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Abstract

The use of the adaptive learning rate (ALR) in stochastic gradient-based methods has be-
come a wide practice in machine learning, even become a default mode in training deep
learning. Different variants of ALR techniques, including AdaGrad, Adam, AMSGRAD,
and RMSProp, have reported significant success in improving stochastic optimization. De-
spite these empirical successes, there is an extremely lack of clear comprehending how var-
ious ALR techniques affect both theoretical and empirical behaviors of powered stochastic
gradient-based algorithms. Even, the impact of existing ALR techniques in common stochas-
tic gradient-based algorithms is still under-explored. To fill the gap, this work develops a
novel powered stochastic gradient-based algorithm with generalized adaptive learning rates,
coined ADAptive Powered Stochastic Gradient Descent (ADA-PSGD), for nonconvex op-
timization problems. We particularly elucidate numerous connections of ADA-PSGD to
existing ALR techniques. Moreover, we prove a faster convergence rate of ADA-PSGD for
nonconvex optimization problems. Further, we show that ADA-PSGD achieves a gradient
evaluation cost of O (n+ L?||1]|2(1 — a1 1) *e™?) (a1 € [0,1] and B; € [0,1)) to find an
e-approximate stationary point, which is comparable to the well-known algorithmic lower
bound. Finally, we empirically demonstrate that our ADA-PSGD algorithm leads to greatly
improved training in different machine learning tasks. Further, we hope that the robustness
of ADA-PSGD to crucial hyper-parameters will spur interest from both researchers and
practitioners.

1 Introduction

In order to solve many applications of science and engineering, what are the generations of researchers have
been hard working is fast and robust optimization algorithms. Stochastic optimization, such as stochastic
gradient descent (SGD), has reported tremendous success in many areas of machine learning (Liu et al.,
2024), computer vision (Croitoru et al., 2023|), management science (Chen et al., 2024), etc., although
its operation is much simplicity. During recent years, many efforts and attempts have been proposed to
modifying stochastic optimization, including but not limited to (1) high-order information (Cao et al., 2023);
(2) conjugate gradient (Yang), 2023bl); (3) Powerball techniques (Zhou et al., 2021); (4) momentum (Loizou
& Richtarik| 2020); (5) adaptive learning rates (Zhang et al., 2022)); (6) Polyak learning rate (Orvieto et al.,
2022)); (7) importance sampling (Zhao & Zhang, [2015); (8) mini-batching sampling (Cotter et al.l [2011);
(9) shuffling strategy (Malinovsky et all [2023]). Actually, most of the existing techniques are contributed
to utilize the way of renewing gradient direction (e.g., (1)-(4)), or updating the learning rate (e.g., (5), (6))
to accelerate stochastic optimization methods. This work mainly focuses on the development of Powerball
techniques and adaptive learning rates in improving stochastic optimization, referring two main guidelines
to advance the progress of stochastic optimization currently.

Adaptive learning rates, also familiar with adaptive gradient methods, often acquire the learning rate by the
form of exponentially decaying average of squared historical gradient values. Specifically, AdaGrad (Duchi
et al.,|2011)) and its variants, such as RMSProp (Tieleman et al.;|2012), Adam (Kingma, [2014), AMSGRAD
(Reddi et al.L|2018]), etc., are representative because of their fast training speed. Although prevailing, adaptive
gradient methods are observed to generalize poorly in contrast to plain SGD, or even fail to converge even
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under well-defined problems (e.g., convex case). Then a large number of existing studies are conducted to
establish the convergence guarantee of adaptive gradient methods. For example, originally, |Kingma/ (2014))
analyzed that Adam with decreasing effective learning rates converged to an optimal solutions for convex
case. Nevertheless, the mistake of the proof in (Kingmay, 2014]) was pointed out by Reddi et al.| (2018]), who
also exemplified the divergence of Adam on a simple convex problem. Further, |Reddi et al.|(2018) provided
one reason that adaptive gradient methods diverge practically is the exponential moving average adopted in
the algorithms and showed that the introduction of long-term memory of previous gradients into adaptive
gradient methods can fix this issue, leading to AMSGRAD. Considering the techniques in (Ward et al.l2020))
and extending them to the Adam optimizer, |Défossez et al.| (2022)) offered a simple proof of the convergence
of Adam and AdaGrad under the assumptions of smooth gradients and almost sure uniform bound on the
£s norm of the gradients. More information about adaptive gradient methods is discussed in Section

In contrast, Powerball methods (Zhou et al., 2021; Yuan et all [2019) improve stochastic optimization by
adding a power coeflicient v € [0,1) to the gradient, which is orthogonal to the adaptive gradient methods
in accelerating stochastic optimization. More generally, we can regard the Powerball method as the steepest
gradient descent approach with respect to the p-norm, where p = 1 + (1/v). Interestingly, Newton-type
methods, employing curvature information of the model, usually converge faster than the steepest gradient
descent and conjugate gradient methods. More interestingly, Newton-type algorithms are also viewed as the
steepest gradient descent methods with the ellipsoidal norm. This also demonstrates that why the Powerball
technique can improve stochastic optimization from the side. [Zhou et al.| (2021) applied the Powerball
technique into SGD and SGD with momentum (SGDM), respectively, leading to pbSGD and pbSGDM, and
proved that the convergence rates of pbSGD and pbSGDM is comparable to well-known convergence rates for
SGD and SGDM on nonconvex functions. [Yang (2023a) further improved powered stochastic optimization
by utilizing the advantage of variance-reduced technique and showed that their proposed PB-SVRGE method
converged with rate O( \/ﬁ), where B represented batch sample per iterative step and T denotes the
total number of iterations.

