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Abstract
Recommender systems increasingly shape information ex-
posure. As a result, auditing them has become a growing
necessity. A key challenge is to understand what can be in-
ferred about a recommender’s behaviour from black-box
observations alone, i.e., without access to its internals. In
this paper, we propose a method to audit recommender sys-
tems using a surrogate policy model. This surrogate policy
estimator provides a local approximation of the recommen-
der system’s behaviour with a characterized approximation
error. We establish the consistency and asymptotic norma-
lity of this estimator, enabling hypothesis testing. We then
propose a change detection task for assessing whether or
not the recommender has updated its behaviour.
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1 Introduction
Recommendation systems play a crucial filter role in mo-
dern information flows. This role can have a dramatic im-
pact on society [11, 14, 15, 5, 1]. Emerging regulatory fra-
meworks, such as the EU Digital Services Act, increasingly
require that such systems be subject to external scrutiny.
Auditing a recommendation system, however, is conside-
rably more challenging than auditing a standard classifier.
The space of possible items’ states is huge [6]. The content
evolves through complex and unknown dynamics, and the
items’ features are difficult to assess. Moreover, the me-
mory effect from personalization induces a massive trajec-
tory space impossible to explore exhaustively. Finally, ex-
ternal parties typically do not have access to the model’s
internals.
To address these challenges and provide formal guarantees,
we adapt an inverse reinforcement learning (IRL) approach
to the recommender auditing problem. In classifier auditing
and explainability, the notion of a surrogate model is cen-
tral. We here explore the construction of a surrogate recom-
mender. We follow a two-step approach : 1) construct a lo-
cal approximation (a surrogate) of the target model, and 2)
conduct tests on the surrogate to obtain an audit decision.
See Figure 1 for an overview of the process.

In order to illustrate a potential application of our surro-
gate construction approach, we consider the change detec-
tion problem. Change detection is arguably the simplest au-
dit task : observing a black-box model at two distinct time
intervals and deciding whether the underlying recommen-
dation mechanism has changed. This task is particularly
important for recommender systems, whose decisions mea-
ningfully shape exposure. Detecting changes is especially
crucial for sensitive topics, where a shift can signal a change
in the system’s neutrality or bias across competing view-
points.
To sum up, this paper provides the following contributions :

— We consider the recommendation system a black
box and we formalize a surrogate model. We show
that it converges consistently to an approximation
of the recommender’s behaviour under a few as-
sumptions. We show that the surrogate estimator is
asymptotically normally distributed.

— We demonstrate the value of the surrogate estima-
tor and its asymptotic normality via its application
to the change detection problem. We establish a sta-
tistical test for detecting changes in the black-box
model.

— We conduct experiments in a controlled environ-
ment to evaluate the effectiveness of our approach
in the change detection task.

2 Previous Work
Auditing recommender systems has been an active research
area for over a decade. Earlier works frame auditing from a
security perspective : a (passive) recommender may be sub-
jected to an external attack, which the audit aims to detect.
Several studies have been conducted on detecting manipu-
lations and shilling attacks in the recommendation systems
context [8, 7]. While these works introduce methods to de-
tect changes to the recommender’s behaviour, they are fo-
cused only on item-level anomalies.
Explaining the decisions of a recommender from a black
box perspective through local surrogate models is an ap-
proach explored in recent works such as LIME-RS [13],
LIRE [4], the LIME-RS adherence and constancy study
[2]. In [19] a model-agnostic framework was introduced
to produce faithful post-hoc explanations. Some works ex-



plain why a particular item was recommended, e.g., through
counterfactual explanation methods [3]. Others focus on the
recommender’s broader behaviour, e.g., through counter-
factual audit methods [9]. Overall, this line of work is pri-
marily focused on explainability. Compared to these works,
our adapted IRL-based approach comes with formal gua-
rantees in a favorable setting.

