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Abstract

Scientific knowledge requires claims stated for-
mally, checked against evidence, and paired
with what remains undecided. Perturb-seq and
CRISPR screens promise genome-scale interven-
tional data, yet current machine-learning tools
return ranked edge lists rather than executable reg-
ulatory logic. We address this for Boolean gene
regulation under an idealized in silico Boolean
intervention oracle, a setting where three capabili-
ties are each necessary and none suffices alone. A
neural proposer amortizes candidate-rule search at
biological scale, replacing combinatorial enumer-
ation with a sub-second forward pass. A symbolic
verifier, LIFT-CERT, issues support-conditional
uniqueness certificates on the declared regulator
support and abstains explicitly when the data do
not determine a rule. A coverage-guided active
loop then closes the remaining gaps by naming
the exact missing input combination. ABLE (Ac-
tive Boolean Learning Engine) realizes these ca-
pabilities as a single propose—verify—query loop.
Trained once on synthetic data, ABLE delivers
support-conditional certified recovery across pub-
lished biological Boolean models and certifies
every rule in curated biological networks from
modest warm starts. ABLE thus instantiates neuro-
symbolic methodology for Al4Science, showing
that the verifier and active loop, not the neural
architectural prior, earn certification and yield a
recoverability map where every rule is a check-
able claim or a named missing observation.

1. Can Interventional Data Identify a Boolean
Model?

Science is a verification discipline. A high-scoring predic-
tion is not yet scientific knowledge until it is stated in the
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domain’s own language and paired with justification that
others can independently check. Neural networks have trans-
formed scientific prediction, but their outputs are opaque and
cannot certify correctness or specify what data are missing.
Neuro-symbolic architectures address this gap by preserving
formal, domain-grounded structure throughout the inference
pipeline. The neural component supplies scale and pattern
recognition, while the symbolic component ensures that ev-
ery output is a checkable claim. We realize this principle
for Boolean gene regulation.

Gene regulation offers a sharp instance of this challenge.
Cells make discrete fate decisions (divide, differentiate, or
die). Gene regulatory networks govern these decisions, with
transcription factors, kinases, and signaling molecules inter-
acting to produce specific outputs (Barabdasi & Oltvai, 2004).
Predicting the effect of a drug or a genetic perturbation re-
quires more than knowing which genes interact; it requires
knowing exactly how regulators combine to produce an
output. This is the model-building problem of turning obser-
vations into an executable, predictive model of a biological
system.

Boolean networks are an established abstraction for this task.
Each gene is modeled as on or off, updated at each time
step by a logical rule over its regulators (Kauffman, 1969).
Despite this coarse discretization, Boolean models correctly
predict cell-fate attractors in yeast (Li et al., 2004), seg-
ment polarity in Drosophila (Albert & Othmer, 2003), drug
synergies in cancer (Flobak et al., 2015), and signal trans-
duction logic in mammalian cells (Saez-Rodriguez et al.,
2009). The dominant structural class in published models
is nested canalizing functions (NCFs), hierarchical priority
rules where one dominant input can override all others (Jar-
rah et al., 2007; He & Macauley, 2016). This matches
biological reality. A single transcription factor can silence
a gene regardless of other signals. A recent meta-analysis
of published Boolean network models found that 94.4% of
investigated update rules are NCFs (Kadelka et al., 2024).
NCFs are expressive enough to capture published regula-
tory logic, yet discrete enough to ask whether interventional
data determine a rule exactly. This is a rare setting where
mechanistic hypotheses are both biologically grounded and
formally checkable.

Current ML tools for gene regulation produce ranked in-
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teraction lists (network topology), not the executable logic
that determines how a perturbation propagates (Aibar et al.,
2017; Huynh-Thu et al., 2010). Recovering this logic ex-
actly would allow perturbation screens (Dixit et al., 2016) to
yield verified executable models rather than edge rankings.
The real scientific question is not whether a rule fits the
data, but whether interventional data identify it uniquely.
Answering this requires both scalable search and exact elim-
ination of alternatives. This is not a trade-off to manage
but a neuro-symbolic problem to solve. Learned search
is what traverses the hypothesis space at biological scale,
while symbolic verification certifies when the data leave
exactly one consistent rule and specifies what evidence is
still missing. Classical symbolic enumeration via Learning
From Interpretation Transitions (LFIT) (Inoue et al., 2014),
GULA (Ribeiro et al., 2022) and its polynomial-time variant
PRIDE (Ribeiro et al., 2021), guarantees completeness but
its cost grows combinatorially with network size, exhaust-
ing reasonable time budgets by n=12; pure neural methods
scale but cannot prove correctness. The combination is not
optional; it is what the scientific question demands.

As opaque models grow more capable at prediction, the
question of whether those predictions constitute scientific
knowledge becomes more urgent, not less. Boolean gene
regulation makes this concrete. The outputs are explicit NCF
rules, the verifier can certify uniqueness, and unresolved
cases return the exact missing evidence for targeted follow-
up. Scope: we study an idealized in silico Boolean interven-
tion oracle (set the full gene state, observe the synchronous
next state), which is stronger than current Perturb-seq or
CRISPR protocols; ABLE asks a foundational identification
question under this oracle, with the gap to wet-lab deploy-
ment discussed in Section 7.

ABLE instantiates this template as a closed propose—verify—
query loop whose outputs (Sections 3—6) form a recoverabil-
ity map. For the Al4Science community, this work delivers:

1. A neural proposer that makes candidate-rule search
tractable at biological scale, converting an otherwise
combinatorial enumeration into a sub-second forward
pass in a regime where classical symbolic LFIT enu-
meration is already infeasible (Appendix D.2, Ap-
pendix F).

2. A symbolic verifier, LIFT-CERT, that turns each pro-
posed rule into a support-conditional uniqueness cer-
tificate when the observations leave no alternative
Boolean function on the declared regulators, and ab-
stains explicitly otherwise.

3. A coverage-guided active loop that, whenever LIFT-
CERT abstains, names the exact regulator-input com-
bination whose observation would close the remain-
ing ambiguity; the three components together deliver

support-conditional certified recovery across 31 pub-
lished biological Boolean models and a per-gene re-
coverability map.

2. How Does the Propose—Verify—Query
Pipeline Work?

ABLE converts perturbation data into a verified Boolean
model through a propose—verify—query loop.

Boolean networks and NCFs. We observe m < 2" state
transitions from a synchronous Boolean network and target
exact recovery of every gene’s update rule. Each state tran-
sition corresponds to one perturbation experiment. We set
the system to a specific state and observe the next state.

A nested canalizing function (NCF), an ordered priority rule
where the first matching condition determines the output,
governs each gene in published Boolean models. If tran-
scription factor A is active, the gene turns on regardless of
other signals; otherwise check B; and so on. The formal
definition appears in Appendix A.

A concrete example. Consider a gene G with two reg-
ulators, A and B. The update rule fires in order. If A=1,
then G turns on; otherwise, if B=0, then GG turns off; other-
wise G turns on. This is an NCF, a short priority rule that
checks regulators in order. Because GG depends on only two
regulators, there are 22=4 possible regulator-input combina-
tions. Observing G’s output for all four combinations fully
determines the rule. No other Boolean function on {A, B}
can reproduce the same outputs. If even one combination
remains unseen, an alternative rule could still differ on that
unobserved row.

