw — w']|

This gives us that

1
lu(w, &) —u(w', )| < 5 [w = w[. &)

Similarly, define u(w’, S") = argmin,c,, Fs/(u, w’), we have
Fs(u(w,8"),w) — Fs(u(w,S),w) > Au(w,S) — u(w', &)
Fs/(u(w,S),w) — Fs/(u(w,8'),w') > Alu(w,S) —u(w', 8|
Sum the above gives us that
2) [Ju(w,S) — u(w’, 8|
< Fs(u(w',8"),w) — Fs(u(w,S),w) + Fs/(u(w,S),w') — Fs:(u(w',S"), w")
=Luw,S8"),8) — LluWw,S),S) + L(u(w,S),S") — L(u(w',8"),S’)
+ g (W', 8" = wli* = ffu(w, 8) = wl* + flu(w, $) = w'|1* = Ju(w', ') = w'|]*)
< 2G lu(w,S) —u(wW, S| + A (u(w,S) —u(w',8"),w — w') (¢ is G-Lipschitz)
< 2G [lu(w,S) —u(W, S| + Alu(w,S) —u(w', S [|w — w||

This gives us that

1 G
Ju(w, 8) —u(w', 8" < 5 Iw = w|| + 5 @)

Finally, at iteration ¢, we have

1 «— 1 «

— A (wt - Zu(wt,Sj)) — W+ A (w:t - Z (Wns/))
j=1 Jj=1

(Projection is non-expansive)

IN

[wesr = Wi |

1

= (|1 =y A)(we — wy) + EZ (we, S (WtaSl))

m — 1 /1 G
< (1= ) e — Wil + A (m2 e =+ - (Gl + 5 ))
(Equation (3), (4))
YA vG

= (=2 e —wif + L&

Choose v < %, Vt. Rearrange gives us that

[Werr = wia| _ lwe=will | 2G 1
t+1 < t o t+1
(1—=7A/2) (1—=77/2) m (1 —~y\/2)

Note that at initialization when ¢t = 1 we have ||w; — w/|| = 0. Telescoping from¢ =1to T + 1

HWT-H _W/THH 'yGTz_:l 1
(1—yA/2)"7 = m 2 (1 -2



Calculate gives us that

2G
wrs =il < 22

Similarly, d(?ﬁne u(wry1,S) = argmingeyy Fis(u, W, ),
u(Wh, 1, 8W) = argmin, ¢y Fse (u, wh), we have

Fs(u(Wri1,8"), wri1) — Fs(u(wryi1,8), wri1) > AH (Wr41,S) —u(wpyy, S H
Fsw (u(Wr41,8), wryy) — Fse (u(wépH,S(z)),W’TH) > )\Hu(WTH,S) u(wr, 1, S H
Sum the above gives us that

2)\H WT+1,8)711WT+1, H

< Fs(u (WT+173( ), Wr1) — Fs(u(wry1, S), wry1)
+ Fso (u(wrg1,S), W/T+1) — Fsw (u(W/T+17 S(i))v W/T+1)
= L(u(Wr 41, 8Y),8) = Lu(wr41,8), 8) + L(u(wr41,8), 8W) = L{u(wry,8@),8Y)

A / (4) 2 2
+ 5| a2, 89) =wria | = Ju(wrs1, 8) ~wra

. 2
o [[u(wr 1, 8) =W | =Wy, SO =i | )

2G / 7 % 7
= utwran,8) = u(wh 1 S|+ A (u(wra1, SD) = u(Wheyy, S9), Wiy — Wi )

(¢ is G-Lipschitz)

IN

G ) )
N HU(WT+1,5) - U(W/T+1’3(Z))‘ +A HU(WT+178) - u(W/T+175(Z))H HWT+1 - W/T+1||
This gives us that

2G G 2G
<

S T om (5)

HU(WT+1,S) (WT+17S( H = ||WT+1 WT+1H + —

We now consider the surrogate loss £ is convex, non-negative and H-smooth. Note that such loss is
also self-bounded. From a similar argument, we have

Ju(w, §) = u(w', S)] < 3w = w.
Moreover,
2X [u(w, S) — u(w', 8|
< Fs(u(w',8"),w) — Fs(u(w,S),w) + Fs/(u(w,S),w') — Fs:(u(w',8"),w')
= L(u(w',S8"),8) — L(u(w,S),S) + L(u(w,S),S’") — Lu(w',8),S")
2 (0w, 8) =W = u(w, &) = Wi + u(w, &) —w/[1* — u(w’, &) — ')

< (IVL@u(w,8), )|+ VLW, 8", ) Nuw', 8) —u(w, S)||+H [[u(w’, &) = u(w, S)|
(¢ is H-smooth)
+ A {u(w,8) — u(w’ S, w—w)

< (\/ZHL( u(w,S),S) + /2HL(u( w/,&),s')) lu(w’, 8") — u(w,S)|
+ H lu(w,8) —u(w,S)|* + Au(w,S) — u(w,S)|| ||[w - W] (¢ is H-smooth)
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which is equivalent as

V2HL(u(w,S),S) + /2HL(u(W,&),8) + A w — w'||

_ ! ! < >
Ju(w, §) = u(w’, 8| < o 0> )
—V (VIQW.8),8) + VIuW,8),8)) +lw=w|  ©
Finally, at iteration ¢, we have
||Wt+1 -
1 m 1 m
< ||we — A Wt—E;u(Wt,Sj) — Wi+ A W;—%; (WtaS/)
(Projection is non-expansive)
1 & )
= [(1T = ~yA)(wy — Wt +7 EZ (we, S Wt7‘S ))
< (1= 9A) [lwe — wi +7A< Hwt wil

+;< 21 (\/L (we.57). 8;) +/Lu(w}. 5)), S/>)+wt wt||>>

(Equation (3), (6))

_ <1 _ ”12;1%) wy — [l + Wmﬁ (\/L(u(Wt,Sj),Sj) + \/L(u<w2,5§)73§->)

Telescope gives us that

V2HN & 1
||WT+1 _W/T-t,-lHSFY Z <1_WH_ )\) <\/L Wt’ +\/L Wt7 >

L ——
4/ 2HM
< T ™
A(m+1)
where the last line holds if we consider M -bounded loss. Otherwise, we have
2v2H
W1 — Wiy || < Nt D) ( max L(u(wy, S)),S;) + Q%L(u(W;,S}), SJ’)> . (®)

