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Abstract

Concentration inequalities play an essential role
in the study of machine learning and high di-
mensional statistics. In this paper, we obtain un-
bounded analogues of the popular bounded dif-
ference inequality for functions of independent
random variables with heavy-tailed distributions.
The main results provide a general framework
applicable to all heavy-tailed distributions with
finite variance. To illustrate the strength of our re-
sults, we present applications to sub-exponential
tails, sub-Weibull tails, and heavier polynomially
decaying tails. Applied to some standard prob-
lems in statistical learning theory (vector valued
concentration, Rademacher complexity, and algo-
rithmic stability), we show that these inequalities
allow an extension of existing results to heavy-
tailed distributions up to finite variance.

1. Introduction

Concentration inequalities are fundamental in empirical sci-
ence and serve as a critical toolkit for the study of both nat-
ural and artificial learning systems (Boucheron et al., 2005;
2013). They have been investigated over several decades
and applied in numerous fields, including convex geometry,
functional analysis, probability theory, information theory,
communications and coding theory, learning theory, and the-
oretical computer science (Raginsky & Sason, 2015; 2018).

The bounded difference inequality, also known as McDi-
armid’s inequality (McDiarmid, 1998), is among the most
renowned concentration inequalities. It has been extensively
used within statistical learning theory (Bousquet & Elisseeff,
2002; Bartlett & Mendelson, 2002) as a potent instrument.
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The bounded difference inequality encapsulates the probabil-
ities that a function of independent random variables varies
from its mean in terms of the sum of conditional ranges. It
surpasses the general Hoeffding-type and Bernstein-type in-
equalities that rely on the summation of independent random
variables (Vershynin, 2018; Wainwright, 2019) by charac-
terizing a general function; this renders it more adaptable
and effective for estimating complex statistics beyond the
sum (Maurer, 2019; Maurer & Pontil, 2018; 2019).

However, a limitation of the classical bounded difference
inequality (McDiarmid, 1998) is its requirement that con-
ditional ranges be uniformly bounded, a constraint that sig-
nificantly reduces its applicability. Many scenarios demand
the use of its unbounded variants. For example, extensive
research has focused on establishing generalization bounds
in unbounded situations, for which the classic inequality
is not readily applicable (Cortes et al., 2021; Kontorovich,
2014; Meir & Zhang, 2003). It is possible for conditional
ranges to be infinite, yet the conditional versions (obtained
by fixing all but one argument of the function) may exhibit
certain decaying tails (Maurer & Pontil, 2021). In such
relaxed conditions, one might anticipate the existence of
bounded difference-type inequalities. Some studies (Meir
& Zhang, 2003; Kontorovich, 2014; Kutin, 2002; Maurer
& Pontil, 2021) have successfully extended the classical
inequality to cover the unbounded case. Specifically, Kutin
(2002); Meir & Zhang (2003); Kontorovich (2014) have
provided concentration inequalities for sub-Gaussian decay
tails, while Maurer & Pontil (2021) have further contributed
inequalities for heavier sub-exponential decay tails.

Unsatisfactory, both sub-Gaussian and sub-exponential
distributions are relatively light-tailed distributions
(Vladimirova et al., 2020; Wainwright, 2019). A distinc-
tive difference between heavy-tailed distributions and
sub-Gaussian and sub-exponential distributions is the
moment generating function (MGF). The MGF exists for
sub-Gaussian and sub-exponential distributions (Vershynin,
2018), while it does not exist for heavy-tailed distributions
(Foss et al., 2011). Thus, the technique used in (Meir &
Zhang, 2003; Kontorovich, 2014; Kutin, 2002; Maurer
& Pontil, 2021) to find upper bounds for the MGF
clearly fails for heavy-tailed distributions. Meanwhile,
in many applications, such as probability theory (Wong
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et al., 2020), high-dimensional statistics (Kuchibhotla
& Chakrabortty, 2018; Guédon et al., 2014), stochastic
optimization (Gurbuzbalaban et al., 2021), and signal
processing (Bakhshizadeh et al., 2020), the assumption of
light-tailed sub-Gaussian and sub-exponential distributions
seems inappropriate. Therefore, concentration inequalities
for heavy-tailed random variables are necessary (Foss et al.,
2011).

This paper amis to provide bounded difference-type concen-
tration inequalities, where the centered conditional versions
have heavy-tailed distributions. We prove these inequal-
ities using the entropy method (Boucheron et al., 2003;
2013; Ledoux, 2001; Maurer, 2012; Raginsky & Sason,
2018) and the truncation technique for random variables
(Bakhshizadeh et al., 2023; Nagaev, 1979; Hahn & Klass,
1997; Klass & Nowicki, 2007; Hitczenko & Montgomery-
Smith, 2001). We demonstrate that the techniques used in
this paper can be applied to deduce concentration inequali-
ties for all distributions with finite variance.

Our main results, Theorem 3.1 and Theorem 3.2 in Section
3.1, provide general frameworks that are applicable to all
finite variance distributions. To illustrate the strength of
our frameworks, we present applications to sub-exponential,
sub-Weibull, and polynomially decaying tails, respectively.
These results are detailed in Section 3.2. Moreover, we
obtain refined concentration results in Section 3.3 based on
an asymptotic argument. To demonstrate the application
of these derived concentration inequalities, we apply them
to some standard problems in statistical learning: vector-
valued concentration, Rademacher complexity, and algorith-
mic stability. These applications follow the work (Maurer &
Pontil, 2021). Based on the bounded difference inequality,
Rademacher complexity and algorithmic stability are two
fundamental tools for deducing generalization bounds for
various learning problems. However, when deriving high
probability bounds, these tools typically require bounded-
ness of loss functions. As a result, our inequalities facilitate
the extension of these results to heavy-tailed distributions
with finite variance.

This paper is organized as follows. We first introduce the
preliminaries relevant to our discussion in Section 2. Sec-
tion 3 presents the main results, detailing the concentration
inequalities and their discussions. Section 4 is devoted
to applications: vector valued concentration, Rademacher
complexity and generalization, and algorithmic stability and
generalization. We conclude this paper in Section 5. All
proofs are postponed to the Appendix.

2. Preliminaries

Conventionally, we use uppercase letters to present random
variables and vector of random variables, and use lowercase

letters to present scalars and vector of scalars. Let X =
(X1,...,X,) be a vector of independent random variables
with values in a space X', and the vector X’ = (X7, ..., X},)
is independent and identically distributed (i.i.d.) to X. We
consider that f is a function f : X — R. In this paper, we
are interested in studying the concentration of the random
variable f(X) with respect to its expectation, i.e.,

P(f(X)—E[f(X")] >t), Vt>D0.

To proceed, we need the following definition to characterize
the fluctuations of f in the k-th variable X, when the other
variables (x; : i # k) are given.

Definition 2.1. If f : X" — R, 2 = (z1,...,z,) € A"
and X = (Xi,...,X,,) is a random vector with indepen-
dent components in X", then the k-th centered conditional
version of f is the variable

fe(X) (@) =f (1, ooy Tho1, Xy Tl 15 o0, Tn)

—E[f (@1, ey @1, Xpoy Tt 1y s Tn)] -

Then f;(X) is a random-variable-valued-function f;(X) :
xr € X" — fr,(X)(z), which does not depend on the k-th
coordinate of z. And

Fo(X)(X) =F (X1, X1, X, Xrar, - Xo)
- E[f(X”Xl? "'7Xk—17Xk+1a aXn]

The expectation in fj(X)(z) and fi.(X)(X) is taken on
the k-th random variable of f since we are interested in its
centered conditional version. Also, consider the summation
case f(z) = Y., y, then fi,(X)(z) = Xi — E[X}] is
independent of x.

We then introduce some notations relevant to the heavy-
tailed random variable. The following definition describes
the tail property of a random variable.

Definition 2.2. Let h : R — RZ° be an increasing and
continuous function. We say h captures the right tail of
random variable 7 if

P(Z > t) < exp(—h(t)), Vt> 0.

The function A(t) is generic. We will describe our main
results in terms of this generic function and will be interested
in some concrete tails: sub-exponential tail (h(t) = ct for
some fixed coefficient ¢), sub-Weibull tail (h(t) = cgt? for
some 6 > 1), and polynomially decaying tail (h(t) = clogt
such that ¢ > 2). In the sequel, for any random variable Z,
we use the notation Z7 to present its truncated version, i.e.,

ZT=71Z<7), T>0.
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3. Results

In this section, we show concentration inequalities for gen-
eral functions of heavy-tailed random variables. We first
give general frameworks in Section 3.1 and then apply them
to some popular heavy-tailed distributions in Section 3.2.
Finally, we will further provide refined results in Section
3.3 based on an asymptotic argument.

