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Abstract

Symbolic regression (SR) seeks interpretable analytical expressions that uncover
the governing relationships within data, providing mechanistic insight beyond
‘black-box’ models. However, existing SR methods often suffer from two key
limitations: (1) redundant representations that fail to capture mathematical equiv-
alences and higher-order operand relations, breaking permutation invariance and
hindering efficient learning; and (2) sparse rewards caused by incomplete incor-
poration of constraints that can only be evaluated on full expressions, such as
constant fitting or physical-law verification. To address these challenges, we pro-
pose a unified framework, Graph-based Symbolic Regression (GSR), which
compresses the search space through the permutation-invariant representations,
expression graphs (EGs), that intrinsically encode expression equivalences via a
term-rewriting system (TRS) and a directed acyclic graph (DAG) structure. GSR
mitigates reward sparsity by employing a hybrid neural-guided Monte Carlo tree
search (hnMCTS) on EGs, where constraint-informed neural guidance enables the
direct incorporation of expression-level constraint priors, and an adaptive ϵ-UCB
policy balances exploration and exploitation. Theoretical analyses establish the
uniqueness of our proposed EG representation and the convergence of the hnMCTS
algorithm. Experiments on synthetic and real-world scientific datasets demonstrate
the efficiency and accuracy of GSR in discovering underlying expressions and
adhering to physical laws, offering practical solutions for scientific discovery.

1 Introduction

Symbolic regression (SR) [1, 2] is an approach to unveil the inherent dependencies governing the sys-
tem under study in a symbolic form. SR explores the space of closed-form mathematical expressions
to find the most ideal analytical expressions that capture the underlying variable relationships from
observed data. Compared to black-box models (e.g., neural networks) that lack transparency or direct
mechanistic understanding, SR strikes a balance between prediction accuracy and interpretability,
highlighting its potential in advancing AI for scientific discovery [3].

However, solving SR problems is inherently NP-hard [4], due to the combinatorial nature of possible
mathematical expressions [5]. To improve search efficiency, recent SR methods have leveraged
modern supervised deep learning (DL) and reinforcement learning (RL) techniques [1, 6, 7, 8].
Despite these advancements, little attention has been given to capturing the inherent invariances of
expressions and effectively incorporating constraints in SR, leading to suboptimal learning strategies.

Prevailing works in SR [9, 8, 10] adopt semantic or expression tree (ET) representations, which fail to
account for the equivalence of mathematically identical expressions, breaking permutation invariance
with redundant states that hinder fast convergence. Additionally, the limited structural information
in ET may not fully leverage the effectiveness of DL-based encoding, limiting its expressive power.
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Furthermore, existing search-based methods [11, 12] primarily enforce constraints evaluated at
the operation level by incorporating priors during the sampling stage to avoid invalid expressions.
However, constraints that depend on complete expressions, such as those involving constant fitting
and physical law violation checking, are typically used as post hoc reward penalties instead of direct
prior constraint incorporation in search. Such current practice leads to a sparse search space, making
SR less effective for complex, constrained scientific research applications.

To address these challenges, we propose a Graph-based Symbolic Regression(GSR), which encodes
permutation invariance and constraint priors using a Relational Graph Convolutional Network (R-
GCN) on expression graphs (EGs). EGs inherently capture equivalences of expressions via a
term rewriting system (TRS) and its directed acyclic graph (DAG) structure, reducing redundant
representations. To fully exploit EGs, we introduce a hybrid neural-guided Monte Carlo tree search
(hnMCTS), which balances exploration and exploitation by combining vanilla MCTS with neural-
guided MCTS through an ϵ-UCB policy, where R-GCN leverages node and edge features of EGs
to encode expression-level constraint priors, allowing them to be incorporated directly during the
sampling process for the optimal search efficiency. Evaluating on widely recognized SR benchmark
datasets and real-world applications demonstrates that GSR effectively compresses the search space,
mitigates reward sparsity challenges, and reduces the reliance on costly constant fitting through
its structured encoding. These results highlight the efficiency, accuracy, and robustness of GSR in
solving complex, physics-informed SR problems for scientific discovery.

2 Preliminary and Related Work

2.1 Symbolic Regression (SR)

Given a dataset D = {(x1, y1), (x2, y2), . . . , (xN , yN )}, SR aims to find a mathematical expression
f to map the input variable vector xi to the corresponding output yi with the minimum error L(·, ·)
over all data points in D:

min
f

N∑
i=1

L(f(xi), yi), (1)

where f belongs to the mathematical expression space constructed using a predefined grammar (e.g.,
arithmetic operations, functions, constants, and variables) as a dictionary set Φ = {ϕ0, ϕ1, . . . , ϕn}.
In our method, ϕ denotes the operations or variables xi. We also include operator const for inserting
constants and trans for a transplantation strategy in Φ by default, detailed in Appendix C.1.

In this work, we develop GSR based on hnMCTS by leveraging vanilla MCTS [8, 13] for lightweight
exploration and neural-guided MCTS [14] for enhanced exploitation. The proposed framework not
only optimizes the exploration-exploitation trade-off but also seamlessly integrates with graph-based
expression representation, enabling more structured and efficient search.

2.2 Expression Representation

SR can be formulated as a Markov Decision Process (MDP), where a new operator or variable is
iteratively sampled based on the current expression state. The expression tree (ET) is the most
commonly used state representation [2], as shown in Fig. 1. In ET, operators are modeled as nodes,
and edges represent hierarchical relationships between operators and operands, with trees growing
from outer functions to inner ones. This structure reflects the sequential construction of expressions
through iterative sampling steps.

However, ET representation suffers from a major limitation: it fails to account for expression
equivalences and permutation invariance in operator generation sequences. As shown in Fig. 1,
two mathematically equivalent expressions with the same set of nodes can have different generation
sequences, resulting in distinct parent and sibling relationships and tree structures. This redundancy
inflates the state space, reducing learning efficiency, particularly for RL-based approaches (e.g.,
PG and MCTS) and sequential encoding methods (e.g., RNNs), which struggle to converge due to
unnecessary state diversity. Furthermore, ET encodes only basic operator types and hierarchical
relationships, lacking higher-order features such as arity and operation order, making it hard to
distinguish argument positions(e.g., base or exponent for power). These limitations weaken the
predictive power of DL-based encoders.
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Figure 1: An illustrative example of the permutation invariance problem in SR. (I) f1 and f2: two
equivalent expressions represented by ETs generated in different sequences as in the tables, yielding
two distinct representations due to the different parent and sibling relationships highlighted by the
colored boxes. This breaks the permutation invariance for sequential encoding methods. (II) f3:
another equivalent expression represented in our proposed expression graph (EG), generated by
both f1 sequence (blue numbers) and f2 sequence (red numbers), yielding the same representation,
preserving the permutation invariance for the Graph Neural Network (GNN) encoder.

Most existing SR works [7, 8, 15, 16] rely on either semantic or ET-based representations, with little
focus on improving expression representation. The authors of AI-Feynman [11, 17] addressed this by
pre-training neural networks to capture modularities and symmetries, decomposing SR problems into
smaller sub-problems. However, this approach suffers from efficiency bottlenecks due to the need for
extensive pre-training and brute-force search, which becomes computationally infeasible for complex
systems. Though there are some works related to graph-based representation of expressions, such as
[4] which establishes the NP-hard nature of symbolic regression by linking symbol graph to degree-
constrained Steiner arborescence problem, or Expression Directed Acyclic Graphs (DAGs) [18]
which is proposed to capture distributive equivalence and improve SR scalability, they fail to model
the general equivalences, capture high-order dependencies, and preserve permutation invariance, as
key insights in our paper. Consequently, an effective expression representation that reduces the state’s
redundancy and facilitates richer structural encoding remains an open problem in SR.

2.3 Constraint Incorporation

Constraints are ubiquitous in SR problems, which confine exploration to valid regions and guide
SR for meaningful and robust solutions. Failure to incorporate constraints properly can result in
sparse rewards and invalid solutions, particularly in real-world applications governed by fundamental
physical laws. We classify constraints into two categories:

Operation-level Constraints: Constraints that can be evaluated based on a few operations during
sampling, such as basic mathematical rules, void operations, maximum complexity (i.e., the number
of operations and variables), and hand-crafted priors for a priori known physics constraints. These
constraints are typically incorporated as priors in the sampling stage by zeroing out probabilities of
actions that would generate invalid expressions, preventing infeasible candidates from being explored.

Expression-level Constraints: Constraints that require a complete expression for evaluation, such as
hidden mathematical constraints (e.g., A÷? becomes invalid if “?” is later sampled as f(B) + C and
f(B) + C = 0), constants fitting constraints, and physics-based penalty functions (e.g., enforcing
f(r → 0) =∞ as discussed in Section 5.2). These constraints are typically incorporated as post hoc
reward penalties, such as assigning zero rewards to invalid expressions after they are fully generated.

Existing SR approaches [11, 12, 19] handle constraints by integrating operation-level constraints as
hand-crafted priors during the operation sampling stage and expression-level constraints via reward
penalty functions. However, the absence of expression-level constraint priors during sampling,
especially in random roll-outs in MCTS and random crossover in GP, leads to inefficient exploration
and sparse rewards, making it difficult for SR models to converge. While unit consistency can be
modeled as an operation-level constraint [19], the constant fitting process required for unit consistency
remains an expression-level constraint, necessitating computationally expensive evaluations for every
sample. This results in low efficiency and limits the scalability of SR methods. Hence, a more
efficient way to incorporate expression-level constraint priors into the sampling stage remains an
open challenge in SR. Additional related work on SR methods is reviewed in Appendix B.
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3 Methods

To resolve the inefficient search limitations in symbolic regression (SR) as discussed in Section 2,
we propose Graph-based Symbolic Regression (GSR) with hybrid neural-guided Monte Carlo tree
search (hnMCTS) to address both redundant search space and incomplete constraint incorporation,
with an improved convergence and exploitation and exploration trade-off.

3.1 Expression Graph Representation

Expression Graph. The redundant search space originates from the failure to capture the expression
equivalencies and preserve the permutation invariance. Consequently, we propose the expression
graphs (EGs), denoted as G, which are unique expression representations aggregating their equivalent
expressions, regardless of the generating sequence they went through during the sampling.