Motivation. Powered stochastic optimization algorithms are gradient modifiers via a nonlinear transfor-
mation, which is totally different from the mechanism of adaptive learning rates in accelerating stochastic
optimization algorithms. However, very usual, the selection of learning rates for powered stochastic opti-
mization algorithms is more challenging than SGD due to the nonlinear transformation and is lacking of
studies to solve this issue to date. On the other side, although this work is inspired by adaptive gradient
methods, there exist too many different adaptive gradient methods at present. Therefore, one is greatly
desirable to know that which certain type of adaptive gradient methods are the best for enhancing pow-
ered stochastic optimization algorithms. More generally, it is suspicious that whether a unified analysis of
powered stochastic optimization algorithms with various adaptive gradient methods can be established.

The above discussions further inspire us to come up with the following research questions:

1) Can we utilize both the Powerball technique and the rule of adaptive learning rates to develop new
provable, fast and robust stochastic gradient-based algorithms for practical applications of science
and engineering?

2) Naturally, for various existing adaptive learning rates, e.g., AdaGrad, Adam, RMSProp, AMS-
GRAD, etc., which one is more suitable for the powered stochastic optimization algorithms?

3) Further, does there exist a unified analysis for powered stochastic optimization algorithms with dif-
ferent adaptive learning rates?

In this work, we answer these questions by developing a new algorithm, coined ADAptive Powered Stochastic
Gradient Descent (ADA-PSGD). We provide its theoretical guarantees for different adaptive learning rates.
More specifically, a unified convergence analysis of ADA-PSGD under different adaptive learning rates is
provided.

Our contribution. At last, we summarize our contributions in this work as follows:
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(1) We propose a new powered stochastic gradient-based algorithm with generalized adaptive learning
rates (Algorithm [3] in Section [4]) for solving the nonconvex optimization problem. Our algorithm
contains most of existing adaptive learning rates, e.g., RMSProp, Adam, NAdam (Dozat], |2016)).

(2) We establish a unified convergence analysis of our algorithm with different adaptive learning rates in
the nonconvex optimization background under standard assumptions (a.k.a., the L-Lipschitz smooth
gradient and bounded variance conditions).

(3) We prove that our algorithm obtains gradient computation cost of O (n+ L?||1]|2(1 — a181) " 'e?)
(a1 €]0,1] and $31 € [0,1)) to find an e-approximate stationary point, which matches the algorithmic
lower bound, attaining by modern stochastic gradient-based algorithms, e.g., SVRG (Johnson &
Zhang} |2013), SARAH (Nguyen et al., [2017), SPIDER (Fang et al., [2018)), etc.

(4) We, by comparing state-of-the-art stochastic gradient-based algorithms, empirically demonstrate
that our algorithm leads to significantly improved training in various machine learning tasks. More-
over, tons of numerical experiments verify the robustness of ADA-PSGD to crucial hyper-parameters.

2 Related Work

Most of the existing studies pay much attention to how the Powerball function improves stochastic opti-
mization algorithms, but do not care about the effect of the learning rate in powered stochastic optimization
algorithms. For instance, [Yuan et al| (2019)) showed a positive effect of the Powerball technique in accel-
erating both (stochastic) gradient-based and limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS)
approaches. [Zhang & Bailey| (2022) demonstrated the potential of the Powerball technique in improving
the zeroth-order distributed primal-dual stochastic coordinate method. More recently, we found that [Yang
(2023al) proposed using the Barzilai-Borwein-like technique to compute the learning rate for the powered
stochastic gradient-based algorithm. [Yang & Li (2024) applied the hypergradient descent technique into the
powered stochastic gradient-based algorithm to acquire the learning rate.

In addition, whereas adaptive gradient methods are significantly popular in well-studied stochastic gradient-
based algorithms, most of the existing studies usually explores one of them for stochastic gradient-based
algorithms. Several recent works attempt to offer a unified perspective of stochastic gradient-based algo-
rithms with different adaptive gradient methods. |Xiao et al.| (2024]) provided a comprehensive research on
the convergence of Adam-family approaches by developing a new two-timescale framework for nonsmooth
optimization, where their proposed framework contained various preferred Adam-family methods (including
Adam, AMSGRAD, etc). By equipping a general form of the second-order moment, [Jiang et al.| (2023) in-
troduced and analyzed a unified framework for Adam-type algorithms (referred to as UAdam) for nonconvex
stochastic setting, where UAdam included NAdam, AMSGRAD, AdaBound (Luo et al., |2019), etc.

3 Preliminaries

Many practical applications in computer vision, machine learning, and natural language processing are
attributed to addressing the following composite minimization:

min F(z) = % Z fi(x). (1)

z€R4

where each f;(z) : R? — R usually denotes a smooth and possibly nonconvex function for i € [n] :=
{1,--,n}.

Throughout the paper, let ||z|| and ||z||, denote the Euclidean norm and ¢,-norm of x, respectively. For
vector x, we employ (x); to denote its i-th coordinate. We use VF(w) to denote the gradient of F'(w). We
denote [n] = {1,2,...,n}. We write (z,y) as the inner product of vectors z and y. We write E[z] as the
expectation of a random variable z. For any given two sequences, {a,} and {b,}, we denote a,, = O(b,,), if
there exists a constant C' > 0 such that a,, < Cb,.
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Generic adaptive gradient methods. Algorithm [1| presents a generic framework of adaptive gradient
methods. Various popular stochastic optimization algorithms can be shown by Algorithm[I] through specified
different choice of ¢; and v, where ¢; offers how the momentum term at ¢-th timestep is computed, and
offers how the adaptive learning rate at ¢-th timestep is computed. For instance, in Adam, we have

. ¢t(91;-~~79t) = (1_ﬂ1)zt:1 iiigia
Ad : ( .
anm { wt(gla .. agt) = (1 - 52) Zf:l 65*197:2’ (2)

where ¢¢(g1,...,9;) is derived from m; = Bimy—1 + (1 — B1)g: and ¥(g1,...,g¢) is derived from l; =
Bovi_1 + (1 — Ba)g?. Two parameters 3; and B are belonging to (0,1).

