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Abstract

We study sampling from posterior distribu-
tions in Bayesian linear inverse problems
where A, the parameters to observables oper-
ator, is computationally expensive. In many
applications A can be factored in a manner
that facilitates the construction of a cost-
effective approximation A. In this framework,
we introduce Latent-IMH, a sampling method
based on the Metropolis-Hastings indepen-
dence (IMH) sampler. Latent-IMH first gen-
erates intermediate latent variables using the
approximate A, and then refines them using
the exact A. Its primary benefit is that it
shifts the computational cost to an offline
phase. We theoretically analyze the perfor-
mance of Latent-IMH using KL divergence
and mixing time bounds. Using numerical
experiments on several model problems, we
show that, under reasonable assumptions, it
outperforms state-of-the-art methods such as
the No-U-Turn sampler (NUTS) in computa-
tional efficiency. In some cases Latent-IMH
can be orders of magnitude faster than exist-
ing schemes.

1 INTRODUCTION

In linear inverse problems, we assume that y = Az,
where 2 € R% are the unknown parameters with prior
p(r), and y € R% are the observed variables corrupted
by noise with a known distribution. In the Bayesian
setting, we wish to sample from a posterior probability
distribution p(z|y). The main challenge is that, de-
pending on the prior p(z), the only practical way to
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sample from the posterior is by a numerical sampling
scheme. Here we present such a scheme for problems
with the following structure:
uw=L"'Bz,
y=O0u+e,

U eRd“, T € Rd“”,

dy
yaeeR Y,

(1a)
(1b)

with e being noise with known distribution ¢(e); and
thus, 7(x|y) o ¢(y—OL~'Bx) p(x). Here we introduce
the latent variable u, which in applications is a real but
unobserved variable. The linear observation operator
O € R%*%u i5 assumed to be full rank. L € R%*du ig
the latent operator, a linear, invertible operator related
to the physics or dynamics of the underlying problem.
For example, it can be a discretized partial differential
operator, an integral operator, or a graph Laplacian.
B ¢ R%*d the lifting operator, is another linear
operator that lifts the parameterization of x to the
input space of L. We also define the forward operator
F = L7 !B. We can easily see that A = OF, and
equivalently p(zly) « q(y — Az)p(z).

Bayesian inverse problems that can be formulated
using Eq. include electrical impedance tomogra-
phy (Kaipio et al., |2000)), acoustic and electromagnetic
scattering (Colton and Kress| [1998), exploration geo-
physics (Bunks et al., 1995} |Sambridge and Mosegaard),
2002)), photoacoustic tomography (Saratoon et al.
2013), optical tomography (Arridge and Schotland)
2009)), image processing (Chan and Wong}, [1998)), and
many others (Kaipio and Somersalol 2006; Tarantolal
20055 [Vogel, 2002; |Ghattas and Willcoxl, [2021)). Inverse
problems also appear in graph inference tasks, in which
we use partially known vertex features and seek to re-
construct unknown node values or edge weights (Ortega
et al., |2018; |Dong et al., |2020; Mateos et al., [2019).

As a specific example, consider Eq. in the context
of time-harmonic acoustics. In the forward problem,
given x, we can compute the sound (pressure) u at every
spatial point by solving Lu = Bz, where L = k?T + A
is the Helmholtz operator (k is the wavenumber) and
Bz =), s;x; with s; being known spatial profiles of
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Figure 1: Reconstructed acoustic source fields.
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We reconstruct the sound source field x from partial

observations under a non-Gaussian prior, where posterior inference is only possible via sampling. From left to
right: Zyue is the ground truth, and zean is an accurate posterior mean computed from thousands of samples.
The Approx-IMH and Latent-IMH rows show posterior averages after 200, 500, 2000, and 5000 MCMC
steps. The last column shows the relative mean error and squared bias of the second moment between the true
posterior and sampled estimates as a function of the number of forward F and inverse F~! solves. (MALA:
Metropolis Adjusted Langevin sampler; NUTS: No-U-Turn Sampler.) Latent-IMH achieves high accuracy with
substantial computational savings: for 10% relative mean error, it requires ~ 10 solves, Approx-IMH ~ 10°, and

MALA/NUTS millions of solves.

sound sources and z; their unknown amplitudes. In
the inverse problem, we wish to estimate x; from noisy
measurements y = Ou + e of the sound field.

Our proposed sampler is based on the existence of an
approximate operator L such that L'L ~ I. Examples
of L include incomplete factorizations 1 Ij
approximate graph Laplacians (Cohen et al.| 2014
truncated preconditioned Krylov solvers (Van der Vorst,
, multigrid solvers and coarse grid representa-
tions (Henson and Yang], [2002)), approximate hierar-
chical matrices (Rouet et al., 2016), and many others.
In these examples L™! can be 10x or faster than L.
Using L we define F = L~'B and A = OF.

Now, let us return to our main goal, sampling from
7(x | y). Related work includes Markov chain Monte
Carlo (MCMC) methods such as Langevin meth-
ods (Girolami and Calderhead, [2011), NUTS
et al., 2014), and the Metropolis-adjusted Langevin
algorithm (Roberts and Tweedie, 1996), as well as
generative models (Song et al. [2021]), normalizing
flows (Papamakarios et al., 2021)), low-rank approxima-
tions (Spantini et al. [2015)), and many others
et al |2010). These methods aim to generate samples
of z by targeting the posterior density ¢(y — Az) p(x).

In Latent-IMH we generate samples from « and then,
using the properties of the forward problem, we convert

them into samples of z. This approach is motivated by
the following observations. (1) We have an approximate
operator L at our disposal. (2) The observation opera-
tor O is computationally inexpensive. (3) Eq. , can
be used to define an implicit distribution p(u) given
p(x). Then, using precomputation (that is, before
“seeing” y), we can approximate p(u) by p(u).

The use of approximate forward models has also been
extensively studied in multilevel Monte Carlo and mul-
tilevel MCMC. For example, (Madrigal-Cianci et al.)
2023)) propose a multilevel MCMC method based on
independent Metropolis—Hastings, where chains at dif-
ferent levels are coupled to construct low-variance es-
timators for the fine posterior. These approaches are
complementary to ours: they focus on variance reduc-
tion via coupling, whereas we design improved proposal
distributions for a single-level Metropolis—Hastings sam-
pler. In particular, we use the approximate operator
to construct an independence proposal targeting the
exact posterior.

Another related class of methods is delayed-acceptance
MCMC (e.g., two-stage or multi-fidelity MCMC
herstorfer et al., 2018))), where proposals from an ap-
proximate model are screened before evaluating the
exact model. While effective, these methods are inher-
ently local, as proposals depend on the current state.
In contrast, our approach uses independent proposals,
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enabling precomputation and parallel evaluation, and
improving mixing in high-dimensional settings.

In this context our contributions are as follows:
® With Latent-IMH we introduce a proposal distri-
bution in which we first sample u ~ ¢(y — Ou)p(u),
and then we propose z such that Lu = Bz (Section .
® We theoretically analyze Latent-IMH and compare
it with a reference approximate IMH that uses F to
sample directly from p(z) (Section [3[and Section ; in
particular, we introduce a new theoretical result for
the mixing time (Theorem and Theorem . (5]
We conduct numerical experiments to demonstrate the
effectiveness of the method (Section [f)).

2 PROBLEM SETTING AND
METHODS

2.1 Problem setting

Our objective is to sample x from the Exact
posterior 7(zly), given y:

m(zly) o< q(y — Az)p(z) = q(y — OFz)p(x). (2)

MCMC methods require repeated evaluations of the
forward operator F, which makes them costly. To
address this, our aim is to leverage the approximate
operator F to facilitate sampling from 7 (z|y).