Figure 2: (a) Comparisons between the semantic expression representation, the ET representation
(blue block), and the EG representation (orange block, where bullet points are the TRS rewrite rules).
(b) Examples of (i) node and edge features of an EG, and (ii) EGs to unify the binary operations and
align the commutative operands at the same level for permutation invariant representations. (c) An
example of R-GCN encoder architecture for our EG representation, where node j is the neighbor of
node i, Nα(i) represents all neighbors of i with the operand relation α,⊙ represents the element-wise
multiplication, W0 and Wα are self-loop weight and edge-dependent weight respectively, cij denotes
the coefficient for Wα, and σ denotes the activation function.

As shown in Fig. 2 (a), the construction of an EG involves two procedures: (1) implementing the
term rewriting system (TRS) with rewrite rules for equivalences, detailed in Appendix C.2, which
captures the expression equivalences through recursively normalizing the current sampled candidate
expression into its canonical form; and (2) converting the canonical form of the semantic expression
into a directed acyclic graph (DAG)-based structure, which intrinsically encodes the permutation
invariance through unification of the binary operations (e.g. (+,−) →

∑
and (×,÷) →

∏
) and

aligning commutative operands at the same level, as shown in Fig. 1 and 2 (b). Note that for each
EG, the node set V = {ni} represents sampled operators, and the edge set E = {eij} encodes
relationships between operators and operands. Compared with ET, EG with the DAG structure
extended its capability for richer structure information (e.g., additional node features of arity and
edge features of operand relation α) to differentiate operands’ roles (e.g., base or power for ∧, + or
− for

∑
); and for improved scalability in handling complicated and highly dimensional datasets

by node-sharing of the same variable node. Theorem 3.1 establishes the uniqueness of the EG
representation, and Appendix C.2 provides an extended discussion of the EG representation.

Theorem 3.1. Let T (Φ) be the set of expressions over Φ, and R be the TRS defined in Appendix C.2.
Terms t1, t2 ∈ T (Φ) are equivalent (t1 ∼R t2) if they rewrite to a common term under↔∗

R (reflexive-
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transitive-symmetric closure of R). EG : T (Φ) → G is a function normalized via bottom-up R
application. The EG representation is unique if for all t1 ∼R t2, EG(t1) ∼= EG(t2) (isomorphism).

Proof Sketch. For uniqueness, we show that R is a terminating and confluent TRS, implying unique
normal forms (irreducible terms under→R). The EG then encodes this normal form as a minimal
DAG with shared substructures, preserving uniqueness. Appendix C.2 details the complete proof.

Graph Neural Network Encoder. Considering the DAG structure of EG and discrete edge fea-
tures capturing the operands’ relations, we propose a Relational Graph Convolutional Network
(R-GCN) [20], a novel graph neural network (GNN) architecture [21, 22], as the foundation encoder
in GSR. Its edge type-dependent message passing not only preserves the permutation invariance
for EG during sampling; more importantly, the unique message passing depending on different
operand relations also creates a more accurate and expressive representation than traditional encoders
with ET. Figure 2(c) shows an example of the R-GCN architecture, and Appendix C.3 provides the
explanations for the detailed message passing updates. Given an EG G as input, R-GCN encodes the
expression state as the EG representation, formally expressed as:

R-GCN(G{V, E}) = (πθ|P(G), πθ|r(G)) = (P, r), (2)

where P ∈ R|V|×|Φ| is a prior probability matrix, with each row corresponding to the prior probability
distribution for each v ∈ V , and each column in the distribution representing the prior probability
for each operator ϕ ∈ Φ to be added to the node. r ∈ R+ is the predicted reward value of the state
G. πθ|P and πθ|r are trainable models predicting P and r given G, with parameters θ of R-GCN. By
self-learning with hnMCTS, EG representations encode expression-level constraint priors into P and
r, providing structure-aware and constraint-informed neural guidance during the sampling.

3.2 Hybrid Neural-guided Monte Carlo Tree Search

To facilitate the EG-encoded constraint prior with MCTS [8], we focus on neural-guided MCTS
[14, 23], which enables self-learning of R-GCN on EGs from MCTS. However, the pure neural-guided
MCTS suffers the initial training bottlenecks due to the biased estimates of the under-trained R-GCN
module. Consequently, we propose a new hybrid neural-guided MCTS (hnMCTS), which adopts
an adaptive ϵ-UCB policy to dynamically combine the vanilla MCTS with neural-guided MCTS, to
provide a warm-start training, faster convergence, and the balanced exploitation and exploration.

MDP settings. We model the expression generation process as a finite-horizon MDP with the
sampling trajectory τ = {s0, a0, s1, a1, . . . , st, at, . . . , aH−1, sH}, where H is the maximum com-
plexity. At step t, we define the state st to be the current EG, Gt, with the sampling node; action at to
be the sampled operator or variable ϕ ∈ Φ added to st. When τ is complete (attaining the maximum
complexity H or finishing the expression in a closed form), we obtain the finalized expression fτ .
Then we get a reward R(τ) through evaluating τ with the metrics in Appendix C.7.

Figure 3 illustrates the workflow of hnMCTS. To sample τ , at each step t in τ , we perform
one batch of hnMCTS for each state st to update MCTS policy πt

M so that we can sam-
ple at ∼ πt

M (st). During each iteration of the batch, hnMCTS samples a trajectory τt =

{s0t , a0t , s1t+1, a
1
t+1, . . . , s

i
t+i, a

i
t+i, . . . , a

H−t−1
H−1 , sH−t

H } from the root state st as the search, where
the superscript denotes the search step in τt and subscript denotes the current complexity.

Steps in hnMCTS. As shown in Fig. 3, hnMCTS will switch between the vanilla and the neural-
guided MCTS at the beginning of each τt by the ϵ-UCB policy, with the random variable ϵ ∈ [0, 1]
and the given threshold cϵ ∈ (0, 1]. Then, it will take four steps based on the selected policy.

Selection: Starting from the root state st, hnMCTS selects the next step iteratively before arriving at
an expandable node or terminal node following the maximum Upper Confidence Bounds (UCB) [24]
or the maximum predictor-based UCB (PUCB) policy based on the selection of the ϵ-UCB policy.
Define b as the next possible action, CU and CP as exploration rate controlling hyperparameters,
Q(s, a) as the expected action value, P (s, a) as prior probability, and N(s, a) as the total number of
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Figure 3: An exemplar workflow of hnMCTS with R-GCN on EG for neural-guided MCTS.

times for taking action a from state s, we have the ϵ-UCB policy:

ϵ-UCB
policy : a ∼

argmaxa{UCB(s, a) = Q(s, a)/N(s, a) + CU

√
ln

∑
b N(s,b)

N(s,a) } if ϵ < cϵ

argmaxa{PUCB(s, a) = Q(s, a) + CPP (s, a)

√∑
b N(s,b)

1+N(s,a) } if ϵ ≥ cϵ
(3)

Expansion: If hnMCTS traverses to a visited node with unvisited children, we call it an expandable
node. We will select one of its unvisited children for the following simulations.

Simulation: After traversing to an unvisited node, based on the selection of the ϵ-UCB policy,
hnMCTS will either have the uniform prior and calculate R(s) through random rollout as the vanilla
MCTS; or obtain (P(s, ·), R(s)) = (πθ|P(s), πθ|r(s)) through the R-GCN encoding on EGs as the
neural-guided MCTS, where P(s, ·) is the prior distribution P and R(s) is the expected reward r of
state s according to (2), which incorporates expression-level constraint priors directly into sampling
process in PUCB(3) by the self-learn mechanism according to (4).

Backpropagation: After obtaining R(s) of the expandable node, hnMCTS will increase N(s, a)
by one and update Q(s, a) = (1/N(s, a))

∑
s′|s,a R(s′) for all those (s, a) pairs that have been

traversed through. Here, s′ represents the next state of s by taking action a.

After one batch of hnMCTS, we can update πt
M = N(st, ·)/

∑
b N(st, b) to step next in τ . When τ

is completed, we subsequently update the parameters θ of R-GCN by minimizing the loss function:

l =
∑
t

((R(τ)− πθ|r(st))2 − πM (st) log πθ|P(st)). (4)

Appendix C.4 outlines the proposed hnMCTS algorithm. With the dynamically controlled ϵ-UCB
policy, hnMCTS provides: (1) expression-level constraints incorporated proactively via R-GCN priors
(P, r) within PUCB (3), densifying rewards without evaluations on full expressions; (2) a smooth
warm-start for training, initially relying on random roll-outs to explore broadly, and progressively
shifting to neural-guided MCTS as R-GCN training stabilizes; (3) the reduced reliance on costly
constant fitting of evaluations via R-GCN predictions, significantly reducing computational overhead;
(4) an improved convergence established in Theorem 3.2, and a balanced exploration-exploitation
trade-off by controlling cϵ for the ϵ-UCB policy as explained in Appendix C.5.2.
Theorem 3.2. Given bounded rewards R(s, a) ∈ (0, 1], a finite action space A, CU > 0, CP > 0,
unbiased simulations, and 0 < cϵ ≤ 1, hnMCTS with the ϵ-UCB policy ensures limT→∞ NT (s, a) =
∞ for all a ∈ A, NT (s, a) = O(lnT ) for a ̸= a∗(the optimal action), and NT (s, a

∗) ∼ T .

