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ABSTRACT

We propose a new bound for generalization of neural networks using Koopman
operators. Whereas most of existing works focus on low-rank weight matrices, we
focus on full-rank weight matrices. Our bound is tighter than existing norm-based
bounds when the condition numbers of weight matrices are small. Especially,
it is completely independent of the width of the network if the weight matrices
are orthogonal. Our bound does not contradict to the existing bounds but is a
complement to the existing bounds. As supported by several existing empirical
results, low-rankness is not the only reason for generalization. Furthermore, our
bound can be combined with the existing bounds to obtain a tighter bound. Our
result sheds new light on understanding generalization of neural networks with
full-rank weight matrices, and it provides a connection between operator-theoretic
analysis and generalization of neural networks.

1 INTRODUCTION

Understanding the generalization property has been one of the biggest topics for analyzing neural
networks. A major approach for theoretical investigation of this topic is bounding some complex-
ity of networks (Bartlett & Mendelson, 2002; Mohri et al., 2018). Intuitively, a large number of
parameters makes the complexity and generalization error large. This intuition has been studied,
for example, based on a classical VC-dimension theory (Harvey et al.| [2017; [Anthony & Bartlett,
2009). However, for neural networks, small generalization error can be achieved even in over-
parameterized regimes (Novak et al., 2018} |Neyshabur et al.|[2019). To explain this behavior, norm-
based bounds have been investigated (Neyshabur et al., 20155 Bartlett et al., 2017} |Golowich et al.|
2018; Neyshabur et al.,[2018};Wei & Ma, 2019; 2020; [L1 et al., 20215 Ju et al., [2022; /'Weinan E et al.}
2022). These bounds do not depend on the number of parameters explicitly. However, they are typ-
ically described by the (p, ¢) norms of the weight matrices, and if the norms are large, these bounds
grow exponentially with respect to the depth of the network. Another approach to tackle over-
parameterized networks is a compression-based approach (Arora et al., [2018; [Suzuki et al., 2020).
These bounds explain the generalization of networks by investigating how much the networks can be
compressed. The bounds get smaller as the ranks of the weight matrices become smaller. However,
low-rankness is not the only reason for generalization. |Goldblum et al.[(2020) empirically showed
that even with high-rank weight matrices, networks generalize well. This implies that if the ranks of
the weight matrices are large, the existing compression-based bounds are not always tight.

In this paper, we derive a completely different type of uniform bounds of complexity using Koopman
operators, which sheds light on why networks generalize well even when their weights are high- or
full-rank matrices. More precisely, let L be the depth, d; be the width of the jth layer, g be the final
nonlinear transformation, and n be the number of samples. For j = 1,..., L, let W; € R%*%i-1 be
an injective weight matrix, s; > d;/2 describes the smoothness of a function space H; where the
Koopman operator is defined. Our results are summarized as follows, where ||- || is the operator norm,
E; and G; are factors determined by the activation functions and the range of W, respectively:
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Surprisingly, the determinant factor tells us that if the singular values of W; are large, the bound
gets small. It is tight when the condition number of W, i.e., the ratio of the largest and the
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smallest singular values, is small. Especially, when W; is orthogonal, G; = 1 and the factor

[W;|%=1/ det(W> W;)/4 reduces to 1. We can interpret that TW; transforms signals in certain di-
rections, which makes it easy for the network to extract features of data. Networks with orthogonal
weight matrices have been proposed (Maduranga et al.l [2019; |Wang et al.| [2020; |Li et al.l [2021).
Our bound also justifies the generalization property of these networks.

In addition to providing the new perspective, we can combine our bound with existing bounds. In
other words, our bound can be a complement to existing bounds. |Goldblum et al.| (2020) pointed
out that the rank of the weight matrix tends to be large near the input layer, but be small near the
output layer. By adopting our bound for lower layers and existing bounds for higher layers, we ob-
tain a tight bound that takes the role of each layer into account. The determinant factors come from
Koopman operators. Koopman operator is a linear operator defined by the composition of functions.
It has been investigated for analyzing dynamical systems and time-series data generated from dy-
namical systems (Koopman, |1931; Budisic et al., 2012; Kawahara) 2016} [shikawa et al.|,|2018]; Klus
et al., [2020; Hashimoto et al., 2020; |Giannakis & Das), [2020; [Brunton et al., [2022). Its theoretical
aspects also have been studied (Das et al., [2021} Ikeda et al.|[2022ajb; Ishikawal |2023)). Connections
between Koopman operators and neural networks have also been discussed. For example, efficient
learning algorithms are proposed by describing the learning dynamics of the parameters of neural
networks by Koopman operators (Redman et al.|[2022; |Dogra & Redman, [2020). [Lusch et al.[(2017)
applied neural networks to identifying eigenfunctions of Koopman operators to extract features of
dynamical systems. |[Konishi & Kawahara) (2023)) applied Koopman operators to analyze equilibrium
models. On the other hand, in this paper, we represent the composition structure of neural networks
using Koopman operators, and apply them to analyzing the complexity of neural networks from an
operator-theoretic perspective.

Our main contributions are as follows:

* We show a new complexity bound, which involves both the norm and determinant of the weight
matrices. By virtue of the determinant term, our bound gets small if the condition numbers of the
weight matrices get small. Especially, it justifies the generalization property of existing networks
with orthogonal weight matrices. It also provides a new perspective about why the networks with
high-rank weights generalize well (Section 2] the paragraph after Proposition[d} and Remark [3).

* We can combine our bound with existing bounds to obtain a bound which describes the role of
each layer (Subsection 4.4).

* We provide an operator-theoretic approach to analyzing networks. We use Koopman operators to
derive the determinant term in our bound (Subsection [3.4]and Subsection [4.T).

We emphasize that our operator-theoretic approach reveals a new aspect of neural networks.

2 RELATED WORKS

Norm-based bounds Generalization bounds based on the norm of W; have been investigated in
previous studies. These bounds are described typically by the (p, ¢) matrix norm ||W||, , of W;
(see the upper part of Table[T)). Thus, although these bounds do not explicitly depend on the width
of the layers, they tend to be large as the width of the layers becomes large. For example, the
(p, q) matrix norm of the d by d identity matrix is d'/?. This situation is totally different from our
case, where the factor related to the weight matrix is reduced to 1 if it is orthogonal. We can see
our bound is described by the spectral property of the weight matrices and tight when the condition
number of W is small. Bartlett et al. (2017); Wei & Mal (2020); Ju et al.|(2022)) showed bounds with
reference matrices A; and B;. These bounds allow us to explain generalization property through the
discrepancy between the weight matrices and fixed reference matrices. A main difference of these
bounds from ours is that the existing bounds only focus on the discrepancy from fixed reference
matrices whereas our bound is based on the discrepancy of the spectral property from a certain
class of matrices, which is much broader than fixed matrices. |Li et al.| (2021) showed a bound
described by | Hle ||W;|| — 1], the discrepancy between the product of largest singular values of
Wi, ..., W and 1. It is motivated by the covering number cy of the input space X’ and a diameter
~x of the covering set, which depends on the input samples x = (1, .. ., ;). This bound somewhat
describes the spectral properties of 1W;. However, they only focus on the largest singular values of
W; and do not take the other singular values into account. On the other hand, our bound is described
by how much the whole singular values of W; differ from its largest singular value.
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Table 1: Comparison of our bound to existing bounds.

Authors Rate Type
L L .
Neyshabur et al.| (2015) U e
Lmax; d; [T5, [Will (L [W5l13.5\ /2
Neyshabur et al.|(2018)) v (ijl T \Téz) . "
orm-base
Golowich et al./(2018) (Hle W ||272) min {1/ \E}
3/2
o Wil [z W) —aT 3
Bartlett et al. (2017) % (Zj—l W
Wei & Ma (2020) (CEy w2/ min{ LYW, = Ajll2,2, W5 — Byl }2/3)*/2
vn
Ju et al.| (2022) Zf:le]”\%’ Dl
~ [Lietal|(2021) el T W51 = 1] + 9 +
1/2
s Lmax |[f@)ll (L1
Arora et al.{(2018)) 7+ o (ijl T ) Compression
_ [Suzuki et al, (2020) f + (ZJL L7i(dj 1+ d; ))1/2
Ours ls HHL 1% i1 % Operator-theoretic

; and 0; are determined by the Jacobian and He351an of the network f with respect to the jth layer and W,
respectively. 7*; and d; are the rank and dimension of the jth weight matrices for the compressed network.

Compression-based bounds |Arora et al.|(2018) and|Suzuki et al.| (2020) focused on compression
of the network and showed bounds that also get small as the rank of the weight matrices decreases,
with the bias 7 induced by compression (see the middle part of Table|[I)). [Arora et al.| (2018) intro-
duced layer cushion j; and interlayer cushion pi;_, for layer j, which tends to be small if the rank of
W; is small. They also observed that noise is filtered by the weight matrices whose stable ranks are
small. Suzuki et al.| (2020) showed the dependency on the rank more directly. The bounds describe
why networks with low-rank matrices generalize well. However, networks with high-rank matrices
can also generalize well (Goldblum et al., 2020), and the bounds cannot describe this phenomenon.
Arora et al.| (2018, Figure 1) also empirically show that noise rapidly decreases on higher layers.
Since the noise stability is related to the rank of the weight matrices, the result supports the tightness
of their bound on higher layers. However, the result also implies that noise does not really decrease
on lower layers, and we need an additional theory that describes what happens on lower layers.

