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The sparse Fourier transform typically proceeds in two stages: frequency estima-
tion and signal estimation. The first recovers the set of frequencies from noisy
time-domain samples; the second constructs their corresponding magnitudes. In
most methods, signal estimation is only approximate and depends on the frequen-
cies identified in the first stage. In this paper, we study a complementary ques-
tion: given access to an oracle that returns the exact magnitude for any queried
frequency, what is the minimum number of oracle calls needed to perform a sparse
Fourier transform? For an n-point discrete Fourier transform, the naive approach
queries all n frequencies. We design the first algorithm that requires only o(n) or-
acle invocations. We further complement this upper bound with a lower bound,
derived using tools from computational complexity.

1. Introduction
Fourier transform is a fundamental tool in signal processing, engineering, theoretical computer sci-
ence, etc. Over the years of development, Fourier transform has diverse variations and profound
applications, among which Discrete Fourier transform is one of the major trends due to the discrete
nature of practical signals. The Discrete Fourier transform is defined as follows:

x̂f =
1√
n

n∑
t=1

xt exp(
−2πift

n
), where f ∈ [n], (1)

where x ∈ Cn represents the input signal, x̂ ∈ Cn represents the Fourier transform of x.
A central problem in the field of Discrete Fourier transform is how many resources we need to
perform Discrete Fourier transform [1–3]. Over the last century, well-known algorithms such as
Fast Fourier Transform [1] already showed that n log(n) time is enough for performing Discrete
Fourier transform and obtaining the precise magnitudes in the frequency domain.
However, we can do better than FFT under certain situations. In many applications [4], the reason
for using Discrete Fourier transform is that the frequency domain is sparse. In fact, the assump-
tion that the real signal is sparse under Fourier basis decomposition is widely recognized in signal
processing. A line of works [2, 3, 5–8] are centered around Sparse Fourier transform, where they
study Fourier transformwhen the frequency domain is sparse. From a computational aspect, sparse
Fourier transform concerns not only the time complexity but also the sample complexity of recon-
structing the signal [2, 3]. Here the sample complexity means the number of noisy samples that the
algorithm need to reconstruct frequency domain.
Sparse Fourier transform can be viewed as a special compressed sensing problem [8]. Given sketch
Fx̂, where x̂ ∈ Cn be a discrete vector, F is the matrix consisting of Fourier basis. The goal is to
design measurement matrix S, such that x̂ can be efficiently recovered from observation Φx̂ using
time and samples as little as possible, where Φ = S ·F . In general, such an algorithm does not exist
due to the fact that the system is under-determined [9]. However, results in compressed sensing
[9] motivate that if we assume x̂ is sparse, such a problem is doable.
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Following the idea of compressed sensing, people have developed better algorithms than FFT [2, 3,
5]. Suppose the energy of x̂∗ is concentrated in a set S of k coordinates, i.e. ∥x̂∗∥0 ≤ k, observation
is noisy samples from x = x∗ + g, where g is the noise. [2] proves that there is an algorithm that
recovers x̂∗ using k log(n) log(n/k) times and samples. When k ≪ n, such a sub-linear algorithm
is meaningful and allows us to analyze the hidden trait under big data, efficiently compute Fourier
transform under specific scenarios, reduce the number of measurements, etc. Existing works in this
field always contain two steps [2, 6–8]. In the first step, they do frequency estimation to recover
heavy coordinates. In the second step, they do signal estimation, where they recover magnitude
and reconstruct the signal based on the coordinates obtained in the former step. To better analyze
the sparse Fourier transform problem, a line of works, initialized by [10], only studies the second
step, that is how to recover the magnitude with the coordinates known. However, the first step of
sparse Fourier transform problem is not well-understood, which motivated us to propose a new
problem for a better understanding of sparse Fourier transform.
To establish the frequency estimation step, we propose a novel problem formulated as the existence
of a dynamic data structure, which cleverly hides the signal estimation step and helps us focus on
frequency estimation. In our new dynamic data structure, we use verification to replace traditional
magnitude estimation. By providing coordinates, we are able to determine magnitude exactly. This
allows us to separate the signal estimation step. Additionally, we confirm the existence of a dynamic
data structure. Our dynamic data structure supports initialize, query, and update procedures. Note
that previousworks on sparse Fourier transformneed to run the full frequency and signal estimation
algorithm when each query or update comes. Thus, they do not support dynamic queries and
updates.
On the other hand, to evaluate how far we are away from the best algorithm possible, inspiring from
the computational complexity, we provide a lower bound for the exact algorithm, which shows that,
we are in fact beating the barrier by using randomized approximation algorithm. This completes
our contribution from another aspect.