3.1. Main Results
Let f7(X)(z) = fu(X)(x)I(fx(X)(z) < 7). The first
result is a general framework.

Theorem 3.1. Suppose that the right tail of fi,(X)(zx) for
all x € X" and any k = 1,...,n is captured by h(t) as
defined in Definition 2.2. Let ) € (0,1] and 8 = %(T) we
define

A(r) 2 sup B |(f7(X)(@))* I (X) (@) < 0)]

E [(f7(X)@))? PE OO0 < f7(X)(@))] -
Further, we define t(n) = sup {t >0:t< %@nA(t,n)}.
Then, (1) ift > t(n), we have

P(f(X) —E[f(X")] > 1)
<exp (—cinh(t)) + nexp(—h(t)),

— &AL ) € [3,1);

(2)if 0 <t < t(n), we have

P(f(X) —E[f(X")] > 1)

We give some remarks.

where ¢; = (

(1) Theorem 3.1 assumes that f;(X)(z) has a uniform tail
captured by h(t) for all x simultaneously, which follows the
work (Maurer & Pontil, 2021). Specifically, for fi(X)(z)
being sub-exponential, Theorem 4 in (Maurer & Pontil,
2021) shows

/ 42
PO - B> 0 e (agrgog ) O
where A = sup,can ) py ||fk(X)(x)H12/;1’ B =
maxe sup, e v | fe(X) (@), and | - [l i the sub-
exponential norm. This inequality is built on the supremum
sup,exn Of fx(X)(x), which means assuming a uniform
tail on fi(X)(z) for all « simultaneously. Since this paper
aims to extend the sub-Gaussian and sub-exponential dis-
tributions in (Maurer & Pontil, 2021) to heavy-tailed ones,

we adhere to similar assumptions for consistency. Similarly,
we assume that A(7, n) is constant for all z € X™.

(2) Theorem 3.1 is an unbounded version of the bounded
difference inequality (McDiarmid, 1998), featuring a mix-
ture of two tails, a sub-Gaussian tail for small deviations,
which is expected from the central limit theorem, and a
heavy tail of magnitude O(exp(—ch(t))) for large devia-
tions, where ¢ > 0 is a constant, which is expected from
the right tail of fj,(X)(z). The transition between the two
different regimes occurs at a threshold ¢(n). Given that h(t)
is a generic function, the result is general enough to derive
concrete concentration inequalities for distributions with
finite variance.

(3) To derive concrete concentration inequalities, one needs
to get an upper bound for A(7,7), denoted by A(7, 7). Itis
noteworthy that A(7,7) can be substituted by A(7,7) for all
values of 7, including 7 = ¢ and 7 = ¢(n). One should then
set 7 = t and identify the region ¢ < %(t)n/_\(t, n) fort >
0, and subsequently find its supremum ¢(7). Now, applying
inequalities from Theorem 3.1 and replacing A(¢(n), i) with
A(t(n),n) yields concrete concentration inequalities.

(4) The justification for substituting A(¢,n) with an upper
bound A(t, ) is that the proof of Theorem 3.1 accommo-
dates it. The proof holds by using an upper bound of A(¢, 7).
In other words, if A(¢,1) < A(t,n), Theorem 3.1 remains
valid by replacing A(¢,n) with A(t,n) in the definition of
t(n) and the coefficients appeared in the inequalities.

(5) Considering a simplified case where A(7,7) < ¢, the
inequality is established by replacing A(7,7) with ¢. In
Section 3.3, we will show that A(7,n) converges to the
variance sup,c v E[(fx(X)(z))?] if 7 grows to infinity.
In this case, the inequality is constructed by substituting
A(7,n) with this variance.

(6) A limitation of Theorem 3.1 is its inability to provide the
optimal rate for Gaussian variables. For a better discussion,
we mention concentration results for Lipschitz functions
(Vershynin, 2018). If X1, ..., X,, are independent random
variables, each bounded on [a,b], and let f : R™ — R is
convex and L-Lipschitz with respect to the Euclidean norm,
then forall¢t > 0

42
P (FX) = SOOI > 1) < 2600 (g )

This result is truly remarkable since the concentration holds
for a quantity independent of n. Note that the convexity
assumption cannot be dropped in general; see (Ledoux &
Talagrand, 2013), ppl7. However, if X; are distributed
normally, we no longer need the convexity assumption, re-
sulting in the following concentration: let X1, ..., X,, be
independent random variables each distributed A (0, 1), and
let f : R™ — R be L-Lipschitz with respect to the Euclidean
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norm, then forallt > 0

P (£X) - BFCO] > 1) < 2ex0 (-5 ).

This bound illustrates that the concentration properties of
Lipschitz functions of Gaussian variables exhibit a particu-
larly attractive form of dimension-free concentration. Look-
ing back at our inequalities. When h(t) = ¢> (sub-Gaussian
tail), A(7,n) is bounded by a constant, and ¢(n) is infinity.
Thus for any £ > 0 we have the following inequality

P(f(X) = E[f(X)] > 1)
t2

<o (i) o (o)

The analysis in Section 3.3 demonstrates that if ¢(n)
grows to infinity, A(t(n),n) converges to the variance
sup, cxn E[(fx(X)())?]. In this context, we have

P(f(X) - E[f(X)] > 1)

<2exp (—

t2 )
2nsup,c yn E[(fr(X)(2))?] )’

which introduces a dimension-dependent bound. By compar-
ison, our bound gives a weaker result, thereby not providing
the optimal rate for Gaussian variables. However, our in-
equality, as formulated in Theorem 3.1, does not require the
Lipschitz condition, offering broader applicability. More-
over, the dependency on the dimension n is inherited from
the drawback of the bounded difference-type inequality.

(7) Another limitation of Theorem 3.1 is its inability to han-
dle distributions with infinite variance. Our proof requires
bounding the term A(7, n), which excludes the infinite vari-
ance. To address scenarios with infinite variance, additional
methodologies may be necessary. Here, we would like to
highlight the significance of the infinite variance setting.
Distributions with infinite variance are characterized by
heavier tails and have broader applicability. We believe
that ®-entropies and moment inequalities (Boucheron et al.,
2013) could potentially serve as powerful tools to move to
the infinite variance setting.

Theorem 3.1 provides the best possible result implied by our
analysis. We can also obtain a single inequality by adding
the inequalities for each regime.

Theorem 3.2. Let f(X)(x), n, 8 and A(7,n) be as in
Theorem 3.1. Then we have

t2
i)
+exp (= max {en 3 ont)) + nes(nte

B (f(X) — E[f(X')] > £) < exp (

where c; = 1 — ";Lt(f) nA(t,n).

3.2. Heavy-tailed Distributions

To illustrate the strength of our main results, we apply them
to some popular distributions, including sub-exponential,
sub-Weibull, and heavier polynomially distributions.

The first result assumes that the right tail of fi(X)(z) is
sub-exponential.

Theorem 3.3. Suppose that the right tail of fr(X)(z)
for all x € X" and any k = 1,...,n is captured
by h(t) = ct for some fixed coefficient c. Assume
P Bl () (@) 2 1(e(X)(x) < 0)] = 02 < o0,
Letn € (0,1), we have

2 2
A=ppa T 7= =M

Let t(n) = nenA(7,m). Then, (1) ift > t(n), we have

A(r,m) <

P(f(X) - E[f(X")] >1)
< exp (—enet) + nexp(—ct),

where c; = 1 — w (2)if 0 <t < t(n), we have

P(f(X) - E[f(X")] > 1)

<exp (—%At(in)> e (_WtA(?Z:m> '

We give some remarks.

(1) Both the bound A(7,7) and the inequalities exclude
the truncated parameter 7, highlighting the benign property
of sub-exponential random variables. We explore the sub-
exponential tail since it is relatively simple and intuitive.
Theorem 3.3 effectively illustrates how to apply Theorem
3.1 to concrete tails.

(2) We present a user-friendly corollary.

Corollary 3.4. Let fi,(X)(x) and h(t) be as in Theorem
3.3. Assume sup ¢ o E[(f5(X)(2))* 1(f(X)(x) < 0)] =
0% < oo. Let = 1§ + 02 and t(n) = SGa. Then, if

t > t(n), we have

P((X) = BLACY)) > 1) < 20w (et

if 0 <t < t(n), whenn > 831§§a", we have

P (/00 - B (X)) > ) < 2exp (5 )

no

Given n grows much faster than log n, the condition n >

% is readily met. Indeed, it is easy to verify that 02 <

2¢=2 for h(t) = ct. Plugging this bound into «r, we see that

the condition n > 8;;’%; is always satisfied.
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(3) For bounded difference-type inequalities of sub-
exponential random variables, a related result is Theorem
4 in (Maurer & Pontil, 2021), as shown in (1). As a com-
parison, the proof techniques used are different. Our in-
equalities also allow a fine-grained analysis where the right
tail of fi(X)(z) is assumed to be captured by h(t) = cit
for any £ = 1,...,n. In comparison, our proof employs
truncation techniques, which are not utilized in (Maurer &
Pontil, 2021). We then examine the similarities between
the two bounds. Specifically, given the equivalent proper-
ties of sub-exponential variables regarding their tails and
moments (refer to Proposition 2.7.1 in (Vershynin, 2018)),
both the two bounds exhibit a sub-Gaussian tail governed
by the variance proxy Z; for small deviations, and a sub-
exponential tail governed by the scale-proxy % for large
deviations. Moreover, the transition between the two differ-
ent regimes occurs at a similar threshold .

