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The sparse Fourier transform typically proceeds in two stages: frequency estima-
tion and signal estimation. The first recovers the set of frequencies from noisy
time-domain samples; the second constructs their corresponding magnitudes. In
most methods, signal estimation is only approximate and depends on the frequen-
cies identified in the first stage. In this paper, we study a complementary ques-
tion: given access to an oracle that returns the exact magnitude for any queried
frequency, what is the minimum number of oracle calls needed to perform a sparse
Fourier transform? For an n-point discrete Fourier transform, the naive approach
queries all n frequencies. We design the first algorithm that requires only o(n) or-
acle invocations. We further complement this upper bound with a lower bound,
derived using tools from computational complexity.

1. Introduction

Fourier transform is a fundamental tool in signal processing, engineering, theoretical computer sci-
ence, etc. Over the years of development, Fourier transform has diverse variations and profound
applications, among which Discrete Fourier transform is one of the major trends due to the discrete
nature of practical signals. The Discrete Fourier transform is defined as follows:

Tf= \}ﬁ;xt exp(iift)7 where f € [n], (1)

n

where z € C" represents the input signal, € C" represents the Fourier transform of z.

A central problem in the field of Discrete Fourier transform is how many resources we need to
perform Discrete Fourier transform [[IH3]. Over the last century, well-known algorithms such as
Fast Fourier Transform [[1]] already showed that nlog(n) time is enough for performing Discrete
Fourier transform and obtaining the precise magnitudes in the frequency domain.

However, we can do better than FFT under certain situations. In many applications [4!], the reason
for using Discrete Fourier transform is that the frequency domain is sparse. In fact, the assump-
tion that the real signal is sparse under Fourier basis decomposition is widely recognized in signal
processing. A line of works [2, 3, 5H8]] are centered around Sparse Fourier transform, where they
study Fourier transform when the frequency domain is sparse. From a computational aspect, sparse
Fourier transform concerns not only the time complexity but also the sample complexity of recon-
structing the signal [2]3]]. Here the sample complexity means the number of noisy samples that the
algorithm need to reconstruct frequency domain.

Sparse Fourier transform can be viewed as a special compressed sensing problem [i8]]. Given sketch
Fz, where € C" be a discrete vector, F' is the matrix consisting of Fourier basis. The goal is to
design measurement matrix S, such that = can be efficiently recovered from observation ®Z using
time and samples as little as possible, where ® = S - F'. In general, such an algorithm does not exist
due to the fact that the system is under-determined [9]. However, results in compressed sensing
[9] motivate that if we assume 7 is sparse, such a problem is doable.
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Following the idea of compressed sensing, people have developed better algorithms than FFT [2}[3]
5]. Suppose the energy of z* is concentrated in a set S of k coordinates, i.e. ||z*||o < k, observation
is noisy samples from x = z* + g, where g is the noise. [2]] proves that there is an algorithm that
recovers z* using klog(n)log(n/k) times and samples. When k < n, such a sub-linear algorithm
is meaningful and allows us to analyze the hidden trait under big data, efficiently compute Fourier
transform under specific scenarios, reduce the number of measurements, etc. Existing works in this
field always contain two steps [22] [6H8]]. In the first step, they do frequency estimation to recover
heavy coordinates. In the second step, they do signal estimation, where they recover magnitude
and reconstruct the signal based on the coordinates obtained in the former step. To better analyze
the sparse Fourier transform problem, a line of works, initialized by [[10], only studies the second
step, that is how to recover the magnitude with the coordinates known. However, the first step of
sparse Fourier transform problem is not well-understood, which motivated us to propose a new
problem for a better understanding of sparse Fourier transform.

To establish the frequency estimation step, we propose a novel problem formulated as the existence
of a dynamic data structure, which cleverly hides the signal estimation step and helps us focus on
frequency estimation. In our new dynamic data structure, we use verification to replace traditional
magnitude estimation. By providing coordinates, we are able to determine magnitude exactly. This
allows us to separate the signal estimation step. Additionally, we confirm the existence of a dynamic
data structure. Our dynamic data structure supports initialize, query, and update procedures. Note
that previous works on sparse Fourier transform need to run the full frequency and signal estimation
algorithm when each query or update comes. Thus, they do not support dynamic queries and
updates.

On the other hand, to evaluate how far we are away from the best algorithm possible, inspiring from
the computational complexity, we provide a lower bound for the exact algorithm, which shows that,
we are in fact beating the barrier by using randomized approximation algorithm. This completes
our contribution from another aspect.

2. Related Work

Compressed sensing Compressed sensing is a powerful mathematical framework with profound
applications [1IH16]]. Compressed sensing aims to recover heavy coordinates of z € R™ from mea-
surement y = ®2 € R™. By exploiting the sparsity of z (||z]¢ < k), compressed sensing reduces
the number of measurements m and achieve sublinear dependency on n. There are two kinds of
guarantee in compressed sensing: for-all and for-each. In for-all guarantee, researchers design a
sketch for all vectors. In the for-each guarantee, researchers design a distribution over sketches for a
fixed vector. Here, we only consider the for-each model. Initial works [9}[17]] shows that, for Gaus-
sian matrix ® with O(k log(n/k)) measurements, it is possible to get {5 /¢; guarantee for any vectors
x. Later, [18} [19] achieve the ¢, /¢, guarantee with O(klogn) measurement, which is information
theoretical optimal. Breakthrough work [20]] achieves the ¢5/¢s guarantee with O(klog(n/k)) mea-
surement, and klog®n decoding time. Sparse Fourier transform is closely related to Compressed
sensing. However, in compressed sensing, people are allowed to design sketch matrix ¢ arbitrary,
in sparse Fourier transform, the sketch matrix ® is fixed to Fourier transform matrix.

Discrete Fourier transform In general, any algorithm that exactly computes Discrete Fourier trans-
form must take Q(n) time. The Fast Fourier Transform algorithm [[I]] runs in O(nlogn) time and
has far-reaching impact on image processing, audio processing, telecommunications, seismology,
polynomial multiplication, etc. By exploiting sparsity assumption, there are algorithms that can
outperform FFT. There are two lines of works. One line only focuses on optimizing sample com-
plexity based on the renowned Restricted Isometry Property (RIP) [21H26]]. While the other line
of research achieves both sub-linear time and sample complexity. They only sample a few Fourier
coefficients. 2,135, 27H29]] use filter functions that are sparse in the time domain and act as a band-
pass filter in the frequency domain. More specifically, they use the HasuToBins trick to uniformly
scatter heavy coordinates to O(k) bins, filter the frequency domain, use permutation to locate co-



ordinates, and recover magnitude for coordinates. [30]] combines the standard FFT algorithm with
careful aliasing and avoid the curse of dimensionality, while previous works have exponential de-
pendency on dimensionality due to the construction of the filter. Our work belongs to the second
line.

Orthogonal Vector Problem and Complexity The Orthogonal Vector problem (OV) in fine-
grained complexity asks whether, given sets X, Y C {0, 1} of size n, there exist vectors z € X and
y € Y such that their dot product (z, y) = 0. The best algorithm for this problem [31}[32]] has a time
complexity of n271/0098¢) for d = clogn, with ¢ > 1. As d increases, the complexity approaches n2.
The orthogonal vector conjecture (OVC) proposes a lower bound for OV when d = w(log n), and the
Strong Exponential Time Hypothesis (SETH) suggests k-SAT’s difficulty supports OVC. This con-
jecture is crucial for establishing conditional lower bounds for many polynomial-time problems in
pattern matching [33-40]], graph theory [41H46]], computational geometry [47-51]], attention com-
putation [52H54]]. For more details, see the survey [55]].

3. Problem Formulation

3.1. Notations

We use [n] to denote the set {1,...,n}. We use i to denote the v/—1. We define w = ¢~27/" to be
an nth root of unity. For any complex number a, we use ¢(a) € [0, 27] to denote the phase of a. For
a complex number a and a real positive number b, the expression a + b denotes a complex number
a’ such that |a — a’| < b. For a vector z € C", its support is denoted by supp(z) C [n]. We use ||z||o
to denote | supp(z)|, the number of non-zero coordinates of x. Its Fourier spectrum is denoted by
T, withz; = \% Zj €] Wiy ;- For a vector of length n, indices should be interpreted modulo n, so
Z_; = Tpn—;. This allows us to define convolution (z x y); = Eje[n] z;y;—; and the coordinate-wise
product (z - y); = z;y;, 80 T -y = T x y. In addition, we define 7, (i) = o(i — b) mod n, hy (i) =
round(m, (i) B/n) and 0,.4(%) = 74 5(i) — hop(i)n/B. We say h, (i) is the “bin" that frequency 7 is
mapped into, and o, ;(7) is the “offset". We define h;})(j) ={ien]|hop(@) =7}

We define the time complexity and exponent of matrix multiplication as follows.

Definition 3.1 (Time Complexity of Matrix Multiplication). we use Tnat(a, b, ¢) to denote the time of
multiplying an a x b matrix with another b x ¢ matrix.