Therefore, we have
2
2\ Hu(w,S) — u(w’,S(z))H

< Fs(u(w',8%),w) — Fs(u(w,S),w) + Fs (u(w,S),w") — Fsw (u(w',S™), w')
= L(u(w’,S(i)),S) — Lu(w,8),8) + L(u(w,S),S(i)) — L(u(w’,S(i)),S(i))

- g (Hu(w’,sm) - WH2 — Jlu(w,S) = w|* + [lu(w,8) — w'||* — Hu(wl78(i)) W

)

< % (tu(w, 8D),2') ~ tu(w', 89),2) + tlu(w, §),2) ~ L(u(wW', $),7"))
+A <u(w,8) —u(w, 8 w— w’>
1
< n( 2H((u(w,S), 7 +\/2H£ (w', S@), )H u(w', 8@ — u(w, s)H
n g Hu(w’,sw) ~u(w, S)H + A Ju(w, S) — u(w, S)|| [lw — w'| (¢is H-smooth)
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Rearrange gives us,

. 1 - .
uw,8) = (w59 < 55— ( 2H(u(w,S), 7)) + ¢2H6<u<w',8<z>>,z'>)
An ,
+ g I = w| ©

Plug in wr 1 and w7 | gives us that

2))H 2V2HM n n 4v2HM
“2wnm—H 2wnm—H (m+1)

Juwrs, 8) —u(wi, 8

If we apply Lemma 4.1 and Lemma C.1 with Theorem 2.2, we have the following theorem.

Theorem C.2. The following holds for Algorithm 1 with step-size 7 < % on a given meta-sample S,
and RERM for task-specific learning (i.e., Option 1 for Algorithm 2), for all 7" > 1:

1. For convex, M-bounded, and G-Lipschitz loss functions, with probability at least 1 —
2 2

L(AGS). 10 S L(AG).8) + o 1o (m) g (1/8) + = oz (175) + -

2. For convex, M-bounded, and H-smooth loss functions (H < \), with probability at least 1 — ¢

L(A(S), 1) S L(A(S),S) + log (m)log (1/0) + \/—]Wﬁ log (1/8) + ﬂ

HM
(m+ 1A An

Proof of Theorem C.2. We slightly abuse the notation, at iteration ¢, define w; = A(S), w, =
ASD), u(wri1,S) = A(S)(S), u(Wh 1, SD) = ASY)(S®). Apply Lemma 4.1 gives us that
LIAS)(S),S) ~ LIASY)(S),8)| = | Lu(wrs1,8),8) = Lu(Wi41,8),8)|

<G Hu(WT-H’ S) WT+17 || (G-Lipschitz)
G

< 5 wrin = wi| (Equation (3))
G2

= Am

Apply Lemma C.1 gives us that
UA(S)(S),7) = LAS)(SD), 2)| = [f(u(wr41,8),7) — Lu(wr1,8D),2)|

<G Hu Wri1,S) — u(wTJrl,S(i))H

4G2
=
Apply Theorem 2.2 with 3/ = /\;, b= 4/\G achieves the results.
Similarly, if the loss is M -bounded, convex, non-negative and H-smooth, we have

|L(A(S)(S),S) ~ LIASD)(S),S)|
= |L(u(WT+1vS)7S) - L(u(W/T+178)ﬂS)’

H
< \/QHL(U(WT+17S)78) ||u(WT+17$) - u(W/T"+1aS)’| =+ 5 Hu(WT-i-l?S) WT+17 H
(¢ is H-smooth)

1 H 2 .
S V2HM S [|wryn = W || + T [[wren = Wi | (Equation (7))
4HM AH?M
< +
T (m+ 1A (m+1)22
8HM
< _ A>H
~ (m4+1)A = H)
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Apply Lemma C.1 gives us that
[((AS)(S),7) — UAS)(SD),7)

= |t0(wr1,8).2) = Lu(wrs1, 8. 2)

IN

, H T
V2HAu(wr 11, 8),2) ||u(wr1, S) = u(wrir, O)| + 5 [|u(wrr, §) —u(wrsr, 59)|
< 8HM  16H*M

An A2n2
24HM
< n (A>H)
Apply Theorem 2.2 with 3/ = (Sfﬂf 5. B = 24/& M. achieves the results.

O

Theorem 4.2. The following holds for Algorithm 1 with step-size v < % on a given meta-sample S,
and RERM for task-specific learning (i.e., Option 1 for Algorithm 2), for all 7" > 1:

1. For convex, M-bounded, and G-Lipschitz loss functions, with probability at least 1 — §

L(A(S), 1) S L(A(S),S) + (f; + ﬁi) log (mn)log (1/0) + ]\4\1/0%7(11/6).

2. For convex, M-bounded, and H-smooth loss functions (H < \), with probability at least 1 — ¢

L(A(S), ) SL(A(S),S)+ ( (257]\41))\ + (mHj\f))\) log (mn) log (1/5)+W.

Proof of Theorem 4.2. We slightly abuse the notation, at iteration ¢, define w; = A(S), w} =
ASD), u(wri,S) = A(S)(S),u(Wy,,SW) = A(SW)(SM). For ¢ to be convex and G-
Lipschitz, applying Lemma 4.1 gives us that
UA(S)(8),2) — UASY)(SD),2)| = [(u(wr11,8),2) = Uu(Wry1,§),2)]

<G Hu(WT_H,S) — u(w'TJrl,S(i))H

< G? n 2G?

“Am o An
Further apply Theorem 3.1 gives us the result. For ¢ to be convex, M -bounded and H-smooth, we
have

|((A(S)(S),2) ~ (A (SD), )

= |etu(wri1,8),2) = a1, S).2)|

< VR 1,8),2) 0w 1,8) = Uy, SO + 5 0w 1,8) = (w89

2
< VoEM 2V2HM n 42HM H (2v2HM n 42HM
- 22n—H  2\n—H (m+1) 2 \2xn—H 2\n—H (m+1)
AHM SHM SH2M 16H?M
< + + +
2n—D1DX  (m+DX  (2n—1)222  (m+1)2\2
12HM 24HM (H < \)

Sen—x T s
Apply Theorem 3.1 gives the results.
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Lemma 4.3. Assume that the loss function is convex, G-Lipschitz and H-smooth. Let S, S@)

denote neighboring meta-samples and S, S() the neighboring samples on a test task. Then the
following holds for Algorithm 1 with GD for task-spec1ﬁc learning (i.e., Option 2 for Algorithm 2)

with n < H«i2/\’ for all T > 1 as long as we set 7 < &,

Myl 4eG 2G
A(S)(S) — A(SW) )(3<>)H <

sup
S,S8,j€[m],i€[n]

Proof of Lemma 4.3. We slightly abuse the notation, at iteration ¢, define w, = A(S), w; = A(S1)),
u(wri1,S) = A(S)(S),u(Whpy,,8@) = A(SW)(SW). Recall that Fs(u,w) = L(u,S) +
2 lu— w2 If £ is convex, then Fis(u, w) is A-strongly-convex w.r.t u. If £ is H-smooth, then

(VL(u,8) = VL(v,8),u — v) > % IVL(u,8) — VL(v,S)|?