Proof Sketch. The ϵ-UCB policy with 0 < cϵ ≤ 1 alternates between the vanilla (UCB) and the
neural-guided (PUCB) MCTS, ensuring infinite exploration of all actions due to UCB’s exploration
term, even if the neural prior P (s, a∗) = 0. Suboptimal actions have logarithmic visit counts
(E[NT (s, a)] = O(lnT )) while the optimal action’s visits grow linearly (E[NT (s, a

∗)] ∼ T ), driven
by Q-values from unbiased simulations. This guarantees policy convergence (πT

M (s, a∗)→ 1) with a
relaxed condition compared to neural-guided MCTS. Appendix C.5.1 provides the complete proof.
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4 Experiments

4.1 Synthetic Dataset Benchmarking

Benchmarking Datasets: we have evaluated our GSR on diverse benchmark datasets, including 1) the
black-box dataset consisting of 120 tasks without solution expressions from PMLB [25], 2) Feynman
dataset [11] consists of 119 physics-informed problems with ground-truth solutions, 3) Nguyen’s SR
benchmark dataset [26] and Nguyen constant dataset [7]. For the black-box dataset and the Feynman
dataset, we follow the experimental settings of state-of-the-art symbolic regression benchmarking
SRBench [27], which includes 21 baseline models for the black-box dataset benchmarking and 14
baseline models for the Feynman dataset benchmarking. Additionally, we compared with the recent
transformer-based MCTS method, Transformer-based Planning for Symbolic Regression (TPSR)
[10], in the black-box dataset; and a neural-guided GP method, A Unified Framework for Deep
Symbolic Regression (uDSR) [9], in the Feynman dataset; as well as a transformer-based GP method,
Deep Generative Symbolic Regression (DGSR) [6], for both datasets. We summarize our additional
experimental settings in Appendix D.1

Benchmarking Performances: Figure 4 summarizes the benchmarking results on both the black-box
and Feynman datasets. On the complex black-box problems, GSR consistently achieves higher R2

scores than most baselines (Fig. 4(a)), indicating stronger predictive accuracy in settings where
expression structures are not explicitly provided. On the Feynman dataset, GSR recovers a larger
number of ground-truth expressions (Fig. 4(d)), demonstrating improved ability to identify physically
meaningful symbolic forms rather than merely fitting numerical outputs.

In terms of model complexity (Fig. 4(b)), GSR attains relatively compact expressions while main-
taining competitive accuracy. Regarding computational efficiency, GSR exhibits training times
comparable to the pretrained transformer-based TPSR method [10] (Fig. 4(c)), despite not rely-
ing on any pretraining or large auxiliary datasets, suggesting that the canonical expression graph
representation effectively reduces redundant structures during search.

Overall, these results indicate that encoding invariance and expression-level constraints directly into
the search process improves the trade-off between accuracy, interpretability, expression simplicity,
and computational cost, particularly on more challenging benchmarks. Additional results on the
Nguyen benchmark are reported in Appendix D.2.

Figure 4: Performance comparisons of 24 algorithms regarding: (a) R2 test score, (b) model size
(solution complexity), and (c) training time on the black-box dataset; Performance comparisons of 17
algorithms regarding: (d) solution rate (the ratio of ground-truth equivalent solutions in mathematics
to the total equations in the dataset) on the Feynman dataset. The dots represent the median value,
and the shadow line represents the 95% confidence interval.

4.2 Ablation Study

Ablation Settings: To evaluate the individual contributions of invariance and expression-level
constraint encoding in GSR, we conduct ablation studies on six challenging symbolic regression
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Model GSR MCTS-EG hnMCTS-ET MCTS
Invariance Encoding ✓ ✓ × ×

Expression-level Constraint Encoding ✓ × ✓ ×
Solution Rate (%) ↑ 98.0 90.3 92.7 85.8

Number of Evaluations ↓ 89,128 107,651 120,056 162,783
Training time (s) ↓ 1302.9 2089.2 1759.3 2782.6
Sparse Rate (%) ↓ 11.4 21.2 16.5 25.3

Table 1: Comparisons between GSR and three ablation models regarding the average solution rate,
number of evaluations, the training time for the first solution, and the sparse rate (ratio of invalid
generated expressions to the total expressions generated in an epoch) at 50% of the total training
epochs on six tasks (Nguyen-12 and five Nguyen benchmark with constant tasks).

tasks drawn from the Nguyen benchmark with constants [7] and the Nguyen-12 task from the original
Nguyen benchmark [26], under consistent experimental settings described in Appendix D.2. In
addition to GSR, we compare the following ablation models: 1) MCTS-EG, employing the EG
representation for invariance encoding but using standard MCTS without constraint encoding; 2)
hnMCTS-ET, using hnMCTS for constraint encoding but relying on ET representation without
invariance encoding; 3) MCTS, a baseline using vanilla MCTS with ET, lacking both invariance and
constraint encoding.

Performance Analysis: Table 1 reports the results of the ablation study. Relative to vanilla MCTS,
hnMCTS-ET, which incorporates expression-level constraint encoding, achieves higher solution rates,
improved training efficiency, and reduced reward sparsity. These gains indicate that constraint-guided
sampling, together with the expressive capacity of the R-GCN encoder, provides more informative
guidance during search, particularly for tasks involving constants and complex constraint structures.

In contrast, MCTS-EG requires substantially fewer function evaluations than vanilla MCTS, with
a 33.9% reduction in the effective search space, demonstrating that equivalence-aware expression
graph representations reduce redundant exploration through state-space compression. However, its
overall training time remains higher than hnMCTS-ET, as constant fitting must still be performed
explicitly during search, limiting the computational savings from reduced evaluations.

By integrating both expression graph–based invariance encoding and constraint-guided neural search,
GSR achieves further improvements in solution rate, evaluation efficiency, and reward sparsity
mitigation. This result highlights the complementary roles of invariance-aware state compression
and expression-level constraint guidance, enabled by edge-aware message passing of the R-GCN
over structurally enriched expression graphs. Additional analyses of reward sparsity and supporting
visualizations are provided in Appendix D.4.

5 Application

To demonstrate GSR’s scalability and constraint-aware capability in highly complex, irregular, and
physics-constrained real-world settings, in this section, we apply it to a materials science application
focused on predicting interatomic potential energy for atomistic simulations. This problem is central
to understanding material behavior and accelerating the design and discovery of novel materials.
While traditional first-principles methods such as density functional theory (DFT) [28, 29], offer
high accuracy, their use is often limited by the substantial computational cost and extensive memory
requirements. To address this, surrogate ML models are increasingly explored, with symbolic
regression showing strong potential for balancing efficiency and interpretability. Appendix E.1 details
the problem backgrounds, and Appendix E.2 describes the practical usage of GSR in this domain.

5.1 Problem Setting

We adopt a dataset from first-principles molecular dynamics simulation of 32 copper atoms from [16],
which is described in detail in Appendix E.4. We aim to discover the interatomic potential energy
function f(·) that effectively maps the atoms’ pairwise distances r to a total formation energy E.
In this study, we consider four methods to learn the interatomic potential energy function: 1) a
GNN-based black-box method, CGCNN [30]; 2) a genetic programming-based SR method from [16];
3) our GSR in this paper; and 4) the vanilla MCTS method. GP1 and GP2 in Table 2 are two fitted
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expressions by genetic programming reported in [16]. Appendix E.4 summarizes our experimental
settings for baseline models.

5.2 Physics Constraints

To ensure the resulting f(·) is physically meaningful, we consider the following additional physics
constraints besides the universal constraints listed in Section 2.3:

(1) Scalar Output : The output of f(r) has to be a single scalar to match E for valid evaluation.
(2) Unit Consistency : A scalar const should be multiplied before any polynomial terms and in any

number in the exponential terms to ensure the unit calculation aligns with the physical meaning.
(3) Electrostatic Repulsion : The energy approaches infinity at an infinitesimal distance (i.e. f(r →

0) =∞) due to Coulomb’s law.

We include explanations for all constraints in Appendix E.3. Note that CGCNN only satisfies the
scalar output (1) constraint; GP1 and GP2 satisfy both the scalar output (1) and unit consistency (2)
constraints; and MCTS and GSR satisfy all the constraints.

5.3 Performance and Transferbility

Test Results: Table 2 presents our comparison results for the formation energy prediction, where the
Mean Absolute Error (MAE) is computed based on linear regression results of the model expressions
regarding the formation energy E, divided by the number of atoms (32) in the crystal. Figure 5
depicts curves of the interatomic potential energy functions f(r) according to the learned analytical
expressions in Table 2. It illustrates the electrostatic repulsion that the energy goes to infinity
f(r)→∞ at short interatomic distance (r → 0), with more details described in Appendix E.6.

Comparing training and testing MAEs in Table 2, GSR achieves the best testing MAE while preserving
all physical constraints (the 1/rm terms reflect electrostatic repulsion at an infinitesimal distance).
MCTS, though satisfying all the constraints as GSR, its largest MAE and highest complexity highlight
the impact of sparse rewards to vanilla MCTS during random rollouts. In contrast, GSR guides
MCTS with encoded physics constraints that improve the likelihood of generating valid expressions
during simulations. Although CGCNN has the lowest training MAE, its larger testing MAE indicates
the potential overfitting risk, showing less robustness than SR methods such as GSR and GP2 in
data-limited scenarios. GP1’s low complexity comes at the cost of significantly poor performance,

Model Constraints Expression f(r) (eV/atom) Complexity ↓
MAE (meV/atom) ↓
Train
Test Transfer

CGCNN (2)×
(3)× - - 2.08

3.09 44.89

GP1 (2)✓
(3)×

∑
(r10.21−5.47r − 0.21r)s(r)

+0.97(
∑

0.33rs(r))−1 21 3.68
3.53 43.32

GP2 (2)✓
(3)×

7.33
∑

r3.98−3.94rs(r) + (27.32−
∑

(11.13 + 0.03r11.74−2.93r)s(r))(
∑

s(r))−1 28 2.57
2.70 41.63

MCTS (2)✓
(3)✓

∑
(13.70r3 + 27.18r2 − 13.70rer)e−0.98r2

+
∑

2.98r−1e−12.87r 31 3.91
3.65 36.31

GSR (2)✓
(3)✓

∑
6.04× 10−11(r3e3r − r12)

+
∑

121.41(r−7 + 3r−8 − r−6)
24 2.41

2.63 34.15

Table 2: Analytical interatomic potential energy functions f(r) fitted to DFT total energy using GP1,
GP2, MCTS, and GSR compared with the CGCNN model. Here, f(r) is in the unit of eV/atom,
and s(r) is the smoothing function introduced in Eq (7) of [16]. “Constraints" denotes the satisfied
constraints defined in Section 5.2. “Complexity" is computed by the sum of nodes in the expression
graph or the expression tree. “Train/Test" represents the training and testing MAE of the copper
dataset. “Transfer" represents the MAE of expressions directly tested on the newly generated dataset
as described in Appendix E.7. Typically, DFT achieves an MAE of 10 ∼ 20 meV/atom for energy
predictions for reference.
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Figure 5: Interatomic potential energy functions f(r) learned by GSR, MCTS, GP1 and GP2, as a
function of interatomic distance r ranging between 0 to 5Å. The x-axis is the interatomic distance
r and the y-axis is the interatomic potential energy. Only MCTS and GSR produce physically
meaningful results, adhering to the strong electrostatic repulsion at short interatomic distances, while
both GP1 and GP2 fail. A finite-valued model at short interatomic distances, like GP1 and GP2,
allows atoms to overlap, which can either cause downstream dynamics simulations to crash or lead to
meaningless results violating physics laws.

while GP2, despite the comparable predictive power to GSR, has higher complexity that makes the
underlying dependencies less straightforward. Besides, none of CGCNN, GP1, or GP2 adheres
to the electrostatic repulsion constraint, resulting in less physically meaningful solutions at short
interatomic distances. Overall, GSR demonstrates strong expressive power with lower complexity
than GP methods and reduced overfitting compared to neural networks, while consistently maintaining
physical meaning. Plots for Table 2 results are included in Appendix E.5.