3 Problem Formulation
3.1 Black-Box Interaction Model
We model the target recommender as a black box that re-
commends items to a user from a corpus of n items indexed
by i ∈ {1, 2, . . . n}. We consider discrete recommendation
steps t ∈ {1, 2, . . . T} .
Each item is modeled as a discrete-time Markov chain
whose state evolves at each step (whether it got recommen-
ded or not). This state represents the item features used for
recommendation, for instance : number of views, age, or the
intrinsic toxicity of the item. At each step, we denote the
state of item i ∈ {1, 2, . . . , n} by Si ∈ S and the corpus’
state vector by C = (S1, S2, . . . , Sn) ; the recommender
then selects an action vector A ∈ {0, 1}n, where Ai = 1
indicates that item i is recommended and Ai = 0 otherwise.
We assume that exactly m items are recommended at each
step. For readability, we omit the time index t throughout,
all quantities Si, C, and A should be understood as referring
to a generic time step.
In the reinforcement learning literature, this setting is com-
monly known as a restless multi-armed bandit, in which the
recommender follows a policy π that, at each step, selects
which m items to recommend.
In addition, we assume that the observable information of
the black-box model is restricted to (i) a representation of
the items’ states in the form of a features matrix Φ(C) ∈
Rn×d whose i-th row is the feature vector ϕi(Si) ∈ Rd of
item i ; and (ii) the agent’s action A ∈ {0, 1}n.
The model is observed at a time interval, during which we
observe N distinct trajectories, of length T . We denote the
trajectories by

Tk := (Φk,t, Ak,t)
T
t=1 , k ∈ {1, . . . N}.

We therefore define the trajectories’ set

T = {Tk}Nk=1 .

We write
Tk ∼ PT

for some law PT on
(
Rn×d × {0, 1}n

)T
.

3.2 Surrogate Policy Model
In a recommender system, the decision to recommend an
item depends not only on the item itself, but also on the
other items in the corpus. Externally auditing such a system
becomes challenging when considering all factors at play.
To overcome this, we introduce a parametric surrogate mo-
del that bases its decisions on a scoring function, assigning
higher recommendation probabilities to items with higher

scores. Our approach consists in transferring the essential
decision logic of the recommender to a simple, interpre-
table surrogate model with well-characterized asymptotic
behaviour that enables formal hypothesis testing.
We introduce I : S → R an index function defined as a
function that scores an item depending entirely on its state
S ∈ S. Let XI denote an index vector, and πI denote a
soft-index-policy, such that

XI(C) := (0, I(S2)− I(S1), . . . I(Sn)− I(S1))

and πI = stm(XI)

where C = (S1, . . . Sn), and stm : Rn → (0, 1)n de-
notes the soft-top-m function, a smooth approximation of
the standard top-m operator. It is derived from the optimal
plan of an entropic transport problem [18, 10].
By restricting the index function I to a parametric family
of functions, we can define a parametric surrogate model
based on the soft index policy πI . By defining the surrogate
based on a smooth approximation rather than the top-m
operator itself, the model’s output becomes differentiable.
This enables gradient-based optimization and asymptotic
analysis. Because the surrogate policy is built on the soft-
top-m function [18], it is non-deterministic, and it recom-
mends m items in expectation.
In this work, inspired by LIME [16], we consider linear mo-
dels for their efficiency as well as their intrinsic interpreta-
bility. We restrict the index I to be linear in ϕS ∈ Rd, where
ϕS denotes the features of an item whose state is S ∈ S, na-
mely

Iθ(S) = θ⊤ϕS .

Hence, rather than considering an arbitrary index I , we res-
trict ourselves to the linear family induced by this parame-
trization.
Let Xθ = XÎθ

, the linear surrogate model is then defined
by

π̂θ = stm(Xθ).

The purpose of the surrogate model is to approximate
the behaviour of the recommender’s policy. A good sur-
rogate should therefore reproduce the decision patterns of
the black-box model with a controlled approximation error,
while remaining simple enough to be interpretable.

4 Surrogate Policy Estimator
In order to approximate the recommender’s policy, we use
the maximum-likelihood approach. We first establish that
the surrogate model class can asymptotically reproduce
any index-policy. We then introduce an empirical estima-
tor used to fit the surrogate from data, and we establish its
consistency and asymptotic normality.
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FIGURE 1 – Overview of the surrogate model auditing framework with illustrative downstream application.

4.1 Surrogate Model Asymptotic Compatibi-
lity

Under the assumption that the recommendation system is
optimized with respect to some unknown objective, its po-
licy π is deterministic, since any unconstrained MDP ad-
mits a deterministic optimal policy. We also assume that
the recommender policy π admits an index representation,
i.e.,

∃I ∈ F(S,R), ∀C ∈ Sn ; π(C) = top-m
i

I(Si)

where I : S → R denotes an index, and F(S,R) denotes
the set of functions from S to R.
We refer to any policy π that admits an index representation
as an index-policy. We define the set of all index-policies Π
as follows

Π =

{
π

∣∣∣∣∣ π ∈ F(Sn, {0, 1}n),
∃I ∈ F(S,R) ; π(C) = top-mi I(Si)

}
.

where F(Sn, {0, 1}n) denotes the set of functions from Sn

to {0, 1}n, and F(S,R) denotes the set of functions from
S to R.

