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ABSTRACT

We present augmented counterfactual ordinary differential equations (ACODEs),
a new approach to counterfactual inference on time series data with a focus on
healthcare applications. ACODEs model interventions in continuous time with
differential equations, augmented by auxiliary confounding variables to reduce
inference bias. Experiments on tumor growth simulation and sepsis patient treat-
ment response show that ACODEs outperform other methods like counterfactual
Gaussian processes, recurrent marginal structural networks, and time series de-
confounders in the accuracy of counterfactual inference. The learned auxiliary
variables also reveal new insights into causal interventions and hidden confounders.

1 INTRODUCTION

Decision makers want to know how to produce desired outcomes and act accordingly, which requires
causal understanding of cause and effect. In this paper, we consider applications in healthcare, where
time series data on past features and outcomes are now widely available. Causality in time series have
been long studied in statistics (Box et al., 2008), and allows more powerful analysis than methods
on time-independent data, like instrumental variable regression (Stock & Trebbi, 2003). However,
temporal causality in statistics and econometrics focuses mainly on passively discovering time lag
structure (Eichler, 2012). In contrast, decision-making applications need concrete interventions,
which is more amenable to an interventionist approach to causality (Woodward, 2005; Pearl, 2009).
To give one example, electronic health records (EHR) in healthcare provide an accessible history of a
patient’s disease progression over time, together with their treatment records and their results. To
identify effective treatments, a doctor may want to ask counterfactual questions (Johansson et al.,
2016), like “Would this patient have lower blood sugar had she received a different medication?”
Through such counterfactual analysis, medical professionals may hope to discover new cures and
improve existing treatments. Similar situations arise in other use cases. For example, a user interface
designer may want to ask “Would the user have clicked on this ad had it been in a different color?”,
substantiating their answer from counterfactual inference on clickstream data or other user behaviors.

Counterfactual inference in time series has studied, assuming that all possible causal variables are
observed (Soleimani et al., 2017; Schulam & Saria, 2017; Lim, 2018). In practice, however, this
assumption of perfect observability is not testable and too strong for many real-world scenarios (Bica
et al., 2020). For example, there are many ways in general to treat cancer, but each patient requires
their own bespoke treatment plan based on unique characteristics of each case such as drug resistance
and toxic response (Vlachostergios & Faltas, 2018; Kroschinsky et al., 2017; Bica et al., 2020).
However, these factors are also likely to be unmeasurable in practice, or otherwise not recorded
in EHRs. Detecting these hidden confounding variables is therefore crucial to avoid bias in the
estimation of treatment effects.

The challenge introduced by confounders in counterfactual inference was first studied in the static
setting. Wang & Blei (2019) developed a two-step method that estimates confounders with latent
factor models, then infers potential outcomes with bias adjustment. However, confounders in time
series can have their own dynamics, and can themselves be affected by the history of interventions.
Subsequently, Bica et al. (2020) introducing recurrent neural networks (RNNs) into the factor model
to estimate the dynamics of confounders. However, this method only works in discrete time setting
with a fixed time step, due to how RNNs are structured. In this paper, we consider the continuous-time
setting, which is more flexible in practice and provides more insights of the underlying mechanisms
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(Chen et al., 2018; Rubanova et al., 2019). The continuous-time setting is particularly important for
healthcare, where there are many time-varying treatments, irregularly-sampled or partially observed
time series (Soleimani et al., 2017).

The classical modeling approach to dynamics uses ordinary differential equations (ODEs)
d(x(t))/dt = f(x(t)), encoding domain expertise of underlying mechanisms in the explicit specifi-
cation of f . In contrast, Chen et al. (2018) introduced the concept of neural ODEs by parameterizing
f with neural networks, thus allowing dynamics to be described by arbitrarily complicated func-
tions. Several extensions handle even more complicated issues like irregular sampling or switching
dynamics (Jia & Benson, 2019; Kidger et al., 2020). However, these methods cannot be directly
applied to time series counterfactual inference, as they focus on initial value problems, which cannot
describe interventions without explicit modification of f (Kidger et al., 2020). Furthermore, these
existing methods can only handle hidden variables by explicitly describing their dynamics and
interdependency with interventions, thus limiting their utility when confounders exist.

Our contributions. We propose augmented counterfactual ODEs (ACODEs) to predict how a
continuous-time time series will evolve under a sequence of interventions. Our method augments the
observed time series with additional dimensions to represent confounders. We then construct counter-
factual ODEs based on the neural ODE framework to model the effects of incoming interventions.
The ACODE model has three key features. First, it allows for the presence of confounders that can
reduce the prediction bias. Second, the ACODE can continuously incorporate incoming interventions
using neural ODEs and support irregularly-sampled time series. Third, it demonstrates state-of-the-art
performance against competitive baselines for counterfactual inference in both simulation of tumor
growth and real-world time series of sepsis patients treatment response. Moreover, the ACODE
provides an interface between machine learning and dominant modelling paradigm described in
differential equations, which allows for well-understood domain knowledge to be applied to time
series counterfactual inference. To the best of our knowledge, this represents the first method for
counterfactual inference with confounders in the continuous-time setting.