2. Related Work
Compressed sensing Compressed sensing is a powerful mathematical framework with profound
applications [11–16]. Compressed sensing aims to recover heavy coordinates of x ∈ Rn from mea-
surement y = Φx ∈ Rm. By exploiting the sparsity of x (∥x∥0 ≤ k), compressed sensing reduces
the number of measurements m and achieve sublinear dependency on n. There are two kinds of
guarantee in compressed sensing: for-all and for-each. In for-all guarantee, researchers design a
sketch for all vectors. In the for-each guarantee, researchers design a distribution over sketches for a
fixed vector. Here, we only consider the for-each model. Initial works [9, 17] shows that, for Gaus-
sian matrix ΦwithO(k log(n/k))measurements, it is possible to get ℓ2/ℓ1 guarantee for any vectors
x. Later, [18, 19] achieve the ℓ∞/ℓ2 guarantee with O(k log n) measurement, which is information
theoretical optimal. Breakthrough work [20] achieves the ℓ2/ℓ2 guarantee with O(k log(n/k))mea-
surement, and k logc n decoding time. Sparse Fourier transform is closely related to Compressed
sensing. However, in compressed sensing, people are allowed to design sketch matrix Φ arbitrary,
in sparse Fourier transform, the sketch matrix Φ is fixed to Fourier transform matrix.

Discrete Fourier transform In general, any algorithm that exactly computes Discrete Fourier trans-
form must take Ω(n) time. The Fast Fourier Transform algorithm [1] runs in O(n log n) time and
has far-reaching impact on image processing, audio processing, telecommunications, seismology,
polynomial multiplication, etc. By exploiting sparsity assumption, there are algorithms that can
outperform FFT. There are two lines of works. One line only focuses on optimizing sample com-
plexity based on the renowned Restricted Isometry Property (RIP) [21–26]. While the other line
of research achieves both sub-linear time and sample complexity. They only sample a few Fourier
coefficients. [2, 3, 5, 27–29] use filter functions that are sparse in the time domain and act as a band-
pass filter in the frequency domain. More specifically, they use the HashToBins trick to uniformly
scatter heavy coordinates to O(k) bins, filter the frequency domain, use permutation to locate co-

2



ordinates, and recover magnitude for coordinates. [30] combines the standard FFT algorithm with
careful aliasing and avoid the curse of dimensionality, while previous works have exponential de-
pendency on dimensionality due to the construction of the filter. Our work belongs to the second
line.
Orthogonal Vector Problem and Complexity The Orthogonal Vector problem (OV) in fine-
grained complexity asks whether, given sets X,Y ⊆ {0, 1}d of size n, there exist vectors x ∈ X and
y ∈ Y such that their dot product ⟨x, y⟩ = 0. The best algorithm for this problem [31, 32] has a time
complexity of n2−1/O(log c) for d = c log n, with c ≥ 1. As d increases, the complexity approaches n2.
The orthogonal vector conjecture (OVC) proposes a lower bound for OVwhen d = ω(log n), and the
Strong Exponential Time Hypothesis (SETH) suggests k-SAT’s difficulty supports OVC. This con-
jecture is crucial for establishing conditional lower bounds for many polynomial-time problems in
pattern matching [33–40], graph theory [41–46], computational geometry [47–51], attention com-
putation [52–54]. For more details, see the survey [55].

3. Problem Formulation

3.1. Notations

We use [n] to denote the set {1, . . . , n}. We use i to denote the √−1. We define ω = e−2πi/n to be
an nth root of unity. For any complex number a, we use ϕ(a) ∈ [0, 2π] to denote the phase of a. For
a complex number a and a real positive number b, the expression a± b denotes a complex number
a′ such that |a− a′| ≤ b. For a vector x ∈ Cn, its support is denoted by supp(x) ⊂ [n]. We use ∥x∥0
to denote | supp(x)|, the number of non-zero coordinates of x. Its Fourier spectrum is denoted by
x̂, with x̂i =

1√
n

∑
j∈[n] ω

ijxj . For a vector of length n, indices should be interpreted modulo n, so
x−i = xn−i. This allows us to define convolution (x ∗ y)i =

∑
j∈[n] xjyi−j and the coordinate-wise

product (x · y)i = xiyi, so x̂ · y = x̂ ∗ ŷ. In addition, we define πσ,b(i) = σ(i − b) mod n, hσ,b(i) =
round(πσ,b(i)B/n) and oσ,b(i) = πσ,b(i) − hσ,b(i)n/B. We say hσ,b(i) is the “bin" that frequency i is
mapped into, and oσ,b(i) is the “offset". We define h−1

σ,b(j) = {i ∈ [n] | hσ,b(i) = j}.

