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Abstract001

In this work, we aim to better understand how002
pretraining allows LLMs to (1) generalize to003
unseen instructions and (2) perform in-context004
learning, even when the verbalizers are irrele-005
vant to the task. To this end, we propose a sim-006
ple theoretical framework, Pelican Soup, based007
on the logical consistency of the training data,008
the notion of “reference-meaning association”,009
and a simple formalism for natural language010
processing tasks. Our framework demonstrates011
how linguistic and psychology studies can in-012
form our understanding of language models013
and is connected to several other existing the-014
oretical results. As an illustration of the us-015
age of our framework, we derive a bound on016
in-context learning loss with our framework.017
Finally, we support our framework with empir-018
ical experiments and provide possible future019
research directions.020

1 Introduction021

Large language models (LLMs) have demonstrated022

the capability to perform downstream natural lan-023

guage processing (NLP) tasks. By following in-024

structions, LLMs can perform tasks with zero-shot025

examples, demonstrating their reasoning capabil-026

ity. With some input-output examples provided in027

the prompt, LLMs can also perform tasks without028

instructions, which is known as in-context learn-029

ing (ICL) (Chowdhery et al., 2022). In particular,030

Brown et al. (2020) show that LLMs can perform031

ICL for classification tasks even when the verbaliz-032

ers (labels present in the demonstration) are seman-033

tically irrelevant to the task, e.g., foo/bar instead of034

negative/positive (Wei et al., 2023). However, it is035

unclear how pretraining leads to these capabilities.036

To explain how LLMs acquire these capabili-037

ties, we propose a simple theoretical framework,038

the Pelican Soup framework in §2 1. Our frame-039

work is based on some very general assumptions,040

1Motivations in Appendix A

such as the logical consistency of training docu- 041

ments (Assumption 2.2) and the variable meanings 042

with which a phrase can be associated in different 043

contexts (Assumption 2.3). Our framework also 044

includes a simple formalism for NLP tasks, which 045

helps explain why LMs can follow instructions. 046

In §3, we show how we can use this framework 047

to analyze LLM’s ICL capability, which mitigates 048

the limitations of previous theoretical analyses. For 049

example, in the first theoretical analyses of ICL, 050

Xie et al. (2022) assumes that the general text 051

for training LMs is from a hidden Markov model 052

(HMM), which may be an oversimplification of 053

natural language. In comparison, our framework 054

does not require this strong assumption. 055

Our framework offers unique insights compared 056

to existing theories. For example, although the gen- 057

eration process by Zhang et al. (2023) is more gen- 058

eral than the HMM assumption by Xie et al. (2022), 059

it lacks groundings in real-world linguistic phenom- 060

ena. Our framework mitigates this limitation, as 061

it helps us better explain the physical meaning of 062

the terms in the bound on the ICL loss and shows 063

how the terms reflect real-world practices, such as 064

the choice of verbalizers and the distribution of 065

test examples. Compared to the work by Hahn and 066

Goyal (2023), our theory allows us to bound ICL 067

loss without relying assumptions on the grammar 068

that generate the data. 069

Furthermore, in §4, inspired by the cognitive 070

science theories Fodor (1975, 2008); Piantadosi 071

(2021), early development of artificial intelligence 072

(Siskind, 1996; Murphy, 2004) and formal linguis- 073

tics Carnap et al. (1968); Bresnan and Bresnan 074

(1982); Steedman (1987, 1996); Sag et al. (1999), 075

we provide an extension of our framework to ex- 076

plain why generalization is possible. The extension 077

also connects our framework to other theoretical 078

results. For example, our extension instantiates the 079

complex skills in the theory by (Arora and Goyal, 080

2023). In §5, with an additional assumption, we 081
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can relate the ICL bound to the description length082

of the underlying input-output mapping function as083

done by Hahn and Goyal (2023).084

Our work informs future LLM research direc-085

tions. Scientifically, we shed light on how prop-086

erties of the training data contribute to the ICL087

and the instruction-following capabilities of LLMs.088

The framework also shows how linguistic and psy-089

chology studies can inform our understanding of090

modern NLP. Practically, we highlight the impor-091

tance of acquiring knowledge about the interre-092

lation between concepts through pretraining. As093

shown in previous studies, the language modeling094

objective is inefficient for knowledge acquisition095

(Allen-Zhu and Li, 2023; Chiang et al., 2024). We096

suggest developing a better pretraining technique097

is crucial for future NLP development. Our pro-098

posed experimental setups can also facilitate future099

studies on LLMs’ acquisition of the capabilities.100

2 The Pelican Soup Framework101

We aim our theoretical framework at explaining102

why LLMs can perform well on prompts for down-103

stream tasks even though the prompts have a differ-104

ent distribution than the training corpus. Therefore,105

our framework includes assumptions qualifying the106

training corpus distribution in (§2.1) and a formal-107

ism for NLP tasks (§2.2). Later, we will show how108

this framework allows us to bound the loss of ICL.109

2.1 Training Data Distribution110

Our theory framework is based on the interrelations111

between the semantics of sentences. Thus, we first112

make a general assumption:113

Assumption 2.1 (No ambiguity). For all pairs of114

sentences x1, x2 in a language, we assume humans115

can determine the relationship between x1 and x2116

is contradiction, entailment or neutral.117

Assumption 2.1 allows us to qualify sentences118

that can cooccur in a paragraph with non-zero prob-119

ability. That is, a paragraph generally does not120

contain self-contradictory information:121

Assumption 2.2 (Consistency). Any paragraph122

with non-zero probability mass does not contain123

two sentences contradicts to each other.124

To show how modeling natural language leads125

to the ICL capability, we further introduce the no-126

tion of expression-meaning association as a latent127

variable. It reflects the fact that language allows us128

to associate meanings with the surface form expres-129

sions quite freely. For example, when “she” or the130

human name “Emily” is present in a paragraph, it 131

is associated with a certain person of certain char- 132

acteristics, which exhibit its meaning. 133

Meanwhile, the usage of the expression depends 134

on the meaning it is associated with and is consis- 135

tent within its context. For example, if “she” is 136

associated with the sentence “a person who has 137

a house”, then by Assumption 2.2, the sentence 138

“she has no property” will have 0 probability mass. 139

Moreover, when we want to refer to “the person 140

who has a house” instead of repeating the sentence 141

again, we use “she” as an abbreviation. 142

For simplicity, we only consider single-word 143

expressions and assume that such association is 144

consistent throughout a document. 145

Assumption 2.3 (Expression-meaning association). 146

There is a set of words Γ such that for every doc- 147

ument in the training data, some r ∈ Γ in the 148

document is associated with a meaning represented 149

as a set of sentences Zr with a prior distribution 150

Pr(Zr). Any z ∈ Zr present in the document can 151

be replaced with r without breaking the logical 152

consistency of the document. 153

Adjectives such as “good” and “bad” are also 154

expressions that can be associated with variable 155

meanings, and their meanings also depend on the 156

context. However, the association may not be as 157

variable as pronouns’. We reflect this with a prior 158

distribution for the meaning with which an expres- 159

sion is associated later in our theoretical analysis. 160

Finally, we assume a document is a set of para- 161

graphs where some expressions in Γ are present: 162

Assumption 2.4 (Document). A document is a 163

concatenation of paragraphs containing r ∈ Γ sep- 164

arated with a delimiter d (e.g., a blank line). 165

2.2 A Formalism for NLP Tasks 166

With Assumption 2.1, we propose a simple formal- 167

ism: For any objective or prescriptive NLP task 168

(Rottger et al., 2022) that maps an input x to a set 169

of acceptable outputs Y , that task can be described 170

with some task instructions u such that u ∧ x ∧ y 171

does not cause a contradiction if and only if y ∈ Y . 172

For example, if the task is a generation task, 173

such as solving a math word problem, the instruc- 174

tion u may specify the format (e.g., “Think step- 175

by-step and output the answer after ####”) and 176

the input x is a math word problem to be solve. 177

LLMs’ response is an acceptable answer if and 178

only if the response does not cause a contradic- 179

tion to u and x, i.e., it follows the instruction and 180
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the reasoning process aligns with the problem x.181