Theorem 1. Let π denote a recommender index-policy and
I its index, πI denote a soft-index-policy with the same in-
dex I as the recommender, C denote the corpus’ state vector,
and XI(C) = (0, I(S2)−I(S1), . . . I(Sn)−I(S1)) denote
the index vector. Then

∥π(C)− πI(C)∥2 ≤ ε(lnn+ ln 2)

XI(Sσm+1
)−XI(Sσm

)

where ϵ > 0 is a parameter of the soft-top-m function [18],
and σ the sorting permutation of the vector XI such that
XI(Sσm

) and XI(Sσm+1
) are the m-th and (m+ 1)-th hi-

ghest values in the vector XI .

The following theorem establishes that the surrogate mo-
del, despite using a smooth relaxation, can approximate any
index-policy arbitrarily well as the index values grow large.

Theorem 2. Let Π be the set of all index policies. Then for
π ∈ Π an arbitrary index-policy, there exist a sequence of
indexes (Ik) ⊂ F(S,R) such that

∀C ∈ Sn πIk(C) −→
k

π(C)

and ∀C ∈ Sn ∥Ik(C)∥ −→
k

+∞

where πIk = stm(XIk) a soft-index-policy, and Ik(C) de-
notes a vector such that Ik(C) = (Ik(S1), . . . Ik(Sn)).

Theorem 1 establishes the approximation error of the sur-
rogate policy model.
Theorem 2 implies that for any given recommender index
policy, there exists a sequence of surrogate policies (Ik)
realising an asymptotic approximation.

4.2 Maximum Likelihood Estimator
In this section, we define the surrogate policy estimator. We
proceed as follows : first, we formalize the population’s ne-
gative log-Likelihood risk, then introduce an L2 penalty,
derive its empirical counterpart, and finally define the re-
sulting surrogate empirical estimator.
In order to have a well-defined population risk, we as-
sume that the second moments of the feature matrices Φt

in trajectories T are finite, i.e., E∥Φt∥22 < ∞ for all
t ∈ {1, . . . T}. This condition prevents feature values from
taking excessively large values too often, and is trivially sa-
tisfied when features are bounded.
Let π̂θ denote the policy defined by the surrogate model
parameterized by θ. We introduce the population risk L as
follows



L(θ) := ET ∼PT

 ∑
(Φ,A)∈T

− logPθ(A |Φ)


where Pθ(A |Φ) denotes the conditional probability of the
action A being played by π̂θ knowing Φ.
As established in Theorem 2, the minimizer of L lies on the
infinite boundaries of the parameter space θ ∈ Rd, which
motivates penalizing the risk. Let Lλ denote the penalized
population criterion, defined by

Lλ(θ) := L(θ) + λ∥θ∥22
where λ > 0 denotes the regularization parameter.
The regularized population criterion Lλ is twice differen-
tiable and strongly convex in θ ∈ Rd and therefore admits
a unique minimizer θ∗ ∈ Rd,

θ∗ := argmin
θ∈Rd

Lλ(θ).

Let L̂λ
N denote the empirical counterpart of the penali-

zed population criterion Lλ(θ) on a sample of trajectories
T = (Ti)Ni=1. We assume the independence of these trajec-
tories

T1, T2, . . . TN
iid∼ PT .

We denote the empirical target as θ̂N , then

θ̂N := argmin
θ∈Rd

L̂λ
N (θ).

In this work, we focus primarily on the penalized estima-
tor since the unpenalized criterion may fail to admit a finite
minimizer. Therefore, from this point onward, we implicitly
consider the penalized version of quantities (criterion, tar-
get) unless stated otherwise.

4.3 Asymptotic Normality
We now explicitly characterize the convergence of our
surrogate estimator. First, we establish in Theorem 3 the
consistency of the estimator. We then derive the asymptotic
distribution using a standard Taylor expansion argument.
We include key steps of the derivation that introduce the
Hessian H and the covariance Σ of the score vector. Defi-
ning these two terms is essential because they appear in the
asymptotic normal distribution result.

Theorem 3. Let θ∗ denote the population target parameter
of the surrogate policy estimator, and let θ̂N denote the em-
pirical counterpart from a sample of N trajectories. Then

θ̂N
p−−−−→

N→∞
θ∗.

Implying that the surrogate policy estimator is consistent.

We write the empirical estimator as

θ̂N = argmin
θ∈Rd

L̂λ
N (θ), L̂λ

N (θ) =
1

N

N∑
k=1

lλ(Tk, θ)

where lλ(Tk, θ) denotes the instantaneous loss at the trajec-
tory Tk, and defined by

lλ(Tk, θ) =

 ∑
(Φ,A)∈T

− logPθ(A |Φ)

+ λ∥θ∥22.