We define the time complexity and exponent of matrix multiplication as follows.
Definition 3.1 (Time Complexity of Matrix Multiplication). we use Tmat(a, b, c) to denote the time of
multiplying an a× b matrix with another b× c matrix.
Definition 3.2 (Fast matrix multiplication). We use ω to denote the exponent of matrix multiplication,
i.e., Tmat(n, n, n) = nω . Currently ω ≈ 2.371 [56–60].

3.2. Structured Fourier Measurement-based Data Structure

Now, we formulate our Structured Fourier Measurement-based Data Structure problem.
Given a matrix H ∈ Rd×d and a tensor family that are composed by rank 1 matrix
{[v1v⊤1 , · · · , vnv⊤n ]⊤ ∈ Rn×d×d | v1, · · · , vn ∈ Rd} [61–67] 3, we want to recover heavy coordinates
(the coordinates with large entries) of Rd vector in following space:

{[⟨v1v⊤1 , H⟩, · · · , ⟨vnv⊤n , H⟩]⊤ ∈ Rn| v1, · · · , vn ∈ Rd}.

To simplify the notation, we squeeze matrix to tensor and tensor to matrix. Then we can restate our
objective as follows: Let U ∈ Rn×d2 be a linear projection in a specific family such that

U ∈ {[vec(v1v⊤1 ), · · · , vec(vnv⊤n )]⊤| v1, · · · , vn ∈ Rd}.

Wewill focus on studying Sparse Fourier transform on {U ·h|h ∈ d2}, a subspace ofRn. Suppose we
can observe Fourier measurement F ·(U ·h) ∈ Rn of U ·h, we only sample a small sizem≪ n subset

3Except for a number of about matrix sensing. Another angle to motivate this problem is semi-definite pro-
gramming [68, 69]. We believe definingU as an n×d2 matrix has connection to the semidefinite programming
which with n rank-1 d× d data matrix [68, 69]. For more detailed discussion, we refer the readers to Section E.
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of [n]. We call the sub-samplingmatrix S ∈ Rm×n, andwe are allowed to design S to optimize costs.
Thus, combining Fourier coefficient matrix with sub-sampling matrix, we get that the sketch matrix
of U · h is Φ = S · F ∈ Rm×n, and the samples are Φ · (U · h) = (S · F ) · (U · h) ∈ Rm. We want to
approximately recover top k heavy coordinates of U · h , that is, we aim to output a k-sparse matrix
y ∈ Rn such that ∥y − Uh∥2 ≤ (1 + ϵ)mink−sparse z ∥z − Uh∥2.

However, given fixed U and h, designing S or Φ to optimize time cost is a static problem. To make
the problem more difficult, we study a dynamic version of the problem above. We hope to support
two dynamic operations Update andQuery. Update supports updatingU ∈ Rn×d2 . Query supports
to query different h ∈ Rd2 for current U , and output desired y.
First, we formally define Fourier measurement as follows:
Definition 3.3 (Fourier measurement). Given a collection of vectors v1, · · · , vn ∈ Rd, U ∈ Rn×d2

denotes the matrix where the i-th row is the vectorization of viv⊤i ∈ Rd×d. Given vector h ∈ Rd2 .

LetF ∈ Cn×n be a discrete Fouriermatrix: Fi,j = e−2πiij/n. For each i ∈ [n], we define Fouriermeasurement
(or Fourier sample) as (FUh)i.

We can see that Φ = S ·F select a few rows from F . Note that for any i, (FUh)i is Fourier measure-
ment. We are allowed to take any Fourier measurements, e.g. can access any i. But our algorithm
can only take a small subset of all the Fourier measurements.
The formal definition of our problem is as follows:
Definition 3.4 (Structured Fourier Measurement (SFM)-based Data Structure ). Given a collection
of vectors v1, · · · , vn ∈ Rd. The goal is to design Fourier measurements (defined in Definition 3.3) based
data structure that supports the following operations:

• Init(v1, · · · , vn ∈ Rd, n ∈ N+): the data structure finishes initialization.

• Update(i ∈ [n], vnew ∈ Rd): Given index i and vector v, the Update operation assign vi with
vnew.

• Query(h ∈ Rd2

): Given vector h, the Query operation outputs a k-sparse vector y such that ∥y −
Uh∥2 ≤ (1 + ϵ)mink−sparse z ∥z − Uh∥2 with high probability, where U ∈ Rn×d2 denotes the
matrix where the i-th row is the vectorization of viv⊤i ∈ Rd×d.

Note that Φ ∈ Rm×n. Suppose we can get sub-linear sample complexity, thenm is sub-linear. How-
ever, because the size of Φ is linear in mn, to recover y in sub-linear time, we can only access a few
elements of Φ, which makes our problem highly non-trivial.