When it is a classification task, the instruction u182

should contain descriptions about each label y. For183

example, we can formulate the sentiment analy-184

sis task over movie reviews as u = ⟨v+, v−⟩ =185

⟨“I like the movie”, “I dislike the movie”⟩.186

Under this formalism, it is trivial that perfect187

LLMs can follow instructions and solve tasks. It is188

because when the prompt for an LLM is the con-189

catenation of the instruction and the task input, u;x,190

Assumption 2.2 (the consistency assumption) en-191

sures that a perfect LLM only generates y such that192

y is logically consistent to its prompt u;x. Based193

on our NLP task formulation, if y is logically con-194

sistent to u and x, then y is in Y , meaning that y is195

an acceptable answer.196

Two intricate questions remain, how can LLMs197

perform ICL? and why is it possible for an LM to198

generalize to unseen instructions? We discuss these199

two questions in §3 and §4.200

3 Bounding ICL Loss201

To see how we can analyze ICL with our frame-202

work, we first setup a latent variable model with our203

framework using Assumption 2.3 (the expression-204

meaning association assumption). In this latent205

variable model, the latent variables are the associa-206

tion between the expressions in the document and207

their meanings. Assumption 2.2 (the consistency208

assumption) defines the support of the distribution209

of the latent variable conditioning on a context: As-210

sociations that break the logical consistency of the211

context have zero probability. Assumption 2.2 also212

implies that, give a prefix, continuations that imply213

invalid associations have zero probability mass.214

We analyzing ICL with this latent variable model215

by focusing on the latent variable for the associ-216

ation between the verbalizers and the meanings.217

Given a classification task, the underlying latent218

variable value z∗ that produces the demonstration219

is the association where verbalizers are associated220

with the class descriptions of the task (following221

the definition of tasks in §2.2). For example, when222

“foo” is used to represent the positive class of an223

sentiment classification task, “foo” should be as-224

sociated with the description of the positive class,225

i.e., “I like the movie”. If an LLM can infer this226

underlying association z∗ based on the examples in227

the demostration and output a continuation satisfy-228

ing Assumption 2.2, then it can predict the correct229

verbalizer for a test example.230

Formally, adapting and combining the analyses 231

by Zhang et al. (2023) and Hahn and Goyal (2023), 232

we have the following theorem. 233

Theorem 3.1 (Average ICL Likelihood). De- 234

note a sequence of input-output pairs as St = 235

x1, r1, d, x2, r2, · · · , xt, rt, d, where ri is the cor- 236

rect verbalizer with which the label of xi is as- 237

sociated for i = 1, 2, · · · , t and d is the delim- 238

iter that separates the examples. Let the descrip- 239

tion of a task that maps inputs to classes Y be 240

{vy}y∈Y and z∗ represents that the task descrip- 241

tions {vy}y∈Y are associated with the correspond- 242

ing verbalizers {ry}y∈Y ⊂ Γ used for ICL. We 243

have for any T ∈ Z+, the average log likelihood 244

that the LM predicts the correct verbalizer rt for 245

t = 1, 2, · · · , T is bounded as: 246

1

T

T∑
t=0

log Pr(rt|xt, St−1)

≥ 1

T
log Pr(z∗)

+
1

T

T∑
t=1

log Pr(rt, d|xt, z∗, St−1)

+
1

T

T∑
t=1

log
Pr(xt|z∗, St−1)

Pr(xt|St−1)

(1) 247

248

When the last two terms on the right-hand side 249

are nonnegative, Eq. 1 shows that the average log 250

likelihood converges to 0 in O(1/T ). We discuss 251

the terms on the right-hand side below. 252

The second term is 0. This is because Assump- 253

tion 2.2 ensures that the probability Pr(r|xt) is 254

zero if r is not an acceptable output for xt (i.e., 255

when r ̸= rt for classification tasks). 256

We then look at the last term. This term is 0 257

when xt is conditionally independent of z∗ as as- 258

sumed by Zhang et al. (2023). However, this may 259

be an oversimplification because, in natural lan- 260

guage, the transition from xt to its next token de- 261

pends on the content of xt. Fortunately, this as- 262

sumption may actually be unnecessary for conver- 263

gence because xt is an example from a downstream 264

task related to z∗; it is likely that 265

Pr(xt|z∗, St−1) ≥ Pr(xt|St−1), 266

which implies that this term is non-negative, and 267

we can thus ignore this term. More rigorously, we 268

can show the following corollary. 269
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Corollary 3.2 (Expected Average ICL Loss).270

Assuming z∗ is the association suggesting271

that the sub-sequences separated by the272

delimiter d are independent of each other,273

namely, Pr(x1, r1, d, x2, r2, d, · · · , xt, rt, d|z∗) =274 ∏T
t=1 Pr(xt, rt, d|z∗). If the downstream task275

data distribution DX follow Pr(x|z∗), then we276

can bound the average ICL likelihood over the277

distribution as:278

E
x1,x2,··· ,xT∼DT

X

[
1

T

T∑
t=0

log Pr(rt|xt, St−1)

]

≥ 1

T
log Pr(z∗).