As mentioned, we would like to sample an approximate
distribution 7, (u) and then use it to define a unique z.
To define such a unique mapping, we first introduce two
assumptions. @ d, < d,; and @ d, < d,. The first
assumption is satisfied for nearly all applications that
have the Eq. ’s structure. The second assumption
is also common, but not always true. Under these
assumptions, F is a thin, tall, full-rank matrix. That
means that p(u) is degenerate since it is supported in a
lower dimensional subspace of R%. To address this, we
introduce a reparameterization trick based on the
SVD decomposition of O (which in general should be
cheap to compute as it does not involve F of F. Since
d, < d,, we introduce a pseudo-observation operator
to accomplish this.

Let O = U[S:0]V " be the full SVD of O, so that V is
unitary. Let V,, be the first d, columns of V, which
define the rowspace of O. Let V =[V,, V]. Let V4
be d; — d, columns from V. Define V, =[V,, V],
V, € R%*d: Then we define a new observation oper-
ator, Z € R%w*% by Z = OV,. With these definitions,
we can rewrite Eq. as,

3)

w=VIL'Buz, F:— VIL B,
y=Zu+e. F:=V/L!B.

Notice that now the redefined operator F is square,
and assuming w.l.g. that B is full rank, then both F
and F are full rank and thus invertible. The question
is how to choose V. We do to maximize conditioning
of VIL7'B. We give an algorithm to do so in the
appendix (Section .

Remark: Given this transformation, the analysis is
done for F invertible square and square matrix with
O being the modified observation operator. With this
understanding, we set d = d,, = d, and denote the
observation operator as O € R%*¢ so that the obser-
vation model is simplified to y = OFz + e.

2.1.1 Approx-IMH posterior and Latent-IMH
posterior

We consider two approximate posterior distributions
based on F. These distributions will be used as impor-
tance sampling proposals in the IMH algorithm. Since
we expect A to be computationally cheaper than A, a
natural approach is to substitute A in Eq. with A.
This yields the following posterior, which we refer to
as Approx-IMH posterior:

Tal(zly) o q(y — Az)p(x) (4)

We use this distribution as the baseline as we consider it
represents of methods that use A to accelerate sampling
from 7(z|y) [Martin et al. (2012).

Now, let us introduce Latent-IMH:

u ~ 7Ta(u|y) X Q(y - Ou)ﬁ(u) (5)
x4 F 1y,
where 7, (uly) is the posterior of u given y when u has
the prior distribution p(u). It is easy to see that samples
from this process follow a new posterior distribution,
which we refer to as Latent-IMH posterior:

m(xly) < q(y — Az)p(Fz). (6)

Let us now briefly discuss the choice of p(u).
One natural choice is to formally define p(u) =
p(F~1u)|det F~!| when F is invertible. Alternatively,
one can sample z ~ p(x), set u = f‘m, and then con-
struct p(u) using machine learning techniques such as
normalizing flows or variational autoencoders.

2.2 Independence Metropolis-Hastings

In Algorithm [T} we recall the IMH algorithm with g(z|y)
being the proposal distribution. Given this template
algorithm, we define two variants depending on g(x|y):
O Approx-IMH, where g = m,; or @ Latent-IMH, where
g = m. For these variants, the acceptance ratio be-
comes
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Algorithm 1 Independence Metropolis-Hastings
Input: observations y, number of MH steps k,

proposal distribution g(z|y)

Output: samples {2;}¥** from p(z|y)

s xy ~ g(zly)

: fort=1to k do

Propose 2’ ~ g(zly)

Compute acceptance

. p(z'ly) g(z:ly)
min {1’ pCaly) g<x’|y>}

5: Accept ' with probability a(z’, z;); otherwise
accept x
6: end for

=W N =

ratio a(z',z;) =

e Approx-IMH:

l . ( ~
A\ T , T ) = MIN 1, =

e Latent-IMH:

p(z") /p(u)

ay(2’, z¢) = min {1, p(xy) /D)

} or equivalently,
(8a)

p(@')/p(F~"u) }
p(z)/p(F~1uy)
Let us make a few remarks. Note that although both
Eq. and Eq. are based on F their acceptance
I”atIOb differ. Both use the exact forward operator.
Eq. (7) uses F in the evaluation of A. Eq. (8) uses F~!
to compute 2’ = F~1u in the evaluation of p(z’). Re-
garding the acceptance ratio of Latent-IMH in Eq. ,
note that is derived directly from the Latent-IMH
posterior expression in @ and suitable when we
have a black box p(u). Alternatively, assumes
that F is a linear invertible operator and the det F—*
term cancels out, which makes it more efficient when
F~lu is inexpensive to compute. Second, notice that,
remarkably, the likelihood term involving the noise
distribution ¢() does not appear in (§). It turns out
that this property makes it quite accurate when the
noise is small.

a;(z’', ;) = min {1, (8b)

3 APPROX-IMH POSTERIOR VS.
LATENT-IMH POSTERIOR

In this section, we compare Approx-IMH posterior
and Latent-IMH posterior with Exact posterior
in terms of the expected KL-divergence, where the
expectation is taken over the observation y. We as-
sume that both the prior and the noise distributions
are Gaussian, as stated in Assumption [3.1] We derive

exact expressions for the KL-divergence in a simplified
setting (Proposition and establish upper bounds
for more general cases (Theorem [B.2)). First we define
D, and D; by

Dq := 2Ky [KL (o (z[y) |7 (2|y))]
Dy = 2K, [KL (m (z[y) |7 (]y))] 9)

Assumption 3.1. The prior p(z) = N(0,1I); the noise

q(e) = N(0,0%0).

Given the Gaussian assumptions in Assumption[3.1] the
posteriors for Exact, Approx-IMH and Latent-IMH are
all multivariate Gaussian distributions, as summarized
in Section @ Then D, and D; can be expressed in a
closed form as follows:

Prop031t10n 3.2. Assume that Asmmptwnm 5.1] holds.
Define A, = = Al — AT and A, := A] — AT, where
AT AT, and A;r are defined in Section E Let || - || be
the Frobenius norm, then

D 1 1 5
D, =1 SIN) —d+ —[|AALA
%8 53] ( ) —d+ | 52
+ 2| AulF + [AAlF + [AAL7- (10)

The corresponding expression for D; is similar, with the
substitutions X, — X and A, — A

Diagonal F, f, and O. To give a more intuitive
understanding of the differences between m, and m,
consider the case where (1) F and F are diagonal, with
F;; = s; and fii = ;84,1 € [d] (2) 0= [I 0] Then,
the respective expressions for D, and I; are given in
Proposition

Proposition 3.3. Under Assumption [3.1, diagonal
F, F, O, and defining p; = oisito’/s210%, ( =
/(a2s2+02)2, we obtain the following expressions for
expected KL-divergence:

1
a = —dy + Z 1ogpz+;

1€ [dy]
2
+ Z Gilag — 1) (87 — 02)25—’2, (11)
icld,] 7
d
D =—-d+ Z a? —loga?
i=dy+1
+ Z log +f+@(a —1)%s20%. (12)
1€[dy] pi

It is easy to observe that both D, and I; increase
with increasing spectrum perturbation |a;| and the
dimension d; D, also increases as the number of ob-
servations d, increases. If we denote the scale of the



Chen and Biros

Table 1: Distributions of Exact, Approx and Latent posteriors for normal prior, and normal noise with variance

o? (Assumption .

IMH Distribution Mean Variance Pseudo-inverse
Exact m(zly) = N(u, X) w= Aty S=1-ATA AT =AT (AAT + 021)711
Approx  mo(xly) = N (pta; Ba)  Ha = XTy S, =I-ATA At =AT (KKT + 021)
Latent m(z|y) =N(u, %) wm=Aly = =F 'FZ,F F ' Al =F 'FA'
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Figure 2:  Sensitivity test results for the ex-
pected KL-divergence of Approx-IMH posterior and
Latent-IMH posterior relative to Exact posterior.

perturbation by § = |a; — 1], the last term of I; in
scales as O(d0%/s?), which is significantly smaller than
the corresponding term in D, (scaling as O(6%s?/0?)),
especially when the signal strength s; is large.