In contrast, in RMSProp, we have

. (bt(gh...,gt):gt, 4
RMSP“”P'{ Grlgrs- - g0) = (1— Bo) X, BEig?, 3)

Algorithm 1 Generic adaptive gradient method setup

Require: : {a;}7 ;: step size, {¢¢, ¢} function to evaluate momentum and adaptive learning rate,
e € (0,1).
1: fort=1to T do
2 gt = V fn,(z¢) (Compute gradients at t-th timestep)
3 my = ¢(g1,- .., 9:) (Compute momentum)
4: ly =¢i(g1,- .., 9:) (Compute adaptive learning rate)
5 21 = o — aymy/ (VI + €) (Renew parameters)
6: end for

Powered stochastic optimization algorithms. Algorithm [2] is the framework of powered stochastic
optimization algorithms. In Algorithm [2 the mapping o, named the Powerball function, is applied to each
element of g, that is 0., (g:) = (0,((9¢)1),0+(g¢)2), -+ ,04((9:)a))*. The Powerball function o(-) : R — R is
of the form o (a) = sign(a)|a|” for v € [0,1), where sign(a) goes to the sign of a if @ # 0, or 0 if a = 0. In
particular, for v = 1, Algorithm [2| reduces to plain SGD, while for v = 0, Algorithm [2| goes to SIGNSGD
(Bernstein et al., [2018).

Algorithm 2 Powered stochastic optimization algorithm setup

Require: : {a;} ;: step size, v € [0,1): power coefficient
1: fort=1to T do
2: gt = V fn,(z¢) (Compute gradients at t-th timestep)
3: Ty = Tt — a;04(g¢) (Renew parameters)
4: end for

4 The Algorithm

We equip powered stochastic optimization algorithms with generalized adaptive learning rates by introducing
the quasi-hyperbolic momentum (QHM) into adaptive gradient methods, where QHM solves Problem
with the following update scheme (Ma & Yarats] [2019)):

my = Bme—1 + (1 — B)ge,

HM : 4
« { xy = w1 — nxme + (1 — x)ge), )

where x € [0, 1]. Following will show the connections of QHM with several existing momentum methods.

Actually, Adam-family methods often adopt the heavy-ball momentum (HBM) (Li et all 2021a)) whose
update scheme is

Tt = Tg—1 — Mg

HBM : { me = Bmy_1 + (1 — B)gs, (5)
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Different from the original HBM method, Adam-family methods is normalized by 1 — 8, which not only
alleviates dependence of the update step magnitude on the momentum coefficient 8, but permits the inter-
pretation of m; as a weighted average of previous gradients. Under the case x = 1, QHM is reduced to
HBM. In contrast, under the case y = 0, QHM is reduced to plain SGD.

Several studies (Zhou et all [2022; (Chen et all [2022) accelerate adaptive gradient methods from the per-
spective of Nesterov’s accelerated gradient (NAG), whose update scheme is usually formulated as (Nesterov,
2013))
gt = VFy (ze — a(l = B)my—1),
NAG : my = Bmy_1 + gy, (6)

Ty = Tg—1 — NMy,

where NAG updates parameters by using the gradient at the extrapolation point a:; =x— (1—0)(xt —x4—1)
that is different from HBM. More specifically, setting x = 8, QHM turns out to be a normalized variant of
NAG with an additional factor 1 — 3.

Now, we are ready to describe our algorithm, referred to as ADA-PSGD, in Algorithm

Algorithm 3 ADA-PSGD
Require: base learning rate 7, outer loop size &, batch sample B, the preconditioned parameters €, 1, 7,
ai, ag, B1, and By
Initialize: 7°, G} =0, and UJ =0
for s=1to & do
T=af=1""
g° =VF(%)
for k=1to R do
Select random mini-batch ny from [n] with B samples
Vks = VFnk (xZ—l) - Vch (i') +9°
Gr=FCy, + (1 - B)Vg
Us = BoUi_y + (1 — Bo)(V Fr, (a5,))?
" oy (e Gi+(1—a)Vy)
\/QQU]‘:+(17042)(VFTLIC (x5 _1))%+e

S __ S
T = Tpg—1 —
end for
~Ss S
¥ =5
end for

Remark: To know ADA-PSGD well, some explanations for ADA-PSGD are presented here.

(1) We first show the connections between ADA-PSGD and existing adaptive gradient methods. Specifi-
cally, under the case v = 1, ADA-PSGD (i) is reduced to the Adam-like algorithm when oy = ag = 1;
(ii) turns out to the RMSProp-like algorithm when oy = 0 and ap = 1; (iii) goes to the NAdam when
ap = B1 and ag = 1. More generally, this work extends the family of adaptive gradient methods by
developing ADA-PSGD with v € (0, 1).

(2) Further, ADA-PSGD uses the stochastic variance-reduced gradient (SVRG) estimator, i.e., V7 =
VF,, (z;_1)—VFE,, (Z)+g¢°, where the SVRG-gradient estimator is also considered in (Dubois-Taine
et al., |2022)). Nevertheless, Dubois-Taine et al.| (2022)) only considers the case of AdaGrad with the
SVRG-gradient estimator and without the Powerball function. Additionally, we also find that Kavis
et al.| (2022) proposed ADASPIDER by introducing the SPIDER gradient estimator into AdaGrad.

5 Convergence Analysis

This section provides a theoretical guarantee of ADA-PSGD for the nonconvex optimization problem. The
following common assumptions in analyzing stochastic optimization algorithms are required.
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Assumption 1. The following conditions are kept for the objective function, F(x) and its gradient, in
Problem :

(a) The objective function, F(x), has L-Lipschitz smooth gradient, i.e., there exists a positive constant
L such that for Va,y € R?

IVF(y) = VF(z)| < Llly — «| (7)
(b) |[VF,,(x) — VF(z)||* has an upper boundary, i.e.,
o2
E[|VFy, () = VF(@)IIP] < —, (8)

where, n C [n], with B samples.

From the result of Assumption a), the following conclusion for L-smooth function is directly derived:
Lemma 1. (Descent Lemma) Assumption (a) indicates that there exists a quadratic upper bound on F

Fly) < F(@) +{VF(@),y — 2) + 2y — ol )

Ghadimi & Lan| (2013) proved Lemma (1| by utilizing the Taylor expansion of the function F(z) around z.
This lemma can also be found in (Nesterov, [2013).

