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Abstract

Modern machine learning tasks often involve
massive datasets and models, necessitating
distributed optimization algorithms with re-
duced communication overhead. Communi-
cation compression, where clients transmit
compressed updates to a central server, has
emerged as a key technique to mitigate com-
munication bottlenecks. However, the theo-
retical understanding of stochastic distributed
optimization with contractive compression
remains limited, particularly in conjunction
with Nesterov acceleration—a cornerstone
for achieving faster convergence in optimiza-
tion. In this paper, we propose a novel algo-
rithm, ADEF (Accelerated Distributed Error
Feedback), which integrates Nesterov accel-
eration, contractive compression, error feed-
back, and gradient difference compression.
We prove that ADEF achieves the first ac-
celerated convergence rate for stochastic dis-
tributed optimization with contractive com-
pression in the general convex regime. Numer-
ical experiments validate our theoretical find-
ings and demonstrate the practical efficacy of
ADEF in reducing communication costs while
maintaining fast convergence.

1 INTRODUCTION

Gradient methods are foundational to training modern
machine learning models. Moreover, with the rapidly
growing sizes of the datasets and models, distributed
training has become a necessity as accumulating the
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entire dataset on a single central machine is simply
infeasible. Many of the recent breakthrough models
are trained in such a distributed fashion, e.g. large lan-
guage models (Shoeybi et al.| [2019), generative mod-
els (Ramesh et al., [2021} 2022)), and others (Wang
et al.,|2020)), where data are distributed across different
clients/workers and model updates are coordinated by
a parameter server. Another instance of distributed
optimization is the federated learning setting (Konec¢ny
et al., [2016; |[Kairouz et all 2019)), where clients (e.g.,
edge devices or hospitals) jointly train a model without
sharing their local data.

One of the key challenges in distributed optimization
is the communication bottleneck—the cost of trans-
mitting large model updates between clients and the
server (Seide et al., 2014; Stroml [2015)). To address
this, communication compression has emerged as
a practical solution, enabling updates to be transmit-
ted in a compressed format to reduce communication
overhead. Contractive compression (see Definition ,
despite being potentially biased, has been shown to out-
perform unbiased compression schemes in practice (Lin
et al., [2018b; [Sun et al., [2019; [Vogels et al., [2019) and
offers favorable theoretical properties (Stich et al.||2018}
Albasyoni et al., [2020; Beznosikov et al.| [2023). How-
ever, naive aggregation of compressed updates can lead
to divergence (Beznosikov et al., [2023). To mitigate
this, Error Feedback (EF) (Seide et al.,[2014) has
been proposed as an effective remedy, compensating
for compression errors (Stich et al. |2018; Karimireddy
et al., [2019). EF and its variants (e.g., PowerSGD by
Vogels et al.| (2019))) have been widely adopted in prac-
tice, integrated into popular deep learning frameworks
such as PyTorch (Paszke et all [2019)), and deployed
to train state-of-the-art transformer models (Ramesh
et al., [2021).

Nesterov acceleration (Nesterov, [1983]) is one of the
most important algorithmic tools to achieve faster con-
vergence rates for deterministic and stochastic first-
order methods in the convex regime. However, its
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integration with EF and contractive compression in
the general convex regime remains largely unexplored.
Existing works on accelerated methods with compres-
sion primarily focus on deterministic or strongly convex
settings (Li et al.l |2020; |Qian et al., [2021aj; Bylinkin
and Beznosikov, [2024)), rely on unbiased compression
(Li and Richtarik], 2021)), or effectively function as un-
compressed methods (He et al. 2023)E] While it might
be possible to apply the Catalyst scheme (Lin et al.,
2018a)) on top of an unaccelerated EF variant, from
a practical perspective, the Catalyst scheme requires
much more complicated hyperparameter tuning (Lin
et al., [2018a; [Mairal, [2019) while delivering weaker
performance than direct acceleration methods (Mairal,
2019). From a theoretical perspective, direct accel-
eration for distributed stochastic optimization with
contractive compression in the general convex regime
is still unexplored, and in this work, we aim to fill this
significant gap in the literature.

1.1 CONTRIBUTIONS

In this paper, we address the aforementioned gap
by proposing ADEF (Accelerated Distributed Error
Feedback), which integrates Nesterov acceleration, con-
tractive compression, and bias-corrected EF in the
stochastic and general convex regime. Our contribu-
tions are as follows:

Algorithm: We introduce ADEF, a single-loop algo-
rithm for distributed optimization that combines Nes-
terov acceleration with contractive compression, error
feedback, and gradient difference compression, designed
for the practically common constant mini-batch regime.

General theoretical framework (acceleration
with inexact updates): We develop a general frame-
work for accelerated methods with inexact updates,
which cleanly handles errors from stochasticity and
compression. This framework is modular and may
be useful for analyzing other optimization algorithms
under noisy or compressed updates.

Convergence guarantees: Applying the framework,
we show that ADEF achieves accelerated convergence
rates under contractive compression in the general con-
vex setting without bounded-heterogeneity assump-
tions. In particular, our results clarify how acceleration
can be preserved in the constant-batch, single-round
regime, thereby bridging a long-standing gap in the
theoretical understanding of communication-efficient
optimization and acceleration.

Empirical validation: We evaluate ADEF against
'NEOLITHIC uses repeated communication rounds within

each iteration to reduce compression error; see Section
and Appendix [G] for details.

compressed and uncompressed baselines on convex syn-
thetic problems and image classification tasks. We
report both communication rounds and transmitted
bits, and observe that ADEF reduces client-to-server
communication while maintaining competitive accu-
racy.

By bridging the gap between communication-efficient
distributed optimization and acceleration, ADEF opens
new avenues for scalable and efficient training of large-
scale ML models.

2 COMMUNICATION
COMPRESSION AND
ACCELERATED METHODS

In this paper, we study distributed optimization algo-
rithms equipped with communication compression. In
particular, we consider the class of contractive com-
pression operators:

Definition 2.1. We say that a (possibly randomized)
mapping C: R? — R? is a contractive compression if
for some constant 0 < § <1 it holds

E [Je(x) —xII?] < (1-

Ox|I> vxeRL (1)

The classic example satisfying Definition is Top-K
(Stich et al., |2018). Top-K keeps the K largest en-
tries in terms of absolute value and zeros out the rest
and it is a biased compression. The class of contrac-
tive compressors also includes sparsification (Alistarh
et al., 2018} Stich et all [2018) and quantization opera-
tors (Wen et al 2017} |Alistarh et al., [2017; |[Bernstein
et al.l [2018; [Horvath et all [2019)), and many others
(Zheng et al., [2019; Beznosikov et all 2020; [Vogels
et al, 2019; [Safaryan et al., |2022; [Islamov et al., 2023).

In Table [1| we compare our method to some key ex-
isting works most relevant to our setting; stochastic
distributed optimization with contractive compression
in the general convex regime. We are interested in the
number of communication rounds from the clients to
the server. In Table [1| we present the rates with a free
parameter B the batch size used at each iteration. In
all cases, the batch size B simply divides the variance
o? by B. We note that in the original presentation, He

et al| (2023) presented the 10) (11;3:22 + @) rate for

NEOLITHIC when B = (% log 1).

2.1 ACCELERATED METHODS WITH
COMPRESSION

Now we survey the existing works on accelerated meth-
ods with communication compression. Compared to
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Table 1: Comparison of key existing works on stochastic distributed optimization with contractive compression in the
general convex regime. We present the rates when the batch size is B. R§ := ||xo — x*||?>. For L and &2, see Section [3} For

simplicity, we assume that L = £ = Lyax.

Algorithm Acc® No BDH™ # Comm. Rounds # Local Oracle Calls
(KarimireddE/Fet al.|[2019) No No o <f§;§ + % + Léé) 0 (12%;2 ﬁRS\(fﬁ‘za\/ﬁ) B§53>
(GaoEeCtoglt.roéom‘) No Yes O (M + prpa + 52) O (% + YLHsE + £8)

pROUTHCS e o & (i + ) o (1 + 247
ADEF Yo Yoo oSG+ ZHe e ER) oM Ty YT

(a) Acc stands for accelerated methods.

(b) BDH stands for Bounded Data Heterogeneity Assumption: for EF, this is Bounded Gradient Similarity: 1 37 ||V fi(x) — Vix)|? <
¢2,vx € R, See also Assumption For NEOLITHIC, this is Bounded Local Objective Gap at Optimum: 37 | f;(x*) — f* < ¢*.
(c) [He et al.| (2023) presented their rates when batch size is Q(% log k) where k is the total number of updates at the server. Most other
works present their rates when the batch size is some constant independent of 4.

