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Abstract

Based on the pseudo-conformal transformation, this paper discusses the stability of
the perturbation decomposition near the traveling wave solutions of the second-order
Camassa-Holm equation. Through the characterization of the parameter properties in
the modulation equation, the solution near the solitons is qualitatively studied, and
the decomposition is given on the geometric parameters And the stability results of
disturbances, establish a feasible theoretical basis for research on dynamics.
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1 Introduction

In 2003, Constantin and Kolev [1] obtained a geodesic equation when they studied
Hamiltonian vector fields on the regular dual of the Lie algebra of the diffeomorphism
group of the circle, the associated flow relative to a modified Lie-Poisson structure
being given by (1.1).

u, = By(u, u), k € N. (1.1)
Where u = u(t, x), (t,x) € RT x R,

Bie(u, u) 2 A Cr(u) — udyu
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k
Aw) £ Y (=D o u

j=0
Cr(u) & —uAp(du) + Ap(udyu) — 20,u Ay (u)

Operation Ak_l is given by the equivalent convolution form

AP = Pos f = /R P(x — ) f()dy. x € R

1

@‘(‘g):1+52+-~+$2’<’

EeR (1.2)

For k = 0, Eq. (1.1) yields the inviscid Burgers equation [2].
Ot + udyu = —ax(u2) or uy + 3uu, = 0. (1.3)

For k = 1, Eq. (1.1) become the Camassa-Holm equation [3].

—1 2 1 2
du + udeu = —3, A7 | u +§(axu) , (1.4)
or
U — Upxx + 3Uly — 2UxUyy — Ullyyy = 0.

When k = 0 and k = 1, Eqgs. (1.3) (1.4) are integrable [4-6].
For k = 2, Eq.(1.1) change into

P 4l ) 1 2_1 2 2_ 2
i+ udyu = —A, Oy |u +§(8xu) 3 o u 3(0xudju), |, (1.5)

the right side is equivalent to — P; * 9y [u2 + %(3xu)2 — %(afu)Z —3(0yu - afu)x],
where

3 v
Pyx) = */T_e—flxl sin (% n %)  xeR. (1.6)

Then Eq. (1.5) can be written as

1 1 2
Uy + ity + Py % |:u2 + 5 @) z(afu) - 3(8xu : afu)x] —0 (1.7
X

it is equivalent to
Up — Upxx + Upyxxx + Ul — 2Uycllyy — Ullyxyx + 2Ullyyxy + Ullxyyzx = 0 (18)
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Where P, satisfy u — uyy + txxrx = 8(6 means Dirac measure).This equation is
called second-order Camassa-Holm equation(Next referred to as CH equation). When
k > 2,Eq. (1.1) is called as higher-order CH equation. Since this article only involves
the study of the properties of the second-order CH equation, for the sake of brevity,
denote P, in Eq. (1.6) by P.

In 2009, Coclite , Holden and Karlsen discussed the well-posedness of the higher-
order CH equation [7], and got :

o If ug € Hrp = {feH ®|05feLP )}, where 2 < p < +oo,
then there is a global weak solution u (f,x) € C([O, +oo]; Ck1 (R)) N
L™ ([0, +o0]; H* (R));

o Ifug € H**' (R), then u (t, x) € L* ([0, T]; H*' (R)), T > 0;

o Ifup € Hry R),2 < r < 400, then u (t,x) € L™ ([0, T1; H.r (R)) , T >
0.When k = 2, if there is a mapping h € L ([0, T]), T > 0, such that
” afu HLOO(R) < h (t), and the solution u (#, x) exists and is unique.

In 2010, Ding and Lv [8] discussed the existence of conservative solutions under
Cauchy problem for Eq. (1.1):Let ug € H k(R) and there exists a constant M >
0, s.t. p=yu, = O(where p is smooth Littlewood-Paley operator), then Eq. (1.1)
corresponds initial value problem has a unique global conservation solution « (¢, x) €
C ([0, +oo]; H*"1(R)) N L*® ([0, +00] ; H (R)).

In2011, Tian,Zhang and Xia got Eq. (1.8) the conclusion of the local well-posedness
of the solution:Let u € H® (R), s > 9/2, then Eq. (1.1) has a unique solution [9]
u(t,x) € C(0,T); H R)NC' ([0, T); H ' (R)), where T = T (|luoll ys) > O.

In 2016, Lin,Lv and Wei [10] discussed the well-posedness and limit behavior of
stochastic high-order CH equations.The limit behaviors of the solution are examined
ase — 0.

In 2019, Ding and Wang studied the attenuation near the traveling wave solutions of
the second-order CH equation [11]: Assumed ug € Uy, ug = Q-+€p,e0(x) € HS(R),

satisfy Vx > 0, |eg(x)| + |eoxx (¥)| < a()e_@x, then exist & > 0, fort > 0, x > 0,
. _\V3 _V3
established |e(, x)| + |exx (£, X)| <O (e T +1)e 27,

In 2020, Qu and Fu [12] established for a class of higher-order Camassa-Holm
equations, the local well-posed properties of the Cauchy problem in Besov space and
Sobolev space are :For s > 1/2 let mo € H* (R) N L' (R). Suppose there is a point
xo € Rs.t. mg(xg) > 0 and

Bl C 1 c: B}
—_— < <J=mt=-
G G mo(xo) c; G G

Where Bj, Ci > are obtained by calculationis. Then the solution u(z, x) blows up in
To, and
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C c? B?
L C_i_\/c_iz_gz(O)Jrc_lz
To <t = n
VG g(0)— 7+

Where g (0) = mo% o T % In the same year, Shirvani and Nadjafihah [13] used Lie
symmetry group method to discuss symmetries and nonclassical sym-metries for the
high-order CH equation,and the conserved quantity is the conclusion produced by the
multiplier of the homotopy operator. If u = f (x, ¢) is the solution of the higher-order

CH equation, then the set of functions

G] '(S)f(xvt)=f(x_s’t)9
GZ'(S)f(xvt):f(xvt_s)3
Gy -(s) f(x,t)y=e*f (x,tefs).

also the solution of this equation. Where G| : (¢,x,u) — (x+s,t,u),Gy :
(t,x,u) — (x,t+s,u),G3: (t,x,u) — (x, et e_su) .
For second-order CH equation, the form of traveling wave solutions is [14]:

V3 . . . .
Ae~ 7 (—ct) (cos 5S4+ /3 sin "T") , x> ct,

Qalx —ct) = Vi
Ae’s (x—ct) (cos e — V3 sin "‘T">, X < ct.