2 RELATED WORK

Time series counterfactual inference stems from causal inference (Pearl, 2009; Eichler, 2012). A large
body of pioneering work in causal inference focus on causal relations such as structural causal models
(Pearl, 2019) and Granger causality (Eichler, 2007). Counterfactual inference, on the other hand,
focus on estimating the effects of actionable interventions, which is a pervasive problem in healthcare
(Hoover, 2018). In literature, the difference between the counterfactual outcomes if an intervention
had been taken or not is defined as the causal effect of the intervention (Pearl, 2009). Originated from
the literature on observational studies (Shadish et al., 2002), Rubin’s potential outcome framework
has been a popular language to formalize counterfactuals and intervention effect estimate (Rubin,
2005; Imbens & Rubin, 2015).

The problem of hidden confounders in counterfactual inference was first studied in the static setting.
Wang & Blei (2019) developed theory for adjusting the bias introduced by the presence of hidden
confounders in the observational data. They found out that the dependencies in these multiple
confounders can be used to infer latent variables and act as substitutes for the hidden confounders.
In this paper, we are interested in considering hidden confounders in time series setting which is
much more complicated than in the static setting. Not only because the hidden confounders may
evolve over time, but also because they might be affected by previous interventions. On the other
hand, most existing work on time series counterfactual inference including counterfactual Gaussian
processes (CGP) (Schulam & Saria, 2017) and recurrent marginal structural networks (RMSNs) (Lim,
2018) assume there is no hidden confounders, i.e. all variables affecting the intervention plan and
the potential outcomes are observed, which is not testable in practice and not true in many cases.
Recently, Bica et al. (2020) applied the idea of latent factor models from Wang & Blei (2019) to the
deconfounding of time series. However, their proposed method is based on recurrent neural networks,
which works only with discrete and regularly-spaced time series.

Differential equations have been introduced into causal and counterfactual inference in previous
studies. Rubenstein et al. (2018) showed that equilibrium states of a first-order ODE system can be
described with a deterministic structural causal model, even with non-constant interventions. This
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line of literature is centering around casual relations, which is a different focus from this work. On
the other hand, differential equations with incoming information is a well-studied mathematical
problem in the field of rough analysis, which is referred as controlled differential equations or rough
differential equations. These approaches directly integrate with respect to incoming processes (Friz
& Victoir, 2010; Lyons et al., 2007).

Neural Ordinary Differential Equations Neural ODEs (Chen et al., 2018) are a family of
continuous-time models. Starting from an initial state z(t0), it evolves following a neural net-
work based differential equations. The state at any time ti is given by integrating an ODE forward in
time:

dz(t)

dt
= f(z(t), t; θ), z(ti) = z(t0) +

∫ ti

t0

dz(t)

dt
dt (1)

where f is a neural network parametrized by θ. Given the initial state, states at any desired time
stamps can be evaluated with a numerical ODE solver:

z0, z1, ...,zN = ODESolve(fθ, z(t0), (t0, t1, ..., tN )) (2)

More importantly, Chen et al. (2018) proposed to use the adjoint method to compute the gradient with
respect to the parameters θ as long as f is uniformly Lipschitz continuous in z(t) and continuous in
t. This allows ODE solvers to be used as a black box building block in large models.

3 PROBLEM FORMULATION

Consider a multivariate time series x(t) and continuous-time time-dependent interventions a(t). The
observational data consists of multiple realizations of above mentioned time series and interventions.
Given that realizations are independent to each other, we only consider one realization in following
part for simplicity. In a realization up to time t, we observe N time series data points and their
timestamps {xi, ti}Ni=1 along with continuous-time interventions {a(s) : s ≤ t}. We would like
to infer the potential outcome under future interventions given all historical information for any
potential intervention plan {a(s) : s > t}. We will abuse the notation of a>t and {a(s) : s > t} in
following sections. Our goal is to infer the following distribution:

p(x(a>t)|a≤t, {xi, txi }Ni=1) (3)

where x(a>t) denotes the potential outcome of future time series x under future intervention
a>t. Although we cannot directly model this objective distribution, we can instead fit a re-
gression model to estimate p(x>t|a>t,a≤t, {xi, ti}Ni=1) from observational data (Rubin, 1978).
For cases without hidden confounders, this lead to unbiased estimation of potential outcome
p(x(a>t)|a≤t, {xi, ti}Ni=1) = p(x>t|a>t,a≤t, {xi, ti}Ni=1) under certain assumptions, including
sequential strong ignorability (Fitzmaurice et al., 2008):

z(a≥t) ⊥⊥ a(t)|a<t,x≤t for ∀a≥t (4)

This condition holds if there are no hidden confounders, which cannot be tested in practice since
counterfactual outcomes are never observed in practice. With the presence of hidden confounders,
the above assumption is no longer valid and

p(x(a>t)|a≤t, {xi, ti}Ni=1) 6= p(x>t|a>t,a≤t, {xi, ti}Ni=1) (5)

Consequently, existing methods which infer conditional distribution p(x>t|a>t,a<t, {xi, txi }Ni=1)
from observed data would result in biased estimation of potential outcome.