General case. In the more general setting where
both F and F are symmetric, we assume that F closely
approximates F in both its eigenvalues and eigenvectors.
Under this assumption, we derive upper bounds for
D, and ID; in Theorem in the appendix. These
upper bounds reveal similar conclusion as observed in
the diagonal case.

Sensitivity to operator scalings. To further
demonstrate the difference between D, and D;, we per-
form numerical experiments with synthetic data. We
adopt the distributions specified in Assumption @ for
prior and noise. Define F = VSV and F = VSV T,
where V is unitary derived from eigendecomposition
of some random matrix, S as a diagonal matrix with
entries {1/i?};cq) and S be the diagonal matrix with
diagonals of {a;/i?};cjq) (a; is drawn uniformly from

a range around 1). We report both the expected KL
divergence and the value of this divergence over the KL
divergence between the prior and Exact posterior.
We compare D, and ID; by examining the impact of four
factors: noise level, spectral error (between F and F),
observation ratio (d,/d), and problem dimension (d).
To quantify the noise level, we use the signal-to-noise
ratio (SNR), defined as SNR. := E ||y[|?/ E|le]|?.

The complete experimental design is summarized in
Table [2] (see Section @, with the corresponding abso-
lute KL-divergence results presented in Figure [2] and
relative values shown in Figure [7] (see Section [D]). Our
empirical findings align well with the theoretical analy-
sis: both D, and D; increase with larger spectral errors
and higher problem dimensions. However, D, exhibits
high sensitivity to noise levels and observation ratios,
whereas ID; demonstrates greater robustness to these
factors.

4 APPROX-IMH VS. LATENT-IMH

As discussed in the previous section, the KL diver-
gence for Approx-IMH posterior and Latent-IMH
posterior can vary depending on factors like noise
level, observation ratio, spectral error, and problem
dimensionality. These differences are also likely to
have an impact on the performance of Approx-IMH
and Latent-IMH. To explore this, we first establish
general mixing time bounds for both methods in Theo-
rem [£.3] We then apply these bounds to a simplified
diagonal case in Theorem to directly compare their
mixing rates.

Our analysis focuses on the log-concave setting, as spec-
ified in Assumption If the noise g(e) is Gaussian,
a strongly log-concave prior p(z) is sufficient to satisfy
this assumption.

Assumption 4.1. The ezact posterior w(zxly) s

strongly log-concave, i.e., —logn(x|y) is m-strongly
convex on RY.

We denote the modes of the exact and approximate
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posteriors as follows:

" = argmax(zly), 2z} :=argmaxm,(z|y),

x) := arg max m(z|y).

We define the log-weight functions between the exact
posterior with the approximate proposals by

7(z|y)
m(zly)”

(x[y)
Ta(|y)’

we(x) := wy(x) :=log
We assume the log-weight functions are locally Lips-
chitz, as formalized in Assumption 1.2}

Assumption 4.2. Log-weight functions are locally
Lipschitz. For any R > 0, there exist constants
Co(R) > 0 such that for all (z,2') € Ball(z*, R),
lwe(z) — we ()] < Co(R)||x — 2'||. For the func-
tion wy(x), we assume that this condition holds with
constant Ci(R).
The mixing time 7%, (€) for Approx-IMH is defined as
the minimum number of steps needed for the Markov
chain to reach a total variation (TV) distance below e
from the target distribution 7(x|y). That is,

78 .(6):=inf{n € N: ||gP} — 7||rv < €}, (13)

where P, is the IMH transition kernel with 7, (z|y)
as proposal, and | f(z)||rv := 1/2 [ |f]. The mixing
time for Latent-IMH, denoted by ... (g, ¢€), is defined
similarly using P;.

In Theorem we establish mixing time bounds
for both Approx-IMH and Latent-IMH under the log-
concavity and local Lipschitz assumptions. Following
Dwivedi et al.| (2019); |Grenioux et al.| (2023]), we prove
these results in Section

Theorem 4.3. Let e € (0,1). Assume that ma(x) and
mi(z) are both B—warm start with respect to w(z|y)
(i.e., for any Borel set £, m,(E) < pm(E)). Assume
that Assumption [[.1] and Assumption [[-4 hold. For As-
sumption[{.2, suppose that the Lipschitz conditions hold
with Cy(Ry) <log2y/m/32 and Ci(R;) < log2y/m/32,

where
Ra = ma,X(\/Z’[‘ (:l;ﬁ) ,
d € . .
\/;’” <2725> +llz wall) (14)
R = max<\/zr (17}) ,
d € 1 . .
\/;r (272ﬁ) O'min(f‘_lF) + ||$ — T ||>7 (15)

where r(-) is a constant defined in Section[Q, omin(")
is the smallest singular value of the matriz. Then the
mixing time for Approz-IMH has

r(€) < 128 log (265) max (1, m> - (16)

The mizing time for Latent-IMH, 7. . (€), satisfies a
similar bound with Cy(R,) replaced by Ci(Ry).

Mixing time in the diagonal case. We now use
Theorem to compare Approx-IMH and Latent-IMH
in a simple case, where we assume prior and noise
satisfying Assumption and F, F, O are all diagonal
as in Proposition [3.3]

Theorem 4.4. The definitions and assumptions in
Theorem [{.3 and Assumption [3.1] are true. Then
for large d the mixing times for Approz-IMH and
Latent-IMH scale as

a d 2\2 8;21
Tmm(ﬁ)Nﬁg@i (1-a7) pre
d 1)?
!
. ~ 1-=1. 17
Tmia (€) ~ —3 gé?j]i( a;) (17)

By Theorem [£.4] when the perturbation «; is fixed, the
mixing time for Approx-IMH scales as O(d*d; | A[|*/o*),
while the mixing time for Latent-IMH scales as O(d?).
This implies that Approx-IMH can exhibit significantly
longer mixing times when the noise level is low (i.e.,

lA||/c is large) or when the proportion of observations
is high (i.e., dy/d is large).

Latent-IMH
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of 4.7%.

5 NUMERICAL EXPERIMENTS

Our numerical experiments aim to investigate the
following questions: How do Latent-IMH and
Approx-IMH compare in terms of acceptance rate and
sampling efficiency? How do they perform relative to
local MCMC methods such as NUTS (Hoffman et al.l
2014), MALA (Roberts and Rosenthall |1998]), and the
two-stage multi-fidelity MCMC algorithm (Peherstorfer
et al., [2018))7 Finally, how sensitive are these meth-
ods to variations in problem structure and parameter
settings?

Sensitivity tests (acceptance ratio). We first com-
pare acceptance ratios of Approx-IMH and Latent-IMH
using the same setting as in Section [3| (see Table .
Results in Figure [3] show that as spectral error or di-
mensionality increases, acceptance ratios decline for
both methods, but much more sharply for Approx-IMH.
Moreover, Approx-IMH is highly sensitive to noise level
and observation ratio, while Latent-IMH remains ro-
bust.

Experimental setup for efficiency tests. We eval-
uate sample quality using three metrics: @ relative sam-
ple mean error, ® squared bias of the second moment
(Hoffman et al., [2019), ® maximum mean discrepancy
(MMD) (see Section [D). Since forward and inverse
solves of the exact operator F are computationally ex-
pensive, we measure cost by the number of such solves:
each Latent-IMH step requires an inverse solve of F~1,
while each Approx-IMH step requires a forward solve
of F to compute acceptance ratios.

Baselines include NUTS and MALA. For NUTS, we
use 500-1000 warm-up steps with target acceptance
45%; for MALA, step size is tuned to yield ~50%
acceptance. We assume Gaussian noise with relative
level |le|l/]ly]| € [5%, 15%)], and report averages over 5
independent runs for each test (see details in Section@.