4. Our Result - A Fast Approximated Data Structure
In this section, we state the main result. We give an affirmative answer to the problem that we pro-
posed in Definition 3.4. It states that there is a structured Fouriermeasurement-based data structure
that can handle online Update and Query efficiently. For the data structure that we proposed, we
also give the value of the three metrics in Definition 4.3, 4.4, 4.5.

4.1. Main Result

Theorem 4.1 (Our result, informal version of Theorem D.1). Given a collection of vectors v1, · · · , vn ∈
Rd. Let U ∈ Rn×d2 denote the matrix where the i-th row is the vectorization of viv⊤i ∈ Rd×d. Let m :=
k log n log(n/k). There is a data structure that usesO(md2+nd) space that supports the following operations:

• Init(v1, · · · , vn ⊂ Rd, n ∈ N+, d ∈ N+, k ∈ N+), this operation takes n(m + d2) time. This
operation takes v1, · · · , vn as inputs. It stores V ∈ Rn×d, and Fourier measurement ΦU ∈ Rm×d2

(where Φ = S · F , S ∈ Rm×n is a subsampled matrix where each row only has a single nonzero
entries, F ∈ Cn×n is a discrete Fourier matrix)
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• Update(i ∈ [n], vnew ∈ Rd), it takes index i and vector v as input, runs in O(md2) time, and
replaces vi with vnew.

• Query(h ∈ Rd2

), it takes vector h ∈ Rd2 as input, it outputs O(k)-sparse y ∈ Rn such that

∥y − Uh∥2 ≤ (1 + ϵ) min
k−sparse z

∥z − Uh∥2.

This operation takes time O(ϵ−1k log(n)d2 + k log n · log(n/k)).

Further, let S = {i ∈ [n] | |(U ·h)i| > 1}. If |S| = k, and for any i ̸∈ S, |(U ·h)i| < 1/ poly(n), our Query
outputs k-sparse y ∈ Rn such that

∥y − Uh∥2 ≤ min
k−sparse z

∥z − Uh∥2.

In the Query operation, if ϵ goes to 0, and y be exactly k-sparse, the inequality becomes the equal,
and y must contain exactly the top-k coordinates in U · h. More specifically, the k-sparse z that
minimize ∥z − Uh∥2 contains the largest k elements in U · h because each term in U · h contributes
independently to the ℓ2 norm and theminimized ∥z−Uh∥2 picks out the large terms inUh greedily.
If the ground truth signal U · h has k heavy entries larger than 1, and all the noise entries below
1/ poly(n), our Query can find the those k heavy entries exactly. In general, our output y is O(k)-
sparse, our approximation ratio is also 1+ ϵ, thus our guarantee indicates that we can find the top-k
coordinates approximately. Or equivalently, we can find the “heavy” coordinates in U · h. Because
m depends linearly on k and logarithmically on n, thus m is sub-linear. When we choose d also to
be sub-linear, both the Query and Update time is sub-linear, and only the Init time is linear in n,
which shows that our algorithm is very efficient.

4.2. Optimization Objectives

In this section, we introduce objectives in solving our problem in Definition 3.4. First, we define
Measurements or Samples as follows:
Definition 4.2 (Measurements/Samples). Let S ∈ Rm×n be the subsampling matrix where each row
contains only a single nonzero entry and m is the number of measurements. Then, we define the sketch
matrix Φ = S · F .

Although we can sample any Fourier measurement (FUh)i as long as i ∈ [n], we hope to sample as
few as possible while keeping the time complexity small. The subsampling matrix S represents the
indices of the samples that our algorithm takes.
Definition 4.3 (Computing Measurements/Samples time). For any query vector h ∈ Rd2 , we say “the
time of computing measurements/samples” is the time of computing ΦU · h.

This definition corresponds to the encoding time of compressed sensing.
Then, we define the the time of recovering:
Definition 4.4 (Recover time). Let U, h be defined as in Definition 3.4, Φ be defined as in Definition 4.2.
Given access to ΦUh ∈ Rm, we say “the time of recovering” is the time of finding an index set L ⊂ [n], such
that there exists a vector y ∈ Rn such that

∥yL − Uh∥2 ≤ (1 + ϵ) min
k−sparse z

∥z − Uh∥2,

Next, we define the the time of verification:
Definition 4.5 (Verification time). Given U ∈ Rn×d2 , for any query vector h ∈ Rd2 and any set L ⊂ [n],
we say verification time for set L is the time of computing (Uh)L.