4 AUGMENTED COUNTERFACTUAL ORDINARY DIFFERENTIAL EQUATIONS

To address the problem, the key is to reduce inference bias caused by the presence of hidden
confounders and capture underlying temporal dynamics and the intervention effects. We propose a
two-step method, called augmented counterfactual ordinary differential equations (ACODEs), which
first lifts the time series into an augmented space with additional dimensions and then models the
augmented time series with neural network parameterized counterfactual differential equations.
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<latexit sha1_base64="owU612ss0kt/beWsTZ0WWxk+PTU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAIbI2h</latexit>

a(t)
<latexit sha1_base64="/MZ12ksveNKBLeThEbFCFiIlVjQ=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BItQLyWpgh6LXjxWsLXQhrLZbtqlu5uwOxFK6V/w4kERr/4hb/4bN20O2vpg4PHeDDPzwkRwg5737RTW1jc2t4rbpZ3dvf2D8uFR28SppqxFYxHrTkgME1yxFnIUrJNoRmQo2GM4vs38xyemDY/VA04SFkgyVDzilGAmkSqe98sVr+bN4a4SPycVyNHsl796g5imkimkghjT9b0EgynRyKlgs1IvNSwhdEyGrGupIpKZYDq/deaeWWXgRrG2pdCdq78npkQaM5Gh7ZQER2bZy8T/vG6K0XUw5SpJkSm6WBSlwsXYzR53B1wzimJiCaGa21tdOiKaULTxlGwI/vLLq6Rdr/kXtfr9ZaVxk8dRhBM4hSr4cAUNuIMmtIDCCJ7hFd4c6bw4787HorXg5DPH8AfO5w9f9o3M</latexit>

z(t)
<latexit sha1_base64="9Og6L8lp94Jdd27Ye9kI730mygY=">AAAB+HicbVDLSsNAFJ3UV62PRl26CRahbkpSBV0W3bisYB/QhjKZTNuhk5kwcyO0oV/ixoUibv0Ud/6NkzYLbT0wcDjnXu6ZE8ScaXDdb6uwsbm1vVPcLe3tHxyW7aPjtpaJIrRFJJeqG2BNORO0BQw47caK4ijgtBNM7jK/80SVZlI8wjSmfoRHgg0ZwWCkgV3uB5KHEYZxOptX4WJgV9yau4CzTrycVFCO5sD+6oeSJBEVQDjWuue5MfgpVsAIp/NSP9E0xmSCR7RnqMAR1X66CD53zo0SOkOpzBPgLNTfGymOtJ5GgZnMIupVLxP/83oJDG/8lIk4ASrI8tAw4Q5IJ2vBCZmiBPjUEEwUM1kdMsYKEzBdlUwJ3uqX10m7XvMua/WHq0rjNq+jiE7RGaoiD12jBrpHTdRCBCXoGb2iN2tmvVjv1sdytGDlOyfoD6zPH75skyM=</latexit>

x̄i
<latexit sha1_base64="puz+s2dYv6Uju5GBpH4AqJLw6yo=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBA8hd0o6DHoxWME85BkCbOT2WTIPJaZWTEs+QovHhTx6ud482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1upn7rkWrDlLy344SGAg8kixnB1kkP3Qjr7GnSY71S2a/4M6BlEuSkDDnqvdJXt69IKqi0hGNjOoGf2DDD2jLC6aTYTQ1NMBnhAe04KrGgJsxmB0/QqVP6KFbalbRopv6eyLAwZiwi1ymwHZpFbyr+53VSG1+FGZNJaqkk80VxypFVaPo96jNNieVjRzDRzN2KyBBrTKzLqOhCCBZfXibNaiU4r1TvLsq16zyOAhzDCZxBAJdQg1uoQwMICHiGV3jztPfivXsf89YVL585gj/wPn8AJMeQoQ==</latexit>

hN
<latexit sha1_base64="YbtmBRlboZ8IE3o5aJie73VbYQY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04kkq2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91hPXRsTqEccJ9yM6UCIUjKKVHoa9u16p7FbcGcgy8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPil2U8MTykZ0wDuWKhpx42ezUyfk1Cp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMv2b9IXmDOXYEsq0sLcSNqSaMrTpFG0I3uLLy6RZrXjnler9Rbl2ncdRgGM4gTPw4BJqcAt1aACDATzDK7w50nlx3p2PeeuKk88cwR84nz8gko2x</latexit>

hi
<latexit sha1_base64="aZ/zXTULzJiM1n+5CRkawCLtx9Q=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MOrzfrniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gBJfo3M</latexit>

h2
<latexit sha1_base64="bp6t7iIR0UjPyg0dB3e9yeQtzcI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MOrX+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOC/Ou/OxaC04+cwx/IHz+QP2E42V</latexit>

h3
<latexit sha1_base64="1rokIfWEaaDwRR1ewq684sFr0TQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2lpoQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgbjm5n/+IRK81g+mEmCfkSHkoecUWOl+1G/3i9X3Ko7B1klXk4qkKPZL3/1BjFLI5SGCap113MT42dUGc4ETku9VGNC2ZgOsWuppBFqP5ufOiVnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhFd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHplGwI3vLLq6Rdq3r1au3uotK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c4bw4787HorXg5DPH8AfO5w/3l42W</latexit>