A If fis asum, i.e., f(z) = 2?21 x;, we recover Bern-
stein’s inequality for sub-exponential random variables, re-
ferring to Theorem 2.8.1 in (Vershynin, 2018) and Proposi-
tion 2.9 in (Wainwright, 2019).

The next result assumes that the right tail of fj(X)(z) is
sub-Weibull.

Theorem 3.5. Suppose that the right tail of fi.(X)(x)
for all x € X" and any k = 1,...,n is cap-
tured by h(t) = coto for some 0 > 1. Assume

sup e E[(f5(X)(2))” I(fu(X)(z) < 0)] = o2 < co.
Letn € (0,1) and g = 17"

~—, we have
(20 +1)
(1 —m)cq)?
nceT# (30 + 1)
37((1 —m)cy)3

A(r,m) <

+o? = A(7,m).

Let t(n) = (nconA(t, 77))29%1 Then, one can plug t(n)
and A(t(n),n) into Theorem 3.1 to get the concentration
inequalities. Furthermore, using the bound in Theorem 3.2
we get

1 1 1
+ exp | — max Ct 5 ncet? | + nexp(—cpt?),

B (f(X) — E[f(X')] > 1) < exp (—

1
where c; =1 — ’762‘;29 nA(t,n).

We give some remarks.

(1) Sub-Weibull distributions are parameterized by a pos-
itive tail index 6 and reduced to sub-Gaussian distribu-
tions for # = 1/2 and to sub-exponential distributions for
6 = 1. A higher tail parameter 6 indicates a heavier tail.

The MGF of sub-Weibull distributions becomes unbounded
when 6 > 1, posing serious challenges in deducing concen-
tration inequalities for this distribution. For more details
of sub-Weibull distributions, please refer to (Vladimirova
et al., 2020; Kuchibhotla & Chakrabortty, 2018; Bong &
Kuchibhotla, 2023).

(2) In Theorem 3.5, the upper bound of A(7,7n) includes
the truncated parameter 7, contrasting sharply with the sub-
exponential case.

(3) We provide a user-friendly corollary.

Corollary 3.6. Let fi,(X)(x) and h(t) be as in Theorem
3.5. Assume sup, ¢ o Bl(fo(X)())* 1(f(X)(x) < 0)] =

T'(20+1)22° 107 (30+1)2%¢
02 < oo. Letaw = X! ;;9) + 24 60(163; 27 1 52 and
0 ]

0 . .
t(n) = ($cona)?=1, where c, is a positive constant. Then,

ift > t(n), when N1 > %(%cea)ﬁ log n, we have
1
P(f(X)—E[f(X")] >t) <2exp (—4c9t5) :

if0 <t < t(n), when nm@T > %a(%cea)% logn, we
have

P (/00 - B (X)) > ) < 2exp (5 )

no

. 1 .
Given n2-1 grows faster than logn, the condi-
: 1 - 1
tions n2-1 > %(%cea)k% logn and n?-1 >
8

260 . . .
Sa(4cpa) 727 logn are easily met. It is evident that the

bounds delineate two distinct regimes: the sub-Gaussian
and the sub-Weibull tails.

(4) For bounded difference-type inequalities of sub-Weibull
random variables, we have not found results comparable to
Theorem 3.5 in the literature. Concentration inequalities for
independent sub-Weibull random variables are primarily de-
voted to the sum, referring to (Kuchibhotla & Chakrabortty,
2018; Zhang & Wei, 2021; Bakhshizadeh et al., 2023; Bong
& Kuchibhotla, 2023). Compared with these bounds, our
inequalities exhibit a similar threshold n==T between the
two different regimes (sub-Gaussian and sub-Weibull tail),
as seen in Theorem 1.(c) in (Zhang & Wei, 2021), Theorem
3.1 in (Kuchibhotla & Chakrabortty, 2018), Corollary 2 in
(Bakhshizadeh et al., 2023), and Theorem 2.3 in (Bong &
Kuchibhotla, 2023).

In the last, we assume that the right tail of fi(X)(z) is
polynomially decaying.

Theorem 3.7. Suppose that the right tail of fi.(X)(x)
for all x € X™ any kK = 1,..,n is captured
by h(t) = clogt such that ¢ > 2.  Assume

sup e E[(f1(X) (@) I(fe(X)(2) < 0)] = 02 < oc.
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__nclogTt . 2
Letn € (0,1) and f = =257, we have (1) ifn # 1 — =

9 -1
A(r,m) < + el ~ z=nie) (72—“—")0 - 1)
2—(1-n)c
r2=(=mepelog T
enT
+ (=) + 7

(2)ifn=1-72,

- +o% = A(1,n).

(c—2)(logT)?
2
+ 7 4+ 02 = A7),

A(r,m) <2logT +

Then, one can plug N(7,n) into Theorem 3.1 to get the
concentration inequalities. Furthermore, using the bound
in Theorem 3.2 we get

P(f(X) —E[f(X")] > 1)

< t? n n
= Oxp 2n/_\(t777) + tnemax{c,0.5} + te’

where ¢y =1 — %n/&(tm).

We give some remarks.

(1) The polynomially decaying tails are heavier than the
sub-Weibull ones. Similar to discussions regarding the sub-
exponential and sub-Weibull cases, a user-friendly corollary
can be derived by following the same methodology.

(2) Due to the presence of terms 72-(=mc gand m,
it is necessary for 2 — (1 — n)c < 0,1i.e., ¢ > % > 2, to
guarantee that the upper bound of A(7,7) is finite. Under
this condition, even if 7 closes to infinity the bound of
A(7,m) remains bounded, and so is the concentration results.
Proving concentration inequalities for independent variables
with polynomially decaying tails when ¢ < 2 remains an
open problem.

(3) For bounded difference-type inequalities of polynomially
decaying variables, we have not found results comparable
to Theorem 3.7 in the literature. The bounds in Theorem
3.7 also delineate two distinct regimes: the sub-Gaussian
tail and the polynomially decaying tail. A related result is
Corollary 3 in (Bakhshizadeh et al., 2023), but it applies
only to the sum of independent variables.

3.3. Refined Results

In this section, we give refined concentration results by
considering enough large values of the truncated parameter
7, which is motivated by Bakhshizadeh et al. (2023). Our
first result studies the sub-Weibull tail.

Theorem 3.8. Suppose that the right tail of fi,(X)(x) for
all x € X" and any k = 1,...,n is captured by h(t) =

cot® for some O > 1. Let sup,cxn E[(fr(X)(2))?] =
o2. Then for any 1 € (0,1) and § > 0, we have t(n) =

(ncon(o? + 6)) 27, and there exists a positive constant cs
such that for any t > cs,

P(f(X) = E[f(X")] > 1)

ift >t(n),

exp —cmcet%) + nexp (—cet%)
2 t(n)? .
€xp _2n(;2+5)> +nexp (_nn(g]?)-l-é)) ift< t(n),

1
where ¢, = < — el n(o? + 6)) €[3.1).

We give some remarks.

(1) We focus on the concentration behavior for large values
of the truncation parameter 7. The proof demonstrates that
if 7 grows to infinity, A(7,7n) converges to the variance

supye xn B[(fr(X)(2))?]:

Tim E[(f (X)(@)’I(f{(X)(z) < 0)
(fr(X)(2))2ePF @10 < fT(X)(2) < 7)]
E [(fx(X)(2))?]

+

whenever < nh(r)
T

This implies that if 7 is

very large, we get a tighter bound of A(7,n). Both
2 2
the bounds exp(— g, rpzrgy) + nexp(—%) and

exp(—cinegt®) 4+ nexp(—cot?) are very possible to be
sharp, thus we conclude that a tighter bound for A(7,7)
leads to an accurate concentration result.

(2) Since the bound of A(7,7n) in Theorem 3.3 does not
involve the parameter 7, the results for sub-exponential tails
do not require a refinement.

The second result studies the polynomially decaying tail,
with discussions that can follow Theorem 3.8.

Theorem 3.9. Suppose that the right tail of fi.(X) for all
x € X" andany k = 1,...,n is captured by h(t) = clogt
forc>2andn <1— 2. Let sup,e xn E[(fr(X)(2))%] =
o2. Then for any n € (0,1) and § > 0, we have t(n) =
%ﬁ;(”)n(oz + 0), and there exists a positive constant c;
such that for any t > cs,

P(f(X)-E[f(X)]>1)
- exp (—¢melogt) + nexp (—clogt) ift >t(n),
2 2 .
= ) exp (—m) + nexp (—%) ift <t(n),
_ 1 nclogt 2 1
where ¢, = (1 5 pen(o + 5)) €[z 1)

We give a remark to discuss the proof technique of our
results in Section 3.
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The proof of our results in Section 3 mainly follows
Bakhshizadeh et al. (2023), which studies the concentration
for the sums of i.i.d. random variables with heavy-tailed
distributions, while we study the concentration for general
functions of heavy-tailed random variables. Specifically, our
proof combines the entropy method used in (Maurer, 2012)
and the truncation technique of random variables used in
(Bakhshizadeh et al., 2023). We apply the entropy method
to derive our concentration inequalities for functions of in-
dependent random variables and employ the truncation tech-
nique to manage heavy-tailed random variables. The sub-
additivity of the entropy method facilitates the tensorization
of the total entropy, while the truncation technique allows
for the continued use of the MGF on truncated variables.