3 PRELIMINARIES

3.1 NOTATION

For a linear operator W on a Hilbert space, its range and kernel are denoted by R (W) and ker(W),
respectively. Its operator norm is denoted by ||W||. For a function p € L>(R?), its L°°-norm is
denoted by ||p||- For a function i on R? and a subset S of R?, the restriction of hon S is denoted

by h|s. For f € L2(R%), we denote the Fourier transform of f as f(w = [ga f(@)e @ dz. We
denote the adjoint of a matrix W by W*.

3.2 KOOPMAN OPERATOR

Let F; and F> be function spaces on R% and R?%. For a function f : R% — R%, we define the
Koopman operator from F5 to F; by the composition as follows. Let Dy = {g € F» | gof € Fi}.
The Koopman operator K¢ from F; to JF; with respect to f is defined as K¢g = g o f for g € Dy.

3.3 REPRODUCING KERNEL HILBERT SPACE (RKHS)

As function spaces, we consider RKHSs. Let p be a non-negative function such that p € L!(R%).
Let H,(RY) = {f € L? (Rd) \ f //P € L*(R%)} be the Hilbert space equipped with the inner
product (f, 9) fy (ga) = = [pa f(w)§(w)/p(w)dw. We can see that ky(z,y) := [p. @9 “p(w)dw
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is the reproducing kernel of H,(R%), i.e., (k,(-, ), P uyay = f() for f € H,(R%). Note that
since H,(R%) C L?(R?), the value of functions in H,(R?) vanishes at infinity.

One advantage of focusing on RKHSs is that they have well-defined evaluation operators induced
by the reproducing property. This property makes deriving an upper bound of the Rademacher
complexity easier (see, for example, |[Mobhri et al.[ (2018} Theorem 6.12)).

Example 1 Set p(w) = 1/(1 + ||w||?)* for s > d/2. Then, H,(R?) is the Sobolev space W*?(R?)
of order s. Here, ||w|| is the Euclidean norm of w € R%. Note that if s € N, then || f|%, @) =

D lal<s ca,57d|\5af||iz(md), where co q = (2m)%s!/al/(s — |a|)! and « is a multi index. See
Appendix|K|for more details.

3.4 PROBLEM SETTING

In this paper, we consider an L-layer deep neural network. Let dy be the dimension of the input
space. For j = 1,...,L, we set the width as d;, let W} : R%-1 — R% be a linear operator,
let b; : R% — R% be a shift operator defined as x — z + a; with a bias a; € R%, and let
oj: R% — R% be a nonlinear activation function. In addition, let g: R4 — C be a nonlinear
transformation in the final layer. We consider a network f defined as

f=gobroWroop 10by,10Wp_j0---0010b30W;. 2

Typically, we regard that W, is composed by b1, o; to construct the first layer. We sequentially

construct the second and third layers, and so on. Then we get the whole network f. On the other

hand, from operator-theoretic perspective, we analyze f in the opposite direction. For j =0, ..., L,

let p; be a density function of a finite positive measure on R% . The network f is described by the

Koopman operators Ky, : H, (R%) — H, _ (R%-1), K, , Ky, : H, (R%) — H, (R%) as
f=Kw, Ky Ko, - Kw, Ko, Koy Kw Ky 9.

The final nonlinear transformation g is first provided. Then, g is composed by b;, and W7y, i.e.,
the corresponding Koopman operator acts on g. We sequentially apply the Koopman operators
corresponding to the (L — 1)th layer, (L — 2)th layer, and so on. Finally, we get the whole network f.
By representing the network using the product of Koopman operators, we can bound the Rademacher
complexity with the product of the norms of the Koopman operators.

L—-1

To simplify the notation, we denote H, (R%) by H ;- We impose the following assumptions.
Assumption 1 The function g is contained in Hy,, and K, is bounded for j = 1,. .., L.

Assumption 2 There exists B > 0 such that for any © € R?, |k, (z, z)| < B2

We denote by F' the set of all functions in the form of (2) with Assumption[I} As a typical example,
if we set pj(w) = 1/(1 + ||lw||?)% for s; > d;/2 and g(z) = e l121* | then Assumptionholds if
Koj is bounded, and k,, satisfies Assumption

Remark 1 Let g be a smooth function which does not decay at infinity, (e.g., sigmoid). Although
H,(R%) does not contain g, we can construct a function § € H,(R?) such that §(x) = g(x) for x in
a sufficiently large compact region and replace g by § in practical cases. See Remark 6] for details.

For the activation function, we have the following proposition (c.f. [Sawano| (2018} Theorem 4.46)).

Proposition 1 Let p(w) = 1/(1+]||wl||?)® forw € RYs € N, and s > d/2. If the activation function
o has the following properties, then K, : H,(R%) — H,(R?) is bounded.

* o is s-times differentiable and its derivative 0“c is bounded for any multi-index o« €

d
{(Oél,...,()éd) | Zj:l Qj S S}
e o is bi-Lipschitz, i.e., o is bijective and both o and 0~ are Lipschitz continuous.

Example 2 We can choose o as a smooth version of Leaky ReLU (Biswas et al.}|2022). We will see
how we can deal with other activation functions, such as the sigmoid and the hyperbolic tangent in
Remark[8]
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Remark 2 We have ||K,| < | det(Jo™ )|l max{1,]|010]lccs - -, 1040 ||oo} if s = 1 and o is
elementwise, where Jo~" is the Jacobian of o 1. As we will discuss in Appendix|B| deriving a tight
bound for a larger s is challenging and future work.

4 KOOPMAN-BASED BOUND OF RADEMACHER COMPLEXITY

We derive an upper bound of the Rademacher complexity. We first focus on the case where the
weight matrices are invertible or injective. Then, we generalize the results to the non-injective case.

Let €2 be a probability space equipped with a probability measure P. We denote the integral
Jq s(w)dP(w) of a measurable function s on 2 by E[s]. Let s1,...,s, be iid. Rademacher

variables. For a function class G and x4, ..., 2, € R<, we denote the empirical Rademacher com-
plexity by R, (x,G), where x = (x1,...,2,). We will provide an upper bound of R, (x,G) using
Koopman operators in the following subsections.

4.1 BOUND FOR INVERTIBLE WEIGHT MATRICES (d; = d)

In this subsection, we focus on the case d; = d (j = 0,..., L) for some d € N and W is invertible
for j = 1,..., L. This is the most fundamental case. For C, D > 0, set a class of weight matrices
W(C,D) = {W € R™4 | |W| < C, |det(W)| > D} and a function class Fi,,(C,D) = {f €
F | W; e W(C, D)}. We have the following theorem for a bound of Rademacher complexity.

Theorem 2 (First Main Theorem) The Rademacher complexity }A%,L(x Fi. (C’ D)) is bounded as

«\11/2
: Bllgllm, 1Ps/ (Pj—1 0 Wil
RTL 7an CaD S 3 Ko— 3
(c Fn(C:D)) < Z 2 sup H A Hn 1) o

By representing the network using the product of Koopman operators, we can get the whole bound
by bounding the norm of each Koopman operator. A main difference of our bound from existing
bounds, such as the ones by [Neyshabur et al.| (2015); |Golowich et al.| (2018) is that our bound has
the determinant factors in the denominator in Eq. (3). They come from a change of variable when
we bound the norm of the Koopman operators, described by the following inequality:

. 1/2
1Kw; | < (|[ps/pj—1 0 Wi || /1det(W))]) 77, B, [l =1
for j = 1,..., L. Since the network f in Eq. (2)) satisfies f € Hy, using the reproducing property

of Hy, we derive an upper bound of R,,(x, F(C, D)) in a similar manner to that for kernel methods
(see,Mohri et al.| (2018, Theorem 6.12)).

Regarding the factor ||p; /(pj—10W; )|~ in Eq. , we obtain the following lemma and proposition,
which show it is bounded by ||W;|| and induces the factor ||W;]|*=* / det(W;W;)'/* in Eq. .

Lemma 3 Let p(w) = 1/(1 + ||w||?)® for s > d/2 and p; = p for j = 0,..., L. Then, we have
Ip/(p o W )lloo < max{L, |[W;]*}.

As a result, the following proposition is obtained by applying Lemma 3] to Theorem 2]

Proposition 4 Let p(w) = 1/(1 + ||wl|?)® for s > d/2 and p; = p for j = 0,..., L. We have

R, Fin (€, D) < 1010 (X0 CT) ) (H ||Ka]||)

Comparison to existing bounds We investigate the bound (1)) in terms of the singular values of
W,. Letn; > ... > 14,  be the singular values of W; and let &« = s — d/2. Then, the term de-
pending on the weight matrices in bound (ﬁl) is described as 77" ; H?:l riléz, where r; ; = 11 ;/M ;.

On the other hand, the existing bound by |Golowich et al.| (2018) is described as 7 ; (Zf 17 32)1/ 2
Since they are just upper bounds, our bound does not contradict the existing bound. Our bound is
tight when the condition number rq ; of W; is small. The existing bound is tight when rg ; is large.