Gaussian and Gaussian mixture priors We con-
sider d = 500, d, = 50, with synthetic F and F as
in Section [3} and test three priors: @ a standard nor-
mal N(0,T), ® an ill-conditioned Gaussian N (0,X)
with condition number ~1000, ® a three-component
Gaussian mixture 3> N (1, T).

Results for the standard normal and Gaussian mix-
ture are in Figure {4 while the ill-conditioned case
appears in Figure [8] (Section @ For the test of stan-
dard normal prior, we include NUTS and MALA as
baselines, as well as the two-stage delayed acceptance
MCMC method (Peherstorfer et al. 2018), which also
leverages approximate operator to improve sampling
efficiency. In this method, proposals are first gener-
ated via local updates using the approximate model,
and acceptance is decided using the exact model in
the second stage. We use MALA for the first stage,
and acceptance is then determined using the exact
model. We employ MALA in the first stage, denoting
the variant using Approx-IMH posterior as Approx-
2stage and the variant using Latent-IMH posterior
as Latent-2stage. We include more comparison with
delayed-acceptance MCMC in Section

From Figure [d] Latent-IMH consistently outperforms
other methods in sampling efficiency, with the advan-
tage being particularly pronounced for the Gaussian
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Figure 5: Results for Laplace prior test with normal-
izing flow. All results averaged over 5 independent
runs. Numbers in parentheses indicate spectral error

[T —F~'F|l2.

mixture prior. In the histogram plots (bottom row of
Figure , local MCMC methods such as NUTS exhibit
poor mixing in multimodal settings due to potential
barriers between modes.

Laplace prior with normalizing flow. We con-
sider a setting with d = 50 and d, = 10, where z follows
an independent Laplace prior p(z) = 2~ % exp(—|z|1).
The operators F and F are constructed as in the Gaus-
sian prior experiments. In Latent-IMH, we train a
normalizing flow to approximate p(u) using samples
mz,fa:zz =1V, and then apply NUTS to sample u
(Eq. ), with both log probabilities and gradients
provided by the flow. Hence, the approximation arises
from both F and the normalizing flow, while the ac-
ceptance ratio is computed via Eq. . As shown in
Figure [5] Latent-IMH consistently outperforms both
Approx-IMH and NUTS. Although Latent-IMH and
NUTS achieve similar convergence rates, both substan-
tially outperform Approx-IMH, which frequently rejects
proposals, leading to stagnation in its trace plots com-
pared with the more dynamic behavior of Latent-IMH.

Graph Laplacian test with PCG approximation.
We consider problem Eq. with d,, = 8,000, d,, = 800
(=0.1d,), and dy, = 160 (= 0.2d, ), and standard nor-
mal for the prior of z. The Laplacian L constructed
rom a six-nearest neighbor graph on a 20° lattice in
the unit cube; B and O are random Gaussian matri-
ces. Since F is not square, we construct V, and Z as
described in Section [2| to transform into . To ap-
proximate L'z, we compute a randomized Cholesky
factorization L ~# GG (Chen et al., 2021), then solve
using preconditioned conjugate gradient (PCG) with

GG as preconditioner. PCG tolerance controls ap-
proximation accuracy: smaller tolerance requires more
iterations and higher cost (left plot, Figure |§[) Results
in Figure [6] show Latent-IMH consistently achieves
higher acceptance rates than Approx-IMH for the PCG
tolerances (second plot). The rightmost plots show
that Latent-IMH outperforms both Approx-IMH and
NUTS in terms of the relative mean error and the
MMD error. In particular, Latent-IMH at a toler-
ance of 0.1 (solid red) achieves even better perfor-
mance than Approx-IMH at a much stricter tolerance
of 5 x 10~* (purple dashed), despite the latter having
an even higher acceptance rate of 34.2%.

Scattering problem. We consider Bayesian infer-
ence for a 2D scattering problem introduced in Sec-
tion We study problem Eq. , where L is the
Helmholtz operator and B is the lifting operator. Op-
erators are constructed via a finite difference scheme
on a fine grid (n, X n, nodes). For the approximation
operator, we first construct coarse-grid operators L
and B (on 7, X n, nodes) and then map them to the
fine grid using a prolongation operator P. The result-
ing approximation to L™'B is PL™'B. We consider
multiple events with multiple observations and place a
total variation prior on z, i.e., p(x) x exp(—ATV(z))
(details in Section@. In our experiments, we consider 4
events with n, = 24, n,, = 128, and n, = 60, resulting
in dimensions d,, = 165,536, d,, = 14,400 (~ 0.2d,,),
d, = 576, and d, = 128 (=~ 0.2d, ). Results in Figure
show that Latent-IMH efficiently samples the posterior
using the cheaper approximate operator.

6 CONCLUSIONS

The advantage of the proposed methodology is that it
is simple to implement and can be effective in a wide
range of scenarios, including multimodal distributions,
where multimodality is related to the prior p(z). The
reparameterization trick in Section [2] required an SVD
of the observation operator that, in general, is inex-
pensive to apply. In summary, we shift computational
costs to constructing an approximation p(u). While
this step can be costly, it can be performed offline and
reused across multiple problem instances. Our results
show that the method is not universally preferable-its
benefit depends on the accuracy and cost of F, the
problem dimension, and the application context, where
alternatives such as NUTS, or other standard methods
may be more suitable.

Limitations. Latent-IMH is most relevant for large
problems where memory or computational constraints
prevent forming a dense F. Constructing F requires
d, applications of L~! and d,d,, storage, and apply-
ing the dense F to a vector has similar cost. Note
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Figure 6: Results for Graph Laplacian test with PCG approximation. Left plot shows PCG iterations vs. tolerance
parameter. All results averaged over 5 independent runs. Numbers in parentheses of the legend indicate PCG
tolerance (smaller values yield more iterations and higher accuracy).

that in many applications O, L, B are sparse, allow-
ing matrix-free application of F at O(d,) cost. These
tradeoffs determine the practicality of Latent-IMH and
are problem-dependent. A clear limitation of Latent-
IMH is the assumption of linearity in A; generalization
to nonlinear L or B is possible if L~ yields unique
solutions, but handling nonlinear O is more challenging
since the reparameterization trick is no longer applica-
ble.

Another limitation is the requirement that d, < ds.
For linear operators, our method can be generalized,
but it is unclear whether it will be computationally
beneficial. The approximation p(u) can have several
components. It comprises the error due to F and
possibly a machine learning algorithm to reconstruct
it for the sample. From a theoretical perspective, we
would like to connect an error between p(u) and p(u)
to the overall performance of the method. Overcoming
all these limitations is ongoing work in our group.
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1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
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(¢) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [Yes]

2. For any theoretical claim, check if you include:
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(b) Complete proofs of all theoretical results.
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(¢) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation. [Not Applicable]



APPENDIX

APPENDIX OUTLINE

This appendix is organized as follows:

o In Section [A] we derive the transformation from the rectangular matrix F to an invertible square matrix,
corresponding to the transition from to .

« In Section [B] we begin by establishing KL-divergence bounds for Approx-IMH posterior and Latent-IMH
posterior (Theorem|B.2) under a more general assumption (Assumption [B.1]) than the diagonal case considered
in Section [3] We then provide detailed proofs of Proposition Proposition 3.3} and Theorem |[B.2

« In Section [C| we present proofs for the mixing time bounds of Approx-IMH and Latent-IMH, as stated in
Theorem [4.3] and Theorem 4.4
 In Section [D] we include experimental details of the experiments in Section [3]and Section

A REPARAMETERIZATION TRICK FOR RECTANGULAR F

Let O € R% >4 have reduced SVD O = USV;—. We claim that the construction of V, and Z as specified in
Proposition guarantees that the relationship between = and y given in Eq. is equivalent to the transformed
system in Eq. (3).

Proposition A.1 (Construction of V, and Z in Eq. ) Let Vy € R&*(d2=dy) e g matriz that has orthonormal
columns orthogonal to 'V, i.e. VIVy =0 and VIV+ = 1. If we construct V, and Z as described below, then
the relationship between x and y in s equivalent to that in .'