Those three metrics can be viewed as a detailed discussion on Query operation. Combine the three
time complexity together, we can get the time complexity of the Query operation. We state our
results as follows:
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Theorem 4.6 (Metrics). For the data structure in Theorem 4.1, we have that The time of computing
measurements/samples in Definition 4.3 is Tmat(|L|, d2, 1). The time of recovering in Definition 4.4 is
O((k log n+Tsam)·log(n/k)).The time of verification inDefinition 4.5 is (|L|/d)·Tmat(d, d, d). Tmat(a, b, c)
is the time of multiplying an a× bmatrix with b× cmatrix, Tsam is the running time of sampling an element
from a set uniformly.

Note that all of the three time is sub-linear in n. Moreover, sincewe need to output at least k sparsity,
the time of recovering is theoretically nearly optimal. We provide lower bound analysis for exact
running time in the next section.

5. Our Result - A Lower Bound For Exact Data Structure
In this section, we provide a lower bound discussion here.

5.1. Previous results on Maximum Inner Product

We state a result considering the maximum bichromatic inner product lower bound here [50]. For
more background about complexity involving SETH and OVC, we refer reader to Appendix A.7.
Definition 5.1 (Bichromatic Maximum Inner Product (Max− IPn,d)). For n, d ∈ N , the Max− IPn,d

probelm is defined as: given two sets A,B each consisting of n vectors from {0, 1}d compute
OPT(A,B) := max

a∈A,b∈B
a · b.

We use Z−Max− IPn,d to denote the same problem, with A,B being sets of vectors from Zd.

Then we introduce the theorem in previous work about lower bound for Maximum bichromatic
inner product.
Theorem 5.2 (Maximum bichromatic inner product lower bound [50]). Under assumption of SETH
(Definition A.7) or OVC (Definition A.9), there is a constant c such that any exact algorithm for Z−Max−
IPn,d in dimension d = clog

∗ n requires n2−o(1) time, with vectors of O(log n)-bit entries.

5.2. Lower Bound by Reduction fromMaximum Inner Product Search

Definition 5.3 (Exact Structured Fourier Measurement (SFM)-based Data Structure, exact version
ofDefinition 3.4). FollowingDefinition 3.4, our goal is given vector h, Query(h ∈ Rd2

, k ∈ [n]) can output
the top-k entries of vector Uh, where U ∈ Rn×d2 denotes the matrix where the i-th row is the vectorization of
viv

⊤
i ∈ Rd×d.

Theorem 5.4 (Lower Bound for exact SFM). Let d = 2O(log∗ n). Given SETH and OVC, the exact SFM
(Definition 3.4) cannot support initialization time of O(n) and query time of O(n1−ϵ) for any ϵ ∈ (0, 1).

Proof. Let ϵ > 0 be a parameter. We consider m ≥ n and d = clog
∗(n), where c is defined as in

Theorem 5.2. Assume there is a data structure on a instance on a pair of size n sets of points in d
dimensional space, with an update time of O(n1−ϵ) and query time of O(n1−ϵ). Following Theo-
rem 5.2, we construct a hard instance of Z−Max− IPm,d problemwithH = {h1, . . . , hn} ⊆ Zd2

, V =

{v1, . . . , vn} ⊆ Zd2 .
We first call Init(V ) to initialize the data structure, which takes time O(n).
Now for each i ∈ [n], call Query(hi, 1) to get the largest inner product between hi and for every vj
for j ∈ [n]. This takes time O(n · n1−ϵ) = O(n2−ϵ) for all i ∈ [n]. Now by comparing all the largest
inner product from the previous step, we get OPT(H,V ). This step takes time O(n).
Above algorithm implies that Z−Max− IPn,d problem can be solved in timeO(n2−ϵ+n) = O(n2−ϵ).
This contradicts Theorem 5.2. Hence, this data structure cannot exist.

Our data structure (Theorem 4.1) in fact runs faster than this lower bound, which shows that we
beats the computational barrier by randomization techniques, with a little sacrifice of accuracy.
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6. Technical Overview
The following sections contain a streamlined technical overview of the main ideas and techniques
required to prove our results in Theorem 4.1. Our goal is to support theUpdate operation andQuery
operation in Definition 3.4, while optimizing the time of computing measurement in Definition 4.3,
the time of recovering in Definition 4.4, and the time of verification in Definition 4.5.
Our three steps’ running times are not independent. Their costs depend on the previous step. Note
that verification has a strong connection with recovering heavy coordinates. Verification correctly
gives all the information of the set of coordinates. Although verification can not tell the relative
magnitude among all the n coordinates, verification answers the magnitude of a set of coordinates
exactly. Suppose we have a black box to recover a constant fraction of heavy coordinates in fre-
quency domain, we call the black box or oracle, and successively verify the magnitude of the set of
coordinates outputted by the black box. The set of coordinates and its corresponding magnitude
form a recovered signal. This recovered signal may not be good, but we can repeatedly call the black
box again by subtracting this signal from the original signal. Doing this iteratively can recover the
signal with high accuracy. Thus, with verification as oracle, we may get a better recovery algorithm
with better running time.
The key is to utilize the dynamic inherent property of our problem and the properties of matrix
multiplication. By moving redundant computation to the initialization step, we save Tmat(m,n, d2)
time each time we encounter a Query operation. In addition to the above optimization, we leverage
the properties of sparse matrix, rank 1matrix, and fast matrix multiplication, which leads to a better
result on time complexity.