To proceed analysis of Theorem [I] the following two lemmas are required.
Lemma 2. For a1Gi + (1 — a1)V}¥, generated by Ada-PSGD, we have the following boundary:

S S 1 S =~ S
lonG3 + (1 —an)VE T, = S a181)? IV Fo, ()14, = 11 = a1 1) VEy, (8) — an 1G5y
—(1- 04151)98||%+y- (10)

Proof. Since G}, = 1G;,_1+ (1 —61)V and VP = VE,, (z]_,) — VF,,(Z) + ¢°, defined in Algorithm we

easily ascertain
lon G} + (1= a) ViR 4y = lonBiGhy + on (1= B)VE + (1 — )V,
= leni1Gi_y + (1 — a0V |11,
= a1 p1Gi_y + (1= a1 B1)VE,, (25 _1) — (1 — a181)VE,, () + (1 — a1 1)g° |13 4,

> %(1 —a11)?(IVF, (27 )3 — (1 — 1 1) VFn, (2) — a1 1 Gy

— (1= a1B1)g’|IT 1 (11)
where the first inequality uses the condition [[al|f,, > 5[bl|T,, — Ib —allf . O
Lemma 3. Under Assumptz'on(b), for a1Gi+(1—a1)VE—=VF(x_,), we get the following upper boundary

802(1 — a1 B1)?

lon G + (1 = a)Vie = VF(a}_)|* < 4aiBEl|GE 4 |1* + B

+4aiBIVF (@ y)IIP. (12)

Proof.
lar Gy + (1 = 1)V = VF(x5_y)|?
= [larB1Gioy + (1 — a1 1) [V oy (2h_1) = VFo, () + ¢°) = VE(27_)|?
= [lea1Giy + (1 — a1 1) VEy, (z_1) — (1 — a1 1) VF(Z)
— (1= a1f)VF, (&) + (1 = a1 p1)VF(F) = a1 1 VF (25 _y)|I?
<4GBY G 1P + 400 — aa 1)V Fy (27 _1) — VF (20|
+4(1 = a1$1)?|VF,, () = VE(@)|” + 437 VF (x5 _,) |1?

80%(1 — a1 51)?

<4 22 Gs 2
< 4daifrl|GiqlI” + B

+40i B[V F (i) II%, (13)
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where the first inequality uses the fact (a1 +ag +...+a,)? < n(a®+a?+...+a2) and the second inequality
uses Assumption [I(b).

O

The main theoretical result of ADA-PSGD is given in Theorem

Theorem 1. Suppose Assumption |1, Lemma |1, Lemma @ and Lemma @ hold and choose ny, C [n] with B
samples. Let x, = argmin,cpa F(x) and {xi}f’zl’s:l generated by ADA-PSGD. For anyT > 1, ADA-PSGD
leads to

A AL| 1| ] 16]| 1|0
f;’;wm Th_1) M] < T fmﬂl)Q[F(xo)_F(x*)Hm, (14)

where 6 > 0.

Proof. Based on the L-smooth property of the loss function, F(w), and the definition of xj that is zj =

s _ oy (a1 Gy +(1— Oll)vk) . .
Ti_q [\/OQU Ny L e ] defined in Algorithm (3] we have

S S L S S
BIF(a)] < B |Flaf 1) + (VF(af1)ot = ai o) + 5o — o )

oy (G + (1 —a)Vy) >
" VarUp + (1= o) (VE,, (z5-1))2 + €

]E{F(mi_l) <VF x5 )

Ln Uv(alGZ (1—o1)Vy) T
(1—a2)(VE,, (zr-1))2+€
- E{F(xz_l) - n<a1Gz +(1—ay)V, WQU:”(O‘f’“%)ilv;zl(?:’“?l)y n > +1
: <a1GZ +(1— )V — VF(z) ) \/QQUS"”(O‘fS%)EIV;S(Z’S)l))2 " €>} + LTUQ
H \/OézUal O‘f?@)ilv;zl()x‘:k )1))2 +e€ } ' (1%)

For convenience, in the following, the token, ¢, is used to represent a1 Gj, + (1 — a1)Vy and the token, A, is

used to represent \/azUg + (1 — a2)(V Fny (z5-1))2 + €. Considering 7 = <<>, "T“)> / L C’T@]f >0,
we have
s <ol = (0 42 o) (o 42 (0 242) 22 )
SO ({0,249 [1[mO) (s gri , m0)
efri o ({0, 2O)) /1[0 1 (g w01/ o))
+ <<<>, "”io)>/L # 2) <<> V() ””io)ﬂ. (16)
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Rearranging the inequality , we further have

a4(0)
A

(o) /e=)

a4(0)
A

2L60

<[Fai ) - 5 ({0, 24%) ’ /i owi<>> ’

(22 o o 2]

~[rei - 5 ({0, aw£<>>>>2 /i awi<>> :

oz (| (0.2 /2|20 jo - vrtat ]

o282 =2
e

1
Lo - vRE nnﬂ

2

—r[rei - 10 (0. 7)) / 2O 4 10 - VFGi P
~ [Pt ) - S B EIE o - Rt (")

where the second inequality uses the Cauchy-Schwartz inequality and the third inequality employs the fact
2ab < fa® + 6% (6 > 0).

According to the Holder inequality, we conclude that

lo5 (O = ZI 0)il*?