Definition 3.2 (Fast matrix multiplication). We use w to denote the exponent of matrix multiplication,
i.e., Tmat(n,n,n) = n*. Currently w ~ 2.371 [156H60]].

3.2. Structured Fourier Measurement-based Data Structure

Now, we formulate our Structured Fourier Measurement-based Data Structure problem.

Given a matrix H € R and a tensor family that are composed by rank 1 matrix
y p y

{lorv] - o) ]T € RXXd gy oo, € R} [61H67] F] we want to recover heavy coordinates

(the coordinates with large entries) of R? vector in following space:

{[<U1U;F7H>a T <’U7LU’I7H>]T € Rn‘ U1, ,Up € Rd}
To simplify the notation, we squeeze matrix to tensor and tensor to matrix. Then we can restate our
objective as follows: Let U € R™*%* be a linear projection in a specific family such that

U € {[vec(viv] ), ,vec(vau,) )] | v1, - v, € R},

We will focus on studying Sparse Fourier transform on {U - h|h € d?}, a subspace of R™. Suppose we
can observe Fourier measurement F'- (U - h) € R™ of U - h, we only sample a small size m < n subset

*Except for a number of about matrix sensing. Another angle to motivate this problem is semi-definite pro-

gramming [[68]69]]. We believe defining U as an n x d> matrix has connection to the semidefinite programming
which with n rank-1 d x d data matrix [168}[69]. For more detailed discussion, we refer the readers to Section|[E}



of [n]. We call the sub-sampling matrix S € R”*", and we are allowed to design S to optimize costs.
Thus, combining Fourier coefficient matrix with sub-sampling matrix, we get that the sketch matrix
of U-his® =S -F € R™*", and the samples are ® - (U - h) = (S - F) - (U - h) € R™. We want to
approximately recover top k heavy coordinates of U - h , that is, we aim to output a k-sparse matrix
y € R such that ||y — Uhl|2 < (14 €) ming_sparse = [|2 — Uh||2.

However, given fixed U and h, designing S or ® to optimize time cost is a static problem. To make
the problem more difficult, we study a dynamic version of the problem above. We hope to support
two dynamic operations Uppate and Query. UppDATE supports updating U € R™* @ QuEry supports
to query different € R% for current U, and output desired y.

First, we formally define Fourier measurement as follows:

Definition 3.3 (Fourier measurement). Given a collection of vectors vy,--- ,v, € R%, U € R**4°
denotes the matrix where the i-th row is the vectorization of v;v; € R¥*%. Given vector h € RY.

Let F' € C"*" bea discrete Fourier matrix: F; ; = e~/ Foreachi € [n], we define Fourier measurement
(or Fourier sample) as (FUh);.

We can see that ® = S - F select a few rows from F'. Note that for any i, (FUh); is Fourier measure-
ment. We are allowed to take any Fourier measurements, e.g. can access any i. But our algorithm
can only take a small subset of all the Fourier measurements.

The formal definition of our problem is as follows:

Definition 3.4 (Structured Fourier Measurement (SFM)-based Data Structure ). Given a collection
of vectors vy, - -+ ,v, € R The goal is to design Fourier measurements (defined in Definition based
data structure that supports the following operations:

o Inr(vy, -+, v, € R n € N, ): the data structure finishes initialization.

o UprpATE(i € [n],vnew € RY): Given index i and vector v, the UPDATE operation assign v; with

vnew .

e Query(h € RdQ): Given vector h, the QUERY operation outputs a k-sparse vector y such that ||y —
Uhll2 < (1 + €) ming_gparse = ||z — Uh||2 with high probability, where U € R™*4” denotes the
matrix where the i-th row is the vectorization of v;v;) € R¥*4,

Note that ® € R™*". Suppose we can get sub-linear sample complexity, then m is sub-linear. How-
ever, because the size of  is linear in mn, to recover y in sub-linear time, we can only access a few
elements of ®, which makes our problem highly non-trivial.

4. Our Result - A Fast Approximated Data Structure

In this section, we state the main result. We give an affirmative answer to the problem that we pro-
posed in Definition[3.4] It states that there is a structured Fourier measurement-based data structure
that can handle online Uppate and QuERry efficiently. For the data structure that we proposed, we
also give the value of the three metrics in Definition 4.3}

4.1. Main Result

Theorem 4.1 (Our result, informal version of Theorem|D.1)). Given a collection of vectors vy,--- ,v, €

Re. Let U € R™ " denote the matrix where the i-th row is the vectorization of v;v; € R4, Let m =
klognlog(n/k). Thereis adata structure that uses O(md?*+nd) space that supports the following operations:

o Init(vy, - ,v, C RYn € Ny, d € Ny, k € Ny), this operation takes n(m + d?) time. This
operation takes vy, - -+ , vy, as inputs. It stores V € R"*?, and Fourier measurement ®U € Rmxd*
(where ® = S - F, S € R™*" is a subsampled matrix where each row only has a single nonzero
entries, F' € C™*" is a discrete Fourier matrix)



o UpDATE(i € [n],vnew € R?), it takes index i and vector v as input, runs in O(md?) time, and
replaces v; With Vpew.

e Query(h € Rdz), it takes vector h € RY as input, it outputs O(k)-sparse y € R™ such that
ly=Uhlla < (149, min ||z~ Uha.

This operation takes time O(e~1klog(n)d? + klogn - log(n/k)).

Further,let S = {i € [n] | |(U-h);| > 1}. If|S| =k, and forany i &€ S, |(U - h);| < 1/ poly(n), our QUERY
outputs k-sparse y € R™ such that
ly =Uhlla < min |z = Uhl.

Sparse z

In the QuERY operation, if € goes to 0, and y be exactly k-sparse, the inequality becomes the equal,
and y must contain exactly the top-k coordinates in U - h. More specifically, the k-sparse z that
minimize ||z — Uh||2 contains the largest k elements in U - h because each term in U - h contributes
independently to the ¢; norm and the minimized ||z — Uh||, picks out the large terms in Uh greedily.
If the ground truth signal U - h has k heavy entries larger than 1, and all the noise entries below
1/ poly(n), our QuEery can find the those k heavy entries exactly. In general, our output y is O(k)-
sparse, our approximation ratio is also 1 + ¢, thus our guarantee indicates that we can find the top-k
coordinates approximately. Or equivalently, we can find the “heavy” coordinates in U - h. Because
m depends linearly on k and logarithmically on 7, thus m is sub-linear. When we choose d also to
be sub-linear, both the Query and Uppare time is sub-linear, and only the Inir time is linear in 7,
which shows that our algorithm is very efficient.

4.2. Optimization Objectives

In this section, we introduce objectives in solving our problem in Definition First, we define
Measurements or Samples as follows:
Definition 4.2 (Measurements/Samples). Let S € R™*™ be the subsampling matrix where each row

contains only a single nonzero entry and m is the number of measurements. Then, we define the sketch
matrix ® =5 - F.

Although we can sample any Fourier measurement (FUh); as long as i € [n], we hope to sample as
few as possible while keeping the time complexity small. The subsampling matrix S represents the
indices of the samples that our algorithm takes.

Definition 4.3 (Computing Measurements/Samples time). For any query vector h € R, we say “the
time of computing measurements/samples” is the time of computing ®U - h.

This definition corresponds to the encoding time of compressed sensing.

Then, we define the the time of recovering:

Definition 4.4 (Recover time). Let U, h be defined as in Definition O be defined as in Definition
Given access to @Uh € R™, we say “the time of recovering” is the time of finding an index set L C [n], such
that there exists a vector y € R™ such that

lys —Uhllz < (14+¢€) _min ||~ Uh,

—spars

Next, we define the the time of verification:

Definition 4.5 (Verification time). Given U € R"*%’, for any query vector h € RY and any set L C [n],
we say verification time for set L is the time of computing (UR) .

Those three metrics can be viewed as a detailed discussion on Query operation. Combine the three
time complexity together, we can get the time complexity of the QuEry operation. We state our
results as follows:



Theorem 4.6 (Metrics). For the data structure in Theorem [£.1, we have that The time of computing
measurements /samples in Definition i Tmat(|L|,d?,1). The time of recovering in Definition is
O((klog n+Tsam)-log(n/k)). The time of verification in Definition[d.5]is (|L| /d)- Trnat (d, d, d). Tmat(a, b, c)
is the time of multiplying an a x b matrix with b x ¢ matrix, Tsam is the running time of sampling an element
from a set uniformly.

Note that all of the three time is sub-linear in n. Moreover, since we need to output at least & sparsity,
the time of recovering is theoretically nearly optimal. We provide lower bound analysis for exact
running time in the next section.

5. Our Result - A Lower Bound For Exact Data Structure

In this section, we provide a lower bound discussion here.

5.1. Previous results on Maximum Inner Product

We state a result considering the maximum bichromatic inner product lower bound here [50]]. For
more background about complexity involving SETH and OVC, we refer reader to Appendix[A.7}
Definition 5.1 (Bichromatic Maximum Inner Product (Max — IP,, 4)). Forn,d € N, the Max — [P, 4
probelm is defined as: given two sets A, B each consisting of n vectors from {0, 1}¢ compute

OPT(A, B) := HA}aéxBa-b.
a€A,be

We use Z — Max — IP,, 4 to denote the same problem, with A, B being sets of vectors from Z.°.