(d) O hides logarithmic factors in 1/e.

the rich literature on the unaccelerated EF and its vari-
ants (see Appendix , theory for accelerated meth-
ods (Nesterov, [1983) with communication compression
is still lacking, with only a handful available (Murata
and Suzukil, 2019; [Li et al., [2020; |Qian et al., |2021af
Li and Richtarikl 2021} |Qian et al. 2023; [He et al.,
2023; [Bylinkin and Beznosikov, 2024)). This is partic-
ularly the case with contractive compression, where
some work (He et all 2023) identifies the potential
biasedness in the updates as a forbidding factor, due
to the negative results of (Devolder et al.l 2014]).

Unbiased Compression: ADIANA (Li et al., 2020)
and CANITA (Li and Richtarik, |2021)) are both re-
stricted to unbiased compressions. The S-NAG-EF pro-
posed in (Murata and Suzuki, [2019) even requires a
more specific class of randomized unbiased compres-
sors. We also note that a very recent work by |Gupta
et al.| (2024) essentially rediscovered compressed (accel-
erated) GD with unbiased compressors (Li et al.,[2020)),
under the notion of relative noise. The unbiasedness
assumption is very strong, and it is known in practice
that contractive compressors are superior (Vogels et al.|
2019; |Albasyoni et al., |2020; [Beznosikov et al., 2023]),
rendering these theories unsatisfactory.

Lack of Theory for General Convex Case: ADI-
ANA, ECLK (Qian et al.,2021a) and EF-OLGA (Bylinkin
and Beznosikov, [2024)) only work for the strongly-
convex regime. While a reduction via the regularization
method is possible, it typically incurs a logarithmic fac-
tor. Beyond that, seeking a direct accelerated method
for the general convex setting remains an important
theoretical challenge.

Requires Full Gradient: As we have seen before,
mixing stochastic gradients with compression can al-

ready be problematic in the unaccelerated case. ADI-
ANA, ECLK, CANITA and EF-OLGA all only work
with full gradients. Evidence suggests that ADIANA
and CANITA’s gradient difference compression mech-
anism might fail to converge with stochastic gradi-
ents (Fatkhullin et al., 2023).

Finite Sum Stochasticity: Some other works con-
sider the stochastic finite sum optimization problem,
which is a different setting than ours. ECLK, EF-OLGA,
and Catalyst accelerated EC-LSVRG (Qian et al., 2023)
combine EF with SVRG-style methods. These meth-
ods require periodic accesses to full local gradients, or
worse, both periodic accesses and communications of
full global gradients.

Repeated Communication: NEOLITHIC (Huang
et all 2022 He et al. 2023) does not utilize any addi-
tional algorithmic tools on top of a naively compressed
Nesterov accelerated method. It uses (%) rounds
of communications between each update to account
for compression errors. Such a repeated communica-
tion procedure has been shown to perform poorly in
practice (Fatkhullin et al., [2023). In many real-life
applications, we do not know the precise § value of
the compression and cannot implement such a pro-
cedure. Moreover, we discuss in Appendix [G] that
sending a vector m via this repeated communication
procedure is more expensive than simply sending m
uncompressed, rendering NEOLITHIC an uncompressed
method in disguise.
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3 PROBLEM FORMULATION AND
ASSUMPTIONS

In this paper, we consider the following distributed
stochastic optimization problem:

x* 1= arg min {f(x) = jzzi: fi(x)}, (2)

x€R?

where x are the parameters of a model that we train.
The objective function f : R? — R is an average of n
functions f; : R — R,i € [n]. Each function f; is a
local loss associated with a local dataset D;, which can
only be accessed by client 3.

We analyze the setting where there is a central server
coordinating the training process. The server receives
and aggregates the messages from the clients via a com-
pressed communication channel, where the messages
are compressed by some d-contractive compression (see
Definition , performs an update on the model pa-
rameters, and broadcasts the updated model to clients.

We measure the performance of the algorithm in terms
of the number of communication rounds from the clients
to the server. We follow the assumption made in
most existing works on the theory of communication-
compressed optimization that the server-to-client com-
munication is much more efficient (as compared to
client to server communication) and the broadcast cost
is negligible (Mishchenko et al., |2019; [Kairouz et al.,
2019; |[Fatkhullin et al.| [2023} |Gao et al.| [2024]). We are
interested in the practically relevant setting where the
batch size is some constant independent of the other
problem parameters. This is the standard in most
existing works on stochastic distributed optimization
with compression (Karimireddy et al.,|2019; Stichl, [2020;
Fatkhullin et al. 2023; |Gao et al.,|2024). We particu-
larly avoid taking target-error-dependent batch sizes,
since mega-batch methods are observed empirically to
be adversarial to the generalization performance (Wil
son and Martinez, 2003} |[LeCun et al., |2012}; Keskar
et all] [2017), and theoretically (Sekhari et al.l |2021))
for certain tasks. In addition, mega-batches are often
unavailable or intractable, e.g., in medical tasks (Rieke
et al.l [2020)); federated Reinforcement Learning (Khoy
dadadian et al., |2022; |Jin et al.} [2022); and multi-agent
Reinforcement Learning (Doan et al., [2019]). We also
avoid taking §-dependent batch sizes, since in practice
we often do not know the precise ¢ value of the com-
pression operator, and therefore cannot tune the batch
size accordingly.

We first introduce the following notation, which we use
throughout the paper.

Notation 3.1. We denote the Bregman divergence of

f between x and y as ff(x,y), i.e.,
Brxy) = fy) = f(x) = (V/x)y—x). (3)

Next, we list the assumptions that we make in this
paper. Notably, we do not assume that the local func-
tions f;’s have gradient dissimilarity, which is a common
limiting assumption in many of the existing works, in
both the unaccelerated and accelerated cases, e.g. (Lian
et al., 2017; Huang et al., [2022; |Li and Lil |2023; |He
et al. 2023). A crucial algorithmic component of our
method that enables the acceleration also achieves this
bias correction phenomenon naturally.

Assumption 3.2. We assume that the objective func-
tion f is convex, closed and proper.

Assumption 3.3. We assume that the objective func-
tion f has L-Lipschitz gradients, i.e. for all x,y € RY,
it holds

IVi(x) =V Iyl < Lix -yl (4)

Many existing works further assumes that each lo-
cal function f; is Lpax-smooth and convex (Li and
Richtarik, [2021; He et al., |2023). We instead make the
following weaker assumption:

Assumption 3.4. We assume that there exists some
¢ > 0 such that for all x,y € R, it holds

CSUIVAC) - VAWI? <2086y )
i=1

It is easy to show that Assumption follows from
Liax-smoothness of each local function f;, or from the
Hessian similarity assumption (Khaled and Jin) 2022}
Jiang et al.| 2024; Rodomanov et al.| 2024; Bylinkin and
Beznosikov], 2024). See Appendix [B| for more details.

Next we make the following standard assumption on
the stochastic gradient oracles.

Assumption 3.5. We assume that each client i
has access to an unbiased stochastic gradient oracle
gi(x, &) : R — R? for the local function f;, such that
for all x € R%, it holds

Eei [gi(x.€)] = Vfilx),

; 6
Eei [llgi(x,&") — Vfi(x)[?] <o ©

Mini-batches are also allowed, which simply divides
the variance by the batch size. Our algorithm does not
impose restrictions on the minimal batch size needed
during training.

4 ACCELERATED METHOD WITH
INEXACT UPDATE

In this section, we present a general framework for
studying accelerated methods with inexact updates.
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Algorithm 1 Accelerated Method with Inexact Update

: Input: x¢, vo, Ao, (a)2,
: fort=0,1,... do

A a1
| A=A+ a, yi= A Xt T At:rlvt

Compute g; ~ g;
_ ~ _ A at41
Vit1 = Vi = Q8 Xep1 = 7 T Xe t g Vit

AN >

Here, we do not make any assumptions about the inex-
actness and obtain a general framework for the analysis.
Our framework is flexible and can be applied to differ-
ent setups and algorithms, unlike some existing works
such as (Devolder et al., |2014]), which assumes specific
structures on the inexactness. We consider Algorithm ]
The algorithm is a simple extension to the standard ac-
celerated method, where in Line 5 we use some inexact
g; that is “approximately” the stochastic gradient g;
of f at y;. We assume the following for the stochastic
gradient g;:

Assumption 4.1. For all t > 0,g; = g(y+, &) is a
stochastic gradient of f at y;, where & are independent
copies of the oracle’s randomness £. We assume that
for x € R g(x, &) is an unbiased stochastic gradient
with bound variance:

Elg(x,&)] = Vf(x), E¢[lg(x €~ VFI)?] < U(é)

7
Furthermore, we assume that g; is a deterministic
function of £y = {&o, ..., &}

The value of aé can be adapted to different setups, and

in particular, for distributed optimization problems,
we think of g; as the average of the local stochastic
gradients (see Assumption [3.5)) and therefore we have

Ué = %2 For now, we do not assume any specific
structure on the inexact gradient g;. Such an inexact
gradient could be the result of absolute compression
(see Appendix ; or it could be built algorithmically
via compressed communication, which is the focus of

this paper.