(2)279

280

The right-hand side of Eq. 2 characterizes the281

convergence rate and reflects the difficulty of doing282

ICL. It reflects that when the association between283

label description and verbalizer is uncommon in284

the training data (e.g., associating “positive” with285

“This movie is bad.”), doing ICL is more difficult.286

Note that we can extend the results to generation287

tasks. For generation tasks, we usually use a sepa-288

rator (or a short text span) between xt and rt. We289

can see the separator as an expression that can be290

associated with different meanings, so the latent291

space for z is the meaning the separator can be as-292

sociated with and z∗ is the association between the293

separator and the task instruction (details in §C).294

4 Generalization295

In §2, we assume a latent model, which, however,296

poses a dilemma. Language can encode various297

meanings. If the sequence length is unconstrained,298

the corresponding semantic space can even be in-299

finite. However, if the latent space is infinite, the300

limited training data would not cover the entire la-301

tent space. Without any assumption on the latent302

space (e.g., the relation between the states in the303

space), it is impossible to discuss the generaliza-304

tion to unseen latent states. Thus, we provide an305

extension of our theoretical framework.306

Assumption 4.1 (Meaning representation). There307

exists (1) a finite set of atom concepts Σ, (2) a308

knowledge base KB consisting of logical rules be-309

tween the atom concepts in Σ, and (3) a function f310

that can map any sentence in language to its mean-311

ing represented as a logical formula with operands312

in Σ such that for any two sentences s1, s2, the log-313

ical relation between s1 and s2 judged by humans314

is the same as f(s1) and f(s2) given the rules in315

the knowledge base KB.316

The three elements of this assumption corre- 317

spond to theories in various fields. The notion 318

of atom concepts aligns with cognitive psychology 319

studies that hypothesize the existence of a set of 320

mental tokens (Fodor, 1975, 2008) and a recent 321

study (Piantadosi, 2021) suggesting semantics can 322

be encoded with the combination of only a few 323

symbols. The notion of knowledge base follows 324

the early formulation of AI (Siskind, 1996; Murphy, 325

2004). As for the existence of a parsing function 326

f , it follows the long history of linguistics study- 327

ing the relationships between natural and formal 328

languages (Carnap et al., 1968; Bresnan and Bres- 329

nan, 1982; Steedman, 1987, 1996; Sag et al., 1999; 330

Frege et al., 1879; Peirce, 1883). 331

This assumption suggests that if we have the 332

parsing function f , solving NLP tasks only requires 333

a finite-length program that can do logical reason- 334

ing by manipulating logical symbols according to 335

logical induction rules. If a model can learn this 336

program, then it can perform a task even if this 337

task is not in the training data. This assumption 338

of a finite Σ also instantiates the concept of “lan- 339

guage skills” by Arora and Goyal (2023), and their 340

theoretical results are thus applicable. 341

5 Relating to Description Length 342

We can see Pr(rt, d|xt, z∗, St−1) as the difficulty 343

of the example by having an additional assumption: 344

Assumption 5.1. In some documents in the train- 345

ing data, the paragraphs are constituted with steps 346

in a logical induction process, with some steps ran- 347

domly dropped. 348

This kind of document may be prevalent in train- 349

ing data. Essays arguing some claims are one exam- 350

ple. To be convincing, these essays should proceed 351

like a proving process that induces their conclu- 352

sions. Documents describing a series of events can 353

be another example, as events follow commonsense 354

and develop progressively. 355

With this assumption and some regularity as- 356

sumptions on the data distribution, we can have 357

Pr(rt, d|xt, z∗, St−1) ≤ c · ℓ(xt), (3) 358

where ℓ(xt) is the number of reasoning steps re- 359

quired to solve the task, and c is a constant. This 360

ℓ(xt) corresponds to the description length of the 361

function that maps the inputs to their label in the 362

loss bound by Hahn and Goyal (2023) (more dis- 363

cussion in Appendix E). 364
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x61 x90 x57 x67 x44 → x63 , x16 , x16 r2 (=x52 or x99) → r1 (=x13 or x45) … → x95 ; 

x62 x53 x90 x81 x14 → x94 , x94 x62 → x11 , x11 x90 → r2 (=x52 or x99), … → x58 ;

verbalizer⮧

x44 x67 x34 x62 → x16 , x34 x62 → x99 , x99 x16 → r1 ; · · · ; x21 x59 x57 x86 → x69 , x59 x57 → x75 ,
CoT Input

⮦CoT input of the 1st example ⮦Reasoning process ⮦Answer of the first example

⮤ 2nd CoT input 
+ reasoning process + answer_⮤CoT test input

x69 x75 → r2 ; x55 x76 x84 x99 → [LM output]

x44 x67 x34 x62 → r2 ; x55 x38 x50 x48 → r1; x21 x59 x57 x86 → r2 ; x55 x76 x84 x99 → [LM outputs]
⮦ICL input of the 1st example

verbalizer⮥ ⮤ICL input of the 2nd example

⮦ICL input of the 3rd example

⮤CoT test inputverbalizer⮥
ICL Input

x67 x30 x34 x96 x32 → x62 , x67 x44 → r1 (=x13 or x45) , x99 x44→ … 

⮦ A randomly chosen premise P conclusion g ⮧ 

⮤ a sentence in the induction process of P gTraining Data

paragraphs containing logically consistent sentences 
(the induction process P g for some randomly chosen P and g) 

r1 and r2 are used to replace the atom concepts they are associated with

Figure 1: Calcutec examples for training, in-context learning (ICL), and chain-of-thought (CoT).

6 Inspecting Generalization Empirically365

Although we have shown that perfect LMs can366

follow instructions (§2.2) and perform ICL (§3)367

when training data satisfy the assumptions in §2,368

it remains unverified whether imperfect real-world369

LMs exhibit the same capabilities. For LMs to370

demonstrate these abilities, they must generalize371

well from the training set to the prompts used372

during inference. However, analyzing how deep373

models generalize inherently requires additional374

assumptions about the model, which is beyond the375

scope of this paper. Thus, to address this gap, we376

leverage our extended framework (§4) to character-377

ize distribution shifts and design experiments that378

empirically examine the generalization of LM.379

6.1 Inspecting the ICL Capability380

Firstly, we present a synthetic setup, Calcutec, as a381

concrete instantiation of our theoretical framework.382

With Calcutec, we show that Transformers can ac-383

quire ICL capability by modeling the linguistic384

characteristics specified in our framework.385

6.1.1 Calcutec386

Setup Following the extended framework in §4,387

we construct a pseudo-language:388

• Logic model: We use a subset of propositional389

logic as our logic model. We only consider390

Horn clauses (Horn, 1951), i.e., formulas in391

the form A ∧B → C.392

• Atom concepts: We use 100 symbols as our393

set of atom concepts Σ.394

• KB: We generate a knowledge base by gener-395

ating 5 formulas of the form σ1 ∧ σ2 → σ for396

each σ ∈ Σ, where σ1, σ2 are sampled from397

Σ\{σ} uniformly at random.398

• We have a set Γ = {ri}4i=1 representing the 399

expressions described in Assumption 2.3. 400

Training Dataset. Following Assumption 2.4, a 401

document is a concatenation of paragraphs sepa- 402

rated by delimiter “;” and ends with “.”. In our 403

synthetic language model training dataset, each 404

document contains 16 paragraphs. 405

Following Assumption 2.2, each paragraph con- 406

sists of sentences logically coherent to each other. 407

Because sentences in the real world are not ordered 408

arbitrarily, we follow Assumption 5.1 and gener- 409

ate random paragraphs following the structure of 410

logical proofs. Each paragraph represents an induc- 411

tion process of P |= g for some randomly selected 412

P ⊂ Σ and g ∈ Σ. Each sentence in the para- 413

graph is a sentence representing a reasoning step 414

for P |= g. We separate the sentences in the se- 415

quence by commas. To simulate the noise in the 416

real world, we further apply perturbations that skip 417

some steps with a skip rate pskip. 2 418

Following Assumption 2.3, after we generate a 419

document, we randomly associate some symbols 420

A,B ⊂ Σ with ra, rb ∈ Γ respectively. We re- 421

flect this association in the generated document 422

by replacing symbols in A and B with expression 423

ra, rb ∈ Γ respectively (details in Appendix F.1). 424

Downstream Tasks. Following the formalism 425

in §2.2, we define a binary classification task by 426

defining the descriptions v+ and v− of the posi- 427

tive and negative classes, respectively. We use the 428

disjunctions of atom concepts (i.e. in the form of 429

a1 ∨ a2 ∨ · · · ) as descriptions of classes. We create 430

five downstream tasks using different disjunctions. 431

Each input is a subset of variables in Σ from which 432

2Models can acquire in-context learning ability even with
pskip = 0 (Figure 6 in the appendix).
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we ensure only one of the classes can be induced.433