A B | G | Reason

1 0 1 | A=1 (first rule fires)

1 1 1 | A=1 (first rule fires)

0 0 | 0 | B=0(second rule fires)
0 1 1 | default

Each gene depends on k; regulators, creating 2% possible
regulator-input combinations. Observing all 2% combina-
tions uniquely determines the function. LIFT-CERT certifies
a rule when no alternative Boolean function on the same
regulators remains consistent with the observations. The
proposer is NCF-biased, but the verifier’s uniqueness test
is over all Boolean functions on the declared support, so
certification applies to non-NCF rules as well.

Because each gene depends on only k; out of n variables,
identification is local. Observation cost scales with ), 2%i
(the sum of local truth-table sizes) rather than 2". We write
kmax = max; k; for the largest regulator count in the net-
work. The TLR5-Signaling pathway illustrates this locality.
With n=40 genes and ky,,x=3, most genes have only one
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Figure 1. The ABLE propose—verify—query loop. The diagram
shows candidate rules proposed from observed transitions, LIFT-
CERT checking uniqueness, and unresolved ambiguity triggering
targeted perturbation requests that feed new observations back into
the loop.

or two regulators, giving >, 2k ~ 150. Roughly 260
observations therefore suffice for a certificate, rather than
240 1012,

Pipeline overview. The pipeline has three steps:

1. Propose candidate rules. A set-transformer en-
coder (Lee et al., 2019), following the transition-
encoding architecture of Phua and Inoue (Phua & In-
oue, 2024), paired with an NCF-structured pointer de-
coder (Vinyals et al., 2015) processes observed tran-
sitions and proposes H =8 candidate update rules per
gene, including regulator identity and canalizing struc-
ture.

2. Verify and certify. LIFT-CERT determines whether
the observations narrow the set of consistent rules to
exactly one. If so, it issues a uniqueness certificate for
that rule (Appendix B).

3. Request more data (optional). If ambiguity remains,
the system identifies which regulator-input combina-
tions are still unobserved and requests targeted queries
to discriminate among competing hypotheses.

When targeted follow-up is unavailable, the D4 cascade (a
four-phase neural-guided shortlist search; full spec in Ap-
pendix E) performs restricted search over shortlist supports
and nearby swap neighborhoods to resolve additional tar-
gets. Unlike LIFT-CERT, D4 issues only heuristic recovery,
not a uniqueness certificate.

Training and benchmarks. We train the model once on
synthetic NCF networks (n=50, knax=06) and apply it with-
out retraining to all biological evaluations. For Table 2, we
use a smaller n=15 checkpoint to ensure a fair comparison
with symbolic baselines (GULA, PRIDE) that cannot scale
to n=>50; all other results use the n=50 model. We evaluate
on 31 models from the Biodivine Boolean Models (BBM)
repository (Pastva et al., 2023) (n < 50, kpax < 6), four
curated biological networks (3—12 genes), and a 17-model
subset for observation-mode comparisons. We track two
primary metrics and two additional diagnostics:

* Per-gene exact recovery: fraction of genes recovered
correctly.

* Whole-model exact recovery: fraction of models with
all genes correct.

* Best-in-class match: fraction of global states where the
composition of per-gene closest NCF approximations
correctly predicts the next state.

* Per-gene coverage: fraction of genes with all regulator-
input combinations observed.

A target gene counts as per-gene exact when the predicted
function on its declared regulator support, extended triv-
ially over all variables, matches the ground-truth Boolean
function on every state. We refer to this indicator as certified-
on-declared-support, and use the stricter label certified-and-
exact when the declared support also equals the true support.
Headline tables in this paper report certified-on-declared-
support, and Table 6 reports the per-k support-correctness
audit on which the two indicators split. The gap is concen-
trated in k£ > 4 predictions where wrong-regulator errors
begin to appear. Detailed metric and training specifications
appear in Appendix A.

3. Does It Work on Real Published Biological
Networks?

On the 31 BBM benchmark at m=500 with 10 repeats,
98.19% of issued certificates match the ground-truth rule
exactly and the remaining 1.81% certify on a declared regu-
lator support that differs from ground truth.

We evaluated ABLE across all 31 published biological
Boolean models in BBM (Figure 2); for a detailed head-to-
head comparison with symbolic baselines, we focus on four
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Table 1. Scope of a LIFT-CERT uniqueness certificate: a statement
about the data and the declared regulator support R, not about
wet-lab realism.

LIFT-CERT certifies LIFT-CERT does not certify

a unique Boolean rule on de- that R is the true biological
clared support R regulator set

all 2/l input rows are ob- that hidden regulators omitted
served from R have no effect

correctness under an idealized
Boolean intervention oracle

that Perturb-seq or CRISPR re-
alize that oracle

the missing input row when it
abstains

that noisy, asynchronous, or
continuous readouts are han-
dled

curated biological networks: RAF kinase cascade (three
genes), Wnt5a cell migration (seven genes), mammalian
circadian rhythm (ten genes), and a 12-gene regulatory net-
work (“Gene regulation”, abbreviated Gene reg. in tables),
which includes non-NCF rules and is chosen to stress the
proposer’s NCF inductive bias.

Table 2 compares the neural proposer alone (JLFIT2)
against two symbolic baselines, GULA and PRIDE, and
then under ABLE’s active loop, at three passive observation
budgets m € {50,200, 500}. High per-gene accuracy can
mask poor whole-model accuracy. On Circadian at m=200,
OLFIT?2 reaches 0.93 per-gene but only 0.33 whole-model
exact recovery. Gene reg. (n=12, ky.x=4) nevertheless
recovers faster than Circadian (n=10, ky,ax=6), confirming
that maximum indegree, not network size, governs passive
recovery difficulty (Section 5). ABLE’s active loop certifies
every rule on all four networks at every warm-start bud-
get, achieving pg=1.00 and wm=1.00 across all 36 runs.
The pg and wm columns measure prediction correctness
against ground truth, while ABLE’s matching cells addition-
ally carry a LIFT-CERT uniqueness certificate, so the +q
column reports the cost of certification rather than the cost
of correctness. A LFIT2 cell at 1.00/1.00 records that the
proposer’s predictions happen to match ground truth, while
the matching ABLE cell with +¢ > 0 records the additional
observations required to prove those rules are the only ones
consistent with the data, within the declared regulator sup-
port and the NCF hypothesis class. The +q column is zero
for RAF at any budget, up to ~210 for Gene reg. at m=50,
and decreases monotonically as the warm start grows. Even
from the smallest my=50 warm start, ABLE reaches certifi-
cation on every network using fewer total observations than
the m=>500 passive baselines need to even partially match
whole-model recovery.