Note that the factors in our bound (1)) are bounded below by 1.
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Remark 3 If a weight matrix W; is orthogonal, then the factor |W;||*-1/det(W;)'/? in the
bound is reduced to 1. On the other hand, existing norm-based bounds are described by the
(p.q) matrix norm. The (p,q) matrix norm of the d by d identity matrix is d*/?, which is larger
than 1. Indeed, limiting the weight matrices to orthogonal matrices has been proposed (Maduranga
et al.||2019; \Wang et al.||2020; \Li et al.} | 2021)). The tightness of our bound in the case of orthogonal
matrices implies the advantage of these methods from the perspective of generalization.

Remark 4 There is a tradeoff between s and B. We focus on the case where p;(w) = 1/(1+|lw||?)*.
According to Lemma 3| the factor ||p;/(pj—1 © W})||oc becomes small as s approaches to d/2.

However, the factor B goes to infinity as s goes to d/2. Indeed, we have ky(x,z) = [p, p(w)dw =

d—1 _qyd/2—1 a/2—s
Cly anrdr > clr =D g > G [y rd21msdr = %i_mforsome constant C > 0.

2rs

This behavior corresponds to the fact that if s = d/2, the Sobolev space is not an RKHS, and the
evaluation operator becomes unbounded.

4.2 BOUND FOR INJECTIVE WEIGHT MATRICES (d; > d;_1)

We generalize Theorem [2| to that for injective weight matrices. If d; > d;_;, then W} is not
surjective. However, it can be injective, and we first focus on the injective case. Let W;(C, D) =
{W e REG=1%di | d; > d;_q, |[W| < C, \/det(W*W) > D} and F,,;;(C,D) = {f € F |
W; € W;(C,D)}. Let fj = gobpoWroop_q10b,_10Wr_10---00;0b; and G; =
Il filrewl Hy, | (R(W,)) /I fjll ;. We have the following theorem for injective weight matrices.

Theorem 5 (Second Main Theorem) The Rademacher complexity IA%n(x, Finj(C, D)) is bounded

as

) Blglla, L D1/ (Pjm1 0 WK iw ) oG\ £ 5

R Fug(©,0)) < 2985wy (] R ) (] i ).
" wiew; (C,D)\ i det(WrW;) i1

4)

Since W; is not always square, we do not have det(W;) in Theorem However, we can re-
place det(W;) with det(W W;)1/2. As Lemma we have the following lemma about the factor

195/ (Pi—1 © W) lr(w;),00 in Eq. @).

Lemma 6 Let p;(w) = 1/(1 + |[w|?)% for s; > d;/2 and for j = 0,...,L. Then, we have
Hpj—l/(]?j—1 o W; ||R(Wj)’00 < max{1, ||Wj||2sj,1}.

Applying Lemma [6] to Theorem [5} we finally obtain the bound (T). Regarding the factor G, the
following lemma shows that G; is determined by the isotropy of f;.

Lemma 7 Letp;(w) = 1/(1+||w|/?)% fors; > dj/2andforj =0,...,L. Let s; > s;_1 and H,
be the Sobolev space on R(W;)* with p(w) = 1/(1 + |lw]||?)55 %=1, Then, G; < G, ol f;lr(w;) -

Filrowyy la, /1 fill a1, where G0 = ||fj\|},j-

Remark 5 The factor G; is expected to be small. Indeed, if f;(x) = ecll=ll® (It is true if g is
Gaussian and j = L.), G; gets small as s; and d; gets large. Moreover, G; can alleviate the
dependency of || Ko, || on d; and s;j. See Appendix @for more details.

4.3 BOUNDS FOR NON-INJECTIVE WEIGHT MATRICES

The bounds in Theorems [2]and [5]are only valid for injective weight matrices, and the bound goes to
infinity if they become singular. This is because if W : R%-1 — R% has singularity, h o W for
h € H; becomes constant along the direction of ker(1¥;). As a result, h o W is not contained in
H;_1 and Ky, becomes unbounded. To deal with this situation, we propose two approaches that
are valid for non-injective weight matrices, graph-based and weighted Koopman-based ones.
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4.3.1 GRAPH-BASED BOUND

The first approach to deal with this situation is constructing an injective operator related to the
graph of W;. For j = 1,...,L, let r; = dim(ker(W})), §; = Zi:o 7, and W be defined as
Wj(21,20) = (Wjz1, Pjy, 29) forz; € R%-1 and x5y € R%-2 for j > 2 and Wz = (W;z, Pjx)
for j = 1. Here, P; is the projection onto ker(W;). Then, Wj is injective (See Appendix . Let
G; : R% — R% and b; : R% — R% be defined respectively as &;(x1,22) = (0j(21),22) and
bj(x1,22) = (bj(x1), o) for x; € R% and x, € R%-1. In addition, let § € H,,, (R°*) be defined
as §(w1,2) = g(z1)1(w2) for x1 € R and 2o € R%:-1, where ) is a rapidly decaying function
on R%-1 go that § € H,, (R%-1+42). Consider the following network:

f(x)=gobroWy o 0610bioWi(z)
=Y(Prop—10b,_10Wr_10---0010by o Wi(x),..., P01 0by o Wi(x), Pix)
~g(bpoWpo---00y0b; o Wi(x)). &)

Since det (W;W;) = det(W; W, + I) and |[W;|| = /|| + W;W; |, we set W;(C, D) = {W €
RE—1%di | /[T + W*W| < C, \/det(W*W +1) > D}yand F(C,D)={f | fe F, W, €

W;(C, D)}. Moreover, put H;, = H,, (R’). By Theorem |5, we obtain the following bound,
where the determinant factor does not go to infinity by virtue of the identity I appearing in W;.

Proposition 8 The Rademacher complexity R, (x, F(C, D)) is bounded as

- i = v 11/2 5 1

- ~ Bllgll 5 L |p;/(pj—10W; )HR W, ’OOG]

o F(C.D)) < Wl (H ) ) ( 1115, ||>.
Vi wiew;(o,p) det (W W, + 1) e

Remark 6 The difference between the networks (@) and (2)) is the factor . If we set ¢ as p(z) = 1

j=1

Sor x in a sufficiently large region Q, then f(x) = f(x) for x € Q. We can set 1, for example,
as a smooth bump function (Tu, 2011} Chapter 13). See Appendix [D|for the definition. If the data
is in a compact region, then the output of each layer is also in a compact region since ||W;| <

T+ WiW; || < C. Thus, it is natural to assume that f can be replaced by f in practical cases.

Remark 7 The factor ||g||z, grows as Q becomes large. This is because ||{)|| becomes

iz (R°L—1)
large as the volume of ) gets large. This fact does not contradict the fact that the bound in Theorem[2]
goes to infinity if W; is singular. More details are explained in Appendix

4.3.2 WEIGHTED KOOPMAN-BASED BOUND

Instead of constructing the injective operators in Subsection[4.3.1] we can also use weighted Koop-
man operators. For 1; : R% — C, define K W].h = 1); - h o W}, which is called the weighted
Koopman operator. We construct the same network as f in Eq. (5) using K w; -

f(@) = Kw, Ko, Ko, -+ Kw, Ky, g()
= Y1 (x)ha(o1 0by o Wi(x)) - pr(op—10br_10Wp_10---0010by 0o Wi(z))
~g(bpoWpo---0010b; o Wi(x))
=(op_10b_10Wr_10---0010b; o Wy(x),...,010b1 0o Wi(x),x)
~g(bpoWpo- 001 0b 0 Wi(z)),

where ’lﬁ([)ﬁl,...,l‘L) = 1/}1($1)"'¢L(SCL> for z; € R%-1, Let We; = leker(Wj)J- be
the restricted operator of W; to ker(W;)*. Set W, ;(C,D) = {W € Ré%-1*d | |W| <
C, |det(W,)| > D} and F,(C,D) = {f € F | W; € W, ;(C,D)}. By letting ¢; decay in
the direction of ker(Wj), e.g., the smooth bump function, K th for h € H; decays in all the di-
rections. We only need to care about W, ;, not the whole of W;. Note that v); has the same role as
1 in Eq. . If the data is in a compact region, we replace f by f, which coincides with f on the
compact region. By virtue of the decay property of 7);, we can bound K w; even if W; is singular.
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Proposition 9 Let pj(w) = 1/(1 + ||w|?)% with s; € N, s; > s;_1, and s; > dj/2.
Let H; | = Hy. ., (ker(W;)) and +; be a function satisfying ¢;(x) = 1;1(x1) for some
Vi1 € ﬁj,l, where © = x1 + x2 for x1 € ker(W;) and zo € ker(Wj)J-. Moreover, let
G = fill ;- cexowyy 2y / 1l ;- Then, we have

A B Ll G L [[W; ]| =
R.(x,F.(C,D))) < W sup <H ¥l g, G;max{L, [W;]| }> ( H ||Kaj|)-
j=1

n w,ew,.,(C,D) | det (W, ;)[1/2

j=1
Remark 8 Although we focus on the singularity of Ky, and use the weighted Koopman operator
with respect to W;, we can deal with the singularity of K, in the same manner as Ky, i.e., by

constructing the weighted Koopman operator K, with respect to 0. For example, the sigmoid and
hyperbolic tangent do not satisfy the assumption for o; stated in Proposition E} This is because the

Jacobian of 0! is not bounded. However, f{'gj is bounded by virtue of ;.