Let ΨN : Rd → Rd denote the score function defined by

ΨN (θ) = ∇θL̂
λ
N (θ).

Since L̂λ
N is twice differentiable, the score function ΨN and

its Jacobian ∇ΨN are well defined on Rd.
Using the fact that ΨN (θ̂N ) = 0 together with a Taylor
expansion of ΨN around θ∗, we get

√
N
(
θ̂N − θ∗

)
= −

(
∇ΨN (θ̃N )

)−1 √
NΨN (θ∗) (1)

where θ̃N ∈ Rd lies between θ̂N and θ∗, i.e., θ̃N is a convex
combination of θ̂N and θ∗.
Because the Hessian of L̂λ

N is positive definite, and there-

fore invertible, the matrix
(
∇ΨN (θ̃N )

)−1

is well defined.

Let H ∈ Rd×d denote the Hessian of Lλ at θ∗, then by LLN
we get (

∇ΨN (θ̃N )
)−1 p−−−−−→

N→+∞
H−1. (2)

Computational complexity. The Hessian H can be com-
puted in O(nd2) time and O(nd) memory, i.e., linearly in
the catalog size n.
Let Σ ∈ Rd×d be the covariance matrix of ∇lλ(T , θ∗), then
by CLT we get

√
NΨN (θ∗)

d−−−−−→
N→+∞

N (0,Σ). (3)

Theorem 4. Let θ∗ denote the population target parameter
of the surrogate policy estimator, and let θ̂N denote the em-
pirical counterpart from a sample of N trajectories. Using
(1), (2), and (3) together with Slutsky’s theorem, we get

√
N
(
θ̂N − θ∗

)
d−−−−−→

N→+∞
N (0, H−1ΣH−1)

where Σ = Var(∇lλ(T , θ∗)) and H = ∇2Lλ(θ∗).

5 Change Detection Problem
Although surrogate policy estimation is our central contri-
bution, its value is best demonstrated through a concrete
downstream task. We use change detection as such a de-
monstration.
The model is observed at two non-overlapping episodes in-
dexed by e ∈ {1, 2}. During both episodes, we observe
N distinct trajectories, each of length T , each observed in a
different corpus of items. In this setting, we test whether the
policy of the agent changed between episode 1 and episode
2 or remained unchanged.



Let π1 and π2 be the agent’s policies at episode 1 and epi-
sode 2, respectively. The change detection problem consists
in deciding whether π1 is different from π2 based only on
observable information : T1 and T2. Formalized as a hypo-
thesis test, it can be written as

H ′
0 : π1 = π2, H ′

1 : π1 ̸= π2.

Our approach to this problem is to use the surrogate policy
model, to estimate the agent’s policies in the two episodes,
then compare the two resulting policy estimates. Let θ∗e be
the population target parameter vector of the surrogate po-
licy estimator for episode e. We define the following hypo-
thesis test

H0 : θ∗1 = θ∗2 , H1 : θ∗1 ̸= θ∗2 .

Theorem 5. Let θ∗e be the population target parameter
vector of the surrogate policy estimator for episode e. Let
πe = top-m(Xe) be the true agent’s policy at episode e,
and Xe the underlying index vector. Then

π1 = π2 =⇒ θ∗1 = θ∗2 .

By Theorem 5, we obtain H ′
0 =⇒ H0. Therefore, if we

refute H0 we can refute the null hypothesis H ′
0, and conse-

quently detect a change in the agent’s policy.

5.1 Wald Test
Let ∆̂ := θ̂2 − θ̂1 denote the difference in the estimators
between episode 1 and episode 2. Then ∆̂ is asymptotically
normal, and under H0,

∆̂ ∼ N
(
0, 2

V

N

)
where N denotes the number of trajectories per episode.
and V = H−1ΣH−1 denotes the asymptotic variance com-
mon to both episodes under H0.
Let V̂e denote a consistent estimator of the asymptotic va-
riance at episode e. Let W denote the Wald test statistic
defined by

W := ∆̂⊤

(
V̂1 + V̂2

N

)−1

∆̂.

Under H0,

W
d−→ χ2

d

where d denotes the dimension of the parameters’ space.
Therefore, for a given significance level α ∈ (0, 1), we re-
ject the null-hypotheses H0, and consequently H ′

0 : π1 =
π2, when

W > q1−α

where q1−α denotes the (1−α)-quantile of the χ2
d distribu-

tion.
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FIGURE 2 – Empirical power (1 − β) as a function of the
sample size N for three separation values γ.
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FIGURE 3 – Empirical power (1 − β) as a function of the
sample size N for a small separation value γ = 0.3.