6.1. Update

To support dynamic operations, computing measurement, recovering, and verification are called
when each online operations come. By leveraging the similarity between each call of those opera-
tions, we may be able to save the cost of time by pre-processing. In measurement computing, we
need to compute S ·F ·U ·h. When a different query h comes, computing S ·F ·U is redundant. Thus,
if there is no Update operation, we can simply pre-compute M = S · F · U in Init procedure, and
computeM ·h each time. When an update of vi comes, U = [vec(v1v

⊤
1 ), vec(v2v

⊤
2 ), · · · , vec(vnv⊤n )]⊤

changed correspondingly. Thus, we need to compute a newMnew based on the new Unew. Naively,
Mnew is computed by multiplying, S, F , U together again. However, by carefully analyzing the dif-
ference brought by the update, we can do better. As shown in Algorithm 1 Procedure Update, we
represent the difference of U by C = Unew − U =

[
0 · · · vec(vnewv

⊤
new)− vec(viv

⊤
i ) · · · 0

]⊤,
where 0 is an all zero vectors that has length d2. Then, we have Mnew = SFUnew = ΦC +M. Note
that C is a sparse matrix, computing S · F · C is much faster than S · F · Unew.
Lemma 6.1 (Running Time of Init, Algorithm 1, Algorithm 2, see Lemma B.1 for formal version
with proof). Given {v1, · · · , vn}, n ∈ N+, d ∈ N+, k ∈ N+, procedure Init stores vectors {v1, · · · , vn}
into V , creates Φ ∈ Rm×n and stores ΦU into M , where U is in Rn×d2 and i-th row of U is vectorization
viv

⊤
i . This procedure takes O(n(m+ d2)).

Lemma 6.2 (Running Time of Update, see Lemma B.2 for formal version with proof). Given i ∈ [n]
and z ∈ Rd, procedure Update takes i and v as inputs and runs in O(md2) time.

6.2. Verification

As shown inAlgorithm 1, Procedure Verified verifies themagnitudes for a set of coordinatesL ofU ·
h. When large coordinates are located, previous works need to estimate these magnitudes by using
HashToBins. They use HashToBins because when the frequency is isolated, the total energy in the
hashed bin can be used to approximate the magnitude. However, using HashToBins to estimate
magnitude is time-consuming and has a low accuracy. In our setting, the structured signal makes
it easy to verify the large coefficients. We have direct access to them by calculating entries of U · h.
Given an index set L ⊂ [n] returned by Procedure FindLargeIndex in Algorithm 1, we can verify
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the coefficients by calculating (U · h)L in O(|L|/d · Tmat(d, d, d)) time. The small running time is
due to a critical feature of our data structure: Our input signal are well-structured, and it supports
dynamic operations. Let V inRd×d denotes the matrix whose i-th row is vi. Let matrixH inRd×d be
the matrix version of h ∈ Rd2 . Then, we are able to accelerate computation of (Uh)L by computing
matrix V HV ⊤ and then taking the diagonal entries: (V HV ⊤)i,i = (Uh)i.
6.3. Structured HashToBins
StructuredHashToBins randomly shuffles all the n frequency coordinates, divides the frequency
domain into B = O(k) equally-spaced bins, and collects rotated magnitudes. With a high proba-
bility, each bin only contains a single approximately top-k frequency, which allows us to recover its
magnitude. We call a single approximately top-k coordinate isolated when it is hashed to a bin that
only contains itself. Then, StructuredHashToBins transforms the problem of recovering k heavy
coordinates to recovering each isolated coordinate separately. This transformation can be imple-
mented by multiplying the signal in the frequency domain with a filter function. However, each
approximately top-k coordinate becomes isolated only with constant probability, which means we
can only recover a constant fraction of coordinates at one time. Note that we do not use the full
sketch Φ, we only use a part of it. In each call to StructuredHashToBins, we do Fourier transform
on O(k)measurements, which means that we only use O(k) rows out of the n rows of Φ.
Our StructuredHashToBins supports multiple Query and Update operations on the fly. The key
idea is that we fix the randomness when we initialize our data structure StructuredFourier. We
create M each time online operations come. By fixing Φ,L,M and pre-processing them during
initialization, we only observe part ofM when StructuredHashToBins is invoked, thus reduce time
complexity. More specifically, we pre-compute the coordinates of measurements in time domain
by the parameters of our filter function and the parameters of our random shuffling. When each
Query comes, we call ComputeMeasurements to calculate measurements online, then we transform
this information to the frequency domain.
Lemma 6.3 (Running Time of ComputingMeasurements, see Lemma B.4 for formal version with
proof). Given an index set L ⊂ [n], the running time of ComputingMeasurements is Tmat(|L|, d2, 1).
Lemma 6.4 (Running Time of StructuredHashToBins, Algorithm 4, see Lemma B.5 for formal ver-
sion with proof). Let η = |{i ∈ supp(ẑ) | Eoff(i)}|. The running time of StructuredHashToBins is
O(Tmat(