Then we introduce the theorem in previous work about lower bound for Maximum bichromatic
inner product.

Theorem 5.2 (Maximum bichromatic inner product lower bound [50]]). Under assumption of SETH
(Definition[A.7)) or OVC (Definition , there is a constant ¢ such that any exact algorithm for Z — Max —
IP, 4 in dimension d = ¢'°8" ™ requires n>~°1) time, with vectors of O(log n)-bit entries.

5.2. Lower Bound by Reduction from Maximum Inner Product Search

Definition 5.3 (Exact Structured Fourier Measurement (SFM)-based Data Structure, exact version
of Deﬁnition. Following Deﬁnition our goal is given vector h, QUERY(h € RY k€ [n]) can output
the top-k entries of vector Uh, where U € R™*4* denotes the matrix where the i-th row is the vectorization of
viv, € RIX4,

Theorem 5.4 (Lower Bound for exact SFM). Let d = 2°0°8" "), Given SETH and OVC, the exact SFM
(Definition cannot support initialization time of O(n) and query time of O(n'=¢) for any € € (0, 1).

Proof. Let ¢ > 0 be a parameter. We consider m > n and d = ¢'°8" ("), where c is defined as in
Theorem Assume there is a data structure on a instance on a pair of size n sets of points in d
dimensional space, with an update time of O(n!~¢) and query time of O(n'~¢). Following Theo-

rem we construct a hard instance of Z —Max —IP,, q problem with H = {hq,...,h,} C 74 V=
{Ul, e 7U71} Q Zdz.

We first call Init(V) to initialize the data structure, which takes time O(n).

Now for each i € [n], call QuEry(h;, 1) to get the largest inner product between h; and for every v;
for j € [n]. This takes time O(n - n'~¢) = O(n?~¢) for all i € [n]. Now by comparing all the largest
inner product from the previous step, we get OPT(H, V). This step takes time O(n).

Above algorithm implies that Z — Max — IP,, ; problem can be solved in time O(n?=¢+n) = O(n?~°).
This contradicts Theorem Hence, this data structure cannot exist. O

Our data structure (Theorem {4.1)) in fact runs faster than this lower bound, which shows that we
beats the computational barrier by randomization techniques, with a little sacrifice of accuracy.



6. Technical Overview

The following sections contain a streamlined technical overview of the main ideas and techniques
required to prove our results in Theorem 4.1} Our goal is to support the Uppate operation and Query
operation in Definition 3.4} while optimizing the time of computing measurement in Definition 4.3}
the time of recovering in Definition[4.4} and the time of verification in Definition

Our three steps’ running times are not independent. Their costs depend on the previous step. Note
that verification has a strong connection with recovering heavy coordinates. Verification correctly
gives all the information of the set of coordinates. Although verification can not tell the relative
magnitude among all the n coordinates, verification answers the magnitude of a set of coordinates
exactly. Suppose we have a black box to recover a constant fraction of heavy coordinates in fre-
quency domain, we call the black box or oracle, and successively verify the magnitude of the set of
coordinates outputted by the black box. The set of coordinates and its corresponding magnitude
form a recovered signal. This recovered signal may not be good, but we can repeatedly call the black
box again by subtracting this signal from the original signal. Doing this iteratively can recover the
signal with high accuracy. Thus, with verification as oracle, we may get a better recovery algorithm
with better running time.

The key is to utilize the dynamic inherent property of our problem and the properties of matrix
multiplication. By moving redundant computation to the initialization step, we save Tat(m, n, d?)
time each time we encounter a QuEry operation. In addition to the above optimization, we leverage
the properties of sparse matrix, rank 1 matrix, and fast matrix multiplication, which leads to a better
result on time complexity.

6.1. Update

To support dynamic operations, computing measurement, recovering, and verification are called
when each online operations come. By leveraging the similarity between each call of those opera-
tions, we may be able to save the cost of time by pre-processing. In measurement computing, we
need to compute S- F'-U-h. When a different query h comes, computing S- F'-U is redundant. Thus,
if there is no UpPpATE operation, we can simply pre-compute M = S - F' - U in IniT procedure, and
compute M - h each time. When an update of v; comes, U = [vec(v1v] ), vec(vavg ), - -+ , vec(v,v, )] T
changed correspondingly. Thus, we need to compute a new M, based on the new U,,,. Naively,
M ew is computed by multiplying, S, F, U together again. However, by carefully analyzing the dif-
ference brought by the update, we can do better. As shown in Algorithm [T Procedure Uprpatk, we
represent the difference of Uby C' = Unew —U = [0 -+ vec(Unew¥ey) — vec(viv; ) -+ 0] i
where 0 is an all zero vectors that has length d?. Then, we have Moy = SFUpew = PC + M. Note
that C' is a sparse matrix, computing S - F' - C is much faster than S - F' - Upey.

Lemma 6.1 (Running Time of IniT, Algorithm [1} Algorithm [2} see Lemma for formal version
with proof). Given {v1,---,v,},n € Ny,d € Ny, k € N, procedure INIT stores vectors {v1,--- ,vn}
into V, creates ® € R™*"™ and stores ®U into M, where U is in R™ % and i-th row of U is vectorization
viv, . This procedure takes O(n(m + d?)).

Lemma 6.2 (Running Time of Uppatk, see Lemma B.2]for formal version with proof). Given i € [n]
and z € R?, procedure UpDATE takes i and v as inputs and runs in O(md?) time.

6.2. Verification

As shown in Algorithm([T} Procedure VeririeD verifies the magnitudes for a set of coordinates L of U -
h. When large coordinates are located, previous works need to estimate these magnitudes by using
HasuToBins. They use HasaToBins because when the frequency is isolated, the total energy in the
hashed bin can be used to approximate the magnitude. However, using HasuToBins to estimate
magnitude is time-consuming and has a low accuracy. In our setting, the structured signal makes
it easy to verify the large coefficients. We have direct access to them by calculating entries of U - h.
Given an index set L C [n] returned by Procedure FINDLARGEINDEX in Algorithm |1, we can verify



the coefficients by calculating (U - h)p, in O(|L|/d - Tmat(d, d, d)) time. The small running time is
due to a critical feature of our data structure: Our input signal are well-structured, and it supports
dynamic operations. Let V in R?*¢ denotes the matrix whose i-th row is v;. Let matrix H in R%*¢ be
the matrix version of h € R?". Then, we are able to accelerate computation of (Uh), by computing
matrix VHV T and then taking the diagonal entries: (VHV "), ; = (Uh);.

6.3. Structured HasuToBiNs

StructureDHAsHTOBINS randomly shuffles all the n frequency coordinates, divides the frequency
domain into B = O(k) equally-spaced bins, and collects rotated magnitudes. With a high proba-
bility, each bin only contains a single approximately top-k frequency, which allows us to recover its
magnitude. We call a single approximately top-k coordinate isolated when it is hashed to a bin that
only contains itself. Then, StructureDHASHTOBINS transforms the problem of recovering k heavy
coordinates to recovering each isolated coordinate separately. This transformation can be imple-
mented by multiplying the signal in the frequency domain with a filter function. However, each
approximately top-k coordinate becomes isolated only with constant probability, which means we
can only recover a constant fraction of coordinates at one time. Note that we do not use the full
sketch ®, we only use a part of it. In each call to STrucTurREDHASHTOBINS, we do Fourier transform
on O(k) measurements, which means that we only use O(k) rows out of the n rows of .

Our StructurepHasHToBINS supports multiple Query and UppaTe operations on the fly. The key
idea is that we fix the randomness when we initialize our data structure StrRuctuREDFOURIER. We
create M each time online operations come. By fixing ®, £, M and pre-processing them during
initialization, we only observe part of A/ when StructurReDHAsHTOBINS is invoked, thus reduce time
complexity. More specifically, we pre-compute the coordinates of measurements in time domain
by the parameters of our filter function and the parameters of our random shuffling. When each
Query comes, we call CompuTEMEASUREMENTS to calculate measurements online, then we transform
this information to the frequency domain.

Lemma 6.3 (Running Time of CoMPUTINGMEASUREMENTS, see Lemma for formal version with
proof). Given an index set L C [n], the running time of COMPUTINGMEASUREMENTS i$ Trat (| L], d?, 1).

Lemma 6.4 (Running Time of StructurepHasuToBins, Algorithm[4] see Lemma [B.5|for formal ver-
sion with proof). Let n = |{i € supp(2) | Eog(¢)}|. The running time of STRucTuREDHASHTOBINS is
O(Tmar (¢ log(n/6),d* 1) + ||Zllo +nlog(n/d)).