Given S, &', for any w, w’, we have

Hu(k"'l) (w,S) —u* (w8

< |[u®(w,S) —u® (W', &) — n(VL(u(k)(W,S)»S) + A ( J(w,8) — )

(Projection is non-expansive)
—vLu®(w, 8,8 - )\( ®) (W', 8 H

< (1)) Hu(k)(w, S) —u® (w8

Given S, for any w, w’, we have

Hu(k+1)(w75) _ u(kH)(W/’S)H

< [u®(w,8) —u® (W', S) (Projection is non-expansive)

(VL( )(w,S),S)+ ((k)(w,S)w)VL(u(k)(w’,S),S))\(u(k)(w’,S)w’»H

u® (w, 8) —u® (W, S) + An(w — w')

—n (VL(u(k) (W, 8),8)—VLu®(w 8),8)+)\(u(k)(w, S)—u® (w', 5))) H

<M lw—w| + ( u® (w,8) —u® (W', 8)

2) 1/2

(VL( (W, S),8) - VLM (W', S), 5)+A(u<k>(w,5)—u<’“>(w’,8)))

< nllw —w|| + ((1 = an)? [ (w, $) —u<k><w’,s>H2

+ (772 _ 2n(1 —nA)

- )HVL(u(’“)(w,S),S) VLu®(w',S), H >

2
(L is H-smooth, n < 7=55)
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< (1= ) 0B (w, 8) = uP (W, 8)|| + An[w = /| (10)
Combine the above two cases gives us that

1 m
— 3 a8 —ut I 8))

< ;i Hu(k)(w,Sj) —u®(w, S))

‘ Hu(k)wS)—u (W', S))

77G

2
<(1-Mp)— ZHu()wS ) —ul (w’,SJ’-)‘—i—)\nHw W + ——

Given w;, w}, when k = 1, u! )(Wt,SJ’-) =wy, uD(w, S;) = u(l)(W;,SJ’-) = wj}. Telescoping gives
us that

m 2G
*ZH (e, 8) — 0D ()| < (14 (= M) g W+
2G
< 2w - will + 5 - (1)

Finally, at iteration ¢, we have

[wesr = Wi |

m K m
11 i 1

< Wt—’}/)\ Wt—% 51?]; 11.1( )(Wt,Sj) _W;""}/)\ W;—E El 2
j= = j=

Mx

Wt’

K
1 1
= [ =3 = W) + A= DTS (0w, 85) —uP (wp, 8)
Jj=1 k=1
/ / 2G .
< (1 =) |lwe — wi|| + A [ 2||we — wi|| + pv (Equation (11))
27G

= (LA we = will + ——

Note that w; = w} = 0. Choosing v < 7 and telescoping gives us that

1 2G QeG
[Wrir — w4 || < (1 + T) [wi — Wh|| + — —F <5 (12)

where the inequality holds because (1 4+ 7)7 < e. Similarly, we have

Hu(k-&-l)(w"sv) _ u(k+1)<wl78(i))H

< |[u®(w,S) —u® (W', 8®) — n(VL(u(k)(w,S),S) +A ( '(w,8) — )

(Projection is non-expansive)

— VLu® (W, 8D), 80y - A (u(k)(w’, Sy — w’) )H

<A flw —w'l| +

(1—n\) (u(k) (w,S) —ul® (w’78(i))>
+1 (VL (w,8),8) = VLD (W, 59),8))
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" (VL<u<’“><w’,s<i>>78) — w(u(’“)(w',s“)),S(“)) H

2G
<A w—w'||+ =1 4 (

(1—mnX) (u(k) (w,S) —u® (w',S(i)))

2> 1/2
Gn

2 L2
<ph|lw—w'|| + =L + <(1 — )2 Hu(’ﬂ(w,g) _ u(k)(w’,S(”)H

0 (VL(u<k>(w,3),S) — VLu® (w/,s(“),S))

1/2
2(1 — A , N
+ <n2 - ”(H”)> VL9 (w,8),8) = VLR (', 8), 8| )

(L is H-smooth, n < ﬁ)
) (®) QG”
< (1-\p) Hu w,S) —u® (w80 H +nA|lw =W+ — (13)
Therefore we have Vk € [K — 1],
(k+1) (k+1) (i) k-1 / 2G
Hu (Wr41,S) —u (Wpy1, SY H + (1= ) [[wrgs — Wi [ + VR

Asu(wry1,S) = wrpr, uM (W, S) = W/, 4, plug in Equation (12), we have

1 & 1 & ,
K Zu(k)(WTJrLS) K Zu(k) (W/T+175(1)>

k=1 k=1
< min (2 - m) [Wrar = W | + 22
<min(21+1)m+20
- MK ) Adm  An
4eG 2G
- )\m Jr%

The following theorem can be derived via Theorem 2.2 and Lemma 4.3.

Theorem C.3. Consider a meta-learning problem with convex, M —bounded, G-Lipschitz and H-
smooth loss function. Then, after 7" iterations of Algorithm 1 with v < /\T ona given meta-sample
S, and GD for task-specific learning (i.e., Option 2 for Algorithm 2) with n <
probability at least 1 — 6,

H+2A, we have with

L(A(S), 1) S L(A(S),S) + % log (m)log (1/8) + M log (1/6) +

G
Vm An’

Proof of Theorem C.3. We slightly abuse the notation, at iteration ¢, define wy = A(S), w, =
ASD), u®) (w1, 8) = A(S)(S), uB) (W1, @) = A(SW)(SD). If the loss is M -bounded,
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convex and G-Lipschitz, apply Equation (10) gives us
IL(AS)(S), ) — LIASY)(S), )|
= L@ (Wr41,8),8) = L5 (Wi, S),S)|
<G Hu(K) (Wr41,S) — u(K)(W’TH,S)H (G-Lipschitz)