Ablating the NCF prior and the neural proposer. Be-
cause NCFs dominate published Boolean rules (Kadelka

et al., 2024), a natural concern is that the NCF inductive
bias, not the rest of the pipeline, drives recovery. Two
matched ablations on the same 31 BBM models at m=>500
(Appendix F) disentangle two design choices that are of-
ten conflated. Ablation B swaps the NCF pointer decoder
for an unconstrained 2" truth-table head while keeping the
neural proposer fixed; it isolates the NCF inductive bias
in the decoder head and finds that this bias does not gate
certification (99.40% vs. 99.43%, below run-to-run noise),
so the NCF prior is an ablatable design choice at biological
scale. Ablation A swaps the neural proposer for NCF-aware
combinatorial enumeration while keeping LIFT-CERT and
the active loop identical; the combinatorial path exceeds
the neural path on whole-model exact recovery on a 17-
model paired cohort where exhaustive enumeration still fits
a compute budget (99.4% vs. 80.6%, paired A = +18.8 per-
centage points (pp), 95% CI [+12.9, +25.3]; per-variable
search-budget asymmetry noted in Appendix F, Table 12),
but that regime does not extend to biological scale, where
classical symbolic enumeration is already infeasible (Ap-
pendix D.2). The neural proposer, the symbolic LIFT-CERT
verifier, and the coverage-guided active loop therefore form
a three-way complementarity in which each component does
something the other two cannot, and support-conditional
certified recovery at biological scale requires all three.

Passive-only rescue when queries are unavailable.
When targeted queries are impractical, the D4 cascade pro-
vides a query-free fallback for targets that neither the neural
proposer nor LIFT-CERT has already resolved (Appendix E).
At m=50 (see Table 8 for per-result checkpoints), post-D4
per-gene exact recovery rises from 40% to 93% on RAF and
from 75% to 98% on Gene regulation. D4 reaches 100%
whole-model exact recovery without queries at m=100 for
three networks and m=200 for Circadian, consistent with
the higher ky,,,=6 difficulty analyzed in Section 5. D4’s
accept-as-correct flag has low precision in the hardest low-
budget regime. On Circadian at m=50, only 17.1% of
D4’s proposed rules match ground truth (full results in Ap-
pendix E).

Across all 31 published models from the Biodivine reposi-
tory, ABLE achieves 77.6% per-gene exact recovery from
just 50 observations, rising to the 95.7%/51.0% headline
figures at m=500 (Figure 2; Table 2). The improvement
is sharpest for models with k. < 4; Section 5 analyzes
where and why it degrades.

4. What Kinds of Measurements Are Actually
Informative?

We report Target PVE (target-variable per-variable exact-
recovery rate: the fraction of target genes whose rule is
recovered exactly) and Canonical PVE (the fraction of tar-
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Table 2. Capability ladder on four curated biological networks at three passive observation budgets m € {50, 200,500} (3 seeds per cell;
n=15 checkpoint, see Section 2). Columns pg and wm report per-gene exact recovery and whole-model exact recovery respectively; a
gene counts as recovered only if a unique prediction matches ground truth on all 2* regulator-input combinations. The +q column (ABLE
only) reports the mean extra observations the active loop requested beyond the m-observation warm start to certify every rule; + denotes
standard deviation across seeds, omitted when zero. Passive baselines have no targeted follow-up phase (empty +q cells). GULA entries
for Gene reg. show — (timeout >300 s). The light rule within each budget group separates ABLE from the passive baselines. Cells report
certified-on-declared-support, where a target gene counts as exact when the predicted function on its declared regulator support matches
the ground-truth Boolean function on every state. The strict certified-and-exact indicator additionally requires the declared support to
equal the true support. Table 6 reports the per-k support-correctness audit on which the two split, and Section 2 states the joint definition.

RAF (n=3) WhntSa (n=7) Circadian (n=10) Gene reg. (n=12)
Budget Method pg wm +q pg wm +q pg wm +q pg wm +q
GULA 1.00 1.00 .00 .00 .00 .00 -
_50 PRIDE 1.00 1.00 .33 .00 20 .00 17 .00
m= OLFIT2 1.00 1.00 90 .33 .50 .00 94 33
ABLE 1.00 1.00 0 1.00 1.00 149£24 1.00 1.00 194+4 1.00 1.00 21043
GULA 1.00 1.00 .00 .00 .00 .00 -
m=200 PRIDE 1.00 1.00 81 .33 27 .00 33 .00
o SOLFIT2 1.00 1.00 1.00 1.00 93 .33 1.00 1.00
ABLE 1.00 1.00 0 1.00 1.00 64 1.00 1.00 118+13 1.00 1.00 13143
GULA 1.00 1.00 .00 .00 .00 .00 -
m=500 PRIDE 1.00 1.00 1.00 1.00 27 .00 39 .00
o SOLFIT2 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
ABLE 1.00 1.00 0 1.00 1.00 0 1.00 1.00 48+16 1.00 1.00 55410

get genes whose per-variable oracle achieves zero error, an
information-theoretic ceiling on any identification algorithm
given the data). Oracle accuracy measures next-state predic-
tion accuracy on held-out random states. Infeasibility rate
is the fraction of targeted queries whose requested state is
unreachable under the chosen observation mode, and is zero
by construction under diverse perturbations.

On a 17-model BBM subset (Figure 3), diverse perturbations
achieve 99.2% per-gene exact recovery versus 36.2% for
time-series trajectories and 51.0% for local-neighborhood
perturbations (full comparison in Appendix Table 4).

Why time series fail through attractor confinement.
Boolean networks converge to a small number of stable
states (attractor basins), so trajectory observations revisit
the same regions rather than covering new regulator-input
combinations. A reachability census on all 31 models at
m=>500 quantifies this: trajectory observations cover all
regulator-input combinations for only 85.1% of genes and
12.9% of models (Table 7).

This is not a simulation artifact. A 50-variable network
with a handful of attractors concentrates observations in a
vanishing fraction of 2°° possible states, and adding more
trajectories yields diminishing returns. Under trajectory ob-
servations, even the targeted follow-up mechanism degrades,
and 65.4% of requested perturbation states are unreachable
from the trajectory-accessible state space. Any method that
needs full coverage of regulator-input combinations there-

fore faces a fundamental data-efficiency barrier under native
dynamics.

Local perturbations are a proposer limitation, not a data
limitation. Local-neighborhood perturbations (changing
one or two variables at a time from observed states) achieve
100% per-gene coverage and 100% certifiability under
Hamming-2 (Table 7), so the information content is suf-
ficient for uniqueness certification. Yet end-to-end recov-
ery reaches only ~51% per-gene exact recovery, because
we trained ABLE on synthetic data, and the proposer per-
forms poorly on this correlated data geometry. Adapting
the proposer to this geometry is a clear engineering opportu-
nity, not a fundamental barrier, in contrast to trajectory and
Hamming-1 modes where coverage itself is incomplete.

5. Where Is the Practical Complexity
Boundary?

Given diverse perturbation data, the observation cost of
certified recovery empirically tracks total local truth-table
rows y . 2%i rather than network size n (the locality scaling
law, an empirical fit; Figure 4, Appendix B). In practice, the
hardest gene dominates this sum, so ky,,x, the number of
regulators of the most-connected gene, is the single quantity
a practitioner needs to predict recovery.

