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Abstract

Sparse variational Gaussian process (GP) approximations based on inducing points have
become the de facto standard for scaling GPs to large datasets, owing to their theoretical
elegance, computational efficiency, and ease of implementation. This paper introduces
a provably tighter variational approximation by relaxing the standard assumption that
the conditional approximate posterior given the inducing points must match that in the
prior. The key innovation is to modify the conditional posterior to have smaller variances
than that of the prior at the training points. We derive the collapsed bound for the
regression case, describe how to use the proposed approximation in large data settings, and
discuss its application to handle orthogonally structured inducing points and GP latent
variable models. Extensive experiments on regression benchmarks, classification, and latent
variable models demonstrate that the proposed approximation consistently matches or
outperforms standard sparse variational GPs while maintaining the same computational
cost. An implementation will be made available in all popular GP packages.

1. Introduction

Gaussian processes (GPs) (Rasmussen and Williams, 2006) provide a powerful framework for
modelling probability distributions over functions, offering principled uncertainty quantifica-
tion and ease of use. Their flexibility in encoding domain knowledge—such as smoothness,
peridocity, or domain-specific structure—has led to widespread adoption across scientific
and engineering applications. Exact inference in GP models poses significant computa-
tional challenges, requiring O(N?) time and O(N?) space complexity for N observations.
A suite of approximations have been developed to address these limitations. Most notably,
sparse variational Gaussian processes (SVGP; Titsias, 2009; Hensman et al., 2015; Matthews
et al., 2016) address the poor computational complexity through the use of an approximate
posterior distribution parameterised by a small set of inducing points.

The standard SVGP framework employs a structured variational approximation that
factorises the posterior distribution over the unknown function f into two components:
q(f) = p(flu)q(u). Here, p(f|u) represents the GP prior distribution conditioned on the
function values at inducing locations z, u = f(z). The second term, g(u), is modelled
as a multivariate Gaussian distribution. Improved variational approximations have been
developed—such as SOLVE-GP (Shi et al., 2020)—which use more sophisticated distribu-
tions for g(u).

This paper introduces a novel approach to improving SVGP approximations by modi-
fying the conditional GP prior distribution at observed inputs, rather than focusing solely
on the inducing point distribution. For Gaussian likelihoods, our approach yields a new
and improved collapsed lower bound on the log marginal likelihood that involves no ad-
ditional variational parameters. Furthermore, we show how the uncollapsed form of our
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bound facilitates the use of stochastic mini-batch optimisation and extends naturally to
non-Gaussian likelihoods through a single additional variational parameter. We demon-
strate the versatility of our method by integrating it with SOLVE-GP and extending it
to sparse variational approximations in the GP latent variable model (GPLVM; Lawrence,
2005; Damianou et al., 2016). Our results demonstrate that by targeting our improved lower
bound, our approach consistently improves the predictive performance and log marginal like-
lihood estimates across a range of regression, classification, and latent variable modelling
tasks.

2. Background

This section provides a concise introduction to pseudo-point based sparse variational Gaus-
sian processes (SVGP; Titsias, 2009; Hensman et al., 2015; Matthews et al., 2016). Consider
GP regression with Gaussian observation noise:

p(flv) = GP(f;0,ky), (1)
p(ylf, @, 0%) = N(y; f(x),0°T), (2)

where € RV*P and y € RY are the training inputs and corresponding noisy outputs, f
denotes the unknown function mapping from input to output, k, is the covariance function
governed by hyperparameters v, and o2 is the observation noise. These hyperparameters,
denoted collectively as 6, can be found by maximising the log marginal likelihood:

1 1
L(0) =c—Jy"(Kg + o’1) 'y - 5 log [Ker + 0’1, (3)

where Kg is the covariance between training function values f = f(x). This objective takes
O(N3) to compute and is thus computationally prohibitive for large N. To sidestep this,
we use an approximate posterior judiciously parameterised by a small set of pseudo-points
or inducing points as follows:

q(f) = p(fz5.ul f;w)p(flu)g(u), (4)

where u = f(z) € RM and z € RMXP are the inducing outputs and inputs, respectively,
and M < N. The conditional ¢(f.y|u) in the approximate posterior is chosen to match
that in the prior, leading to the following variational objective,