<G ((1 —An) HU(K)(WT-H,S) - u(K)(w’TH,S)H + A\n ||WT+1 - W’T_HH) (Equation (10))

< Gwr = W |

2
< %G (Equation (12))
Am
Given S, S, For any w, by Equation (13), for all k € [K — 1], we have
: 2G X X . 2G
[+ w, 8) = u D (w, s0) | < T4 (1= A [0 (w,8)—u¥) w, 59| <
(Telescope)
Therefore, we have
[(A(S)(S),2) ~ (A(S)(SD), 2)
1 & 1 & .
=t (K Zu(k)(WTﬂ,S)’Z) - (K u(k)(WT+1,5(l)),Z>|
k=1 -1
1 & 1 & ‘
<G % kz_:u(k)(WTJrhS) - ’;u(’c)(wTﬂ,S(l))
2G2
= A
Apply Theorem 2.2 with 8 = 2"G , with g = glves us the result.
O]

Theorem 4.4. Assume that the loss function is convex, M -bounded, G-Lipschitz and H-smooth.
Suppose we run Algorithm 1 for 7" iterations with v < T on a given meta-sample S, and GD for

task-specific learning (Option 2, Algorithm 2) with n < 75+ +2 5~ Then, with probability at least 1 — 4,

L(A(S), 1) SL(A(S),S)+<$+ij) log (mn) log (1/6)+ M\/W

Proof of Theorem 4.4. We denote w; = A(S), w, = A(SY), u(wry1,8) = A(S)(S),
u(wry,8®) = A(S)(S™W). For ¢ to be convex and G-Lipschitz, applying Lemma 4.3 gives
us that

]E<A<s><s>, 2) ~ UASD)(SD), )
1 & ,
( Zu (Wwr41,S ,z) —f(KZu(w’TH,S(l))7Z>‘
all+ Zu(k)(w S),z) — e iu(k)(w’ S)
= K e T+1, ) K T+1>

1 2eG?  2G?
<min<21—|—> e -l-ﬁ

MK ) Am An
Further apply Theorem 3.1 gives us the result. O
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D Missing Proofs of Section 4.2

We start with a proposition that provide some equivalent characterizations of weak convexity.
Proposition D.1 (Proposition 2.1 in Davis and Grimmer [2019]). Suppose f : R? — R U {oo} is a
closed function and p > 0, then the following are equivalent:

1. Forany wy € R%, f(-) + & ||- — wy || is convex.

2. For any w1, wa € R? with g(wy) € 9f(w1), we have

f(wa) > f(w1) + (g(W1), wa — w1) — g [wa — wi .

3. For any w;,ws € R?and \ > 0,
PA(1 =)
2

Lemma D.2. [Bassily et al. [2020]] Given S and S¥), for a fixed w, consider u(w, S) and u(w, S(?)
are achieved via Algo. 1 with gradient descent for K iterations. Then if £ is convex and G-Lipschitz,

%Ef:lu (W S)_izk lu(k) W S H < 4GKT]+4G7’]\/>

[wy — wal|.

FOwr + (1= XNwa) < Af(wr) + (1= X)f(wa) +

we have sup; ¢/,

Below we provide our key Lemma D.3 for the stability analysis.

Lemma D.3. Consider a meta-learning problem with p-weakly convex and G-Lipschitz loss function.
Let S, SU) denote neighboring meta-samples and S, S the neighboring samples on a test task.
Then, after 7" iterations of Algorithm 1 with v < A > 2p, and GD for task-specific learning (i.e.,
Option 2 for Algorithm 2) with ) < &,

2eG
sup ||wrg1 — wp, || < QeG\/i—i- /\eim.

S,j€[m]

)\T’

Proof of Lemma D.3. If { is p-weakly convex, then from Proposition D.1 we have that
(Ve(u) — VU(v),u—v) > —pllu - v|?,Yu,v € RY
Given S and §’, for any w and w’, we have

Vk € [K — 1], Hu(kH)(w,S) —utH) (w8

<

u® (w,8) —u® (W', S") —n (VL(u(k) (w,S),S) + A (u(k)(w, S) — w)

(Projection is non-expansive)

~VLu® (W, 8),8) — A (u(k) W, S') - w’) )

= (1= ) [u P (w,8) = u P (W, §")

2G
< (L+ @ =N lw —w'| + ~
(Telescope, uM (w, S) = w,u)(w/,S) = w'.)

And therefore
Zu(k) (w,S) Zu(k) (w', 8"

We now focus on the situation where we give S and S’ with a fix w. For simplicity, we define
o = ||u(k)(wt,8) —u®) (w},S)]|. Note that §; = ||w; — w}||. We have

1
<min| 2,1+ — —
_mln( +>\K)||w wH—i—)\

Sprt = Hu(kJrl)(wt,S) _ u(k+1)(wé,8)H
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<

u® (wt,S)—u(k)(W;,S)—n(VL(u(k) (W, S), S)+A (u(k)(wt,S)—wt>

(Projection is non-expansive)

— VLu® (W), 8),8) — A (u(k)(w;,S) — w;) ) H

< A llwe = will+ | (1= n2) (4 (wi, 8)—u® (w), )

1 (VLY (w, 8),8) = VLD (w;, 5),S)) H

= A [[we = will + Ay

where we define

Ap=

(1-75)\) (u(k) (wt,S)_u<k>(w;,3)) —n(VL(u(k) (wt,5),5)-VL(u<k>(w;,3),$)) ||

We have that
A7 = (1 —nX)%67 + 4n>*G?
= 291 = ) (U (we, §)—u® (w;, 8), VLW (wi, 8), 8) = VLD (w}, §),8))
(1 —n\)202 4+ 4n2G? + 2n(1 — n\)pd? (Lis p-weakly convex)

<
< (1=n\)o} + 40°G? < 5,2 >2p)

Therefore, we have

Oir + N0 [we—wi|* =2Xndups [we — wil| < A7 < (1=n)&R+4°G> (14)
Rearrange it gives us that
041 N2 [[we = will® 22 Wi — wi| Skga < % 4*G?
1 E+l 1 = % E+1
(1—nN)"" (1=nN)"" (=m0 (L=nN)" (1=
Telescoping from k = 1 to K gives us that
K K K
%11 N2 [[we — wi|* 22n [[we — Wil| Op41 4*G?
Tt oS CraaE DY i
(1 —=nA) k=1 (1 —=nA) k=1 (1—=nA) k=1 (1—=n\)
Thus
LK
1 + X207 vy — wi Z (1 =N — 22 Jwe — Wi Ok 41
k=1
K-1
477G
< =+ 2w - Wil > Graa (1 =)
k=1
4AnG? S
< 2201 =) [lwe = will Y dk(1—nA)F (15)
k=1

Now we start proving the following bound by induction:

sic < 2w~ wil +20, /1.