Remark 9 The norm of 1; can be canceled by the factor G ;. See Appendix [E for more details.

4.4 COMBINING THE KOOPMAN-BASED BOUND WITH OTHER BOUNDS

In this subsection, we show that our Koopman-based bound is flexible enough to be combined with
another bound. As stated in Subsection[d.1] the case where our bound is tight differs from the case
where existing bounds such as the one by |Golowich et al.| (2018)) are tight. We can combine these
bounds to obtain a tighter bound. For 1 <[ < L, let Fy.; be the set of all functions in the form

opobjoWioo; 10bp oW 10---0010bj0 W) (6)
with Assumption (1} and let F.,;ii(C, D) = {f € Fiu | W; € W;(C,D)}. Forl < L —1,
consider the set of all functions in H; which have the form

gobpoWpoop 10bp 10oWp 1000 p10bp10Wi

and consider any nonempty subset Fyyqi.;, of it For I = L, we set Fry1., = {g}. Let
Ficomb(Cy D) ={fiofa | 1 € Fly1., f2 € F1.,inj(C, D)}. The following proposition shows
the connection between the Rademacher complexity of F} comn (C, D) and that of Fy1.p.

Proposition 10 Let X = (1,...,4,) € (R¥)" Let vo(w) = Y1 si(w)kp, (-, 2i), Dn(w) =
S i@y (0 W = {(Wa, .. W) | Wy € Wy(C. D)}, and oy = o1t/ [ . Then,
T L
R(Wj),00 det(W;W;)/4

A l -
Rn(x7 Fl,comb(ca D)) < SUP(wy,...,.Ww)ew Hj:l || pjfioil/vj*

: (Rn(i7F‘l+1:L) + % infhleFl+1:LE% [SuthGFL+1:L th - %@nHZZ])

The complexity of the whole network is decomposed into the Koopman-based bound for the first [
layers and the complexity of the remaining L — [ layers, together with a term describing the approx-
imation power of the function class corresponding to L — [ layers. Note that Proposition [I0| gener-
alizes Theoremup to the multiplication of a constant. Indeed, if [ = L, we have Rn(x7 Fiii1)=

0. In addition, we have infy,cry,, . E2[subn,cr,, , 1h1 — [lhellya@a/[[5.]17) = E2[lg —
~ ~ 1
g1l n/115a1117] < lglE2[(1 + 7)?).

Remark 10 We can also combine our Koopman-based approach with the existing “peeling” ap-
proach, e.g., by [Neyshabur et al| (2015); |Golowich et al) (2018) (see Appendix [G). Then, for

1 <1 < L, we obtain a bound such as O((HJL:Pr1 HW]»||272)(H§,:1 W% /det(W;W;)1/4)).
Typically, in many networks, the width grows sequentially near the input layer, i.e., d;j_y < d;
Sfor small j and decays near the output layer, i.e., dj_1 > d; for large j. Therefore, this type of

combination is suitable for many practical cases for deriving a tighter bound than existing bounds.

Proposition [I0] and Remark [TI0] theoretically implies that our Koopman-based bound is suitable for
lower layers. Practically, we can interpret that signals are transformed on the lower layers so that its
essential information is extracted on the higher layers. This interpretation also supports the result in
Figure 1 by |Arora et al.| (2018). Noise is removed (i.e., signals are extracted) by the higher layers,
but it is not completely removed by lower layers. We will investigate the behavior of each layer
numerically in Section[5]and Appendix
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Figure 1: (a) Scatter plot of the generalization error versus our bound (for 5 independent runs). The color is
set to get dark as the epoch proceeds. (b) Test accuracy with and without the regularization based on our bound.
(c) The condition number rq,; = 71,;/na,; of the weight matrix for layer j = 2,...,4.

5 NUMERICAL RESULTS

Validity of the bound To investigate our bound numerically, we consider a regression problem
on R3, where the target function ¢ is ¢(z) = e~ 122~ I, We constructed a simple network f(z) =
g(Wao (Wi +by) +by), where Wy € R3*3, W, € R6*3, by € R3, by € RS, g(z) = e I#II" and &
is a smooth version of Leaky ReLLU proposed by Biswas et al.|(2022). We created a training dataset
from samples randomly drawn from the standard normal distribution. Figure || (a) illustrates the

relationship between the generalization error and our bound O(]_[f:1 W%/ (det(Wr W;)H/4).

Here, we set s; = (d;+0.1)/2. In Figure (a), we can see that our bound gets smaller in proportion
to the generalization error. In addition, we investigated the generalization property of a network
with a regularization based on our bound. We considered the classification task with MNIST. For
training the network, we used only n = 1000 samples to create a situation where the model is hard
to generalize. We constructed a network with four dense layers and trained it with and without a
regularization term ||W;|[ 41/ det(I + W} W;), which makes both the norm and determinant of W
small. Figure [I] (b) shows the test accuracy. We can see that the regularization based on our bound
leads to better generalization property, which implies the validity of our bound.

Singular values of the weight matrices We investigated the difference in the behavior of singular
values of the weight matrix for each layer. We considered the classification task with CIFAR-10 and
AlexNet (Krizhevsky et al.,|2012). AlexNet has five convolutional layers followed by dense layers.
For each j = 2,...,5, we computed the condition number r4 ; of the weight matrix. The results
are illustrated in Figure [I] (c). We scaled the values for j = 4,5 for readability. Since the weight
matrix of the first layer (5 = 1) is huge and the computational cost of computing its singular values
is expensive, we focus on j = 2,...,5. We can see that for the second layer (j = 2), rq ; tends to
be small as the learning process proceeds (as the test accuracy grows). On the other hand, for the
third and fourth layers (j = 3,4), the 4 ; tends to be large. This means that the behavior of the
singular values is different depending on the layers. According to the paragraph after Proposition 4]
our bound becomes smaller as 74 ; becomes smaller, but the existing bound becomes smaller as 74, ;
becomes larger. In this case, our bound describes the behavior of the second layer, and the existing
bound describes that of the third and fourth layers. See Appendix [J| for more details and results.

6 CONCLUSION AND DISCUSSION

In this paper, we proposed a new uniform complexity bound of neural networks using Koopman
operators. Our bound describes why networks with full-rank weight matrices generalize well and
justifies the generalization property of networks with orthogonal matrices. In addition, we provided
an operator-theoretic approach to analyzing generalization property of neural networks. There are
several possible limitations. First, our setting excludes non-smooth activation functions. Generaliz-
ing our framework to other function spaces may help us understand these final nonlinear transfor-
mations and activation functions. Moreover, although the factor || K, || is bounded if we set certain
activation functions, how this factor changes depending on the choice of the activation function has
not been clarified yet. Further investigation of this factor is required. Furthermore, we assume a
modification of the structure of the neural network for deriving a bound for non-injective matrices.
Thus, we still have room for improvement about this bound. We simply decomposed the product of
Koopman operators into every single Koopman operator. For more refined analysis, they should be
tied together to investigate the connection between layers. Considering a function space on a mani-
fold that contains the range of the transformation corresponding to each layer may also be effective
for resolving this issue. These challenging topics are left to future work.
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APPENDIX

A PROOFS

We provide the proofs of the theorems, propositions, and lemmas in the main text.

PropOSItlonI Let p(w) = 1/(1 + ||w||?)® forw € RY s € N, and s > d/2. If the activation
function o has the following properties, then K, : H,(R?) — H,(R?) is bounded.

* o is s-times differentiable and its derivative 0“0 is bounded for any multi-index o €

{(ar,.. 0q) | 0 a5 < s}

e o is bi-Lipschitz, i.e., o is bijective and both o and 0~ are Lipschitz continuous.

Proof For h € H(R?), we have HKUhH%IP(Rd) = Y jaj<s 10%(ho J)H%Q(Rd). We denote o(z) =

(01(2),...,04(x)) and Dyo(z) = (870o1(z),...,0704(x)) for v € N9 By the Faa di Bruno
formula, we have

||

0%(hoo)(x)= Y 0°h(of ZZ“'Hkm ,

18] <|e] =1 vyep(a,B) J=

where p(a, B) = {v = (k1,.. ., ks, L1, ..., 1s) | 0< 1y <+ <, Z] 1kj=a, Z; ks =
B}. Thus, 9%(h o o)(x) is written as the finite weighted sum of 8ﬂh( (2)) Hl: (D, 0(x))% for
some m < |af and B,7;,0; € N, |8] < |al, |vi| < |al, |6;] < |a|. By the boundedness of the
derivatives of o, there exists Cg s > 0 such that

.