B
α log(n/δ), d2, 1) + ∥ẑ∥0 + η log(n/δ)).

6.4. Find large index
In this step, we utilize the StructuredHashToBins trick. The transformed Fourier measurements of
StructuredHashToBins contains information about large coefficients. Then, we extract the phase
and frequency from the Fourier measurements, and determine the location (index) of the large
coordinates by a voting procedure. The running time of FindLargeIndex is dominated by the call of
StructuredHashToBins. The running time of StructuredHashToBins is dominated by the number
of bins, which is linear in k.
In the FindLargeIndex procedure in Algorithm 1, R is the number of iterations. ẑ(j) is the residual
signal, where j is number of iterations. Naively, FindLargeIndex should take x− z(j) as parameter.
However, computing x − z(j) efficiently in sub-linear is intractable. Thus, we first hash x into the
bins. We defer the computation of residual signal after we get the energy in each bins. We shuffle
ẑ(j) according to the same strategy that shuffle x̂, and subtract the energy in each bins by the corre-
sponding energy of ẑ(j). The parameter Br is the number of bins in this round. The parameter αr

controls the fraction of heavy coordinates that can be recovered in this iteration.
To prove the correctness of the FindLargeIndex procedure in Algorithm 1, we first notice that there
are three kinds of bad event. In the first event, two heavy coordinates are hashed into the same bin.
This is unlikely to happen because we can choose B larger than any constant times of k. Moreover,
each coordinate can be shuffled into any new coordinates. It is hard to collide. In the second event,
the heavy coordinate are hashed into the edge of a bin. This happens because we are not using ideal
filter. To get sub-linear time, we hope our filter to be sparse in time domain, while look like a ideal
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filter as much as possible. Because the filter should be sparse, thus band-limit in time domain, the
filter drops high frequency component and becomes smooth on the edge of what supposed to be
sharp in a box function. However, we can control the length of the smooth area to be small. Thus
this kind of event is also not likely to happen. In the third event, the non-heavy coordinates is not
shuffled evenly, which means that the heavy coordinate can not dominate the bin because the noise
is too strong. Since our shuffle strategy is random enough, byMarkov inequality, this is also unlikely
to happen.
Conditioned on only a good event happening, there is exactly one heavy coordinate in a bin, and
all the other bins are filtered out by the approximate ideal filter. This process narrows down our
focus, allowing us to efficiently locate the index of the heavy coordinates in the bin. It’s important
to recognize that any shift in the time domain results in a corresponding rotation in the frequency
domain. This rotation is not solely related to time shifts but is also influenced by the position of the
coordinates in the frequency domain. By randomly shifting x, we reduce the impact of the length
of the shift in the frequency domain, providing us with helpful clues to identify the position of the
heavy coordinate. These random shifts and the filtering together help refine the accuracy of the
identification process, ensuring we can locate the heavy coordinate effectively despite any potential
noise or complexities in the system.
However, rotation in frequency domain alwaysmodular 2π. We still need to decode the real position
from the phase of a complex number. In general, it is impossible to recover an exact coordinate by
a single phase. However, by repeating with different length of shifting in time domain, we can get
different phases. We can prove that, with a lowprobability, two coordinates can perform similarly in
all those shifting. Thus, we use log(n)-ary search. We go through log(n) length arithmetic series and
test whether the current coordinate have the desired phases. By repeating the search for logarithmic
times, we can locate heavy coordinate exactly.