V,=[V,, V., Z=0V,. (18)

Proof. Tt suffices to show that ZV] = O. By the definitions of V, and Z in , we have
ZV] =0v,V]

=USV! =0.

Y
O

To improve the conditioning of V] L~'B and VIINJ’lB, we construct V4 from the first d, — d,, left singular
vectors of (I — VyV; )L~!B, corresponding to its d, — d, largest singular values. This ensures that V is

orthogonal to V,, while capturing the dominant energy of L!B.

B PROOFS OF SECTION 3

Recall that we denote D, and D; as expected KL-divergence between Approx-IMH posterior and Latent-IMH
posterior against Exact posterior:

Dy := 2By [KL(7a (z[y)||w(z[y))],  Di = 2B, [KL(m(2|y)|[x(z]y))]- (19)
In this section, we first present the general results for D, and D; in Theorem located in Section We

then provide the proofs for Proposition in Section Proposition in Section and Theorem [B.2] in
Section [B4]
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B.1 EXPECTED KL-DIVERGENCE BOUNDS FOR THE GENERAL SETTING

We define matrix K € R**? reduced and full SVD of A and A as follows:

K :=F'F, (20)
A =USV| =U[Si0] RH , A=USV| =U[Si0] gq : (21)
€L

where S and S are diagonal matrices with (S);; = s; and gﬂ =3, for all i € [d,].

Next, we introduce the constants k1, kK_, € and 7 in Assumption to quantify the proximity between F and f,
as well as A and A.

Assumption B.1 ((k4, k_, €, 7)-condition). We assume there exit constants k4,k_,7 > 0 and ¢ € (0,1)
satisfying the following conditions:

e Ky and k— are the largest and smallest singular values of K respectively.

e Vic[d,v/Vvie[l—el+e anduu; €1 —e1+¢.

. ||VHSUV[ - {/’H’SVU{/'WHQF <7 and |US,UT — 6§06T||% <7, where

1 ~ 1
S, :=Diag | ——— ) S, :=Diag | ——= , 22
lag[1+ 2/57,:|z€ dy] e {14“72/3;‘2}%[%] 22)

where {8;}icia,] and {Si}ic(a,) are singular values of A and A, respectively.

Spcmﬁcally, k4 and k_ capture the similarity between F and F while e and 7 measure the closeness between
A and A. Note that when s; > o, (S¢)i and (Sg)” are close to 1, whereas when o < s;, they are close to 0.
Therefore, T serves as a measure of how close the singular vectors of A and A that correspond to relatively large
singular values are. Clearly, when F = f, we have ky =k_ =lande=7=0.

Using Assumption [B.I] along with the Gaussian assumptions for the prior and noise from Assumption [3.1} we can
establish upper bounds for D, and D; as stated in Theorem [B:2}

Theorem B.2. Given Assumption[3.1] and Assumption we obtain the following upper bounds for D, and D
respectively:

D, < 2ed + Z ((1 4 2€)p; +log~;)
i€[dy]

IA ||2> ) ((1 1)2 4e>
1+ + Kady + ——=] +—=, 23
( T iez[:dy] GG GiGi 2

Dy < 2qd+ Y ((1+2q)p,»+1og Z;)

1€[dy]
K2 1 20k + ek —1
+(2+” ”>r+mdy+022 <g+2— ( L~ (24)
i€[dy] G G GiGi
where €], kg and K; are constants defined by
2 2
1 1 2K _
a=ry(1+e€) —1, na:max{—17—1}, /ilzﬂ—;r—i—i—l, (25)
K_ K4 K KR4

and for all i € [dy], Vi, pi, ¢ and Ci are constants defined by

vi= G+ 0)/(s2+02),  pi=(s2—5)/(F +0?), (26)
Gi=si+02)s;, C=3+0%/5 (27)
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Remark. We highlight several observations regarding the bounds established in Theorem First, note that
both bounds satisfy D, = 0 and ID; = 0 when F = F. In many practical applications, the signal-to-noise ratio
satisfies @ > 1. Assuming 7 = O(1) and both d and d, are large, the bounds can be approximated as

A A

o2 o2

D, ~ ed +

dy, Dy~ed+d,+

(28)

This shows that D, is highly sensitive to noise. Furthermore, both D, and D; grow with increasing spectral
approximation error and problem dimensions. This is consistent to our analysis in the simpler diagonal case (see

Proposition .

B.2 Proof of Proposition

Lemma B.3 (KL-divergence between two multivariate Gaussians).

3
KL (1, 1) (12, 52) = log :E: TS —d o (e — ) S (e — ). (20)

With the above lemma, we can prove the closed-form expression for D, and D; in Proposition [3:2}

Proof of Proposition[3.2. When z ~ N(0,I), we have y ~ N (0, AAT + ¢°I), which is equivalent to the following
linear transformation expression for y:

y=Mz,  where M= (AAT +o2)'/2, 2~ N(0,1).
By Lemma, we have

3
D, = 1oz

|3l

FTETE) <) 4 By e~ 1075 s - 0] (30)

By Section |3] we can express the quadratic formula in Eq. as follows:

Eyl(tta — 1) 27" (e — )] = B[z MT (AT — AT)TE (AT — AT)M] (31)
=E.[(MT(AT - ADHTs"1(AT - AHYM, 227)] (32)
:TY@IWKTfAfE*%AWfAUM) (33)
= SIAGRT - ADAJ + 07T - AT (34)
+I(AT— ADA|F + |A(AT = A (35)

O

B.3 Proof of Proposition (3.3

Proof. By the diagonal assumptions of F and F, K=F'Fisa diagonal matrix with K;; = «; for Vi € [d].
A, A € R%w*4 are matrices with zero elements except for:

Aii = Sy, A” = ;S;, Vi € [dy] (36)

By definitions in Section (3, AT, Kﬂ Azf € R¥ v with zero elements except for:
P S At S (Al = a’s;
K3

- . Al = , i = s, Vi [d]. 37
(2 Sz2+02 11 O‘z2512+0—2 L/ O‘z2512+0—2 [ y] ( )

2, %,,%; € R¥*4 are diagonal matrices with diagonals as

2 2 2 2 i
i = Szfjrf,z, (Ba)ii = m7 ()i = #‘102, i < dy,
=1, (Bu=1, (Z)u=al, i>d,
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Thus A,, A; € R¥% are matrices with zero elements except for
~ (is? —o0?)(1 — ay)
Ay AL ar sl a)
( a)n (X (%) (a?512+0.2)( + o ) t [ y]

. Zsi(a? — 1)
A = (Al — AT = silad € [dy]-
( l) ( l) i (0412812+02)(522+0'2)’VZ€ [ y]

Next we derive the expressions of D, and I); derived in Proposition respectively.

1. Approx-IMH posterior: by Eq. we have
1

=] a?s? + a?
I A R
e i€ldy] [dy] i€[dy] pi

By Eq , we have AA, € R% > is a diagonal matrix with diagonals
s2(;s? — o) (1 — o)
AA,); = ‘ .
A = and T o2t 1 0?)

= (a?s? + 02)2(s? 4+ 02)?, then

Denote f;
! s¢(isy —0?)*(1 — a;)?/0®
AL = 32 s
O'2HAa||%7 = Z 0283(%8? _;2)2(1 — ai)z,

i€ld,] ’
AATE = Aa = 3 st Pm e
i€(dy] ’
Thus

i€[dy]

Substitute Egs. and into Eq. , we have the expressions for D, in Eq .

2. Latent-IMH posterior: by Eq. , we have

log

IE' 'L t=dy+1

1€ [dy]

By Eq , we have AA; € R% > ig a diagonal matrix with diagonals
04282(042 -1

AN = G .

(Al (ais} +0?)(s7 +0?)