Moreover, by the Lipschitzness of o1, there exists C > 0 such that

m

0°h(o(2) [[(Dyo ()™

i=1

2

dz < cﬁmgj 0% (o ()2 da.
]Rd

J |0Ph(o(x)))?dz < || det(Ja’l)HOOJ' |0°h(z)|?dz < C*J |0° h(z)|?dz,
R4 R4 R4

where Jo ! is the Jacobian of o~ !, which shows the boundedness of K. O

Theorem The Rademacher complexity R, (x, Finy (C, D)) is bounded as

- H i/ (pj—1 0 Wi 5
Rn(x,Finv(C,D))SBlgflL sup (E I /|(§et( Il/i” )(HKUJH)

" w;ew(C,D)

We use the following lemma to show Theorem [2]

Lemma A Assume W; : R? — RY is invertible for j = 1,..., L. Then, for j = 1,..., L, we have

D, 1 1/2
Kw.|| < . Ky || =1.
¥ | < (‘ pj—10 W7 OO|det(Wj)|> 1K
Proof For h € H;, we have (h o W) (w) = Ja h( e iTwdy = iL(Wj_*w)/| det(W;)|. Thus,
the norm of the Koopman operator is bounded as
(W " )I2 pj(w
KW.hz, :J J dw < h2,sup J " .
s Ml = ) Taet ) Py = 1M 80, 5, ) Taet ()

13
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In addition, for h € H, we have (o b;)(w) = e~} (w). Thus, we obtain || K, k% = ||h|2. O

Proof of Theorem@ Letzq,...,z, € R% and sq,. .., s, beii.d. Rademacher variables (random
variables following the uniform distribution on {—1, 1}. By the reproducing property of H and the
Cauchy—Schwartz inequality, we have

1E[ sup zn:sif(xi)}:lE{ sup zn:<8ikpo("xi)7f>Ho}

n fGF;nv(C,D) i=1 n feFinv(CvD) =1

1 n 1/2
< nE[ sup ( Z Sﬁj’“po(%@j)) ||f||Ho:|

fEFiuv(C,D) i,j=1

IN

1 N n
Lo ||f||HoE%[Zsisjkp()(xi,xj)}

n f€Fin(C,D) i,j=1

1 n 1/2
1w Il <kao (xi,m)
=1

n fGFinv(C D)

IN

sup ||KW1K51KU1 "'KWLKbLg”HU

B \FWGW(CD
L
< sup ||KWj|||ij||Koj||)|gH ; (N
\FWJEW(CD <J1i[1 "

where the third inequality is derived by the Jensen’s inequality. By Lemma[A] we obtain the final
result. =

Lemma Let p(w) = 1/(1 4 ||w||?)® for s > d/2 and pj = p for j = 0,..., L. Then, we have
Ip/(p o Wi)lloo < max{1, [W;][>*}.

Proof By the definition of p, we have

plw) | _
p(W;w) ' B wEHIQ)d

— sup < max{1, | W;]2}.

00 weRd

<1 + |Wj*w||2)s
poW; 1+ flw||?

Theorem Let W;(C,D) = {W € R4-1%4 | d; > d;_q, [W|| < C, y/det(W*W) > D}
and Fypj(C, D) = {f € F | W; € W;(C, D)}. The Rademacher complexity Ry,(x, Fij(C, D)) is
bounded as

- L pi-1/(pj—1 0 WS
ot Fug(C D)) < 20 sup (] i1 W )(le)

W ew;(C,D)\ 55 det(W*W)1/4

where Gj = Hfj‘R(W7)||HpJ71(R(W7))/||f]||H‘] and fj = gObL ¢} WL o011 ObL,1 o WL,1 O-:-0
ojobj.

Proof For h € H;, we have

(m )( ) J h(W )efix-wd J h,( )e_il"W'i*wd 1 ]/:L(ij*w)
[¢] W) = T T = x ; . _ |
J RY—1 J R(W;) |det(R;)|  |det(R;)]

14
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where W; = Q; R; is the QR decomposition of W; and R(W)) is the range of ;. In addition, we
regard W; : R%-1 — R(W;). Since | det(R;)| = (det(R; R, ))1/2 (det(W*W ))1/2, the norm
of the Koopman operator is bounded as

:J' [h(W;*w)[? q _J’ () ?
b Jrti—r det(WSW)pj 1 (w) r(w,) det(W;W;)1/2p; 1 (Wiw)

1
det(W;Wj)l/Z '

15w, 7, = dw

bj— 1(w)
pj— 1(W* )

()

< |[hlrw;, )||H L(R(W;)) eR(W)

Thus, we have
1/2 1
det(Wl* W1 ) 1/4

po(w)
pO(Wlw)

£l = 1Ew, fillm < I filrown)llm,, (rown)) Su(lgv)
1

1
det(W;Wy)1/4
1/2

po( ) 1/2

po(Wiw)

= G1l|fillm, sup
wER(W1)

1
det(Wl*Wl)l/4 '

po(w)
pO(Wlw)

< Gl Ko, |l a | Kw, foll - sup
wWER(W1)

Applying the inequality (B) iteratively, we obtain

L

1 ll# < H

Y2 Gl Ko,
R(W;),00 det(WF W )1/4

pj 1
p]* ]

©))

Applying the inequality (9) to || ||, in the inequality (7) completes the proof. O

Lemma@ Let pj(w) = 1/(1 + ||w||?)% for s; > d;/2 and for j = 0,...,L. Then, we have
Ipj—1/(Pi—1 0 W)llr(w,)co < max{L, |[W;]*>-1}.

Proof By the definition of p; and the assumption of s; > s;_1, we have

‘ _ P ~ s le(“’)‘
Pi—1°oWillgaw,) 0o wer(wy) |Pi—1(Wjw)
< (1+ Wy wl[?)ss—
T wer(wy) | (L [Jw][?)r

< max{1, [W;[*=}  sup
weR(Wj)

= max{L, [/},

(& ||w|2>5“
T+l

Lemmal 7| Letp;(w) = 1/(1+||w|| )% fors; > dj/2andforj =0,...,L. Lets; > s;_1 and H;
be the Sobolev space on R(W;)* with p(w) = 1/(1 + ||w]|?)* %=1, Then, G; < G ol flr(w;) -
Filraw, s 1, /1 f5ll o where Gio = 115511 .-

Remark 11 Since W is injective, dim(R(W;)Y) = d; — dj_1. Thus, we have s; — s;—1 >

dim(R(W;)1)/2.
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Proof By the definition of G o, and since R(W;) and R(W;)* are orthogonal, we have

- 1
Bl oy = | V)P e
H J”Hpj_l(R(WJ)) R(W])| J( )| pjfl(w)
= G?,OJ |fi(wn)P(1+ ||W1||2)s"‘1dwlj £ (w2) P (1 + [|lwa[?)% =" dwy
R(W;) R(W;)+
2 2 1 (14 [l [1*)%1 (1 + [Jwo |?)% %
=G| | I Pl dundin
7 rwy) Jrowe T e + ) (1+ s +w2[?)*
A A 1
=G| | IR Pl s
70 R(W;) JR(W;) L ! ! pj(w1 + wo)
1 2\si_1 1 2\8;—8;_1
B R P T Y e R
(L4 fJwr[* + [lwz[[2)5-1 (1 + [l || + [Jwz [[2)%— %
. A 1
<G | B P dundun
P ) mowyy Jrowyye ! pj (w1 + w2)
=G J IJ?(W)IQde:GQ- £l = G3oll 1511 il 2
30 Jgay N pi(w) PORIH R ORI £ (13,
where h(z) = h(z1)h(zs) for z = x1 + z9, 21 € R(W;), and x5 € R(W;). Note that since
R(W;) and R(W;)* are orthogonal, we have h(w;)h(w2) = h(w). O

Propositi0n|§| Let pj(w) = 1/(1 + ||w|*)% with s; €N, s; > s;_1, and sj > d;/2. Let 1); be
a function satisfying \;(x) = 1;1(x1) for some ;1 € Hy,_, (ker(W;)), where x = 1 + 3 for
71 € ker(W;) and v € ker(W;)* and ker(W;) is the kernel of Wj. Let W, ;(C,D) = {W €
R&-1%d | |W| < C, |det(W,)| > D} and F.(C,D) = {f € F | W; € W, ;(C,D)}.
Moreover, let Gj = vaj||Hj—1(ker(Wj)J‘)/Hfj||Hj' Then, we have

L Sj— L—-1
. Bllgllx, ¥l g, Gy max{L, [[W;|[*-}
R.(x,F.(C,D))) < Bllgllz, sup (H 3 Ay 175 j > ( H ||Ko.,-|>-
j=1

W, eW, ,(C.D) | det(W: ;)['/2

j=1

Proof For h € Hj, we have |Kw, bl | = 3 |4<s, , 105 - ho W32 ga;— - Where the

directions of the derivatives are along the directions of ker(W;)* and ker(W;). We have

|, or@o e w)@Pa < Wi |t @@ Wit a0)
R%—-1 R% -1
In addition, let ¢ be a function satisfying ¢(x) = ¢1(x1) for some ¢ € Hy,  (ker(W;)), where

& = x1 + @ for 21 € ker(W;) and x5 € ker(W;)*. Letu € H,,,_, (R%-1). Then, we have

J]Rdj_l |p(x)u(W;z)[Pda = J

J |¢1($1)U(Wj$2)\2dx2dx1
ker(W;) Jker(W;)+

= eePde | ju(We) e,
ker(W;) ker(W;)+
oy | lu(Wen)Pdes, (an
ker(W;)+
Combining Egs. (10) and (TIJ), we obtain
|, 10 u@@new)@lde < IWIP10°0 Begunony | 1@ )W) Pda
R%—1 ker(W;)+
1
< ||W |12 (|68, |12 7J " h(z)|*dzx.
< IV 003 00 i o 127
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As a result, we have