4. Applications

To illustrate the application of these inequalities we give
their use in vector valued concentration and two different
methods to prove generalization bounds: Rademacher com-
plexity and algorithmic stability. For conciseness, we focus
mainly on applications of the two user-friendly corollaries.
Applications of other tails can often be substituted by the
reader by following the same pattern.

4.1. Vector Valued Concentration

Define the L,-norm of a real-valued random variable Z as
1Zl, = (E[|Z|P])}/? for p > 1. We study concentration of
vectors in a normed space (X, || - ||).

Theorem 4.1. Suppose the X; are i.i.d. random variables
with values in a normed space (X, || - ||) and the right tails
of the || X; H are captured by ct for some fixed coefficient c.

Let o = (C 0)2 + 4E[|| X1]]*] and t(n) = c’;na, where ¢ is

an absolute positive constant. (i) Then if t > t(n)

= 1
P ( > t) < 2exp (—40’015) ;
i=1

if0 <t < t(n) and whenn > ;51an_

3(c’c)?2a
t2
P >t SZeXp(—).
2na

(ii) If X is a Hilbert space, then if t > t(n)
> (X; — EXY)

(

i=1

<2exp <1c’ct> ;
< 1 ;

n

-E in

=1

n

>

i=1

~E iXi

i=1

n

> t+\/ﬁ||||X1||z>

8logn
3(c’c)?2a

if0 <t < t(n) and when n >
( Z X; —EX!)

t2
<2exp (—2> .
no

We compare Theorem 4.1 with the result of (Latata, 1997).
Example 3.3 in (Latata, 1997) demonstrates that if X; are
independent symmetric random variables with logarithmi-
cally convex tails, i.e., P(|X;| > t) = e N® fort > 0,
where N : R, — R, is a concave function, then for
p > 2, it holds that |7, Xi| < ¢ (pEX?)"? +

D E\Xi|1’)1/p, where c is a constant. Considering the case
where N (t) = t, by homogeneity, we derive

>t+ﬁllllX1II2>

(vpvn +p),

where ¢’ is a constant, see Corollary 1.2 in (Bogucki, 2015).
Using Markov’s inequality to transfer the moment to proba-
bility, we obtain

= _ t2 t
P (Zzlez Z t) S exp (—mln{m,%cl}) .

This bound exhibits a mixture of two tails, a sub-

Gaussian tail exp (— ) and a sub-exponential tail

t
62 /2.”
exp( 7). By comparlson our upper bound of

P>, X | —E[>", X;i|| >t) similarly exhibits a

. 2
mixture of a sub-Gaussmn tail 2 exp (—Qfl—a) and a sub-

exponential tail 2 exp (— ic’ ct). The exact relationship be-
tween the constants in our bounds compared to those in the
result of (Latata, 1997) remains to be clarified. However,
given that our Theorem 4.1 is devised for vector-valued vari-
ables, the bound from (Latata, 1997) can be considered a
one-dimensional instance of our results.

The second result studies the sub-Weibull tail.

Theorem 4.2. Suppose the X; are i.i.d. random vari-
ables with values in a normed space (X,| - ||) and the
right tails of || X;| are captured by h(t) = cot? for some

20 030 36
0> 1 Leta = FEEEE— 4 ot g [ X |7

6
and t(n) = (3cpna)?-1, where ¢, and cj are two posi-

tive constants. (i) Then if t > t(n) and when N1 >

4(1/
Lo,
>t | <2exp —409t9 ;

1
5 cy) =20 logn

]P) <
i=1

n

-E ZXZ»

i=1
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ift > t(n) > 537 (10904)1 % logn,

IP’( > ZX >t) <2€xp<—2fja>

> X
i=1 i=1
(ii) If X is a Hilbert space, then if t > t(n) and when
(10’9a) =% logn

Zn:X —E[X]])

<2exp E_Cete) ;
if0 <t < t(n) and when n7-
P ( > (X —E[X]))
i=1
<2exp (_2tn2a) .

It is straightforward to obtain an upper bound for the second
order moment ||||X1]|||2 using standard analysis. Vector
valued concentration inequalities have broad applications in
learning theory, which will also be used to prove generaliza-
tion bounds in Section 4.2.

>t+ \/ﬁllXﬂlllz)

Z% ( cea)ligﬁ logn

n

>t+ \/EIIX1||||2>

4.2. Rademacher Complexity

Rademacher complexity is a modern concept of complexity
that is dependent on the distribution. Let’s consider a class
of functions G, where each function g : X — R. The
Rademacher complexity of G is defined as:

—E [E‘é‘g’z eig(Xi)|XH ,

where €1, ...,€, are independent Rademacher variables
such that P(e; = 1) = P(e; = —1) = 1/2. To-
gether with the symmetrization argument, it leads to
a uniform bound E [sup,cg L5 9(X0) —Elg(X))]] <
2R(G). Based on the bounded difference inequality,
the classical method in statistical learning shows that
sup,eg = >_; 9(X;) — E[g(X])] is sharply concentrated
around its mean E[sup,cg = >, 9(X;) — E[g(X])]]. This
leads to the following generalization bound:

R(G)=E

P <sup =37 0(X0) ~ Elg(XD) > 2R(G) + t)
t>0,

where the function g is assumed to satisfy g : X — [0, 1].
While fundamental, this approach necessitates that g(X;)

be bounded random variables due to using the bounded
difference inequality. However, deriving bounds on the
Rademacher complexity does not necessarily require bound-
edness, and Lipschitz properties are more commonly as-
sumed.

We will demonstrate that the boundedness can be relaxed by
heavy-tailed distributions for uniformly Lipschitz function
classes up to finite variance distributions. We illustrate this
viewpoint with the sub-exponential and sub-Weibull tails.

Theorem 4.3. Let X = (X1,...,X,,) be a vector of i.i.d.
random variables with values in a Banach space (X, || - ||)
and let G be a class of function g : X — R such that
g(x) — g(y) < L||lxz — y|| for all g € G and that z,y € X.
Suppose the right tails of the || X;|| are captured by ct for
some fixed coefficient c. Let o = ("i60)2 + 4L AR X1 1]

/ 2 .
and t(n) = 57—, where ¢ is an absolute positive constant.

Then, (i) if t > t()

sup g(X >2R(G) +t
(gewZ X)) > 2R(9)

n

— < ——Cect);

+ﬁ||||xlu|\z) _2exp( )
(ii)ﬁ0§t<t(n)andwhenn23(il(i’%

L
P(sup S 0(X0) - BlaX)) > 2R(0) + ¢

geg 1

||HX1||||2) <2em (-

t2
2na> ’
The second result considers the sub-Weibull tail.

Theorem 4.4. Let X = (X1,...,X,) be a vector of
i.i.d. random variables with values in a Banach space
(X, - ||) and let G be a class of function g : X — R
such that g(x) — g(y) < L|lz — y|| for all g € G and
that ©,y € X. Suppose the right tails of the || X,
are captured by h(t) = cott for some 0 > 1. Let
o — 1"(291—1)229 (2 )5 et/ 7(39+1)239 n %Q]E[HXlHQ]
(($)?cp)?® Ger ()7 cp)3
and t(n) = (%(%)éc’ena)m, where ¢i and ¢ are
two positive constants. Then (i) if t > t(n) and when

1 1 1
261 > 4 1/n\s ./ =50
T2 iy, (1) e o

(sup Zg

geg N
1. n
+ﬁunxlnnz)s2exp — (it

(i) if 0 < t <

o

&

X)) >2R(G) +t

t(n) and when n@I >
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(2)% cya) 257 log n

IP’(sup Zg

geg

t2
2L )<2 BAY
+2Z ) < exp< )

4.3. Algorithmic Stability

wloo
N[

af

X)) > 2R(G) + t

Algorithmic stability is gaining increasing attention in the
generalization analysis of machine learning algorithms as
this approach is beneficial to give dimension-free general-
ization bounds. Based on the bounded difference inequality
and specific measures on the algorithmic stability, algo-
rithmic stability demonstrates the sharp concentration of
f(X) —E[f(X")] around its mean, yielding stability-based
generalization bounds (Bousquet & Elisseeff, 2002). How-
ever, this method necessitates boundedness. Here, we review
two related works that extend classical stability theory to
unbounded cases. Suppose (X, d, 1) constitutes a metric
probability space, and X, X' ~ u are independent and iden-
tically distributed random variables with values in X. (Kon-
torovich, 2014) examines the sub-Gaussian tail of d(X, X”).
(Maurer & Pontil, 2021) further extend the approach of
(Kontorovich, 2014) from sub-Gaussian to sub-exponential
distributions. They operate with sub-Gaussian and sub-
exponential norms defined respectively as ||d(X, X")| 4,
and ||d(X, X") ||, for independent X', X ~ pu.

