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Abstract

Motivated by auto-proof generation and Valiant’s VP vs. VNP conjecture,
we study the problem of discovering efficient arithmetic circuits to compute
polynomials, using addition and multiplication gates. We formulate this
problem as a single-player game, where an RL agent attempts to build the
circuit within a fixed number of operations. We implement an AlphaZero-
style training loop and compare two approaches: Proximal Policy Optimiza-
tion with Monte Carlo Tree Search (PPO+MCTS) and Soft Actor-Critic
(SAC). SAC achieves the highest success rates on two-variable targets, while
PPO-+MCTS scales to three variables and demonstrates steady improve-
ment on harder instances. These results suggest that polynomial circuit
synthesis is a compact, verifiable setting for studying self-improving search
policies.

1 Introduction

The search for the most efficient way to compute a polynomial is a foundational problem in
algebraic complexity theory (see for example Biirgisser et al) (1997); Shpilka & Yehudayof]
(2009)). Known as the arithmetic circuit problem, this task involves finding a sequence of
addition and multiplication gates that compute a target polynomial f(z1,...,z,) using the
minimum number of operations. This problem is more than a theoretical exercise. It is the
algebraic analogue of the P vs. NP question, where the classes

e VP — families of polynomials computable by polynomial-size circuits, and

e VNP — families of polynomials whose coefficients are computable in polynomial
time, which is the algebraic analogue of NP,

represent the limits of efficient computation (Valiant, 19794). The understanding of the
circuit size of certain families of polynomials such as the permanents could lead to huge
progress in the VP vs. VNP problem Valiant (1979b).

Furthermore, finding minimal circuits is a simpler version of the search for short mathemat-
ical proofs, where a sequence of logical deductions leads from axioms to a theorem. The
arithmetic circuit problem is an ideal testing ground for which RL approaches might succeed
in auto-proof generation. By systematically studying the effectiveness of various algorithms
to search for arithmetic circuits, we hope to gain insight into the problem of proof search
(Hubert et al), 2025).

However, the search space for such circuits is vast. For a circuit with k intermediate nodes,
the number of possible next operations grows at a rate of O(k?), leading to an exponential
growth that renders exhaustive search impractical for complex polynomials. Historically,
efficient constructions such as the Horner scheme for univariate polynomials or recursive
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structures for elementary symmetric polynomials have been discovered through human in-
tuition (see Section R.1[). In this work, we investigate whether machine learning agents can
autonomously discover these and other highly efficient computational structures.

Inspired by the success of AlphaZero (Silver et al), 2018) in mastering complex two-player
games and AlphaProof (Hubert et al|, 2025) in auto-proof generation, we model arithmetic
circuit construction as a single-player Markov Decision Process (MDP). In this environment,
an agent starts with input variables and constants and must select a sequence of algebraic
operations to reach a target polynomial. Our primary metric for success is the agent’s
ability to accurately compute the given polynomial by reaching the most efficient target - a
minimal gate count - while successfully generalizing to unseen polynomials.

Our contribution is a comparative study of two distinct architectural approaches to this
problem:

o CircuitBuilder (PPO + MCTS): A reinforcement learning agent that uses Proximal
Policy Optimization (PPO) combined with Monte Carlo Tree Search (MCTS) to
guide exploration through the massive search space and sparse reward signals.

o Soft Actor-Critic (SAC): An off-policy actor-critic method to address the challenges

of sparse reward signals, which frequently hinder training progression in circuit
discovery tasks (Haarnoja et al), 2018).

We evaluate these methods on previously unseen polynomials, where we demonstrate that
deep search and structured learning can recover optimal or near-optimal circuits. We also
examine strategies to efficiently sample polynomials with multiple optimal circuits, to im-
prove training and testing. Our results suggest that learning-based approaches can provide
new insights into algebraic complexity and offer a scalable path toward a recursively self-
improving agent for mathematical discoveries.

2 Background

2.1 Arithmetic circuits

We summarize some facts about arithmetic circuits following Biirgisser et al) (1997). Let F
be a field or more generally a commutative ring. Let X = {z1,...,2,} be formal variables.
An arithmetic circuit with coefficients in F and variables X is a finite directed acyclic graph
(DAG) whose vertices (called “gates”) have indegree 0 or 2. Gates of indegree 0 are input
gates labeled by variables X. Gates of indegree 2 are addition / multiplication gates labeled
by + or x. One distinguished gate is designated as the output gate. Note that Biirgisser
et all (1997) allows input gates valued in possibly negative constants. We stay within the
scope of variable-only input gates (one of the variables can be viewed as the constant ‘1)
and defer other constant values to future work.