(5 (o)

d T
= 11l (Z (<>)i|1+'*> , (18)

where v is belonging to the interval (0, 1) with p = }‘_”—1 and g = 1;'—77
Further, we have the following quantity
. (S ;
|<<>70-V(<>)>| > i=1 1 _ ||<>||1+"/. (19)
llo (O)112 =R 1

Il (S )
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The results in and infer the following inequality

1 H<>||1+V
2L 1[I, 21;9

s 1-46 1 2 s 2
<E|Fi ) - gpmr (50 - @B IR LI

E[F(mi)]ﬁE[mzl) Lo - V@ m?}

I 1)V F (8) — anfaG g — (1 alﬁngsﬁﬂ)

1 8(1 — a1 81)%0? s
+ o (10282161 + S SPST aatt or P
= B| (o) — (- aaf)2 VE ()
B[P = gy, e bl
1-46 . s s 40383
+ 2L||1||p ”(1 - alﬂlank(x) - alﬁlefl) — (1 — a151)g ||%+»Y 211;01 ||G 1H2
41— a1p)?0? | 20181V F(z}_,)|? (20)
LBo Lo '
where the second inequality uses Lemma [2| and Lemma
To satisfy the above inequality, we just need to satisfy the following quantity
s i (1-0)(1 —a11)? s 2 AL — a1 p1)?0”
Bl ()] < B|Fah o) - SO0 R, B+
Telescoping the inequality over k=1,..., R, we get
, L (1=60)(1—a1p1)? 41 — an )’ (R +1)
E[F(z%)] <E|F(x)) — F,,.( . 22
(Pleb)] < B|Fiag) - SO0 kZ IV B, ()l + D (22)

Since #° = z% and ! = z§ (shown in Algorithm , we further get

BiF(@)] < B[ re) - L0 o) Zumk sl + EERA TR )

Through summing over s =1,...,8, we obtain

& &
AL|1]p - - 16][1],0° (R +1)(6 +1)
E E, < F(i) — F
;;”V & xk 1 ||1+'y‘| = (1_0)(1_0[151)2[ (xO) (-rﬁ)]‘i‘ (1_0)30
AL|1|p . 16][1],0* (R +1)(6 + 1)
F — F(xs , 24
S T=0)0 —arpye F @)~ Flal+ (1—0)B0 (24)
where the second inequality uses the fact z, = arg min F(z).
Finally, dividing T" on both sides of the inequality , the desired results is got.
O

To acquire an e-approximate stationary point, i.e., E [l Zil Zle IV, (5134, | <e, we just satisfy

%[F(io) — F(z.)] + 1(6”1# < e. In particular, considering B = O(T), ADA-PSGD in order
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2
to obtain an e-approximate stationary point requires T' = O (49||1H‘Ef_+91)((3ﬂ1‘(|51%53;6 1)o ), where we set C =

F(&) — F(x). Further, consider & = o(n) and since the total iteration numbers 7" has been some multiple

2 2
of R, therefore, the overall gradient complexity of ADA-PSGD for nonconvex case is O (n + %)

Note that, for nonconvex optimization problems, earlier studies extended the existing variance-reduced
) (Reddi et all 2016; Zhou et al. [2018). The
most recent nonconvex stochastic gradient-based algomthms with variance-reduced techniques approximate
/) (Li et al) 2021b; Pham et al., 2020).

With the SVRG-gradient estimator, [Yang (2023a) proved the powered stochastic gradient-based method
L2|| [

required O (n + ) gradient computations to acquire an e-approximate stationary point for nonconvex

case. Comparing these results, we conclude that the complexity of our ADA-PSGD method matches that of
state-of-the-art stochastic gradient-based algorithms.

6 Numerical Evaluation

This section empirically demonstrates the efficacy of ADA-PSGD by comparing it with state-of-the-art
stochastic gradient-based algorithms. More specifically, we conduct numerical experiments on two common
machine learning tasks, logistic regression (LR) with ¢s-norm regularization and the squared hinge loss
support vector machine (SVM) with ¢s-norm regularization:

. 1 S T A2

(LR iy F@) = S low(1-+ exp(bial2) + " (25)
1« 2N,

(SVM) min F(z) = - :( ~baTx +) + S|, (26)

=1

where {a;,b;}"; € RY x {+1,—1} is a set of training datasets and A = 0.01 denotes a regularization
parameter. In addition, to significantly confirm the efficacy of our ADA-PSGD algorithm, we conduct
numerical experiments on the nonconvex LR problem:

1o .
in F(z) ==Y log(1 —b;at (), 27
min F(z) = — ; og(1 + exp(—bia] x)) + Ar(z) (27)
where r(z) = Zf 17 +m2 denotes a non-convex regularizer. In the nonconvex LR problem, we adopt A = 0.1

for different datasets.

We have performed experiments on four classification datasets, a8a, covtype, w8a, MNIST, CIFAR — 10,
and ijennl, where they are coming from LIBSVM website (Chang & Linl [2011). Detailed information of
these datasets is provided in Table

Table 1: The detailed Information of benchmark datasets

Data set Sample size (n) Dimension (d)
a8a 22,696 123
covtype 581,012 54
1jennl 49,990 22
w8a 49,749 300
CIFAR —10 60,000 1,024
MNIST 60,000 784
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6.1 Comparison ADA-PSGD with Other Methods

This section compares our ADA-PSGD algorithm with several preferred algorithms: Adam (Kingmal, 2014),
AdaGrad (Duchi et al), [2011), RMSProp (Tieleman et al. [2012), AMSGRAD (Reddi et al., [2018), SVRG
(Johnson & Zhang, 2013), ppVRGD-HD (Yang & Li, 2024), and PB-SVRGE-RSBB (Yang}, 2023a)). Specifi-
cally, Adam, AdaGrad, RMSProp, and AMSGRAD are four classical adaptive gradient methods. pbVRGD-
HD and PB-SVRGE-RSBB are two advanced powered stochastic gradient-based methods, where the former
used the hypergradient descent technique to compute the learning rate and the latter used the BB-like
technique to compute the learning rate.