The main result in this section is a descent theorem for
the final iterate of Algorithm[I] up to some cumulative
error that depends on the inexactness of the gradient
g:. In particular, we define the following cumulative
error at iteration t:

t—1
eri=Y aj1(& —g) B =Ele’]. (8)
5=0

We also introduce some additional notations:
F, =Ef(x) — f(x*), R} =E[|v. —x*|*)], (9)

Now, the main result of this section is the following:

Theorem 4.2. Given Assumptions[{.1] to for all
T > 1, for (x¢,yt,vi)i2 generated by Algorithm/[1] it
holds that:

=1 2Lax, , )
ArFr + - — a; El|lg
P+ 3G~ T [l
R2 T—-1 T-1
<AoFp + ?0 + 203 Z az,, + w1 By
=0 t= (10)
-1
1 *
- ZE{ t2+ Br(ye,x*) + ABr(ye, %)
t=0

+ A1 By (Xeq1, Yt)]

4Laj
Ay

. . 4La?
where we write wy = min{2, a;L} + ~3+ +

Novel analytical framework: The missing proof is
in Appendix [C] We point out that while Theorem [£.2]s
proof employs virtual iteration techniques used in the
analysis of EF and its variants (e.g. (Karimireddy et al.|
2019; [Stichl [2020; |Gao et al., [2024)), the proof is more
involved as it also carefully integrates the accelera-
tion scheme. More importantly, Theorem takes a
different approach from the one-step descent analysis
template, which most existing works applied (Karim;
ireddy et al., 2019j [Stichl 2020} [Richtarik et al.l 2021
Fatkhullin et al.| 2023; |Gao et al., 2024), in that it is an
overall descent lemma for the final iterate. Instead of
constructing a single Lyapunov function that attempts
to capture all individual one-step descent (e.g., R? and
E,), which often involves quite some speculations for
the appropriate choices of parameters, we only need to
upper bound the sum of the cumulative errors now.

To address variations in the step size during training,
we apply a dynamic weighting to each error term E;,q,
by using the weight min{2M, a;41 L}, instead of simply
using either one throughout. This comes from the
fact that the stepsize a;y1, albeit typically growing
linearly, might attain a lower value than a fixed constant
throughout the algorithm due to the stepsize tuning
for the stochastic terms.

Applications of the general framework: Theo-
rem covers a wide range of algorithms that take
the form of Algorithm [1] and can be applied to study
the convergence of these algorithms as long as the sum
of the cumulative errors can be controlled. To demon-
strate its flexibility, we apply Theorem [£.2] to analyze
various algorithms besides our main algorithm in this

paper:

e in Appendix [F] we briefly study a different class
of compressors, absolute compressor Ca such that
E [||Ca(x) —x|?] < A?, and analyze the conver-
gence of Algorithm [] with such compressors. As
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Algorithm 2 ADEF Accelerated Distributed Error
Feedback

1: Input: xg, vy, Ao, (a+)52, and C.

2: 67(') = 03 gl—l = gl(y07£6)a gfl = %Z?:l gl—l
3: fort=0,1,... do
4: server:
5: Aty1 = A¢ + apq1, send to each client y; =
t_x at41
Apyq 0t Appa
6: each client i:
7| g =8y, &)
8 | S=gi-gi1, Al=C(5), & =8_,+A]
} S L ) .
9 | =gl g — arel, AL =C(8)
10: ‘ ef;_H = at+1(A§ = 5;)
11: send to server A!, Al
12: server:
13 | gi=8-1+iYr, Al
14: ‘ g =8+ %ZL Ai
15: | Venl = Vi@, Xenn = £ Xt g Vi

far as we are aware, this is the first result on the
accelerated method with absolute compression;

e in Appendix [G] we analyze Algorithm [6 which is
essentially the NEOLITHIC algorithm in [He et al.
(2023), where g; is built via repeated communica-
tion rounds;

e in Appendix [E] as a further example, we analyze
the algorithm where g; is built via the vanilla er-
ror feedback, see Algorithm [3] and demonstrate
that it does not achieve the accelerated rate. This
highlights the critical role of the gradient difference
compression-enhanced EF mechanism we propose
in the next section.

Most importantly, in the next section, we present our
main algorithm for distributed optimization with com-
munication compression, ADEF, and analyze its con-
vergence using Theorem [£.2]

5 ACCELERATION WITH ERROR
FEEDBACK

In this section, we present our main algorithm, ADEF,
summarized in Algorithm All missing proofs can
be found in Appendix At its core, the algorithm
is still the accelerated method with inexact updates
in the form of Algorithm [II However, we introduce
an enhanced error feedback mechanism to build the
inexact gradient g;, and we highlight the procedures in
which we build the inexact gradient with red and green
color boxes in Algorithm [2] The algorithm employs
a delicate combination of error feedback (green boxes,

see the discussions below) and gradient difference com-
pression (red boxes, see the discussions further below
surrounding Equation (14)). The green lines highlight
the backbone error feedback procedure:

i i~ I i i
0 =8 — 8 — ?—&-leh Aj = C(6;)

L (11)
L m (A0, g—g - Y AL
€1 = ary1(A; —6;), & =8+ w2t

For any sequences g¢, the error feedback mechanism
summarized above records the errors that occurred due
to the compression. The following lemma, which is the
key property of EF and most of its variants (Karim-
ireddy et al.| |2019; [Stich} |2020; |Gao et al.l [2024)), states
that the cumulative error defined in Equation is
precisely the average of the local errors tracked by
Equation , irrespective of the choice of gi’s. Con-
sequently, we can bound the sum of the accumulative
errors ZtT;()l wy41 Fyy1 with the following quantity that
quantifies the distance between the local stochastic gra-
dients and the control variates:

1 <& S
Hy=~> E[leg - &l (12)
=1

Lemma 5.1. For an algorithm that follows Equa-

tion (11), the local error terms ()2, satisfies the
. i —1 ~

following: 13" ei = Z;:o ajt1(8 — g5) = e,

where g;’s are the average local stochastic gradients

g = + > gl Further, if for allt < T —1,(1 -

g)th <(1- %)wt, then:

S

T-1
8
w1 By < — g wyy oy Hy, (13)
¢ 7 =0

I
=

r_ 2
where wy = w:a;

For the vanilla EF method, the control variate gi’s
are simply 0. This is however undesirable, as up-
per bounding wj,,H; will involve upper bounding

% St E[IIVSi(ye)l?], which requires bounded het-
erogeneity assumptions and induces errors that will
force the stepsize to be too small and eliminates the
acceleration. See Appendix [E] for more details. To ad-
dress these issues, we build the control variates gi’s to
approximate gi’s and reduce the overall errors from the
compression. The construction of gi’s are highlighted
in red in Algorithm [2] and summarized below:

i — gy, &), gi:i_~i_7
Ng: gz(}i’t gt)~¢ t~4 g Ngit 1 (14)
A} =C(0), & =811 +AL

The procedure described in Equation ((14)) is sometimes
known as a gradient difference compression mechanism,
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which is mostly applied to address the data heterogene-
ity issue (Mishchenko et al.| 2019; [Fatkhullin et al.,
2021} |Gao et al., [2024). Here, it also enables the accel-
eration. We have the following lemma regarding the
weighted sum of H;:

Lemma 5.2. Given Assumptions (3.4 and[35], for an
algorithm that follows Equation (1 , if forallt <T-1,

we have w1 (1 — ) < wj(1— %), then it holds that:
T—1
wé-&-lHt
t=0
T-1 n
<285 U S B (19 () - Vi) 7] (15)
62 = i
o T—1

160' Z w£+1

Finally, we can combine Theorem with Lemma,
and Lemma to give the main convergence result
for Algorithm [2] As we pointed out before, for the
distributed optimization setting in this section, g; is
simply the average of the local gradients with oé =

Theorem 5.3. Given Assumptions[3.9 to[3.5, a :
t+%)/m and Ag = 32°/262 M, it suffices to have:

VLR%o (R2
T= O<n52 2on t e | (16)

number of iterations (communication rounds) of Al-
gorithm [3 to get Fr < e, where we can set M =

max { 2:;;137 (4T(T1;r§)2"2 ) 2 .8 (LTU;{E)S‘Q ) s }
Remark 5.4. We note that for the proof of Theorem 5.3}
we mainly focus on the asymptotic behavior and do
not optimize the choices of constants. Most likely, one
can pick much smaller constants for M in practice, see
also Section [6l

Remark 5.5. Theorem [5.3] gives the first accelerated
convergence rate for distributed stochastic optimiza-
tion with contractive compression We first point out

that the stochastic terms (9( ggg’;) match that
of EControl (Gao et al.| 2024), and is the best known

for the distributed setting under arbitrary data het-

2 2
erogeneity. In particular, the leading term O(Iff;; ) is
optimal, d-free, and enjoys the linear speedup in the
number of clients n.