Denote f; = (a?s? + 02)2(s? + 02)?, then
1 0?59 (a? —1)?)
Liaagy -y Zlei= 1)
i€(d,) '
#*s3(a? — 17
llAF = —
i€[dy] !
otsi(a? —1)2
AA|Z = [AA|Z = sl = )7
IAAE = [AA: = ) 7.

i€ldy]

1 :
S IAAE + oAl + | AaAlF + 14T = D Flais? —0*)*(1 - i)’ .

= > gl + Z log THE'S,) = Y Sy a2,
S0P S

(48)
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Thus

1
SIAANE + | AE + [AANE+[AAG = Y e —1)%sio (52)
i€(dy]

Combining Egs. and with Proposition we have the expressions for D, in Eq. .

O

B.4 Proof of Theorem [B.2]
Lemma B.4. We have the following properties for AT, At and A;r
e (AT—ANA=ATAK ! - ATA.
« (Al —AHA =KATAK ' - AfA.
« A(A] —AT) = AAT - AAT.
Proof.
e Note that

A =OF = OFF 'F = OF(F 'F)"' = AK .. (53)

e By Section AlT = KA. The property can be obtained by combing this relation with the previous property.
e Using Eq. , we have

AA] = AKAT = AK'KAT = AAT. (54)
O
Lemma B.5. If Assumption[B.1] holds, we have
. [|[ATA — ATA| < 7.
. |AAT —AAT| <7
Proof. By the SVD notation of A, we have
T T 21\ —1 . 54 T

and then by the definition of S, and §m we have

ATA =V S, V|, AAt =US,U.

Similar argument holds for the expressions of ATA and AAT. By Assumption we have [|[ATA — ATA| < 7
and [|AAT — AAT|| < 7. O

Lemma B.6. We have the following bounds for the covariance related terms in the KL-divergence for Approz—IMH
posterior and Latent-IMH posterior:

2

log 1o + Tr(X7'S8,) —d < 2ed+ Y (1+2€¢)p; + log;, (55)
¥l i€ld,]
|E| -1 Vi
log —— +Tr(X"7"X;) —d < 2¢d+ 1+ 2¢;)p; + log —-, 56
g =) ( 1) l iez[d:]( 1)p g ) (56)

where

a=ril+6 -1, mi=@+0)/(2+0Y),  pi= (L) /402, Vield)  (GT)
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Proof. For Approx-IMH posterior, by the SVD notation of A and A, we have

2
> (I—ATA)*l :VDiag{'” 78124_1,...,1,17...]\/7' = Vslv‘r7
g N—_——

i € dy] 4o
~ 2 o~ o~ o~
2a=VDiag[-.- ,NQ‘T,.--,1,1,--}VT — VS, V.
S o
i€ [dy] ’

Denote VIV =TI+ A, by the Assumption we have diagonals A;; <, for all ¢ € [d]. Thus
Tr(27'8,) —d=Tr(VS;V'VS, V') —d
=Tr(S;(I+A)Sy(I+AT)) —d
W Ty(8,8,) + 2 Tr(S1S2A) — d
< (14 2¢)Tr(S1S2) —d

sf+02
= (14 2¢) ‘6%1:]§?+02+(1+26)(d—dy)—d

s?2 — 52
= (142¢) Y —5— +26d, (58)
icld,] 7

where step (a) neglected second order term on A.

For Latent-IMH posterior, we can use a similar argument. Since 3; = KX,K T, we have

To(E7'8) = Tr(VS; VI KVS,VIKT) = Tr(S; (VI KV)S, (VKV) 7). (59)
Denote VIKV =1+ A/ , then the i-th diagonal entry of A’ has the following bound:

_ 1 ~ ~
A/ii = VZKVZ' —1= 5 Tr(K(v,va —+ V,V;r)) -1

<ki(l4+e) —1, (60)
where the last inequality follows by Assumption Now by Eq. we have
Tr(S7'S)) —d =Tr(S;(I+ A)Sy(I+ A1) —d
= Tr(Slsg) + 2TI'(SlsQA/) —d
S [21€+(1 + 6) - 1} TI'(SlsQ) —d
sf + o2
:[2/{+(1—|—6)—1}|:. m—Fd—du —d
i€(dy] ¢
52 — 37
=2k (1+e)—1] > o +2[ky (1 +€) — 1]d. (61)
i€ldy]
O

Proof of Theorem[B.3 For the ease of notation, we denote the quadratic terms in the KL-divergence expressions
for Approx-IMH posterior and Latent-IMH posterior in Proposition [3:2] by

1 ~ ~ ~ ~
= SIAAT - ADAJF + 0% (AT~ AD|E + (AT - ADAJ + |AAT - AD)|IE . (62)
fl f2 f3 f4
1
9= —5lIAA] - ADAJL + 0% ((A] — ADT +|I(A] - ADAJG + [AA] — A (63)

g1 92 g3 94
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1. Approx-IMH posterior: By Lemma [B.4] we have
A2
o2

f3=IAT - M)A} = [ATAK ™ — ATA|3. (65)

1 ~ 1 e e
fi = AT - ADAF = —ARTAK ! — ATA)} < P25 [ATAK ! — ATAR, (64

By Assumption [B1]
IATAK™! — ATA|2 = ||V S, VK™ — VS,V ||}
v, Q vIto—1 7 oQ T2 v Q /T T2
< IViSe VK™ = VS, VI + [ VSo V| = VS, VI3
<T-KPIVISo V5 + VS V|| = VSo V| |

Smax{(li—1>27(;—1>2}dy+7, (66)

where the last inequality is derived by Assumption and the fact that gg is a diagonal matrix with elements
less than 1 (Eq. (22)).

Substitute Eq. into Egs. and , we have

A2 1 VA 2
oo (14128 e[ (L) (1) Do -
Now we consider fo and fy:
fa+ fo=0®| AT — AT|[7 + |A(AT — AT)| 3
< (0® + | AIP)|AT - AT|3. (68)

Define diagonal matrices S; = Diag [s;/(s? + 02)]1.6[%] and S, = Diag [5; /(57 + 02)]1'6[%]' By Lemma
we have
|AT = ATE < IVS1UT = V)S:UT 7
= Tr(VSTV|) + Tr(VS5V|) —2Tr(V S, UTUS, V)

52 2 BN
= Z <(82 + 0-2)2 + (gQ —|—O’2)2> - QTY(SlU USQV” VH)' (69)
icld,) N i

Denote UTU =1 + Ay and VW\N/'” =1+ Av, then by Assumption we have

(Au), =u/ui-1>—- (Av),=v/vi-1>—c (70)
Thus

Tr(S;UTUS, V| V) = Te(S1(I+ Ap)Sa(I+ Av) ')
= Tr(S;S2) + Tr(AyS2S1) + Tr(AyS:Ss)

> (1-26) Tr(818y) = (1—-2¢) )

i€ldy]

S; 51
(s7 +0%)(s7 +02)’

(71)

where we neglect the second order term in the derivation of second equality. Substitute Eq. into Eq. ,
we have

At 112 S _ g,' 2 4€3i§i
JAT - AR < 3 (( )) * (72)

Lg \E %) (3§ o s; +02)(57 +0?)
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Substitute Eq. into Eq. and combine with Eq. , we have

-3 as (1B e 3 ((E-1) 4 ) )

i€[4] ’LE d ] C’L CZCZ
where
(=) (=)
Kq = max —=1) ,|—-1 ,
K_— K}+
G=si+02)s;, (G =38i+02/5,  Vieldy). (74)

By combining Eq. and Eq. , and substituting them into the closed-form expression for D, given in
Proposition we obtain the bound for D, as presented in Eq. .