The practical lookup rule. A regulator audit across 31
models (Appendix Table 5) reveals a sharp complexity
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Figure 2. Per-gene exact recovery across 31 published biological
Boolean models at two observation budgets (m=>50 vs. m=500).
Rows are ordered by kmax; horizontal lines separate groups; gold
outlines mark 100% recovery.
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Figure 3. Per-gene exact recovery on 17 BBM models under
diverse perturbations (IID), time-series trajectories (Traj), and
local-neighborhood perturbations at Hamming distance 2 (H2).
(A) Mean Target PVE, Canonical PVE, oracle accuracy, and in-
feasibility rate by observation mode. (B) Per-model scatter in
(Canonical PVE, Target PVE) space; the dashed y=x line marks
the per-variable oracle ceiling, separating data-limited regimes
(low Canonical PVE) from proposer-limited regimes (gap below
the diagonal).

boundary. Genes with £ < 3 achieve perfect recovery across
all 8,120 predictions, with zero wrong-regulator risk. At
k = 4 recovery stays reliable (>90% exact recovery) with
occasional wrong-regulator errors, at k = 5 roughly half
of predictions omit a true regulator, and k > 6 sits outside
the method’s reliable regime. The bottleneck is regulator-
support identification. Selecting k true inputs from over 40
candidates becomes combinatorially harder as k increases.

Whole-model recovery depends on the hardest gene.
Because per-gene errors compound across all variables,
whole-model exact recovery hinges on the hardest gene
in the network. Grouping the 31 models by k.« confirms
this at the whole-model level. All models with k. < 3
achieve 100% whole-model exact recovery, while recov-
ery drops to ~9% at ky,.x = 6 as wrong-regulator errors
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Figure 4. Empirical locality scaling trend across five network
scales (n=15 to n=>50). Observations to certified recovery vs.
total local truth-table rows (Zi 2’“’7). Linear fit: mcert = 88.6 +

1.147 %, 2% (R? = 0.736). Local rule complexity &, 2%4), not
network size n, empirically drives observation cost.

accumulate (Appendix Table 5 gives the full breakdown).

Network size barely matters. The empirical locality
scaling trend (Figure 4) predicts that recoverability de-
pends on local rule complexity rather than network size,
and the BBM benchmark confirms this (Figure 2). A
large low-k network (TLRS5-SIGNALING, n=40, kpyax=3)
achieves perfect recovery, while a smaller high-k network
(GEROCONVERSION, n=23, ky,.x=6) drops substantially;
the largest network (AML-PROGRESSION, n=45, kp,ax=5)
still recovers most rules (exact values in Figure 2). In prac-
tice, practitioners can estimate k,,, from regulatory topol-
ogy databases such as KEGG (Kanehisa & Goto, 2000)
or Reactome (Milacic et al., 2024) before running the
pipeline. The Kadelka et al. meta-analysis (Kadelka et al.,
2024) places most published biological networks within the
kmax < 4 favorable regime.

The observed fraction of state space drops from 3.8 x 1073
at n=15 to 6.1 x 10! at n=>50, yet support-conditional
certified recovery succeeds at every scale (Figure 4; Ap-
pendix B).

How many observations do I need? Recovery improves
steadily with observation budget but with diminishing re-
turns. Across 31 BBM models, whole-model exact recovery
rises from 3.2% (m=>50) to 51.0% (m=>500), with satura-
tion at lower budgets for ky,,x < 4 (Appendix Table 5).

Table 3 summarizes the current performance envelope across
observation modes and rule complexities.

Table 3. Capability map: current recovery performance by obser-
vation mode and local rule complexity (kmax). Strong: >90%
whole-model exact recovery. Partial: >90% per-gene exact recov-
ery, 30-90% whole-model. Weak: >90% per-gene exact recovery,
<30% whole-model. Poor: <90% per-gene exact recovery.

Diverse perturb.  Local-nbhd.  Trajectory
kmax <4 Strong Partial Poor
Kmax = D Partial Poor Poor
kmax > 6 Weak Poor Poor

6. When Do Targeted Follow-Up Experiments
Help?

‘When an initial random screen leaves some rules unresolved,
targeted follow-up can close the gap, with the size of the
gain depending on rule complexity.

To see why targeted queries matter, consider two candidate
four-input rules that agree on 15 of 16 regulator-input com-
binations but differ on exactly one unobserved combination.
Random perturbations mostly revisit the 15 states the two
candidates already share, so ambiguity persists indefinitely.
One targeted query to the missing combination resolves the
disagreement immediately. In paired-rule experiments of
this kind on n=>50 networks, the neural proposer without
targeting resolves only 46.5% of such cases (consistent with
a coin flip), while one targeted query achieves 100% resolu-
tion (Appendix D). Which state the pipeline queries matters
more than how many it queries.

Start broad, target selectively. On the full 31-model
BBM benchmark at m=500 (Appendix Figure 5), targeted
follow-up improves per-gene exact recovery from 95.7% to
98.3% (A = +2.64 pp; p = 0.047, Wilcoxon signed-rank,
one-sided p = 0.024). The improvement concentrates in
complex networks (Appendix Figure 6). For kp,.x = 6, tar-
geted follow-up improves whole-model exact recovery from
8.9% to 63.3% and per-gene exact recovery from 89.1% to
98.4%. For simple networks (kp.x < 4), random perturba-
tion experiments already saturate recovery, so reallocating
part of the fixed budget to targeted queries can shift the data
distribution and reduce performance; for ky.x = 2-3, tar-
geted follow-up reduces whole-model exact recovery from
100% to 93.3% and 80.0% respectively.

The practical design rule is to start with a broad random
screen and use targeted follow-up only for networks where
the initial screen reveals unresolved genes with high regula-
tor counts (>5). To validate this rule, we treat each model’s
kmax as a gating signal, routing models with k. < 7 to
the passive m=>500 screen and the rest to targeted follow-
up; because each model is evaluated independently under
either policy in the underlying experiments, we score any
threshold 7 by mix-and-matching the existing per-model
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passive and active runs without re-training. Sweeping 7 on
a 17-model training cohort selects 7=4, raising per-gene
exact recovery from 99.23% to 99.41%, and freezing =4
on a disjoint 14-model held-out cohort lifts per-gene exact
recovery from 92.85% to 93.97% (post-hoc holdout-optimal
7=>5 reaches 95.44%; Appendix Figure 7).

Why targeted queries must be paced into re-fitting
rounds. On synthetic n=50 systems (kmax=4, budget
B=1500), an uncapped targeted follow-up policy achieves
100% recovery but certifies only 5% of rules; pacing into
B, =75 batches restores 93% certified at lower total cost
(1,260 vs. 1,495 observations; Appendix Table 9). The
learner must update its hypothesis between batches; without
re-fitting, queries target stale regulator guesses and waste
budget on already-covered combinations. The full analysis,
including paired-rule constructions that isolate this effect,
appears in Appendix D.

7. How Does This Relate to Existing ML
Methods?

Gene regulatory network inference. Unlike ranked edge-
list inference (GENIE3 (Huynh-Thu et al., 2010), GRN-
Boost2 (Moerman et al., 2019), DeepSEM (Shu et al.,
2021)), ABLE returns the exact executable rule per gene
or specifies the additional observation that would resolve
the remaining ambiguity, given Boolean interventional data.