Folq(w),0) = <10g zWy!fw)> _ <1ogMWp<u>p<yrf,x>>
a(f) q(f)

q(f) P fppatfwpfta)g(u)
= —KL[Q(U)||p(U)]+Z/f( )Q(U)p(f(wn)IU) 1og p(yn f (zn))- (5)

Titsias (2009) showed that when the likelihood is Gaussian, an analytic optimal form for
q(u) can be found, q(u) o< p(u)N (y; KeaKyiu, 0%I), and that a collapsed bound is also
analytically available,

1 1 1
Fi(0) =c— in(fo + JQI)fly b log |Qg + 021\ — ﬁtrace(Dﬁ»), (6)
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where Qg = KK, . Kur and Dg = Kg—Qg. Crucially, the bound above can be computed
in O(NM?). The non-collapsed bound in eq. (5) is amenable to non-Gaussian likelihoods
and data mini-batch settings (see e.g., Hensman et al., 2015), further reducing the train-
ing computational complexity to O(BM? + M?) where B is the mini-batch size. Due to
this small complexity and the ease of implementation, the above variational approach has
arguably become the go-to sparse approximation in the GP literature. In this work, we
will revisit its core assumption of matching prior and posterior conditionals and show that
relaxing this assumption results in a tighter and more performant approximation.

3. A tighter variational approximation

The variational approximation in eq. (4) is chosen such that the conditional ¢(f|u) identi-
cally matches the prior conditional p(f|u). Instead, we propose using the following varia-
tional posterior,

q(f) = p(frpulfw)q(flu)g(u), (7)

where ¢(f|u) = N(f; KeuKiu; Dl/QMDT/Q) M is a diagonal matrix, M = diag([ml, ma,. ..

and m,, > 0. Note that the mean of the prior conditional p(f|u) = N (f; KeuKyiu; D) is
retained in ¢(f|u). The resulting variational bound is,

) _ log p(f 4t fw)p(flu)p (y|f )
F2(q(w), 6, M) < /@#ﬂﬁ/Mﬂu %m

= —KL[g(u)||p(w)] —/q(U)KL[Q(fIU)IIP(fIU)]

+Z/,f@n (f(zn)|u) log p(yn|f(zn))- (8)

Due to the structure of the variational distribution, the middle term can be simplified to,
1
ORGS0l ) = — gorace(MD) + g 10g M+ 5 = 5 301+ log(oma) —

Collapsed bound and optimal M In the regression case, similar to the Titsias’ bound,
we can obtain the optimal form for ¢(u) o< p(u)N (y; Ko Kgiu, 021), leading to the follow-
ing collapsed bound,

mpd

fg(@,M):c—gyT(fo—kaI) y—210g]Qﬁ+aI|—QZn:{ 3 —1—log(mn)+mn]

Setting the partial derivatives of F3(6, M) wrt m,, to 0, we arrive at m,, = % and the
following bound,

1 1 1 d
=c——yT N ly— 21 21—7§ log 1+ —
Fi(0) =c 5Y Qg +0°I) 'y 2og]fo+0\ 52 og< +02)’ (9)

where d,, is the n-th element in the diagonal of Dg, d, = ky, 1, — k7, uKguKuf,-
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Comparison to Titsias’ bound When M is the identity matrix, that is m, = 1 Vn,
the approximation in eq. (7) become the Titsias’ variational approximation in eq. (4) and
the bound in F3(#) becomes the Titsias’ bound F1(6) in eq. (6). We note that that Fy(6)
is tighter than Fi(#) due to the inequality log(l 4+ z) < z for all z > —1. Our solution
improves upon the solution to the Titsias’ bound by allowing the marginals of the conditional
approximate posterior, ¢(f(z,)|u), to have smaller variances than that of the conditional
prior, since the optimal m, = ﬁ < 1. Intuitively, this reduces the strength of the
coupling between ¢(u) and ¢(f), enabling ¢(f) to more freely model the data whilst allowing
q(f) to be close to the prior elsewhere.