Transfer Results: To further assess the transferability of the interatomic potential energy model,
we create a new dataset of 100 samples by performing DFT-based molecular dynamics simulations
where a volumetric compression of approximately 50% is applied to the unit cell of the original
copper dataset. As a result, the new dataset consists of samples with shorter interatomic distances
(bond lengths) between neighboring atoms, as described in Appendix E.7. This allows us to assess the
transferability of our physics-constrained analytical model compared to other conventional machine
learning models. The “Transfer” MAE in Table 2 is obtained through zero-shot learning of the
solution expressions directly tested on the newly generated dataset, where GSR and MCTS show
significantly lower MAEs. As electrostatic repulsion has a direct impact at shorter interatomic
distances, GSR and MCTS that integrate the physical constraints provide better generalization to
shorter bond lengths on the new dataset. These results again verify that the incorporated physics
constraints can prevent overfitting and foster the discovery of generalizable knowledge.

6 Conclusion and Limitation

In this work, we identified two critical challenges in current Symbolic Regression (SR) approaches:
(1) redundant expression representations that fail to capture expression equivalences and preserve
the permutation invariance, and (2) the absence of expression-level constraint priors incorporated
during the sampling stage, leading to low search efficiency, reward sparsity, and limited applicability
in real-world settings. To address these challenges, we proposed Graph-based Symbolic Regression
(GSR) – a method built on Relational Graph Convolutional Network (R-GCN) operating over
expression graphs (EGs); and a hybrid neural-guided Monte Carlo Tree Search (hnMCTS) framework
with an adaptive ϵ-UCB policy. EGs provide invariance-aware representations and higher-order
structural features, enabling R-GCN to encode constraint priors more effectively. hnMCTS with
R-GCN encoding facilitates a balanced exploration-exploitation trade-off, reduces reward sparsity,
and enhances search efficiency.

Comprehensive benchmarks and ablation studies on synthetic datasets confirm that GSR achieves
superior performance with a compressed search space. Furthermore, a real-world application in
materials science, involving complex physics-based constraints, demonstrates GSR’s capability to
produce interpretable and physically consistent solutions, underscoring its practical value.

Limitations remain for the GSR, where the term rewriting system (TRS) is a handcrafted rule set that
captures most of the basic algebraic equivalences but not higher-order symmetries or domain-specific
invariances. Looking forward, extending GSR with automated or learned TRS rules and pretrained
symmetry-aware graph encoders could further enhance generalization and cross-domain applicability.
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NeurIPS Paper Checklist

1. Claims
Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: As detailed in Section 3 and 4, our main claims made in the abstract and intro-
duction on our GSR’s effectiveness and efficiency accurately reflect the paper’s contributions
and scope.

Guidelines:

• The answer NA means that the abstract and introduction do not include the claims
made in the paper.

• The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

• The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

• It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?

Answer: [Yes]

Justification: Section Conclusions and Future Work briefly discussed our future research di-
rection on addressing challenges in integrating more expression symmetries and a pretrained
GNN encoder, which hopefully has stronger trustworthy guarantees on learned SR models.

Guidelines:

• The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

• The authors are encouraged to create a separate "Limitations" section in their paper.
• The paper should point out any strong assumptions and how robust the results are to

violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

• The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

• The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

• The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

• If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

• While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs
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Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
Answer: [Yes]
Justification: We provide a complete proof of Theorem 3.1 in Appendix C.2 and a complete
proof of Theorem 3.2 in Appendix C.5.1.
Guidelines:

• The answer NA means that the paper does not include theoretical results.
• All the theorems, formulas, and proofs in the paper should be numbered and cross-

referenced.
• All assumptions should be clearly stated or referenced in the statement of any theorems.
• The proofs can either appear in the main paper or the supplemental material, but if

they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

• Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

• Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?
Answer: [Yes]
Justification: We have made all efforts to clearly describe our experimental settings in
Section 4 and 5, as well as in Appendix D.1, C.6 and E.4. Multiple SR experimental runs
have been conducted in Section 4 and 5, and their results have been explicitly reported.
Guidelines:

• The answer NA means that the paper does not include experiments.
• If the paper includes experiments, a No answer to this question will not be perceived

well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

• If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

• Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

• While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example
(a) If the contribution is primarily a new algorithm, the paper should make it clear how

to reproduce that algorithm.
(b) If the contribution is primarily a new model architecture, the paper should describe

the architecture clearly and fully.
(c) If the contribution is a new model (e.g., a large language model), then there should

either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
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some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: Both the code and data will be released in an open-access repository after the
paper is publicly available.

Guidelines:

• The answer NA means that paper does not include experiments requiring code.
• Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

• While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

• The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

• The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

• The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

• At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

• Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLs to data and code is permitted.

6. Experimental setting/details
Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]

Justification: We have made all efforts to clearly describe our experimental settings in
Section 4 and 5, as well as in Appendix D.1, C.6 and E.4.

Guidelines:

• The answer NA means that the paper does not include experiments.
• The experimental setting should be presented in the core of the paper to a level of detail

that is necessary to appreciate the results and make sense of them.
• The full details can be provided either with the code, in appendix, or as supplemental

material.

7. Experiment statistical significance
Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: We have conducted SR experiments on the standard benchmarking dataset
several times and reported their 95% confidence interval with the median value in Section 4.

Guidelines:

• The answer NA means that the paper does not include experiments.
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• The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

• The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

• The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

• The assumptions made should be given (e.g., Normally distributed errors).
• It should be clear whether the error bar is the standard deviation or the standard error

of the mean.
• It is OK to report 1-sigma error bars, but one should state it. The authors should

preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

• For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

• If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources
Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?
Answer: [Yes]
Justification: The computing platform together with runtime is described in the Appendix A.
Guidelines:

• The answer NA means that the paper does not include experiments.
• The paper should indicate the type of compute workers CPU or GPU, internal cluster,

or cloud provider, including relevant memory and storage.
• The paper should provide the amount of compute required for each of the individual

experimental runs as well as estimate the total compute.
• The paper should disclose whether the full research project required more compute

than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?
Answer: [Yes]
Justification: We confirm that the research conducted and presented in the paper conforms,
in every respect, with the NeurIPS Code of Ethics.
Guidelines:

• The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.
• If the authors answer No, they should explain the special circumstances that require a

deviation from the Code of Ethics.
• The authors should make sure to preserve anonymity (e.g., if there is a special consid-

eration due to laws or regulations in their jurisdiction).
10. Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?
Answer: [Yes]
Justification: We have provided a brief statement on potential societal impacts, especially
related to materials science, in Section 5.
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Guidelines:

• The answer NA means that there is no societal impact of the work performed.
• If the authors answer NA or No, they should explain why their work has no societal

impact or why the paper does not address societal impact.
• Examples of negative societal impacts include potential malicious or unintended uses

(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

• The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

• The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

• If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

11. Safeguards
Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]

Justification: We do not foresee any potential risk of releasing related data and code as we
focus on fundamental research in AI for Science and follow the commonly adopted practice
in the field.

Guidelines:

• The answer NA means that the paper poses no such risks.
• Released models that have a high risk for misuse or dual-use should be released with

necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

• Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

• We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets
Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: We have cited the references for all the original code, data, and models used in
our paper.

Guidelines:

• The answer NA means that the paper does not use existing assets.
• The authors should cite the original paper that produced the code package or dataset.
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• The authors should state which version of the asset is used and, if possible, include a
URL.

• The name of the license (e.g., CC-BY 4.0) should be included for each asset.
• For scraped data from a particular source (e.g., website), the copyright and terms of

service of that source should be provided.
• If assets are released, the license, copyright information, and terms of use in the

package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

• For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

• If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets
Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
Answer: [Yes]
Justification: We have clearly described all the details of our GSR and the dataset we have
generated via DFT in Sections 3, 5, and Appendix E.7.
Guidelines:

• The answer NA means that the paper does not release new assets.
• Researchers should communicate the details of the dataset/code/model as part of their

submissions via structured templates. This includes details about training, license,
limitations, etc.

• The paper should discuss whether and how consent was obtained from people whose
asset is used.

• At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

14. Crowdsourcing and research with human subjects
Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?
Answer: [NA]
Justification: The presented work does not involve crowdsourcing nor research with human
subjects.
Guidelines:

• The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

• Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

• According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

15. Institutional review board (IRB) approvals or equivalent for research with human
subjects
Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?
Answer: [NA]
Justification: The presented work does not involve the risks listed above.
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Guidelines:
• The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.
• Depending on the country in which research is conducted, IRB approval (or equivalent)

may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

• We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

• For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

16. Declaration of LLM usage
Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.
Answer: [NA]
Justification: The presented work does not involve important or original core methods
originating from LLMs.
Guidelines:

• The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

• Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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Appendix

A Computing Resources

We have performed our experiments on a platform with one CPU, Intel Xeon 6248R (Cascade Lake),
3.0GHz, 24-core, and one GPU, NVIDIA A100 40GB GPU accelerator. For the reported Synthetic
Dataset Benchmarking in Section 4 in the main text, our graph-based symbolic regression (GSR) can
sample 60 expressions per second on average. For the materials science application in Section 5,
GSR on average samples 20 expressions per second.

First-principles DFT calculations of the test dataset were performed on a compute node consisting of
two Intel Xeon 6248R (Cascade Lake) CPUs with a total of 48 cores and 384GB DDR4 memory.
The initial supercell structure of 32-atom fcc copper was relaxed using VASP [31] with the conjugate
gradient method in four steps within a total of 18 seconds. For each temperature, VASP-based
molecular dynamics simulations in the NVT ensemble were run for 6,000 steps for a total of 900
minutes.