6.4. Find large index

In this step, we utilize the STructTuREDHASHTOBINS trick. The transformed Fourier measurements of
StructureDHASHTOBINS contains information about large coefficients. Then, we extract the phase
and frequency from the Fourier measurements, and determine the location (index) of the large
coordinates by a voting procedure. The running time of FINDLARGEINDEX is dominated by the call of
StructureDHAsHTOBINS. The running time of StructureEDHAsHTOBINS is dominated by the number
of bins, which is linear in k.

In the FINDLARGEINDEX procedure in Algorithm R is the number of iterations. 2{7) is the residual
signal, where j is number of iterations. Naively, FINDLARGEINDEX should take z — z() as parameter.
However, computing = — z/) efficiently in sub-linear is intractable. Thus, we first hash z into the
bins. We defer the computation of residual signal after we get the energy in each bins. We shuffle
20) according to the same strategy that shuffle 7, and subtract the energy in each bins by the corre-
sponding energy of ). The parameter B, is the number of bins in this round. The parameter «.
controls the fraction of heavy coordinates that can be recovered in this iteration.

To prove the correctness of the FINDLARGEINDEX procedure in Algorithm [T} we first notice that there
are three kinds of bad event. In the first event, two heavy coordinates are hashed into the same bin.
This is unlikely to happen because we can choose B larger than any constant times of k. Moreover,
each coordinate can be shuffled into any new coordinates. It is hard to collide. In the second event,
the heavy coordinate are hashed into the edge of a bin. This happens because we are not using ideal
filter. To get sub-linear time, we hope our filter to be sparse in time domain, while look like a ideal



filter as much as possible. Because the filter should be sparse, thus band-limit in time domain, the
filter drops high frequency component and becomes smooth on the edge of what supposed to be
sharp in a box function. However, we can control the length of the smooth area to be small. Thus
this kind of event is also not likely to happen. In the third event, the non-heavy coordinates is not
shuffled evenly, which means that the heavy coordinate can not dominate the bin because the noise
is too strong. Since our shuffle strategy is random enough, by Markov inequality, this is also unlikely
to happen.

Conditioned on only a good event happening, there is exactly one heavy coordinate in a bin, and
all the other bins are filtered out by the approximate ideal filter. This process narrows down our
focus, allowing us to efficiently locate the index of the heavy coordinates in the bin. It's important
to recognize that any shift in the time domain results in a corresponding rotation in the frequency
domain. This rotation is not solely related to time shifts but is also influenced by the position of the
coordinates in the frequency domain. By randomly shifting =, we reduce the impact of the length
of the shift in the frequency domain, providing us with helpful clues to identify the position of the
heavy coordinate. These random shifts and the filtering together help refine the accuracy of the
identification process, ensuring we can locate the heavy coordinate effectively despite any potential
noise or complexities in the system.

However, rotation in frequency domain always modular 27. We still need to decode the real position
from the phase of a complex number. In general, it is impossible to recover an exact coordinate by
a single phase. However, by repeating with different length of shifting in time domain, we can get
different phases. We can prove that, with a low probability, two coordinates can perform similarly in
all those shifting. Thus, we use log(n)-ary search. We go through log(n) length arithmetic series and
test whether the current coordinate have the desired phases. By repeating the search for logarithmic
times, we can locate heavy coordinate exactly.

6.5. Query

Given a query h € R%, we query the approximately largest k coordinates of structured signal
Uh € R? by using Fourier measurements. As shown in Algorithm [1} Procedure Query calls Pro-
cedure FINDLARGEINDEX for R times. Let the call to one FINDLARGEINDEX be an iteration. After each
iteration, we verify the magnitude of those coordinates, and reconstruct an signal that can approx-
imate the Fourier measurement of the ground truth. We subtract our reconstructed signal out of
the ground truth Fourier measurement and obtain a new signal. The new signal only contains a
small fraction of energy of the signal that before subtraction. By iterating for logarithmic time, we
can cover each approximately top-k coordinate with high probability. Thus, we successfully locate
all the top-k heavy coordinates. Note that because we can recover a constant fraction of coordinates
in each iteration, the number of recovered coordinates and the running time of each iteration forms
a geometric series. Therefore, the computational cost of the first time iteration determines the total
time complexity.

7. Conclusion

The study of Sparse Fourier Transform (SFT) is crucial in signal processing, especially for frequency
and signal estimation, as shown in prior research [2} 16} [7]]. In this work, we focus on signal estima-
tion and introduce a new problem of frequency estimation under structured sparse recovery with
Fourier Measurements. This dynamic sub-problem of the classic sparse Fourier transform allows
for a detailed exploration of frequency estimation challenges. We propose an efficient algorithm
to solve this problem, providing a foundation for future research and applications. Moreover, our
data structure supports online updates and queries in sub-linear time, enhancing the practicality in
real-world scenarios.
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Appendix

Roadmap. In Section[A} we introduce some basic notations, definitions and properties that are use-
ful to prove the our results. In Section [B| we begin to analyse the running time of our algorithm.
In Section [C} we move to the correctness of the algorithm. In Section D} we put the results above
together to prove our main Theorem In Section[E] we talk about the motivation of our setting
from Semidefinite Programming. In Section [F} we show a case when we can recover top-k coordi-
nates exactly. Section [G]discusses the limitation of this work. Finally, Section [H| discusses potential
societal impact of this work.

A. Preliminaries

In this section, we introduce the notation, definitions and properties used in the rest of this paper.
In Section [A.T] we state the notations we used in the proofs. In Section[A.2]we introduce the modu-
lar property. In Section[A.3|we introduce the permutation function, In Section[A.4we introduce the
filter function. In Section|A.5|we state the property of StructureDHAsHTOBIN. We introduce the Dis-
crete Fourier Transform in Section[A.6] We introduce objectives in solving our problem in Definition
in Section[£.2} We introduce SETH and OVC from computational complexity in Section [A.7}

A.1. More Notation

We list the following notations that will be used in our proofs. Define 7, (i) = o(i — b) mod
n, hep(1) = round(m, (i) B/n) and 0,.4(i) = 7e5(i) — hop(i)n/B. We say hey (i) is the “bin" that
frequency i is mapped into, and o, ;(7) is the “offset". We defme h; () ={i € [n] | hop(i) = j} and
error(Uh, k) = ming_sparsey [|UR — y]|2. |

A.2. Modular Property

The goal of this section is to introduce modular property.

Lemma A.1 (Lemma 4.3 in [2]). Let T C [m)] consist of t consecutive integers, and suppose € T
uniformly at random. Then for any ¢ € [n] and set S C [n] of | consecutive integers.

Pr[gimod n € §] < fzm/n1(1+U/ZJ)/t< ot +%+l

We use the following lemma from [J3]]:

Lemma A.2 (Lemma 3.6 of [13]]). If j # 0,n is a power of two, and o is a uniformly random odd number
n [n], then Pr[oj € [-C,C] (modn) | < 4C/n.

A.3. Permutation Function

When ¢ € Z is an index into an n-dimensional vector, sometimes we use [|i| to denote
minjzi( (mod n)) |.]|

We use the standard permutation from literature [3]].

Definition A.3. Suppose o~1 exists (mod n). We define the permutation P, , 1, by

(Po',a,bx)i = xa(ifa)wgbi

We also define m, (i) = (i — b) (mod n).

Next lemma shows how P permutate signal  in the frequency domain.

Lemma A.4 (Claim 2.2 in [2]). ]307(1,;,;1:,70,17(1») = T;w",



A.4. Filter Function

In this section, we define the filter function.

Definition A.5 (Definition 2.3 of [2]). We say that (G,G') = (GB,57,1761‘\’B,57Q) € R™ x R" is a flat
window function with parameters B > 1,6 > 0, and o > 0 if | supp(G)| = O(£ log(n/§)) and G’ satisfies

o G/ =1forli| < (1—a)n/(2B)

K

o G

(2

— 0for |i| = n/(2B)

e

K3

€ [0,1] for all 4
o |G =G0 <.

The above notion corresponds to the (1/(2B), (1—«)/(2B), §, O(B/alog(n/J))-flat window function
in [3]].

The fact that G7; takes w(1) time to compute for i € [(1—a)n/(2B),n/(2B)] will add some complexity
to our algorithm and analysis. We will need to ensure that we rarely need to compute such values.
A practical implementation might find it more convenient to precompute the window functions in
a preprocessing stage, rather than computing them on the fly.

A.5. Property of STRucTUREDHASHTOBINS

The goal of this section is to present the output of StructrureEDHASHTOBIN

Lemma A.6. Suppose B divides n. The output U of STRucTuREDHASHTOBINS satisfies
U= Y. (Uhy—2)i(Gh450)—o0nu@w £ |UM|
hob(i)=J
Proof. Define the flat window functions G = Gp s, and G = G@a. We have

G PyayUh =G *Pya,Uh
G Pra U ) + (0~ @) Pl

7
y

By lemma the coordinates of P,:b\U h and Uh have the same magnitudes with different order-
ing and phase. Therefore

(G~ G7) % PrayUhlloe < |G — G'l|ool| Pra Ukl < 8||UR|

and hence
G =0p= . G (Prap(Uh=2)mp4+0|Uh|
[l]<n/(2B)
= Z Gloryp—mny () Poap(Uh = 2))r, iy £ 6[|UR|

|7o,b(i)—jn/B|<n/(2B)

= Y G, ,Uh—zu £6|Uh|
he,o(i)=j

Thus, we complete the proof.
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A.6. Discrete Fourier transform

In this section, we define Fourier transform related notations. Discrete Fourier Transform is already
defined as in Eq. . Next, we define inverse Fourier transform of z € C" as follows:

1 = omift
= = Al h te )
Xy \/ﬁ};xf exp( - ), where [n]

A.7. SETH and OVC

Here we introduce some notions from computational complexity, for our analysis of lower bound.