Our results build upon the methods of (Maurer & Pontil,
2021; Kontorovich, 2014), extending them to encompass all
heavy-tailed distributions with finite variance. We illustrate
this extension using the sub-exponential and sub-Weibull
tails.

Theorem 4.5. Let X = (X1,...,X,,) be a vector of i.i.d.
random variables with values in X and let f : X" — R
have Lipschitz constant L with respect to the metric p on
X" defined by p(x,y) = >, d(x;,y;). Suppose the right
tails of the d(X;, X]) are captured by ct for some fixed

coefficient c. Let o = %)2 + L2E[(d(X1, X}))] and
LC c

(
t(n) = “;CL" a, where ¢ is an absolute positive constant.
Then, we have (i) if t > t(n)

P(/(X) ~ BLAX] > 1) < 20w (~ et

8logn

(ii) if 0 < t < ¢(n) and when n > HToota
L

t2
P(f(X) - E[f(X’ t) <2 N
() = BLAC] > 1) < 20w (51
The second result considers the sub-Weibull tail.

Theorem 4.6. Let X = (X1,...,X,,) be a vector of i.i.d.
random variables with values in X and let f : X" — R

have Lipschitz constant L with respect to the metric p on
X" defined by p(x,y) = >, d(xi,y;). Suppose the right
tails of the d(X;, X!) are captured by h(t) = cgto for
L(2041)2* ()%cgci/"r(3e+1)239
((£)¥cp)2e 661(( )90’)39
LQ]E[(d(Xl, X{))? and t(n) = (3(L)% cyna) =1, where
¢1 and cjy are two posmve constants. Then we have ( i)ift >

1

L

t(n) and when e g — (3( )ecea)l 20 logn

some @ > 1. Let o =

3(L )%
B(f(X) —E[f(X')] > t) < 2exp (—

(i) if 0 < t < t(n) and when n@=T >
)

2na

P(/(X) — E[f(X')] > #) < 2exp (t> .

Our results can be equally substituted to establish general-
ization bounds using the concept of total Lipschitz stability,
just as in (Maurer & Pontil, 2021; Kontorovich, 2014).

5. Conclusion

In this paper, we presented bounded difference-type concen-
tration inequalities for functions of heavy-tailed independent
random variables. The results provided a probabilistic tool-
box that can be employed to derive bounded difference-type
concentration inequalities for a very large number of heavy-
tailed distributions, which holds for all distributions with
finite variance. We illustrated our concentration inequalities
to several popular distributions. Applications to statistical
learning theory are also provided.

It would be interesting to show more applications of these
inequalities in future work.
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A. Proofs of Section 3

The following section collects a set of tools.

A.1l. Some necessary tools

We introduce some necessary tools of the entropy method. The entropy S(Z) of a real valued random variable Z is defined
as

S(Z) = Ez[Z] — nE[e?],

where the expectation functional E is defined as Ez[Y] = E[YeZ]/E[eZ]. Besides, we have the following fluctuation
representation of the entropy.

Lemma A.1. (Maurer, 2012) For v > 0, we have
¥ ¥ )
s02) = [ ([ Eclz - Bzl2)its ) o
0 t

If f: X" — R and X and the f; are as in Section 2 then the conditional entropy is the function Sy ;, : X — R defined by
Sy r(x) = S(fu(X)(z)) for x € X™. The following lemma shows the sub-additivity of entropy, which states that the total
entropy is no greater than the thermal average of the sum of the conditional entropies.

Lemma A.2. (Maurer, 2012) The sub-additivity of entropy is
n
S(f(X)) <Efx) lz Sf,k(X)] .
i=1

‘We present an important Lemma shows how bounds on the entropy can lead to concentration results.

Lemma A.3. (Maurer, 2012) For any f : X™ — R and 8 > 0, we have

X X’ S(vf(X))
B -E

and, for any t > 0,

B
P (f(X) — B[f(X')] > 1) < exp (6 / W - ﬁt> .

A.2. Proof of Theorem 3.1

Proof. To begin, we define two events A : f(X) — E[f(X’)] > t and B : 3k, fr.(X)(x) > 7, and we define B as the
complement event of B. Then we have

P(A) < P(AB) + P(B),
that is,
P(f(X) = E[f(X)] > t) <P(f(X) — E[f(X")] > t and B) + P(Jk, fr(X)(z) > 7). 2)
Firstly, let’s focus on P(f(X) — E[f(X")] > t and B). Using the Markov’s inequality, we obtain

P(f(X) — E[f(X")] > t and B) < exp (ln]E {eW(X)—E[f(X/)Dlé} - ﬂt) : 3)

12
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where the value of 15 is 1 if B holds true, and 0 otherwise. Together with Lemma A.3 and then with Lemma A.2, the bound
in (3) implies

B(f(X) ~ E[f(X")] > t and B)

B _
exp (B /O S(v(f(?;)lg)dv B m)

<exp (5/0 Es oo, o Sty g k(X)(X))1p)] dy —575)

gl

“exp (/3 /ﬂ e suprevs SO X)@)dy Bt) | @
0 Y

where f7(X)(x) = fi(X)(2)I(fx(X)(x) < 7), the first inequality uses Lemma A.2, and the second uses Lemma A.2.

Next, we need to bound the conditional entropy S(vf7 (X)(x)) for any x € X™. According to Lemma A.1, we derive

2 T 2)) 28I (X) ()
Eerzcoe | (06 - Eugzoow @) | < Eazoowm [(RE0@)] == [(fkﬁe)jf;(’x)(m)] ]
_E[(EO@)e F OO (X)) <0)] | E [0 @)e F OO (X)) > 0)] s
N E [es/f () ()] E [eslT0@)] g

where the first inequality follows from the variational property of the variance and the first identity follows from the definition
of the entropy. Since (7 (X)(x))2I(f7(X)(x) < 0) is a nonincreasing function and e*/% (X)) js a nondecreasing function
of f7(X)(z), Harris’ inequality (Theorem 2.15 in (Boucheron et al., 2013)) implies that

B [(7(X)(@))2eF O (X)(2) < 0)] < E[(F(X)@)PUF(X)(@) <O]E[eFX@] )

And since E[es/t (X0 @)] = E[es/F(O@(f7(X) ()
fT(X)(2) <0,and e3/%x(X)@) > 1 when f](X)(z) >

E [(f7 (X)(2))2eFEO@N(f7(X)(2) > 0)] <E[( 7(X) (@) EODI(fT(X) (x) > 0)]
E [esfi (X)@)] = E [ G f7(X)(x) > 0)]

<E (7 (X)(@))*e"F DI (X) () > 0)] ™
Combining (5), (6) and (7) we obtain
Easz oo [(10@)] < E [(FO@)(X) (@) < 0)] +E [(f(X)(@)?*F OO (X)(2) > 0)] . @)
In Lemma A.1 and Lemma A.3, we know that s < v < 3, and (8) becomes
Eas oo | (X)@)] <E (LX) @) 17 (X)(@) < 0)] +E [(fL(X)(@)” OO0 < f7(X)())]

Define A(7,7) £ sup,exn E[(f7 (X)(2))*L(f7 (X)(z) < 0)] + E[(ff (X)(2))*e’FCO@I(f7(X)(x) > 0)]. Together
with Lemma A.1 this gives the following entropy bound

seieoe) < [ ([ ammas)ar = Taea,

Plugging the upper bound of S(vf7 (X)(x)) into (4) then gives

< 0)] + E[esF @I fr(X)(2) > 0)], 3/FX)@) > 0 when
0, this implies that

B P A(r nB32
P(f(X) —E[f(X")] > tand B) < exp <B/O W —Bt) < exp (5/\(7’,77) —Bt>.

13
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Combining this entropy bound and (2), we obtain
P (f(X) - E[f(X)] > 1)

n 2
<exp (Al = Bt ) + nP(ACO)() > 7
<exp <n§A(T, n) — Bt) + nexp(—h(7)). 9)

In the following, we need to choose values for free parameters 5 and 7 to get the best bound. We first consider ¢ > ¢(n). In
h(t) _ nh(r)

"T =1 7, then we get

P(f(X) - E[f(X")] > 1)

<exp (— (1 - %A(T, 77)) Bt) + nexp(—h(7))

~exp (_ (1 _ ”"h(t)A(t,m) nh(t)) + nexp(—h(t).

this case, we select 7 = tand 8 =

22

Since t > t(n), we have ¢ > %(t)nA(t, 1), which implies 1 — "D A (¢, n) € [1,1). We then consider ¢ < ¢(n). In this

212
t(n)  _ ”hy) , then we get

case, we select 7 = ¢(n) and § = nA(tT ) < AR

P (f(X) - E[f(X)] > 1)
t2

<exp (_M(n)) + nexp(—h(r))

o () o ()

(stian) o (i)
=exp| ——F—7—— nexp| ———,————1,
2nA(t(n), ) A (t(n),n)
where the first inequality using the fact § = m, and where the first identity using Kiﬁ)n) = "hT(T) and 7 = t(n).
Combining the two cases, the proof is complete. O

A.3. Proof of Theorem 3.2
Proof. Let T = t. Using (9) and the fact that A(7, n) is increasing in 7 we have

P(£(X) — E[f(X))] > 1) < exp (”QﬁQA(T, 0= 8t) +nexpl-h(r)), v < PO,

To prove Theorem 3.2, we need to ensure that the following bound holds for g < %(t)

exp ("SQA(T, n) — m) < exp <_2nAt(2tn)) + exp <_ max {ct, ;} nh(t)) .

nh(t)
[

oo (20 ) o~ (1 D) )

— exp (_ <1 - ”"h(t)A(t,n)) nh(t)> — exp (—cimh(t)) = exp (- max {ct, ;} nh(t)) .