B Additional Literature Review on Symbolic Regression Methods

Symbolic regression (SR) has a rich history with a diverse range of methods. Early ones primarily
rely on Genetic Programming (GP) [16, 32, 33], which searches for candidate expressions through
evolutionary processes such as selection, mutation, and crossover. Similar as brute-force methods
like SISSO [34] and basis-dependent methods like SINDy [35], GP-based methods often suffer from
poor scalability and high sensitivity to hyperparameters [7].

Modern SR methods integrate deep learning (DL) and reinforcement learning (RL) to improve
heuristic search efficiency. DSR [7] employs a recurrent neural network (RNN) with risk-seeking
policy gradients (PG), performing well on simple tasks but incurring high computational costs
due to repeated RNN inference for every sample and limited exploration in complex problems.
Neural-guided genetic programming methods [9, 15] address these issues by combining RL with GP,
improving both efficiency and exploration. Deep generative models [6, 10, 36, 37] offer fast inference
but lack adaptability to out-of-distribution datasets due to their static pre-training. In contrast, Monte
Carlo Tree Search (MCTS)-based methods [8, 13, 38] have better exploration-exploitation balance,
achieving state-of-the-art performance.

C Methodological Detail

C.1 Transplantation and Constant Optimization

Transplantation: Inspired by the cross-over mechanism in Genetic Programming (GP), we introduce
the concept of function modularity to break down complex problems into smaller sub-problems
[11, 8]. Leveraging a divide-and-conquer heuristic search strategy, we store promising expressions
with lower complexity than the current sampling average in a budget set. These stored expressions
can then be directly inserted into newly generated expressions as a single operator, which we refer to
as the “transplantation" operator, denoted by trans. The trans operator functions as a variable that
GSR can choose during exploration. When selected, GSR randomly picks a subset of expressions
from the budget and uses them to generate new expressions, selecting the best one to calculate the
action value of the trans operator. By default, GSR enables the trans operator after half of the total
epochs, with the budget set to store the top n models that have a complexity lower than half of the
maximum complexity.

Constants Optimization: Constants play a crucial role in symbolic regression, not only for main-
taining unit consistency in real-world scientific problems but also for optimizing regression accuracy.
In our approach, constants are introduced into expressions via the const operator, functioning as a
variable operator. While enabling constant optimization enhances the accuracy of the regression,
it significantly increases the computational cost of evaluating an expression. To mitigate this, all
constants within an expression are optimized only once per evaluation using a non-linear regression
method, specifically the BFGS optimizer, as described in [7].
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C.2 EG Representation Detail

EG as State. To leverage the expression graph (EG) representation G as the input for GSR encoding,
we can directly feed G into a Relational Graph Convolutional Network (R-GCN) due to the R-GCN’s
inherent aggregation and edge-dependent message-passing mechanisms, which naturally preserve the
permutation invariance encoded in EG and exploit the discrete edge type in EGs. However, to use EG
as a state in Monte Carlo Tree Search (MCTS), we first convert G into a canonical form by sorting the
nodes. Next, we modify the upper triangle of the sorted adjacency matrix by replacing its elements
with the corresponding edge features indexed by numbers, where "0" denotes a disconnected edge.
The diagonal elements are replaced by the node features. Finally, we output this modified sorted
adjacency matrix in its Voigt form, ensuring the representation of states while preserving symmetries.

Rewrite Rule Level Equivalence
a+ b→

∑
(a, b)

a− b→
∑

(a,−b)
a× b→

∏
(a, b)

a÷ b→
∏
(a, 1/b)

Operation Commutative/
Associative equivalence.

a× (b+ c)→
∑

(a× b, a× c) Operation Distributive equivalence.

(ab)c → a
∏

(b,c) Operation Power equivalence.

exp(a)× exp(b)→ exp(a+ b)
log(a) + log(b)→ log(a× b)

Operation Exponential/
Logarithmic equivalence.

a÷ a→ 1
a× 1→ a
a+ 0→ a

Expression Identity equivalence.

sin2(a) + cos2(a)→ 1 Expression Trigonometric equivalence.

a2 − b2 → (a− b)(a+ b)
(a± b)2 → a2 ± 2ab+ b2

Expression Square equivalence.

Table 3: An exemplar of the TRS. Operation-level equivalences are judged through local operations
without specific operand requirements, while expression-level equivalences require specific operands
to satisfy the equivalence.

Term Rewriting System (TRS). Table 3 presents an example of the term rewriting system (TRS)
with the rewrite rules and the corresponding equivalences for our expression graph (EG) representation.
Equivalences are categorized into operation and expression-level ones, depending on whether they
can be evaluated using local operations without specific operand requirements. Operation-level
equivalences, such as the commutative property a + b = b + a, are identified solely based on the
operator (e.g., addition or multiplication) and are encoded in EG by unifying operators into a single
node type (e.g.,

∑
or

∏
) with unordered edge connections, preserving permutation invariance. In

contrast, expression-level equivalences, such as the trigonometric identity sin2(a) + cos2(a) = 1,
require specific operands to be satisfied (e.g., sin2(a) + cos2(b) ̸= 1) and are encoded only after
the relevant operands are sampled, allowing EG to transform the expression into a simplified node
structure. EG leverages node and edge features to directly encode operation-level equivalences during
operator sampling, while expression-level equivalences are deferred until the complete expression
is formed, enabling verification and transformation. Due to their specific operand dependency,
expression-level equivalences occur less frequently than operation-level ones, resulting in operation-
level equivalences dominating the reduction of redundant representations during the search process.

Proof of Theorem 3.1. Uniqueness requires R convergent (confluent + terminating), ensuring
unique normal forms nf(t), and EG encodes the normal form uniquely.

• Termination: Finite expressions yield finite steps; R satisfies Termination as rules are non-
recursive (no loops recreating left-hand sides).
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• Confluence: If t →∗ u and t →∗ v, then there exists w such that u →∗ w and v →∗ w. R
is confluent, as rules are orthogonal (left-linear, non-overlapping). Arithmetic rules (commu-
tative/associative/distributive/identity) mirror polynomial rewriting to sum-of-products form,
confluent with multisets for commutative operands [39]. Trigonometric/exponential rules do not
overlap with arithmetic rules, preserving confluence via modularity [40]. By Newman’s Lemma,
termination and local confluence imply global confluence, so R has a unique nf(t).

• EG Encodes Uniquely: Builds minimal DAG from nf(t) (Appendix C.2): flattens chains
(multi-operand nodes with multisets), expands distributivity, simplifies identities/trigonometric.
Fixed variables ensure uniqueness up to isomorphism; node sharing for minimality, multisets for
order-independence.

Consequently, t1 ∼R t2 =⇒ nf(t1) = nf(t2) =⇒ EG(t1) ∼= EG(t2). It also holds for nested
cases (e.g., (a× (b+ c)) + d) via recursive normalization.

C.3 R-GCN Message Passing Detail

We adopt the Relational Graph Convolutional Network (R-GCN) [20] for GSR, and modify it with
the residual design for stable training with the following message passing equation for each R-GCN
unit as shown in Fig. 2:

h′
i = hi + σ(

∑
α

∑
j

cijWαhj +W0hi), (5)

where node j is the neighbor of node i, Nα(i) represents all neighbors of i with the corresponding
relation α, W0 and Wα are self-loop weight and relation weight respectively, cij denotes the normal-
izer for Wα, and σ is the softplus activation function. To output the prior distribution P, we use a
multilayer perceptron (MLP) with softmax activations on the node messages, while a separate MLP
with the softplus activation is employed to produce the global readout on node messages for predicted
rewards.

The relation weight Wα is edge-feature dependent, which means that for different edge types, R-GCN
will go through distinct message passing updates, leading to unique expression representation for
different operands’ relations and more accurate and expressive encoding for expressions.

C.4 Hybrid neural-guided MCTS (hnMCTS)

Algorithm 1 summarizes the pseudo-code for our GSR. The core of the algorithm is the repeated
sampling of expression trajectories τ until either the desired solution is found or the maximum
number of iterations is reached. At each trajectory step t, a batch of hnMCTS with index k and a
maximum batch size B is executed, following the four steps for hnMCTS iterations in Algorithm 2.

Algorithm 1 Graph-based Symbolic Regression
Input: operator dictionary Φ, Batch size B, maximum complexity H , ϵ-UCB policy threshold cϵ
repeat

for t = 1 to H do
for k = 1 to B do

Update Q(s, a), N(s, a) from hnMCTS(st, Q(s, a), N(s, a),Φ, H, cϵ)
end for
Update πt

M (st) = N(st, ·)/
∑

b N(st, b)
Sample at ∼ πt

M (st), at ∈ Φ , grow st with at to st+1

if st+1 is complete then
break

end if
end for
Calculate R(τ), record πθ(s) and πM (s)
Calculate the loss l =

∑
t((R(τ)− πθ|r(st))2 − πM (st) log πθ|P(st))

Update πθ according to l
until Optimal f is found
Output: solution expression f
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Algorithm 2 hnMCTS
Input: root state st, value function Q(s, a), visit count N(s, a), operator dictionary Φ, maximum
complexity H , ϵ-UCB policy threshold cϵ
Sample ϵ ∈ [0, 1)
for i = 0 to H − t− 1 do

if ϵ < cϵ then
Select ait+i ∼ argmaxaUCB(sit+i, a

i
t+i)

else
Select ait+i ∼ argmaxaPUCB(sit+i, a

i
t+i)

end if
Grow sit+i with ait+i, step to si+1

t+i+1, and update N(sit+i, a
i
t+i)← N(sit+i, a

i
t+i) + 1

if si+1
t+i+1 has unvisited children then

break
end if

end for
i← i+ 1
if sit+i is expandable then

if ϵ < cϵ then
repeat

Grow sit+i with a random ait+i, step to si+1
t+i+1 and update i← i+ 1

until sit+i is complete
Evaluate R(sit+i) with constants fitting and record P (st, ·) = 1/|Φ|

else
R(st) = πθ|r(s), P (st, ·) = πθ|P(s)

end if
else

Evaluate R(sit+i) with constants fitting
end if
Backpropagate Q(s, a) = (1/N(s, a))

∑
s′|s,a R(s′) for all (s, a) pairs traversed through

Output: value function Q(s, a), visit count N(s, a)

C.5 Proof of Convergence and Exploration-Exploitation Trade-Off

This appendix provides detailed proofs for the convergence (Theorem 3.2) and exploration-
exploitation trade-off of the hybrid neural-guided Monte Carlo Tree Search (hnMCTS) with an
ϵ-UCB policy, as outlined in the main text. We first prove convergence for the edge cases (cϵ = 1,
cϵ = 0) and the general case (0 < cϵ < 1), showing that hnMCTS achieves a better convergence rate
than pure neural-guided MCTS. We then analyze the exploration-exploitation trade-off, highlighting
how the ϵ-UCB policy balances these objectives.