It is also worth noting that the middle term of our bound is always non-positive. One
might think that adding this term to the bound would give a poorer approximation, yet,
the improvement in the expected log-likelihood (due to the smaller predictive variances at
the training points—see predictions below) can yield a larger improvement to counteract.

Stochastic mini-batch settings The new bound can also handle data mini-batching,
yielding an unbiased estimator of the uncollapsed bound in eq. (8) as follows,

Fola(w), 0. M) = ~KLfg(w)llp(w)] + gy S (1 +log(ms) — ]
b

+g§3: /u " a(u)q(f(x)lu) log p(yelf(xp)).  (10)

Tp)

Non-Gaussian likelihoods and m,, parameterisation One can parameterise m,,’s to
satisfy their positive constraint and optimise them directly at the cost of having N extra
parameters. However, the optimal form for m,, in the Gaussian likelihood setting suggests
a more efficient parameterisation m,, = §/(d,, + () with 5 > 0 shared across all data points.
We will use the latter parameterisation for all of our experiments.

Predictions The predictive mean and variance of the predictive distribution at a test
input z, are

My = K K gy, (11)
Vs = Ky — k*uKl_ullku* + k*uKl_ullSuKl_ullku* - (k*f - Q*f)vﬁ'(kf* - Qf*)a (12)

where Vg = Df_fT/Q(I - M)Df_fl/2. Note that (i) we can compute the predictive mean

at the same cost as previous sparse approximations, and (ii) the predictive variance at a
training point can be approximated by v, = m,d, +k fnuKl_ullSuK;&ku fn- More generally,
the variance at a new input that is not a training or inducing input is expensive due to the
presence of Dg in the last term. One path to address this could be to approximate Dg by its
diagonal matrix or to use only a subset of training points for this computation. However,
we find that simply ignoring the last term at test time does not impact the predictive
performance while substantially reducing the prediction cost (see appendix F.1).

4. Experimental results

We validate the utility of the proposed variational posterior in a suite of experimental set-
tings. We switch the variational objective with the proposed approximation in each setting,
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Figure 1: Left and middle: Optimisation traces for SGPR, T-SGPR, SVGP and T-SVGP
on the Snelson dataset with 5 inducing points. Right: Predictive means and
uncertainties. The stronger shade is for noiseless predictions.

keep all other configurations unchanged, and measure the two’s predictive performance.
Implementations based on GPytorch and GPflow will be released.

4.1. Toy 1-D regression

To build intuition about the proposed method’s behaviour, we first evaluate it on a 1-D
regression problem used by Snelson and Ghahramani (2005). We compare (i) Titsias’s col-
lapsed bound in eq. (5) [SGPR] with the proposed collapsed bound in eq. (9) [T-SGPR],
and (ii) Titsias’s uncollapsed bound [SVGP] with the proposed uncollapsed bound in eq. (8)
[T-SVGP]. Figure 1 illustrates the optimisation trajectories of these methods and the final
fits for both SGPR and T-SGPR using five inducing points. The final values for both uncol-
lapsed and collapsed versions of the proposed bound appear tighter than that of the Titsias’
bound in practice. The learned hyperparameters reveal that T-SGPR, prefers smaller ob-
servation noise (0.115) and larger kernel variance (0.107) compared to that of SGPR (0.126
and 0.087, respectively).