(1.9)

Where A > 0 is amplitude, and it is related to ¢ (for convenience, let A = 1);c > 0

representative wave speed, then P (£) = %/—j Qa)and Q4 —(04) e +(0n) geee =
2+/3A8. The mass and energy are conserved by the flow:

Mu(t)) = My or /u(t,x) :/uo(x) (1.10)

k k
Eu(t)) = Euo) or Z/(&Zuf(m) - Zf(a){uof(t,x). (L11)
j=0 Jj=0

This paper is aim to study the stability of the perturbed decomposition near the traveling
wave solutions of the second-order CH equation. The study of the decomposition
problem can be traced back to the instability of the solutions to the Cauchy problem of
the critical generalized KdV (gKdV) equation by Martel and Merle [15], the asymptotic
stability of solitons [16] and other series of work. In 2014, Martel, Merle and Raphael
added the parameter b to the solitary wave solutions disturbance [17], classify the
dynamics near the solitons.
For p > 1, up € (R) the gKdV equation Cauchy problem:

uy + (uxx +up)x =0, (t,x)eR" xR,

(1.12)
u(0,x) =ugx), x e R.
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Stability of disturbance decomposition near traveling wave... 573

In [15], they use Pseudo-conformal transformation v (¢, y) = X%u A @)y +x(@)
and decompositio v(z, x) = (¢, x) + Q(x), where A(t) > 0, x(t) € R, to proof
the orbit instability of solitons Q (x) = (3/cosh?2x )1/ * in H' and L? for gKdV
equation. In [16], they obtained the asymptotic stability of the solitons by utilizing
Liouvill theorem [18].

For the convenience of description, let’s define some symbols in this paper

l.asbsac< C b, where C is a certain positive number;
2. For a given * > 0, let p(a™) denote a small quantity dependin on it, p (¢*) — 0
asa* — 0;
3. Use [ instead of [, and omit the integral variable;
k
4. Let ||-]| g« represents norm H¥(R) in Sobolev space, || f 117, = >_ [ (37 ke
j=0
N.
Consider the second-order CH equation in this paper. First decompose the solution of

Eq. (1.8) as:

u(t,x) = 272 (Qp + &) (1, x — x(1)) . (1.13)
Where Qj is a suitable O(b) deformation of the traveling wave profile. Let
Ty = u e H?: inf Hu—/):*%Q(-—QHH2<a* . (1.14)

A>0
xeR

Where & = A (1) , X = X (1), let & (f9) = Ao, % (fo) = Xo-

2 Decomposition near the traveling wave
Let x € C*[R),s.t.0 < x <1, x’ > 0inR, and here

_[1 xe[-1,00)
x(x) = {0 x e (—oo. 2] .1
Let x»(y) = x(|b]"y), where y € (0, 1).

Let B={feC®®:|fOm|=d+IyhPe P}, where k = 1,2, p > 0,
y €R; Qp(y) = Q(y) +bxp(y) D(y). Where |b| < |b*| < 1, D € Band (D, Q) #

Iyl

0, lim D(y) =0, |D(y)| Se 2.
y—00

Proposition 2.1 For V&€ € R,

[Qp(8)] S, e_lél +b I:X[_z,_l](|b|y§‘) + g‘%\g\:l )
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Mass and energy meet

'/Qb—/Q‘sw, 22)

00— 101] < 1612, 2.3)

~

Proof

(1) From (1.9), |Q(¢)] = e~ L] ‘(cos § +/3sin §)|, where £ = x — cz. And then

105 = 10®) + bxs () DE)]
S e b oo (bl e) + e 21

(2) According to (1.10),

M(Qp) = / 0 +b/ x»D,
By the decay of D, we get (2.2). Similarly,
E(Qp) =013, +b* 1 xsDII3,

+2b [ / Ox»D + / 0,(xwD), + / ny<XbD>yy]

Obviously

< b? 4 2b.

~

E(Qp) — 101132

<b?|DI3, +201QDI3,

Where || Q||12L12 =23, xp» < 1, then (2.3) is true.
O

We use the modulating tube T,+ of the function near the solitons manifold for
studing, more specifically, assume that there exist (A1 (¢), x1(z)) € R} x R and & (z)
s.t. Vt € [0, tg) established

1
u(t,x) = ———Q+e) (t, x —x1(1), 2.4

A (@)

Where ug = Q + €0, e0(x) € H*(R).
Proposition 2.2 Ifu(x) € C"(R), let

w(t, ) = AZ(Du (1, y + x(1)) . 2.5)

Then v(y) € C"(R).Where x = y + x(t).
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Stability of disturbance decomposition near traveling wave... 575

Definition 2.1 There exist continuous functions (A, b, x) : [0, fo] = RT x R?2

e(t,y) =v(t,y) — Qpir)(y) = 23 (t)u (t,y +x(®) — Qb (y)- (2.6)
Forall r € [0, #p].

Proposition 2.3 For Vt > 0, o (x) € H? (R), there is

M(s + Qp) = 22 My, E(s + Qp) = LEo 2.7

Proof The proof of this statement is based on definition, and is therefore omitted. O

Proposition 2.4 (Modulation parameter selection [19, 20]) In the decomposition of
(2.6), there exist M(t) > 0,b(t) > 0,x(t) > 0, and unique map (A, b,x) : Ty +—
Rt x R?, s.t. ifu € Tys(a* > 0), then ¢ satisfies the orthogonality condition.:

(e, Q) =(s,0y) =(e,y0y) =0. (2.8)
and has
A1)
b)) + ‘1 Ol S ple), and lle@) g2 S pU1€0)] 52) (2.9)

Proof Let fi = [€Q, f» = [€Q,, No(x, b) = (1,0)

1
..-8A|N0=§Q’ eply, = —D.
then there is
0-0#0 W |, 0,
9 9
f2 /Q Qy 3_];2 :—/DQy;éO
No
The Jacobian matrix
_ S h)| _|3fe0 —/Do|_ 1 '
T Anb) |y, 15[ 00y -/ DOy " 51QllL2 - (D, Qy) #0.

From implicit function existence theorem, 3U (1, 0) C (Rt x R),3& > 0 and a
unique map (1, b) : {u € H2(R) : Hu —a10 L, <@ = U(1,0) 5. 28 holds.
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576 D. Ding, D. Wen

Moreover, if < p().

u—)»_%Q’

@ <&, then |b(1)| + (1 10}

<
H?2

Au— 0y

el = | Iy

1 _1 _1
SPE =1 lule + Ju =273 0|+ 127 =11 1012 = bl Dl 2

<2p(a) + a.
Slellgz S el 2)

There exist @ < a* and a unique map in Cclr: Tox — R, s.t.if u € Ty+, then

2<&<a*,
H

o0 b0 o =m0

Thatis to say, there exist parameters depended on the solution A1 (1) = A1 (u (- +r (u))),
x1(w) = x1wG+rw))+rw),b(u) = by (u(-+ru))), st (2.8) and (2.9)
established. O

Proposition 2.5 On [0, 1],

el <

~

kZ/uo—/QlJrlbI,
(2.10)

ILEol < 1B + llell,> +2+/3.