Definition A.7 (Strong exponential time hypothesis (SETH) [70} [71]]). For any ¢ > 0, there exists a
k = k() such that the k-SAT problem with n variables cannot be solved in time O(2'~n).

In order to introduce OVC, we need to define Orthogonal Vector problem first.

Definition A.8 (Orthogonal Vector problem). Given a set of n vectors {v1,...,v,} C {0,1}¢ in d-
dimensional space. We ask if there exists (i, j) € [n] X [n] such that (v;,v;) = 0.

Definition A.9 (Orthogonal vector conjecture (OVC) (133,136} [72,[73]]). For every e > 0, there exists a
¢ = c(g) > 1 such that OV cannot be solved in n*>~¢ time when d = clogn.

B. Running Time Analysis

This section is organized as follows: In Section we present the running time of Inir. We will
show how to construct Fourier measurement ® and calculate the structure matrix U, which involves
fast matrix computation. Section [B.2) presents the running time of Uppate. We show that to update
the i-th ector v; with a new vector z, it suffices to take O(md?) matrix computation time. We ana-
lyze the running time of Query in Section We unify the results in Section [B.4} Section [B.5/and
Section to compute the running time of Query, which is based on the formula Query time =
Computing sample time + Locate Signal time + Verification time. Next three sections describe the
running time of three different procedures in the same iteration in Query. We will show the run-
ning time per iteration and for the whole iterative process. In section we present the running
time of StrucTurREDHASHTOBINS. The computation cost is divided into four parts which correspond
to the four steps of calculating StructuREDHASHTOBINS. It is dominated by the support of signals
and number of bins. Section |B.5|shows the running time of Verification. Due to the matrix struc-
ture, we can use fast matrix computation to accelerate the computation in Verification. Finally, we
demonstrate the running time of LocatSIGNAL in section[B.6] Analysis in this part starts from Finp-
LarGEINDEXINNER, which is in a forloop of FinpDLarGeINDEX. Using the running time of the inner
loop, we obtain the total running time by determining the number of loops

B.1. Running Time of INIT

The goal of this section is to prove the running time of Inrt.

Lemma B.1 (Running Time of Init, Algorithm [I} Algorithm [2)). Given {vy,--- ,v,},n € Ny ,d €
N., k € Ny, procedure IniT stores vectors {vy,--- ,v,} into V, creates ® € R™*™ and stores ®U into M,
where U is in R and i-th row of U is vectorization v;v, . This procedure takes O(d?nlog n) time.

Proof. In Inir, line [8| takes O(nd) time to store n vectors in R?, line E] takes O(mn) time to creat @
and linetakes O(nd?) time to calculate ®U. The running time of INrTPaARAMETERs and INITSUPPORT
is O(log(k) log(n/k)), which can be ignored compared to other steps. Putting it all together, the
running time of INIrt is

O(nd) + O(nm) + O(nd?)
= O(n(m + &)

Thus, we complete the proof. O
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Algorithm 1 StrucTURED FOURIER

1:
2:
3:

9:
10:
11:
12:
13:
14:

15:
16:
17:
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
28:
29:

30:
31:
32:
33:

data structure StrucTUREDFOURIER > Theorem [.7]
member
mn, k’, de N+
9 €(0,0.1)
Ve RnXd,M c RdeQ,(I) c Rmxn
list £ > A list that maps (G5 .5, Pra,b) to a subset of [n]
procedure IniT(vy, -+ ,v, € R%,n €Ny, d e Ny ke N;, 6 €(0,0.1)) > LemmaB.1]
Ve A{v, - ,on} > This step takes nd time
Create ® and £ > This step takes mn time
M «+ ®U > This step takes O(nd?) time
InrtPARAMETERS (K, 1)
InttSupPorT (0, 0, b, B, , 9)
end procedure
procedure UPDATE(i € [n], Upey € R?) > Lemma
Let C € R™*%" where i-th row is vec(vnew vy, ) — vec(v;v; ) and all the other rows is 0
Vi £ Unew
M+~M+®-C > This step takes O(md?)
end procedure
procedure Query(h € RY) > Lemma
2 0

forry =1— R;do
L,, + FINDLARGEINDEX(h, 2(") 1)) > Lemma
2(r+1) 2 4 Veririep (L, )
end for
return 2{(f1+1)
end procedure
procedure VERIFIED(h € R% L [n]) > Lemma
return (U - h) [,
end procedure
procedure CoMPUTINGMEASUREMENTS (h € R L C [n]) > Lemma
return (M - h)p,
end procedure
end data structure

B.2. Running Time of UPDATE

In this section, we prove the running time of UpDATE.

Lemma B.2 (Running Time of Uppate). Given index i € [n] and vector z € R?, procedure UpDATE takes
i and v as inputs and runs in O(md?) time.

Proof. In UpDATE, linetakes O(d) time, linetakes O(d?) time and linetakes O(md?). Putting
it all together, the total running time of UpDaTE is

O(d) + O(d?) + O(md?)
= O(md?)

Thus, we compelte the proof. O

B.3. Running Time of QUERrY

The goal of this section is to prove the running time of QUEry.

Lemma B.3 (Running time of Query). Given query h € R, procedure QUERY runs in time

OTrn (% 1o5(0/8). 2, 1) + Klog n  log(n/ )
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Algorithm 2 Structured Fourier, Initialize Parameters

36:

data structure STRUCTUREDFOURIER

members

t, Ry > quantity
B,o,a,a,b,w, Ra, Rs > one dimensional array
width > two dimensional array
a, B > three dimensional array

end members
procedure INrTPARAMETERS (K, 1)
t < logn
R < O(log k/loglog k)
/*One dimensional array*/
forri=1=1— R, do
Blrq] + O(kan/(erlz))
alri] < O(1/r?)
afr] < ©(alr]'/?)
o[r1] < Choose from odd numbers in [n] uniformly at random
b[r1] «— Choose from [n] uniformly at random
wlry] < n/B[r]
Ro[r1] < logy 4 (wlr1] + 1)
Rs[r1] = O(logy / (t/ar))
end for
/*Two dimensional array*/
forr;=1— R; do
for ro = 1— RQ[Tl] do
width[ry, ro] < wlr]/(t/4)m21
end for
end for
/*Three dimensional array*/
fOI"I“l =1—> R, do
for ro = 1— RQ['rl} do
forr; =1 — R3[r] do
Choose a[r1,r2,73] € [n] uniformly at random

alrint L alrint
Choose 6[7"1, 725 TB] € {4width[r1,r2] ’ ? 2width[ry,ra]

end for
end for
end for
end procedure

} uniformly at random

: procedure INiTSurporT(B, v, 0, 0, a, b)

L[B,«,d,0,a,b] + ComPutESUPPORT(GB 0,5, Prab)
> [B, «, 9, 0,a,b] is multi-index that we go over to compute list £

: end procedure
: end data structure

Proof. The running time of QUERY consists of three parts: computing sample, recovery, and verifica-
tion.

By Lemma the running time of QUERy is

Tmat(élog(n/é),d2, )+O(( logn) - log(n/k)) + Tmat (k, d, d)

= Tmat(é log(n/d),d* 1) + (% logn) - log(n/k)

Thus, we complete the proof. O
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Algorithm 3 Structured Fourier, Find Large Index

1: data structure STRUCTUREDFOURIER
2: procedure FINDLARGEINDEX(h, Z,71)

3:

4: Initialize Ieftgl) = (i — D)w[r{] for i € [B[r1]].

5: for ro = 1— RQ[T‘l] do

6: left(r2F1) FinDLARGEINDEXINNER (R, Z, 71, 72)
7: end for (Ralri+1)

8: L« {w;},(leftj 2T | 4 e [Blr)}

9: return L

10: end procedure
11: procedure FINDLARGEINDEXINNER(h, Z, 71, 72)

12:

13: Let vote[j][q] = 0 for (j,q) € [Br1]] x [t].