HRth”%{j,l = Z ca,ijl,dj71||aa(wj 'hOWj)Hi2(Rd_7‘—1)

la|<sj—1
= > c“’sffl’dj’lj J 10%4p;.1(21)0* P (h o W) (w2)[*dwaday
lal<sj_1 ker(W;) Jker(W;)+
= Z Z Cﬁ,sy'flvrjc%sj—l—\ﬂ\»dj—l—rjJ J |851/ij,1(3€1)37(h°Wj)($2)\2d$2d$1
1BI<s;-1 lv|<sj—1-18| ker(W;) Jker(W;)
HW.||2|W|
< Z Z CB,sj—1,rjCy,sj_1—|Bl,dj—1—7; ||6ﬁwj71”2L2(ker(Wj)) | det(JW )| ”a’thiﬁ(ker(WJ)i)
18]<s;-1 17|<s;5-1—18] o

max {1, || W;[**—1}
- det(VVj ) Z cﬁ’sﬂ'*h”Ha,ﬁwﬂ”%%ker(wﬁ)) Z C%Sj—hdj—rrj||87h||%2(ker(w,-)L)
o 1B1<551 lyI<s;-1
max{1, [[W;]|**-} 2 2
S T deWhyy Wl gcerw ) Wl -y ercw )0

where (3 in the second line of the above formula is the multi index whose elements corresponding
to ker(TV;) equal to those of « and other elements are zero. In addition, r; = dim(ker(7V;)) and
Ca,s,d = (2m)%s!/al/(s — |a|)!. Therefore, setting h = f;, we have

- G s
I Ew, fillu,—, < ||¢j,1||Hj71(ker(Wj))W max {1, [W; ¥~} f u;,
r,)

which completes the proof of the proposition. (]

Proposition 10| Let X = (1,...,%,) € (RU)" Let vy(w) = 1 8i(w)kp, (-, 2), Tn(w) =
S si(w)kp, (-, %), and v, = ||vn|| o /|0 || 1, Then, we have

R l . 1/2 GlK.
Rn (Xa ﬂ,comb(c, D)) S sup pjil[/v* Lj”lﬂl
erwj(ck)f))jzl Pj—1°W; R(Wj),00 det(W;Wj)
Jj=1,...,
R (X By 3 b2l - ||
) Rn X7E 1:.L) + — inf E2 |: sup hl — Nilvn .
( ( + ) \/ﬁ hi1€F41.1 hao€Fj41.1 ||Un||HL H,
Proof To simplify the notation, let
1/2
8, = ’ e | GilEL
J Pj-10° WJ?‘ R(W;),00 det(Wj*W]_)IM
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By the reproducing property of Hy and the Cauchy—Shwartz inequality, we have

Rn(x,Fl,comb(C,D)):;E{ sup zn:sif(xi)}:lE[ sup <vn,f>HO]

fEF comb(C,D) ;7 n FEF] comb(C,D)
1
< E|: sup ||Un||H0||KW1Kb1K0'1 "'KWlelKULKW1+1KbL+1KUI+1 "'KWLKbLg”HO]
n fEFI comb(C,D
1 1/2
1 Pj-1 Gl Ko, ||
< E{ sup lvn || £, jiW —%1/4
T | f€R comb(C,D) 21 1Pi=1 0 Willr(w)),00 det (W W5)

’ HKW1+1K51+1K01+1 T KWLKbLngZ:|

!
1 h
E{ sup  []8; swp (o, Mol onllns 5, }
n Wjewj(C,D) jo1 h2€Fia 9117, .

(G=1,....)

= 1 sup Hﬂ] [ sup (<r[~}n;h>Hl + <1~) 4||h2HH1’Yn~ h> >:|
H,

n w,ew;(C,D) ho€Fi41.1 ||UTLHHZ
(] 1,...,0)

L
1 h n -
—  sup HﬂjE[ sup  (On,h1)py, +  sup <’Dn,”%|mvnh> }
H;

n Wjer(C7D)j:1 hi1€F41.1 h2€Fy41:1 ||UnHHl
W;eW;(C,D) ;- h2€F41:1

(5=1,....0)
1R vm _hH D
100 11, H,
G=1,0)

for any h € Fj1,.;,. Moreover, again by the Cauchy—Schwartz inequality, we have

IA

IN

L
sup BJ(R (%, Fhyne) + E[vnnﬂ, sup
1

IA

2

E[%IIH, sup || 12llEmn —hH }g B4 {Jon|% |E é[ sp | Me2lmyny }

ha€Fit1L an”Hl H, ' hao€Fj41.1 ”vnHHz H;
k2l o

< BynE? { sup Up — h

ha€F; 1.1

2
I
H;

where the second inequality is derived in the same manner as the proof of Theorem[2} Since h €
Fy4 1.1 is arbitrary, we obtain the final result. O

[0n [,

B DETAILS OF REMARK [2]

< Ca,s,d||0%(h o o)

2 by Z\alis Ca,s,dH@ahHQ. As the

By the Faa di Bruno formula, we have

||

0%(hoo)( Zaﬁh Zza'Hk'l”k"

[8]<|e] i=1~ep(a,p) J=1

wherep(a,ﬁ) = {’y = (k’h. . .,ks,lh. .. ,ls) | 0 S l1 S e S ls, Zj’:l kj = «, ijl |kj|lj =
B}. If o is elementwise, l; and k; are chosen so that each of them has only one nonzero element,
such as (|/;],0,...,0). By counting the number of terms in the summation and calculating the
coefficients of the terms, we can derive a bound of || K, ||. However, analytically representing the
number of terms in the summation is a challenging task. We admit that this strategy does not give
us a tight bound. There may be a more sophisticated approach to deriving a tight bound of || K,||.
However, the main goal of this paper is to investigate how the property of the weight matrices affects

18



Published as a conference paper at ICLR 2024

the generalization property. Since || K, || does not depend on the weight matrices, if we assume the
structure of the network is given, the property of the weight matrices does not affect || K, ||. As we
stated in Section|[6] investigating || K, || and deriving a tighter bound is future work.

C DETAILS OF REMARK [3]

We first show that G; is bounded by a constant that is independent of f;. Since G; depends on
ker(W;), we denote it by G j (ker(W;)). Let W be a k-dimensional subspace of R? and {u1, ..., uy}
be an orthonormal basis of YW. We consider the average of G;(VV) on the Grassmann manifold Gg .
For this purpose, we fix an orthonormal basis eq, ..., eq on R< and denote by 0; f the derivative of
[ in the direction of e;. In addition, we denote Jf; = H?:l (4 wji0:), where u;; = (uj, e;).
Let s € N. Then, we have

£ omy = D CarsallOF fllTzomy <D D D CasaDsarlld’ flI720m)

lo<s =1 |a|=L]B|=l

=Dsar Y Y casa 3 10°Fl320m

=1 |a|=l 1Bl=l

=D ax Z Ca,s,d Z ||86f||2L2(w

loof<s 1BI<s

< Dyai(2m) (d+1)" > cp5.all0° fll720m): (12)
|B]<s

Here, we used the Cauchy—Schwartz inequality and derive the second inequality as follows:

(1 (3m) o < (I (%) ) (L (%))

Jj=1 Jj=1 j=1
TH() =11 S () <o X w0
g=1 i=l 7=118|=a 18I=lal

for some Dy 41 > 0 that depends on s, d, and k. Here D? is the operator defined as D? f = |9, f|?
and D3 f = 07 f|2. Assume {z € R? | ||z < €} is not contained in the support of f. In this case,
we have

> ol fliagn <7 D7 cﬁ,s,dj 07 f ()| ||~ da (13)
|B1<s |B<s W
Integrating the both sides of (I3) and by Theorem 2 by [Rubin| (2018)), we have
d
J > co5dll0” Fll7amdW < 70 Cﬁsd*J 07 f () Pde,
Gak |5 <s 181<s ok R

where oq = 27%?/T'(d/2) and T is the Gamma function. In addition, dWV is the integration with
respect to the O(d)-invariant probability measure on G4 and O(d) is the orthogonal group in R<.
Combining with Eq. (T12), we obtain
s k—d9d
[, 171 oy < Duae(em) @+ 12
Gd,k Ok

As a result, we obtain

115
J G;(W)2dW < J OV gy
Gaj.a;_1 Yaj.dj_1
< Dsjvdjvdjfl (d] + 1)5_7‘ (27T)dj edj_l_dj i (14)

Udj—l
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‘We admit that this inequality is not tight from the perspective of the dependence on s;, d;, and d;_1.
However, surprisingly, the inequality shows that the factor G; is bounded by a constant that is
independent of f; if {x € R? | ||z|| < €} is not contained in the support of f;. The assumption

about {z € R? | ||z|| < €} can be satisfied if the input is transformed so that it does not take the
value near 0.