For Adam and AMSGRAD, we adopt 51 = 0.9 and fy = 0.999 for different datasets. For RMSProp, we
adopt 5 = 0.9 on all datasets. For ppVRGD-HD, we set v = 0.9, a = 0.01 and 5 = 0.01 for different
datasets. For PB-SVRGE-RSBB, we also set v = 0.9 on all datasets. For our ADA-PSGD algorithm, we
set v =10.9, a3 =09, as = 0.9, 51 = 0.1, 5 = 0.9, and ¢ = 1 for different datasets. In addition, on the
convex LR problem, we set n = 0.04 on a8a, ijcnnl, and covtype, and nn = 0.06 on w8a for our ADA-PSGD
algorithm. In contrast, on the SVM problem, we also take n = 0.04 on a8a, ijcnnl, and covtype, but n = 0.1
on w8a for ADA-PSGD.

Figures a), (b), c), and d) show the comparison results among different methods on LR model. In
contrast, Figures e), f), g), and h) display the comparison results among different methods on SVM
model. All subfigures in Figure [I] clearly demonstrate that our ADA-PSGD method outperforms state-of-
the-art optimization algorithms. Particularly, the comparison results among ADA-PSGD, pbVRGD-HD,
and PB-SVRGE-RSBB confirm the efficacy of adaptive learning rates in powered stochastic gradient-based
algorithms. Also, observed from Figure [I, ADA-PSGD converges faster than Adam, AdaGrad, RMSProp,
and AMSGRAD, which confirms the positive impact of the Powerball technique in improving adaptive
gradient methods.

(e) a8a (f) covtype (g) ijennl (h) w8a

Figure 1: Comparison of the considered algorithms on the LR model (top line) and the squared hinge
loss SVM model (bottom line) with a8a (the first column), covtype (the second column), ijennl (the third
column), and w8a (the forth column).

Further, we discuss the numerical behavior of ADA-PSGD on the non-convex LR problem in Fig. 2] Note
that we also compare our ADA-PSGD algorithm with Adam, AdaGrad, RMSProp, AMSGRAD, SVRG,
pbVRGD-HD, and PB-SVRGE-RSBB by performing them on CIFAR — 10 and M NIST. In addition,
pbSGD (Yuan et al.,[2019) and PB-SGD-RSBB are also provided as benchmark optimization
algorithms. The parameter settings of these algorithms are similar to the experiments on LR and SVM. It
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is observed from Fig. [2] that ADA-PSGD still achieves better performance than state-of-the-art stochastic
optimization algorithms on the nonconvex LR problem, which further demonstrates the positive role of the
Powerball technique in enhancing adaptive gradient methods.

—pbsSGD

————— PB-SGD-RSBB
Adam
AdaGrad

= # —RMSProp
AMSGRAD

- + —pbVRGD-HD
PB-SVRGE-RSBB [

ADA-PSGD
Ll v NEPRERE

————— PB-SGD-RSBB
Adam
AdaGrad

= # —RMSProp
AMSGRAD

Objective Gap
Objective  Gap

= + —pbVRGD-HD k|

PB-SVRGE-RSBB

ADA-PSGD
I

I I I I I I I
5 10 15 20 25 30 10 15 20 25 30
Epoch s Epoch s

(a) CIFAR-10 (b) MNIST

Figure 2: Comparison of the considered algorithms on the nonconvex LR model with CTFAR — 10 (left)
and MNIST (right).

6.2 The Choice of Different Hyper-parameters

Algorithm [3| shows that there are too many hyper-parameters (e.g., a1, a1, 51, P2, v, etc.) that needed to
be tuned when performing ADA-PSGD. In order to better comprehend our ADA-OSGD method, this part
discusses the numerical behavior of ADA-PSGD with different hyper-parameters.

Figure |3| explores the performance of ADA-PSGD with «;, where we select «; from {0, 0.3, 0.5, 0.7, 0.9,
1}. Additionally, when executing ADA-PSGD, we uniformly set as = 0.9, 1 = 0.9, B2 = 0.9, and e = 1 on
different datasets. More specifically, Figures Bf(a), Bfb), Bc), and Bd) conduct experiments on LR model,
and Figures Bf(e), B|f), B(g), and B[(h) conduct experiments on SVM.

All subfigures in Figure [3] clearly demonstrate the robustness of ADA-PSGD to the hyper-parameter «;.
Actually, when setting a; = 0, ADA-PSGD turns out to be the powered stochastic gradient-based algorithm
with the RMSProp-like method. In contrast, when setting ar; = 1, ADA-PSGD turns out to be the powered
stochastic gradient-based algorithm with the Adam-like method.

Figure [4] discusses the numerical behavior of ADA-PSGD with S, where we choose 81 from {0, 0.1, 0.3, 0.5,
0.7. 0.9}. In addition, ADA-PSGD works with ay = 0.4, as = 0.4, f2 = 0.9, and ¢ = 1 for different datasets.
Similarly, Figures [i{a), f{b), [f{(c), and [{d) show the numerical results of ADA-PSGD on the LR model,
while Figures [{{e), [4(f), [4(g), and [4{h) display the numerical results of ADA-PSGD on the SVM model.

Observe from Figure[d, ADA-PSGD is also robust to the hyper-parameter 8; on different datasets. It is not
difficult to empirically verify the robustness of ADA-PSGD to other crucial hyper-parameters.

In this segment, we further discuss the effect of v in ADA-PSGD by conducting experiments on the LR and
SVM models respectively, where v is chosen from {0, 0.3, 0.5, 0.7, 0.9, 1}. More specifically, the numerical
results of AD-PSGD with different v are plotted in Figure [5l Note that, when v = 0, ADA-PSGD can be
regarded as signed powered stochastic gradient-based algorithms with adaptive learning rates. In contrast,
when v = 1, ADA-PSGD can be viewed as the SVRG-like algorithm with different adaptive learning rates.