30



This claim holds when & = 1. For the inductive step, we assume it holds for some k& € [K] and
prove the result for & + 1. We consider the following two cases. If §;11 < maxe|x] 0, induction
automatically holds. Otherwise, 0511 > maxgcx) 5. Applying Equation (15) gives us that

Gr1 + X0 [lwe — wi| Z (1= 0N = 220 [lwe — W[ Grr
Jj=1
477G k
< +2xn(1 = nA) [[we = Wil > 6k (1 = nA)FT
Jj=1
4nG? :
St (L= nA) W = Wil Gpp1 D (1 —nA)kd

Jj=1

which is equivalent to

k
2 k—
Spn + X0 lwe — wi|P > (1 —nA)*

j=1
anG? k
/
< = 2w — W G | 14+ (1= ) ;l—n/\
Rearrange gives us that
k
Spr = Anllwe = wil| | 14 (1 =) Y (1 =\
j=1

2

k
< Mlwe—will [1+@=n0)Y =N )| +

— A lwy = wh||* (1 — (1 —pn)*FY)

Therefore, we have

vk € [K =1 [ we, 8) —ut D (wi, 8)|

k
<2G\/:+2 Anlwe —wi|l [ 1+ 1777/\21777/\
j=1

< 2wy — wy| + 2G\/§

1 & 1 &
il (k) _ = (k) (!
e kilu (W, S) % g:lu (wy, S)

And therefore

< 2|lw, — W] +20\/§ (16)

As a result,

Iwess = Wi |

m K m K
1 1
< ([We—A Wt_%é ?E u(k)(Wt’Sj) —Wi YA | wy— E E (k) (w, S
]_ :

(Projection is non-expansive)

m K

B , 1 1 *) 1 &1 ,
= (1= ) s = wi |+ A || = 37 = > uB(we, 8) = =7 = S u® (w8

j=1"" k=1 j=1"" k=1
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m—1 N A 2G
< (=) =il + o (2wl 26 1) + 22 (2w = wi + 5

2G
< (L4 V) [Iwe = Wil + 267 v/mx + =

Telescoping gives us that

2G
[Wrgr —wiry || < (1 +40)7 (QG\/§+ )\m)

Choosing v < 5 gives us that

1 n  2G n  2eG
—w < _\T - < s
w1 — Wiy || < (1 + T) <2G\/:+ Am) < 26G\/:—|— v

We remark that if we consider convex and non-smooth loss function by setting p = 0, then follow a
similar argument, Equation (14) can be replaced by

0p 1 + N0 W= wi | =228 [we — Wil < A% < (1 —nA)*6 +41° G
And therefore Equation (16) can be replaced by

Hu(k‘+1)(wt,5) _ u(k+1)(wi73)H
k
<2G\/7+2 A [[we = will | 14 (1 =nA)? ) (1 —nA)*2
j=1

2 n
< —w 2G| =
< g v wil + \fA

< 2w — vl + 262 A< 1)

and the rest follows.

O

Theorem D.4. Consider a meta-learning problem with p- weakly convex, M-bounded, G-Lipschitz
loss function. Then, after 7" iterations of Algorithm 1 with v < /\T, A > 2p, and GD for task-specific

learning (i.e., Option 2 for Algorithm 2) with < %, we have with probability at least 1 — 6,

L(A(S), 1) SL(A(S),S)+ <G2\/:+ f) log (m) log (1/5)+ % Vlog (1/6)+ % +GVK.

By setting n = we have

=
L(A(S), 1) SL(A(S), S)+ (A?F f)log( )10g(1/5)+% log(1/5)+il+)\?/[?,

Proof of Theorem D.4. If the loss is M -bounded and G-Lipschitz, apply Lemma D.3 gives us
]L<A<s><s>, 8) ~ LIA(SD)(S),9)

( S i wrr, ), ) ( Zu(m (Whr. S S)‘

k=1
1 K K
74 Z u® (wryq,S) Z WT_H, (G-Lipschitz)
k=1 k

< 2G ||wrg1 — Wiy || + 2G2\/§ (Equation (16))

2
< (4eG? + 2G?) \/i n 4§G (Lemma D.3)

m

1 4eG?

< (4eG? +2G?) Wi +5— (Setn < 5%)
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On the other hand, applying Lemma D.2 gives us that
UA(S)(8),2) ~ UAS)(SD), 2)| = [ (wri1,8),2) = LE D (wry1, §9),2)|

< G oD (wr, 8) = D (wr, SO |

4G?K
<K VR
n
4G?  4G?
< — Setn < L
_/\n+)\\/7( (Setn < 5%)
Plug back into Theorem 2.2 gives the result. O

Lemma 4.5. Assume that the loss function is p-weakly convex and G-Lipschitz. Let S, S\) denote
neighboring meta-samples and S, S() the neighboring samples on a test task. Then the following
holds for Algorithm 1 with A > 2p, and GD for task-specific learning (i.e., Option 2 for Algorithm 2)
with p < 1, forall T > 1 as long as we set 7 <

PVak
A(S)(S) —A(S(j))(S(i))H < (86G+2G)\/§+ 8eG 8G

i Am An’

S,S,j€[m],i€[n]

Proof of Lemma 4.5. We slightly abuse the notation, at outer iteration ¢, define w, =
A(S), w, = A(SW). Given w;, at inner iteration k, define u'®(w;S) =
A(S)(S), uF(w),8D) = A(SW)(SW), We now provide the upper bound on
H% S B (W, 8) - LF u(k)(wifH,S(i))H. Recall that if £ is p-weakly convex, then
we have

(V) = VE(v),u=v) = —p|lu—v|*

We apply a similar procedure as Lemma D.3. For simplicity, we define §;, =
[u® (wy,S) — u™ (w}, S?)||. Note that §; = ||w; — w;]|. We have

Sprt = Hu(kJrl)(Wt’S) _ u(kH)(W;’S(i))H

u(k)(wt,S) — u(k)(w;,S(i)) — n(VL(u(k) (w,S),S) + A (u(k) (wy,S) — wt>
= VL® (w}, §@), 8O) = A (u® (w;, $) - w;) ) H