14: for rg=1— Rg[Tl] do

15: ay, + alry,rq,r3)

16: ay + alry,re,r3] + Blri,ra,r3)

17: u < StructurepHasHTOBINS (h, Z, ay, r1).
18: v + StructureDHASHTOBINS (R, Z, ay, r1).
19: for j =1 — B[r1] do

20: Cj (b(Uj/Vj)

21: for q € [t] do

22: mid; 4 ¢ left; + =2 width[ry, 7]
23: 0.4 < QW(midj‘qtla[”]b[”]) mod 27
24: if min(|ﬁ[7"1, 79, 7’3}0]',(1 — Cj‘7 2m — |ﬂ[7’1, T2, 1”3]0“ — Cj|) < am then
25: vote[j][g] + vote[j][¢] + 1

26: end if

27: end for

28: end for

29: end for

30: for j € [B[r1]] do

31: Q" < {q € [t] | vote[j][q] > Rioc/2}

32: if Q* # () then

33: left; < mingeg~ left; + %Width[rl,w]
34: else

35: Ieftj +— 1

36: end if

37 end for _

38: return left

39: end procedure
40: end data structure

B.4. Running Time of StructuredHashToBins

The goal of this section is to prove the running time of StTrucTurReEDHASHTOBINS.
We first show the running time for computing measurements.

Lemma B.4 (Running Time of CoMPUTINGMEASUREMENTS). Given an index set L C [n], the running
time of COMPUTINGMEASUREMENTS 8 Tat (||, d2, 1).

Proof. We apply fast matrix computation to (M), - h directly to obtain the result. O

Lemma B.5 (Running Time of StructurepHasHToBINs, algorithm [)). Let n = |{i € supp(2) |
FEogt (i) }|. The running time of StRuctureDHASHTOBINS is O(Trat (£ log(n/6), d?, 1) +Z]|o+nlog(n/d))

Proof. We can compute StructureDHAsHTOBINS via the following method:
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Algorithm 4 StrucTurReEDHAsHTOBINS

1: procedure StrucTuREDHASHTOBINS(h € RdQ, Z,a,71) > Lemma
2: > The filter function G and permutation P will decide that we only need a subset of z,

where we can think of 7 = Uh.

3: L «+ L[B[r],a[r1], 6, 0[r1], a, b[r1]]

4: x 1, < CoPMUTEMEASUREMENTS (A, L)

5 Y Gppiafmls  (Pofr]abr)?L)

6: for j € [B[r1]] do

7: vj Z"/B[”] Yj+iBlr] > v is a vector in CBl1]

8: end for

9: /y\<— FFT( ) > @\jn/B[rl] = i]\j,j S [B[’I"l]]
10: for i € supp(z) do
11: o ac[ri]i

7 Nl N
yﬁj]ha[,,,l],b(i) yﬁll]ham],b(t) G —0(a[ry],b) (1) ZIW
12: end for
13: return u where U; = 4;;g}r,1,J € [B[r1]]

14: end procedure

1. Compute y with |[y[lo = O(£ log(n/d)) in Tras(||yllo, d?, 1) time.
2. Compute v € C” givenby v; = 3, yi4 -

3. Because B divides n, by the definition of the Fourier transform (see also Claim 3.7 of [3]]
) we have y;,,/g = v; for all j. Hence we can compute it with a B-dimensional FFT in
O(Blog B) time.

4. Foreach coordinate i € supp(Z), decrease y= h, (i) by G'—o, (i) 2iw™". This takes O(||Z]|o+

nlog(n/J)) time, since computing G’—o,,yb( i) takes O(log(n/d)) time if Eog (i) holds and O(1)
otherwise (See section 7 in [2]]).

Thus the total running time of StructurREDHASHTOBINS is
O(Tmat(E log(n/6),d*,1) + O(Blog B) + O(||Z]lo + nlog(n/d))
0( log(n/d) + mat( log(n/d),d* 1) + |[Z]lo + nlog(n/4))
:Omnat(g log(n/8), %, 1) + |2l + nlog(n/0)

where the first step follows from BlogB = O(£1log(n/6))) and the last step follows from
Blog(n/8)) < Tmat (2 log(n/d)),d, d)
O

Using the runninig time of StructureDHAsHTOBINS, we prove the total running time for doing R
rounds StructureDHAsHTOBINs with different parameters.

Lemma B.6. Let Ry := O(logk/loglogk). It takes Tpat(%log(n/d),d?, 1) time to run Ry rounds of
StructurepHAsHTOBINS , where B, := O( ’2?‘;) and o, := O (%) in each round r € Ry.

Proof. By lemma the running time of StructurREDHASHTOBINS in each round r is
Br 2 ()
O(Tmar(—~log(n/6),d", 1) + [|Z"]jo(1 + ay log(n/9)))

= O(Tmat(e% log(n/d),d?,1) + k(1 + %log(n/é)))
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= Oy (Towa( S o8 (n/8), &°,1) + Klog(n/5)) + )

The total running time in R; rounds is
US| k
> O (Tmas (- log(n/), d?,1) + klog(n/é)) + k)
r=1

= O(Taw (X 108(0/5), %, 1) + klog(n/8) + Klog

- mat(ﬁ log(n/5)7 d2a 1)
€
where the second step follows from Ef:ll & =0(1).

Thus we complete the proof. O

B.5. Running Time of Verification

The goal of this section is to prove the running time of VERIFICATION.
Lemma B.7 (Naive Running). Given L C [n], procedure verirry runs in O(|L| - d?) time.

Proof. For each | € L, it takes d* time to compute (Ud);. Thus the total running time is |L| - d>. O

We show a naive running time in the lemma above. Actually, we can do better by batching vectors
into matrix and applying fast matrix computing technique.

Fact B.8. For any matrices in R**® and R*¢, the time of multiplying them is Tpai(a, b, c). In particular,
we use w to denote the exponent of matrix multiplication, which means Tpqi(n,n,n) = n*. Currently,
w = 2.373.

We apply this fact to all analysis of matrix computation time.

Lemma B.9 (Improved Running Time For Verification). We can compute (Uh)y, in the following time:
o If|L| < d, it takes Tmat(d, |L|, d) time.
o If|L| > d, it takes (|L|/d) - Tmat(d, d, d) time.

Proof. We divide our proof into three cases: |L| < d,|L| = d and |L| > d.
For the case |L| = d, we can compute it in Tpat(d, d,d) = d* time.

Here is the reason. Without of loss generality, assume L = {1,2,--- ,d}. Let V in R¥*¢ denote the
matrix whose i-th row is v;. Then (VHV "), ; = (Uh);

Say matrix H in R%*? is the matrix version of A in R’

Using the above equation to compute (Uh)z,, we can first compute VHV T, and then take the diag-
onal entries. Thus, if |L| = d, we can compute (Uh), in d* which is faster than d> time.

Similarly, for any |L| < d, we can compute it in 7.t (d, | L|, d) time.
For |L| > d, we can divide L into |L|/d groups then we reduces the problem to the |L| = d case.
Thus it computes in |L|/d - Tmat(d, d, d) time. O

With running time of one time VEriricaTION, We prove the total running time for VEriricaTiOoN
through R iterations with decaying parameters.

Lemma B.10. Let Ry := O(logk/loglog k). It takes Tmat (k, d, d) time to run R rounds of VERIFICATION ,
where B, is chosen to be O(—%) in each round r € R;.

k
€r

Proof. In total, VErIFICATION verify k locations, which takes Tt (k, d, d) time. O
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B.6. Running Time of Recover

The goal of this section is to prove the running time of Recover. This is the time of FINDLARGEINDEX
(Algorithm[3)) that without considering StructuredHashToBins time.

Lemma B.11. Suppose B = <E for C larger than some fixed constant. The procedure FINDLARGEINDEX
runs in expected time

O(Blogn -log(n/B))
Proof. Set t = logn,t’ = t/4 and Rz = O(log;/,(t/)). Let widthy = n/B and width,, =
widthg/(#')"271, so widthg,+1 < 1 for Ry = log, (widthg + 1) < t.

The running time of FINDLARGEINDEX mainly comes from the forloop in line 5| which has R; itera-
tions. In each iteration, it invokes FINDLARGEINDEXINNER.

The running time of FINDLARGEINDEXINNER mainly comes from three recursive forloop (line[14]- 29).
Notice that all operations in the forloop takes O(1) time. Thus the running time for FinDLaRGEIN-
DEXINNER is O(R3 - B - t).

Since R3 Ry = O(logy /,(t/a)log,(n/B)) = O(log(n/B)), the running time for FINDLARGEINDEX is

O(Rz2-R3-B-t)
=0O(Blogn -log(n/B))

Thus we complete the proof. O

Using above result, we are able to prove the total running time for FINDLARGEINDEX that runs R
rounds with different parameters.

Lemma B.12. Let Ry := O(logk/loglogk). It takes O(£logn - log(n/k)) time to run Ry rounds of
FINDLARGEINDEX , where B, is chosen to be O(iﬁ) in each round r € Ry.

€T

Proof. By lemma the running time in each round is
O(Bylogn -log(n/B;))
k
=0(—7 logn)(log(n/k) + log(e) + log(r)))
k
:O(eTQ logn)log(n/k))

The total running time in R; rounds is
R1 k
Z O(— lognlog(n/k))
— er

:O(g logn - log(n/k))

where the last step follows from Zf:ll L =0().