4.2. Large-scale regression benchmarks

We next compare four methods, SVGP, T-SVGP, SOLVEGP, and the SOLVEGP variant
in eq. (14) [T-SOLVEGP], across three inducing-point configurations (M = 256,512,1024),
on eight medium to large regression datasets. The datasets range from 40K to 2M data
points with varying input dimensionalities (Yang et al., 2015). We use the Matern-3/2
kernel and repeat each experiment 10 times, each employing a random train/test split.
The comparison results are shown in figs. 2, 3 and 4. We note that (i) both T-SVGP and
T-SOLVEGP consistently match or slightly outperform (on 5/8 datasets), or significantly
outperform (on 3/8 datasets) their base counterparts, (ii) the performance improvement is
also consistent across various inducing-point configurations, (iii) the improvements (on 3/8
datasets) are also consistent across training runs and iterations, as shown in fig. 5 for the
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Figure 2: Test log-likelihood for various sparse approximations on eight regression datasets
and various numbers of pseudo-points. For SOLVEGP and T-SOLVEGP, M is
evenly split for u and v. Higher is better. Best viewed in colour.

kin40k dataset, and (iv) SVGP and T-SVGP (and similarly SOLVEGP and T-SOLVEGP)
have almost identical run time so the improvements here do not come at any cost.

5. Summary

We build upon the standard sparse variational Gaussian process (SVGP) approximate pos-
terior distribution through a simple modification to the conditional GP prior distribution at
observed inputs. Using our proposed posterior approximation, we derive a collapsed bound
which improves upon existing SVGP lower bounds to the log marginal likelihood, and an
uncollapsed form which facilitates its application with non-Gaussian likelihoods and is com-
patible with stochastic mini-batch optimisation. Furthermore, we show how our approach
can be used to improve non-standard SVGP posterior approximations, such as SOLVE-GP
(Shi et al., 2020).

Our empirical results demonstrate consistent improvements in both predictive perfor-
mance and log marginal likelihood estimates across diverse applications, including regres-
sion, classification, and latent variables modelling tasks. The proposed posterior approxi-
mations can be easily applied to other settings such as deep GPs and convolutional GPs
(Van der Wilk et al., 2017; Blomqvist et al., 2020; Sun et al., 2021; Bui et al., 2016; Salimbeni
and Deisenroth, 2017).
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Appendix A. Connections to existing bounds

We can use the log-sum inequality! to bound the last term of our collapsed bound:

N N dy
d,, [Zn:l (1+ 02)} trace(Kg — Qg)

Thus a looser collapsed bound can be obtained:

(13)

1 1 N Ke —
F5(0) = ¢ = 5y (Qm +0°D) 'y — S log Qe + 07T — 5 log (1 | frace(Ke fo)) .

No?

This bound was derived by Artemev et al. (2021) based on bounds of the quadratic and
log-determinant terms in the exact log marginal likelihood. This is also tighter than the
Titsias’ bound, that is F4(0) > F5(0) > F1(0).

One can also view the proposed variational approximation as an instance of the sparse
orthogonal approach of Shi et al. (2020) in which there are two sets of inducing points
uw and v with v := f, m, := 0 and S, = D;EF/ZMDfom. However, this view does not
suggest new insights or potential improvements. In addition, we now discuss how to use
the proposed variational approximation to improve the sparse orthogonal approach and in

the latent variable settings.

Appendix B. Application to sparse orthogonal variational GPs

The sparse orthogonal approach (SOLVEGP) of Shi et al. (2020) can be viewed as a struc-
tured approximation with two sets of pseudo-points w and v,

Q(f) = p(fyﬁf,u,v|fa u, v)p(f|u, U)Q(uv U)a
q(u,v) = N(u;my, Sy)N (v; KvuKalllu +my, Sy)

M e om) b i 1)
v | KyuKgimy + my | 7 [ KyuKgiSu  Se + KvuK iSuKgiKuy | /7

1. For non-negative numbers a1, az, ..., an and by, bz, ..., bn, > 1 ailog ® > (Z;;l ai) log %fl Zl with
i i=1 01

equality iff a; /b; = constant.
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where (my,,S,) and (m,,S,) are the mean and covariance variational parameters. This
approximation brings computational benefits over naively using a single set of pseudo-
points with cardinality M = M, + M, while matching the latter’s performance. We
will show that the same trick used for sparse variational GPs—relaxing the conditional
matching assumption ¢(f|u,v) = p(f|u,v)— can improve SOLVEGP. In particular, sim-
ilar to SVGP, we will use ¢(f|u,v) = N(f;KeuKyy oy [uT,v7]T; Dl/QMDT/Z) where
D¢ = Kg — KeuwKye wwKuve, M is a diagonal matrix, M = diag([m1,m2, ..., mn])
and my, > 0. The resulting variational bound is