< Anljwy — wil[+{[(1 = nA) (u(k)(WmS)—u(k)(w;,S(i)))

=1 (VL@® (w;, 8), 8) = VL") (w, 8), s0)) H

= M [lw; — wi| + A

where we define

A=

(1) (u®) (w;, 8) ~u¥) (w}, 59))

—(VL@® (w;, 8). 8) = VL (w;, 50), 8)) H

We have that
A2 = (1 —n\)?6% + 4n>G?
= 20(1 =) (0 (wra, ) —u® (Wi, S9), VLD (wr1, 8), §) = VLM (wry, §9), D))
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= (1 —n)\)26? + 4n*G?
—2n(1 - n)\)<u(k) (WTH,S)—u(k)(w’TH,S(i)), VL(u(k)(wTH,S),S) VL(u(k)( S( )) 8)>

~ 2n(1—nA)

n

< (1 —n\)28% +40°G? + 2n(1 — n\)pdi +

< (1 =nN\)é2 +4°G* +

Therefore, we have

<u(k) (WT+17 S) _u(k) (Wél“+1 ) S(i))v Vﬁ(u(k) (W/TJrl’ S(i)), Zi) _vg(u<k) (Wlerlv S(i))a Z/)>

4Gn(1 —nA)
— 5
n

4Gn(1 —nX)
— 5
n

4Gn(1—nA
0F 1+ N2 [[we = WlI* = 22nde g1 [lwe — wil| < AF < (1 - 77>\)5/%+4772GQ+%5’C
Rearrange it gives us that
0k 41 A [[we = will® 22m |lwe — wil| G
(1— n}\)m—l (1— n)\)kﬂ (1— n)\)k+1
62 n an*G? 4Gn(1 —nA)dg
BECEE 2V R OV (i
Telescoping from k = 1 to K gives us that
K
5%{+1 Z A2 || we — Wi”2
K+1 k+1
(1 —mnA) " k=1 (1_77)\)+
K K
< Z 2Xn ||Wt Wil 041 3 A’ G® 3 4Gn(1 —nA)d
k k k
) i k=1 (1 - 77/\) i k=1 n(l - 77)‘) i
Thus
L&
K—k
Ocqr + X0 lwe = Wil D (1= A" = 2 |lwe = Wil| S50
k=1
4nG? = oy 4Gn(1 —n))
< T b 2w = Wil 3 A (1 - m)< Tzfsk 1)K
k=1 =1
4nG? 4Gn(
< 2 (2001 = ) o= w4 2 ) Za (1)~ an
Now we start proving the following bound by induction:
8G(1 —nA)

This claim holds when & = 1. For the inductive step, we assume it holds for some k& € [K] and
prove the result for k + 1. We consider the following two cases. If 0511 < maxe (] dk, induction
automatically holds. Otherwise, 0y 41 > max,¢[x) 0s. Applying Equation (17) gives us that

k
0%y + N2 we = Wil 37 (1 =N — 20 [we — W i
4nG2 4G
< B (21— o wi) + 205 )mlz (1 — ¥
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which is equivalent to

-  AGH(1-n)) ¢
B — | 2Anllwe = wi | +-2m(1 =) Jw = wi | 7 (1—n) = Y (1A

j=1 J=1

k k ?
77G ki 4G77 1 77/\ k—'
L+ | 2wmlwe—wj [ +2xn(1- An>||wt—wt||j§1:1— A = Z ’

Therefore, we have

k

5k+1<2G\f+2<2A77Wt—WtII+2An(1 An) [[we—=wil| Y (1= nA)k-

j=1
4Gn(1—nA) ; k=g
t— ;(1 An)

8G(1 — nA
<2G\/7+4||Wt W;H + #

Plug in Lemma D.3 gives us that
n 8G 8G
Or+1 < (8eG + 2G T
k1 < (8eG + )\/:+/\m+)\n
Therefore we have

1 & 1 & .
}Z u(k) (WT-‘rla S) - }Z u(k) (W/T—Q—lv S(l))
k=1 k=1

S(86G+2G)\/§+i€7§+§i

Moreover, setting 1) = 17 gives us that

K K
1 1 )
K E ut®) (WT+1aS)—? E u(k)(W/TJrl’S(Z))
k=1

k=1

86G+2G+@+§
- MWK Am o An

O

Theorem 4.6. Assume that the loss function is p- weakly convex, M-bounded, and G-Lipschitz.
Suppose we run Algorithm 1 for 7" iterations with v < /\T, A > 2p on a meta-sample S, and GD for

task-specific learning (Option 2, Algorithm 2) with n < )\ , Then, with probability at least 1 — §,

G?  G? M/log (1/6)
L <L Y LA S B log (1 —_—
(AS). 1) 5 LAS).8) + (/14 T tog (g 1/5)+ L PEL
Proof of Theorem 4.6. For { to be G-Lipschitz, applying Lemma 4.1 gives us that
[A(S)(S),2) — LASD)(SD), 7)
1« 1
= é(Zu( )(WT+178)7Z> —£<Kzu(k)(WT+1,S( ))7Z>‘
k=1 k=1
K X
<G Zu(k)(WT-H S) - I Zu(k)(W/T 1,8
k=1 k=1
8eG?  8G?
2 4 932 n oL
(8eG* + 2G )\/:—F v "
Plug it back into Theorem 3.1 gives the result. O
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Theorem D.5 (Restatement of Theorem 4.7). Assume the loss £ is convex and G-Lipschitz. Define

ui =argmin, L(u,S;),¥j €[m]. Suppose we run Algorithm 1 with GD for task-specific learning
with v = % to find an algorithm A(S) = A (W71, -) which is then run on S; for K iterations

with step-size 7 < % Then, we have that

D2 N G2y GDnA  A||wrgr — W)° 4+ Ao
2n(1=nA)K  2(1-n)A)  1-nA (1-=nA)(2—nA)

L(A(S)(S;), ;) —inf L(u, ;) <

~ 2 . . ~
where 02 = %Zfil wau* , with W as defined in Equation (1). ||wpyq — W[
1 2 |, 4D* | n(G+2AD)? 2p? | n(G+2AD)*

T (8D et p) +or T 2%

m

Proof of Theorem D.5. Recall the definition W =argmin,, ¢y %Zg ming [L(w;8;)+3 [lu— w||2} ,

u*(w,S) = argmin,y, {L(u;S) +3 Ju—wl|*|. u; = argmin,gyy L(u,S;),Vj € [m]. We
slightly abuse the notation by defining u*) (w;,S;) = A(S)(S;) at inner iteration k for given
w;. Then we have