We consider two cases. When ¢; > %, by selecting 3 = , we obtain

22

nh(t)
i

t
nA(t,n)

When ¢; < %, we get < . Selecting = m, we then get

nB? B 2
exp <2A(7’, n) — Bt) = exp (_2nA(t717)> .

Combining the two cases, the proof is complete. O

14
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A.4. Proof of Theorem 3.3

Proof. Given Theorem 3.1, we need to bound A(7, 7). Firstly, we have

sup B (7 (X)@)* IfL(X) (@) <0)] < sup B [(fu(X)(@)* 1(fu(X) (@) < 0)] = 2.

reX™ rEX™

Then, we derive that for any x € X"

&=

(E(X) (@) PTEO@0 < f7(X) (@) < 7)]
P ((f1(X)(@))* PHODI0 < [1(X)(@) < 7) > u) du
P (( FT(X)(2))2 PFRO0@ 5 1268 0 < £7(X)(2) < T) (2t + Bt2)ePdt

P (|ff(X)(@)] > 1,0 < fi(X)(z) <7) (2t + Bt?)e’dt

exp(—ct)(2t + Bt?)ePldt

exp(—(1 — BeHet)(2t + Bt?)dt

<

I
/
J
— [ BUzeoE > 0 2+ gy
/
/
/

e u 2u Bu? "
, Py <<<1 “Be e (- 60‘1)0)3> a
BT(3) 21°(2) 2

(- Dop " (1—Bc e (1B ipe’

where I'(z) = [ t*~'e~'dt. Combining the two bounds, we obtain

A(r,n) < 5.2 +02.

2
(1—=pct)

Since 8 = nc, the above bound implies that A(7,7) < W + o2 . Substituting this bound into Theorem 3.1, the proof
is complete. O

A.S5. Proof of Corollary 3.4

Proof. In Theorem 3.3, choosing n = 3 gives A(,n) = 1 + 02 £ avand t(n) = 4 (18 + 02). In the first case t > ¢(n),

2 \c?
we know ¢; € [%, 1). Selecting the worst-case value ¢; = % we obtain

P(f(X) —E[f(X")] >t) < exp (—ict) + nexp(—ct).
Further, we derive
nexp(—ct) = exp(logn — ct) < exp (—ict)
whenever logn < 3ct. Since t > t(n), we have

2n2

3 3c
th > 6n + > logn.

Therefore, we conclude P(f(X) — E[f(X’)] > t) < 2exp(—1ct) whent > ¢(n). In the second case ¢ < ¢(1), we have

P(f(X) —E[f(X")] > t) < exp (f;) + nexp <W> = exp <t2> + exp (%75232 +logn) :

no 2no

15
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Due to t < t(n), we derive

12 2t(n)? t2 —t(n)? — 3¢2n2a? + 2nalogn —§c2n a? 4+ 2nalogn
_ 207 | g = () — % gn _ 8
2no no 2no 2no
8logn

whenever n >

. In this case, the first term dominates the second, and thus we get

P(f(X) ~ E[f(X')] > £) < 2exp (—;) |

no

The proof is complete. O

A.6. Proof of Theorem 3.5

Proof. Also, given Theorem 3.1, we need to bound A(7, 7). Firstly, we have

sup B [(f(X)(@) 17 (X)() <0)] < sup B [(fu(X)(@))* 1(fu(X) (@) < 0)] = 02

reXn

Then, following the proof of Theorem 3.3, we derive that for any z € A"

E[(f(X)(@))? MO0 < f7 (X)(x) < 7)]

/ exp(—(1 — Be, ! ~9)cgt?) (2t + Bt3)dt

IP’ > t) (2t + Bt?)e tdt

o

IN

exp —cot?)(2t + Bt2)el dt

o

[=)

/OO p(—(1— Bc é)0915%)(215 + BtZ)dt

< ex
0
o) 29 20—1 B9u3671
<), et ( (L= By T Py <<1—6c9171é>ce>39> "
_ 260T(26) ﬁar(39)
(1= Beg i 0)e)2 (1 Beg o))
(20 +1) N BT (360 + 1)

T =By T o) B((1— Bey 7))
Combining the two bounds gives

Ar) < T'(20+1) . BT(30 + 1) 2

(1= Beg'm=5)cg)?0  3((1— By 'r'9)cg)

no

1
Since 8 = "””9 . the above bound implies that A(7,7) < 7 (2:);1 ))29 + gi‘}(f_rn(f’i;lg’ + 02

Theorem 3.1, the proof is complete. O

. Substituting this bound into

A.7. Proof of Corollary 3.6

Proof. According to the bounds in Theorem 3.5, for all 7 > ¢; where ¢; is a positive constant depending only on the
distribution of fx(X)(z), we have

(>

_ T(20+1)  neeet/’TGO+1) .

Alrm) < (T mea)® " 3er(T—mep® *

16
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and

t(n) = (ncona) @,

I(20+1)22° n coct/'T(3641)2°

6 0
2 /1 [ .
o0 Gerc3? + 02 and t(n) = (5cona)2-1. Similarly, in the first case

Then, choosing 1 = % gives a =

t > t(n), selecting the worst-case value ¢; = % we get
1
P(f(X)—E[f(X")] >t) <2exp (—40915(5)

1
whenever logn < 3c¢gt.

We offer two ways to parse this bound. Firstly, since ¢ > ¢(n), we have

=
Vv
1w

1 1
cot co(=cona)®@-1 > logn

2

] 0o

1 1 1 1 1
s 4 (1 = . st ”» L 4 (1 .
whenever n20-1 > 3e; (3c000) =27 log n. Given n20-1 grows faster than log n, the condition n29-1 > 3es (3co0) =2 logn

can be easily satisfied, and thus we get P (f(X) — E[f(X")] > t) < 2exp(—%cet%).

] . .,
Secondly, for all £ > con29-1, where ¢ is a positive constant, we have

1/6

Ll
coCy’ M20-T,

Given nz-1 grows faster than log n, by choosing large cs, we can ensure logn < %ceté holds for all integer n. There-

fore, there exists a positive constant ¢o > 0, such that for every ¢t > canT, we have P (f(X)=E[f(X"N]>t) <
2 exp(—iceté).

In the second case t < t(n), we have

P(f(X) —E[f(X")] > t) <exp (;T;) + nexp (2'5752)2> = exp (222&) + exp (21;5232 +logn) :

Similar to the sub-exponential case, due to ¢ < t(n), we derive

t2 2t(n)? t2 —t(n)? — %(%c@na)#g1 +2nalogn  —3(icona) T + 2nalogn
— — + logn = <
2na no 2na 2na
whenever n71 > % ( coa) T- = log . In this case, the first term exp(— ) also dominates the second, and thus we get
P(f(X)—E[f(X")] >t) < 2exp(— a) The proof is complete. O
A.8. Proof of Theorem 3.7

Proof. Again, given Theorem 3.1, we need to bound A(7, n). Firstly, we have

sup B [(f(X)(@) 1T (X)() <0)] < sup B [(fu(X)(@))* 1 fu(X) (@) < 0)] = 02

[L’GX" [L’GX"
Then, for any x € X", we can decompose E[f (X)2eA COT(f7(X) > 0)] as follows
E [(f(X)(@))* P00 < f7(X)(@) < 7)]
=E (7 (X)(@))? M O@10 < f1(X)(@) < D] +E [(fL(X) (@) P10 < f7(X)(2) < 7)] .