Each gate v computes a polynomial f, € F[X] defined inductively. The input gates represent
the monomials x1,...,z,. If vis a + / x-gate with incoming neighbors u,w, then f, =
fu+ fw (vespectively f, = fu - fw). The circuit computes a polynomial f if the polynomial at
the output gate equals f. The complexity of a circuit is the number of gates, and the depth
is the length of the longest directed path from an input to the output. The syntactic degree
is defined inductively by deg(v) = 0 for constant inputs deg( ) = 1 for variable inputs,
deg(v) = max{deg(u),deg(w)} at +-gates, and = deg(u) + deg(w) at x-gates. It
upper-bounds the total degree of f,. See Figuredﬁ for two different arithmetic circuits for
the polynomial =2 + 22y + y2.

Many polynomials admit small arithmetic circuits because they can be computed by reusing
intermediate subexpressions. A first example is the Horner scheme (Horner], 1819). Given

a univariate polynomial p(x) = Zj o @iz", one may evaluate p by the decreasing recurrence
tqg = ag, ti=a;+x-tiz1 (i =d-—1,...,0), so that p(x) = tg. This recursion is
equivalent to the nested expression

p(x) = ao + x(ar + 2(az + - + x(ag_1 +zag) - --)).
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(Efficient) (Inefficient)

Figure 1: Two arithmetic circuits for the polynomial 22 + 2zy + y2.

Horner’s method uses exactly d addition and d multiplication gates, in contrast to the naive
circuit ), a;x* which recomputes powers z* for each term.

A multivariate example is provided by elementary symmetric polynomials. The
elementary symmetric polynomial of degree k in n variables is eg(x1,...,2,) =
Zl<i1<m<ik_<n x4, - X, and it satisfies the recurrence eg(z1,...,2n) = egp(r1,. .., Tn_1)+
Zp - €k—1(21,...,Tn—1). This recurrence expresses ey in terms of two previously computed
polynomials on (n — 1) variables.

The arithmetic circuit problem is central in algebraic complexity theory. Valiant (Valiant),
1979a) defined the class VP, which consists of families of polynomials computable by arith-
metic circuits of polynomial size in terms the parameter. Valiant’s VNP class is an algebraic
analogue of NP. Valiant then showed that computing the permanent polynomials

per,, (xi,j) = Z H‘riﬁ(i)v (Z7j) € [n] X [n]

c€eS, i=1

is VNP-complete ([Valiant], 19791).

2.2 AlphaZero-Style Search and Policy Optimization

AlphaZero’s achievement was its ability to master two-player perfect information games
(such as Go, chess, shogi) (Silver et al), 2018). AlphaZero combined a neural network with
the MCTS framework, allowing the agent to master gameplay through self-play only without
any human feedback /input beyond the rules of the game. Central to the approach is a single
neural network that outputs both a policy (probability distribution over moves to choose)
and a value estimate (predicted outcome from a given state), which together guide the tree
search.

Monte Carlo Tree Search The Monte-Carlo Tree Search algorithm is a powerful search
algorithm that samples value-based trajectories to incrementally build a search tree. It
balances exploration and exploitation using upper confidence bounds (UCB) (Kocsis &
Szepesvéri, 2006). For a state-action pair (s, a), one has

Q(s,a) In N(s)
N(s,a) te N(s,a)’

UCB(s,a) =

where Q(s, a) is the total value, N(s,a) is the visit count for that action, N(s) is the parent
visit count, and c is an exploration constant that balances exploitation of high-value actions
with exploration of less-visited nodes.

The algorithm proceeds in four phases: selection, where the tree is traversed using UCB;
expansion, where a new node is added; rollout, where the value of the new node is estimated;
and backpropagation, where statistics are updated along the visited path.
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The sequential nature of circuit construction (selecting one gate at a time) maps naturally
onto MCTS’s tree structure, making it well-suited for navigating the combinatorial search
space of arithmetic circuits.