Thus, we complete the proof. O
C. Correctness Proof

This section is organized as follows: In section we first bound the error of Query in each iter-

ation up to a (1 + €) multiplicative error , which is based on the results in Section [C.3] Section [C.4]
and Section [C.5] We demonstrate the correctness of Query in section|C.2} In Query procedure, we
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run several rounds. Using the result in Section|[C.1} we show that the cumulative error after several
iterations is still bounded by a (1 + €) multiplicative error, which is due to the geometric decay of
errors in each round. Section|C.3|presents the correctness of SrructureDHasHTOBIN. We state that
the result of StrucTurREDHASHTOBIN is close to the large coefficient. We begin with the correctness
of FINDLARGEINDEXINNER in section[C.4] We show that it finds out intervals that contain large coeffi-
cients with high probability. Next, we demonstrate the correctness of FINDLARGEINDEX in Section|C.5]
combining result in Section [C.4] We show how FinpLArGeINDEX finds index set of large coefficient
by setting appropriate parameters and analyze the time complexity.

C.1. Correctness of QuUERy in each round

From now on, we treat vector Uh € R™ as a whole. We will show that Uh — z{") gets sparser as r
increases, with only a mild increase in the error.

Theorem C.1. Define Uh(") = Uh — 2"). Consider any one loop r of QUERY, running with parameters
(B, k,a) = (B, ky, o) such that B > % for some C larger than some fixed constant. Then for any £ > 0,

error? (UL ¢k) < (1 + €) error?(UR™, k) + O(e6*n||UA|?)
with probability 1 — O(a/§)
Proof. Recall that in round r, i? = £(error?(Uh(™), k) + §?n||Uh||}) and S = {i € n]|UR 2 > 12},

By Lemma each i € S lies in L, with probability at least 1 — O(a). Hence |S\L| < &k with
probability at least 1 — O(a/§). Then

error®(Uh{y, 1. €k) < |UR{) (1013
< errOTQ(UhE;])\(LUSV k) + k”Uhf;])\(LUS) [
< errorQ(UhE;])\L, k) + ku? (2)
Let @ = 2t — 2(") = Up(") — UL+Y) by the vector recovered by Veririep. Then supp(@) = L, so
error®(URY | 2¢k) = error?(UR™) — @, 26k)
< error2(UhE:L])\L, k)

But by Eq. (2), this gives
error?(URY), 2¢k) < ervor®(UA[), 1, k) + O(kp?)
< error®>(UR) | k) + O(kp?)
< (1+ O(e)) error> (UR™ k) + O(e6?n||UR||?)

The result follows from rescaling £ and e by constant factors.

C.2. Correctness of QUERY

The goal of this section is to prove the correctness of Query. Again we define Uh(") = Uh — 2(").

Lemma C.2 (Correctness of Query). Given query h € R%, procedure QUERY in Algorithm (1| takes h as
input and outputs a k—sparse vector y € R" satisfying

ly—=Uhll< — min_ (1+e)lz—Uh|+d|Uh|:

k—sparse zeR"

Proof. Define &, = O(1/r2) so Y&, < 1/4. Choose Rso [[, &, < 1/k < [T}, Then R =
O(log k/ loglog k), since [T/, & < (€ry2)¥/? = (2/R)".
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Set e, = &6, = O(E2), K, = k:H:;ll &, B, = O( *a,&). Then B, = w(aﬁz ), so for sufficiently
large constant the constraint of Theorem [C.1]is satisfied. For appropriate constants, Theorem
says that in each round r,

error? ULV k,y1) = error?(URTHY €, k,)
< (1 + &re) error®>(UR™M k) 4+ O(£,€6°n||UR||?)

with probability at least 1 — &,.. The error accumulates, so in round r we have

r—1 r—1 r—1
error®(UR"), k,) < error®(Uh, k) [[(1+ &e) + Y O&es®n|URT) [ 1+ &e)
i=1 i=1 j=i+1

with probability at least 1 — Z:;ll & > 3/4. Hence in the end, since kg1 = k Hf;l &<,

[TRED)2 = error(URFHY kpyy)
R R
< error®(Uh, k) [ [(1 + &e) + O(Red®n[[UR[) [](1 + &ie)
=1

i=1
with probability at least 3/4. We also have

R
H(l + &e) < eTiié < o

i=1
making

R

R
[[a+&e)<1+ed Ge<i+2e

i=1 i=1
Thus we get the approximation factor
|Uh — 2E+D )2 < (1 + 2€) error?(Uh, k) + O((log k)ed?n||Uh||?)

with at least 3/4 probability. Rescaling & by poly (n), using ||Uh||? < n||Uh||z, and taking the square
root gives the desired

|Uh — 2E+D||y < (1 4 €) error(Uh, k) + 6||Uh||2.

C.3. Correctness of StructuredHashToBin

The goal of this section is to prove the correctness of STructurReDHAsSHTOBIN.

Lemma C.3 (Correctness of StructuredHashToBin). Let a € [n] uniformly at random, B divide n, and
the other parameters be arbitrary in StTRucturReDHASHTOBIN (Algorithm[d)).

Let
u = StructurepHAsHTOBIN(h, Z, a, 1)

Then for any i € [n] with j = hy[ by (2) and none of Econ (i), Eot (1), 0r Enoise (i) holding,

Efju; — Uhlw 2] < 2

Proof. Let G' = G/B[r] 8,afr]- LetT =h_}
By LemmalA.§

o1 ()\{i}. Wehave that TN.S = @andG’—oU[T bir) (1) = 1.
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uj — Ui = "G, i Ublw™ M 5| Uy

=
Because the ¢i are distinct for i’ € T, we have by Parseval’s theorem
Bl D G = o0 (UMW P = 30 (E = 00 (1)UN,)* < U3
i'eT i'eT
Since |X + Y|? < 2|X|?> +2|Y|? for any X, Y, we get
Ellu; — Uhjw %] < 2| U7 ||3 + 26 [UAT
< 2error®(UN, k) /(a[r]B[r]) + 282||Uh|?
< 2p%/(alr] B[r])

C.4. Correctness of FindLargeIndexInner

The goal of this section is to prove Lemma
The proof of this lemma is standard in literature, such as [22}/6} 7]].

Lemma C.4 (Correctness of FINDLARGEINDEXINNER). Let i € S. Suppose none of Econ(i), Eo (i),
and Eyoise (i) hold, and let j = h,(i). Consider any run of FINDLARGEINDEXINNER (Algorithm |3|) with
7o (1) € [left;, left; 4+ width]. Let & > 0 be a parameter such that

Ck
ke

for C Sl)a(rge)r than some fixed constant. Then 7,,(i) € [left], left} + 4width/t] with probability at least
1 — & (Hs),

Proof. Let T = 7, 3(i) = o(i — b)(modn), and for any j € [n] define

2

0; = —(j +ob) (mod2m)

s0 0F = 2%gi. Let g = ©(£!/3), and C' = 22 = 9(1/¢°).

To get the result, we divide [left;, left; + width] into ¢ "regions", Q, = [left; + S width, left; + Swidth]
for ¢ € [t]. We will first show that in each round r, ¢; is close to 0% with 1 —g probab1hty This
will imply that ), gets a "vote," meaning vote[j|[g] increases, with 1 — g probability for the ¢’ with
T € Qg . It will also imply that vote[j][g] increases with only g probability when |¢ — ¢’| > 3. Then
R rounds will suffice to separate the two with 1 —£~2(f3) probability. We get that with 1 — £~ 2(fs)
probability, the recovered @Q* has |¢ — ¢'| < 3 for all ¢ € Q*. If we take the minimum ¢ € Q* and the
next three sub-regions, we find 7 to within 4 regions, or 4width/¢ locations, as desired.

In any round r, define u = u(" and a = a,.. We have by Lemmaand that 7 € S that

E . _,,a0t hli <2p
luj — o) < 22
2%

- Bozeu
2 2
< O/‘Uh/lg
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where the first step follows from definition of Lemma the second step follows from definition
of y, the third step follows from definition of C”, and the last step follows from definition of S.

Note that ¢(w**) = —ab}. Thus for any p > 0, with probability 1 — p we have

. 2 ,
|Uj—waUthi| S C/p|Uh’L‘ (3)
2
l¢(uy) = (G(UR'3) — ab7)llo < sin™'( C’p) 4)

where ||z — y||o = min ez |z — y + 27| denotes the "circular distance" between x and y. The
analogous fact holds for ¢(v;) relative to $(UR';) — (a+/3)07%. Therefore with at least 1 —2p probability,

lle; = B07llo = llé(u;) — (vs) = B8z Mo
= [[(&(u;) = ((UN3) = ab7)) = (¢(v;) = (¢(UR;) — (a+ B)67)) o
< llg(u;) = (@(UR':) = abD)llo + ll¢(vs) — ((Uh;) — (a+ B)87) o
2
C”p)
where the first step follows from definition of ¢;, the second step follows from interpolating ¢(Uh/) —
ad?, the third step follows from triangular inequality, and the last step follows from Eq. ().

< 2sin~!(

. . . _ _ ! 2 _
by the triangle inequality. Thus for any s = ©(g) and p = O(g), we can set (' = —=ot0m =
©(1/¢3) so that

lej = BO7llo < am/2 (5)
with probability at least 1 — 2p.