Folg(wv).0.M) <10gW p(flu,v)p v)p(y!f7w)>
a(f)

@, v)q(flu, v)q(u,v)

y Wy

= —KL[g(u)||p(w)] = KL[g(v)[|p(v)] + % > 11+ log(my) — ma]

n

+ Z/ ol q(u, v)q(f(zn)|w,v)log p(yn|f(zn)).,  (14)

n

where §(v) = N(v;my,Sy), p(v) = N(v;0,Cyy), and Cyy = Kyy — KyuK i Kuy
Note that the predictive distribution at a training point can be approximated efficiently,
q(f(zn)) = N(f (zp); M, vy,) with

My = kfnuK;&mu + cfnvC;&mu,

Un = M (€, p0 — €£0CovCusn) + KeuKyuSuKuukus + €£,0CoySvCivcyyo
where ¢, = kgp —kauKl_nllkub. Similar to SVGP, the predictive variance at a new test point
is expensive due to the dependence on all training points. However, similar to the tighter

approximation in section 3, we found that simply ignoring this difficult term works well in
practice.

Appendix C. Application to Bayesian GP latent variable models

Consider a GP latent variable model (GPLVM; Lawrence, 2005) with Gaussian observation
noise:
p(x) = N(x;0,1),
p(flv) = GP(f;0,ky),
p(ylf,z) = N(y; f(),0°T).

Both the posterior p(f|y) and marginal likelihood p(y) are intractable. Instead, we intro-
duce an approximate posterior of the following form:

q(f, ) = q(@)p(frsulf,w)a(flu,x)q(u)
¢(flu, @) = N(f; KnKglu, DY/ *M(2)Dg/?),

where M(x) = diag([mi(x1), ma(z2),...,mn(zn)]) and my,(x,) > 0. Note that ¢(f|u,x)
depends on x through Kg,, Dg and M(x), and that when M is the identity matrix, that is
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m, = 1, we obtain the variational approximation of Damianou et al. (2016). We can bound
the log marginal likelihood as

Flq(f,2),0) = —KL[g()|p(z)] — KL[g(u)[|p(w)] + % > (1 +log(m(wn)) = m(@n))y ()

n

+Z/u7xn7f(xn) @(20)q(w)q(f (@n)|Tn, w) 10g p(yn|f (22))-

n

We can obtain the collapsed bound by noting that the optimal form for g(u) is given by

q(u) o p(u) exp (<log/\/(y; Kqul_uiu, O‘QI»q(w)) )
Note also that

[, atwatsiozn(win) = | atw)os Nty KeKedu o) - 3 i ()

2
w ~ 20

Together with Jensen’s inequality, we arrive at the collapsed bound

Flg()) = —KLig(@)[p(@)] — 13 <m”d 1~ log () + mn<xn>>

2
2 20 (@)
+ log (/ e(10gN(y;Kqu;&u,021)>q<m>p(u)> .
u
Setting derivatives w.r.t. m,(x) to 0 gives
2
o
(Mn(Tn))g(zn) = < >
q(x dn + 0-2 q(xn)
which is satisfied by my,(z,) = d:% or my(xy,) = <d”0%>q(azn . The former is easier to

implement as we do not need to (approximately) integrate out z,, to find m,,.