One of the reasons for the looseness of the above bound is that we upper bounded | f|| z725-1 () by
£l 755 oy~ If f; can be controlled by the Gaussian, then the factor Gi; does not seriously affect
the bound. Indeed, let ¢ (z) = e~ I=1°/¢_ In the case of |fj (w1 4+ wo)| > \fj (w1)|@e(ws) for
w1 € R(W;) andw, € R(Wj)L, we can evaluate G as follows:

- 7\'2 w 2 (& S
eI ey :J [fe(w) (1 + Jwl*)*dw :J e 2T II/e(1 4 [|w]|)* dw
weRd wERL
0 Ve d—2
= J' e 2T/ 42y pdldr . 2n H ¢
0 i=1

fove) 5 o s s d—2
— QWJ e—27r r?/c § <_>7’2Z+d_1d7" H é;
2
0 i=1

=0
AN , ¢\t Ve f=
=27 . e tyit(d=1)/2 () de Ci
SO ) el
d—2
~ 512 —25—dt19—s—d/2 JOO e tgstd/ 21y H ¢
0 i=1
d—2
_ cs_i_d/gﬂ__Qs_d-&-l2—s—d/2r(8 + d/2) H Cis (15)
i=1

where a ~ b means a/b — 1 as s = oo and d — oo. In addition, ¢; = fg sin® #d6. Thus, we have

, Milrow W, wovy  Trawy i@ PQ+ o ?) - e

a 1£511%, e Fjler @) P(1 A+ ]| + oz 2)% dw

< - .
F 1y () ()21 + o[22 (1 + [Jon]2)%7 e
1
 Trowye Pe(@)? (14 [walP)ord

dj—2 —1
~ (C§j+dj/27r2§jdj+12§jdj/2r(§j +d]/2) H 51) )
i=1
where 5; = s; — s;_1 and (fj = d; — d;—1. Note that since s; > s;_1 and d; > d;_1, G

becomes small as ¢ becomes large and s; and d; becomes large. The assumption | fj (w1 +wa)| >
| fj(w1)|¢e(w2) means that f; decays slower or equal to the speed of the Gaussian in the direction of
ws. Bven if ¢ is chosen small to satisfy the condition, the factor I'(3; + d;/2) becomes sufficiently
large if s; is sufficiently large. As a result, the upper bound becomes sufficiently small if s; is
sufficiently large.

Moreover, the factor G can alleviate the dependency of || K, || on d; and s;. Even if the dependence
of || Ky, || on d; and s; is exponential, since the exponents appeared in the above evaluation are
—(dj —d;—1) and —(s; — sj_1), we can expect that the dependency on d; and s; is reduced to the
dependency on d;_; and s;_1.

20



Published as a conference paper at ICLR 2024

D DETAILS OF REMARK[G

As an example of 1, we can use a bump function ¢(z) = 1 — g((||=||* — a2)/(b*> — a2)) on R for
0 < a < b,where g(x) = f(x)/(f(z)—f(1—x)), f(x) = e/ forz > 0,and f(x) = 0forz < 0.
In this case, the support of ¢ is {x € R? | ||z|| < b} and y(x) = 1 forx € {x € R? | ||z|| < a}.
If the output of each layer is bounded on {z € R¢ | ||z| < a}, then we can obtain a modified
network that is exactly the same on {z € R? | |lz|| < a} with this bump function. If a and b are
large, then the support of v becomes large, which makes the L2-norm of v large, and the Sobolev
norm of 1) also becomes large. If a — b is small, then |1)(z) — ¥ (y)|/||z — y|| for ||z||> = a and
y = (b/a)z becomes large. Thus, the L2-norms of the derivatives of 1 are expected to be large, and
the Sobolev norm of 1 also becomes large if a — b is small.

E DETAILS OF REMARK[7]

The factor [|g]| 7, grows as {2 becomes large, where (2 is the region such that f(z) = f(z)onz € Q
for the network f and the modified network f. Indeed, if pr(w) = 1/(1 + ||w||?)** for sz, € N,
then we have

HgHi}L = Z CO¢75L;6L—1+dL||8a(w : g)H%Q(D@L)

la|<sr

= Z CO(,SL;(;L—I‘FdL||66waa_6g‘|iZ(RﬁL—1+dL)
lal<sr

= Z cayng5L—1+dL||aﬂ/¢}||iQ(R‘sL—l)||aa_6g||i2(RdL)’
lal<sr

where 3 is the multi index whose elements corresponding to d;_; equals to those of « and the
other elements are zero. The factor ||1p||i2 (BSD—1 becomes large as the volume of 2 gets large.
Thus, under the condition that [|0*%)|| ;2 gs. 1) does not change, [|g|| 7, becomes large as  gets
large. Indeed, assume 67, = 1, ¢(z) = 1 for z € , and Q) is an interval (e.g., ¢ is the bump
function defined in Appendix EI) Then we can create a new function ¢ that satisfies ||| L2R) =
|‘¢(i)|\L2(R) for any i = 1,2, ..., from 1 as follows. Here, 1)(*) is the ith derivative of 1). For
simplicity, we consider the case where Q = [—a, a] for some a > 0. For ¢ > 0, we set () = 1
for z € [0,¢), (x) = P(x — ¢) for & € (¢,00), ¥(x) = 1 for z € [—¢,0], ¥(z) = (x4 ¢) for
x € (—00,0).

F DETAILS OF REMARK[9]

In Proposition EI, by combining with the factor G;, the norm of 1); can be canceled as follows. Let
pj(w) =1/(1 + ||w||*)* and s; = 25;_1. We have

ij ||%Ij,1(ker(Wj)) ||f] H?{j,l(ker(Wj)i)

:j [ () 2(1 + ||w1||2>8ffldwlj (@) (L o 2)%5 e
ker(W;) ker(W;)+

<

o Lo e i) 1 o )

= ||¢j,1fj|ker(w,-)L||ZJ(Rdj,l).
Thus, we obtain

”’(/JHH]— ker(W; ||f’||Hj, ker(W;)L
||¢jHH]-,1(ker(Wj))Gj = J 1 (ker(W;)) 115 1 (ker(W;)+)
I £l 2,

||¢j71fj|ker(Wj)L ||Hj(]1{<dj—1)

<
| fillm,
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If ;1 filer(w,)r = fj» e @1 and f; are the Gaussian, and d; 1 = dj, then the factor
19l e, (ker(w;))Gj is bounded by 1.

G DETAILS OF REMARK [10]

We can combine our Koopman-based approach with the existing “peeling” approach. For1 <1 < L,
let FR°LY(CY) be the set of I-layer ReLU networks where the Frobenius norms of W7, ..., W, are
bounded by C', considered by Neyshabur et al. (2015). Let FU be the set of functions defined in
the same manner as Eq. @, except for replacing o; with g € H;. In addition, let F 1:l,inj (Cq, D) =
{f € Fia | W; € W;(Cs,D)}. We combine FE‘EI;U(Cl) and Fl:l’inj(CQ,D), and we define
Ffi?ng’L(Cl, Cy, D) ={hof | h€ FRLU(C,), f € F110(Ca2, D)}. Then, applying Theorem
1 byNeyshabur et al.[(2015)), we can bound the complexity of L-layer networks using that of (L—1)-
layer networks and the Frobenius norm of W,. For example, by Eq. (8) by |Golowich et al.|(2018)),
we have

Ro(x, FY0 (O, Ca, D)) < [Willao R (x, 0 (FL 1 (Cy, Co, D)))

Lil,in] 1:L,inj
< 2| Wiz 2R (x, Fi i M (C1, C2, D)),

1:1,inj

where R, (x, F) for a vector-valued function class F is defined as Elsup ez 1/nl Y20 sif (zi)]]]
and o is the ReLU. As a result, we obtain

R (x, FReUUN(Cy, Oy, D)) < 2||[Will.2Ra(x, FLt (€ Oy, D))

1:1,inj 1:1,inj

L
<2570 T IWll2.2 R (%, 2,21, 15 (Ca, D))
j=l+1

L l ;.

Gl Ko, W51

< 2[‘,[ W. J J J )

<2 gl (T I5te2) (1T i o
Jj=l+1 Jj=1 J

We can also apply other peeling approaches in the same manner as the above case.

H EXAMPLES OF CONCRETE KOOPMAN-BASED BOUNDS

We show examples of our Koopman-based bounds.

Example 3 Let g(z) = eI’ Ler pj(w) = 1/(1 + ||w|*)% for s; > d;/2. We consider a

shallow network f(z) = g(Wx +b). Assume dy > do and W is full-rank. The final nonlinear

transformation g in f maps the high dimensional vector on R% to a scalar value. In this case,
f1(x) = g(x + b) is also the Gaussian. We have

. B max{1, [|[W||}®°
R’I’L aF‘in' C7D S 70 e —
Since ||g||z, = ||f1]|m., by Eq. , we have
2 2 Hfl‘R(W)”HpO(’R(W))HgHHl so—do /2, _—2s0+10—so—do/2 d0_2~
Gl||g||H1 = ||f1||H ~C 7T 2 F(So+d0/2) H C;.
1 =1

As a result, we have

R (%, Fing(C. D))

do—2  1/2 s

B i o i max{L, |[W][[}*

< B s0/2-do/4_~s0+1/29—s0/2—do/4 N T do/2)1/2 ; .
< \/ﬁc T ( H Cz) (50 4+ do/2) dot (W W)1/4

i=1

Note that iim(R(W)) = d is the dimension of the input and s is chosen as so > dy/2. They are
independent of the structure of the network.
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Example 4 Let o(z) = (e=<lel” . e—callzll®), Letpj(w) = 1/(1+||w||?)% for s; > d;j/2. We
consider a shallow network f(x) = Woo(Wix + b). Assume dy > do, do = 1 and W is full-rank.
Using the “peeling” approach and Example 3] we obtain

Rn(’@ F12:1,inj(017027D)) < ||W2||272f%n(x, Fi}lj(C%D))
dy do—2 1/2 s
B so/2—do/a_—s —so/2— . max {1, [W|/}*
5 ||W2||2)QZ \/ﬁci()/ o/ T 0+1/22 0/2 do/4< H Ci) F(SO —|—d0/2)1/2 det(W{le>1/4 )
i=1 i=1

Here, we used the inequality

n

Z sif (z:)

i=1

A 1
R, (x,F) = nE[;leqjj:

] = ;E{SUP dl <Zn:5i(f($i))j>2}

feFr

<.
Il

< 15[ s ; (isxf(zi))j)z] - iE[;ggi > str) |
< iéEbgg ési(f(xi))j ],

where (f(x;)); is the jth element in the vector f(x;). In this case, the bound depends on dy linearly.