Proof From (2.7) conservation of mass
1
/szkff(u—Q—bXbD).
then

lellzr S

~

x%/uo—/Q‘Hm.
Similarly,
AEo=E(a>+E(Qb>+2/[eQb+sy<Qb)y+sy<Qb>yy] 2.11)

By (2.3) and (2.11), we can get that

MEo = |lel5 + 283 4+ b7 1 xp Dl + 8v/3be (0) +2bLg + 2b°Le. (2.12)
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Stability of disturbance decomposition near traveling wave... 577

Here

Lo= f 05D + f 0,(D), + f 0,y (xbD),.

L :/XbD8+/(XbD)y5)'+/(XbD)yy5)*y~

According to Holder inequality, there is
2
(Lo)* < Mo [ [ wpri+ [upi+ [ (xz;D)i,y} = Mg DI,

Where My = max {f Qz,fo,,fQ%y}.Then |Lo| < /Mgllxs D 2. Similarly

(L)? < </ e—ZyI) . (/ g2 +/s§ —i—/sgy) = ||8||§.12

Then |L.| < ||e|| z2.Bring these results of inquality into (2.12), then

AEo < N1l +293 + 52 (I DI +2 el 2]
+b[8v3e (0) +2y/Mg |16 Dl 2]
Because boundedness of ||¢]| 2 and || xp D|| g2, (2.10) is proved. O

Introduce the new time variable s, it satisfy

todr d 1
s :/ ———, or equivalently @ - (2.13)
0 A/2(t) dt A /2(1)

Then the ¢ in (2.6) can be rewritten as s € [0, so], where 5o = s(#p). According to the
decomposition of ¢ in (2.6), there is :

Lemma 2.1 ForVs € [0, s0], s — (A(s), x(s), b(s)) C C!,

1 |
& + zbé‘ ZE <T +b> (Qb + 8) +xS(Qb +8)y

1 (2.14)
— 0p(Qp)y — 88y — (Qp€)y + Pp — Ebe + R(e)
where

Q) = (Qp)s = —bs / (o +vyx'p)D,
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578 D. Ding, D. Wen

3 / 2 1 ) 1 2
R(e) = 3 / P (y — 2(0p), — / P(y —2) [Qb + E(Qb)z - E(Qb)zz}
3 2 2, 1, 1,
+§/Pzzz(y—z)sz—/Pz(y—z) <a + e - ESZZ) (2.15)
+ 3/ P (y — Z)(Qb)égz - / P.(y —2) [2Qb8 + (Qb)égz - (Qb)/z/zgzz}

The expression of P is the same as (1.6).

Proof From (2.5),

1
vy = 5)»_%)»,14 + )»%u, + A%x,uy,

(2.16)
1 1
Uy = A2uy, Vyy = A2uyy.
Substitute in (1.7)
1 1. _3 _1
A2y, — 5)» 200 — A 20X + VY
3 , , 1, 1, (2.17)
= ) / Py (y — Z)UZ - / P(y —2)(v" + Evz - Evzz)'
According to (2.13), (2.17) can be transformed into
1 A
Vg — ETU — UyXs + vy
(2.18)

3 1 1
= 5/Pm(y —z)v? —/Pz(y —2) <v2+ Evg — 51@).

From (2.6), there is &, = vy — (Qp)s, then

6+ 5be =3 (% +b> (Qp + ) +5,(Qp +9),

2
1
— 0p(Qp)y — 8y — (Qpe)y + Pp — Ebe + R(e)

Where
3 / 2 1 / 1 2
R(e) = 3 / P (y —2)(Qp); — / P.(y—2|0p+ E(Qb)z - E(Qb)zz

3 1 1
+ E / P (y _2)822_/ P(y —2) (82 + 583 - 5822,1>

+ 3/ P (y — Z)(Qb)/zgz - / P(y —2) [2Qb5 + (Qb);ez - (Qb)/z/zszz}

@ Springer



Stability of disturbance decomposition near traveling wave... 579

and

i, Nei
—?e Thsing x>0, ?e T"sm(%—f—%ﬂ) X 219
P,\: V3 ﬁx Pxxx: V3 ﬁx . 5 ( . )
Fe? sm2 x > 0. —%5e2 sm(j 77'[) x>
O

Lemma 2.2 (Parametric equation) Ifthere exist0 < & < a*, s.t. forVt > 0, u(t) € Ty,
then A(s), x(x) € C'. Moreover,

1 /A
E(T‘i‘b)/QbQ_xs/Qbe

1 1
=—5/Qy(Qb—i-E)z—/q)bQ-i-Eb/QbQ—/RQ-

(2.20)

and

1 (A
5 (7 -l—b)/QbyQy (/ QbQ)7+/QbYny+/8yny>
(2.21)

1
=—5/(Qy+Yny)(Qb+8)2—/q>be+Eb/QbyQy_/RyQy‘

Here R is given by (2.15).

Proof This calculation relies on (2.8). In order to perform rigorous calculations, reg-
ularization parameters are used for u.
Select Q € C' (R\{0}) s.t. for Vx € (R\{0}),

10 )| +]0 @] <e .

Assume ug € H?, therefore u € L™ ([0 +o00], HS(R)) where |§(y)| < b,
Accordlng to proposition 2.4, A(t), x(t), b(t) € c! (R).From (1.7), we calculate
ds f Qg

S5 2, Lo 1,
=72 | Q3—uuy — Pyx|u +§ux—§uxx—3(uxuxx)x
X
25 5B 2 1o
u Qy — A Q3Py*|u +5ux Eu” 3(Uxtyy)y .
X
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580 D. Ding, D. Wen

Therefore

di/é [ /Q(x—x(s))u(s x)dx}

—lk 2.22
=% Qv — /QU+ /Qx (2.22)

—/Q P*u+]u2——u2 — 3(Uxthxy)
2 2x 2xx XXXxx

From definition 2.1 and (2.14), (2.22) can be rewritten as

d ~ lb ~
$/8Q+§ /SQ
1 (2 - - N _
:E(T"i‘b) (/QbQ+/8Q>_xs |:/Qbe+/8Qy:|
1 ~ ~ 1 ~ ~
+§/Qy(Qb+€)2+/q>bQ—zb/QbQ‘l‘/RQ (223)