17
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Note that 8 = n7~(clog 7). When 2 — (1 —n)c # 0,i.e,n # 1 — %, we derive

=

L
—~
Sk
3

(X)) PO < (X)) < 7)]
P (f7(X)(z) > t) (2t + Bt?)e ldt

3

IA

exp(—clogt)(2t + Bt*)e tdt

3

exp(—(1 — Bt(clogt) )clogt)(2t + Bt?)dt

tl—(l—,Bt(clogt)fl)c (2 + ﬁt) dt

tlf(lfﬁr(clogr)_l)c (2 + ﬂt) dt

Tt1—<1—">c (2 +n 1 ) dt
Ttl—(l—")c (2 +n 1 — ) dt
t27(177])c <2 1 |
— (24 c( - 4 0gt)>
T—me \" "\ a1y )

2 (1-n)c 2+ e~ ﬁﬂyc)
T2 (17 <2+"C( 2—(11—77)c+1°gT)> - ( 2—(1—:7)c ) )

:2 + nc ( 27(1777)0) (7_27(1777)6 - 1) n 72—(1-n) nclog T
2—(1-n)c 2—(1-mn)c ’

IN

Il

IN

T

N
I

where we have used the fact that [ ¢*dt = +1 _, [ @ log tdt = (-

ie.,n=1-— 2, we derive

G )t and R > ET When 2—(1-)c = 0,

E [(fﬂX)(m))Qef’fﬁ D1 < f7(X)(@) < 1)
S/lT ¢ (mme (2 + 2t ) dt = /IT ¢t (2 +e(l - i)lotgtt) dt = 2log 7 + %.

For E[(f7 (X)(2))2ef (@10 < f7(X)(z) < 1)], we derive that

1

E | (ff(X)(@)* PFOON(0 < f7(X)(2) < 1)| S Elef] = e ' (Clown) — per ™,

2+UC(—%C) 29— (1—m)e 22=(=meplop
<W(T (1—mn) _1)+W2)g+

T 462 (2)Ifp=1- 2 wehave A(1,n) < 2log T + % + 717" + o2 . Substituting these bounds into
Theorem 3.1, the proof is complete O

Puttlng these terms together glves (1) Ifp # 1—2, we have A(7,7)

A.9. Proof of Theorem 3.8

Proof. The proof uses the Lebesgue Dominated Convergence Theorem. It’s essential to bound A(7,7) =

sup,e yn B[(f7 (X)(2))I(f7 (X)(z) < 0)] + E[(ff(X)(x))?e?F @0 < f(X)(x) < 7)]. Firstly, we have
(fF(X)(2)? < (fu(X)(x))? If 7 grows to infinity, f7(X)(z) converges to fx(X)(z) almost surely. Thus, using
the Lebesgue Dominated Convergence Theorem, we obtain

lim E[(f (X)(@)*1(f7 (X)(x) < 0)] = E[(f1(X)(2))*1(fx(X)(x) < 0)].

T—00

18
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Next, we examine E[(f7 (X)(x))2e/F (X)@1(0 < f7(X)(x) < 7)]. From the proof of Theorem 3.1, we know that

1
8 < %(T) where 7 < 1. When h(t) = cot® such that @ > 1, we have % —1<0andlim,_ o 8 < lim,_, @ =0,
which further implies that ( f7 (X)(z))?e?7¢ (X)) converges to (fx(X)(x))? almost surely.

To proceed, we introduce the following dominated variable
(fu(X) ()P0 PCOENTI(0 < fi(X) (). (10)

Consequently, we derive

A < oxp (2 17 3)0)) < exp (XN 156303 < exp (el X)),

E—
which means that
(7(X) (@)2P N0 < f7(X)(2) < 7) < (fu(X) ()27 WD 10 < f(X)(2)).
The following step is to prove the integrability of (fi(X)(z))2enco(fx(X EOL I(0 < f,(X)(x)), leading to
B (0@ B0 10 < 0w

= [T r (@O o < (@) > u) du

= [P (et e

:/OOOIP’(fk(X)(x) > ) (Zt + tQ;nc@té—l) eneot gy

< /OOO exp (—cet%) <2t + tQ;nc@té—l) eneot? gy

o0 1 ]_ 1
g/ exp (—(1 — n)c(gt?> (Qt + 97769t9+1> dt < oo,
0

=

1 1
> 120 fi(X)(z) > 0> dt?encet?

where the last inequality follows from that 7 < 1 and that the exponential term converges faster than the polynomial. Thus,
1
(fu(X)())2emee (D@10 < fr(X)(z)) is integrable. By the Lebesgue Dominated Convergence Theorem, we obtain

lim E (/7 (X)(@))2e™F D10 < f7(X) (@) < )| = E[(fi(X) @) "L(fi(X) (@) > 0)].

T—00

Combining the two bounds, we obtain

lim sup E [(f;?(X)(I))Qeﬁfg(x)(m)ﬂ(() < fE(X)(@) < 1)+ (FE(X)(@)*I(fL (X)() < 0)

T*)OOmeXn
= sup E [(fa(X)(2))’] = o>

reXxn

Thus, for any given § > 0, we will obtain a constant ¢s > 0 such that for any 7 > ¢;

sup B |7 (0@)2PEO@I0 < f(X) (@) < 7) + (L (X) (@)1 (X) (@) < 0)] < 0 +6.

This inequality also implies that for all £ > cs, Theorem 3.8 is proved by plugging A(7,7) = o + § into Theorem 3.1. The
proof is complete. O
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A.10. Proof of Theorem 3.9

Proof. The proof is similar to the proof of Theorem 3.8. In (10), we instead need to introduce the following dominated
variable

(fu(X) ()€l (0 < f,(X)(2)) = (i(X)(@)* L0 < fi(X)(@)).

In this case, we derive

PO < exp (T8 17 (X)) < exp (Wmmm) < exp (nelog fi(X) () ).

which means that
(f7 (X)(@))?PEE0 < LX) (@) < 7) < (fe(X)(@)?er 8O0 < fi(X) ().
The following step is also to prove the integrability of (¢ (X)(x))2*"°L(0 < fx(X)(x)). leading to
E [(fr(X)(2))*""1(0 < fr(X)())]

:/OOO}P’ ((fk(X)($))2+nc > t2+nc7fk(X)(x) > 0) 2+ 770)751+77Cdt
:/Ooop(fk(X)(x) > 1) (2 + ne)tttedt
< /O‘X’ exp(—clogt)(2 4 ne)t*tmedt

:/ tHme=) (2 4 ne)dt < oo,
0

where the last inequality follows from that 1 +7c¢ —c < Osincec > 2andn < 1 — % Thus, by the Lebesgue Dominated
Convergence Theorem, forc > 2andn < 1 — %, we obtain

lim sup B |(f7 (X)(2))2e™F 0010 < f7(X) (@) < 7) + (7 (X) @)1 (X)() < 0)

T—00 J,‘EX"

= sup E [(fu(X)(@)?] = .
TeX™

Then, for any given § > 0, we will obtain a constant ¢5 > 0 such that for any 7 > ¢

sup E (/7 (3)(@)) 670010 < f7(X)(@) < )+ (@U@ <0)] <+

This inequality also implies that for all ¢ > ¢, Theorem 3.9 is proved by plugging A(7,7) = 0 + § into Theorem 3.1. The
proof is complete. O

B. Proofs of Section 4
Lemma B.1 (Lemma 6 in (Maurer & Pontil, 2021)). Let X, X' be iid with values in X, ¢ : X x X — R measurable. Then

IE[p(X, X)X]I, < [¢(X, X)p-
B.1. Proof of Theorem 4.1

Proof. (i) We consider the function f(z) = || Y./, z;|. Then

[FeX) (@) = {[D @i+ Xiel[ =B | |D @i+ Xi|| || < E[IXk — Xill 1 Xa]-
i2k i#k
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By Lemma B.1, we get |[E[[| X — X [[|X][l, < 2[[[[Xk|[l, and thus [| f(X) ()], < 2||[|X[[[l,- Given that the [ X ||
have the tail ct, the tail of f(X)(z) can be expressed as ¢’ct, where ¢’ is an absolute positive constant and comes from the
equivalent properties of sub-exponential random variables on their tails and moments, see Proposition 2.7.1 in (Vershynin,
2018). We now provide the proof. For all p > 1, by Markov’s inequality,

< E[|/x(X)(@)["]

P(fu(X) () > ) -

, we obtain

Setting ¢ ssuch that exp(—p) = w

P(fr(X) () > el fr(X)(2)]lp) < exp(-p),
implying that
P(f1(X)(z) > 2e[|| Xk[llp) < exp(—p).

Note that if the || X}|| have the tail ct, ||[| X ||||, < —-p, where ¢ is an absolute positive constant, see Proposition 2.7.1 in
(Vershynin, 2018). Thus, solving p, we get

P(fy(X)(2) > 1) < exp (—2t) , an

meaning that the tail of f;(X)(z) can be expressed as ¢'ct, where ¢’ is an absolute positive constant.

Furthermore, we have

o2 =zseugg]E[(fk(X)(x))QH(fk(X)(w) < 0)] < E[(E[I1X) — Xill X)) < B[l Xe — X41°] < 4E[1X0)1],

where the second inequality uses Lemma B.1 and the last inequality uses the i.i.d. assumption.