h1
<latexit sha1_base64="yiZQYYYwO+F5pP+nrgz81eCgwJQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0MOp7/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AH0j42U</latexit>

t1
<latexit sha1_base64="Ynqb8X5/kiOyHX7xonGGLyOZ6hM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+x7/XLFrbpzkFXi5aQCORr98ldvELM04gqZpMZ0PTdBP6MaBZN8WuqlhieUjemQdy1VNOLGz+anTsmZVQYkjLUthWSu/p7IaGTMJApsZ0RxZJa9mfif100xvPYzoZIUuWKLRWEqCcZk9jcZCM0ZyokllGlhbyVsRDVlaNMp2RC85ZdXSatW9S6qtfvLSv0mj6MIJ3AK5+DBFdThDhrQBAZDeIZXeHOk8+K8Ox+L1oKTzxzDHzifPwbmjaA=</latexit>

t2
<latexit sha1_base64="QkhZeJ8/5ytPGp7NPNhyJyw1LQM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+zX+uWKW3XnIKvEy0kFcjT65a/eIGZpxBUySY3pem6CfkY1Cib5tNRLDU8oG9Mh71qqaMSNn81PnZIzqwxIGGtbCslc/T2R0ciYSRTYzojiyCx7M/E/r5tieO1nQiUpcsUWi8JUEozJ7G8yEJozlBNLKNPC3krYiGrK0KZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OZI58V5dz4WrQUnnzmGP3A+fwAIao2h</latexit>

t3
<latexit sha1_base64="YA629ranIPUmZ/dNXTUQvIjXXco=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3WO/3i9X3Ko7B1klXk4qkKPZL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uwys/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRrVa9erd1dVBrXeRxFOIFTOAcPLqEBt9CEFjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AEJ7o2i</latexit>

ti
<latexit sha1_base64="tfoZ0NwakpmHAHaUfZOrJ8E+VAM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilB+yLfrniVt05yCrxclKBHI1++as3iFkacYVMUmO6npugn1GNgkk+LfVSwxPKxnTIu5YqGnHjZ/NTp+TMKgMSxtqWQjJXf09kNDJmEgW2M6I4MsveTPzP66YYXvuZUEmKXLHFojCVBGMy+5sMhOYM5cQSyrSwtxI2opoytOmUbAje8surpFWrehfV2v1lpX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH1vGjdg=</latexit>

tN
<latexit sha1_base64="dOuWbjJHTxXNPUGKVclvDBzUOro=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04kkq2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+Oyura+sbm4Wt4vbO7t5+6eCwaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3Uz91hPXRsTqEccJ9yM6UCIUjKKVHrB31yuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFe+8Ur2/KNeu8zgKcAwncAYeXEINbqEODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wcy2o29</latexit>

x1
<latexit sha1_base64="yncHiuXR449S5AoDxtuajI0EAm0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxUQZcFN66kgn1AO5ZMJm1DM8mQZNQy9D/cuFDErf/izr8x085CWw8EDufcyz05QcyZNq777RRWVtfWN4qbpa3tnd298v5BS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsYX2V++4EqzaS4M5OY+hEeCjZgBBsr3fcCycMIm1H6NO17/XLFrbozoGXi5aQCORr98lcvlCSJqDCEY627nhsbP8XKMMLptNRLNI0xGeMh7VoqcES1n85ST9GJVUI0kMo+YdBM/b2R4kjrSRTYySyhXvQy8T+vm5jBpZ8yESeGCjI/NEg4MhJlFaCQKUoMn1iCiWI2KyIjrDAxtqiSLcFb/PIyadWq3lm1dnteqd/kdRThCI7hFDy4gDpcQwOaQEDBM7zCm/PovDjvzsd8tODkO4fwB87nD8xmkr0=</latexit>

x2
<latexit sha1_base64="vdTCQWpAcdEoAqjXndSIH2U27gw=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qlX7ZXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QMOgo2l</latexit>

x3
<latexit sha1_base64="GcfdmiVXIuQAVIE+3vSRqlRiStc=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHbBRI9ELx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX7RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE175Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStmrlit3F6XadRZHHk7gFM7Bg0uowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AEAaNpg==</latexit>

xi
<latexit sha1_base64="HYbfjgGaRCmI8j+M0Errr+OmJEA=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120i7dbMLuRiyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6mfqtR1Sax/LBjBP0IzqQPOSMGivdP/V4r1R2K+4MZJl4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4KXZTjQllIzrAjqWSRqj9bHbqhJxapU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvkZl0lqULL5ojAVxMRk+jfpc4XMiLEllClubyVsSBVlxqZTtCF4iy8vk2a14p1XqncX5dp1HkcBjuEEzsCDS6jBLdShAQwG8Ayv8OYI58V5dz7mrStOPnMEf+B8/gBh3o3c</latexit>