Importantly, in the deterministic regime, i.e. when
02 = 0, we see that ADEF achieves the accelerated
(9(%) convergence rate. There is however a 35 factor,
instead of l

accelerated (’)(
= é =

Nonetheless this is faster than the un-
) when 0 >

[ <
T (here we assume

Linax for simplicity of illustration).

Remark 5.6. We note that the 5% dependence in the
deterministic term is the consequence of the constraints
of the stepsizes. In particular, M needs to be at least
(9(5%) so that the errors coming from the error feedback
mechanism, F;, and the gradient difference compres-
sion mechanism, H;, can be properly controlled at the
same time. In practice, we note that the stepsizes’ § de-
pendence might be much better than 5%, see Section @

We point out that this higher dependence on § in
the deterministic term seems to be a common issue
in the analysis of bias-corrected EF when using two
compressions. It was also observed in the analysis of an
unaccelerated method D-EC-SGD with Bias Correction
and Double Contractive Compression in (Gao et al.l
2024). It is unknown if this is merely a deficiency in the
analysis or some inherent limitation of the method. The
unaccelerated EControl method resolved this issue using
a delicate error-control mechanism, but it seems to be
difficult to adapt it for drastically changing stepsizes,
which is precisely the case with acceleration. We leave
it for future work to investigate if more refined analysis
that improves the § dependence for ADEF is possible
or if the EControl mechanism can be adapted to the
accelerated setting.

6 EXPERIMENTS

In this section, we present numerical evaluations of our
algorithm and verify its theoretical properties discussed
in the previous sections. We consider parameters of
the following form: a; = y(t + }) and Ag = 35, where
v acts as the inverse of M in Theorem [5.3] For all
experiments, we perform a grid search for -, unless
otherwise stated. We always report the performance in
terms of the number of communications. All additional
details and codes can be found in Appendix [H] All of
our experiment code can be accessed at {this linkﬂ

6.1 SYNTHETIC LOGISTIC REGRESSION

We first evaluate the performance of our algorithm on a
synthetic logistic regression. We generate non-separable
data with sklearn’s built-in function (Pedregosa et al.|
2011)) and split the dataset into n clients. We consider
the following logistic loss for each data point (a;, b;):

(((aj, b;),x) == —bsa; x + log(1 4 exp(a; x)). (17)

For the stochastic oracle, we generate the noise from a
Normal distribution with variance o2. We use the Top-
K compressor, with 6 = 0.1. Now we verify some of the
key properties of our algorithm. Accelerated rate in
the deterministic case We first demonstrate that Al-
gorithm [2| indeed achieves the accelerated O (%) rate

thtps ://github.com/mlolab/adef _aistats
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(b) Achieving linear speedup. The performance
of ADEF with increasing number of clients n for the
synthetic logistic regression problem. We fix v to be
0.0001. The error that the algorithm stabilizes around
decreases as n increases.

Figure 1: Synthetic logistic regression

when 02 = 0. We contrast this against the convergence
rate of the unaccelerated EF. The results are summa-
rized in Figure We see that ADEF indeed achieves
the accelerated rate O (%), while EF converges at the
rate of O (%) Linear speedup with the number
of clients Next we verify the linear speedup property
of our algorithm with the number of clients n with the
leading terms in the convergence rate. We fix 2 = 25
and a small enough v to be 0.0001, and increase the
number of clients n. The results are summarized in
Figure [[h] We see that the algorithm gets more sta-
ble as the number of clients increases, and the error
that the algorithm stabilizes around decreases as n
increases, which verifies the linear speedup property of
our algorithm.

6.2 SYNTHETIC SOFTMAX LOSS AND
IMPACT OF ¢

Following our discussions regarding ¢ in Remark
we also conduct experiments to evaluate the impact
of ¢ on the performance of ADEF in the deterministic

—— Impact of 6
,,,,,, y=x

i
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i<}

# Iterations

10

20 30 40
1/6

50 60 70

—— 1/yvs 1/6

w0 At

10°

1y
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Figure 2: Impact of §. The number of iterations needed
to reach the target error increases linearly with %, and is
better than the quadratic dependence in the upper bound.
The stepsize parameter % scales quadratically with %, which

is better than the (%4 theoretical value.

setting. To this end, we consider the softmax objective:

k
, _ (ai,x) —b;
(18)

where 1 is a parameter that controls the smoothness
of the objective, and we set it to u = 0.1. Details of
the softmax loss are discussed in Appendix [H.2]

We run ADEF with Top-K and % € {%, %0, %, e é}
We compare the number of iterations needed to reach
the target error 0.05 with each ¢ and grid search for the
best step sizes. In Figure[2]we summarize the results. In
particular, we see that the number of iterations needed
to reach the target error is increasing linearly with %,
in contrast to the theoretical upper bound in O(s5)
that we provide in Theorem Moreover, the grid-
searched stepsize % scales quadratically with %, which

is better than the 6% theoretical value. This suggests
that there might be some room for improvement in the
analysis techniques for methods that combine EF with
gradient difference compression.
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Figure 3: CIFAR-10 classification Comparison of the performance of ADEF, EConrol,EF and NEOLITHIC on the
CIFAR-10 classification problem. We use Top-K compression with § = 0.1. We see that ADEF outperforms all other

methods in both the training loss and the test accuracy.

6.3 CIFAR-10 CLASSIFICATION

We now consider the training of Deep Learning Models.
We evaluate the performance of our algorithm ADEF
against various baselines for training Resnetl8 (He
et al., [2016) and VGG (Simonyan and Zisserman) 2015))
on the CIFAR-10 classification problem (Krizhevsky
et al., 2014). We split the CIFAR-10 dataset into
n = 10 clients, and distribute half of the dataset ran-
domly to each client, and assign the rest of the dataset
according to their labels, i.e. data with label ¢ is dis-
tributed to client i. We compare our method against
EF, EControl, and NEOLITHIC (for which the number
of repeated communication rounds is tuned). We plot
the figures in terms of the number of compressed mes-
sages communicated for all methods for a fair compari-
son. The results are summarized in Figures [3a] and [35]
We see that ADEF achieves the best performance in
both the training loss and the test accuracy. For both
Resnet18 and VGG, ADEF achieves significantly faster
convergence in the training loss. This demonstrates
the practical advantages of our method in a real-world
setting.

7 CONCLUSION

We introduced ADEF, a single-loop algorithm that com-
bines Nesterov acceleration with error feedback and
gradient-difference compression, and established accel-
erated convergence guarantees for distributed optimiza-
tion with contractive compression in the general convex
regime. Building on a general framework for accelerated
methods with inexact updates, our results clarify how
acceleration and compression can be reconciled without
repeated communication or large batch sizes, address-
ing a long-standing gap in the theory of communication-
efficient optimization. Future directions include re-
fining the handling of compression errors, extending
error-feedback techniques to constrained or composite
problems, and exploring applications to non-convex
and large-scale models.
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A ADDITIONAL RELATED WORKS AND A BRIEF HISTROY OF EF

The EF mechanism, proposed by [Seide et al.| (2014), was first analyzed theoretically in (Stich et all [2018}
|Alistarh et al. 2018; Karimireddy et al., |2019), but only for the single-client setting. Extensions to the
distributed setting were first made under data similarity assumptions, either implicitly in the form of bounded
gradient assumption (Cordonnier] [2018; Alistarh et al., [2018), or explicitly in the form of gradient similarity
assumptions (Stich and Karimireddy},[2020]), both are very limiting factors. Further extensions to fully decentralized
settings were also considered in (Koloskova et al., 2019, 2020)) under the bounded gradient assumption. The
theory of distributed EF was further refined in (Beznosikov et al., 2020; |Stich, 2020). A key point in the analysis
of distributed EF is to obtain a convergence rate in the number of communication rounds, where the leading term
(term that involves the variance of the stochastic oracle, see Assumption is unaffected by the compression
quality ¢ and enjoys the linear speedup in the number of clients.