Proximal Policy Optimization Proximal Policy Optimization (PPO) is a policy-gradient
reinforcement learning method, its key idea is that it stabilizes training by preventing the
policy to change drastically in a single update step. The core equation of PPO is a clipped
surrogate function (Schulman et all, 2017)

LCLIP(H) =E [min (rt(e)/lt, clip(r¢(0),1 — e, 14+ e)At))} ,

mo(ac]se)
Tog1q (at]st)
estimated advantage and € is a clipping hyperparmeter which helps prevent updates that
are unhelpfully large.

where r4(0) = is the probability ratio between the new and old policies, A, is the

In our work, we implemented PPO as the training algorithm for the neural network. This
replaces AlphaZero’s original implementation of the policy iteration scheme. PPQO’s train-
ing stability is particularly valuable in our setting, where the reward landscape of circuit
construction is sparse and sensitive to large policy shifts.

Together, the neural network trained via PPO provides the policy prior and value estimates
that guide MCTS, while the improved action distributions produced by MCTS serve as
training targets for the network to choose the best action.

Soft Actor-Critic SAC is an off-policy actor-critic method that adds the standard RL ob-
jective function with an entropy bonus which encourages the agent to continue exploration.
SAC employs twin Q-networks to reduce overestimation bias, along with a learnable tem-
perature parameter o that balances how much the agent prioritizes rewards vs. exploration
(Haarnoja et all, 2018). The SAC objective function is

J(m) =Y E[r(se,ar) + aH(w(]s:))],

where H is the entropy of the policy. The agent’s goal is to maximize the reward while also
keeping its policy stochastic. In our work, the circuit construction has sparse rewards, so
the agent might not know if it’s on the right track until many steps are taken, and SAC’s
entropy regularization helps maintain exploration in this setting. While SAC was originally
designed for continuous action spaces, we adapt it to discrete settings (Christodoulou, 2019).

3 Methodology

3.1 Environment and State Encoding

We model arithmetic circuit construction as a single-player Markov Decision Process (MDP),
where the state is a partially-built circuit represented as a directed acyclic graph (DAG),
actions correspond to selecting an operation and two existing nodes, and transitions deter-
ministically append a new node to the graph. The agent’s goal is to reach a state where
one of the computed nodes matches the target polynomial, in as few steps as possible.

Formally, let G; = (V;, E;) denote the circuit graph at step ¢, with initial nodes Vo =
{zo,...,Tn_1,1} consisting of the input variables and a constant. At each step the agent
selects an action a; = (%,v;,v;) where x € {4, x} and v;,v; € V;, producing a new node
Unew that computes v; x v;. The transition updates the graph as Vi41 = V; U {vpew }-

Each node v € V4 is represented by a 4-dimensional feature vector consisting of a 3-bit one-
hot encoding for node type (input variable, constant, or operation result) and a scalar value,
with directed edges connecting operand nodes to their result nodes and self-loops added for
message passing. The target polynomial is not represented symbolically but as a compact
circuit encoding. This encoding concatenates operation-type one-hots, edge-selection one-
hots, and a last-generated-node indicator derived from a reference action sequence. The
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Depth  C4-main  C4-pretrain

0 3 1
1 12 2
2 174 9
3 10,862 96
4 8,949 6,548

Table 1: Circuit-depth distribution for C4 boards.

Metric C4-main (multivar) C4-pretrain (single-var)
Nodes 20,000 6,656

Edges 31,746 20,966

Roots 3 1

Nodes with multiple optimal circuits 18,966 (94.83%) 6,592 (99.04%)
Max optimal circuits for one node 164 92

Max total circuits for one node 1,596 15,296

Table 2: C4 game-board structure and path-efficiency statistics. Optimal circuits are short-
est root-to-node paths.

action space is also flattened, so each action a; = (x,v;,v;) is mapped to a unique integer
index. Invalid actions (referencing nodes that are not yet created) are masked out at each
step.

3.2 Game-Board Generation

To generate structured training data, we construct a “game-board” directed acyclic graph
(DAG) enumerating all polynomials reachable from seed nodes Vy = {x, ..., zn_1, 1} within
C arithmetic operations. At each step, pairs of existing nodes are combined via addition
and multiplication. A node’s appearance step corresponds to the minimum number of gates
needed to compute that polynomial. In this graph, a circuit corresponds to a path from a
root node in Vj to a target polynomial, and an optimal circuit is defined as a shortest such
path.