Let 0 = Q. 0 = yQ, in (2.23).
When Q = 0, because (¢, Q) =0, (¢, Q) =0, then

d 1 /A
Z%fSQ =5 <7+b)/QbQ—X‘v/Qbe
1 1
+§/ny(Qb+8)2+f@bQ—Eb/QbQ‘i‘/RQo

Analogously, when é = yQy, there is

0= d 0
&
dS yy

1 (A
:§<7+b>/QbYQy_xs (/ QbeJr/QbynyJr/ngw)

1 1
45 [@ 430 +er+ [ @0, 36 [ oo, + [ #r0,

So (2.20) and (2.21) are proved.
Put the parametric equations as a system of equations related to (% + b) and x;,
similar to propsition 2.4, the coefficient determinant g(s) is

§(5) = —(/ QbQ> ~ (/ Qbe+beyny+/8yny>
(Jave) (fon).
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Stability of disturbance decomposition near traveling wave... 581

Calculate its value at No(1,0) ,

gy, = —(/ Q2> : <fQQy+/Qyny+/£yny>
“(Joo)(feo)

It can be obtained by [ Q- yQ,, =0, [ QQ, =0, then

g)|y, = — ( / Q2> : ( f syny) (2.24)

For [ ¢yQyy, by Cauchy inequality:

1 1

/€yny < (/ 82>2 : </ yzQi},)2 2 ¢, (2.25)

Where ¢, > 0, from (2.24)

£l = ( / Q2> (=c0)

It is obviously that g(s)| No > 0. According to Cramer rule, (% + b) and x, can be

written as the scalar product of (8;8)] and (8;05)]0, @i, j)e{0,1,2} x{0,1,2}.

Assume ug € H*(R), take a sequence [15] u,, € H3(R), according to the prin-
ciple of density, u,, — uo as n — +o0,and u, is also the solution of (1.8) in
H*. For each T > 0, according to [21] Th 2.4, then for VO < ¢ < T, there is
u, € L® ([0, T1; H3 (R)). According to the continuous dependence of the solution
on the initial value, u,, — u as n — oo in L*® ([0, T]; H4(R)).

&ns An, by and x,, are defined [15] by the same way in (2.4), from propsition 2.4, in
L°°([0, T]) there is A, — A, b, — band x, — x asn — 0o, then [ Q (8;8,1)] N

f (0] (G;S)j, @i, j) €{0,1,2} x {0, 1,2}.Usingi = 0, j = 1 for example, the remain-
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582 D. Ding, D. Wen

1
ing is proved in the same way. Where &, (t, y) = Ay un(t, y + xn) — Qpn)(¥)

‘/ O®y) - [ea(s, ) —e(s,yn‘

~ 1
= ‘/ Q (x — xu(s)) - [A%un(s,X) - bn(S)Xb(x)D(x)i|

- [ G = xe) [Futs.n) = bs) 060D

1
<

/ {0 (x = xn(5)) - [ttn (s, x) — u(s,X)]}‘

4 /{[é(x—xn<s>>~xé—é(x—x(s))mi u(&x)”

+ f[é(x—xn(S)) Xb(X)D(x) - [b(s) — bu(s)]

+ / [O(x —x(s) = O (x — x,(s)] - b(s) xp(x) D(x)

£ G+ G2+ G3 + Ga.

Next, to estimate G| ~ Gy4.
From Cauchy-Schwarz inquality,

1o
G1 =23 | Q(x = x0 ()| 2 Nun(s, x) — uls, x)l 2,
Gz < 0 (x — x,(5)) Xo@)D@) |2 - 1ba(s) — b(s)] 12

bu(s) — b(s) asn — oo, and u, — u in L2([0, T]; H*(R)). By the boundedness
of A, then G1 3 — 0.
According to Holder inquality,

Ga = |8 (x = xa(s) A2 — O (x — x(s)) 2}

~/u(s,x),
LOO

G4 < [0 (x —x(s) — O (x — xu ()] o - () / Xb(x)D(x).

From the conserxation of mass, [[u(f, X)|| g2 < lluo(t, )|l 52, that is to say G2.4 —
0.Therefore, | [ Q(y) - [ea(s, ¥) — &(s, ¥)]| = 0 asn — oco.In L*®([0, T]), then

Je(me) ~ [ (),
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Where (i, j) € {0, 1,2} x {0, 1, 2}. Hence

_ 2f05 [m1mx2 - mzmxl] (s"ds’
MM ,by; — Mx M(%,b),
Jo [mimg.p), —mam.p), ] (s")ds’

MG.,b) Mxy — MQb)ymy,

A+ by

Xy, =
Where

M (5. b, =/QbQ, M (3.b), :/Qb)’Qy-

My, ZbeQy’ My, :/Qbe+/QbyQ)’y+/8yny'
1 1
m1=—5/Qy(Qb-i-S)z—/‘DbQ-l-Eb/QbQ—/RQv

1 1
== [ @300 +e7 - [ 00,436 [ 0vo, - [ Ryo,.

In particular, if A(s), x(s) € C', and ug € H*(R), then (2.20) and (2.21) are valid on
the H* (R). o

Proposition 2.6 For R(¢) in (2.15), the following inquality holds
R(e) < /e*%'ﬂ +/ee*%'>" +lell3,s - (2.26)
Proof Firstlet R(¢) = Ry + R» + R3, where
3 : S BN
Ry = 3 Po(y—2(0p),— | P.b—2)|Qp+ E(Qb)z - E(Qb)zz )

Ry =3 f Prce(y = 2)(Q)6: — / Py = 2 [200e + (00,6 = (Q5)cecc .