6 Experimental Study
While previous results characterize the asymptotic correct-
ness of our approach, to be useful in practice an estimator
must provide accurate results in the finite-sample regime.
To that end, we evaluate change detection on synthetic data
using a controlled simulated environment, which allows us
to test our method’s performance across a range of settings.

Experimental setup. We simulate the behaviour of a re-
commender by a linear index-policy. We observe its deci-
sions across different sets of items, each of size n = 10. Its
interactions with each set of items yield a trajectory over
T = 5 consecutive recommendation steps. Each item is
characterized by three features : popularity, toxicity, and
profitability. The popularity value evolves in time while
toxicity and profitability stay unchanged, but all three are
randomly initialized. We conduct the change detection test
between two generated trajectory sets, one by a toxic po-
licy, and the other by a neutral policy ; both use the same
weights for popularity and profitability, θpop = 10 and
θprf = 5. The toxic policy additionally assigns a positive
weight θtox = γ to toxicity, whereas the neutral policy as-
signs a null weight to toxicity θtox = 0. Both simulated
policies prefer recommending popular and profitable items,
but the toxic recommender has systematic preferences for
toxic items, while the neutral recommender is indifferent



to toxicity.
In this setup, the change detection hypothesis test, introdu-
ced in Section 5, is formulated as

H0 : θ∗tox = θ∗neut , H1 : θ∗tox ̸= θ∗neut

where θ∗tox and θ∗neut denote the surrogate model’s estima-
tions of the weights vector of the toxic recommender and
the neutral recommender, respectively. We set the confi-
dence level in our experiments at (1− α) = 95%.
The primary question in this section is the trade-off between
(i) cost, i.e., the number of observed trajectories required to
detect a change ; (ii) separation, i.e., the distance between
the two tested policies ; (iii) reliability, i.e., the ability to
detect a change when one occurs. We quantify the trade-off
between these three axes by the following metrics :

— Cost : N , the number of trajectories generated un-
der each policy.

— Separation :γ, the difference in the toxicity weights
between the two policies.

— Reliability : 1 − β (power), the probability of de-
tecting a change when one occurs.

The estimates are obtained via a gradient descent algorithm
by minimizing the empirical criterion.
We vary the cost and separation parameters in a grid where
N takes the values {40, 80, 120, 160, 200, 240, 280}, and γ
takes the values {0.3, 0.6, 1.0}. We repeat the test 20 times
for each pair (N, γ), and we measure the empirical power
1− β. See Figure 2.
In order to investigate the trade-off between the cost and
the reliability in the task of detecting a small change γ =
0.3, we evaluate the power 1 − β at a bigger scale of N ∈
{300, 400, 500, 600, 700, 800, 900, 1000}. See Figure 3.

7 Discussion
Limitations of the modeling. While our black-box mode-
ling choices simplify reality, we argue that they remain rea-
sonably aligned with it. First, assuming that the recommen-
der’s policy is index-based is not overly restrictive, since in
this type of sequential allocation problem the optimal po-
licy admits an index-based representation under mild condi-
tions [17]. Second, a linear surrogate may not adequately
represent abrupt policy shifts or strongly non-linear dyna-
mics ; extending the framework to non-linear surrogate mo-
dels lies outside the scope of this paper. Finally, the i.i.d. tra-
jectory assumption can be justified in practice by collecting
each trajectory from a different item set, or by separating
trajectories sufficiently to eliminate temporal dependence.
Feature observability. The items’ states in the present
work are represented by features that we assume capture
all the information relevant to the recommender. However,
it is usually impossible for an external party to observe that
representation in its entirety. In practice, auditors can ob-
serve a subset of the features. In that case, a change in
the recommender’s preferences with respect to the obser-
ved features can be detected, while a change orthogonal to
the observed information is invisible to the test. Moreover,
unobserved features that correlate with observed ones can

cause omitted-variable bias in our estimates. The estimated
coefficients thus represent the recommender’s behavior pro-
jected onto the observed features space, which is sufficient
for auditing a change, though not for causal interpretation
of the features’ effects.
Beyond change detection. In the present work, we
construct a surrogate model that locally approximates a
recommender’s policy and that has statistical characteris-
tics that facilitate rigorous analysis. While we focus on the
change detection task in this work, the proposed framework
addresses a broader range of questions that we leave for fu-
ture work : What is the system optimizing? Are there view-
point biases? Can the system be manipulated?