’
c

Plugging these bounds into Corollary 3.4, we get o = ﬁ + 4E[[| X1]*] and £(n) = €<% . Hence, if t > t(1)) we have

o] |

- 1
ZXi > t) < 2exp (—4c’ct> :
=1
3(c’c)2a

£2
P >t §2exp<2>.
no

(ii) We consider the function f(z) = || Y"1, (z; — EX1)||. By the i.i.d. property of the X; and Jensen’s inequality, we have

n

>

i=1

—E

if0 <t <t(n), whenn > 8logn_\ve have

n

S

=1

—-E

>x
i=1

E | >0~ Ex)| < (n [1x - Ex{]) " < vANIxl

i=1

Then we have

[fe(X) (@) = ||D @i + Xk —nEX{|| = E ||| i+ Xj — nEXT ||| | < E[|X5 — X4l [Xx] .
ik ik

Similarly, by Lemma B.1, we have || f(X) ()|, < 2|[|X%||l,, and the tail of f(X)(z) can be expressed as ¢'ct, where ¢/
is an absolute positive constant.

Furthermore, we have

0% = sup E[(fu(X)(@)* I(fu(X)(@) < 0)] < E{BIXe — X} 1X4])"] < B[ X - X)) < 4|,
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where the second inequality uses Lemma B.1 and the last inequality uses the i.i.d. assumption.

Plugging these bounds into Corollary 3.4, we obtain o« = s + 4E[|| X1 X and ¢t — deny Hence, if t > t(n), we
gging y (c c) n ) n

h |

n

Z(Xi - EX;)

=1

>t+E

iX EX))

n
1
< Z (X; —EX))|| >t+ \/ﬁ|||X1|||2> < 2exp (—40’075) .
=1
If 0 <t < t(n), whenn > ;CIOTQQ, we have

n n

IP’( > (Xi —EX()|| > t+E|> (X; — EX]) )
=1 i=1
n , t2
<P ([ o0 - mxD| > 1+ VAl ) < 200 (~50)
The proof is complete. O

B.2. Proof of Theorem 4.2
Proof. The proof follows the proof of Theorem 4.1.

(i) Since the || X}, || have the tail ¢4t @, the tail of f;(X)(z) can be written as c’et% , where ¢}, is a positive constant and comes
from the equivalent properties of sub-Weibull random variables on its tails and moments, see Theorem 2.1 in (Vladimirova
et al., 2020). We now provide the proof. For all real p > 1, by Markov’s inequality,

B4 (0)(@)|"]

tp

P(fe(X)(z) > 1) <

]E[\fk()t?)(ﬂﬂ)lp]

Setting ¢ such that exp(—p) = , we obtain

P(fr(X)(2) > el fr(X)(2)]lp) < exp(-p),

implying that
P(fi(X) (@) > 2e]|[| Xl[|p) < exp(—p)-

Note that if the || X} || have the tail cot#, ||| X |, < 2-p?, where ¢} is a positive constant, see Theorem 2.1 in (Vladimirova
-0

PUX) (@) > 1) < exp (— (32 ) 7 (12)

meaning that the tail of fj, x) can be written as ¢ é,where ¢l is a positive constant.
g that the tail of f,(X)(x) b tt ot yisap

et al., 2020). Thus, solving p, we get

1/6 2]
Plugging this bound into Corollary 3.6, we get o = m(f’::)?f% + C"CIGCF((SG)ﬂ)QS +4E[|| X1 ||2] and t(n) = (%c’ena)%,

where c; is a positive constant. Hence, if ¢ > ¢(7) and when

]P) <
i=1

1
(éc’ga) =20 log n we have

1,1
>t | <2exp —zcgtﬁ .

22
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8 (1. 24
T > Sa(5cpa) =27 logn, we have

£2
P >t | <2exp <2>
; na

n
> Xl -
i=1
4 (1.7 \iss
=cha)T-260 Jogn we have
30'9(2 0 ) g

If 0 <t < t(n) and when n-

(ii) This proof follows the same pattern. If ¢ > ¢(n)

{ )

If0 < ¢ < t(n) and when n71 > %a(%c’aa)% log n, we have

! )

The proof is complete. O

n

> (X — EXY)

i=1

n

Z(Xi - EX;)

=1

n

> (X; — EXY)

i=1

>t+E >t+\/7z|||X1||||2> < 2exp

7 N\

L
——C, .
4 6

n

Z(Xi -EX7)

i=1

n

Z(Xi - EX))

i=1

n

Z(Xi —EX7)

i=1

>t+E

t2
>t wﬂnxluuz) < 2exp (_2> |

no

B.3. Proof of Theorem 4.3

Proof. The vector space

Bz{p:Q%R:suplp(g)KOO}

geg

becomes a normed space with norm ||p||3 = sup,c |p(g)|. For each X; define X; € Bby X;(g) = L(g(X3) — E[g(X]))).
The X; are zero mean random variable in B and

sup — Zg(Xi) — E[g(X))] = ‘

With Lemma B.1 and the i.i.d. assumption, we have

L ) 2L 2L
. < B = XG0, < —= X, = == 11X, -

IIXillsllp = —

sl;p(E[g(Xi) - 9(X7)]IX)

where the first inequality uses the Lipschitz condition. Since the || X;|| have the tail ct, the tail of || X;||5 can be written
as 7cct, where ¢’ is an absolute positive constant and comes from the equivalent properties of sub-exponential random
variables on its tails and moments, see (11).

Furthermore, we have

AL?
0% < 7]E[||X1H I

Leta = (711060)2 + 4L ALPE[)| X1 ||°] and t(n) = < C" . Thus, from Theorem 4.1 (ii), we have

i

geg

2 exp (—lﬁc’ct) ift > t(n),
<
| 2exp (—ﬁ) if0 <t <t(n) and when n > Slosn

3(Ecc)?a

sup — Zg [9(X])]

geg 1

2L
t+ —|||| X
>+ i 1||2>

The proof is complete. O
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B.4. Proof of Theorem 4.4
Proof. The proof follows the proof of Theorem 4.3.

Since the || X|| have the tail ¢4t 7, the tail of || X; || can be written as (%)%cgt%, where ¢}, is a positive constant and comes
from the equivalent properties of sub-Weibull random variables on its tails and moments, referring to (12).

20 ¢ C1/e p
Leta = F(i‘gil?ig + & )iy 7(3/0;1)2 4L2 E[|| X1 ] and t(n)
((£)bcp) 6c1((£)0cy)
Thus, from Theorem 4.1 (ii), we have

= (3(%) G cyna) 201, where c; is a positive constant.

7

>t+||||X1II2>

i

2 exp (—i(%)%c’et%) if £ > 1(n) and when n 71 > 4, (L(2)bc)ya) ™ logn,
n ecle
| 2exp (—%) if 0 <t < t(n) and when n=—1 > Sa(3(%)7chpa) =20 logn
The proof is complete. O

B.5. Proof of Theorem 4.5

Proof. Ttis clear that

175 (X) @)l
=[[f (@1, s Xbs Tkt 1y ooy Tn) — E[f (21, o0y Xioy Thots s 20|,
=|E[f (21, e Xk, Tht1y ooy Tn) — [(@1, oy XJy Tt 1, ...,J;n)\Xk]Hp
<L|[E[d(X, X;)| Xk][l,
<L|d(Xk, X3.)llp,
where the first inequality uses the Lipschitz condition and the last inequality uses Lemma B.1. Since the d(X}, X},) have the

tail ct, the tail of f;,(X) () can be written as +c’ct, where ¢’ is an absolute positive constant and comes from the equivalent
properties of sub-exponential random varlables on its tails and moments, see (11). Furthermore, we have

02 = sup E[(fo(X)(2))* I(fo(X)(z) < 0)] < L*E[(d(X1, X]))°]

TeX™

Plugging these bounds into Corollary 3.4, we get o =

T LPE[(d(X1, X{))?] and t(n) = S%a. Hence, if t > t(n)
we have

P (f(X) — E[f(X")] > £) < 2exp (—ch/ct) ;

if0 <t <t(n), whenn>8k’¢ we have

( 1 c'c)a’
P (70X~ BLACX] > 1) < 200 (~ o).

The proof is complete. O

B.6. Proof of Theorem 4.6
Proof. The proof follows the proof of Theorem 4.5.

Since the d(Xy, X},) have the tail cot?, the tail of fi(X)(z) can be written as (%)%c’et% , Where ¢, is a positive constant
and comes from the equivalent properties of sub-Weibull random Variables on its tails and moments, referring to (12).

/ép 36
Plugging this bound into Corollary 3.6, we get o = f((?g)??ii + & )Zce(c( );3/0;:)2 + L2E[(d(X1, X]))?] and t(n) =
/)% % callg)%¢
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(%(%)%cgna)%, where ¢, is a positive constant. Hence, if ¢ > ¢(7) and when n-1 > 3( ‘)11 (%(%)%c’ga
1 yc/
we have e
/ 1, 1.1 s
P (J(X) ~EIf(X')] > 1) < 2exp (5 (7)F eyt ).
If0 < t < ¢()) and when 77 > %a(%(%)écga)% log n, we have
/ t?
P(f(X)-E[f(X)]>t) <2 -
(7X) = B0 > 0 < 2ewp (51 )
The proof is complete.

25