xN
<latexit sha1_base64="fMYXZM1NhtchxsMKVIG+qJHZYns=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL54konlAsoTZySQZMju7zPSKYcknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdD31m49cGxGpBxzH3A/pQIm+YBStdP/Uve0WS27ZnYEsEy8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1SiY5JNCJzE8pmxEB7xtqaIhN346O3VCTqzSI/1I21JIZurviZSGxozDwHaGFIdm0ZuK/3ntBPuXfipUnCBXbL6on0iCEZn+TXpCc4ZybAllWthbCRtSTRnadAo2BG/x5WXSqJS9s3Ll7rxUvcriyMMRHMMpeHABVbiBGtSBwQCe4RXeHOm8OO/Ox7w152Qzh/AHzucPOPKNwQ==</latexit>

uN
<latexit sha1_base64="6p5OgkgU1Nmgk2LeR/fwKZC7Qkc=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04kkq2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dlZW19Y3Ngtbxe2d3b390sFhU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWjm6nfekKleSwfzThBP6IDyUPOqLHSQ9q765XKbsWdgSwTLydlyFHvlb66/ZilEUrDBNW647mJ8TOqDGcCJ8VuqjGhbEQH2LFU0gi1n81OnZBTq/RJGCtb0pCZ+nsio5HW4yiwnRE1Q73oTcX/vE5qwis/4zJJDUo2XxSmgpiYTP8mfa6QGTG2hDLF7a2EDamizNh0ijYEb/HlZdKsVrzzSvX+oly7zuMowDGcwBl4cAk1uIU6NIDBAJ7hFd4c4bw4787HvHXFyWeO4A+czx80YI2+</latexit>

ui
<latexit sha1_base64="KKDUQilCQPfQsyrs0GQPIYJdBfE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPZ5v1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZl0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwBdTI3Z</latexit>
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Figure 1: The ACODE model with CDE-RNN encoder and CDE decoder. The CDE-RNN en-
coder first runs backwards-in-time to produce an approximate posterior over the initial latent state
q
(
z0|{xi, ti}Ni=1,a≤t

)
. Given a sample of z0 and intervention process a(t), we can generate latent

state at any point of interest, and further generate augmented time series observations.

Augmented time series The proposed method first lifts the time series observations by introducing
k auxiliary variables ut ∈ Rk into xt, resulting in augmented time series x̄t =

[
xt
ut

]
. In this

augmented space, we can safely assume

p(x(a>t)|a≤t, {x̄i, ti}Ni=1) = p(x>t|a>t,a≤t, {x̄i, ti}Ni=1) (6)

The insights of introducing auxiliary variables ut come from two aspects. The first one is centered
around bias-variance trade off. Basically, modeling in the augmented space can reduce estimation
bias at the cost of higher variance (Robins et al., 2000). The second one is about the dimensionality
of the space where underlying temporal dynamics work. Basically, we want to approximate the
underlying temporal dynamics with learnable mappings. Given the presence of hidden confounders,
the true temporal dynamics work in a space with higher dimensionality comparing with the space of
time series observations. Therefore, additional dimensions could make it easier to approximate the
true temporal dynamics (Dupont et al., 2019).

In general, auxiliary variables ut serve purely as mathematical component without interpretable
mechanistic meaning and are initialized with all zero vectors. However, in some cases, the learned
auxiliary variables ut can provide interpretable insights about hidden confounders. We will show
this later in the experiment on tumor growth simulation. Further, we may also leverage the domain
knowledge on hidden confounders and initialize hidden confounders based on their dependency with
observed covariates and interventions. This is especially useful in fields where we have mechanistic
understanding of hidden confounders thought they cannot be directly measured. For example, a
patient’s cardiac contractility (the heart’s ability to squeeze blood), stroke volume, or systemic
vascular resistance are not unobserved, but can be inferred with domain knowledge.

Latent Counterfactual Differential Equations Starting from augmented time series, the proposed
method models the intervention effects with latent counterfactual differential equations. Specifically,
we assume there are latent states zt representing the state of time series. Latent states evolves
controlled by both the baseline progress and intervention effects.

z(t) = z(t0) +

∫ t

t0

fz(z(s); θz)ds︸ ︷︷ ︸
Baseline progress

+

∫ t

t0

fa(z(s),a(s); θa)ds︸ ︷︷ ︸
Intervention effects

(7)

x̄(t) ∼ p(x̄(t)|z(t)) (8)

eq. (7) represents counterfactual differential equations (CDEs), where both fz and fa are neural
networks parameterized by θz and θa respectively. Unlike previous methods such as (Rubanova
et al., 2019), the proposed counterfactual differential equations continuously incorporate incoming
interventions, without interrupting the differential equation. Therefore, we can solve the CDEs using
the same techniques as for Neural ODEs. Given an initial latent state z0, the generation process for
continuous value time series is summarized in Algorithm 1.
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Algorithm 1 Generation process of the latent CDE model.
Input: A distribution of initial latent state p(z0); timestamps of interest {ti}Ni=1; continuous-time
intervention process a≤t.
Output: Time series observations and their timestamps {(xi, ti)}Ni=1; corresponding latent states
{(zi, ti)}Ni=1.