8 Conclusion
We proposed a framework for auditing black-box recom-
mender systems using a surrogate policy model. We derived
a simple surrogate policy estimator that provides a local ap-
proximation of the recommender system’s behaviour with
a characterized approximation error. We established consis-
tency and asymptotic normality of the surrogate policy es-
timator, enabling hypothesis testing and further analysis of
the local approximation. We demonstrated the auditing ca-
pability of the framework through a change detection task,
both theoretically and experimentally in a controlled simu-
lation environment.
This work opens several directions for future research. Ap-
plying the change detection method to real-world recom-
mender systems is an important next step. Moreover, the
proposed surrogate policy model can serve as a foundation
for a broader range of auditing tasks, such as bias identifi-
cation and fairness assessment.
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A Proofs
Proof of Theorem 1. Let π denote a recommender index-
policy and I its index, πI denote a soft-index-policy
with the same index I as the recommender, C denote the
vector of the items’ state, and XI(C) = (0, I(S2) −
I(S1), . . . I(Sn)− I(S1)) denote the index vector.
We show that

∥π(C)− πI(C)∥2 ≤ ε(lnn+ ln 2)

XI(Sσm+1
)−XI(Sσm

)

where ϵ > 0 is a parameter of the soft-top-m function [18],
and σ the sorting permutation of the vector XI .
For simplicity we denote X = XI(C)
The concerned theorem, is a direct consequence of a result
in [18] (Theorem 2). It states the following

∥Γsoft(X)− Γ(X)∥F ≤ ε(lnn+ ln 2)

n (XI(Sσm+1)−XI(Sσm))
(1)

where Γsoft and Γ are defined by (we suppress the X nota-
tion for simplicity)

Γsoft = arg min
Γsoft

⟨Γsoft, C⟩+ ϵH(Γsoft),

s.t Γsoft12 = u, Γsoft1n = v

and

Γ = argmin
Γ

⟨Γ, C⟩,

s.t Γ12 = u, Γ1n = v

where ϵ > 0, u = ( 1n , . . .
1
n ) ∈ Rn, v = (n−k

n , k
n ), and

C ∈ Rn×2 such that Ci1 = x2
i and Ci2 = (xi − 1)2.

By [18] we have

π(C) = top-m(X) = nΓ(X) [0, 1]⊤

and

πI(C) = stm(X) = nΓsoft(X) [0, 1]⊤

Then

∥πI(C)− π(C)∥2 ≤ n ∥Γsoft(X)− Γ(X)∥F (2)

By (1) and (2) we conclude

∥πI(C)− π(C)∥2 ≤ ε(lnn+ ln 2)

XI(Sσm+1
)−XI(Sσm

)

Proof of Theorem 2. We show that for an arbitrary index-
policy π ∈ Π the following

∃(Ik) ⊂ F(S,R) ∀C ∈ Sn πIk(C) −→
k

π(C)

where πIk = stm(XIk), and Ik(C) denotes a vector such
that Ik(C) = (Ik(S1), . . . Ik(Sn)).
For simplification let XIk = Xk.

the policy π admits an index-based structure, let I be its
index. Take a sequence of indexes Ik = kI defined as the
recommender’s index times k. Since Xk is defined by

Xk = (0, Ik(S2)− Ik(S1), . . . Ik(Sn)− Ik(S1))

then Xk = kX where

X = (0, I(S2)− I(S1), . . . I(Sn)− I(S1))

The recommender’s policy π = top-mX depends only
on the ranking of X , then it can also be written as π =
top-m kX .
Then we can consider π and πIk to have the same index Ik.
Hence, by Theorem 1, we have

∥πIk(C)− π(C)∥2 ≤ ε(lnn+ ln 2)

kX(Sσm+1
)− kX(Sσm

)

where σ denotes a sorting permutation of X .
We have

ε(lnn+ ln 2)

k
(
X(Sσm+1

)−X(Sσm
)
) −→

k
0

Then

πIk(C) −→
k

π(C)

Now we show that if πIk converges to π, then

∀C ∈ Sn ∥Ik∥ → ∞.

We assume that Ik(C) does not diverge to infinity and we
show a contradiction.
Since Ik(C) does not diverge to infinity, it is bounded and
By Bolzano–Weierstrass, it has a further sub-sequence

Ikj
(C) → J ∈ Rn.

Because stm is continuous : πIkj
(C) → πJ(C).

Hence π(C) = πJ(C), a contradiction because π(C) is a de-
terministic policy and πJ(C) is a non-deterministic policy
knowing J finite.