Appendix D. An even tighter but expensive approximation

We consider a more general form for the conditional covariance of ¢(f|u) as follows:

q(f) = p(fzpulfw)a(flu)g(u),
a(flu) = N (f; KK gpu; C),

Again, we can also obtain the optimal form for ¢(u) x p(u)N (y; KeaKglu, 0%1), leading
to the following collapsed bound

1 1 1 1
Fs(0) =c— §yT(Qﬂ»‘ +o21) Ly — B log | Qg + oI — §trace[(o’_21 +Dg)C] - 5 log |C™'Dg|.
We can derive the optimal C, C~! = Df}l + 02T and the bound becomes:

1 1 1
Fs(0) =c— in(fo + 021)_1y —5 log |Qg + 0'21| —5 log [T+ 0_2fo|

_ 1 21\—1 1 2 1 -2
=c—5y"(Qm + ") y*§10g!Qﬁ°+0'I|*§zn:10g(1+U An(Dr)l,

where \,(X) is the n-th eigenvalue of X. The bound above is as expensive as the original
log marginal likelihood.

10
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Appendix E. Exploring alternative parameterisations for the conditional
posterior

Instead of the general C as above or the form considered in the main text C = Dl/ 2MDT/ 2

we consider two other parameterisations that might allow efficient collapsed/un collapsed
bounds and predictions. We first rewrite the uncollapsed bound and the predictive mean
and variance here for clarity,

]:uncollapsed = _KL[Q(U')Hp(u)] - / ( )KL[ (.f‘u Hp f‘u + Z/ ) xn)’u) Ing(yn‘f(xn))a
My = k*uK Mo,
Vs = Ky — k*uKuuku* + k*uK;&SuK;&ku* - (k*f - Q*f)(fo - )(kf* Qf*)

We first consider C = MY2DgM?/2. While this allows efficient exact predictive
marginal distributions at training points, the middle term in the bound is costly to compute
due to the presence of Dg:

1 _ 1 N
- [ atwKLla(flwllp(flu)) = - 5 trace(Dg M2DgM2) + | log [M] + 7

Another special case of the parameterisation presented in the main text is C = mDyg,
i.e., a single m is shared across all training points. This conveniently leads to tractable
exact predictive variances at training points, v, = md, +ky, KqeSuKgikuf,. The middle
term in the bound can be simplified to,

- | awKLfwlp(Flu)] = 5 1 +log(m) — .

In the regression case, this leads to the optimal m = ¢2/(N~1 3" d, +0?) and the following
collapsed bound,

1 1 N dp
Fol6) = e~ Ly (Qu +0°1)" y—2log\fo+a2I|—21og(1+Z” ) (15)

No?2

This bound is looser than the collapsed bound in eq. (9), due to the Jensen’s inequality
log(1+ 3, 2a/N) > N7' 37, log(1 + a).

Appendix F. Additional experimental results
F.1. Efficient predictive variances

A key practical consideration is the computational cost of predictive variance in eq. (12).
The exact computation requires Df}l which scales poorly with the training set size. We
evaluate a simplified variant that omits the term that involves D¢, the last term in eq. (12),
and compare it to the exact variance calculation across three small benchmark datasets:
wine, solar, and pumadyn32nm. Table 1 presents a detailed comparison between the exact
and approximate versions. We can see a pattern across all datasets: the simplified variant
consistently matches the full model’s performance while offering substantial computational
savings. For this reason, we will be using the simplified version for all remaining experi-
ments. The improvements in predictive performance in section 4.2 and appendix F.3 are
therefore solely due to better estimation of the hyperparameters and a different g(u).
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Dataset N/D eq. (12) RMSE Log-likelihood Time (s)

w. last term  0.47 £ 0.01  -0.66 £ 0.01 0.15 &£ 0.00
wo. last term  0.47 £ 0.01 -0.66 £ 0.01 0.03 4 0.00

w. last term  0.93 &+ 0.07 -1.57 £ 0.20 0.07 &= 0.00
wo. last term  0.93 £+ 0.07 -1.56 £+ 0.20 0.03 £ 0.00

w. last term  1.00 & 0.01  -1.42 4 0.01 21.12 £+ 0.06
wo. last term  1.00 £ 0.01 -1.42 £+ 0.01 0.05 £ 0.00

wine 1599/11

solar 1066/10

pumadyn32nm  8192/32

Table 1: RMSE, log-likelihood, and run time for two variants of predictive variance com-
putation.