1: Sample z0 ∼ p(z0).
2: Compute z1, ...,zN = ODESlove(fz, fa, z0,a≤t, {ti}Ni=1)
3: for i = 1, ..., N do
4: Compute µxi

,Σxi
= fx(zi; θx)

5: Sample xi ∼ N (µxi
,Σxi

)
6: end for
7: return {xi, zi}Ni=1

Algorithm 2 The CDE-RNN encoder for general cases.
Input: Time series observations and their timestamps {(xi, ti)}Ni=1, the continuous-time interventions
process a≤t.
Output: Hidden states and their timestamps {(hi, ti)}Ni=1

1: Set h0 = 0
2: for i = 1, ..., N do
3: Update h′i = ODESlove(gh, ga, (ti−1, ti),hi−1, {a(s) : ti−1 ≤ s < ti})
4: Update hi = RNNCell(h′i,xi)
5: end for
6: return {hi}Ni=1

We use variational autoencoder framework for model training and counterfactual inference. This
requires estimating the approximate posterior q(z0|{xi, ti}Ni=0,a≤t). Inspired by Rubanova et al.
(2019), we use RNN together with CDE and propose the CDE-RNN model to incorporate time series
observations {xi, ti}Ni=0 during encoding. The proposed CDE-RNN, summarized in Algorithm 2,
would be an effective way to handle irregularly-sampled time series. To get the approximate posterior
of initial latent state z0 at time point t0, we run the CDE-RNN encoder backwrads-in-time from tN
to t0. Then we represent the approximate posterior with Gaussian random variables depending on the
final hidden state of an CDE-RNN:

q
(
z0|{xi, ti}Ni=1,a≤t

)
= N

(
µz0 ,Σz0

)
(9)

where µz0 ,Σz0 = gz
(
CDE-RNNφ({xi, ti}Ni=1,a≤t)

)
(10)

Here gz is a neural network mapping the final hidden state of the CDE-RNN encoder into the mean
and variance of the approximate posterior of z0. Following autoencoders framework, we jointly learn
both the CDE-RNN encoder and CDE decoder by maximizing the evidence lower bound (ELBO):

LELBO(θ, φ) =Ez0∼q(z0|{xi,ti}Ni=1,a≤t)
[log pθ(x1, ...,xN )]

−DKL[q
(
z0|{xi, ti}Ni=1,a≤t

)
||p(z0)] (11)

Although with incoming interventions, the whole model is still a ODE-based sequence-to-sequence
model. Therefore, we use the adjoint-based backpropagation described in Chen et al. (2018) for
training. The overall learning procedure of ACODE is summarized in Algorithm 3.

5 EXPERIMENTS

We evaluate the proposed method with two experiments, including a realistic tumor growth simulation
(Geng et al., 2017) and a real-world large scale dataset of ICU patients with sepsis, which is extracted
from MIMIC-III dataset (Johnson et al., 2016). Through experiments, we answer the following
questions: (1) How is the performance of the proposed model for time series counterfactual inference
in the presence of hidden confounders, compared to existing state-of-the-art methods? (2) How would
the number of auxiliary variables affect the performance in the presence of hidden confounders? (3)
Do the learned auxiliary variables provide any insight of hidden confounders?
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Algorithm 3 Learning process of ACODE with variational inference.
Input: A set of time series along with continuous-time intervention process D; initial value of
parameter (θ, φ).

1: while not converged do
2: Choose a time series with timestamps {(xi, ti)}Ni=1 ∈ D and continuous-time intervention

process a≤t ∈ D.
3: Initialize auxiliary variables ui with all zero vectors for i = 1, 2, ..., N .
4: Augment time series x̄i =

[
xi
ui

]
for i = 1, 2, ..., N .

5: Initialize hidden state hN with all zero vectors.
6: for i = N-1, ..., 0 do
7: Update h′i = ODESlove(gh, ga, (ti, tt+1),hi+1, {a(s) : ti ≤ s < ti+1})
8: Update hi = RNNCell(h′i, x̄i)
9: end for

10: Compute µz0
,Σz0

= gz(h0;φz)
11: Sample z0 ∼ p(z0).
12: Compute z1, ...,zN = ODESlove(fz, fa, z0,a≤t, {ti}Ni=1)
13: for i = 1, ..., N do
14: Compute µxi

,Σxi
= fx(zi; θx)

15: Sample x̄i ∼ N (µxi
,Σxi

)
16: end for
17: Compute the gradient of LELBO(θ, φ) as shown in Equation (11).
18: Update (θ, φ) with Adam optimizer.
19: end while

Baselines We compared the proposed method with 3 competitive baselines in the time series
counterfactual inference task, including Counterfactual Gaussian Process (CGP) (Schulam & Saria,
2017), Recurrent Marginal Structural Network (RMSN) (Lim, 2018) and Time Series Deconfounder
with RMSN (TSD-RMSN) (Bica et al., 2020). To demonstrate the effectiveness of augmented space
in ACODE, we remove all auxiliary variables (k=0) from ACODE for ablation comparisons.

Performance Criterion We compute root mean square error (RMSE) and normalized root mean
square error (NRMSE) for each time series averaging across inference time horizon. For each
experiment setting, we repeat 10 times and compute the standard deviation as a measure of inference
variance.