Demonstration. We represent an input-label pair434

as x1x2 · · · → r, where x1x2 · · · is the input part435

and r ∈ {r+, r−} ⊂ Γ is an expression in Γ serv-436

ing as the verbalizer.437

Chain-of-thought. A chain-of-thought is in the438

same format as the training data but ends with439

an expression r ∈ {r+, r−}, e.g., x1x2 · · · →440

x3;x3 · · ·x4 → r+. This chain-of-thought reflects441

the step-by-step induction process from the inputs442

to the label. We show an example in Figure 1.443

6.1.2 Distribution Shifts444

We make experimental designs to simulate the real-445

world distribution shifts from training to inference:446

Format Mismatch. The reasoning steps are447

present in the training data but not in the prompts.448

Verbalizer Mismatch. When we choose the ex-449

pressions in Γ, we assign the probability mass 45%,450

45%, 5%, 5% to r1, r2, r3, r4. In this way, we can451

inspect the effect of using less frequent verbalizers.452

Unseen Tasks. To investigate whether the model453

can generalize to a new combination of formulas454

unseen in the training data when we generate our455

training data, we ensure that the expressions in Γ456

are only associated with the disjunctions of two457

atom concepts s1, s2 from a strict subset of all pos-458

sible combinations Σ×Σ. We then test the trained459

model on tasks where v+ and v− are the disjunc-460

tions of the unseen combinations. We also test the461

models on tasks where v+ and v− are the disjunc-462

tions of three atom concepts ∈ Σ× Σ× Σ.463

6.1.3 Experiment Details464

We use pskip = 0.25 in our experiment, gener-465

ating 60,000 documents with 16 paragraphs (as466

described above). Among them, we use 10k for val-467

idation. We train a 6-layer Transformer (Vaswani468

et al., 2017) model until the loss on the validation469

set converges using the standard autoregressive loss.470

We include additional setups in §F.3.471

6.1.4 Results and Discussion472

Figure 2 shows that LMs trained with Calcutec can473

perform in-context learning. This evidence sup-474

ports our Pelican Soup framework and aligns with475

our theoretical analysis in §3: The ICL accuracy476

follows a trend exp(c/T ) for some c < 0, as our477

theoretical result in Eq. 1.478

r1, r2 r3, r4
Task ICL CoT ICL CoT

Single 57.1 91.7 55.6 92.0
Double 53.5 76.3 51.1 77.1
Triple 53.0 73.0 51.7 73.4

Table 1: The 4-shot accuracy of ICL versus chain-of-
thought (CoT) using different verbalizers.
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(b) Verbalizers = r3, r4

Figure 2: In-context learning accuracy with Calcutec
when using different verbalizers (r1, r2 or r3, r4). The
dotted lines represent the performance of unseen com-
binations described in §6.1.2. The colors represent the
number of atom concepts each class (v+ or v−) is as-
sociated with. The main lines represent the average
accuracy of 5 tasks. Lines in the lighter color represent
the individual tasks.

We further inspect the ICL performance under 479

the distribution shifts described in §6.1.2. For the 480

infrequent verbalizer, we observe similar perfor- 481

mance regardless of the frequency of the verbal- 482

izers (r1, r2 versus r3, r4). For the unseen tasks, 483

Figure 2 shows that the model has similar perfor- 484

mance in tasks defined with seen and unseen com- 485

binations of atom concepts (dotted and solid lines), 486

even generalizing to tasks defined with three latent 487

concepts (green lines). In sum, the results show 488

that the model can generalize well under several 489

distributional shifts. 490

We also experiment with 4-shot learning using 491

chain-of-thought. Table 1 shows that the model 492

also benefits from chain-of-thought. We conjecture 493

that it is because chain-of-thought has a format 494

more similar to the format for training. 495

6.2 Inspect Instruction-following Capability 496

In addition to ICL, we inspect another intriguing 497

capability of LLMs, the capability of following 498

unseen instructions. Our extended framework in 499

§4 suggests that we can see following unseen in- 500

structions as doing a sentence completion task that 501

involves atom concepts (or say “skills” in Arora 502
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Single-step 0 + 1 * 2 + 3 * 4 = 10 .

Multi-step 0 + 1 * 2 = 2 . 3 * 4 = 12 . 2 + 12 = 14 .

Test - seen 2 * 3 + 4 * 5 + 6 =

Test - unseen 2 + 10 + 4 * 11 * 6 =

Table 2: Training (first two rows) and test (last two rows)
examples used in the arithmetic task §6.2.1.

and Goyal (2023)) whose composition is different503

from the ones involved when completing sentences504

in training data. We also suggest that LMs acquire505

the capability of following these unseen instruc-506

tions by modeling the interrelations between the507

atom concepts involved. To show the plausibility508

of this, we experiment with an arithmetic task.509

6.2.1 Arithmetic Task510

We utilize the algebraic structure of the integers511

under modulo addition/multiplication to construct512

a language where each expression is constantly as-513

sociated with a meaning and the atom concepts514

include 0 to 15, the symbol “+”, “*”, “=”, “.”. Each515

sentence in this language is in the form of an equa-516

tion with additions and multiplications.517

We generate LM training data in a multi-step and518

a single-step setup. In the multi-step setup, each519

example contains the steps required to compute the520

result, each of which involves two to five numbers521

(details in §G). We expect that LMs can learn the522

interrelation between atom concepts by modeling523

these steps. In the single-step setup, the final result524

is computed in a single step.525

To simulate the scenario where completing the526

prompts in the test set involves a different distri-527

bution of atom concepts from that of the training528

examples, we ensure that the five numbers for each529

training example are either all from {0, · · · , 9} or530

all from {6, · · · 15}. We then evaluate the model531

with a seen and an unseen setups. In the seen setup,532

we prompt the model with 5 numbers sampled in533

the same way as the training set. In the unseen534

setup, we prompt the model to complete equations535

with 5 numbers where the first, third, and fifth num-536

bers are from {0, · · · , 5} and the other two num-537

bers are from {10, · · · , 15} (examples in Table 2).538

6.2.2 Results and Discussion539

Table 3 shows that all LMs achieve a near-perfect540

accuracy in the seen setup but the LMs trained with541

the multi-step training set achieve significantly bet-542

ter accuracy in the unseen setup. This indicates that543

modeling the multiple steps in the training data may544

test \ train Multi-step Single-step

Seen 97.5 (0.3) 99.3 (0.6)

Unseen 75.3 (2.0) 49.7 (1.0)