3 2 1 2 1 2
R3 = E PZZZ(y _Z)EZ_ PZ(y - Z) 8 + 282 - 5822

To Ry,
Ry =£ e~ 2=l gin <¥ + —n) (Qp),

a2 |[Qb+ (Qb)z——(Qb):|

S [Q + = (Qb) — (Qb>§z}.
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So R1(y) < fe_T(?'y'. Similarly, R3 < |le]l 2. Using the property of ¢ and Q)
VT -zl 2 '
Ry :ﬁ/e 7 1=l gin (|y2—| + §7T> (Ob)¢;
V3 [ Ay ly—zl / /
=2 e in DA (204 + (Qu)le: — (0o

5/67§|x|ef§|x|gz+/6J7§|x|8,

So Ry(y) < fe_“/gms < fe’%w‘s.
Summarily, R(¢) = R; + R> + R3 and

R(e) S/e*%m +/867%|}'\ + ||8||%12

Then (2.26) holds. O
Proposition 2.7 (The equation of b) Assume for Vt € [0, 1),

2 ~5 Iyl
ey(t, y)e 2Vdy < R (2.27)

Where R is any non-negative small quantity. The following holds

o~ 1 A [ DQyye
b b bP—b| = (= +p) + L7222
s + cpb + )2 [2()\ +b) + 7D,

~0 (f e§'>’) +0 (/ se'y'> +0(1b°). (2.28)

Where

Cpk

/DOy

1 —
CbZ/XbDnyQs Cb2=/XbD <XbDny+§Qy>, Cpk = — (k=1,2)

Proof According to (2.8), there is
d _ (ks
E/sz = 5<7+ )/Qbe+xs/(Qb+8)yQy
1 1
+5f(Qb+8)2-ny-i-f(l)be—Eb/Qbe-i-/R-Qy=0 (2.29)

Here, s is regarded as a variable independent of y. According to the orthogonal con-
dition,

/Qbe=/QQy+b/XbDQy=b/XbDQy,
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Stability of disturbance decomposition near traveling wave... 585

Simplify the square term

/(Q§+2Qbs+s2) Qyy =2b/x,,DQny+2b/Xstny+b2/X§D2ny

-I—O(/e*%b’l) +0 </ 8e%y|) .

The simplification here is based on (2.27). According to the properties of ®,,

[ @00, = [ Go+y3xD- 0, = b, [ DO, +0(10F).

Using the propsition of Q,

xs/Qth +‘/5ny

Put these results of simplification into (2.29), we get

< b

1/ 2
3 (T +b>b/XbDQy+chb+b/XbDaQ,y +cbzb2—bS/DQy (2.30)

Where

1
b = / xb6DQQyy. cpp = / x»D (XhDny + EQy>
From the boundness of D and Q, the scalar product of Q and ¢ is
o (|b|5) 40 </ e%lyl) 40 (/ gey|> 40 </ e;m) 40 (/ gei|y>
(2.31)

Among them, the estimate of | R is given in the proposition 2.26. Combine (2.31)
and (2.29), then

~ —~ 1 (/A fDQvg
b b bl (2 +p J TRV
s T Cp0 + Cp2 |:2<k+>+ fDQy]

-0 (f e_;”) +0 (/ se_y> +0 <|b|5) .

Where ¢ = —cpi/[ DO,y . O

Lemma 2.3 (Control of modulation parameter [22]) For Vs € [0, so],

1
A 2
> +b‘ Tl S B2+ (/ ee%'y'> , (2.32)
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1bs] < 1B + / st (233)

Proof By Cauchy-Schwarz inquality,

/Qv(Qh +6)? S (/ e—ily)2 : (/ 848—3yl)2 < f84e—§\y|.

And

b/Qbé=b/Q§+b2/be§§b/g—%|yl

From lemma 2.2

1 (A _ 1 5
7 7+b 0p0| Slxgl Qbe—z 0y(Qp+e) — | ®0
1
+§b/Qbe—/RQy
1
_Liy)? 4 —lyy
§|Xs||:|b|+</6e z'>) :|+|bs|+/8 e 3
+|b|/e*%|y|+/e*%‘>’|+/se*%‘y|+||g||§12.
Similarly, from (2.21) we can get
Xs </ Qbe"‘/Qb)’ny"‘/Eyny)‘
1
A 2
N Tsﬁ-b‘ |:|bl+ (/Sze—;m) }+Ibs|+/84e_;y'
bl [t [ty feedilg e,

According to Holder inquality,

1 1 1
/84ef§|y| < Hezefgm _ </ 8ze6|y|>,
LOO
/Se—%m < ng—w H ,/e—_%w
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Hence,

%er' T lxl + |b|) : [Ibl + (f 86_“')1

+ Ibsl—i—/«s“e_-%m +/e—%'yl +/ee—%'Y' + el

A
Tx+b’+|xs|5<

That is

1

A 2
= +b‘ +Ixsl S B2+ Il + (/se—%ly)

Then according to propsition 2.7,

1
by S |b|+b</se—%y')2 + [y e

We can also get
|bs + cb| S 1bI> +b (/ 86_;)}') —i—/se_ly‘ +/e_%‘y|.

Proposition 2.8 Assume the uniform L' control on the right
| 1wl S o0 forvi e 0.0, (234
y>0

where Rq is a small enough universal constant, for y — +00, the following holds :
(i) Let

2 y
my) = ©. .0 )/ Qy. Jils) = /8(S)~771; (2.35)
v J—o00 y —0oQ

Ay 5 1
Bopp) - =2, - =2
< /ge—%'y' + || ([ ge—iy'> +/e—|%'>" FB. (236)

S 0Oy + 0y)
D, [7 (yQyy + Oy

then

(i) Let

o = | e k= / o) M (237)
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588 D. Ding, D. Wen

and for k = —% (oD, [* (yQyy + Qy)), there is

g/e—l%\y|+fge—%\y|+/gze—%\y|+|b|.

(2.38)

1A
by + kb> D), — ==
s + + |:( 2)3 2 2:|

(iii) Letn = 2n1 +n2) € B, J(s) = (e(s), n) , « is positive constant, then

d (b b 1A 1 _Lyy
(%) [rmay] s (fortiem). e

Proof According to (2.34), due to the L! bound, from (2.14),

LA G o ) L

5 @t N+ (e ) (2:40)
y y y
ol )l ) (e L)
Consider (2.32), (2.33) and (2.28), (2.40) is equivalent to

(L)) (o f )

~25(Q. )+ (@ +2) f) 2:41)
(o o) olen L) 2w L)

In the calculation of Jjand J;, take f meets (f, &) = 0.

(i) The boundedness of J;
We apply (2.41) to f1 = Qy, then

(o) -(z)(ef o) 2 ([ o)

y
((Qb+e>2 Qy)+2(d>b, / Qy) 2.42)

(o[ o) (x [ @)
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Where

f(Qb +8)%0,

=/QZQy+2b/XbDQy+b2/x§D2Qy

+z</ Qsz+b/XbDer> +/82Qy
=0(|b|)+o</ ge-%'y'> +o<|b|fee-3y'> +o</ g2e—é'yl).

From (2.33), we can get

y y
<q)b»f Qy) == <bs(Xb + VyX/b)va Q))

=~ b,(D, 0,) + O (IbF)

——0(b) -0 (/ ge—ib") +0 (|b|5) .