2

Hu(kﬂ)(Wn Sj) —uj

2

- HHW (u<k>(wt,sj) - (VL(u(k)(wt,S ), 8;) + Au®) (we, S;) — wt))) —u

§H(1—n>\)(u(k)(wt,SJ) )+77)\(Wt—u) IV L(u® >(wt75j),sJ)H2
< (1= 002 [0 (i, 85) ~ u
+ 2 (1 =) [[a® . 55) = 5 | we
= 29(1 =) (VL) (wr, 5), 8;). 0P (we, §;) — )
= (=) [u D we, )~ w
+2AG [we = 3| = 20(1 = n2) (TLF) (Wi, §5), 8;), 0P (wi, S5) = u)

o | VL® (w8, 8))

e e g

PAG |[we — uj

—u])) 42 Ve s, 8

< Hu(k)(Wt,Sj) - u;

2o X2 .
T Iwe = w3+ n*G* +0?AG [|we = uj|

(a+b)? < (14 p)a® + (14 1/p)b? with p = CUY)
—25(1 =) (VLE® (w;, 8;), 87), 00 (wy, &) = u )

Rearrange it and telescope it gives us that

K
1 *
L (K > u® (thsj)78j> — L(v}, S;)

K
< Z Lu® (w,, S ), Si)—L(u},S;) (Jensen’s inequality)
k:
K
k * .
< KZ<VL ") (wy, S;),S5),u™ (wy, Sj) —uj> (Convexity)
* A K w2
I+ PG E PG ST [l — w4 5% S e
- 2n(1—nA)K
D2 G2n 2GDnA  A|jwi—w[* + Ao K. a2
S ST aE T2y T 1o T aone— gy O = x Xk [l w1
n(1—=nA) (1 =nA) nA o (L=nA)(2Z=nA)
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Follow from [Zhou et al., 2019, Theorem 1], we now control |[w;41 — w||*. Define u* (w, S;) =
argmin, Fs, (u,w;) = argmin, L(u,S;) + 5 [ju — w¢||?. We start with the following:

11 & :
||Wt+1—VAV||2= Iy | we — A Wt—%Z?Zu(k)(WhSJ’) - W
j=1"" k=1
2
1 m 1 K
<||lwe—W—~A wt——ZEZu(k)(wt,Sj)
miat =
1 m 1 K
< Jlwe — W2 = 29X <wt —Wwp - — Y = Zu<k>(wt,3j)>
Mot =
2
1 &1 &
242
+42X wﬁEZ}Zu (Wi, S;) (19)
Jj=1 k=1
We now bound the latter two terms separately as follows:
1 ¢h 1 2
v D g 2 P S)
mj:lKkzl
11w 11 & :
=lwi—=> =>"u (wt,sj)+fzgz(u (w,S;) —ul >(wt,sj))
miS Nt = mia "t =
2
1 m 1 K 9 m 1 K 2
<2 Wffg ?Zu*(wt,sj') +EZ?ZH(H( )(Wt,Sj)*u*(Wt,Sj))H
j=1"" k=1 j=1"" k=1
2 N1 2
<ot 25535 (1w w5
miaS =
as well as
m K
1 1
<WtW;Wt ZEZU( (Wt7S])>
Jj=1 k=1
11 &
zazﬁz<wt—€v,wt—u*(wt,8»)>
Jj=1 k=1
Iy ly &, ul®)
- EZ?Z<Wt —w,u (Wtusj) —u (Wt78])>
j=1"" k=1
1 ¢h 1 1
zm§jK§ij@Av&mﬂim»2wwmf
j=1 k=1
1 &1 2
= o 2 7o 0 [ 85 = )|
Jj=1 k=1
) ) 1 m 1 K 9
> lwe = )% = 5 fwe = W = 5= >0 = S [u® e, 85) = w (s, 85)

1 1 1 & 2
~112 *
= 3w =1 = o= = 3 [ v S) —ut(we )|



where the common term ||u(®) (w¢, S;) — u* (wy, S;) H2 can be controlled as follows:
2
Hu(kJrl)(wt,Sj) - u*(wt,Sj)H

2
< [0 w1, 85) = 1T Fs, (@) (wi, ), we) = 0" (i, S5)

2
= Hu(kﬂ)(wt’ Sj) —ut(we, S5)|| —2n <VFSj (® (we, S;), we), uF D (wy, S;) — u” (we, 5j>>

2
12 ||V s, (0w, 5), we)

§(1—2nA)Hu(‘””(wt,SJ) u*(wy, S H +? HVL 0B (i, ), 8;) + Au® (we, 85)—wo)||

(Fs, (u,w) is A-strongly convex w.r.t. u)

2
< (1—=20\) Hu(kﬂ)(wt, sj)fu*(wt,sj)H +12(G + 2AD)?

) G +2)\D)?
<4(1—29\)kD? + % (Telescoping)
Plug back into Equation (19) gives us that
Wi 1 — W]
1 1 &1 & 2
~12 *
< lwe = W17 =29 [ 5 llwe = %) - §;K2;W<Nm 5) = (we, )
22 2 21 & (k)
(3072 25 ) -5
Jj=1 k=1
1 k2, (G +2)D)’
< (1= 7A) [[we — ¥ + 7\ ;4(1—%) p? 4 MELT2A2)
1 n(G + 2\D)?
2,2 2 k 2
A | 8D — 8(1 —2n\)*D _
+9 ( + K}; (1= 2pN)*D% + ===

. 2D? (G +2AD)? 4D%  n(G+2\D)?
< (1— W —wl|? 22 (g2
< (@ =74) [Iwe P+ (77/\[( 2\ A8 nAK A

Choosing v = 5 gives us that

[Wet1 —W||2

1 ~ 1 [ 2D? G +2)XD)? 1 4D? G +2\D)?
su—fww—wW+ (o + M50 ) + g (307 o + 220

T \n\K + 2X T2 K A

(G+2)2D)?
(8D2 0% + UCEDD) ) 2D% (G + 2\D)?
- +

< T K ) (Telescope)
O

E Missing Proofs in Section 5

Theorem E.1 (Bennett’s inequality). Let xy,...,z, be independent r.v. with finite variance.

Further assume |z; — Ez;| < a as. for all . Define S, = > I [z, — E[z;]] and ¢* =

oo E(x — E[2;])®. Then for any ¢ > 0,

2
P(S, >1t) <exp <22h (Zé)) ,

where h(u) = (1 + u)log (1 + u) — u.