Table 3: The average accuracy of LMs trained for the
arithmetic tasks with 5 random seeds.

task SST-2 CR MR Subj

direct 63.0 61.7 59.2 51.0
direct w/ foo/bar 51.7 53.7 52.2 57.1
pronoun 65.3 62.9 56.7 62.2

Table 4: The accuracy of using task-specific tem-
plates/verbalizers (direct) (Min et al., 2022a) v.s. using
task-agnostic templates/pronouns for 16-shot in-context
learning with GPT2-Large.

allow the model to learn the interrelation between 545

the atom concepts and generalize to prompts that 546

involve unseen compositions of atom concepts to 547

some extent, as suggested by our extended frame- 548

work in §4. This is also aligned with the success 549

of symbolic chain-of-thought distillation (Li et al., 550

2023a; Hsieh et al., 2023; Shridhar et al., 2023). 551

7 Real-world Evidence 552

We inspect how likely that LMs learn ICL by mod- 553

eling the expression-meaning association as our 554

framework suggests. We specifically inspect a 555

small model GPT2-Large and the setting in which 556

we use pronouns as verbalizers. Because pro- 557

nouns are reference words frequently associated 558

with different meanings, we expect that even a 559

small model can do ICL well with pronouns. To do 560

so, we experiment with the template “[input]”, 561

[verbalizer] thought. and use “he”, “she” as 562

verbalizers. We follow the setup in Min et al. 563

(2022a) and compare the accuracy of binary classi- 564

fication tasks, including SST-2 (Socher et al., 2013), 565

CR (Hu and Liu, 2004), MR (Pang and Lee, 2005), 566

and Subj (Pang and Lee, 2004), using GPT2-Large. 567

Table 4 shows that this task-agnostic template 568

with pronouns is competitive with those task- 569

specific templates. This aligns with our conjecture 570

that the high frequency of pronouns in the training 571

set allows smaller LMs to acquire the ICL capabil- 572

ity. It also shows that, unlike what Wei et al. (2023) 573

claims, not only larger models can do in-context 574

learning with task-irrelevant verbalizers. On the 575

other hand, using task-irrelevant verbalizers “foo” 576

7



and “bar” has lower performance (which aligns577

with the observation of Wei et al. (2023)). This578

may be because learning to perform ICL with those579

low-frequency words requires more training data,580

and thus a larger model size.581

8 Related Work582

Since Brown et al. (2020) discovered large lan-583

guage models’ in-context learning ability, some584

theoretical works have attempted to explain how585

language models acquire this ability. Based on586

a hidden Markov model (HMM) assumption on587

the language generation process, Xie et al. (2022)588

suggested that in-context learning is an implicit589

Bayesian inference process. Hahn and Goyal590

(2023) defined the generation process with Compo-591

sitional Attribute Grammar, which is weaker than592

the HMM assumption, explaining the in-context593

learning ability with the minimum description594

length. They also studied the compositionality of595

natural language tasks with function compositions.596

Zhang et al. (2023) assumed a more general la-597

tent variable model. Arora and Goyal (2023) ana-598

lyze the emergence of skills based on the scaling599

law (Hoffmann et al., 2022). While their analysis600

assumes a set of atomic skills for NLP tasks, our601

framework is based on a set of atom concepts.602

There were also many empirical studies on the603

in-context learning ability. Some works focused on604

the effect of the instruction (Webson and Pavlick,605

2022; Lampinen et al., 2022; Jang et al., 2023),606

while some focused on the examples in the demon-607

stration (Liu et al., 2022; Lu et al., 2022; Sorensen608

et al., 2022; Min et al., 2022b; Yoo et al., 2022; Ye609

et al., 2023; Chang and Jia, 2023; Ye et al., 2023;610

Wang et al., 2023b; Kossen et al., 2023). Shin et al.611

(2022) found that not all training corpora led to612

in-context learning ability. Prystawski and Good-613

man (2023) used synthetic data to suggest that the614

pretraining dataset’s locality structure contributes615

to the reasoning steps’ effectiveness. Wang et al.616

(2023a) studied the reasoning steps in chain-of-617

thought. Akyürek et al. (2024) formulated ICL as618

learning a formal language from demonstrations619

and benchmarked model families.620

Some previous work studied in-context learn-621

ing as a meta-learning-like problem (Chen et al.,622

2022). Some works focused on the relationships623

between in-context learning and optimization algo-624

rithms (Garg et al., 2022; von Oswald et al., 2022;625

Akyürek et al., 2023; Fu et al., 2023; Guo et al.,626

2023). Some works inspected the mechanism of 627

ICL in transformer models (Hendel et al., 2023; 628

Bietti et al., 2023; Todd et al., 2023; Shen et al., 629

2023; Bai et al., 2023). Chan et al. (2022) studied 630

the properties of dataset distribution that could con- 631

tribute to the in-context learning ability. Li et al. 632

(2023b) provided generalization bounds based on 633

the stability of Transformer models and the dis- 634

tance of downstream tasks. We instead focus on 635

how the pretraining data in natural language con- 636

tributes to the ICL learning ability. 637

9 Conclusion and Future Work 638

In this work, we propose a framework that explains 639

how linguistic phenomena in the training corpus 640

lead to LLMs’ ICL and instruction-following capa- 641

bility. Compared with previous works (Xie et al., 642

2022; Zhang et al., 2023), our latent model better 643

reflects the complexity of language. By introducing 644

the notion of knowledge base and logic system, our 645

framework provides insights into how LLMs can 646

generalize from pretraining to downstream tasks, 647

instantiating a setup compatible with the assump- 648

tions made by Arora and Goyal (2023). We also 649

relate our bound to the function description length 650

discussed by Hahn and Goyal (2023). 651

Our framework illuminates a few possible direc- 652

tions for improving LLMs: 653

1. Our work highlights the importance of learn- 654

ing the interrelation between meanings. As 655

previous works have shown that the language 656

modeling objective is inefficient for this pur- 657

pose (Allen-Zhu and Li, 2023; Chiang et al., 658

2024), we suggest that developing a more so- 659

phisticated learning algorithm is crucial. 660

2. Our theory illustrates how linguistic studies on 661

parsing functions can inform LLM research, 662

offering a new theoretical foundation for ana- 663

lyzing LLM generalization. 664

3. The experimental results of our arithmetic task 665

show that Transformer models can generalize 666

to unseen prompts by modeling the intermedi- 667

ate step-by-step reasoning process. This may 668

be related to the success of the symbolic chain- 669

of-thought distillation (Li et al., 2023a; Hsieh 670

et al., 2023; Shridhar et al., 2023). Investi- 671

gating and strengthening the mechanism can 672

improve the efficiency of LM training. 673
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10 Limitations674