C.5.1 Convergence

We consider a state s with a finite action space A, where |A| = K. Rewards are bounded, R(s, a) ∈
[0, 1), and the optimal action is a∗ = argmaxa∈A Q∗(s, a), with Q∗(s, a) as the true action value.
The hnMCTS policy is defined as:

πT
M (s, a) =

NT (s, a)∑
b∈A NT (s, b)

,

where NT (s, a) is the visit count for action a after T iterations. Convergence requires:

lim
T→∞

πT
M (s, a) = π∗

M (s, a) =

{
1 if a = a∗,

0 if a ̸= a∗,

assuming a unique optimal action for simplicity. For multiple optimal actions, the policy distributes
probability equally among them.
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The ϵ-UCB policy selects vanilla MCTS with probability cϵ and neural-guided MCTS with probability
1− cϵ, as defined in Equation (1) of the main text. Naive MCTS uses the UCB selection policy:

UCB(s, a) = QT (s, a) + CU

√
ln

∑
b NT (s, b)

NT (s, a)
,

where QT (s, a) =
1

NT (s,a)

∑NT (s,a)
t=1 Rt(s, a), and CU > 0. Neural-guided MCTS uses the PUCB

selection policy:

PUCB(s, a) = QT (s, a) + CPP (s, a)

√∑
b NT (s, b)

1 +NT (s, a)
,

where P (s, a) is the neural network’s prior probability,
∑

a P (s, a) = 1, P (s, a) ≥ 0, and CP > 0.

Case 1: Pure Naive MCTS (cϵ = 1)
Theorem C.1. Given bounded rewards R(s, a) ∈ (0, 1], a finite action spaceA, and CU > 0, MCTS
with the argmaxa UCB selection policy ensures limT→∞ NT (s, a) =∞ for all a ∈ A.

Proof. Assume there exists an action a ∈ A such that NT (s, a) ≤ M < ∞ for all T . After some
iteration T0, NT (s, a) = m ≤M is fixed. The UCB value is:

UCB(s, a) = QT (s, a) + CU

√
lnT

m
.

Since QT (s, a) ∈ [0, 1), and T =
∑

b NT (s, b), as T →∞, lnT →∞, so:
UCB(s, a)→∞.

For another action a′ ̸= a with NT (s, a
′)→∞:

UCB(s, a′) = QT (s, a
′) + CU

√
lnT

NT (s, a′)
.

As NT (s, a
′)→∞,

√
lnT

NT (s,a′) → 0, so UCB(s, a′)→ QT (s, a
′) ≤ 1. For large T , UCB(s, a) >

UCB(s, a′), forcing selection of a, contradicting the assumption that NT (s, a) = m. Consequently,
limT→∞ NT (s, a) =∞.

Theorem C.2. Given the assumptions of Theorem C.1, unbiased random rollouts, and a unique
optimal action a∗, we have NT (s, a) = O(lnT ) for a ̸= a∗ and NT (s, a

∗) ∼ T .

Proof. For a suboptimal action a ̸= a∗, define ∆a = Q∗(s, a∗)−Q∗(s, a) > 0. Action a is selected
when:

QT (s, a) + CU

√
lnT

NT (s, a)
> QT (s, a

∗) + CU

√
lnT

NT (s, a∗)
.

As T →∞, QT (s, a)→ Q∗(s, a), QT (s, a
∗)→ Q∗(s, a∗). The exploration term must overcome

∆a:

CU

√
lnT

NT (s, a)
≳ ∆a.

Squaring gives:

NT (s, a) ≤
C2

U lnT

∆2
a

.

From UCB analysis [41], NT (s, a) ≤ 8 lnT
∆2

a
+ constants, so NT (s, a) = O(lnT ). For K − 1

suboptimal actions: ∑
a̸=a∗

NT (s, a) = O((K − 1) lnT ).

Since T =
∑

a NT (s, a):

NT (s, a
∗) = T −

∑
a̸=a∗

NT (s, a) = T −O(lnT ) ∼ T.
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Remark 1. Theorems C.1 and C.2 imply πT
M (s, a∗) → 1, πT

M (s, a) → 0 for a ̸= a∗, ensuring
convergence to the optimal policy.

Case 2: Pure Neural-Guided MCTS (cϵ = 0)
Theorem C.3. Given the assumptions of Theorem C.1 and CP > 0, MCTS with the argmaxa PUCB
policy ensures limT→∞ NT (s, a) =∞ for all a ∈ A with P (s, a) > 0.

Proof. Assume NT (s, a) ≤ M <∞ for some a with P (s, a) > 0. After T0, NT (s, a) = m ≤ M .
The PUCB value is:

PUCB(s, a) = QT (s, a) + CPP (s, a)

√
T

1 +m
.

As T →∞,
√
T →∞, so PUCB(s, a)→∞. For a′ ̸= a with NT (s, a

′)→∞:

PUCB(s, a′) = QT (s, a
′) + CPP (s, a′)

√
T

1 +NT (s, a′)
.

Since
√

T
1+NT (s,a′) → 0, PUCB(s, a′) → QT (s, a

′) ≤ 1. Then, PUCB(s, a) > PUCB(s, a′)

for large T , forcing selection of a, contradicting NT (s, a) = m. Hence, limT→∞ NT (s, a) =∞ if
P (s, a) > 0.

Theorem C.4. Given the assumptions of Theorem C.1, unbiased neural-guided simulations, a unique
optimal action a∗, and P (s, a∗) > 0, we have NT (s, a) = O(lnT ) for a ̸= a∗ and NT (s, a

∗) ∼ T .

Proof. For a ̸= a∗, action a is selected when:

QT (s, a) + CPP (s, a)

√
T

1 +NT (s, a)
> QT (s, a

∗) + CPP (s, a∗)

√
T

1 +NT (s, a∗)
.

As T →∞, QT (s, a)→ Q∗(s, a), QT (s, a
∗)→ Q∗(s, a∗), with ∆a = Q∗(s, a∗)−Q∗(s, a) > 0.

Assuming NT (s, a
∗)≫ NT (s, a), the condition approximates to:

CPP (s, a)

√
T

1 +NT (s, a)
≳ ∆a.

Squaring:

NT (s, a) ≤
C2

PP (s, a)2T

∆2
a

− 1.

Adapting the convergence analysis of UCB [41], if P (s, a) > 0, NT (s, a) = O(lnT ). If P (s, a) = 0,
NT (s, a) may be bounded. Aggregating suboptimal visits:∑

a̸=a∗

NT (s, a) = O((K − 1) lnT ).

Accordingly:
NT (s, a

∗) = T −O(lnT ) ∼ T.

Remark 2. Theorems C.3 and C.4 require P (s, a∗) > 0. If P (s, a∗) = 0, convergence may fail due
to under-exploration of a∗.
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Case 3: Hybrid MCTS (0 < cϵ < 1)
Theorem C.5. Given the assumptions of Theorem C.1, unbiased simulations, and 0 < cϵ < 1,
hnMCTS with the ϵ-UCB policy ensures limT→∞ NT (s, a) =∞ for all a ∈ A, NT (s, a) = O(lnT )
for a ̸= a∗, and NT (s, a

∗) ∼ T .

Proof. The expected visit count is:

E[NT (s, a)] = cϵN
UCB
T (s, a) + (1− cϵ)N

PUCB
T (s, a).

By Theorem C.1, NUCB
T (s, a)→∞ for all a. Hence, E[NT (s, a)]→∞, even if P (s, a) = 0. For

suboptimal actions, Theorems C.2 and C.4 give NUCB
T (s, a) = O(lnT ) and NPUCB

T (s, a) = O(lnT ),
so:

E[NT (s, a)] = O(lnT ) for a ̸= a∗.

For the optimal action:

E[NT (s, a
∗)] = T −

∑
a ̸=a∗

E[NT (s, a)] ∼ T.

Consequently, πT
M (s, a∗)→ 1, πT

M (s, a)→ 0 for a ̸= a∗.

Remark 3. The condition P (s, a∗) > 0 is relaxed in hnMCTS due to the vanilla MCTS component
(cϵ > 0), improving convergence over pure neural-guided MCTS.

C.5.2 Exploration-Exploitation Trade-Off

The ϵ-UCB policy, selecting vanilla MCTS with probability cϵ and neural-guided MCTS with
probability 1− cϵ, balances exploration and exploitation:

—Naive MCTS (cϵ): The UCB exploration term CU

√
ln

∑
b NT (s,b)

NT (s,a) promotes exploration when
NT (s, a) is small, and the QT (s, a) term promotes exploitation when NT (s, a) is large.

—Neural-Guided MCTS (1− cϵ): The PUCB term CPP (s, a)
√∑

b NT (s,b)

1+NT (s,a) encourages exploration
for low NT (s, a), moderated by P (s, a), while QT (s, a) drives exploitation.

The parameter cϵ controls the trade-off:
—High cϵ: Emphasizes vanilla MCTS, favoring exploration via uniform sampling and random rollouts.
—Low cϵ: Emphasizes neural-guided MCTS, enhancing exploitation via the neural prior P (s, a).

The regret of hnMCTS:

RT ≤ cϵO(
√
KT lnT ) + (1− cϵ)O(

√
T ),

where vanilla MCTS contributes O(
√
KT lnT ) and neural-guided MCTS contributes O(

√
T ) (as-

suming accurate priors). Tuning cϵ optimizes the trade-off, with cϵ > 0 ensuring robust exploration
to correct misleading priors, enhancing convergence reliability over pure neural-guided MCTS.