Perturbation biology and the data landscape. ABLE’s
observation budgets fit modern Perturb-seq screens (Re-
plogle et al., 2022); its intervention assumption (full-state
Boolean clamp) is stronger than deployed CRISPR proto-
cols (Table 1).

Why Boolean models? Unlike continuous ODE param-
eterizations, which suffer from fundamental identifiability
problems even with extensive data (Gutenkunst et al., 2007),
Boolean rules are short, independently verifiable, and cover
the dominant regulatory logic class in published models
(Section 1).

Exact Boolean-network and NCF identification. Clas-
sical algebraic enumeration of consistent NCF or Boolean
models from a fixed dataset (Hinkelmann et al. (Hinkel-
mann et al., 2011), Dimitrova et al. (Dimitrova et al., 2011)),
constraint-based ensemble inference from transcriptomic
data (Chevalier et al., 2025), and Monte Carlo tree search
over Boolean models from phenotype constraints (Glazer
et al., 2023) all become infeasible at biological scale (Ap-
pendix D.2). ABLE adds targeted query selection, amortized
neural search, and formal uniqueness certificates, making
recovery tractable in the regime covering most published
biological networks.

Neuro-symbolic  propose-verify systems. Unlike
propose—verify systems for geometry proofs (Alpha-
Geometry (Trinh et al.,, 2024)) or program synthesis
(DreamCoder (Ellis et al., 2021)), and unlike neural—
symbolic recovery of continuous gene regulatory network
dynamics via symbolic regression (Yu et al. (Yu et al.,
2026)), ABLE targets exact Boolean rule recovery with
per-rule uniqueness certificates, building on the set-
transformer (Lee et al., 2019) and transition-encoding
architecture of Phua and Inoue (Phua & Inoue, 2024)
with an NCF pointer decoder and a verifier that drives a
certificate-based scientific loop.

Causal inference and active experiment design. Unlike
adaptive experiment design for causal discovery (Eberhardt
et al., 2005; Sandor & Antal, 2025), which orients edges
in a causal graph via do-operations that break confound-
ing (Pearl, 2009), ABLE’s coverage-guided planner targets
truth-table completion for each gene, connecting to classi-
cal exact learning of Boolean functions with few relevant
inputs (Angluin, 1988; Bshouty & Costa, 2018) extended to
a multi-gene, batched setting.

8. Discussion

Certificates as scientific safeguards. ABLE’s uniqueness
certificates provide an auditable record of which mechanis-
tic claims the data determine and which remain ambiguous.
When the system cannot issue a certificate, it specifies the
missing evidence and requests a targeted query rather than
guessing. This prove-or-abstain discipline gives a gover-
nance mechanism for Al-assisted scientific reasoning, since
every claimed rule is either formally justified or explicitly
flagged as provisional.

Limitations and future directions. All evaluations are
in silico, and bridging the intervention-type gap (Section 7,
Table 1) is the main step toward wet-lab deployment. Three
directions extend the current results. Prospective valida-
tion on real Perturb-seq data (Dixit et al., 2016) already
fits within ABLE’s observation budgets. A continuous-to-
Boolean interface would let the pipeline consume RNA-seq
or protein-level readouts directly. Pushing reliable recovery
beyond ky,.x=4 requires architectural refinements or hybrid
symbolic—neural search over regulator supports.

The neuro-symbolic case for science. ABLE instantiates
the neuro-symbolic paradigm as a three-way rather than two-
way partnership, where each of the three components does
something the other two cannot. A LIFT-CERT uniqueness
certificate states that the data determine a rule exactly within
the declared regulator support, a stronger guarantee than a
confidence score attached to a model.
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A. Formal Setup and Notation

This appendix collects formal definitions and notation used
throughout the paper.

Boolean networks. A synchronous Boolean network with
n genes has state x(¢f) € {0,1}" and update rules f; :
{0,1}™ — {0,1} such that x;(t+1) = f;(x(t)). We ob-
serve m < 2" state transitions (s, s¢+1) and target exact
functional recovery: recover fi = fiforallz € {0,1}™.

In practice, each state transition corresponds to one pertur-
bation experiment. We set the system to a state (e.g., by
forcing specific variables on or off) and observe the next
state.

Nested canalizing rules. An NCF on regulators
(r1,...,7rg) is parameterized by canalizing inputs a €
{0, 1}* and outputs b € {0, 1}F+1:

blv x’r‘l = ai,
ba, Ty, # A1, Tpy, = A2,

f(z) = (D
bi+1, otherwise.

Detailed metric definitions. Per-gene exact recovery:
a gene counts as recovered only when the predicted rule
equals the ground-truth rule on all 2% regulator-input com-
binations. Partial matches on a strict subset of the truth
table do not contribute. Whole-model exact recovery: for
each network this indicator is 1 when every gene is ex-
actly recovered and 0 otherwise; the reported figure is the
mean over the evaluation set of networks. Best-in-class
match: fraction of global states where the composition of
per-gene closest NCF approximations correctly predicts the
next state. Per-gene coverage: fraction of genes with all
regulator-input combinations observed.

Training details. Diverse perturbation observations use
idealized full-state interventions that are substantially
stronger than current CRISPR or Perturb-seq protocols,
which typically perturb sparse subsets of genes. Trajectory
observations correspond to time series from native dynamics.
Local-neighborhood perturbations (Hamming distance 2)
correspond to single or double interventions from observed
states.

B. Certification Theory and Algorithm

Recovery means the pipeline outputs a rule that matches
ground truth. A LIFT-CERT uniqueness certificate is
stronger but narrower: it proves that, within the declared
regulator support, the observations leave no alternative. A
certified rule is the only Boolean function on its declared
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support consistent with the data, so correctness within the
declared support follows from the data alone, without ac-
cess to ground truth. Certification does not by itself rule
out a function of additional regulators outside the declared
support; Definition 1 below makes this support-conditional
scope precise. This distinction matters because a method
can recover the right answer without being able to certify it
(Appendix D shows this gap concretely: 100% recovery but
only 5% certified).

Formal definition. Definition 1 (LIFT-CERT unique-
ness certificate). A LIFT-CERT uniqueness certificate for
variable ¢ with declared support R states that the version
space V(R) (the set of all Boolean functions on R consis-
tent with the observations) is a singleton. The certificate is
support-conditional: it guarantees uniqueness within R, but
not global correctness if the true support extends beyond R.

Why is the cost exactly 2¥? Proposition 1 (Exact
Boolean uniqueness-certificate cost). Fix variable ¢ and
declared support R with |R| = k. The unrestricted Boolean
version space V(R) is a singleton if and only if every
regulator-input bin z € {0, 1}* has been observed at least
once. Equivalently:

inf sup min{m : [V, (R)| = 1} = 2",

A g:{0,1}*—{0,1}

@)

Sketch. One observation from each bin reveals all 2 truth-
table entries. If any bin is unobserved, two rules that differ
only on that bin remain indistinguishable.