Figures (a), b), C), and (d) perform ADA-PSGD on the LR model, while Figures e), f), g),
and h) run ADA-PSGD on the SVM model. Figure [5| shows that a slightly larger « results in a better
performance of ADA-PSGD. However, Figure [5| indicates that on most datasets, v = 0.7 and v = 0.9 make
our ADA-PSGD method perform better than the case v = 1, which validate the efficacy of the Powerball
technique in enhancing stochastic gradient-based algorithms.
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Figure 3: The objective gap, F(&°) — F(x,), reported by ADA-PSGD with different «; on the LR model
(top line) and the squared hinge loss SVM model (bottom line) with a8a (the first column), covtype (the
second column), ijennl (the third column), and w8a (the forth column), where oy is chosen from {0, 0.3,

0.5, 0.7, 0.9, 1}.
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Figure 4: The objective gap, F(Z°) — F(x.), reported by ADA-PSGD with different 8; on the LR model
(top line) and the squared hinge loss SVM model (bottom line) with a8a (the first column), covtype (the
second column), ¢jennl (the third column), and w8a (the forth column), where 3 is chosen from {0, 0.1,
0.3, 0.5, 0.7, 0.9}.
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Figure 5: The objective gap, F'(Z°) — F(z4), reported by ADA-PSGD with different v on the LR model (top
line) and the squared hinge loss SVM model (bottom line) with a8a (the first column), covtype (the second
column), ijennl (the third column), and w8a (the forth column), where + is chosen from {0, 0.3, 0.5, 0.7,
0.9, 1}.

7 Conclusion

To comprehend the role of adaptive learning rates in powered stochastic gradient-based algorithms, this
work equipped a more generalized adaptive learning rate into powered stochastic gradient-based algorithms,
leading to a novel adaptive powered stochastic gradient-based algorithm, named ADA-PSGD. We clearly
showed numerous connections of our ADA-PSGD to existing adaptive gradient methods, e.g., Adam, NAdam,
RMSProp. A theoretical guarantee of ADA-PSGD for nonconvex optimization problems was established.
We proved a faster convergence rate of ADA-PSGD and pointed out that the complexity of our ADA-PSGD
method matches that of state-of-the-art stochastic gradient-based algorithms with the magnitude O (6_2).
At last, we empirically demonstrated that our ADA-PSGD method leaded to greatly improved training in
different machine learning tasks. Moreover, numerical results validated the robustness of ADA-PSGD to
crucial hyper-parameters. We hope that all theoretical and empirical advantages of ADA-PSGD will spur
interest from both researchers and practitioners.

References

Jeremy Bernstein, Yu-Xiang Wang, Kamyar Azizzadenesheli, and Animashree Anandkumar. signsgd: Com-
pressed optimisation for non-convex problems. In International Conference on Machine Learning, pp.
560-569. PMLR, 2018.

Liyuan Cao, Albert S Berahas, and Katya Scheinberg. First-and second-order high probability complexity
bounds for trust-region methods with noisy oracles. Mathematical Programming, pp. 1-52, 2023.

Chih-Chung Chang and Chih-Jen Lin. Libsvm: a library for support vector machines. ACM transactions
on intelligent systems and technology (TIST), 2(3):1-27, 2011.

Boxiao Chen, Jiashuo Jiang, Jiawei Zhang, and Zhengyuan Zhou. Learning to order for inventory systems
with lost sales and uncertain supplies. Management Science, 2024.

14



Under review as submission to TMLR

Cheng Chen, Zhiguang Wang, Yongnian Fan, Xue Zhang, Dawei Li, and Qiang Lu. Nesterov adam iterative
fast gradient method for adversarial attacks. In International Conference on Artificial Neural Networks,
pp- 586-598. Springer, 2022.

Andrew Cotter, Ohad Shamir, Nati Srebro, and Karthik Sridharan. Better mini-batch algorithms via accel-
erated gradient methods. Advances in neural information processing systems, 24, 2011.

Florinel-Alin Croitoru, Vlad Hondru, Radu Tudor Ionescu, and Mubarak Shah. Diffusion models in vision:
A survey. IEEE Transactions on Pattern Analysis and Machine Intelligence, 2023.

Alexandre Défossez, Leon Bottou, Francis Bach, and Nicolas Usunier. A simple convergence proof of adam
and adagrad. Transactions on Machine Learning Research, 2022.

Timothy Dozat. Incorporating nesterov momentum into adam. In International Conference on Learning
Representations, 2016.

Benjamin Dubois-Taine, Sharan Vaswani, Reza Babanezhad, Mark Schmidt, and Simon Lacoste-Julien. Svrg
meets adagrad: Painless variance reduction. Machine Learning, 111(12):4359-4409, 2022.

John Duchi, Elad Hazan, and Yoram Singer. Adaptive subgradient methods for online learning and stochastic
optimization. Journal of Machine Learning Research, 12(Jul):2121-2159, 2011.

Cong Fang, Chris Junchi Li, Zhouchen Lin, and Tong Zhang. SPIDER: Near-optimal non-convex optimiza-
tion via stochastic path-integrated differential estimator. In Advances in Neural Information Processing
Systems, pp. 689-699, 2018.

Saeed Ghadimi and Guanghui Lan. Stochastic first-and zeroth-order methods for nonconvex stochastic
programming. STAM Journal on Optimization, 23(4):2341-2368, 2013.

Yiming Jiang, Jinlan Liu, Dongpo Xu, and Danilo P Mandic. Uadam: Unified adam-type algorithmic
framework for non-convex stochastic optimization. arXiv preprint arXiv:2305.05675, 2023.

Rie Johnson and Tong Zhang. Accelerating stochastic gradient descent using predictive variance reduction.
In Advances in neural information processing systems, pp. 315-323, 2013.

Ali Kavis, Efstratios Panteleimon Skoulakis, Kimon Antonakopoulos, Leello Tadesse Dadi, and Volkan
Cevher. Adaptive stochastic variance reduction for non-convex finite-sum minimization. In $6th Con-
ference on Neural Information Processing Systems (NeurIPS), 2022.

DP Kingma. Adam: a method for stochastic optimization. In International Conference on Learning Repre-
sentations, 2014.

Bingcong Li, Alireza Sadeghi, and Georgios Giannakis. Heavy ball momentum for conditional gradient.
Advances in Neural Information Processing Systems, 34:21244-21255, 2021a.