C.6 Hyperparameter Setting for GSR

Table 4 describes the hyperparameter settings of GSR for our reported experiments in Sections 4,
5, and Appendix D. In these experiments, cϵ not only promotes better convergence and exploration-
exploitation trade-off described in Appendix C.5.1, but also facilitates a smooth start-up in R-GCN
training. Initially, GSR lacks sufficient information about the constraints, making random roll-outs
more effective. Therefore, for the first 10% of the training epochs, we set cϵ = 1 to encourage
exploration. As training progresses and GSR becomes more informed, cϵ is gradually reduced to
0.1, allowing R-GCN to guide more simulations and prioritize exploitation. Experimental results of
the cϵ tuning are detailed in Appendix D.4. To promote better complexity control, we also adopt a
dynamic complexity upper bound strategy. Given the maximum complexity upper bound H∗, the
actual dynamic complexity upper bound H in Algorithms 1 and 2 is initialized as the half of H∗ for
the first 20% of the total training epochs, then linearly increased to H∗ by the 60% of the training
epoch mark, leading to more explorations in lower complexity region.
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Notation Value Explanation

cϵ 1→ 0.1
The switching threshold for the ϵ-UCB policy in (3), initialized to
be 1 for the first 10% training epochs, then linearly decreased
to 0.1 by the 80% of the training epoch mark.

CU

√
2 The exploration coefficient for UCB in (3)

CP 1 The exploration coefficient for PUCB in (3)

cij | 1Φ |
The normalizer for the relation weight Wα in (5).
|Φ| denotes the total number of operations in the dictionary

H 0.5H∗ → H∗

Dynamic complexity upper bound of expressions in
Algorithms 1 and 2, initialized to be half of the maximum
complexity H∗ for the first 20% training epochs, then linearly
increased to H∗ by the 60% of the training epoch mark.

B - The batch size for hnMCTS in Algorithm 1,
dependent on the dataset.

n 20 The budget size to store expressions for the transplantation.

Table 4: Hyperparameter settings for GSR

C.7 Evaluation Metrics for hnMCTS

During the training, we evaluate τ through the reward R(τ) = 1/(1 + NMAE), where NMAE is the
normalized mean absolute error defined as:

NMAE =
1

σy

1

n

n∑
i=1

|yi − fτ (Xi)|. (6)

D Additional Experimental Detail

D.1 Experimental Setting

Black-box and Feynman dataset: The Black-box and the Feynman datasets are widely accepted
datasets adopted by the state-of-the-art SR benchmarking, SRBench [27]. The Feynman dataset is a
synthetic dataset consisting of 119 physics-inspired solution equations derived from the Feynman
Lectures on Physics, and the Black-box dataset is a challenging dataset consisting of real-world
observation and simulation data without explicit solution expressions [42].

For both the Black-box and Feynman datasets, each of the equations is run ten times with different
random seeds. Each of the benchmarking methods is restricted to one million evaluations, a run-
time budget of 10 hours, and a maximum complexity of 200 for the expressions. We follow the
same dictionary set (available operators and variables) and other default experimental settings in
SRBench, where the train-test split ratio is 3 : 1, and the default operation set includes Φ =
{+,−,×,÷, exp, log, sin, cos, xi}. Here xi denotes the variables in the dataset. Baselines included
in SRBench adopt the same hyperparameter settings reported in [27]. GSR adopts a hnMCTS batch
size B = 100 and other hyperparameters described in Appendix C.6. For the added baselines, DGSR
[6] and uDSR [9] utilized the reported hyperparameter setting for the corresponding datasets. TPSR
[10] follows the reported λ = 0 model configurations. SPL [8] for Nguyen benchmarking utilized
the maximum Module Transplantation as 20, episodes between module transplantations as 10,000,
the regularization factor η as 0.99, and the exploration rate c as

√
2.

Nguyen dataset: Our proposed GSR method is also evaluated in Nguyen’s SR benchmark dataset [26]
and Nguyen’s SR benchmark with constants dataset [7], two widely adopted synthetic datasets for
evaluating the performance and robustness of various SR algorithms.

The “Expression" column in Table 5 includes the ground-truth expressions used to generate synthetic
data. In this set of experiments, we adopt results of GP, NGGP and SPL from [8] and follow the same
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settings to implement GSR, which uses a dictionary set Φ0 = {×,+,−,÷, sin, cos, exp, log, x}
for the benchmark Ngugen-1 to Ngugen-8, and Φ1 = Φ0 ∪ {y} for the benchmark Ngugen-9 to
Ngugen-12. It is worth noticing that for the benchmark Nguyen-8,

√
x can be recovered from

exp ( x
x+x log (x)). For Nguyen-10, xy can be recovered from exp (y log (x)). For Nguyen-7 and

Nguyen-10, they can also be recovered from log (x3 + x2 + x+ 1) and sin (x+ y). The maximum
complexity H∗ for each expression is set to 50. The batch size B is set to 100 for MCTS simulations,
and the maximum number of epochs is capped at 1,000, with a total search space of up to one
million expressions for MCTS and GSR. The training and testing datasets are divided equally, with
20 randomly generated data points for each.

D.2 Nguyen’s Benchmark Result

Table 5 shows that GSR outperforms competing SR approaches in almost all tasks, particularly in all
complex tasks, including Nguyen-12. This advantage is primarily due to GSR’s effective management
of polynomial terms, facilitated by the equivalence captured by EG, which compresses the search
space more efficiently than the expression tree or other representations utilized by alternative methods,
highlighting its considerable potential in the domain of Symbolic Regression.

Benchmark Expression GP NGGP SPL GSR

Nguyen-1 x3 + x2 + x 99% 100% 100% 100%
Nguyen-2 x4 + x3 + x2 + x 90% 100% 100% 100%
Nguyen-3 x5 + x4 + x3 + x2 + x 34% 100% 100% 100%
Nguyen-4 x6 + x5 + x4 + x3 + x2 + x 54% 100% 99% 100%
Nguyen-5 sin (x2) cos (x)− 1 12% 80% 95% 100%
Nguyen-6 sin (x) + sin (x+ x2) 11% 100% 100% 100%
Nguyen-7 log (x+ 1) + log (x2 + 1) 17% 100% 100% 96%
Nguyen-8

√
x 100% 100% 100% 100%

Nguyen-9 sin (x) + sin (y2) 76% 100% 100% 100%
Nguyen-10 2 sin (x) cos (y) 86% 100% 100% 100%
Nguyen-11 xy 13% 100% 100% 100%
Nguyen-12 x4 − x3 + 1

2y
2 − y 0% 4% 28% 88%

Nguyen-1c 3.39x3 + 2.12x2 + 1.78x 0% 100% 100% 100%
Nguyen-2c 0.48x4 + 3.39x3 + 2.12x2 + 1.78x 0% 100% 94% 100%
Nguyen-5c sin (x2) cos (x)− 0.75 1% 98% 95% 100%
Nguyen-8c

√
1.23x 56% 100% 100% 100%

Nguyen-9c sin (1.5x) + sin (0.5y2) 0% 90% 96% 100%

Average Solution Rate 38.2% 92.5% 94.5% 99.1%

Table 5: Solution Rate of GSR and other baseline models benchmarked on Nguyen’s SR benchmark
dataset and Nguyen’s SR benchmark with constants dataset (marked with upper index c). The solution
rate is the ratio of ground-truth equivalent solutions in mathematics to the total of parallel experiments
for the same equation.

D.3 Additional Scalability and Efficiency Analysis

EGs are DAGs with node sharing, resulting in fewer nodes than equivalent ETs (Fig. 2), which helps
reduce memory and computational overhead. Moreover, the hnMCTS design does not rely solely on
neural-guided search, where the UCB component ensures efficiency during exploration. Together,
these design choices contribute to the method’s practical efficiency as shown in the ablation study
(Section 4.2), where GSR achieves strong performance while requiring the least training time among
competitive baselines.

Regarding scalability, GSR performs robustly across datasets with varying input dimensionality. For
example, in the black-box benchmark (Fig. 4(c)), the average training time remains manageable
across increasing dimensions, as shown in Table 6.
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Dataset Dimension 3 8 13 18 36

Average Training Time (s) 12676 31483 20781 12783 9172

Table 6: Average training time of GSR in the black-box dataset across different dimensions

Figure 6: Sparse rate over epochs in the (a) ablation study and (b) cϵ tuning. Sparse rate is calculated
based on the average ratio between the number of invalid expressions sampled per epoch and the total
number of expressions sampled per epoch.

D.4 Additional Ablation Analysis

Ablation Sparsity Analysis: Figure 6(a) illustrates the average reward sparsity across different
ablation models in the ablation study in Section 4.2. During the initial 10% epochs, all models exhibit
similar trends due to the random rollout induced by the warm-up ϵ-UCB policy in hnMCTS. However,
beyond this phase, models incorporating hnMCTS with constraints encoding demonstrate a significant
reduction in reward sparsity, and the models incorporating EG with invariance encoding expedite
the decrease of the sparse rate. This highlights the effectiveness of hnMCTS in capturing constraints
encoding in integrating priors of expression-level constraints, along with EG’s complementary effects
of invariance encoding for faster convergence, ultimately enhancing search efficiency.

Sensitivity Analysis on cϵ: Figure 6(b) illustrates the average reward sparsity across different
hyperparameter tuning strategies for cϵ of GSR, based on the same experimental settings as Fig. 6(a).
When cϵ is fixed to be 1, hnMCTS acts like vanilla MCTS, so GSR(cϵ = 1) in Fig. 6(b) is equivalent
to MCTS-EG in Fig. 6(a). When cϵ is fixed to be 0, hnMCTS will fully rely on R-GCN guidance.
When cϵ is fixed to be 0.5, hnMCTS will switch between vanilla MCTS and neural-guided MCTS
by equal chance. GSR(cϵ decay) represents the same model as GSR in Fig. 6(a), which adopts a
decaying cϵ as described in Appendix C.6. The results of the sparse rate in Fig. 6(b) demonstrate
that pure neural-guided MCTS (cϵ = 0) will result in slow convergence at the beginning due to the
sparse rewards of SR and lack of training of R-GCN, leading to the biased Q(s, a) estimation. But
the vanilla MCTS (cϵ = 1) also has the highest sparse rate after the long training due to the lack
of constraint prior encoding to promote promising candidates. Consequently, compared to another
hybrid MCTS with cϵ=0.5, hnMCTS adopting the decaying cϵ achieves a better balance between the
early exploration and latter exploitation, achieving a faster convergence and higher efficiency.