Not all polynomials in the DAG are equally useful for training. We define a polynomial as
interesting if it admits multiple distinct shortest paths in the DAG (i.e., multiple optimal
circuits). Targeting these polynomials forces the agent to learn meaningful decision-making
rather than memorizing a single forced sequence.

Table ﬂ reports the distribution of nodes by circuit depth. Most nodes appear at dept
three and four, reflecting the rapid combinatorial growth of reachable polynomials. Tableha
summarizes the structural properties of these graphs. In both the two-variable (C4-main)
and single-variable (C4-pretrain) boards, the vast majority of nodes admit multiple optimal
circuits, confirming the environment contains substantial decision freedom. Ultimately, the
search space grows exponentially in C. The number of different circuits with n variables
and complexity < C over F, is bounded by exp(©(C'log(n + p + C))).

3.3 PPO + MCTS

Our primary agent, CircuitBuilder, combines graph-based state encoding with a Transformer
decoder to produce both a policy and value estimate. The GNN encoder processes the
circuit DAG. It uses GCNConv layers with residual connections and layer normalization,
and the per-node embeddings are aggregated via a global mean pooling into a single graph
embedding vector. The target polynomial is encoded using a compact one-hot scheme
that concatenates operation-type indicators, edge-selection indicators, and a last-generated-
node indicator from a reference action sequence. This is then projected through a linear
layer into the same embedding dimension. A Transformer decoder then attends over both
embeddings: a learnable output token serves as the query, while the graph embedding and
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target polynomial embedding are stacked to form the decoder memory. The decoder output
is passed to a policy head, which produces logits over the action space masked to valid
actions, and a value head, which outputs a scalar estimate of the current state’s value.

Supervised Pretraining We first train on (state, next-action) pairs extracted from known
optimal circuits from the game board, where each intermediate step of a circuit becomes a
training example. The model is trained to minimize cross-entropy loss on action predictions
plus mean squared error on value predictions. This creates a strong policy initialization
before RL fine-tuning.

PPO Fine-Tuning After supervised pretraining, we fine-tune the model using PPO. Using
Generalized Advantage Estimation (GAE) to compute low-variance advantage estimates.

6t =1t + 7V (st41) — V(se), Ay =6+ A A

Here, v is the discount factor and A controls the bias-variance tradeoff. The full PPO loss
function that we optimize is

Lppo(0) = —E [min (rt(ﬁ)/lt, clip(ry(6),1 — e,1 + E)At)} +eoMSE(Vp(s1), Re)—c E[H (o (-]5¢))].

The three terms are the clipped surrogate objective, a value function loss, and an entropy
bonus that encourages exploration. We employ a curriculum learning strategy: training
begins at polynomial complexity 1, and the complexity increases when the agent’s success
rate exceeds a threshold over a sliding window.

MCTS Integration During PPO data collection, MCTS optionally guides action selection.
We employ the Bernoulli mixing scheme:

MCTS _
ag =% o=l Bernoulli(pmix)
t — a™ 2 =0 ) t Pmix )-
to t —

With probability pnix the agent defers to the MCTS planner, otherwise it samples from
its own policy. Our MCTS uses the neural network’s value head to evaluate leaf nodes
(AlphaZero-style), replacing random rollouts with learned value estimates. It returns the
action with the highest visit count. This exposes the policy network to higher-quality
trajectories during training, improving sample efficiency over pure policy sampling.

3.3.1 MCTS-Guided Expert Iteration

At each timestep t, the MCTS search is guided by the current policy-value network, produc-
ing a visit-count distribution mycTs. To balance early-episode exploration with later-episode
exploitation, action selection is tempered by a decaying temperature parameter 7:

T(t) = Tfinal + (Tinit - 7—ﬁnal) max(l — ,0),

decay
where tgecay defines the annealing schedule.