Because VNYF(R) C V(R), a singleton unrestricted ver-
sion space immediately implies at most one consistent NCF.
This is why LIFT-CERT uses the unrestricted Boolean ver-
sion space rather than the NCF-restricted one. The unre-
stricted version yields a stronger uniqueness certificate, not
a weaker one, at the same 2* cost.

How does this scale system-wide? The local-complexity
view yields an empirical whole-system observation-cost
trend:

Meort = 88.6 + 1.1472 ki

3

R?*=0.736. (3)
The intercept reflects the initial random seed budget; the
slope slightly above one is coupon-collector overhead. We
refer to this relation as an empirical locality scaling trend
rather than a scaling law; the R? summarizes a linear fit on
five network scales, not a proven bound. The observation
cost for a uniqueness certificate empirically scales with
summed local truth-table size, not ambient dimension 2.

This empirical trend also explains why the BBM biological
benchmarks (Section 3) are tractable: the regression predicts
roughly 260 observations for the TLR5-Signaling pathway,
consistent with the 224-290 observed in practice.
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Algorithm 1 Paced uniqueness-certificate pipeline

Require: Oracle O; seed budget mo; round cap B,; max rounds
T
1: Draw my initial transitions — dataset D
2: forr =1to 1 do
3. for each uncertified variable i do

4: Propose candidate supports/rules from D; keep best
(Ri, f2) )

5: Compute uncovered bins U; under R;

6: end for

7:  Build up to B, targeted queries from pooled uncovered

bins
8:  Query oracle; augment D
9:  for each uncertified 7 with singleton Vi (R;) stable for 2
rounds do

// pacing cap

10: Run swap-one adversarial audit; if passed, issue LIFT-
CERT uniqueness certificate

11:  end for

12:  if all certified then

13: break

14:  endif

15: end for

16: Run omitted-regulator audit on certified set // empirical
safeguard, not a formal proof of global correctness

17: return { fl} with per-variable support-conditional uniqueness

certificates

Table 4. Three observation modes on 17 BBM models (mean +
SE). Per-gene exact = per-gene rule recovery. Whole-model exact
= all genes correct. Best-in-class = whole-model state accuracy
under closest per-gene NCF approximation. Queries unreachable
= follow-up queries targeting unreachable states. Cells report
certified-on-declared-support, where a target gene counts as ex-
act when the predicted function on its declared regulator support
matches the ground-truth Boolean function on every state. The
strict certified-and-exact indicator additionally requires the de-
clared support to equal the true support. Table 6 reports the per-k
support-correctness audit on which the two split, and Section 2
states the joint definition.

Mode Per-gene exact  Best-in-class ~ Whole-model exact ~ Queries unreachable
Diverse 99.2% 100.0% 80.6% 0.0%
Trajectory 36.2% 6.0% 0.0% 65.4%
Local-nbhd. 51.0% 94.8% 0.6% 0.0%

What loop implements this?
the full pipeline.

Algorithm 1 summarizes

C. Extended Benchmark Details

This appendix collects detailed tables and figures supporting
the results in the main text.

Observation-Mode Comparison. Table 4 compares three
observation modes on 17 BBM models, supporting Sec-
tion 4.

Budget Sweep. Table 5 reports aggregate performance
across observation budgets on 31 BBM models.
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Table 5. Budget sweep on 31 published biological Boolean mod-
els (passive mode; m=>500 averaged over 10 repeats per model,
lower budgets single-seed). All numbers are aggregate means.
Per-gene exact = per-gene exact recovery. Whole-model exact =
whole-model exact recovery (all genes correct). Best-in-class =
whole-model state accuracy under closest per-gene NCF approxi-
mation. Cells report certified-on-declared-support, where a target
gene counts as exact when the predicted function on its declared
regulator support matches the ground-truth Boolean function on
every state. The strict certified-and-exact indicator additionally
requires the declared support to equal the true support. Table 6
reports the per-k support-correctness audit on which the two split,
and Section 2 states the joint definition.

Budget m  Per-gene exact Whole-model exact  Best-in-class
50 77.6% 3.2% 23.1%

100 86.3% 19.4% 48.1%

200 92.0% 32.3% 77.5%

500 95.7% 51.0% 94.2%

Table 6. Regulator-set prediction quality by number of regulators
(k) on 31 BBM models (10 repeats, m=500). Exact = predicted
regulators match ground truth. Harmful = omitted regulator causes
output errors. Output exact = fraction of predictions with correct
function output on all inputs.

Regulators (k) #pred. % exact % harmful % out exact
1 4,380 99.5 0.0 100.0
2 2,570 99.6 0.0 100.0
3 1,170 97.4 0.0 100.0
4 660 87.9 7.6 92.4
5 430 46.7 48.6 50.9
6 140 18.6 81.4 17.9
Total 9,350 94.8 4.0 96.0

Support-correctness audit underlying the headline split.
Table 6 reports the per-k support-correctness audit on the
same 31 BBM models at m=>500, separating two indicators
that the headline columns combine. % exact is the fraction
of predictions whose declared regulator set equals the true
support, and % out exact is the fraction whose function on
the declared support reproduces the ground-truth Boolean
function on every input. The headline tables report certified-
on-declared-support, which collapses to % out exact per
row. The strict certified-and-exact indicator additionally
conditions on % exact, so its per-k value is upper-bounded
by % exact.

Full Per-Model Recovery Heatmap. Figure 5 shows the
full per-model recovery heatmap across all observation bud-
gets.

Observation-Mode Certifiability Diagnosis. Table 7 re-
ports the certifiability analysis from a reachability census at
m=>500 across all 31 BBM models. These are information-
theoretic limits independent of the algorithm: a gene is cer-
tifiable when the observations cover all 2¥ regulator-input
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EGF/TNFa Signal.
Signal Transduction
Glucagon/Insulin Prod.
Cholesterol Reg.

TLR5 Signal.

IFN-A

RTC & Transcription
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Apoptosis Network
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Mammal Sex Determ.
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Figure 5. Full per-model recovery heatmap across 31 published
biological Boolean models. Columns show passive recovery at
budgets m € {50, 100, 200, 500} and targeted follow-up. Models
are ordered by kmax, then by descending m=500 recovery. Gold
outlines mark 100% recovery.

combinations without contradiction.

Protocol audit. Table 8 summarizes, for each headline
table or figure in the main text, which proposer checkpoint
is used, which warm-start observation budgets are evaluated,
and whether the run is passive (no targeted queries) or active
(passive warm start followed by coverage-guided follow-

up).
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Table 7. Certifiability analysis at m=500 (10 replicates, 31 BBM
models). Certifiable = all 2% regulator-input combinations ob-
served. These are information-theoretic limits independent of the
algorithm.

Mode ‘Whole-model certified

100.0%
100.0%
77.4%
12.9%

Per-gene certified

100.0%
100.0%
97.6%
85.1%

Per-gene coverage

100.0%
100.0%
99.8%
95.0%

Diagnosis

Diverse perturbations
Hamming-2
Hamming-1
Trajectory

Fully certifiable

Fully certifiable (algorithm-limited)
Severely data-limited

Severely data-limited

Table 8. Protocol audit for headline tables and figures. n identifies
the proposer checkpoint used (by network size); active means the
paced LIFT-CERT loop of Algorithm 1 is invoked after the passive
warm start.