E Materials Science Application

E.1 Problem Background

The physical world is composed of numerous ions and electrons, governed by quantum mechanics,
often referred to as many-body problems. While density functional theory (DFT) can simulate simple
materials with few ions and electrons, extending DFT to larger systems is challenging. One of the
goals relevant to the physical properties of materials is to find an analytical approximation that relates
DFT-calculated potential energy to the interatomic distance (i.e., pairwise distances) between atoms,
adhering to the strong electrostatic repulsion at short interatomic distances and weaker interaction at
long interatomic distances. Using copper (Cu) crystals as an example, we aim to identify analytical
relationships between interatomic distances and total potential energy. This functional form is crucial
for materials science as it enables large-scale molecular dynamics simulations to study materials’
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mechanical, thermal, and kinetic properties and explain fundamental physical mechanisms at the
atomic level.

The following provides some explanations for domain-specific terms:

• Molecular dynamics (MD) simulates the structure and properties of materials under constant or
varying environments (e.g., temperature or mechanical strain). In MD simulations, the atomic
forces are computed from the derivatives of interatomic potential energy functions with respect to
the atomic distance placement, which then moves the atoms based on Newton’s second law of
motion. The updated atomic positions lead to new interatomic potential energy. The calculations
are performed iteratively until a desired number of time steps. Statistics of total potential
energy, kinetic energy, atomic forces, and stresses, etc., provide a systematic understanding and
quantitative estimate of the physical properties of materials. MD simulations are often performed
for systems with hundreds to millions of atoms, making them computationally expensive. This
necessitates machine learning algorithms like those employed in our study. Analytical expressions
with low complexity and high accuracy are particularly valuable for large-scale MD simulations.
• In MD simulations, the system state can be specified using ensembles like NVT (constant number

of atoms, volume, and temperature), allowing other properties such as pressure and chemical
potential to vary.

• Atomistic simulations based on machine learning-derived potential energy functions use atomic
species and interatomic forces to determine material properties. This method is efficient but
requires accurate fitting from first-principles DFT or other quantum mechanics-based calculations.

• Periodic boundary conditions (PBCs) enable the modeling of infinite or effectively infinite systems
by repeating a “unit cell" in all directions. This unit cell represents the smallest section of the
structure that can be repeated to create the correct crystal structure, allowing large systems to be
modeled efficiently without losing structural or symmetrical integrity.

E.2 Pratical Usage of GSR’s Solution

• Framework Generality: GSR is not limited by system size or atom types. The 32-atom copper
dataset is chosen to serve as a benchmark to compare GSR with prior work and demonstrate its
advantages. The derived potential energy function can be applied to larger systems.

• Dataset Relevance: The 32-atom copper dataset is representative of materials studies, consistent
with the average system size (∼ 31 atoms/structure) of the widely used MPtraj dataset [43].
• Scalability: While DFT methods are limited to simulating small systems (1–1000 atoms) over

very short timescales (a few picoseconds), our method enables large-scale simulations (millions of
atoms) over extended timescales (microseconds)- which can then help determine several physical
properties of materials that are not pratical for quantum chemistry methods such as DFT. The
analytical function from GSR can be applied to study real material problems with sizes far beyond
32 atoms for long-time dynamics that are completely inaccessible to DFT or other quantum
chemistry methods – which is the key purpose of developing a force field based on accurate
analytical potential energy functions from the GSR method. As a result, one can simulate the
mechanical deformation process of single or polycrystalline copper consisting of millions of
copper atoms using large-scale molecular dynamics simulations with the potential energy function
developed here. For example, studying the novel stacking of copper in the incubation period of
crystallization [44] requires the simulation of millions of copper atoms.

• DFT-Level Accuracy: The dataset is derived from DFT calculations, enabling DFT-level accuracy
but without explicit electron degree of freedom - which is the major purpose of developing the
potential energy function (i.e., machine learning force field) from quantum chemistry datasets
such as DFT. The high accuracy, the analytical nature, and the proper limiting trend at short bond
length make this method and the derived potential energy function especially useful in practice.

E.3 Physics Constraints and Explanations

We offer detailed explanations and examples for some physics constraints defined in Section 5.2:

(1) Scalar Output (operation-level constraint): Because the input variable r is a vector of variable
length for different samples, a

∑
operator must be included in the expression before any r.
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(2) Unit Consistency (operation-level constraint): It is defined to ensure that the unit calculation
aligns with physical meaning, as const can introduce an extra unit as a coefficient. For a specific
example of the unit consistency constraint, the expression of (r2+r) is not physically meaningful,
as r has a length unit Å. and we would have an inconsistent unit (Å2 +Å) from the expression.
But a constant c can include unit Å so that we have a consistent calculation with r2 + c ∗ r.
The introduced const can ensure that the final output unit aligns with the target E’s unit as
electron-volt (eV ; 1 eV = 1.6 × 10−19 Joule) from the input r’s unit Angstrom (Å; 1Å=
10−10m).

(3) Electrostatic Repulsion (expression-level constraint): It’s a subtle consequence of Pauli’s ex-
clusion principle of quantum mechanics: When the distance between two atoms approaches
zero, their electron wavefunctions start to overlap significantly, which is excluded by Pauli’s
principle. As a result, the atomic orbitals hybridize and form molecular orbitals with bonding
and antibonding characters, and electron density is hence pushed away from nuclei, leaving
the repulsive nucleus-nucleus electrostatic interaction being the dominant one and approaching
infinite potential energy at very short distances.

E.4 Application Experimental Setting

Dataset Description: The 32-atom copper dataset consists of 150 snapshots generated by the Vienna
Ab initio Simulation Package (VASP), a first-principles DFT package. Each sample includes total
formation energy E as the target and a crystal structure of copper as the variable. To map a copper
crystal structure to E, we first convert the 3D coordinates of the structure into pairwise distances r
between atoms within the unit cell in the crystal under the periodic boundary condition (PBC) [45],
then use the surrogate model as the interatomic potential energy function f(·) to obtain E = f(r).
During the conversion, we only consider pairwise distances within a cutoff range of r < rcutoff = 5Å.

SR Settings: In the symbolic regression configurations, we utilize a dictionary set Φ =
{+,−,×,÷,∧,

∑
, exp, const, r}, where “

∑
" is used for the summation-based aggregation opera-

tion, “const" denotes constants optimized through non-linear regression. The maximum complexity
H is set at 35, and the batch size B is 1,000, with 5,000 episodes allocated for both MCTS and GSR
methods. For the black-box CGCNN method, we adhere to the default hyperparameter settings with
a maximum of 5,000 epochs. For the train-test split, we follow [16] with 50% for training and 50%
for validation.

E.5 Application Result Figure

Figure 7 compares the data fitting plots by different SR solution models in Table 2, corresponding to
the performance discussions in Section 5.3.

(a) (b) (c) (d)

Figure 7: Training (orange dots) and Testing (blue dots) MAEs of the formation energy predictions
by (a) CGCNN, (b) GP1, (c) MCTS, and (d) GSR on DFT-based molecular dynamics simulations of
FCC copper are provided in the captions of the plots on the top, including both testing MAE (left)
and training MAE (right). The dashed lines mark the identity mapping.

E.6 Physical Meaning

Figure 5 presents the potential energy curves as a function of the interatomic distance (bond length) for
the expressions generated by the GP1, GP2, MCTS, and GSR in Table 2. These curves demonstrate
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whether the fitted models satisfy electrostatic repulsion at zero bond length. Figure 5 shows that
GP1 and GP2 violate the constraint due to the finite value at zero bond length (r=0). In contrast,
GSR and MCTS yield infinite potential energy at r=0, satisfying the principle. Such a constraint is
crucial not only for the underlying physics but also for practical applications in materials system
simulations. The missing divergence at r = 0 may cause atoms to collapse to each other during
molecular dynamics simulations and yield incorrect results.

Additionally, Fig. 5 reveals two critical issues with GP1 and GP2: (i) a discontinuity at r=1Å, and
(ii) an infinite value when r approaches 5Å. These issues can lead to incorrect energy and force
predictions, forcing atoms to remain unrealistically close together.

E.7 Generation of the New Dataset for Testing Model Transferability

To test the transferability of the models, we generated a test dataset from DFT calculations using
the VASP package [31] where the projector augmented wave method was applied to treat core
electrons [46]. We used the Perdew-Burke-Ernzerhof (PBE) form of exchange-correlation energy
functional within the generalized gradient approximation [47] and a Monkhorst-Pack k-point sampling
grid of 4 × 4 × 4 [48]. A hydrostatic compression was applied to FCC copper with strain of -0.2
along all lattice vectors. We then performed first-principles molecular dynamics simulations in the
NVT ensemble for total 6,000 steps with a time step of 3 fs at two different temperatures, i.e. 300
K and 1,400 K. For the NVT calculation at each temperature, we excluded the first 1,000 steps of
the initial equilibration process, and extracted the atomic structures for every 100 steps from the
remaining equilibrated 5,000 steps, which yields total 100 snapshots (or samples) to test model
transferability.

The compressed dataset has the following physical meaning:

• Scientific Context: Understanding matter in extreme conditions such as high pressure and high
temperature is an important and active subject of materials research. Copper is one of the systems
of particular interest. As shown in [49], the density in experiments reaches∼18 g/cm3, double the
density at the standard condition of 8.95 g/cm3, that is, the volume contraction by 50%. Another
example is done by [50] at the National Ignition Facility (NIF) at the U.S. Lawrence Livermore
National Laboratory (LLNL), in which the solid copper was even compressed to ∼28 g/cm3 at
terapascal conditions, corresponding to ∼67% volume contraction.

• Practical Necessity: Another key motivation to apply large compression is to provide a more ac-
curate trend away from equilibrium towards r → 0. This is particularly important as the machine
learning interatomic potentials or machine learning force fields very often have wrong limiting
behavior. When they were applied to simulating long-time dynamics at high temperature or high
pressure, there will be an increasing probability of “direct crossing or fusion” of atoms which
are pure artifacts due to the wrong limiting trend, consequently, the results can be completely
non-physical and wrong.
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