A critical architectural distinction in our approach lies in the formulation of the PPO im-
portance sampling ratio. Standard AlphaZero implementations train the policy head to
minimize the cross-entropy loss against the MCTS visit counts. In our PPO formulation,
the surrogate objective relies on the probability ratio

T (at ‘St)

g) = oalsy)
) = o (adls)

Crucially, the denominator mg_,(a¢|s:) is the probability assigned by the network’s own
policy at the time of data collection, not the probability derived from the MCTS visit
counts. If the MCTS probabilities were used in the denominator, the ratio r;(6) would
remain near 1, resulting in a near-zero policy gradient.
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By using the network’s internal logits for the baseline ratio, MCTS acts strictly as a data-
quality enhancer—finding shorter, more efficient circuit paths—while the clipped PPO ob-
jective provides stable, meaningful updates to the network parameters to approximate this
improved behavior. Furthermore, the Generalized Advantage Estimation (GAE) targets are
bootstrapped using the network’s value head Vj(s), rather than the MCTS value estimates,
ensuring consistent variance reduction during the PPO update.

3.4 Soft Actor-Critic

SAC method shares the same GNN-Transformer backbone as CircuitBuilder, but it replaces
the single value head with twin Q-heads that output per-action Q-values. The SAC is off-
policy, storing transitions in a replay buffer and using soft target network updates via Polyak
averaging. See Algorithm [I| (OpenAl, n.d)) in Appendix [A| for the full update procedure.

We employ the same curriculum learning strategy as PPO, with the addition that complexity
can also decrease when the success rate falls below a lower threshold, preventing the agent
from stalling on targets beyond its current capability.

4  Results

We trained PPO+MCTS and SAC on an AWS EC2 cloud machine with an NVIDIA Tesla
T4 GPU (16 GB). Both models use a GNN encoder with GCNConv layers to process the
circuit DAG, fused with a target polynomial embedding, and output policy logits and value
estimates. We evaluate on fixed-complexity targets at C' = 5 and C' = 6 over F5 for both two
and three variables, using 1000 held-out episodes per checkpoint with near-greedy MCTS
(r=0.1).

For a target polynomial f, we declare success if the agent produces an arithmetic circuit
whose output polynomial equals f. Tableﬁreports evaluation metrics for PPO+MCTS
over 200 training iterations with batch size 256.

Table 3: PPO+MCTS evaluation on F5 (1000 episodes per checkpoint, near-greedy MCTS
with 7 = 0.1). Success rates are percentages; entropy is the policy entropy at iter 200.

Variables Task Iter 50 Iter 100 Iter 150 Iter 200 Entropy

C =5 success (%)  29.40 26.50 27.40 34.90 3.28
C =6 success (%)  26.00 27.30 27.60 35.80 3.21

n=2 C =5avgreward  2.47 2.22 2.34 3.08 —
C = 6 avg reward 2.19 2.30 2.31 3.20 —
C =5 success (%)  17.70 20.90 26.50 27.30 3.65
n—3 C = 6 success (%) 16.40 23.50 20.90 19.90 3.72
C =5 avg reward 1.34 1.58 2.21 2.30 —
C = 6 avg reward 1.18 1.93 1.67 1.53 —

For n = 2 variables, PPO+MCTS reaches ~35% success on both C = 5 and C = 6
by iteration 200, with entropy decreasing slightly from ~3.3 to ~3.2, indicating policy
sharpening without collapse.

Scaling to m = 3 is notably harder: the target space grows from 72 = 49 to 73 = 343
coefficients. At C' = 5 the agent still improves monotonically to 27.3%, but C = 6 peaks
at iteration 100 (23.5%) then degrades, suggesting training instability in the larger search
space. The higher entropy for n = 3 (~3.7 vs. ~3.2) reflects greater uncertainty over the
expanded action space.

Table H reports evaluation metrics for SAC over the same 200 training iterations with batch
size 256. For n = 2, SAC performs reasonably well and reaches its best results at iter
200, with 57.8% success on C = 5 targets and 46.3% on C' = 6. The average rewards are
also positive throughout and generally improve over training, suggesting that SAC is able
to learn useful symbolic construction strategies in the two-variable setting. As expected,
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Table 4: SAC evaluation on F5 (1000 episodes per checkpoint, greedy policy). Success rates
are percentages; entropy is the policy entropy at iter 200.