Reference n Warm start m Mode

Table 2 15 {50,200, 500} passive + active
Fig. 2 50 {50,500} passive
Fig. 5 50 {50, 100,200,500} passive + active
Fig. 3 50 500 passive
Fig. 4 {15,18,20,22,50} varies active
Table 12 50 500 active
kimax =2 (3) 1 ® Random screen L
A Targeted follow-up
Kmax =3 (2) A A—0
Kmax =4 (8) - . A—e
max = 4 (8) « Targeting hurts
Targeting helps -
kmax =5 (9)
Kkmax=6(9) 41 @ A
T T T T T
0 20 40 60 80 100

Whole-model exact recovery (%)

Figure 6. Whole-model exact recovery under a random screen and
targeted follow-up, stratified by kmax. The crossover occurs near
kmax = 5: targeted follow-up is lower for simpler networks and
higher for more complex ones.

D. Adaptivity Analysis and Symbolic Baselines

D.1. Why Does Adaptivity Collapse Without Query
Pacing?

The mechanism behind the modest pooled gain from tar-
geted follow-up (Section 6) becomes clearer on controlled
synthetic n=>50 systems: targeted follow-up can recover the
exact model yet fail to certify it if too much budget is spent
before the learner updates its support estimate.

Can one missing bin really matter? We construct 200 ad-
versarial k=4 twin pairs on n=>50-variable networks, where
each pair differs on exactly one of 16 support bins and pro-
duces identical labels on all other observations. A passive
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per-model: active vs passive recovery
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Figure 7. Sensitivity of the complexity-aware gating policy to
the threshold 7. Per-gene exact recovery is shown for the 17-
model training cohort and the disjoint 14-model held-out cohort
as 7 varies, alongside always-passive (m=500) and always-active
baselines. The vertical marker at 7=4 indicates the threshold
selected on the training cohort.

Table 9. Adaptivity collapse on synthetic n=50 trajectory-
knockout systems (kmax=4, budget B=1500): targeted follow-up
restores uniqueness certificates and lowers observation cost.

Policy Recovery Certified Rounds Obs.
Uncapped (B, = c0) 100% 5% 29 1495
Paced (B, = 75) 100% 93% 15.7 1260

neural proposer resolves only 46.5% of cases (consistent
with a coin flip), while one targeted query to the hidden bin
resolves all 200 (100%). One untargeted query to an already-
observed bin resolves 0%. The value lies in querying the
right state, not merely querying more.

Why do stale batches fail? Proposition 2 (Stale-support
batches cannot prove correctness). If round ¢ queries only
previously unseen bins of Ry, with at most one query per bin,
then that round cannot produce two observations sharing
the same Rt—projection but differing in output. Therefore,
if R, # R*, even complete coverage of all 2!7¢| bins of
Rt does not prove the rule correct; at least one additional
feedback round is required.

Sketch. A one-shot batch over new R;-bins yields no re-
peated R.-projection, so the data never expose a disagree-
ment attributable to a missing regulator.

What does pacing buy in practice? Table 9 compares
an uncapped active-query policy with paced batches on
synthetic n=50 systems. The main algorithmic lesson is
that adaptivity concerns not only which states are queried,
but also when the learner is forced to update its hypothesis.

D.2. Symbolic Baseline Comparison

Classical ~ enumeration-based  symbolic  learners
(GULA (Ribeiro et al., 2022) and PRIDE (Ribeiro
et al., 2021)) either require complete observation of every
state transition or over-generate vacuous rules from partial
data, and their runtimes grow sharply with the number of
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Table 10. Operating-regime comparison of GULA, PRIDE, and
ABLE across observation regime, runtime scale, and exact-recovery
behavior.

Method
GULA
PRIDE
ABLE

Partial obs n=10runtime  n=40 runtime ~ n=50 runtime

4275

Minutes
<ls

Regime Exact recovery

Infeasible
Infeasible
<ls

Infeasible
Infeasible
<ls

Complete obs
Partial obs
Partial obs

Over-generates (vacuous)
Conservative
Amortized

100% (complete)
70-97% (partial)
95.7% (500 obs)

Table 11. D4 cascade results on curated biological networks (5
seeds per condition). Neural = neural proposer per-gene exact
recovery. LIFT-CERT = after LIFT-CERT certification. Post-D4 =
after D4 passive rescue. D4 precision = fraction of D4 attempts
that matched the benchmark rule. wm = whole-model exact re-
covery. Cells report certified-on-declared-support, where a target
gene counts as exact when the predicted function on its declared
regulator support matches the ground-truth Boolean function on
every state. The strict certified-and-exact indicator additionally
requires the declared support to equal the true support. Table 6
reports the per-k support-correctness audit on which the two split,
and Section 2 states the joint definition.

Network m Neural LIFT-CERT Post-D4 D4 prec. wm
RAF (n=3) 50 0.400 0.400 0.933 88.9% 80%
100 0.533 0.800 1.000 100%  100%
200 1.000 1.000 1.000 —  100%
500 1.000 1.000 1.000 — 100%
Wnt5a (n=T) 50 0.629 0.629 0.971 92.3% 80%
100 0.886 0.914 1.000 100%  100%
200 0.943 1.000 1.000 —  100%
500 1.000 1.000 1.000 —  100%
Circadian (n=10) 50 0.300 0.300 0.420 17.1% 0%
100 0.400 0.400 0.640 40.0% 0%
200 0.460 0.720 1.000 100%  100%
500  0.780 0.980 1.000 100%  100%
Gene reg. (n=12) 50 0.750 0.750 0.983 93.3% 80%
100 0.850 0.900 1.000 100%  100%
200  0.983 1.000 1.000 —  100%
500 1.000 1.000 1.000 —  100%

variables. ABLE’s amortized neural proposer instead returns
candidate rules in sub-second time across the full range we
evaluate, delegating correctness to the LIFT-CERT verifier.
Table 10 reports the operating-regime contrast across
observation regime, runtime scale, and exact-recovery
behavior.

E. D4 Passive Cascade on Biological Networks

Table 11 reports the full D4 cascade results across all tested
budgets and seeds on the four curated biological networks.

Important caveat. D4’s internal uniqueness flag is local
to its searched shortlist neighborhood, not a global unique-
ness certificate. For example, in the Circadian network
(m=200, seed 42, gene 6), D4 found one zero-conflict can-
didate in its restricted search window, while LIFT-CERT
identified 39 globally valid observationally equivalent rules.
We therefore report D4 as heuristic benchmark recovery
driven by neural inductive bias, not as certified identifica-
tion. Post-D4 recovery is monotonically non-decreasing
relative to LIFT-CERT in this evaluation because the eval-
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uation harness invokes D4 only on targets that LIFT-CERT
leaves unresolved; this gated invocation is a property of the
evaluation harness, not an algorithmic no-harm guarantee.