A limitation of our framework is that, as most theo-675

retical studies do, we simplify the real-world sce-676

nario to draw insights. One simplification we make677

is that, we do not take the noise in LLMs’ training678

data into account. As we may need to make more679

assumption on the noise to establish a generic theo-680

retical result, we leave it for future study. Another681

simplification is that, we assume that the language682

model can perfectly model the distribution of nat-683

ural language. However, it is unlikely to be the684

case in practice. On the one hand, the training data685

may not cover all the test cases. On the other hand,686

LLMs may not perfectly generalize from the train-687

ing set. We need to make more assumptions on the688

training/test data distribution and/or have a deeper689

understanding on how deep learning models gen-690

eralize to alleviate this assumption. Therefore, we691

deem this out of the scope of this paper.692

We also note some limitations of our experi-693

ments. As commonly seen in theoretical work,694

our experiment setup in §6.1 is a simplification of695

natural language. Our intention is to isolate and696

illustrate specific theoretical mechanisms without697

confounding variables introduced by the full com-698

plexity of natural language. The experiment in699

§7 shows the correlation between better ICL per-700

formance and the use of pronouns as verbalizer.701

Although this serves as evidence aligning with our702

theoretical framework, more studies are required703

to establish the causal relationship.704
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A Motivation of the Pelican Soup1049

Framework1050

The Pelican Soup game inspires our framework. It1051

is a game involving a puzzle master who has a story1052

in their mind. The game participants aim to recover1053

the story by asking the puzzle master yes/no ques-1054

tions. An observation is that once the participants1055

recover the story, they can answer any questions1056

about the story. Therefore, the story has a similar 1057

role as a latent variable defining the input-output 1058

mapping, and the yes/no questions are similar to the 1059

demonstrations for in-context learning. We include 1060

an example below. 1061

Given the above observation, we can study in- 1062

context learning by considering why humans can 1063

solve Pelican Soup riddles. We conjecture that 1064

this is because the person who makes the story 1065

and the ones who solve the riddle share the same 1066

(or similar) commonsense (McCarthy, 1960) about 1067

logical relationships among things in this world 1068

(Schank and Abelson, 1988). This inspires us to 1069

introduce the notion of a commonsense knowledge 1070

base in our framework. 1071

We include an example of a Pelican Soup game: 1072

Puzzle master: A men walks into a restaurant 1073

and orders pelican soup. After taking a sip, he loses 1074

his mind. Why? 1075

Participants: Is it because the soup is not 1076

cooked well? 1077

Puzzle master: No. 1078

Participants: Is it because the soup toxic? 1079

Puzzle master: No. 1080

Participants: Does the soup remind him some- 1081

thing? 1082

Puzzle master: Yes. 1083

Participants: Did someone cook pelican soup 1084

for him? 1085

Puzzle master: Yes. 1086

Participants: Is that person still alive? 1087

Puzzle master: No. 1088

For the sake of aesthetics, we do not include the 1089

latent story here. If you are interested, please check 1090

it online. 1091

B Proof of Theorem 3.1 1092

Let St = x1, r2, d, x2, r2, d · · · , xt, rt, d. 1093

Pr(z|St) 1094

=
Pr(St|z) Pr(z)∑
z Pr(St|z) Pr(z)

1095

=
Pr(z)

∏t
i=1 Pr(xi, ri, d|z, Si−1)∑

z′ Pr(z
′)
∏t

i=1 Pr(xi, ri, d|z′, Si−1)
1096
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P (xt+1, rt+1, d|St)1097

=
∑
z

Pr(xt+1, rt+1, d|z, St) Pr(z|St)1098

=

∑
z Pr(z)

∏t+1
i=1 Pr(xi, ri, d|z, Si−1)∑

z′ Pr(z)
∏t

i=1 Pr(xi, ri, d|z′, Si−1)
.1099

Thus, it holds that1100

−
T∑
t=0

log Pr(xt+1, rt+1, d|St)1101

=−
T∑
t=0

(
log

∑
z

Pr(z)

t+1∏
i=1

Pr(xi, ri, d|z, Si−1)

− log
∑
z

Pr(z)
t∏

i=1

Pr(xi, ri, d|z, Si−1))

1102

=− log
∑
z

Pr(z|K)

T+1∏
i=1

Pr(xi, rt, d|z, Si−1)1103

≤− log Pr(z∗)
T+1∏
i=1

Pr(xi, rt, d|z∗, Si−1)1104

=− log Pr(z∗)1105

−
T+1∑
i=1

log Pr(xi, ri, d|z∗, Si−1)1106

=− log Pr(z∗)1107

−
T∑
i=1

log Pr(ri, d|xi, z∗, Si−1)1108

−
T∑
i=1

log Pr(xi|z∗, Si−1).1109

Thus,1110

− 1

T

T∑
t=0

log Pr(rt|xt, St−1) 1111

≤− 1

T

(
log Pr(z∗) 1112

+

T∑
i=1

log Pr(rt, d|xt, z∗, St−1) 1113

+
T∑
i=1

log
Pr(xt|z∗, St−1)

Pr(xt|St−1)
) 1114

+
1

T

T∑
i=1

log Pr(d|rt, xt, St−1

)
. 1115

≤− 1

T

(
log Pr(z∗) 1116

+
T∑
i=1

log Pr(rt, d|xt, z∗, St−1) 1117

+

T∑
i=1

log
Pr(xt|z∗, St−1)

Pr(xt|St−1)

)
1118

C Bounding ICL for Generation 1119

We can extend the ICL bound shown in Theo- 1120

rem 3.1 to generation tasks. When using ICL for 1121

generation, in the demonstration part of the prompt, 1122

people usually include a separator between the in- 1123

put and the output. For example, if the task is to 1124

translate a sentence to English, people may write 1125

the demonstration in the format “[input] should be 1126

converted to [output].” This “should be converted 1127

to” is an expression that can be associated to the 1128

“meaning” of the task, namely “should be mapped 1129

to a translation in English.” The intuition of the 1130

theorem is that, a language model may be able to 1131

uncover this association through the demonstration 1132

examples via the same mechanism as how it per- 1133

form ICL for classification tasks. 1134

Theorem C.1 (Average ICL Loss for Generation). 1135

Let z∗ represent the association between a sepa- 1136

rator ξ and a task descriptions such that for any 1137

input x, P (x, ξ, r|z∗) > 0 only if r is one of the 1138

correct outputs as specified by the task. Let K 1139

be the constraints used for decoding, and ġ be 1140

the event where a document follows certain for- 1141

mats. Let Rt be the set of correct outputs for xt, 1142

St = {x1, ξ, r2, d, x2, ξ, r2, · · · , xt, ξ, rt, d|r1 ∈ 1143

R1, r2 ∈ R2, · · · , rt ∈ Rt}. We have for any inte- 1144

ger T > 0, the average cross-entropy loss of ICL 1145

13



is bounded as:1146

− 1

T

T∑
t=0

log Pr(Rt|xt, ξ, St−1)

≤ − 1

T
log Pr(z∗)

− 1

T

T∑
i=1

log Pr(Rt, d|xt, ξ, z∗, St−1)

− 1

T

T∑
i=1

log
Pr(xt, ξ|z∗, St−1)

Pr(xt, ξ|St−1)

(4)1147

1148

Proof. If we see ξ as a part of the x’s in the proof1149

for Theorem 3.1, then following the steps in §B,1150

we can have Eq. 4.1151

D Proof of Corollary 3.21152

The second term in the right-hand side of Eq. 1 is1153

zero when the decoding constrain K is imposed.1154

Therefore, it suffices to prove the last term is non-1155

negative in expectation.1156

E
x1,x2,··· ,xT∼DT

X

T∑
i=1

log
Pr(xt|z∗, St−1,K)