I INJECTIVITY OF WV

The operator W]— defined in Subsection isinjective. Indeed, assume (W1, P1z) = (Why, P1y)
for x,y € R%. Then, we have = — 3 € ker(W;). On the other hand, we have P; (x —y) = 0. Since
x —y € ker(Wy), wehave x —y = Py (x — y) = 0. The case of j > 2 is the same.

J  EXPERIMENTAL DETAILS AND ADDITIONAL EXPERIMENTAL RESULTS

We explain details of experiments in Section [5] and show additional experimental results. All the
experiments were executed with Python 3.9 and TensorFlow 2.6.

J.1 VALIDITY OF THE BOUND (SYNTHETIC DATA)

We constructed a network fo(z) = g(Wao(Wiz + by) + ba), where W € R3%3, W, € R6x3,
by € R3, by € RS, 0 = (Wy, by, Wa, ba), o(x) = (1 + o)z + (1 — a)zerf(u(l — a)x))/2, and
glx) = e~ llzI* . Here, erf is the Gaussian error function, and o is a smooth version of Leaky ReLU
proposed by Biswas et al.{(2022). We set o« = p = 0.5. For training the network, we used n = 1000
samples x; (¢ = 1,...,1000) drawn independently from the normal distribution with mean 0 and
standard deviation 1. The weight matrices are initialized by Kaiming Initialization (He et al.,|2015)),
and we used the SGD for the optimizer. In addition, we set the error function as lp(x,y) =
|fo(x) — y|?, and added the regularization term ().01(]_[321 det(W;W;)~1/2 + 10 H?Zl W;]))-
We added this regularization term since, according to our bound, both the determinant and the
operator norm of W; should be small for achieving a small generalization error. The generaliza-
tion error here means |E[lg(x,t(z))] — 1/n>"", lo(x;, t(z;))|, which is compared to our bound
O(Hf:1 W% /(det(W;W;)1/4)) in Figure(a). Here, we set s; = (d; +0.1)/2.

J.2  VALIDITY OF THE BOUND (MNIST)

We constructed a network fggx) = g(Wyo(Wso(Wao(Whz + b1) + ba) + bs) + by) with dense
layers, where 1, € R1024X784 Jy7, & R2048X1024 "y,  R2048x2048 'y " R10x2048 7y, - R1024
by € R2048 py € R2048 by € RO, 9 = (Wy, by, Wa, by, W3, bs, Wy, by), o is the same function
as Section [I.T] and g is the softmax. See Remark [I] for the validity of our bound for the case
where g is the softmax. For training the network, we used only n = 1000 samples to create a
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Figure 2: Behavior of the value | cos(#)|. Here, 6 is the maximum value of the angles between the
output of the second layer and the directions of singular vectors of /3 associated with the singular
values that are larger than 0.1.
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Figure 3: The ratio 74; = 11 ;/7a4,; of singular values (condition number) of weight matrices for
layers 7 = 1,2, 4. (Right) Without regularization (Left) With the regularization based on our bound.

situation where the model is hard to generalize. We consider the regularization term X ||W;|| +
A2/ det(] + Wi W), where A = Ao = 0.01 to make both the norm and the determinant of W
small (thus, makes our bound small). Based on the observation in the last part of Subsection@ we
set the regularization term for only j = 1, 2. The weight matrices are initialized by the orthogonal
initialization for j = 1,2 and by the samples from a truncated normal distribution for 7 = 3,4, and
we used Adam (Kingma & Bal [2015) for the optimizer. In addition, we set the error function as the
categorical cross-entropy loss.

J.2.1 TRANSFORMATION OF SIGNALS BY LOWER LAYERS

We also investigated the transformation by lower layers, as we stated in the last part of Subsec-
tion[4.4] We computed | cos(6)|, where 6 is the maximum value of the angles between the output of
the second layer and the directions of singular vectors of W3 associated with the singular values that
are larger than 0.1. The results are illustrated in Figure 2] We can see that with the regularization
based on our bound, as the test accuracy grows, the value | cos(6)| also grows. This result means
that the signals turn to the directions of the singular vectors of the subsequent weight matrix associ-
ated with large singular values. That makes the extraction of information from the signals in higher
layers easier. On the other hand, without the regularization, neither the test accuracy nor the value
| cos(#)| do not become large after a sufficiently long learning process (see also Figure|l|(b)). The
results in Figures [T](b) and [2] are obtained by three independent runs.

J.3 SINGULAR VALUES OF THE WEIGHT MATRICES

We constructed an AlexNet Krizhevsky et al.|(2012) where the ReLU activation function is replaced
by the smooth version of Leaky ReLU (o in Section [J.I) to meet our setting. For training the
network, we used n = 50000 samples and used the Adam optimizer. We set the error function as the
categorical cross-entropy loss. We show the test accuracy through the learning process in Figure 4]
In addition to the AlexNet, we also computed the ratio rq ; of the largest and the smallest singular
values (condition number) of the weight matrices for the network we used in Section Since the
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Figure 4: Test accuracy of AlexNet traind by CIFAR-10 with and without regularization.
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Figure 5: Test and train loss of AlexNet trained by CIFAR-10 with and without regularization.
(Right) Test loss (Left) Train loss.

behavior of the singular values of W3 was unstable and did not have clear patterns, we only show
the result for j = 1,2, 4 in Figure[3] We scaled the values for j = 4 for readability. In the case of the
AlexNet, the behavior of singular values of each weight matrix was different depending on the layer.
Howeyver, in the case of the network in Section @, without the regularization, the condition number
rq,; stagnates for j = 1,2, 4 through the learning process, and the test accuracy also stagnates. On
the other hand, with the regularization based on our bound, 74 ; becomes small for j = 1,2 as the
learning process proceeds by virtue of the regularization. We can also see that ry ; grows for j = 4
as the learning process proceeds, which makes the angle 6 in Figure[2|large. As discussed in the last
part of Subsection4.4] we can conclude that the regularization transforms the signals in lower layers
(3 = 1, 2) and makes it easier for them to be extracted in higher layers (5 = 4), and the test accuracy
becomes higher than the case without the regularization. The results in Figures [T (c), [3] and @] are
obtained by three independent runs.

J.4 VALIDITY OF THE BOUND (CIFAR-10)

We used the same network and the same dataset as Appendix and observed the generalization
property with and without a regularization based on our result. We consider the regularization term
AW+ A2/]]0.017 + W W;||, where A; = 0.1 and Ay = 0.001 to make both the largest and the
smallest singular values of 1W/; small (thus, makes our bound small). Since the AlexNet is composed
of convolutional layers, we represented the convolutional layers as matrices. For the convolution
>y ey fr—ii—jr,; with a convolutional filter ' = [f; ;], we can construct a tensor W j 1.1 =
fr—ii—j;. If ¢ or j is out of the bound of the index of the filter, then we set f; ; = 0. We can combine
the indices (7, j) and (k, ) in TV; and obtain a matrix W; that represents the convolution. Note that
since the dimension of W is large, setting a regularization term with the determinant of 1¥/; can
cause numerical overflows. Thus, we set ||0.01/ + W W;|| instead of its determinant in the same
manner as Appendix Based on the observation in the last part of Subsection .4 we set the
regularization term for only j = 1,2. Figure [] shows the test accuracy obtained with and without
the regularization. The behavior of the accuracy obtained with and without the regularization are
similar. Figure [5]shows the test and train loss. We can see that without the regularization, although
the train loss becomes small, the test loss becomes large as the iteration proceeds. On the other hand,
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with the regularization, the train loss becomes small, and the test loss does not become so large as
the case without the regularization.

K NORM OF THE SOBOLEV SPACE

Let p(w) = (1 + [w|/*)® with s € N. We can represent the Sobolev norm || f| s, (ra) using the
derivatives of f if s € N. Indeed, we have

B = | F@PA+ ol = [ 172 Z (5 ot
N ) s s d 7
-1, If(w)|2i§ () (Zw) du
- [l Z () ) (1) wraw= ) e | P

s! o
= Z ﬁ(%)fllla fH%z(Rd)-

|| <s 5= |O[D
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