As the definition of Qyp,

y y y
b(Qh»/ Qy> =b<Q,/ Qy) +b° <XhD,/ Qy> = O (|b[x2.44)

According to (2.15), we have

([ o) =o(f ) o(fert)+otutia). @49

Substituting the (2.43)~(2.45) into (2.42), then

2% - (% +b> + %% +o</se—3'y)

(2.43)

—0 <|b|2) 10 (f e—ﬁ)ly> +p (||s||§12) . (2.46)

From (2.35), then (J); = (&5, [, Qy)/(Q. [7, Oy) - Hence

s 5 12
'(7 +b) —p -2 [(Jos - ﬁh}
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< [eertotaini(fee i)+ et pop

(i1)) Boundedness of J,

Similar to the structure of Ji, we now apply (2.41) to f> = yQyy + Oy, using
the algebraic relations,

(@f e[ e)=—(of o) +(e [ )=

we can obtain that

d y
25 (8’ /_oo (yQyy + Qy))

As y
= 7 (5’ /;oo (yOyy + Qy))

y
+((Qp+% 50,y +0,) +2 (cbb, | on+ Qy))

—b <Qbs /_yoo (yOyu + Qy)> +2 (R, /_; (YO + Qy)) '

and similarly

(2.47)

/(Qb +e2 (YO + Oy)
— 2b/ XD (YQyy + 0)) (Q + ) +b2/x3D2 (yOyy + Q)

+2/QE(YQW"‘Q}‘)+/82(Yny+Qy)

3
=0(b)+0 </ ge—zy'>
+0 <|b| / se—ib") +0 (/ eze—i'yl> .
Estimate the scalar product term of &,
y y
<<Db,/ Yny‘i‘/ Q})
—00 —00
y y
= —by ((Xb + Vyx/b) D, / Yny +/ Qy)
—00 —00
y y 5
= —2b, <D,/ YOy, +/ Qy) +O<|b| )
—0oQ —00
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Substituting these results into (2.47), here

(Ss, fioo yQyy + Qy)
(D, [ yQyy + Qy)
Ag (87 ffoo yQyy + QJ’) 2
= ‘ — b, —O|(|b
A(D, [P y0Oyy + Q) <| | )

+0(lbh +0 </ ge—3>"> +0 [Ibl (/ se—ily'>]
+0 (f sze—%y'> +0(1bI°) +0 ([ e—%D’) +p (llel) -

According to (2.25), we find that f eyQyy # 0. From (2.37),

S/e_%‘yl+/8e_%‘y|+/826_%|y|+|b|.

Where k = —5 (xsD, [ (yQyy + Q))) -
(iii) Boundedness of J
It can be computed form (2.36) and (2.38):

d(ﬁ) by Asb:bs—i-abz ab(ﬁ_}_b)

(2.48)

1A
by + kb* + |:(J2)S - = J2i|
2

s\ ) T T ¥ e ICEN AW
(e ol o[
)\‘O(
1
+0(I6]) — (J2)s + 5712] (2.49)

- ;‘—a [o (b/se—ily'> +0<b2/ge—3y'> +o<b/e—fo|y'>

A
6 2 s
+O<b)+0(b )+2b(]1)s b}LJl}
Where « positive constant, for |b| < 1, then (2.49) becomes
d (b 1 (1) 1A 7
ds \n@ ) = e [V T a2
b As 1 2 Ly
Y] [Z(J])-V_TJ]}+A_aO (/8 e 21+ |b| (2.50)

According to the definition of n, there is J = J; + J», then

d b\, b 12, L ([ 21y
a(k_“>+k_“|:Js_ETJi|‘SA_a</ge 2y+|b| .
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Which proves (2.39) .

3 The stability of £

Consider the following Cauchy problem:

2
— Qp(0p)y — g8y — (Qpe)y + Py (3.1)

1
- Ebe +R(8)1 (S3 )’) € R+ X Rv

1 1 (s
&5 + §b8 == (7 +b> (Op+ &) +x5(0p +8),

e(0,y)=e0(y), y eR.

Lemma 3.1 The energy relationship of & holds as following

2 2 2 2
lel2s =2 1QI%: — 11051 + A lleol2s

+4+/3 [1e (0) — & (5, 0)] (32)
—2b [/ xpDe + / (xpD) ey + / (XbD)yyeyy] .
Proof From proposition 2.3,
E(e+4 Qp) =AEy=LE (g9 + Q). (3.3)
According to the definition of energy ,
E(Qp+e) =053 + llell72 + 43¢ (5, 0)
+2b U xpDe + f (xoD) ey + / (XhD)yyeyy] . (G4
E(Q+20) = 1013 + lleol%> + 4360 (0) .
Substitute (3.4) into (3.3), we have

2 2 2 2
lel2s =2 1QI%s — 11051 + A llsol2s

+ 443 [rep (0) — & (s, 0)]

—2b [/ xpDe + / (xpD) ey + / (XbD)yyeyy] .
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Stability of disturbance decomposition near traveling wave... 593

Lemma 3.2 Suppose u (t) € Ty+ is the solution of the problem (1.8) responding to u,
and ¢ € HZ(R) is the solution of (2.14) responding to ey = ug — Q, then

le (D2 < lleo (D2, s = 0. (3.5

Proof From proposition 2.3,
le (1132 =A1Q113,2 — 105132 + A lleoll?,2 + 4+/3 [Aeo (0) — & (s, 0)] — 2b - 1(3.6)

Where I = [ xpDe + [ (xpD)yey + [ (xpD)yyeyy-
Obviously || Q| g2 < || Qp |l 2. From propsition 2.4, then | — 1| < p (@), |l& (s) ]| 52
S pa), so [A — 1] < |le (8)] g2, then (3.6) is equivalent to

le ()13 <2v/3Colle ()]l g2 + [p (@) + 11 g0l

3.7)
+4V3[p (@) + Nlleolly2 +21b] - 1

Using Holder inequality,
1 1 1 1 1 1
= (o) (o) e () ()« (o) ()
< lelizz + ey 2 + eyl 2 S llely2
Then (3.7) can be rewritten as

le ()113,2 < Celle ()1l 2 + Ceg lleoll 2 3.8)

Where C; = 2v/3Cg +2|b|, Cyy = [p (@) + 1] (||80||H2 +4~/§).
Argue by contradiction. Suppose Jsp > 0, s.t. |le (so)[|z2 # 0, and for VC €
1

(0, +00), lle (s0)ll 2 > C lloll ;- From (3.8),

~

1 C
le Dl = 5y/4Caleol g + €2+ == 2 C (3.9)

Let
~ 1 —
C= <C8/||80||12_12 ) + Ceo
Where a;o € R. According to the assumptions and (3.9), we infer that

~ —~ 1 ~
Ce + Ce - lleoll ;o < lle (so)ll g2 < Ce

@ Springer



594 D. Ding, D. Wen

This leads to a contradiction that 6;) -|leoll g2 > 0. Since the supposed ||& (so) || g2 >
Clleoll g2 1s wrong. So (3.5) is established. O

Corollary 3.1 Ifug € Ty, then Jo* = o™ (), s.t. u € Tpx.