. Latent-IMH posterior: first by Lemma and Lemma [B.4] we have
1 i VA 112 i N
g1+94= ;HA(A —ADA|z +[[A(A; — AT

A 2 o A 2
<1+ lA] >||AATAAT||% < <1+ ”0_2” >T. (75)

Define diagonal matrices S = Diag [s;/(s? + 02)] eld] and S = Diag [5;/(37 4 0?)] eld,]" By Lemma
1€(dy relay
we have

92 = o*|Af = AT|[% = o?|KAT — AT|[}. = o® (| KAT||% + |AT]; — 2 Tr(KATAYT))
< o [K3 Tr(S3) + Tr(S7) — 2 Tr(KV S, U US, V)] (76)

Let UTU =1+ Ay and V” K‘NIH =1+ Av, then by Assumption

(AU)” = ll;l—l~ll -1 2 —E€, (Av)” = V?Kvl -1 Z Ii,(]. — 6) — 1. (77)
Thus
Tr(KVS2U T US V) = Tr(So(I+ Ay)S1(I+ Ay))
= Tr(S281) + Tr(S2S1Av) + Tr(S1S2Ay)
> (k- +€(k- — 1)) Tr(S2S1)
1

= (k- +e(k- — 1)) Z —. (78)
i€(dy] CzCz

Substitute Eq. into Eq. , we have

Z /<a++i_ (H,—&—e(f,—l)) . (79)

i€ldy] C2 CQ Cz(z

g2 < 0?

Now we consider gs:
93 = ||(AT AT)AHF IIKATAK‘ ~ ATA|E
< VS, V| — VS, V HF—I—||KV||S V - VS,V IIE, (80)
where

KV (VK™ =V V[ ||} = [KV VK| + [V V] [; - 2Te(KV VKV V)

2Tr
K 2K K2 2Kk
< =F 1—7 ViVilE= (= +1-=")d, 1
(Sr-2)mivpn = (S -2 1)
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Combining Eq. , Assumption and Eq. , we cane get

K2 2K5_
93<T+<2++1—)dy. (82)
RZ KJ+

Now combine Eqs. , and , we have
o= g (2420t g, 02
> o2 Y

<”~2++1 2(”“(51))), (83)

i€l4] ieid,) \ Gi i GiGi
where
2
KL 2K_
= — — — +1. 84
Ki K2 K + (84)

By combining Eq. and Eq. , and substituting them into the closed-form expression for ; given in
Proposition we obtain the bound for I; as presented in Eq. .

O

C PROOFS OF SECTION 4

We begin this section by presenting the supporting lemma in Section [C.I} followed by the proof of Theorem [£.3]
in Section Finally, we provide the proof of Theorem in Section For the ease of notation, given
s € (0,1/2), we define constant r(s) by

r(s) = 2 + 2 max { —log1/4(s) —log1/2(s) } . (85)

di/4 ? dl/2

C.1 Supporting lemma

Our proof is based on the theory developed in [Dwivedi et al.|(2019); |Grenioux et al.[ (2023). We show the general
mixing time bound of the strongly log-concave distribution for IMH in Proposition [C.3] We first denote 7 as the
ground truth posterior, and 7 denote the proposal distribution in the MH step. Define the log-weight function by

m(x)
(z)

w(x) = log

Assumption C.1.

o z* =argmaxlogn(z), T* = argmax log 7(z).
o T satisfies isoperimetric inequality with isoperimetric constant ¥ (x) i.e., for any partition {S1,S2,S3} of R?,
we have
7(S3) > o (m)dist(S1, S2)m(S1, S2), (86)
where dist(S1,S2) = inf{||x —y| : ® € S1,y € Sa}.
o Forall R > 0, there exists Co(R) > 0 such that for all (x,2') € Ball(z*, R), ||w(z) — w(z")|| < Cgllz — 2]
Assumption C.2 («, s). There exists A € (0,1), 6ao > 0 and R > 0 satisfying

/B w(dz)(dy) > 1 — O, (87)

where
—log(A
Ba = {(z,y) € Ball(z*, R) x Ball(z*,R) : ||z — y|| < Ra}, where Ra = %,
R

and

1 . (s 2a—1Dy(n)s
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Proposition C.3 (Corollary E.5 in |Grenioux et al| (2023)). Let «(0,1/2), € € (0,1) and g a B-warm initial
distribution with respect to w. Assume that Assumption[C.1] and Assumption[C-3 hold, then we have the following
upper bound on the mizing time

8 28 642C2
mix 9 S 71 - 17 T N9/ a\o .
Tmiz (g, €) i=a? og ( . > max ( 220 —1)2 (90)
C.2 Proof of Theorem [4.3]

Proof. Denote s = €/28, let ¢1 > 0 be a constant such that ¢;s € (0,1/2). By Lemma 1 in Dwivedi et al.| (2019),

we haVe 7 (Ba”(.’L‘ ,R])) > 1 — C 87 Where
ric ) ( )

1. Approx-IMH: since — log p(x) is m-strongly convex, —log m,(z) (Eq. (4)) is also m-strongly convex. Then let
¢z > 0 be a constant s.t. cas € (0,1/2), we have m,(Ball(z}, R2)) > 1 — cas, where

Ry = \/Zr(@s). (92)

Define Ry , = Ro + ||z* — 2|, Ra = R1 + R2, and R = max(Ry, R ,). Then for any (z,y) € Ball(z*, Ry) X
Ball(z}, Rz ), we have

|z —yll < lz" — 23/l + Ri + R2 = Ra,
|z —a*| <R <R, |ly—a" < Roo+ 2™ —a;] <R

Thus for the set Ba defined in Assumption we have

Ball(z*, Ry) x Ball(z, R2,) C Ba. (93)
Thus the condition of Eq. in Assumption is satisfied since
/ m(dz)m, (dy) > / w(dz)m, (dy)
Ba Ball(z*,R)xBall(z%,Rz,0)
>(1—cas)(l—c28) >1—(cl+c2)s=:1—6a. (94)

Now we need to determine ¢; and co such that Eq. is satisfied:

11—«

N . (5 (2a —1)s > oa < s
<min | -, ———¢(n) | = o) (20— (95)
11—« 4’ 64Cg oa < %(?RD (m)s.
Let o = 3/4, by Eq. (95)) and Eq. (94)), it is enough if the following conditions are satisfied:
¥(m)
<=, Cp<-—2T 96
atesgg B = 51901 + o) (96)

By Theorem 4.4 in |Cousins and Vempala, a m-strongly log concave distribution 7 is isoperimetric with the
isoperimetric constant ¢ () = log(2y/m). Let ¢; =1/17, ¢o = 1/16 — 1/17. Thus if

log 2/m
Ca(Ra) S g372\/77 (97)

d € d €
R, = —r | —=),\/— =], 98
max <\/m7"<17ﬂ> er(272ﬂ> + ||z C%|> (98)
conditions of are satisfied and thus Assumption and Assumption are satisfied. Then by

Proposition we have
23 1282C, (R,)?
@ < 1281 — 1, —— . 99
T s(e) < og < ; ) max ( "oz 2)2m (99)

where
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2. Latent-IMH: the result can be proved by an argument similar to the proof for Approx-IMH. By Eq. @7 we have

m(z) o< q(y — Az)p(F~'Fx). It is easy to see that m(x) is moZ;,(F~'F). Thus we have m(Ball(z}, Ry)) >

min

d 1
Ry =\ ————=——7(c29).
M i (F~1F)
Then if Cy(R;) < logg272\/ﬁ, where

R - \/7 € \/? 1 € N .
| = max ET (175) , %Umin(fle)T (2725) + ||l — a7 |,

conditions of Eq. are satisfied and the bound for mixing time of Latent-IMH is proved.

1 — co8, where

C.3 Proof of Theorem [4.4]

(100)

(101)

Proof. Without loss of generality, we assume that the posterior mode z* is located at the origin. The key step is

to establish the local Lipschitz continuity of the log-weight function on the ball Ball(z*, R,).

1. Approx-IMH: the log-weight function has the following form:

1 ~
wa(a) = log 7 =~ [y = Aal Iy~ A’
1 ~ ~
=53 [mT(A - A)T(Qy - (A+A)z)]
= —T;[Z‘TGJU—FQ;ETAATyL

where we define

C:=A"A-ATA =Diag(---,(1—-a?)s?,--,0,---), AA:=A—A.