Mishchenko et al.| (2019) proposed the DIANA algorithm, which incorporates an additional unbiased compressor
into EF for bias correction, alleviating the need for data similarity assumptions. It inspired a number of follow-up
works (Gorbunov et al.| [2020} |Stich| 2020} |Qian et al., [2021b)), and eventually led to the EF21 algorithm, which is
the first that fully supports contractive compression in the full gradient regime (Richtarik et al., 2021). However,
the bias correction mechanism of EF21 does not work with stochastic gradients and leads to non-convergence up
to the variance of the stochastic oracle. The challenge of bias correction with stochastic gradients was finally
addressed in [Fatkhullin et al.| (2023) with momentum (which however, is not known to work in the general convex
regime), and in |Gao et al. (2024]) using an error-controlled EF combined with bias correction which covers the
strongly convex, general convex and non-convex cases.

B AUXILARY FACTS AND RESULTS

In this section we collect some auxilary facts and results that are useful for the analysis of our algorithms. The
first one is a simple fact regarding the square of the norm of a sum of vectors.

Fact B.1. For any ~1,...,7yr, we have:

T T
D>l < T el (19)
t=1 t=1

The next one is on upper bounding the sum of a sequence under a descent condition on the sequence:

Lemma B.2. Given a sequence of non-negative values {cv }er—1], and some other sequences {\t}ier—11- If
there exists v € (0,1) such that the following holds:

a1 S (1 =7)ar + A, =0, (20)

then we have:

T—1 1 T—-1
OTIEES Y @
t=0 v t=0
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Proof. We sum Equation on both sides from t =0 to T — 1:

T-1 T—
POPITEIEEE) it
t=0 t=0
@) T-1 T-1
7
= (1 — "y) (673 + >\t7
t=1 t=0

where in (i) we used the fact that ap = 0. Now we can subtract (1 — ) th:ll oy from both sides and get:

T—1 T—1
vy Z a1 < Z At
t=0 t=0
divide both sides by v and we get the desired result. O

The next fact is on the convexity and smoothness of a function:
Fact B.3. Given Assumptions and for any x,y € R%, we have:

IVf(x) = VI()II* < 2LBs (x,y). (22)

We also have the following fact.
Fact B.4. If Assumption [3.4) holds with some ¢ > 0, then Assumption [3.3] holds with L < /.

See, e.g. Theorem 2.1.5 in |Nesterov et al.| (2018) for a proof for both Fact and Fact

We now state the following facts that show that Assumption follows from either L., -smoothness of f; or
Hessian similarity of f;.

Fact B.5. Given the assumption that each f; is Ly a.x-smooth and convex, then Assumption holds with
’g S Lmax~

Fact B.6. Given Assumptions[3.2] and if the local functions f;’s satisfy the A-Hessian similarity assumption
in the following sense:

IS UIVAG) - VAP < 2285, 7). (23
i=1
where f2 =f—fi,then £ < L+ \.

C ANALYSIS OF ACCELERATED METHOD WITH INEXACT UPDATES

In this section we present the proof of Theorem

Theorem 4.2. Given Assumptions to for all T > 1, for (x4, ¥4, Vi), generated by Algorithm it holds
that:

=11 2ra?
ArF - t+1 E
LT + ;(6 A ) Ay yq “|gt” ]

T-1 T-1
<A0F0 + — + 20’ Z Ay + Z ’wt+1Et+1
=0 =0 (10)

-> E{atgl Br(ye,x*) + ABr(ye, %)

+ Ai1 By (Xeq1, Yt)]

4La?

. . 4La?
where we write w; = min{2, a; L} + — B2 34

+

Appr
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Proof. Recall that

Vitl = Vi — Q4184
We consider v, vy = v defined the in the following way:

Vigl = Vi — G418t

We also consider R, == E [|[v; — x|?].

We start by giving a one step descent. Given any x € R? we have the following:

1,
E |Asf(x¢) + a1 f(x) + §|\Vt — x|

CE A (y0) + (VF2) %0 = 1) + By (ye,x)]

HE a1 (050 + (V505 = 3i) + By 0) + ¥~ P

DB [4,(£(y) + (V Flye)s %0 — yi) + By yex)]

S Jarsa (050 + (1= 1) + Bylye) + 519~ ]

DB [A(F(ye) + (V7 (ye)s e = 1) + By (e, 1)

- 1 - - 1, .
+E (a1 (f(ye) + (8, Virr — ye) + Br(ye, X)) + iHVt = Vel + §|\Vt+1 - X||2]

=E [A:(f(ye) + (Vf(ye), %t — yi) + Br(ye,%t))]

+E a1 (f(ye) + (VF(Ye), Vier — ye) + By (ye, %)) + %Wt - 6t+1|2}

1. - -
+E §||Vt+1 —x|1® + art1(ge — VI(ye), Vi1 — Vi)

[y 1 ~ ~
W A1 (f(ye) +(VI(ye) s Xes1 — ye) + ABr(yexe) + a1 By (ye, x) + §||Vt - Vt+1|2:|

1. - -
+E §||Vt+1 —x|? + arr1(ge — VI(ye), Vie1 — Vi) — a1 (V f(ye), et+1>}

where for (i) we applied the convexity of f. For (ii) we applied the independence and unbiasedness of g;. For
(7i1) we used the fact that

. . 1 -
Vipr = argmin We(vy) i= apy1(8e, V) + §HV — Vel
veRd

where ¥, is 1-strongly convex. For (iv) we used the definition of x;41. Next, we apply the smoothness and
convexity of f:

f(ye) +(Vf(ye), Xer1 — yt)

FXiq1) = (Vf(xe41) = VI(Ye) Xer1 — ye) + Br(Xev1, Y1)

> f(xe41) + Br(Xex1,ye) — Llxe1 — e
La,?Jrl 9
= f(Xe41) + By (Xet1,¥¢) — 12 [Vier — vi]
t+1
2La? = - 2La?
> f(xt41) + Br(Xer1,y1e) — A2t+1 [Vegr — Vel — A2t+1 ec1 — el?

t+1 t+1
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We plug it back in:

B [ Auf ) + o f) 4 90 = x|
=E[Ar1 f(Xer1) + A1 8 (Xeq1,¥¢) + AeBr(Ye Xe) + a1 85 (ye, X5)]

1 2L, o, 1 ) _ ~
+E (i—Tﬂ)Hvt—VHlH +§||Vt+1_XH +aiy1(g — VI(yi), Veyr — Vi)

2La?
— (E [at+1<vf(Yt)»et+1> + A 22 e — et|2}>
t+1

(1)
>E (A1 f(xe1) + A1 B (Xeg1,¥e) + ABr(ye, Xe) + a1 B (ye, X))

1 2La?.,. . I
E I Tt 3 _ 2 - _ 2
- kQ AL e+ 5% —x]
3ai, 0%

2

_<E

where in (i) we applied Young’s inequality and the bounded variance assumption. Now we pick x := x*, and
subtract A¢11 f(x*) from both sides, and rearrange the terms. We get:

3a2, o2 1  2La?
1% (- 2O B9, — S |?] — a8y (ye, X))
2 3 A

g 1 o2 2Laj, 2
+ 6||Vt+1 = Vil + a1 (Vf(ye), ev1) + letr1 — el
11

1~ -
A1 By < A+ §(R? — R+

2La?
—E[ABr(ye,xe)] — E[Ar11 87 (Xe41,y¢)] + E [at+1<vf(}’t), ert1) + A tJlrl €1 — e|?
+

Now we need to upper bound a;1E [(V f(y:),ei+1)]. There are two options:

a1 E[(Vf(yi), e+1)] = a1 E [(ge, €e41)] + ar1 B [(VF(ye) — 815 €141)]

1 a2 o2
< EE [IVe = Ve I°] + % +2E; 44

The other option is:

a1 E[(Vf(ye), e1)] < CZFE IV F(yll?] + a1 LE 4

Qi1
2

IN

Br(ye,x*) + ary1LE 1

We combine these two upper bounds and get:

1 _ - a2, o2 a N .
a1 B[V (ye), er1)] < gE (Ve = Vi l?] + % + %15f(yt,x )+ min{2, a; 1 L} By g
Plug it back in, we get:
1,~ = 1 2La? . a .
Appr P < Ay + 5(5’3 — R}) + 207,05 — (6 - AtJlrl> E Ve — Vs l?] - ;HE (Br(ye,x")]
t+

i 4La? 4 4La? 4
-E [Atﬁf(thxt)] -E [At+1ﬁf(xt+17 }’t)] + mln{27 at+1L} + B+ E;
A A

Now we sum over both sides from ¢ = 0 to T — 1, and noticing that F; = 0 and R% = E%, we get the desired
result. O

D MISSING PROOFS FOR Section [5]

In this section we present the missing proofs for the analysis of Algorithm [2}
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Lemma 5.1. For an algorithm that follows Equation (11), the local error terms (€)%, satisfies the followmg:
1 Z? 1 el = Zf})aﬁl(g] g;) = e;, where g;’s are the average local stochastic gradients g, = L ZZ 18
Further if for allt <T —1,(1 — $wesr < (1 — $)wy, then:

T-1

T-1
8
wiepr B < 20Y  wiy H, (13)
t=0 7 t=0

where w} == wa?