Theorem 3.1 Letp > 0, |69 — &oll g2 < p, € and € are the solutions of (2.14) respond-
ing to &g (y) and & (y) respectively. Then |[€ — ¢l 2 < p.

Proof Lete = ¢,& =¢in (3.1), here

1 1 /A
er + Ebe* =3 (f + b) e+ xsey — 'F — %6y — (Qpe™)y + R* (7). (3.10)

Where ¢* =€ — ¢, R* (¢*) = 22:1 R*, and

3
Rf =3 / Pz =) [ (e2)* —¢2]. R5 =3 / Pezz (v = ()61,

R%k = _/ P, (y—2) [Zng* + (Qb)/zgj + (Qb)”zzg;kz] ’

Ri=- [ ro-of[E) -]+ 5[ -] - 5 e -2}

Multiply the equality (3.10) by ng e* (k = 0,1,2), and perform integral over R.
Here only give the calculation detail of k = 2, the discussion on the other situation is
analogous.

1 2
% % _ ¥ % _ o *
Xs / EyEyyyy = TXs / EyyyEyy = 3%s (Syy> e

By integraling
* % _ * 2 * kY * kY
€TEEY = ehy) € +2 euyEyEy + | E5,E Eyyy
Homoplastically, we can calculate [ e*eye},,, and [ (Qpe*) e}, Hence
1d * 2 1 As * 2 * (oK) ok
5%/ (gyy> ) <T+b>f<8yy) +/R (e )8yyyy
3
1 + \2
_gb/ (gyy) LI
k=1
Where
_ * 2 -2 * k(Y
I, = (syy) (F+ey), b= 3y - &y + &yy) .,
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I3 = /S;yg* : (gyy + 8yyy)7
2
Ip = / £5,(Qp)yyye* +3 / &3y (Qp)yyey +3 / (8§fy) (Qo)y + [ £, Oy

According to e* =% — ¢,

< * * Y
I < /eyy (‘syye

*
+ ‘syysyD.

< Jeiule ([ 21 [lentl+ [ el = [ lenei])
&, (B + 1) 27

We can also get I < T.For I,

})

</|88yy|+/‘88yy>57

Similarly,
1o S Mo (1105125 + el + IE13: ).

*

2
Evrll oo [

According to the feature of R* (¢*), we only give

SJy

Lo’
Finally to estimate [ R*&*
the process of R} and R}.

/R Eyyyy /(RT))'yS;y
3 _Bo_. . -zl 2
= / |:/ ée_fb—z sin (% + §ﬂ> [(8;)2_85] dz:| &yydy
yy

3
= 2 [ (121 et e

<&z - IE13,2 -

Where Mo = max {

yyyy:

Analogously,

/RZgyyyy / |:/ «/Tge_\?y_zl sin (? ) (Qp) Za*dz] eyydy

yy

<|e*| - (||Qh||§,2 + 315, + ||s||§,2).
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2
Combining the control relationship of Ii, o, R*, f (8;),) and propsition 2.4,

*
Eyy

0 3.11)

2 . 2 ~12 2 « |2
5 (el + 10 + 1051%5) - 3|

L2

When k = 0, 1, the

2
. As for H> — L2,
then

2
* : *12
€%y I in (3.11) become || ||L2 and

*
€y

d ~
e e < (el + 11 +1Q6035) - [¢* e

Because ) € H* (R), from[21]Th4,% € L™ ([0, T1; H? (R)) as T > Oestablished.
Since using lemma 3.2 and Gronwall inquality, integral over [0, T]

2 ~ 2
e 52 S [exp (ool + 1Bl +1251%:) ] - Jeg] 3 5 >0 312)
Where [|p|| < p, from (3.12), when T < oo, s € [0, T,
IE = el2, < 130 — oll,2 < o

this theorem is proved. O

Letb = b+ Abin (3.1). Where eap = €prab — €b> Obtrab = Qp + Abxp D,

3
R (b + Ab) = 5 / Pzzz (y - Z) (Qb+Ab)/z + 3/ Pzzz (y — Z) (Qb+Ab)/ZSZ
3 RN _ 2, Ly 1,
+ 2/Pzzz (¥ Z)SZ /Pz (y—2) (5 + 28z 281z>
2 1 2 1 2
- / P, (y—2) |:Qb+Ab + 3 (Qp+ab); — 2 (Qb+Ab)ZZ]

- / P, (y — 2) [2Qp+abe + (Ob+ap) 62 + (Qpran) .62z ).

Theorem 3.2 Suppose epiap, €y € L™ ([0, T]H? (R)) are the solutions of (2.14)
responding to eap (0, y) = eany (), €p(0,y) = ep,(y) respectively.For ¥p, > 0,
38 > 0, s.t. when |b| < 8 there is ||ept-np — €bll g1 S Pb-
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Proof By direct calculation,

d 1 /A
7 (&b+ab — €b) =3 (75 + b) AbxpD + xsAb(xp D)y,

1
+ Ab {5 (Qp+ &) — [(xsD) - (Qp + e)]y}
| (3.13)
+ (AD)? [Exw — D - (XbD)y]

1
— EAb ~bxpD + (Ab)s - xoD + R (AD).
Where

3
R (AD) ZE f Pz (y —2) (AbXbD)/z + 3/ Pz (y —2) (AbXbD)/zgz
1 1
— / P.(y—2) [(AbXbD)z +5 (AbxyD)? — 5 (AbXbD)§Z:|

- / P, (y —2) [2(AbxsD) & + (AbxpD) &2 + (Abxy D) 622 ]

Next to estimate each parts in (3.13).
LetK, = 4 (*T + b) AbjyD + %, Ab(x D)., then

1 /A
e P (7‘ + b) Ab [ xpDll gt + x5 Ab | (xo D)y || 1 (3.14)

From D € B, then [|[xpD| g1 < Cpv/2.

V2max {Cp, Cp}. According to lemma 2.3,

(D) |1 = Cpv/2. Let Mp, =

1 /A
I, < 86 Mp, |5 (5 +8) ]
1
S [b2+ (/Ee—;m)z} (3.15)
£ Ab - B),.