Implementation Details For baselines only work with discrete-time interventions, we discretize
the continuous-time intervention process with the same timestamps as time series observations
{(xi, ti)}Ni=1, i.e. {ai : ai = a(ti)}Ni=1. For baselines designed for regularly-spaced time series, like
RMSN, TSD-RMSN, we use linear interpolation as the bridge to transfer irregularly-sampled time
series to its regularly-spaced counterpart, and vice versa. We use Gaussian distribution with diagonal
covariance for the distribution of latent state z and time series observation x. All neural network
mappings are parametrized with 3-layer MLPs ans ReLU activation. For all neural network based
methods, we use a similar amount of parameters for fair comparison. We randomly split each dataset
into the training/validation/test set, and choose hyperparameters e.g. the number of hidden factors of
TSD-RNN based on the validation set.

5.1 TUMOR GROWTH SIMULATION

To show the effectiveness of the proposed method, we first evaluate it on a simulated environment
with fully control on the hidden confounders - the pharmacokinetic–pharmacodynamic (PK-PD)
model of tumor growth under the effects of chemotherapy and radiotherapy proposed by Geng et al.
(2017). The tumor volume after t days since diagnosis is modeled as follows:

V (t) =
(

1 + ρ log
( K

V (t− 1)

)
︸ ︷︷ ︸

Tumor growth

− βcC(t)︸ ︷︷ ︸
Chemotherapy

−
(
αrd(t) + βrd(t)2

)︸ ︷︷ ︸
Radiotherapy

+ et︸︷︷︸
Noise

)
V (t− 1) (12)

6



Under review as a conference paper at ICLR 2021

1 2 3 4 5
Counterfactual Inference Time Horizon (days)

0.75

1.00

1.25

1.50

1.75

2.00

2.25

2.50

2.75

3.00
N

R
M

S
E

CGP
RMSN
TSD-RMSN
ACODE (k=0)
ACODE (k=1)
ACODE (k=3)
ACODE (k=5)

Figure 2: Normalized RMSE curve of coun-
terfactual inference for treatment response on
tumor growth.

Patient Type 1
Patient Type 2
Patient Type 3
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where parameter set {K, ρ, βc, αr, βr, et} are sampled as described in Geng et al. (2017). Radio-
therapy and chemotherapy prescriptions are modeled as Bernoulli random variables which depend
on the tumor size V (t). Specifically, we assume the chemotherapy prescriptions and radiotherapy
prescriptions have probabilities pc(t) and pd(t) respectively that are a functions of the tumor diameter:

pc(t) = σ
( γc
Dmax

(D̄(t)− θc)
)

pd(t) = σ
( γd
Dmax

(D̄(t)− θd)
)

(13)

where D̄(t) is the average tumor diameter over the past 15 days, σ(·) is the sigmoid activation
function, θc and θd are constant parameters, and γ controls the degree of time-dependent confounding.
In the previous study on the tumor growth (Lim, 2018), the prior means of βc and αr are adjusted
according to three patient types accounting for patient heterogeneity due to genetic features. The
patient group corresponds to different parameter setting and thus affects the tumor growth and
subsequently the treatment plan. In this experiment, we treat the tumor size as time series observation
x(t), patient types as the hidden confounder, treatment plan of chemotherapy and radiotherapy as
the intervention a(t). Our task is to predict tumor growth progress under various treatment plans,
without any information about patient types.

Following experimental set-up in Lim (2018), we simulated data with 10000 patients for training,
1000 for validation, and 1000 for testing. We set the number of auxiliary variables in the augmented
space k ∈ {0, 1, 3, 5}, and evaluate treatment response inference on tumor size with normalized root
mean square errors (NRMSE) and standard deviations.

Figure 2 shows the counterfactual inference accuracy on tumor size across time horizon of 5 days.
We observe that, methods considering hidden confounders including the proposed ACODE (k > 0)
and TSD-RMSN outperform other baselines that assume all confounders are observed such as
CGP, RMSN and ACODE (k = 0). Further, with the representation power of neural networks and
differential equations, ACODE excels all other competitive baselines in term of inference accuracy,
especially for long-term inference. Although, auxiliary variables in the ACODE can effectively
reduce the inference bias caused by hidden confounders, too many auxiliary variables may introduce
unnecessary variance without much help on inference accuracy. As we can see ACODE (k = 5) has
similar accuracy comparing with ACODE (k = 3), but suffers from a higher variance.

So far we have been treating the auxiliary variables ut as mathematical auxiliary component. Since
we force the model to learn the system mechanism in the augmented space x̄t =

[
xt
ut

]
, we would like

to know whether there is insight learned by auxiliary variables ut. Therefore, we randomly choose
1500 patients and project time series of auxiliary variables {ui}Ni=1 learned by ACODE (k = 3)
on the two dimensional plane using t-SNE (Maaten & Hinton, 2008), as shown in Figure 3. As we
can see, the learned auxiliary variables can be clustered into three groups corresponding to three
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Table 1: Average RMSE×102 and standard error with 10 runs for the inference of sepsis patients.