F. Ablation: Necessity of the Neural Proposer
and the NCF Prior

Since 94.4% of published Boolean rules are NCFs (Kadelka
et al., 2024), a central question is whether ABLE’s recovery
numbers are driven by the NCF architectural prior in the
decoder rather than by the propose—verify—query loop. A
single ablation cannot resolve this because removing the
neural proposer and removing the NCF bias probe different
subsystems. We therefore run two complementary ablations
that each hold the rest of the pipeline fixed.

Ablation A: combinatorial proposer. We replace the neu-
ral proposer with NCF-aware combinatorial enumeration.
For each target gene, we first prune the candidate regulator
pool to the top-12 variables by mutual information (MI)
with the target (using the same encoder features that seed
the neural shortlist), then enumerate regulator supports S
drawn from that pool of size k € {1, ..., 4}, giving roughly
ey (1) ~ 793 candidate supports per variable; for each
support we select the best-fit NCF by symbolic search. This
MI-pruned enumeration is the run reported in Table 12; we
refer to the un-pruned k € {1,. .., kpax} enumeration over
all (Z) supports (with ky,,x=6) as the conceptual cost of
the combinatorial proposer, whose scaling we discuss below.
Everything downstream of the proposer is identical to the
main pipeline: the same LIFT-CERT verifier, the same active
loop, the same D4 rescue cascade, the same identifiability
audit, and the same encoder features used to seed the short-
list. The benchmark protocol is also identical: the 31 BBM
models, 10 repeats per model, and a passive warm start of
m=>500 observations.

Ablation B: unconstrained decoder. We replace the NCF
pointer decoder, which emits a 2k, ,«-long canalizing (a, b)
representation biased toward NCFs, with an unconstrained
truth-table head that emits the full 2* output vector of a
Boolean function over the predicted support. The encoder,
the training distribution (n=>50 NCF data), and the optimizer
are held fixed; the head change requires retraining from
scratch on the same n=50 NCF training distribution. The
verifier, the active loop, and the 31 BBM models at m=>500
with 10 repeats are identical to the main pipeline.

Neural proposer trades audit for amortized search. Ta-
ble 12 gives the matched 31-model Main-vs-A-vs-B com-
parison at strategy=multi with matched seeds across all
31 models; on that cohort, Ablation A exceeds the main
pipeline by +0.75 pp per-gene exact recovery and +17.4
pp whole-model exact recovery, with 25/6/0 and 23/8/0
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Table 12. Ablation: necessity of the neural proposer (Ablation A)
and the NCF prior (Ablation B). Bigger is better for recovery
and certification; smaller is better for observations. All three sys-
tems share the same LIFT-CERT verifier, the same active loop,
and the same 31 BBM models at m=500 with 10 repeats. All
cells come from a matched 31-model Main-vs-A-vs-B compari-
son, except the certified per-gene fraction, which uses a dedicated
certification pass on the same 31 models at m=500 with 10 re-
peats, counting abstentions on unidentifiable gates as non-certified
(audit_omitted=True). Cells report certified-on-declared-
support, where a target gene counts as exact when the predicted
function on its declared regulator support matches the ground-truth
Boolean function on every state. The strict certified-and-exact
indicator additionally requires the declared support to equal the
true support. Table 6 reports the per-k support-correctness audit
on which the two split, and Section 2 states the joint definition.

ABLE (main) Ablation A Ablation B

neural+NCF  combinatorial — unconstrained
Per-gene exact recovery 98.3% 99.1% 98.4%
Whole-model exact recovery 68.1% 85.5% 67.7%
Certified per-gene fraction 99.43% 99.57% 99.40%
Mean total observations 456 448 477

paired wins/ties/losses respectively. The cleanest paired
statistic, with matched seeds, matched active-loop strat-
egy, and roughly matched per-variable search budget, is
available only on a 17-model subset; on that cohort, com-
binatorial enumeration reaches 99.4% whole-model ex-
act recovery versus 80.6% for the neural proposer (paired
A = +18.8 pp, 95% CI [+12.9, +25.3], N=17, 14/3/0
wins/ties/losses). Per-gene exact recovery on the same
17-model cohort is essentially saturated for both systems
(99.99% vs. 99.24%; A = +0.75 pp), so the differentiating
quantity is whole-model recovery. A known caveat of both
comparisons is a per-variable search-budget asymmetry: the
MI-pruned combinatorial run of Ablation A evaluates ~793
supports per variable (all subsets of the top-12 MI regu-
lators up to k<4), whereas the neural proposer evaluates
beam_width= 8 candidates per variable, so part of the
gap reflects candidate-pool size rather than proposer class.
What the un-pruned conceptual enumeration cannot avoid is
cost: without MI pruning, for every unresolved target it must
expand ZEZ“{‘ (%) supports at kpax=6 and fit each sym-
bolically. On the 31-model BBM evaluation at ky,,x=6,
the combinatorial proposer takes on the order of 100x
longer wall time than the neural proposer per model, and
Appendix D.2 (Table 10) documents how the gap widens
with n. The neural path is the one that stays tractable as
n grows; it is not the one that maximizes recovery when
exhaustive search is affordable.

NCF prior does not gate certification. Ablation B iso-
lates the inductive bias in the decoder head. Raw rule re-
covery is nearly indistinguishable from the main pipeline
(98.4% vs. 98.3% per-gene, 67.7% vs. 68.1% whole-model),
because the combinatorial rescue fallback still extracts exact
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rules within the allowed budget whenever the data suffice.
A prior version of this paper hypothesized that the NCF
prior earns its place on the certificate side: that an uncon-
strained 2¥ head would commit to supports too large for
LIFT-CERT to close observationally within the same bud-
get, so the verifier should abstain more often. A dedicated
certification pass on the same 31 BBM models at m=>500
with 10 repeats refutes this. Counting abstentions on uniden-
tifiable gates as non-certified (audit_omitted=True),
the unconstrained head certifies 99.40% of target genes
against 99.43% for the NCF head, a difference well below
run-to-run noise. The NCF prior’s distinct role is a com-
pact 2k;,,x-parameter pointer head that the neural proposer
can learn to emit; substituting a 2%max -parameter truth-table
head trains equally well at n=50 without loss of accuracy
or certification. ABLE as deployed pairs the neural proposer
with the NCF pointer head because that combination is the
cheapest in both compute and parameter count at fixed accu-
racy and certification, not because either is required to earn
the certificate.

Metric semantics: certification vs. exact recovery. Ta-
ble 12 reports a certified-per-gene fraction (99.43%) that
slightly exceeds the per-gene exact-recovery rate (98.3%).
This +1.1 pp gap is expected from Definition 1’s support-
conditional scope. Two effects pull in opposite directions:
(1) certified-but-not-exact, where a rule is certified over a de-
clared support R? that differs from ground truth (for instance,
when regulators omitted from R happen to stay constant
across the observed transitions, LIFT-CERT cannot detect
the contradiction and certifies the restricted rule); and (ii)
exact-but-not-certified, where the proposer predicts the cor-
rect rule but the data do not cover all 2/l input bins, so
LIFT-CERT abstains and audit_omitted=True counts
the gene as non-certified. The positive sign of the net gap
indicates that (i) slightly outnumbers (ii) on the 31 BBM
models.
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