F.2. Large-scale regression benchmarks

kin40k protein keggdirected keggundirected
N=40000, D=8 N=45730, D=9 N=48827, D=20 N=63608, D=27
® 8 0.095 4 0.125
024 \ \ 0.66 { F—d —
0.094 0.124 4
w 0.22 065 0.093 <
) “\ \ 0.123 <b\ \
E 0.64 4 | E 0.092 \
o 0207 | F— U— A ~ \
& s 0.63 4 0.001 4 \ 0| oaz2
0.18 1
oo 0.090 0121 4
016 \ \ v — | | 00891
) 0.120 4
T T T T 0.61 T T T T T
3droad song buzz houseelectric
N=434874, D=3 N=515345, D=90 N=583250, D=77 N=2049280, D=11
056 @ -——----9®  &———-—g 0.801 | 0.263 1 i — —
0.800 - g | 0.262 4 N 0.062
0.54 —_— —
0.799 0261 1 0.061
& 052 0.260 | &
E 0.798 | oo ' 0.060 4
% 0.50 4 . B 0797 4 B—m— o — : T\ —_—
(i 0.258 | A 0.059 |
= 0.796 | N
| 0.257 0.058 4
0.48 - 0795 4 A——0ou_ —_— 0256
.256 4 R
046 A — | 07941 0.255 4 00574 F—0u —
! T T T T T T T ) T T T T T T T T
ééz g\@ e\é;z & éél 9\0‘2 V&é‘ é‘@ & g\é‘ Q\,véz s@é‘ 64@ g\é‘ c\@éz 6@@
« < S « Y & « $ & < <$ £
® M=256 | M=512 A M=1024 —— Tighter is better ---- Tighter is worse

Figure 3: Test root mean squared errors (RMSE) for various sparse approximations on eight
regression datasets and various numbers of pseudo-points. For SOLVEGP and
T-SOLVEGP, M is evenly split for v and v. Lower is better. Best viewed in
colour.

F.3. MNIST classification

To evaluate the performance of the proposed approximation on non-Gaussian likelihoods,
we run an experiment on the MNIST digit classification task with 256, 512, 1024, and
2048 inducing points, using the SVGP, T-SVGP, SOLVEGP, and T-SOLVEGP variational
objectives. Figure 6 shows that both the proposed approximations achieve substantial
performance gains in all metrics compared to their base versions.
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Figure 4:

Figure 5:

Log marginal likelihood approximations (ELBO) for various sparse approxima-
tions on eight regression datasets and various numbers of pseudo-points. For
SOLVEGP and T-SOLVEGP, M is evenly split for w and v. Higher is better.
Best viewed in colour.
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Variational bound and test performance for various approximations trained on
the kin40k dataset. Best viewed in colour.
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Figure 6: Log marginal likelihood approximations and test performance on the MNIST 10-
way classification task. Best viewed in colour.

F.4. GPLVM on the oil flow dataset

Finally, we demonstrate the proposed method’s applicability to latent variable models
through experiments with Bayesian GPLVM on the oil flow dataset. The multi-phase oil
flow dataset consists of 1000, 12-dimensional data points belonging to three classes which
correspond to the different phases of oil flow in a pipeline (Bishop and James, 1993). Fig-
ure 7 compares the standard variational BGPLVM (Damianou et al., 2016; Lalchand et al.,
2022) [V-BGPLVM] against the proposed approximation in appendix C [TV-BGPLVM].
The optimisation trajectories show that TV-BGPLVM achieves a lower final negative ELBO
(roughly —5.5 versus —5.2), indicating a more accurate posterior approximation.
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Figure 7: Optimisation traces for variational Bayesian GPLVM on the oil flow dataset. Best
viewed in colour.
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