Methods White blood cell count Blood pressure Oxygen saturation
CGP 2.53 ± 0.05 9.31 ± 0.06 1.21 ± 0.04

RMSN 2.91 ± 0.05 10.29 ± 0.05 1.74 ± 0.03
TSD-RMSN 2.48 ± 0.06 9.20 ± 0.12 1.17 ± 0.08

ACODE (k = 0) 2.57 ± 0.04 9.42 ± 0.06 1.27 ± 0.05
ACODE (k = 1) 2.47 ± 0.05 9.35 ± 0.07 1.15 ± 0.05
ACODE (k = 5) 2.36 ± 0.07 8.94 ± 0.08 1.09 ± 0.06

ACODE (k = 10) 2.43 ± 0.11 9.18 ± 0.13 1.06 ± 0.09

different patient types. This pattern demonstrates the potential of ACODE to provide insights of
hidden confounders via learned auxiliary variables ut.

5.2 INTENSIVE CARE OF PATIENTS WITH SEPSIS

Next, we evaluate the proposed method in a real-world scenario without full understanding of
hidden confounders - electronic health records of sepsis patients in ICU with three treatment options:
antibiotics, vasopressors, and mechanical ventilator. We use the electronic health records extracted
from Medical Information Mart for Intensive Care (MIMIC III) database (Johnson et al., 2016).
Follow the same pipeline in Bica et al. (2020), we extracted 25 patient covariates consisting of
lab tests and vital signs for each patient. In this experiment, we would like to infer the effects of
antibiotics, vasopressors, and mechanical ventilator on three patient covariates: white blood cell
count, blood pressure, oxygen saturation. Specifically, we extract patient records up to 50 days from
MIMIC III database for training and testing, and infer treatment response in 24 hours. The hidden
confounders include comorbidities and lab test that are recorded in MIMIC III database but not used
by counterfactual inference models. In fact, there might be other hidden confounders, given that it is
a real-world scenario.

As we can see in Table 1, the proposed ACODE model outperforms other competitive baselines. Also,
there is a clear performance gap between methods considering hidden confounders like ACODE
(k > 0) and TSD-RMSN, and methods ignoring them like CGP and RMSN. Among all ACODE
baselines, with the increasing amount of auxiliary variables, ACODE gets lower RMSE at the cost of
higher variance. This pattern is consistent with what we observed in the tumor growth simulation.
The proper number of auxiliary variables k∗ varies for individual applications and need to be tuned
as a hyperparameter.

6 SUMMARY

We proposed the augmented controlled ordinary differential equations (ACODEs) – a novel neural
network based model for time series counterfactual inference with the presence of hidden confounders.
The proposed method introduces auxiliary variables and lifts time series into an augmented space to
reduce the inference bias caused by the hidden confounder. With the representation power of neural
networks and differential equations, it can effectively capture underlying temporal dynamics and
intervention effects from observational data. Empirically, we show that ACODEs outperform existing
methods on inference accuracy in both simulations and real-world applications, and showed its
potential to provide insight of hidden confounders via auxiliary variables. With the increasing amount
of data we collect everyday, ACODE would empower us to answer ”what if” questions regarding time
series and discover insights of underlying mechanisms behind time series observations and possible
interventions. For the future work, it would be worth to explore using the ACODE as the interface
between machine learning and dominant modelling paradigm described in differential equations, and
incorporate well-understood domain knowledge into time series counterfactual inference.
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H. Larochelle, A. Beygelzimer, F. d’Alché Buc, E. Fox, and R. Garnett (eds.), Advances in Neural
Information Processing Systems, volume 32, pp. 3140–3150. Curran Associates, 2019. URL
https://papers.nips.cc/paper/8577-augmented-neural-odes.pdf.

Michael Eichler. Granger causality and path diagrams for multivariate time series. Journal of
Econometrics, 137(2):334–353, April 2007. doi: 10.1016/j.jeconom.2005.06.032.

Michael Eichler. Causal Inference in Time Series Analysis, chapter 22, pp. 327–354. John Wiley &
Sons, Chichester, UK, 2012. doi: 10.1002/9781119945710.ch22.

Garrett Fitzmaurice, Marie Davidian, Geert Verbeke, and Geert Molenberghs. Longitudinal data
analysis. Chapman & Hall/CRC, New York, 1 edition, 2008. doi: 10.1201/9781420011579.

Peter K Friz and Nicolas B Victoir. Multidimensional stochastic processes as rough paths: theory and
applications, volume 120 of Cambridge Series in Advanced Mathematics. Cambridge University
Press, Cambridge, UK, 2010.

Changran Geng, Harald Paganetti, and Clemens Grassberger. Prediction of treatment response
for combined chemo-and radiation therapy for non-small cell lung cancer patients using a bio-
mathematical model. Scientific Reports, 7:13542, 2017. doi: 10.1038/s41598-017-13646-z.

Kevin D Hoover. Causality in economics and econometrics, pp. 1446–1457. Palgrave Macmillan
UK, London, 2018. doi: 10.1057/978-1-349-95189-5 2227.

Guido W Imbens and Donald B Rubin. Causal inference in statistics, social, and biomedical sciences.
Cambridge University Press, Cambridge, UK, 2015.

Junteng Jia and Austin R Benson. Neural jump stochastic differential equations. In H. Wal-
lach, H. Larochelle, A. Beygelzimer, F. d’Alché Buc, E. Fox, and R. Garnett (eds.), Advances
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