Proof of Theorem 3. Let θ∗ denote the population target
parameter of the surrogate policy estimator, and let θ̂N de-
note the empirical counterpart based on a sample of N tra-
jectories. We show that the estimator is consistent, that is,

θ̂N
p−−−−→

N→∞
θ∗.

We begin by formulating the gradient and the Hessian of
one component of the instantaneous loss (at one state-action
pair instead of the whole trajectory). For simplicity, we de-
note this component by l, without explicitly writing the
state or time indices. We also denote by π the value of the



policy at a given state, viewed as a vector, and by πi its co-
ordinates. Let X denote the index vector, and let xi be its
i-th coordinate. We have

π = stm(X).

Let R̄ and R denote a partition of {1, 2, . . . , n}, where R
is the set of recommended indices and R̄ is the set of non-
recommended ones. Then

l = −
∑
i∈R

log(πi)−
∑
i∈R̄

log(1− πi).

The goal is to find ∇l and ∇2l. Then, by linearity of all the
criteria, we can derive any other gradient or Hessian. Since
the soft-index policies are defined as the minimizers of en-
tropic optimal transport problems [18], we know that they
are twice differentiable. This implies that all the criteria ba-
sed on such policies are also twice differentiable.
The KKT formula for the entropic OT problem in [18] (See
Proof of Theorem 1)

Γij = exp

(
fi + gj − Cij

ϵ

)
, ∀i, j,

where f and g are the Lagrange multipliers.
We consider a small perturbation :

Γij → Γij + δΓij , xi → xi + δxi,

fi → fi + δfi, gj → gj + δgj .

We then obtain

δΓij = Γij
δfi + δgj − δCij

ϵ
, ∀i, j.

Since Γ has constant marginals, we have∑
i

δΓij = 0,
∑
j

δΓij = 0.

After some algebra, we obtain{
ui δfi +

∑
j Γij δgj = ai,∑

i Γij δfi + vj δgj = bj ,

where u and v denote the marginals of Γ. The terms ai and
bj are given by

ai = 2Γi1xi δxi + 2Γi2(xi − 1) δxi,

b1 = 2
∑
i

Γi1xi δxi,

b2 = 2
∑
i

Γi2(xi − 1) δxi.

Knowing that πi = nΓi2, and after some algebra, we get

δπi =
2

ϵ
πi(1− πi)

(
δxi −

∑
r πr(1− πr)δxr

W

)
,

where
W =

∑
r

πr(1− πr).

Therefore,

∂πi

∂xj
=


− 2

ϵW
(1− πi)πj(1− πj), if i ̸= j,

2

ϵ
(1− πi)

(
1− πi(1− πi)

W

)
, if i = j.

Then, after some algebra, we get the gradient of l with res-
pect to X :

∇X,il =


2

ϵ
(πi − 1), if i ∈ R,

2

ϵ
πi, if i ∈ R̄.

Let M = In −M ′, where In is the identity matrix and M ′

is the matrix whose entries are all zero except on the first
column, which is filled with ones. Then, by definition,

X = M Φ θ,

where Φ denotes the feature matrix and θ denotes the para-
meter of the index.
Hence, the gradient of l with respect to the parameter θ is

∇l = Φ⊤M⊤∇X l

= Φ⊤∇X l.

Using the expressions of ∇X l and ∂πi

∂xj
, we obtain the Hes-

sian H(X) of l with respect to X :

H
(X)
ij =


4

ϵ2W
πi(1− πi)

(
W − πi(1− πi)

)
, if i = j,

− 4

ϵ2W
πi(1− πi)πj(1− πj), if i ̸= j.

We also obtain the Hessian H(θ) of l with respect to θ :

H(θ) = Φ⊤M⊤H(X)MΦ.

Notice that

H
(X)
ii =

∑
j ̸=i

∣∣H(X)
ij

∣∣ for every i ∈ {1, . . . , n}.

Hence, H(X) is positive semi-definite, and consequently
H(θ) is also positive semi-definite. By linearity of the ex-
pectation and of the summation operator, we conclude that
the unpenalized risks L(θ) and L̂N (θ) are convex. By
adding the ℓ2-penalization term, the population criterion
Lλ(θ) and its empirical counterpart L̂λ

N (θ) become 2λ-
strongly convex (i.e., the Hessian matrices of both terms are
≽ 2λId where Id denotes the identity matrix). In particular,
Lλ admits a unique minimizer θ∗.
Since the trajectories T1, . . . , TN are i.i.d., the law of large
numbers gives, for any fixed θ ∈ Rd,

L̂λ
N (θ)

p−−−−→
N→∞

Lλ(θ).