/9%

first d, coordinates

Thus for any z1,z2 € Ball(z*, R,), we have
1 ~ ~
|we(x1) — we(x2)| = @L’cICxl + 22 AATy — 2] Czy — Qx;rAATy}
~ . 1
< ﬁﬁlTCxl — a:QTCx2| + §|(m1 - xg)TAATy‘.

For the first term of the last inequality of Eq. (104)), we have

2] Cay — x) Caa| = (31 — 32) T Clay + 2)|

< [l -+ azlllor 22l < 2R, (s 1~ 0215 ) oy = .
K3

Yy

For the second term of last inequality of Eq. (104)), we have
(21— 22) TAATY| < (,rg[% - a) Iyllz: — 22l
Substitute Eqs. (105]) and (106)) into Eq. (104)), we have
1
un(o0) = (o) < o {20 (o 1= 0212 + (max 1= culss ) Iyl s = .

Y Y

(102)

(103)

(104)

(105)

(106)

(107)
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By Theorem R, ~ 24/d/m when d is large. Thus, the Lipschitz constant scale as the following when d is
large,

Co(Ra) ~ L max 1 2\55 (108)
o(flg) ~ — max |1 — o) | —
M i€[dy] o2

2. Latent-IMH: the log-weight function has the following form

IR N )
wi(x) = log @) log (- 1F)
= 5 [lell? ~ |F" P (109)

Then

1 ~— ~7
wi(21) —wi(@s2)| = 5 ‘Ilﬂflllz = w2l = [F " Fay||* + [F~'Fa

1, +x ~
= §|x1TCx1 — x5 Cxs|, (110)

where we define

~ =~ ~ 1

C:=1— (F'F)"(F'F) = Diag (1— 2) . (111)

%/ ield]
Thus
1 ~
fwn(an) = wi(ez)| = 5 |(@1 — 22)TC(e1 +2)|

1 ~ 1
< Z|ICl[lz1 + — 29| <R 1— —
= 2|| [lz1 + z2lflz1 — 22| 1 (Izré?if o2

)

) lx1 — z2|. (112)

By Theorem R; ~ +/d/m when d is large. Thus, the Lipschitz constant scale as the following when d is
large,

d 1
Ci(Ry) ~ — 1-—]. 113
W) ~ o max o2 (113)
Substitute results for C,(R,) and C;(C}) into Theorem |4.3] we can get the results for mixing time.
O

D ADDITIONAL EXPERIMENTAL DETAILS

All experiments were conducted on the Vista 600 Grace Hopper (GH) nodes at the Texas Advanced Computing
Center (TACC).

D.1 Sensitivity test in Section

The design of the sensitivity tests for comparing the KL-divergence between Approx-IMH posterior, Latent-IMH
posterior with Exact posterior is presented in Table[2] In Figure [7] shows both the absolute KL-divergence
and relative KL-divergence results for the sensitivity tests.

D.2 Additional details for Section [5l

Comparison with delayed-acceptance MCMC. We compare the sampling efficiency of different MCMC
methods under two approximate operators (with varying levels of accuracy) in Table [3] Both Latent-2stage
and Approx-2stage improve efficiency relative to standard MALA. For example, to achieve comparable accuracy,
Latent-2stage requires only about 25% of the exact forward/inverse solves used by MALA. However, despite
these improvements, both two-stage methods still underperform compared to Latent-IMH.
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Table 2: Experimental setup for comparing Approx-IMH posterior and Latent-IMH posterior with Exact
posterior.

Effects log,, SNR Lo dy/d d
Noise level 0.5 —4.0 6% 0.2 500
Spectral error 2.5 2% —21% 0.2 500
Observation ratio 2.5 6% 0.05 —0.5 500
Dimension 2.5 6% 0.2 100 —2000

Table 3: Relative mean error comparisons between different MCMC sampling methods. Each entry shows: (#
exact forward/adjoint solves, relative mean error). The approximate operator used in Latent-2stage, Approx-

2stage, and Latent-IMH has approximation error ||[I — F~1F| = 2.4% (top) and ||[I — F~'F|| = 9.0% (bottom).

Latent-2stage  Approx-2stage MALA NUTS Latent-IMH

(1.2x10%,0.37)  (1.2x10%,0.38)  (5.0x10%, 0.36)  (1.8x10%, 0.20)  (1.0x103, 0.32)
(2.4x106,0.08)  (2.4x10% 0.088)  (1.0x107,0.08) (7.5x10°%, 0.066) (2.0x10%, 0.07)
(4.8x10°, 0.057)  (4.8x105, 0.062) (2.0x107, 0.055) (1.3x10°, 0.044) (2.0x10°, 0.023)

Latent-2stage  Approx-2stage Latent-IMH

(1.2x10%,0.36)  (1.3x105, 0.49)  (5.0x10%, 0.59)
(2.4x105,0.084)  (2.6x105,0.11)  (1.0x10°, 0.12)
(4.9%105, 0.059)  (5.2x106, 0.088)  (5.0x10°, 0.056)

Evaluation Metric — Maximum Mean Discrepancy (MMD). MMD is a kernel-based distance between
two distributions P and @, defined as

MMD2(P7 Q) =Eyz~plk(z, 1‘/)] + Eyynolk(y, y/)] — 2Bz~ py~qlk(z,y)],
where k(-,) is a positive-definite kernel. In our experiments, we use the RBF kernel
k(w,y) = exp (=3l = yll?),

and set the kernel parameter v using the median of pairwise distances between all ground truth samples (the
median heuristic). Intuitively, a smaller MMD indicates that the generated samples are closer to the ground-truth
distribution in the reproducing kernel Hilbert space defined by k.

Ill-conditioned Gaussian prior. The sample efficiency comparison for the ill-conditioned Gaussian prior test
is presented in Figure 8]

Scattering problem. For the TV prior p(z)exp(—ATV(x)), we use a smoothed TV distance using finite
difference:

TV. ()= \/($i+1,j = Zij)? + (Tije1 — Tij)? + € (114)
i

Here z; ; is the pixel at row ¢ and column j. We use € > 0 ensures differentiability for gradient-based samplers
like NUTS.

To assess the convergence of the samples from Approx-IMH and Latent-IMH, we compare the sample mean and

variance of the generated samples with those computed from ground-truth posterior samples.
Ntrue 1 Ntrue 9

} : 2 2 :

lutrue = Ntrue ‘,Z:Erue’ Jtrue = Ntrue 1 P (I‘;rue - /uftrUE) . (115)
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——— Approx-IMH posterior (D,) ——— Latent-IMH posterior (D)
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Figure 7: Sensitivity test results for the expected KL-divergence of Approx-IMH posterior and Latent-IMH
posterior relative to Exact posterior.
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Figure 8: Sample efficiency comparison for ill-conditioned Gaussian prior p(z) ~ AN (0,X), where x(X) = 1000.
The results in the plots reflect the average of 5 independent runs for each test. The numbers in parentheses in the
top legend for Approx-IMH and Latent-IMH indicate the spectral error ||[I — F~!'F||. The numbers in parentheses
above the histogram plots denote the total number of forward and inverse solves of F required by each sampler.
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Figure 9: Convergence of the mean error map for the scattering problem test.

Approx-IMH

Latent-IMH

and for the MCMC chain up to iteration t:

~ 1 mcmece A 1 mcmec ~
fu= gD oam 6= o Y @R — ) (116)

The ground-truth samples are generated using NUTS for the true posterior, collecting 2 x 10° samples from 10
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Figure 10: Convergence of the variance error map for the scattering problem test.

independent runs. Both u and o2 are images, so we visualize convergence via the mean error map |fit — utrue|
and variance error map |6t?> — otrue?| shown in Figure El and Figure The plots indicate that Latent-IMH
achieves faster convergence than Approx-IMH.
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