Eq. (B) shows that ¢; is a good estimate for i with good probability. We will now show that this
means the approprate "region" @,/ gets a "vote" with "large" probability.

For the ¢’ with 7 € [left; + Lt width, left, + L width], we have that mid; , = left; + 22 width satisfies

. width
[T —mid; 4| < o
SO
27 width
0. < ==
07— 01 < 0 (6)

Hence by Eq. (5)), the triangle inequality, and the choice of B < £,

lle; = B0 llo < llej — BO7llo + 11807 — B¢ llo
am  Prwidth
2 + nt
LOm o
-2 2
=am

<

where the first step follows from triangular inequality, the second step follows from Eq. (5]) and
Eq. (), and the third step follows from 8 < ;22

2width *

Thus, vote[j][¢'] will increase in each round with probability at least 1 — 2p.

Now, consider ¢ with |g — ¢/| > 3. Then |7 — mid; ;| > ™4th and (from the definition of 8 > 22t
) we have
Ta 3
Blr — mid; | = <55 > = (7)
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We now consider two cases. First, suppose that |7 — mid; ;| <
of 3 it follows that

width In this case, from the definition

BlT —mid; 4| < n/2
Together with Eq. (7)) this implies
Pr[8(7 — mid; ;) mod n € [-3an/4,3an/4]] =0
On the other hand, suppose that |7 —mid; ;| > %4t Tn this case, we use Lemma with parameters

~ - ot
I =3an/2,m = ;20 t = 2t i = (7 — mid; ;) and n = n, to conclude that

Pr[(7 — mid; ;) mod n € [-3an/4, 3an/4]]

< 4vﬁvidth n 2|7’ — mid; ¢ L 3E4 3an @t 4vlidth
ant n 2 width ant
4width  2width -
< — + + 9o
ant
6 _
< 573 + 9&
< 10

where the first step follows from Lemma the second step follows from |i| = |7 —mid; ;| < width,
the third step follows from assumption < il < width < n/B, and the last step follows from
6/B < a?.

Thus in either case, with probability at least 1 — 10& we have

. 2nB(midjq — 7 2w 3an  3_
186, — 80210 = | 2P Gia =)

lo> = =30
for any g with |¢ — ¢’| > 3. Therefore we have
llej = B05.4llo = 1804 — BO7lo = lle; — B0l > am
with probability at least 1 — 10a@ — 2p, and vote[j][¢] is not incremented.

To summarize: in each round, vote[j][¢'] is incremented with probability at least 1 —2p and vote[;][q]
is incremented with probability at most 10@ + 2p for |¢ — ¢’| > 3. The probabilities corresponding
to different rounds are independent.

Seta = g/20 and p = g/4. Then vote[j][¢'] is incremented with probability at least 1 — g and votel[j][g]
is incremented with probability less than g. Then after R3 rounds, if |¢ — ¢| > 3,

Prlvote[j]lg] > Rs/2] < ( Rfj;2>gR3/2
< (4g)%/?

i — \R3
2%, and the last step follows from g = ¢/3 /4.
Pr[vote[j][¢'] < Rs/2] < €2

Hence with probability at least 1 — t£(s) we have ¢’ € Q* and |q — ¢/| < 3 for all ¢ € Q*. But then
T — left} € [0, 4width/t] as desired.

where the first step follows from >/, j21 (1) < (55,), the second step follows from (j;75,) <

Because

E[[{i € supp(2) | Eon()}] = a[=]lo,
the expected running time is

O(Rs Bt + o’z log(n/3) + sl [Ello(1 + alog(n /).
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C.5. Correctness of FindLargeIndex

The goal of this section is to prove the correctness of FINDLARGEINDEX.

The proof of this lemma is standard in literature, see Lemma 4.5 in [2]].

Lemma C.5. Suppose B = % for C larger than some fixed constant. The procedure FINDLARGEINDEX in

Algorithm 2| returns a set L of size |L| < B such that for any i € S,Pr[i € L] > 1 — O(a).
Proof. Consider any ¢ € S such that none of Ecou(i), Eor (i), and Eyeise(i) hold, as happens with
probability 1 — O(«).
Sett = logn,t’ =t/4and Rz = O(log, , (t/a)). Let widthy = n/B and width,., = widtho/(t')"2~", so
widthg,+1 < 1 for Ry = log,, (widthg + 1) < t.
In each round 75, Lemma implies that if
To0(i) € [left"™, left ") + width,.,]

then

7o (i) € [left > 1eft! >V 4 width,,, 4]
with probability at least 1 — a?(fs) =1 — a//t.

By a union bound, with probability at least 1 — o we have

mon(i) € [left} = 1eftl =T widthp, 1] = {left!™ Ty,

Thus i = ﬁ;i(left§R2+1)) € L. O

D. Proof of Main Result

In this section, we combine results in Section[Bjland Section[CJto state the proof for our main theorem.
Theorem D.1 (Restatement of Theorem . Given a collection of vectors vy, -+ ,v, € R% Let U €

R"* denote the matrix where the i-th row is the vectorization of vy, € R*%. There is a data structure
that uses O(md? + nd) space that supports the following operations:

o Inmr(vy,--- ,v, C R4n € Ny,d € Ny, k € Ny), this operation takes n(m + d2) time. This
operation takes vy, - - - , v, as inputs. It stores V € R"*%, and Fourier measurement ®U € Rm*d’
(where ® = S - F, S € R™*™ is a subsampled matrix where each row only has a single nonzero
entries, F' € C™"*" is a discrete Fourier matrix)

o UppATE(i € [n],vnew € R?), it takes index i and vector v as input, runs in O(md?) time, and
replaces v; With Vpew.

o Query(h € RY), it takes vector h € RY as input, it outputs k-sparse y € R™ such that
ly =Uhlla = min (14 e)|z —Uhllz +5[|UA]|2. (8)

This operation takes
O(ﬁnat(e_lklog(n/(S% d2a 1) + klogn ' log(n/k))

Proof. We aggregate the proof for this theorem as follow:

e By Lemma|B.]] the running time of Inir is
O(n(m + d*))

In IniT, it stores matrix V € R"*4 and ®U € R™*%’, which takes O(md? + nd) space.

Thus, we prove the space storage of our data structure.
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¢ By Lemma|B.2} the running time of UPDATE is
O(md?)

¢ By Lemma|B.3] the running time of Query is
O(Tinat (¢ klog(n/d),d*, 1) + klogn - log(n/k))

By Lemma Query takes vector h € R as input and outputs a k-sparse vector y € R”
satisfying

ly—=Uhll < — min__ (1+e€)|z—Uh| +6[[Uh|;

k—sparsez€R™
Thus, we prove the correctness of QUERY.

Thus, we complete the proof for the whole theorem. O

E. Discussion on SDP

One of the major motivation of our work is matrix sensing. In this section, we provide another
motivation which is from rank-1 semidefinite programming. Semdefinite programming [68, (69|
can be defined as follows

Definition E.1 (Semidefinite programming). Given a collection of symmetric matrices C, Ay,--- , A, €
R4 gnd a vector n € R, the goal is to solve

max (C, X)
X
s.t. <AZ,X> =b;,Vi € [TL]
X>0

where (Y, X') denote the inner product between two matrices Y and X.

Using robust central path method [68, [69] to solve semidefine programming requires to form a
Hessian matrix which can be written as

Hessian = A(S™' @ STHAT

where S € R?%? is the slack matrix, S—* ® S~! forms a matrix that has size d? x d2, and A € R"*4" is
matrix where i-th row of vectorization of A;. If we impose the additional rank-1 constraint to each
A;, then A becomes our matrix U exactly.

In each iteration of robust central path method [68, [69]], we need to compute Hessian - v for some
v € R" which can be viewed as A - h where h = (S~ @ S~})A-v € RT.

F. Exact Recovery

We provide a case where QuEry procedure could recover k-sparse vector exactly.

Lemma F.1. For |S| = k where S = {i € [n]||{(Uh);| > 1} and |(Uh);| < 1/poly(n) fori € [n]\ S, our
Query procedure can recover k-sparse y € R? exactly, i.e.

ly —Uh|lz < min ||z —Uh|l.
k—sparse z

Proof. In this case, all the index sets that FINDLARGEINDEX returns will cover the top-k coordinate. By
our VERIFICATION procedure, we find their magnitudes directly. Thus, we obtain a k-sparse recovery
exactly. 0
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G. Limitations

While our research proposes a method to separate signal estimation from frequency estimation
for clarity and specialized focus, it might also limit the integration and holistic understanding of
how these components interact within the broader scope of Sparse Fourier Transform applications.
Also, our work is based on some assumptions such as the independence of inputs, the noiselessness
of settings, and the well-specification of the model. These assumptions may not hold in practical
scenarios.

H. Impact Statement
Our research suggested an efficient algorithm to compute Sparse Fourier Transform. Future re-

searchers could potentially reduce the use of power and electricity when running real-world coding
experiments. Since our research is purely theoretical, there is no negative impacts on society.
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