Let Ki = Ab{3(Qp+e)—[06D)- (s + o)} = Ab (K11 —Ki2), using
Minkowski inquality,

||Kl,2||Hl = ” (XbD)y : (Qb + 8) + XbD . (Qb + 8)y ||H1

(3.16)
S [OeD)y | - 196 + el + lxo Dl - [(Qb + &)y 1
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That is

1Qs + 113, = 11Qbll3,1 + llell3,, + 26 U x»De + f <XbD>ysy] :

2 .
Apparently ”(Qb +eé), ||H1 <10+ 8||§{2 = E (Qp + €), according to (3.4)

2
106 + )y |51 <11Qbl1% + llel?z +4+/3e (5, 0)

+2b |:/ XbD8+/(XbD)y8y+/(XbD)yy8yy:|

Substitute these results of inquality into (3.16),

|K12] 0 <1Qol3: + llell + X D13, + 2+/3e (s, 0)

+2b |:/ xpDe + / (XbD)ygyi| +b [/ (XbD)yygyy]

<1063 + lel32 + llxo DII%2 + 2336 (5, 0) + 2Mp, b [[e][3,5 -

Where Mp, = max {||XbD||L2’ ‘

(D), ”L2’ |

(D) |]L2}. Then

1
1K1l 1 =AbH§ (Qp+¢) =[x D) - (Qp +8)],

H!
1
= 38610y + sl + Ab[TGGD) - Qo + Oyl (317

< Ab [MQb + M, + s DI +2¥/36 (s, 0)] .
4

Where Mg, = max {[|Qpll g1, | Qul%,1 } . Me = max {llell 1. llell?,1}-
Let Ky = (Ab)? [3 x5 D — x»D(xs D), ]. then

1
IKa2ll g1 < (Ab)? [Enxwum + HXbD(XbD)y”Hl]

(3.18)
< (Ab)? (MDH n M})H) 2 (Ab)- By
From |b| < |b*| <« 1, then
_ 1
1K, = —5 (A bxpD| < Ab-Mp, (3.19)
H
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Let Ky = (Ab), x» D.From property 2.7, we can get the equation of (b 4+ Ab)

(b+Ab)s+5E,(b+Ab)+5;,3(b+Ab)2—(b+Ab){%[%+(b+Ab)}

+ffDD_QQy§8} ~0 (/ e—;u) +0 (f ge—'>") +0(1p°).

Where
cp = /XhDnyQ, Cp2 =/XbD (XbDnyJr %Qy>,
@:—fCDb"Qy. k=1,2)
The fact that
|(b+ Ab),| < |b+ Ab] +/se—%'y'.
So

1Kl g1 < [(b+ Ab), — (b)s] - I x6Dl 1
S[b+ Ab| — |b]]- Mpy, (3.20)
< Ab- MDH-

Combine (3.15),(3.17),(3.18),(3.19) and (3.20), using Minkowski inquality

|K,+ K1+ K2+ I?+Ks”H1 < |Kp| ;1 + 1Kl g
1Kl g + | K|y + 1Kl
< Ab (B, + By +2Mp,,) + (Ab)*B,
2 AbB) + (Ab)*Bs.

(3.21)

Finally to estimate ||R (Ab)||41. Let R (Ab) = Ry, + Rp, + Rp; + Ryp,, where

3
Rb1 = 5 / P (y—12) (AbXbD)/Z» sz = 3/ Pz (y —2) (AbXbD)/zgz,

1 1
Rpy = — / P, (y—2) [(AbXbD)z +35 (AbxyD)?* — 3 (Abxwﬁz},

Rp, = —/ P, (y —2) [2(AbxpD) & + (AbxpD) e, + (AbxsD)" 62 ].
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From (2.19),

ly—zl 2
il = 80] [ tn (24 2) o

|l

H!

2
ly—zl
ol (XbD)/ZdZ] dy

) (3.22)
ly—z] 2 2
+ / [ / e‘2~(XbD>’Zdz} dy
y
%
£ Ab(/ Rbl’ldy+/Rbl>2dy) .
For Ry, |,
Ry, = (/ e_y—ZIdz> . |:/ (X;,D)gdzi| =2 ”(XbD)Z ”iz
By calculating
1 2 _ =zl 2
=] (] e =G0
Bring into (3.22)
1
2Ab 2 4 22 d 2
||Rb1 ”Hl < A H(XbD)z ||L2 y + (XbD )(Z) y 3 23
1 (3.23)
<20b(M}, +M},)" S Ab-Mp,.
Similarly,
[ Ros | e < */_AbH - (xp D)’ ;£.dz 1
Ii (3.24)
2
AﬁAb(/ sz.ldy—l—/sz’zdy) _
Where

2 2
ly—z| 2
Rbn, = [ / e’z.(x,,D);ezdz] < [ [+ [ e?] < (w3, + 12’
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And

2
=

_ b=zl
sz,z = |:/e 2 . (XbD)/zgde:| = (XbD)g SZZ.
)7

Then
2 3
| Roy | 1 < ﬁAb[/ (M3, +M2) dy+/ (XbD)fsgdy]
1
2 2 2 2 A
< Ab (MDL —i—Mg) +M.| 2 Ab- By,

Similar to Ry, , for Ry,

V3

Ry, < = (Ab)? [ / (D) + f (x»D)? + f (xz;D)?Z] <V3(Ab)’ M}, .

That is to say ||R;,3 ||H1 < (Ab)2 . MZDL. We can also get Rp, < 2/3Ab - Mp, M.,

then || Ry, || ;1 < Ab - Mp, M.
Combine || Ry || i, (k =1, 4),

IR (Ab) | 1

|| Rbl + sz + Rb3 + Rb4 ||H1
Ab (Mp, + By, + Mp, Ms) + (Ab)* M3, (3.25)
AbBg, + (Ab)>M3, .

> A

To sum up, from (3.21) and (3.25)

d lleanll d l l
—le = —1lle —&
ds AbllH! ds b+Ab bllg!
< |Kp| ;0 + 1K g + 1Kl g1+ | K| 1+ 1Kl g1 + IR (AB) | g1

< Ab- (B +Br,) + (A0 (B2 + Mp,) = AbBr + (Ab)* By,
If Ab < (Ab)2,let 8; = v/p»/(Bi + B»), then
| ean)s]l 1 S (ADY* (Bi + Ba) < po.
For the same reason, if Ab > (Ab)2, let 8, = pb/(l/ﬂ + E) , then
| eap)s || ;1 < 161 (B + Ba) < pp.

Let 8, = min {8y, 82}. For Vpp > 0,38 > 0,s.t. when |b| < 8p, thereis || (eap), || ;1 <
P, theorem 3.2 is completed. O
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