Proof. We first prove Equation by induction. For the base case t = 0, we have %2?21 el = ey =0. Now
assume that the lemma holds for some ¢ > 0, we have:

t
> ain(g g Z%H —gj) T art1(8 — 8t)
7=0

o1 - Z;ei +asy1(8 — g¢)

n

1 ) ) 1 . )
=a - AZ _ 3 _"_ 7e1 + =~
1 E (A} — g @it ¢+ 81)

=1
n
“3 e
= — e
n 4 t+1»
=1

where in (7) we used the induction hypothesis. This completes the proof for Equation . This identity allows us
to loosen the upper bound on FE;, and we consider the following quantity:

B = %Z]E [lled?] (24)

We note that E, is an upper bound on FE;, we have:

1 1 « ,
123 el < 33w ] -
i=1

i=1

Therefore, instead of upper bounding E; directly, we will consider upper bounding E,. To utilize Lemma to
upper bound the weighted some of Ej, we first give an individual descent on Ej:

- Ly i 5
B = a?+1ﬁ ZE [”At - 5t||2]
< ( at+1 ZE [”gt etz}

(i) .- 2d%,,1 P~
< (1- Q)Et“‘ (t;lEZE[”gt_gtHQ]
i=1

where in (i7) we used the definition of C. In (iii) we used the Young’s inequality. Apply the definition of H; and
we get:

_ 0. = 2a?
B <(1- §)Et + g“ H, (25)
For t € [T — 1], we have:
_ ) _ 2w,
wep1 By < (1 — §)wt+1Et + (;H H,;

(i) 5. - 2w
< (1- Z)tht + (;HHt
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where in (iv) we used the assumption that w}_ (1 — ) < wj(1 — $). Now we note that Ey = Ey = 0, write
ay = wiEy, Ny = wi g Hy,y = % and apply Lemma and get the desired result. O

Lemma 5.2. Gwen Assumptzons and. for an algorithm that follows Equation , if forallt <T —1,
we have w (1 —3) < wj(1-9), then it holds that:

T-1
/

E wy 41 Hy

=0

T-1
1

=

HM|

1 wy

S5

(=

UL S B[V fiy0) - Vilye )P (15)
t 5 T—1 -
=1

+§72ng+1.

t

H
o
)

Proof. We first give a one step descent on Hy:

1 & ) .
Hiy = " ZE [ng+1 - gZHIIZ]

i=1
RS i S AQ)2
=0 ZE [Hgt-s-l -8t — Al ]
i=1

D) (14+0) S~ (s s (1+ah) ¢ : '
e [||5,’g _ A;||2] + > "E[lgi —gil’],
i=1 =1

n

where in (7) we used Young’s inequality. Pick a = 4 we have:

_6
2(1-3)°

(4) P 2 ) .
Hiypr < (1- §)Ht + 5 ZE gt —&il?]

GO

02
< (-3 Ht+—ZE 19 5i(y1e1) = Vhilyo) ] +

i
where in (ii) we used the definition of C. In (iii) we used the Young’s Inequality and Assumption
For all ¢t € [T — 2] we have:

) 4w’ n ) o2
Wi Hipr < wiyp(1— 5)He + 2N R [V ilye) — Vlyo)lP] + %2
=1
(iv) § dw! n t o
< wi (L= DH + —2 Y B[ Vfilyen) = Vol + —5—.
=1

where (iv) uses the assumption. Note that by the algorithm we have Hy = 0. Now we take w; , H; to be ay,

¢ to be v, and wtjz S EIV(ye) = Viilyo)l?] + M to be A in Lemma we can then apply
Lemma [B:2] to get the desired result. O

Theorem 5.3. Given Assumptions to as = t+%)/m and Ay = 32°/26>Mm, it suffices to have:

VLR%o (R2
T= O<n52+523/2+52\/§ , (16)

number of iterations (communication rounds) of Algorithm |2 to get Fr < e, where we can set M =

1 1
213y (4T(T+32)%0%\ 2 LT(T+32)%0%\ 3
max{ 5T ,(7]?%” ,8 —SRI .
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Proof. We first further upper bound the weighted sum of F; by noticing the following;

B BTG = A L 2SS E TR - VA6 + E IV 60 - VA1)

(41) 4
< o (Br(yes1,%xe) + Br(xe,¥1))

where in (7) we used the Young’s inequality and in (i) we used Assumption We now apply this to Equation

=1

from Lemma [5.1] and get:
o T—1

1280 Z th

— 5120
W1 By < —- Z wi 1 (B (ye:%e) + B (Xt Yi-1)
t=0 t=1
32
25 and Ay = 2. It’s easy to verify that wt+1(1—7) < wt(l—f) and wy11 (1— ) < wt(l—g).

Now consider a; = —;
We combine the above with Equation ((10)) from Theorem [4.2| and get the following
o T—1

1280 Z le

T-1 -
1 2La a
< t+1> at+1E ||gtH Z( [ tﬂﬂf (ve,x") + AeBr(ye, xt) +At+15f(xt+1,Yt)D
t=0 =

RZ  2a3To> 5120~
ArFr < AgFy + —- 5 T TT t 5 Z w1 (Br (Yo xe) + Br(Xe, yi-1)
=1

5120wj o <A

We need:
2La§+1 < 1’ A 512€w,§+1 <4, A
Apyq 6 04 04

2 °¢ for all the

When M > 24L, we have % . For such M, we have w; < 2. It now suffices to have M >
above inequalities to be satlsﬁed Therefore

R2  2a2T0> 12802 =
_|_

0
ArFr < Aok + < - Ty Wiyq
Therefore:
210 M R? ATe?  2°LT (T + 32) o2
P < 0 0 S+ g 4 ( 5)0
Mn 04 M2

2(T+%)  (T+%)

Now we pick M = max {24L, zot (ML) g (M)’ } we get
4
By < 24LR? 210y 213(R2 8L303 RE N 2Ryo
T2 (T2 (T4 2)° 0 eTd VTn

It implies that, to reach e-suboptimality, i.e. Fr < e, we need

T—0 R25? N VLR%o N «/ERO /LR?
N ne? §2e%/2 62\f VA

Note that L < ¢ by Fact [B-4] and we get the desired result.
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Algorithm 3 Accelerated Distributed Vanilla Error Feedback

1: IHPUt: Xan07V07e6 = O7A0a (at)?ila and C
2: fort=0,1,... do

3: server side:
4 Aty AAt + Qg1
t+1

5 Yo = A, n* ¢+ A1 ¥

6: server send X;,y; to the clients
7 each client i:

8 g% _C(at+1et+gt) _
9: | ejyq = e} +ai(gl — &)
10: send to server g;
11: server side:

0o

12: | gi=,2 8

13: Vitl = V¢ — Gt+1gt

14: Xt+1 = At+1 X + A

E CONVERGENCE OF ACCELERATION WITH VANILLA EF

In this section, we consider an algorithm that combines acceleration with vanilla error feedback, summarized in
Algorithm [3| We apply Theorem and give a tailored upper bound on the weighted sum of E; (in fact, as
before, we upper bound the sum of E;). We need the following gradient similarity assumption:

Assumption E.1. We assume that there exists (2 such that for all x € R?, it holds:

ESIVAG) - VAP < ¢ (26)
=1

Since (e!)$°,, also follows Lemma it suffices that we give the following simple upper bound on H; where
g = 0:
Lemma E.2. Given Assumptions and [E7d], for all t > 0, it holds that:

Hy < 2C* + ALE [Bf(yt,x*)] + 02 (27)

Proof.

1< :
Hy = gZE [Hg“ﬂ
i=1

(i) 1 &
< gZE IV fi(y)I?] + o2
=1

(1)
2 @ eIV ) = VI I] + 22 IV 3017 +o°

(43)
< 2¢° +4LE [By(ye, x*)] + 02,

where in (7) we applied Assumption in (i7) we used the Young’s inequality, and in (¢i¢) we used Assumptions
B3 and [E1l O

Now to give an upper bound on ZtT_Ol Wip1 Eyp1:
Lemma E.3. Given Assumptions H . . and. for all T > 1, if w1 (1 — ) <yl — g), it holds that:

T—1 T—1
32L . 4§2 + S0
W1 By < 52 E w£+1]E Br(ye, x|+ ——%— E wt+1 (28)
t=0 t=0
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Proof. We simply combine Equation from Lemma and Equation from Lemma and get the
desired result.