38



Lemma 5.1. Assume that the loss function is p-weakly convex and G-Lipschitz. Let S, S\4) denote

neighboring meta-samples and S, S(¥) the neighboring samples on a test task. Then, with probability
at least 1 —exp ( T2e%/m ) the following holds for Algorithm 3 with A > 2p, and GD for task—

specific learning (i.e., Option 2 for Algorithm 2) with y < £, for all 7" > 1 as long as we set v < 1%

. - 8eG  8G
s (s < 5 ﬁ 8eG
ol HA —A(SYY(S W_@dH—Q 3+ 3

Proof of Lemma 5.1. We slightly abuse the notation, at outer iteration ¢, define w; = A(S),
w, = A(SY). Given wy, at inner iteration k, define u® (w;,S) = A(S)(S), u®(w},S®) =
A(S1¥))(S™). From a similar argument as Lemma D.3, Vk € [K — 1], we have

2G

< 2wy — will + BN

Hu(k+1)(wt,8) — u(k+1)(w;,$)H < 2wy — Wi + QG\/§.

[ i, 8) = D ()

Let us define r; = 1(S;, # S;,). Note that at every step ¢, E4(r¢) = . Moreover, note that
{r¢ : t € [T} is an independent sequence of Bernoulli random variables. As a result,

Iwesr = wip|

K K
1 1
Wi — YA (Wt K Zu(k)(wt)sjt)> — Wy + A (W:: K Zu(k)(W;’SJ/‘J)
k=1

k=1

<

(Projection is non-expansive)

Zu( ) (wi, S i) Z (W}, S

k:

2G
<(- w|wt—wt|+m<1—n>(2|wt—wt|+2a\/§) An(wt—wtwk)

< (14 (1 =r)yA) [we — will + 2Gy v/ + 2Gyry
< (1+ 9N [[we — Wil + 2Gy/nX + 2Gyry

= (1 =) |lwe = wi|l + A

Telescoping gives us that

T
IWras — Wy | < QG\/:(I T 4267 Y (1N

t=1

Further taking expectation w.r.t the randomness of the algorithm and gives us that

2G
Ex HWTJrl - W/T+1H < (14+ANT (ZG\/§+ )\m)

Choosing v < 5 gives us that

, 1.7 n 2G n  2eG
— < — 1)< LA
Ea HWT+1 W 1” 1+ =) 2G h + o 2eG h + "

Plug this back into Equation (18) gives us that

8G(1 —nA

B [0 (Wi, 8) a0 (i, 5O H<2G\/7 B lw — wi + 2EE Y
7) 8eG  8G
< (8eG + 2G) )\ o T om
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Setting v < % We note that for each r; has variance smaller than % Define random variable
zy = (1+ £)""1r,. We have

o= Blodl = (1 7)™ (e ~ Bl < efov — Blodl < (14 ) (1- 1) <

T T
S E (@ — Elai))? < 31+ )22 (1 - 1) e

— — T m m m
T2e?
< exp (— 3 > .

Therefore, with probability at least 1 — exp (—T%e*/m?), we have

T t—1
n 1 2G 1 n  2eG
[wri1 — W | SQG\/:<1+T)T+/\mT (“T> SZ@G\KUm
t=1

and therefore with probability at least 1 — exp (—712¢?/m?), we have

Hence by Bennett’s inequality Theorem E.1, we have

d Ly 1 ¢ Lieq
P Z(l"‘f) TtZEZ(l-i-T)

t=1 t=1

8G(1 —nA)
An

§(86G+2G)\/§+8)\€§j+§ij

vk € [K - 1], Hu<K+1>(WT+1, §)—ulF (i, s(z—))H < QG\/f +4fw, —wi| +

By triangle inequality, we have with probability at least 1 — exp (—72€e?/m?),

1 & 1 & n 8eG 8G
Bl (k) _ () (w! (#) a0t O
% E u'"(wry, S) % E u (wipyy, S|l < (8eG+2G)\/:+ Fy + gV

k=1 k=1

O

Proposition 5.2. Given a loss function £(-, z) and its adversarial counterpart /(-, ), the following
holds: (1) If £ is G-Lipschitz (in its first argument), then £ is G-Lipschitz. (2) £ is not H-smooth even
if £ is H-smooth. (3) If £ is H-smooth in w, then ¢ is H-weakly convex in w.

Proof of Proposition 5.2. Given w1, W, define

71 € argmax {(w1,Z7)
z€B(z)

Zp € argmax {(wa,Z).
7€B(z)

For the first item, it holds as
| wn,2) = Bwa, )| = 1e(wr, 21) = blwa, 22)]|
= max{|€(w1, 21) — K(W%il)l 5 |€(W1722) — E(Wg, 22)|}
< Gllwy — wa.

For the second item, the non-smoothness of the adversarial loss has been verified in Xing et al. [2021],
Xiao et al. [2022]. For the third item, ¢(w, z) is H-smooth implies that ¢(w, z) is H-weakly convex,

and further derive that £ (w,z) is H-weakly convex because

f(Wg,Z) = f(W2722)
> l(wa,71) (By definition of 73, o)
> l(w1,71) + (9(W1,21), W — W1) — g [wo — wi?
(g(w1,21) € 9€(wa,71), apply Proposition D.1)
= U(w1,2) + (G(W1,2), Wa — W1) — g lwa — w1|®  (Redefine §(wi,z) € 0f(w1,z))

O
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NeurlIPS Paper Checklist
A. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We further expand on the claims made in abstract and introduction in Section 3
and 4. The detailed proofs are provided in the Appendix.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

B. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We list the required assumptions in the statement of each theorems. Several
limitations are described together with future work in Section 6.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

 The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

C. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]
Justification: All the proofs are provided in the Appendix.
Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
D. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification: Please see Section A in the Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

E. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: Please see Section A in the Appendix. The code is provided in the supplemen-
tary file.

Guidelines:

* The answer NA means that paper does not include experiments requiring code.

¢ Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
F. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Please see Section A in the Appendix.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
G. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Please see Section A in the Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).
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* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

H. Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Please see Section A in the Appendix.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

1. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: The theoretical nature of the results means there are minimal ethical concerns.
Guidelines:

» The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
o If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.
* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
J. Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [Yes]
Justification: See Section 5.2 and 6.
Guidelines:

» The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

K. Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

L. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

M. New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

N. Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

O. Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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