Variables Task Iter 50 Iter 100 Iter 150 Iter 200 Entropy

C =5 success (%)  48.30 55.60 53.20 57.80 1.85
C =6 success (%)  45.10 49.70 48.30 46.30 1.88

n=2 C =5 avg reward 3.41 4.14 3.90 4.37 —
C = 6 avg reward 3.09 3.52 3.39 3.19 —
C =5 success (%)  5.40 5.00 6.20 10.70 2.23
"3 C =6 success (%)  4.30 4.30 5.60 9.40 2.22
C =5 avgreward —0.99 —1.03 —0.89 —0.45 —
C =6 avg reward —1.10 —1.09 —0.95 —0.58 —

performance on C' = 6 remains below C' = 5, reflecting the greater difficulty of searching
over more complex targets.

For n = 3, however, performance drops sharply. Even at iter 200, SAC achieves only 10.7%
success on C' = 5 and 9.4% on C' = 6, while the average rewards remain negative despite
some improvement. Compared with the relatively small gap between C' = 5 and C' = 6,
the much larger drop from n = 2 to n = 3 suggests that increasing the number of variables
is a more significant source of difficulty. This indicates that future improvements should
focus on better exploration, stronger representations, and training strategies that scale more
effectively to higher-dimensional polynomial spaces.

Discussion & Future Directions Based on the updated results, SAC achieves substantially
stronger performance than PPO+MCTS in the two-variable setting. This suggests that, in
the present setup, SAC is more effective at translating training experience into successful
symbolic construction policies. Its average reward also improves over training, indicating
steady learning progress, although the decline in entropy suggests that exploration becomes
more concentrated as training proceeds. Notably, PPO+MCTS with learned tree search
scales more gracefully to three variables than SAC, suggesting that explicit planning via
MCTS may become increasingly important as problem dimensionality grows.

The remaining gap between C' = 5 and C' = 6 still reflects the rapid growth of the symbolic
search space as circuit complexity increases. Even a single additional operation greatly en-
larges the number of reachable expressions, making it harder for the agent to consistently
identify successful constructions within a fixed horizon. Future work includes extending
training to higher-complexity targets (C' > 7), investigating stronger exploration strategies
for harder instances, and incorporating curriculum learning across multiple complexity lev-
els. Another important direction is to improve polynomial and circuit representations so
that the agent can generalize more effectively as the search space grows.

Our experiments still focus on relatively small circuits, with three variables and target
complexities up to six gates. Although this setting is far smaller than the regimes studied
in algebraic complexity theory, it provides a controlled environment for testing whether
reinforcement learning can learn meaningful circuit-construction strategies. The purpose of
this stage is to understand learning dynamics on small symbolic problems before scaling to
larger circuits, more variables, and richer polynomial families in future work.
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A Algorithms

Algorithm 1 Discrete SAC

Require: Replay buffer B, policy network my, twin Q-networks Qg 1, Qg 2, target networks
Qg 1, Qg 2, temperature o, MCTS coefficient Apcts, soft update rate 7
1: for each ‘update step do

2:  Sample minibatch {(s¢, az, ¢, S¢41,de, TS my)} ~ B

3:  // Compute soft value target over valid actions

4 V(s + ZaeAva“d(s’) mo(als’) (mini Qp.i(s',a) — alog 7rg(a|s’))
5: Yt < Tt + ’y(]. — dt) V§(8t+1)

6: // Update twin Q-networks

7. Lg < MSE(Qp,1(st,at), yr) + MSE(Qp,2(s¢, at), yt)

8:  // Update policy over valid actions

9:  L;+ E, [ZaeAmud mo(alst) (alog mo(als;) — min; Qg i(s¢,a))]
10:  if MCTS distribution available (m; = 1) then
11: Lcg + —E,, [, 7MT5(als;) log mo(alst)]
12:  else
13: Lcg <0
14:  end if

15: ACtotal <~ ‘CQ + £7r + Amets ﬁCE
16:  Update 6 by minimizing Liotal
17 0+ (1—7)0+76

18: end for

B PPO-+MCTS Training Plots

(a) Policy gradient loss (b) Success rate (c) Value function loss

Figure 2: PPO+MCTS training plots for complexity 5.

(a) Policy gradient loss (b) Success rate (c) Value function loss

Figure 3: PPO+MCTS training plots for complexity 6.
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C SAC Training Plots

Success Rate (%)
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Soft Actor-Critic Training Metrics Over Time (MA50) at Complexity 5
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