O

Now we can combine Equation from Lemma with Equation from Theorem to get the following
convergence rate:

Theorem E.4. Given Assumptions and and let a; = t}f and Ag = ﬁ, it suffices to have:

o’R?2 LR3(¢/Vs+ o LR?
T=0 20+¢70U ) 4 LRy (29)
€ Vg2 de
number of iterations of Algorithm [J to get Fr < e, where we can set M =
40L(T+4% AT(T+4)20% [ 544L(4C°+502)T(T+4)3\ 3
max{ (6+5), (1%2) ( (4¢ EZRS) (T+3) ) }

Proof. 1t’s easy to check that for this choice of a; and Ay, we have that we1(1 — §) < wy(1 — 9).

2
1<2L
Arpr — M”

We combine Equation ) from Theorem and Equation from Lemma pick M > 24L and get the
following:

In addition, we have that

2 2 2 T 2
ArFr <A0F0+R7+ 279
32L 8(2¢% + 02) =
Z w1 BBy (ye, x)] + 52 Z Wi
t=0

S

o 5+ e A

t

Il
=3

2 2 2
< AoFo + Iz + 2aplo”

32L2 = 4 4

o D 1T+ (1 PR )

AL(4C? + 602) = 4 4

t=0
T—1 u
( [ Hlﬁf (e, x*) + A By (ye, x¢) +At+1ﬁf(xt+1,Yt)D
t=0

We need M such that:
2L (t+ 17+ 3)(t+ 14 3)?

t+1+1%
< 5 SVO<t<T -1

02M?2 -
It suffices that M > %ﬂ%), and we have the following;:
e 16 Fy MR} 4T o2 N 544L(4¢?% + 602)T(T + %)
Teer+i2 T (T+42 " Mn FRIVE

1
4 4y2 452 2 2 4\3\ 3
Now pick M = max{ 4OL(§+5), 1/ 4T(T1;fl) -, (544L(4< Eg(;z)T(Tﬂ) ) ’ }, we would have that after
0 0

2 p2 2(¢ 2
T—0 JRO+Vf%(~®Hﬂ+LRO
e? \Voe?/2 de

iterations of Algorithm [3] we have Fp < e. O
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Algorithm 4 Accelerated Distributed Optimization with Absolute Compression

1: Input: xq,yo,vo,e) = 0, Ag, (a;)$2;, and Ca
2: fort=0,1,... do

3: server side:
4: A1 = A + At+1
. — t t+1
d: Yi=Z 7%t 1Vt
6: server send X;,y; to the clients
7 each client i:
8 | & =Calg)
9: send to server g}
10: server side:
A 1 n Aq
11: g = 521:1 g .
12: Vi1 = V¢ — at+1gd’g
. — t+1
13: Xt+1 = At«il Xt + A Vi1

Remark E.5. We notice that Algorithm [3| fail to achieve accelerated rate in the determinstic term and obtain the

4
same rate as the unaccelerated error feedback. This is due to the lower bound where we need M > w, which
canceled out the acceleration effect. Such a requirement on the minimal M comes the fact that in Equation ,
we only have L [ (y:, x*)] to cancel out the error terms involving 8¢ (y¢,x*). In contrast, in Algorithm [2| we
applied the gradient difference compression, which enables us to the cancel out the errors with A:E [Bf(y¢, X¢)]

and A;1E [B7(x4+1,y:)] and therefore achieve the accelerated (’)(%) rate.

F CONVERGENCE OF ACCELERATED DISTRIBUTED OPTIMIZATION
WITH ABSOLUTE COMPRESSION

In this section we consider a different kind of compressor, absolute compression:

Definition F.1. We say that a (possibly randomized) mapping Ca: RY — R? is an A-absolute compression
operator if for some constant A > 0 it holds

E[|Cc(x) —x|*] <A* vxeR% (30)

This class of compressor also include some popular examples of compressions, including hard-thresholding (Sahu
et al., 2021)), rounding with bounded errors (Gupta et al., [2015), and scaled integer rounding (Sapio et al., |2021]).

We summarize the accelerated distributed optimization with absolute compression method in Algorithm [4] Here
the algorithm simply aggregates the compressed gradients and perform the update. We demonstrate our framework
with Theorem is very flexible and can also be applied to analyze Algorithm [

We pick the standard choice of a; and Ag: a; == ﬁ and Ay = 0. We can apply Theorem 4.2 to get the following
convergence rate:

Theorem F.2. Given Assumptions and and let a; == ﬁ and Ag = 0, then we have

24LR? [4R202 1
Fr< 0 0 32LRIA%)3 31
T = T2 + TLT + ( 0 ) ? ( )

1
- 2 513
where we set M = max{24L, \/%7 (ZLA (zgﬂm )3 12
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Proof. With the choice of a;, we can give an upper bound on Ej:

Ey=E ||Zaj+1 g)lI°

t—1
=E |1 aj41(Calg)) — )

L ]:0
t—1
< a§+1E ||Z(CA(gj) - gj)H2
j=0

t—1

<afqty E[[Calg)) - gil’]
=0

S a§+1t2A2

Therefore:

/\

T-1 5 T—
Z wir1Epp1 < Z (t+17)( )2t2
i=0 i=0

< LAQ( +16)T°
- M3
Now we plug it into Equation from Theorem u assume that M > 24L, we get the following:
RO n 2a2.To? n LAY(T +16)T®
2 n M3
_ Rj n 27302 n LAY(T +16)T
2 M2n M3

ArFr < AgFy +

Dividing both sides by Ar, we get:

MRZ  4To?> 2LAX(T +16)T3
<
Frs—m +3mt M2

1

r 2 5\ 3

Now pick M = max{24L, /7%, (282 HOT T e would have that:
0 0

24LR3 = [4RZo> AA2d
Fr<—F>+ n&} + (32LRA%)* .

Remark F.3. We see that Algorithm [4] converges up to some O(LR§A2) neighborhood of the optimal solution.
There exists some works that scales the compressed message by the inverse of the stepsize, see, e.g. [Fatkhullin
et al.| (2023). We do not pursue this direction as here we are interested in the applicability of our framework
Theorem instead of the best possible rate.

O

G METHOD OF REPEATED COMMUNICATION

In this section we further discuss NEOLITHIC and the method of repeated communication, proposed by [Huang
et al.| (2022)) initially for unaccelerated methods, and later extended to accelerated methods by [He et al. (2023]).
The method at its core is the same as compressed SGD and compressed accelerated SGD, where the server naively
aggregates the compressed gradients and make an update. The only difference is that the compressor used here is
a repeated compressor Cr that compresses the gradient by applying the basic contractive compressor C for R
rounds (and therefore communicating with the server for R rounds). For completeness, we provide the precise
definition of Cr in Algorithm [5| which is taken (with some simple reformulation for clarity) from [He et al.| (2023)).

The key point of the repeated compressor Cg is that it reduces the error of the compression, we state the following
simple fact from [He et al.| (2023):
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Algorithm 6 NEOLITHIC

1: Inpln:: Xo,yo,Vo,Ao, (at)?ilch and M
2: fort=0,1,... do

Algorithm 5 Repeated Compressor Cr

1: Input: x,C, and R 3: server side:
2: Client side: 4: Atr1 = Ar + appq
3:¢co=0 5: yr = ﬁxt + Ztt:ll vy
4: for¢=1,2,--- ,R do 6: each client i:
5: Ag=C(x—c4-1) & g = 8i(y,&y,)
6: | €q=co1t By & | &i=Crg)
7: Client sends {A,}qe(r) to server 9: send to server A}
]: Server side: 10: server side:
9: A= ZqR:l A 11: gt = %Z?=1 g .
12: Vitl = Vi — G418t
13: X1 = Z Xt + Zill Vitl

Lemma G.1. Given a é-contractive compressor C and R, the repeated compressor Cr satisfies the following:

E [[ICR(x) — x|I”] < (1—6)%|x|? vx € R? (32)
However, we point out that when R is some constant value independent of § and ¢ is small enough (so that
R< )
Ro
1-R6<(1-0)<(1— R+ R??) < (1—7),

implying that in such a case Cg is essentially an Rd-contractive compressor. Therefore, in such a case when R
is some fixed constant, the NEOLITHIC algorithm simply reduces to the compressed SGD with Rd-contractive
compressor. It is well known that compressed SGD diverges (Beznosikov et al.l 2023) and therefore so will
NEOLITHIC. This also explains why in the practical situation where R is some fixed constant, NEOLITHIC’s
performance is very poor, as observed in (Fatkhullin et al., |2023). See also Appendix

He et al.| (2023) suggested choosing R = Q(}(log ; + log 1)) (where £ denotes the total number of updates at

the server), i.e. in between each updates, the algorithm sends Q(%(log% + log %)) messages compressed by C to

approximate the original gradient. Consider the classical example of Top-K compressor, which is %—contractive
compression, which sends K entries out of d entries of the uncompressed vector. In this case, Q((log 5 + log 1))
Top-K compressed messages will contain (d log é) entries in total, much more than the original uncompressed
message. Note also that running Algorithm |5( with Top-K for exactly % rounds would send the uncompressed
vector exactly. More generally, if a d-contractive compression C sends a 7 fraction of bits of the uncompresed

vector, then as shown in [Zhu et al.| (2023)), in the worst case,
T =Q(J)

In other words, in the worst case, for any d-contractive compression, NEOLITHIC sends a Q(log() +log(1)) factor
of the size of the uncompressed local gradient. For reasonable ¢ and ¢, this factor is larger than one, implying,
again, there is no compression at all.