Pr(xt|St−1,K)
1157

= E
x1,x2,··· ,xT∼DT

X

T∑
i=1

log
Pr(xt|z∗,K)

Pr(xt|St−1,K)
1158

=
∑

x1,x2,··· ,xT

Pr(xt|z∗,K)

T∑
i=1

log
Pr(xt|z∗,K)

Pr(xt|St−1,K)
1159

=KLD(Pr(xt|z∗,K)||Pr(xt|St−1,K)) ≥ 01160

1161

E The Connection between P (rt|xt, z
∗)1162

and Function Description Length by1163

Hahn and Goyal (2023)1164

Firstly, we make some regularity assumptions:1165

Given a step-by-step reasoning process π =1166

s1, s2, · · · , sn for the induction process of P |= Q,1167

in the training data,1168

1. each step may be dropped independently to1169

each other with probability pdrop.1170

2. Pr(si|P, s1, s2, · · · , si−1) > pmin for all i ∈1171

[n].1172

We first show how we derive Eq. 3: Based on 1173

Assumption 5.1, 1174

Pr(rt|xt, z∗)

=
∑
π∈Π

Pr(π, rt|xt, z∗) Pr(π is dropped), 1175

where Π is a set of token sequences representing 1176

reasoning steps that induce rt from xt. Let π∗ be 1177

the shortest proof in Π, we have 1178

log Pr(rt|xt, z∗) 1179

= log
∑
π∈Π

Pr(π, rt|xt, z∗) Pr(π is dropped) 1180

≥ log Pr(π∗, rt|xt, z∗) Pr(π∗ is dropped) 1181

≥pmin log ℓ(π
∗) + pdrop log ℓ(π

∗). 1182

Then we can discuss the connection between 1183

Pr(rt|xt, z∗, g̈) and the function description length 1184

by Hahn and Goyal (2023). We can see the dropped 1185

reasoning steps in π∗ as the hidden (tree) structure 1186

that maps xt to rt as the derivation tree τϕ in the 1187

bound of Hahn and Goyal (2023). The length of the 1188

reasoning steps thus corresponds to the description 1189

length of the derivation tree D(τϕ). 1190

A major difference between the bound by Hahn 1191

and Goyal (2023) and our bound is that their bound 1192

has D(τϕ) constant to T while our bound has 1193∑
t log Pr(rt|xt, z∗, g̈), which potentially grows 1194

proportionally to T . The cause of this difference is 1195

that, Hahn and Goyal (2023) assumes a structure 1196

that repetitively applies a function mapping in a 1197

document, and the number of repetition is indepen- 1198

dent to the complexity of the function mapping. 1199

In comparison, our framework does not make this 1200

assumption. 1201

F Details of the Calcutec Experiment 1202

F.1 Generation Process of the LM Training 1203

Data in Calcutec 1204

We generate a paragraph based on Assumption 2.3 1205

in the following step: 1206

1. We pick a symbol s from the symbols associ- 1207

ated with ra uniformly at random. 1208

2. We randomly generate a proof for KB, P |= g, 1209

where P ⊂ Σ is the premise and g ∈ Σ is the 1210

goal of the proof. We ensure that this proof 1211

contains the topic s. 1212

3. We convert the proof tree to a sequence of prov- 1213

ing steps by traversing the proving tree in a 1214

14



topological order with ties broken randomly.1215

Each node in the proof tree corresponds to a1216

rule in KB, so the resulting sequence of prov-1217

ing steps consists of horn clauses in the form1218

a1a2 → b. We separate the clauses in the se-1219

quence with commas.1220

4. We rewrite the first step of the proving process1221

to contain the premises of the proof. Specif-1222

ically, we replace the antecedent in the first1223

formula with the premise P . We find that this1224

step is necessary to prevent the language model1225

trained on it from hallucinating irrelevant vari-1226

ables randomly. It is important for our experi-1227

ment for chain-of-thought, but is not necessary1228

for language models to learn the in-context1229

learning ability.1230

F.2 Perturbations in Calcutec1231

We apply two types of perturbations over the rea-1232

soning steps in Calcutec described in §6.1:1233

1. Random merge: At probability pmerge, for ev-1234

ery two consecutive clauses where the conse-1235

quence of the first one is in the antecedents of1236

the second one, say a1a2 → b1 and b1a3 → b2,1237

we merge them into a single clause a1a2a3 →1238

b2.1239

2. Random drop: Given a clause a1a2 · · · an →1240

b. We drop each of the antecedents a ∈1241

{a1, a2, · · · an} at probability pdrop. We ap-1242

ply this dropping to every clause in the proof1243

except the first one to ensure that we do not1244

drop the premises.1245

We use pmerge = pdrop = pskip.1246

Additionally, when flattening the proof trees1247

with topological sort, we break the ties randomly.1248

We also randomize the order of the symbols in the1249

antecedents.1250

F.3 Extra Setups1251

Unseen Inference Process. Based on Assump-1252

tion 5.1 and the formalism of NLP tasks in §2.2,1253

input-label pairs of a downstream task corresponds1254

to prefix-reference pairs in a paragraph. To exam-1255

ine whether the trained model can generalize well1256

when the induction process for the label is different1257

from the induction process for the pronoun in the1258

training data, we generate a training dataset where1259

all the pronouns are induced from the premise with1260

a left-branching proof tree with a depth equal to 21261

(Figure 4a), while the test data contains samples 1262

whose labels are induced from the input with bal- 1263

anced trees (Figure 4b). 1264

Different Input Lengths. For each downstream 1265

tasks, we experiment with examples with different 1266

lengths. When the inference process is branching, 1267

having input length equal to 4 makes the proving 1268

tree deeper. 1269

No perturbations. As described in §F.2, we ap- 1270

ply some random perturbations on the proving pro- 1271

cess. We also experiment with the setup where we 1272

do not apply any perturbations. 1273

With/Without Rewriting the First Step. As de- 1274

scribed in §F.1, we rewrite the first step of the proof. 1275

We also experiment with the setup where we do not 1276

rewrite the first step. 1277

Model Size. We also experiment with different 1278

models sizes. We experiment with GPT-2 models 1279

that have 3, 4 and 5 layers. 1280

F.3.1 Results and Discussion 1281

Unseen Inference Process. Figure 5a and Fig- 1282

ure 5d show that the ICL performance on the 1283

branching examples is similar to the performance 1284

on the branching examples. It suggests that the 1285

model can generalize to examples that requires an 1286

unseen reasoning process. Interestingly, Table 5 1287

show that using chain-of-thoughts mitigates this 1288

gap. 1289

Different Input Lengths. Figure 5b and Fig- 1290

ure 5e show that the model can still do ICL for 1291

the examples with length equal to 4. However, 1292

compared with the performance on examples with 1293

length equal to 3 (Figure 5c and Figure 5f), the per- 1294

formance is worse. This may be because solving 1295

these length-4 examples requires more reasoning 1296

steps. 1297

With/Without Rewriting the First Step. Fig- 1298

ure 8 shows that models trained with proofs that 1299

are rewritten has similar performance as models 1300

trained with the proofs that were rewritten (Fig- 1301

ure 5). This suggests that rewriting the first step in 1302

the proof is not necessary for the model to acquire 1303

the ICL ability. 1304

Model Size. Figure 9 show that deeper models 1305

have better ICL performance. It aligns with the 1306

real-world observation that scaling helps model 1307

performance. 1308
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Algorithm 1 Pseudo code for the generation process of a Calcutec document used for training.
Sample ra, rb from {r1, r2, r3, r4} with probability 0.45, 0.45, 0.05, 0.05.
Sample topic S = {s1, s2} ⊂ Σ.
Initialize a document D with empty string.
for p = 1, 2, . . . , npar do

while True do
Sample s ∈ S.
Sample a set X ⊂ Σ such that

∧
x∈X x |= s.