Zhize Li, Hongyan Bao, Xiangliang Zhang, and Peter Richtdrik. Page: A simple and optimal probabilistic
gradient estimator for nonconvex optimization. In International conference on machine learning, pp.

6286-6295. PMLR, 2021b.

Junyu Liu, Minzhao Liu, Jin-Peng Liu, Ziyu Ye, Yunfei Wang, Yuri Alexeev, Jens Eisert, and Liang Jiang.
Towards provably efficient quantum algorithms for large-scale machine-learning models. Nature Commu-
nications, 15(1):434, 2024.

Nicolas Loizou and Peter Richtarik. Momentum and stochastic momentum for stochastic gradient, newton,
proximal point and subspace descent methods. Computational Optimization and Applications, 77(3):653—
710, 2020.

Liangchen Luo, Yuanhao Xiong, and Yan Liu. Adaptive gradient methods with dynamic bound of learning
rate. In International Conference on Learning Representations, 2019. URL https://openreview.net/
forum?id=Bkg3g2ROFX.

15


https://openreview.net/forum?id=Bkg3g2R9FX
https://openreview.net/forum?id=Bkg3g2R9FX

Under review as submission to TMLR

Jerry Ma and Denis Yarats. Quasi-hyperbolic momentum and adam for deep learning. In International
Conference on Learning Representations, 2019. URL https://openreview.net/forum?id=S1fUpoR5FQ.

Grigory Malinovsky, Alibek Sailanbayev, and Peter Richtarik. Random reshuffling with variance reduction:
New analysis and better rates. In Uncertainty in Artificial Intelligence, pp. 1347-1357. PMLR, 2023.

Yu Nesterov. Gradient methods for minimizing composite functions. Mathematical programming, 140(1):
125-161, 2013.

Lam M Nguyen, Jie Liu, Katya Scheinberg, and Martin Takdc¢. SARAH: A novel method for machine learning
problems using stochastic recursive gradient. In International Conference on Machine Learning-Volume
70, pp. 2613-2621, 2017.

Antonio Orvieto, Simon Lacoste-Julien, and Nicolas Loizou. Dynamics of sgd with stochastic polyak stepsizes:
Truly adaptive variants and convergence to exact solution. In Advances in Neural Information Processing
Systems, 2022.

Nhan H Pham, Lam M Nguyen, Dzung T Phan, and Quoc Tran-Dinh. ProxSARAH: An efficient algorithmic
framework for stochastic composite nonconvex optimization. Journal of Machine Learning Research, 21
(110):1-48, 2020.

Sashank J Reddi, Ahmed Hefny, Suvrit Sra, Barnabas Poczos, and Alex Smola. Stochastic variance reduction
for nonconvex optimization. In International Conference on Machine Learning, pp. 314-323, 2016.

Sashank J Reddi, Satyen Kale, and Sanjiv Kumar. On the convergence of ADAM and beyond. In Interna-
tional Conference on Learning Representations, 2018.

Tijmen Tieleman, Geoffrey Hinton, et al. Lecture 6.5-rmsprop: Divide the gradient by a running average of
its recent magnitude. COURSERA: Neural networks for machine learning, 4(2):26-31, 2012.

Rachel Ward, Xiaoxia Wu, and Léon Bottou. Adagrad stepsizes: Sharp convergence over nonconvex land-
scapes. Journal of Machine Learning Research, 21(219):1-30, 2020.

Nachuan Xiao, Xiaoyin Hu, Xin Liu, and Kim-Chuan Toh. Adam-family methods for nonsmooth optimization
with convergence guarantees. Journal of Machine Learning Research, 25(48):1-53, 2024.

Zhuang Yang. Improved powered stochastic optimization algorithms for large-scale machine learning. Journal
of Machine Learning Research, 24(241):1-29, 2023a.

Zhuang Yang. Painless stochastic conjugate gradient for large-scale machine learning. IFEE Transactions
on Neural Networks and Learning Systems, 2023b.

Zhuang Yang and Xiaotian Li. Powered stochastic optimization with hypergradient descent for large-scale
learning systems. Ezpert Systems with Applications, 238:122017, 2024.

Ye Yuan, Mu Li, Jun Liu, and Claire Tomlin. On the powerball method: Variants of descent methods for
accelerated optimization. IEEE Control Systems Letters, 3(3):601-606, 2019.

Shengjun Zhang and Colleen P Bailey. Accelerated zeroth-order algorithm for stochastic distributed non-
convex optimization. In 2022 American Control Conference (ACC), pp. 4274-4279. IEEE, 2022.

Yushun Zhang, Congliang Chen, Naichen Shi, Ruoyu Sun, and Zhi-Quan Luo. Adam can converge without
any modification on update rules. Advances in neural information processing systems, 35:28386—28399,
2022.

Peilin Zhao and Tong Zhang. Stochastic optimization with importance sampling for regularized loss mini-
mization. In international conference on machine learning, pp. 1-9. PMLR, 2015.

16


https://openreview.net/forum?id=S1fUpoR5FQ

Under review as submission to TMLR

Beitong Zhou, Jun Liu, Weigao Sun, Ruijuan Chen, Claire Tomlin, and Ye Yuan. pbsgd: powered stochastic
gradient descent methods for accelerated nonconvex optimization. In Proceedings of the Twenty-Ninth
International Conference on International Joint Conferences on Artificial Intelligence, pp. 3258-3266,
2021.

Dongruo Zhou, Pan Xu, and Quanquan Gu. Stochastic nested variance reduced gradient descent for non-
convex optimization. In Advances in Neural Information Processing Systems, pp. 3921-3932, 2018.

Pan Zhou, Xingyu Xie, and YAN Shuicheng. Win: Weight-decay-integrated nesterov acceleration for adaptive
gradient algorithms. In International Conference on Learning Representations, 2022.

17



	Introduction
	Related Work
	Preliminaries
	The Algorithm
	Convergence Analysis
	Numerical Evaluation
	Comparison ADA-PSGD with Other Methods
	The Choice of Different Hyper-parameters 

	Conclusion