Since L̂λ
N is convex, Lλ has the unique minimizer θ∗,

and L̂λ
N (θ) converges pointwise to Lλ(θ) for every θ ∈

Rd, consistency follows from Newey and McFadden [12]
(Theorem 2.7) :

θ̂N
p−−−−→

N→∞
θ∗.

Hence, the surrogate policy estimator is consistent.

Proof of Theorem 4. Let θ∗ denote the population target
parameter of the surrogate policy estimator, and let θ̂N de-
note the empirical counterpart from a sample of N trajecto-
ries. We show that

√
N
(
θ̂N − θ∗

) d−→ N
(
0, H−1ΣH−1

)
,

where Σ = Var
(
∇lλ(T, θ∗)

)
and H = ∇2Lλ(θ∗).

We write

L̂λ
N (θ) =

1

N

N∑
k=1

lλ(Tk, θ), ΨN (θ) = ∇θL̂
λ
N (θ).

Then

ΨN (θ) =
1

N

N∑
k=1

∇θl
λ(Tk, θ).

By Theorem 3, we have

θ̂N
p−→ θ∗.

Since L̂λ
N is differentiable and θ̂N is its unique minimizer,

we have
ΨN (θ̂N ) = ∇L̂λ

N (θ̂N ) = 0.

And since θ∗ is the unique minimizer of the population cri-
terion Lλ, we also have

∇θL
λ(θ∗) = 0

E
[
∇θl

λ(T, θ∗)
]
= 0.

We now apply a Taylor expansion of ΨN around θ∗. Since
ΨN is continuously differentiable, there exists θ̃N between
θ̂N and θ∗ such that

0 = ΨN (θ̂N ) = ΨN (θ∗) +∇ΨN (θ̃N )
(
θ̂N − θ∗

)
.

Rearranging gives
√
N
(
θ̂N − θ∗

)
= −

(
∇ΨN (θ̃N )

)−1√
N ΨN (θ∗). (1)

We know that ∇2Lλ
N (θ̃N ) = ∇ΨN (θ̃N ) is positive defi-

nite, then its inverse in (1) is well defined.
We now study the the right-hand side of (1).
First, since θ̂N

p−→ θ∗, and θ̃N a convex combination of θ̂N
and θ∗, it also converges in probability to θ∗. Also,

∇ΨN (θ̃N ) = ∇2L̂λ
N (θ̃N ) =

1

N

N∑
k=1

∇2lλ(Tk, θ̃N ).

By the law of large numbers we obtain

∇ΨN (θ̃N )
p−→ E

[
∇2lλ(T, θ∗)

]
= ∇2Lλ(θ∗) = H.

Therefore (
∇ΨN (θ̃N )

)−1 p−→ H−1. (2)

Second, we have

√
N ΨN (θ∗) =

1√
N

N∑
k=1

∇lλ(Tk, θ
∗).

The trajectories T1, . . . , TN are i.i.d., and

E
[
∇lλ(T, θ∗)

]
= 0.

Hence, by the multivariate central limit theorem,

√
N ΨN (θ∗)

d−→ N (0,Σ), (3)

where
Σ = Var

(
∇lλ(T, θ∗)

)
.

Combining (1), (2), and (3) with Slutsky’s theorem yields

√
N
(
θ̂N − θ∗

) d−→ −H−1Z, Z ∼ N (0,Σ).

Since H is a Hessian matrix, it is symmetric, and since −Z
has the same distribution as Z, we get

−H−1Z ∼ N
(
0, H−1ΣH−1

)
.

Therefore
√
N
(
θ̂N − θ∗

) d−→ N
(
0, H−1ΣH−1

)
.

Proof of Theorem 5. Let θ∗e be the population target para-
meter vector of the surrogate policy estimator for episode
e. Let πe = top-m(Xe) be the true agent’s policy at epi-
sode e, and Xe the underlying index vector. We show

π1 = π2 =⇒ θ∗1 = θ∗2 .

In order to show that implication, we have to prove that a
well-defined mapping F (π) = θ∗ exists.
Under the assumption that all trajectories are i.i.d, the initial
distribution of the features Φ1 is the same between episode
1 and episode 2.
Since the transition probabilities in the system depend only
on the current state and action, the joint distribution of the
features in a trajectory depend only on the policy that have
been played. Consequently, the joint distribution of the ac-
tions in a trajectory also depends only on the policy that has
been played.
Then the distribution of the trajectories PT depends only
on the policy that has been played. And we know that the
population target parameter vector is derived from the dis-
tribution the trajectories. Hence a mapping π → PT → θ∗.
We conclude

π1 = π2 =⇒ θ∗1 = θ∗2 .
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