Run the resolution algorithm to get the set M = {m|X |= m}.
Find an extra premise x′ that can increase the depth of deepest proof tree for X |= m.
Run the resolution algorithm to get the set M ′ = {m|X ∪ {x′} |= m}.
if |M ′| > |Σ|

2 then
Reject the sampled X ∪ {x′}. ▷ We don’t want a premise that entails everything.
Restart the while loop.

end if
Sample a g ∈M ′ such that the proof tree for X ′ |= g contains s and its depth > dmin. ▷ We

use dmin = 4 in our experiments.
Do topological sort to flatten the proof tree and convert it into a string.
Append the string to D.

end while
end for
for s ∈ S do

D ← D.replace(s, ra)
end for
Let S′ = {s′1, s′2} ∈ Σ be the top-2 frequent non ra symbols in D.
for s′ ∈ S′ do

D ← D.replace(s′, rb)
end for
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x1 x2
x4 x3

r1

x1 x3
x6

x7
...

...
(a) The proof tree a paragraph in the training dataset cor-
responds .

x1 x2
x5

x3 x4
x6

r1
(b) A balanced tree for a downstream task sample.

Figure 4: Proof trees examples.

F.4 Hyper-parameters1309

We train our model using batch size 256, warm1310

up ratio 5%, and we truncate the sequence length1311

to 512 tokens and the default parameters for the1312

optimizer. We use the implementation of GPT-21313

by Hugging Face transformers v4.27.2. All models1314

can be trained with 4 RTX 2080ti within 8 hours.1315

G Details of the Arithmetic Task1316

G.1 Training Data1317

When generating a training example, we first sam-1318

ple five numbers. These five numbers are either1319

from {0, · · · , 9} or {6, · · · , 15}. We then repeat1320

the following process until there is only one num-1321

ber remaining in the list: We randomly pick two1322

neighbor numbers from the list of five numbers and1323

sum them and insert the result back into the list.1324

This process results in a sequence of four steps,1325

each of which is an equation that adds two num-1326

bers and produces one number. We outline the1327

algorithm in Algorithm 2.1328

After we generate the four steps, we randomly1329

merge steps into one step. We iterate through the1330

steps. If the left-hand side current step contains the1331

result of a previous step, we merge these two step1332

into a single step at probability 0.5. For example, if1333

the two steps are “1 + 2 = 3 . 3 + 4 = 7.” We merge1334

these two steps as “1 + 2 + 4 = 7.” We outline the1335

algorithm in Algorithm 3.1336

G.2 Hyper-parameters1337

We generate 80000 examples for training, 100001338

for validation and 10000 for evaluation in the1339

seen setup. For the unseen setup, we generate1340

65 = 7776 examples. We train five Transformer1341

models of the GPT-2-small architecture with five1342

random seeds for 15 epochs. We use batch size 64 1343

and the default training hyper parameters in Hug- 1344

gingFace transformers-4.46.3, i.e., with learn- 1345

ing rate 5e-5, warm-up ratio 0, AdamW optimizer. 1346

H Dataset License 1347

• SST-2: MIT 1348

• MR: unavailable 1349

• CR: unavailable 1350

• Subj: unavailable 1351
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Figure 5: In-context learning accuracy with Calcutec when using different verbalizers (y1, y2 or y3, y4) and input
lengths (3 or 4). The dotted lines represent the performance of unseen combinations described in §6.1.2, while the
different colors represent the number of formulas each class (v+ or v−) is associated to. The main lines represent
the average accuracy of 5 tasks. We plot the performance of each task in lighter colors.
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Figure 6: In-context learning accuracy with Calcutec when no steps are dropped (pskip = 0).
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Figure 7: In-context learning accuracy with Calcutec without rewriting the first step to include contain the premise
of the proof.

Branching Balanced
r1, r2 r3, r4 r1, r2 r3, r4

Task ICL CoT ICL CoT ICL CoT ICL CoT

Single 57.1 91.7 55.6 92.0 68.5 89.8 64.9 90.3
Double 53.5 76.3 51.1 77.1 58.5 76.1 56.2 75.8
Triple 53.0 73.0 51.7 73.4 57.0 68.2 54.2 67.0

Table 5: The 4-shot accuracy of in-context learning (ICL) versus chain-of-thoughts (CoT).

branching balance
r1, r2 r3, r4 r1, r2 r3, r4

#-shot 2 4 6 2 4 6 2 4 6 2 4 6

single 49.1 89.5 84.0 59.5 92.0 86.9 58.5 86.2 85.5 50.3 90.3 89.9
double 47.8 71.4 75.6 53.1 77.1 86.1 49.1 70.4 69.0 50.5 75.8 79.4
triple 46.7 65.7 70.7 50.6 73.4 79.4 46.0 60.2 61.4 49.8 67.0 70.4

Table 6: The CoT performance with 2, 4, or 6 examples.
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Figure 8: In-context learning accuracy with different sizes of
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Figure 9: The in-context learning performance when using models with different model depths.

Algorithm 2 Pseudo code for the generation process of a training example for the arithmetic task.
Sample N = {n1, n2, n3, n4, n5} from either {0, 1, · · · , 9} or {6, 7, · · · , 15}.
Sample four operators O = {o1, o2, o3, o4} from {+,×}.
Initialize an empty list S for the storing the steps.
while ∥N∥ > 1 do

Randomly sample an index i of an operator from O. If × ∈ O, then make sure that the sampled
index corresponds to ×.

Create a step s← [ni, ni+1, nioini+1 mod 16] and append s to S.
Remove ni and ni+1 from N .
Remove oi from O.
Insert nioini+1 mod 16 into N at position i.

end while
return S.
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Algorithm 3 Pseudo code for the generation process of a training example for the arithmetic task.
Given a list of steps S = ⟨s1, s2, · · · , s4⟩. (Each step is represented with a list, where the last number
in the list is the right-hand side of an equation.)
Initialize n list S′ = ⟨s1⟩ for the storing the randomly merged steps.
for i ∈ {2, 3, 4, 5} do

Uniformly sample a number r from {0, 1}.
if r = 0 then

Append si to S′.
else

if S′[−1][−1] ∈ si[: −1] then
Remove S′[−1][−1] from si.
S′[−1]← concatenate(S′[−1][: −1], si)

end if
end if

end for
return S′.
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