Finally, with such high accuracy compression (with the relative error (1 — §)® < 1) |He et al. (2023) showed
that the compressed accelerated (and the unaccelerated) SGD’s convergence is essentialy unaffected by the
compression error. Therefore, NEOLITHIC performs, up to some constant, the same number of server side updates

. R2o2 \/LRZ . .
as the uncompressed method, that is, x = O(; %= + NG ) with batch size B. Therefore, the total number of

communication rounds becomes

RO <R30—2 . «/LR?)) 5 ( R20? JLR%) |

nBe? Ve dnBe? NG

where, importantly, the leading term has a (5(%) factor.
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G.1 CONVERGENCE ANALYSIS OF NEOLITHIC

In this section we provide an alternative analysis of NEOLITHIC based on Theorem [4:2] further demonstrating
the flexibility of our proposed framework. NEOLITHIC is summarized in Algorithm [} We point out that the
presentation of the algorithm here is slightly different from the original presentation in |He et al.| (2023)), where we
made some modifications to their underlying acceleration method to aligh with ours. We analyze the convergence
of Algorithm |§| with Assumption while He et al.[ (2023) analyzed it with a Bounded Local Objective Gap
assumption (at optimum). For simplicity we keep Assumption and note that typically in convex setting, it is
fairly simple to extend the bounded data heterogeneity assumptions from global to only at optimum. Note that
we also give slightly different recomendation on R, the number of rounds of communications between each server
update.

Now we upper bound the weighted sum of F;:
Lemma G.2. Given Assumptions[3.3 [3-3, [3.5 and [E71], we have:

T—1 T—1 t—1 T—1 t—1
w1 By < (1= 0)8¢? Z wt+1t2a]+1 +2L(1 - 6)F Z wt+1tZa?+1ﬁf(yj,x*)
t=0 t=0 §=0 t=0 §=0 (33)
T—1 t—1
D) SR
t=0 j=0
Proof.
t—1 1 n
B =E > a8 - a1 > gl
j=0 i=1
t—1 ) 1 n o
< tZ“J‘HE le; - 5Zgj||
< *Z%JAZE g — &l ]
(1-0)Ft
< Za?-H ZE [le511°]
Zaﬁl ZE IV fi)IP] + (1 = 8)Fto” Zam
We note the following:
— ZE IV £i(y)I1%] ZE IV£ily;) = VE)I?] +E[IVF()II?]
< 62 + 2Lﬂf(yj,x )
Plugging it back in, we get:
t—1 t—1
By < (1=0)RtY af +20(1=0)% Y 0l 8 (v, x) + (1= 0)%t0® Y afy,
j=0 j=0 -
Summing this up, we get the desired result. O

Now we can combine the Theorem [£.2) and Lemma [G.2] to get the convergence rate of NEOLITHIC:
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Theorem G.3. Given Assumptions |3.9 m . . and |E. ] . and let ay = ﬁ,Ao = 0, and R =
max{3 In(T), ; In (4"T ), $1In (4"3%; )}, it suffices to take
R3o% 1 \/TR% n¢*T?
total number of communication rounds to get Fr < e, where we can set M = max{24L, 12nTR3§2}
0

Proof. As before, we assume that M > 24L. Now we have w; < %.

Ro

2a2.To?
ApFr < AgFy + 5 sapt o

+
T—1 t—1 T-1 t—1

+ (L= wit Y al +2L(1 =) wiat Y af By, x7)
t=0 j=0 t=0 §=0

T—1 t—1

R_2 2

o E w,g+1t§ ajiq
t=0 j=0

_ Z ( [atﬂﬁf Y, X*) + Ay (ye xe) +At+15f(xt+1’3't)D

2
< AyFy + RO 2aTTJ
2 n
8(1—6)R¢2 X 1, 16L 1— 5)RT 5)Ro? X,
+ IM2 < ot ZB}‘ Y, X 3M2 Zt

. Z ( [at+1ﬂf Vi, X )JrAtﬂf(thXt) +At+16f(xt+1’yt)})

R?2 242702
o 2aplo”

< AgFy + 7
8(1—0)F*T® 16L17 §)RT4 L 8(1 — 8)RoT"
i R —
3M 3M
T-1 a
1 *
-> (E [ t; Br(ye,x*) + ABr(ye, i) +At+1ﬂf(xt+17}’t)D
t=0
Now we need the following:
_ S\Rp4 _ §\RTS 3 _ S\Rp275 3.2
6L =0T 41 819 o1t 8(1-0)RCTT _ 2%
3M 2 3 n 3 n
it suffices if R := max{%In(7T), ln(%), 3 ln(4”3<;g2 )}. With this R, we have:
RO 67302
ApFr < 5 + = W

Therefore, with M = max{24L, 12T5 } we have that it suffices to take

2 .2 L 2
r=oT [,
ne €

number of server updates to achieve e-accuracy, as desired. O
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Figure 4: Competitive performance. Comparison of the performance of ADEF, EConrol,EF and NEOLITHIC on the
MNIST classification problem. We use Top-K compression with § = 0.1. We see that ADEF performs competitively in
both the loss and the accuracy, while NEOLITHIC performs the worst.

H ADDITIONAL EXPERIMENTS AND DETAILS

In this section, we discuss some additional experiments and details that are not included in the main paper. All
of our experiment code can be accessed at https://github.com/mlolab/adef_aistats.git

H.1 MNIST CLASSIFICATION

We also evaluate our algorithm on the MNIST classification problem (Deng}, |2012)) when using Top-K compression
with § = 0.1, and compare it against the state of the art distributed optimization algorithms with communication
compression, in particular, the classical EF algorithm, and the recent EControl algorithm. We also compare against
the NEOLITHIC method, where we set the number of repeated communication rounds to be 2. The results are
summarized in Figure 4 We see that ADEF (with v = 0.05 as selected by grid search) performs competetively in
both the loss and the accuracy, while NEOLITHIC performs the worst.

H.2 ADDITIONAL DETAILS OF THE SOFT MAX EXPERIMENTS

We set the dimension d to be d = 200, total number of samples k = 2048, and the number of clients to be n = 4.
We randomly generate the data {a;, b;} following the approach of Moshtaghifar et al.: we generate i.i.d. vectors
&; whose entries are sampled from [—1, 1] uniformly at random. Each b; is generated the same way. This leads to
a preliminary objective f . We then set a; :=a;, — V f (0). The resulting {a;,b;} gives us the desired objective f
with 0 being the minimizer.

We perform a grid search for the stepsizes over v € {0.0001,0.0005,0.001,0.005,0.01}.

H.3 DETAILS OF THE CIFAR-10 EXPERIMENTS SETUP

We use the batch size 256, and we tune the stepsizes ranging from 0.5 to 0.005 for all methods. We use the Top-K
compressor with 6 = 0.1.

For NEOLITHIC, we also fine-tune the number of repeated communication rounds over {1,2,4,6,8 10} and the
selected number is 2. Note that if the number of repeated communication round is 10, then NEOLITHIC reduces
to the usual uncompressed accelerated gradient method, but with a 10 times higher per-iteration cost than the
basic compressed method. We also point out that our method ADEF sends 2 compressed messages per iteration.
For EControl we set the n parameter to be 0.1 as suggested by |Gao et al.| (2024).

H.4 COMPUTATIONAL RESOURCES

The experiments are run on a platform with 4 virtual Intel(R) Xeon(R) CPU @ 2.30GHz CPUs and 4 NVIDIA
T4 GPUs each with 15GB vRAM.


https://github.com/mlolab/adef_aistats.git
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