6.5. Query

Given a query h ∈ Rd2 , we query the approximately largest k coordinates of structured signal
Uh ∈ Rd by using Fourier measurements. As shown in Algorithm 1, Procedure Query calls Pro-
cedure FindLargeIndex for R times. Let the call to one FindLargeIndex be an iteration. After each
iteration, we verify the magnitude of those coordinates, and reconstruct an signal that can approx-
imate the Fourier measurement of the ground truth. We subtract our reconstructed signal out of
the ground truth Fourier measurement and obtain a new signal. The new signal only contains a
small fraction of energy of the signal that before subtraction. By iterating for logarithmic time, we
can cover each approximately top-k coordinate with high probability. Thus, we successfully locate
all the top-k heavy coordinates. Note that because we can recover a constant fraction of coordinates
in each iteration, the number of recovered coordinates and the running time of each iteration forms
a geometric series. Therefore, the computational cost of the first time iteration determines the total
time complexity.

7. Conclusion

The study of Sparse Fourier Transform (SFT) is crucial in signal processing, especially for frequency
and signal estimation, as shown in prior research [2, 6, 7]. In this work, we focus on signal estima-
tion and introduce a new problem of frequency estimation under structured sparse recovery with
Fourier Measurements. This dynamic sub-problem of the classic sparse Fourier transform allows
for a detailed exploration of frequency estimation challenges. We propose an efficient algorithm
to solve this problem, providing a foundation for future research and applications. Moreover, our
data structure supports online updates and queries in sub-linear time, enhancing the practicality in
real-world scenarios.
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Appendix
Roadmap. In Section A, we introduce some basic notations, definitions and properties that are use-
ful to prove the our results. In Section B, we begin to analyse the running time of our algorithm.
In Section C, we move to the correctness of the algorithm. In Section D, we put the results above
together to prove our main Theorem 4.1. In Section E, we talk about the motivation of our setting
from Semidefinite Programming. In Section F, we show a case when we can recover top-k coordi-
nates exactly. Section G discusses the limitation of this work. Finally, Section H discusses potential
societal impact of this work.

A. Preliminaries
In this section, we introduce the notation, definitions and properties used in the rest of this paper.
In Section A.1, we state the notations we used in the proofs. In Section A.2 we introduce the modu-
lar property. In Section A.3 we introduce the permutation function, In Section A.4 we introduce the
filter function. In SectionA.5we state the property of StructuredHashToBin. We introduce theDis-
crete Fourier Transform in Section A.6. We introduce objectives in solving our problem in Definition
3.4 in Section 4.2. We introduce SETH and OVC from computational complexity in Section A.7.

A.1. More Notation

We list the following notations that will be used in our proofs. Define πσ,b(i) = σ(i − b) mod
n, hσ,b(i) = round(πσ,b(i)B/n) and oσ,b(i) = πσ,b(i) − hσ,b(i)n/B. We say hσ,b(i) is the “bin" that
frequency i is mapped into, and oσ,b(i) is the “offset". We define h−1

σ,b(j) = {i ∈ [n] | hσ,b(i) = j} and
error(Uh, k) = mink−sparsey ∥Uh− y∥2.

A.2. Modular Property

The goal of this section is to introduce modular property.
Lemma A.1 (Lemma 4.3 in [2]). Let T ⊂ [m] consist of t consecutive integers, and suppose β ∈ T
uniformly at random. Then for any i ∈ [n] and set S ⊂ [n] of l consecutive integers.

Pr[βi mod n ∈ S] ≤ ⌈im/n⌉(1 + ⌊l/i⌋)/t ≤ 1

t
+

im

nt
+

lm

bt
+

l

it

We use the following lemma from [3]:
Lemma A.2 (Lemma 3.6 of [3]). If j ̸= 0, n is a power of two, and σ is a uniformly random odd number
in [n], then Pr[σj ∈ [−C,C] (modn) ] ≤ 4C/n.

A.3. Permutation Function

When i ∈ Z is an index into an n-dimensional vector, sometimes we use |i| to denote
minj≡i( (mod n)) |j|.
We use the standard permutation from literature [3].
Definition A.3. Suppose σ−1 exists (mod n). We define the permutation Pσ,a,b by

(Pσ,a,bx)i = xσ(i−a)ω
σbi.

We also define πσ,b(i) = σ(i− b) (mod n).

Next lemma shows how P permutate signal x in the frequency domain.
Lemma A.4 (Claim 2.2 in [2]). P̂σ,a,bxπσ,b(i) = x̂iω

aσi.



A.4. Filter Function

In this section, we define the filter function.
Definition A.5 (Definition 2.3 of [2]). We say that (G, Ĝ′) = (GB,δ,α, Ĝ′

B,δ,α) ∈ Rn × Rn is a flat
window function with parameters B ≥ 1, δ > 0, and α > 0 if | supp(G)| = O(Bα log(n/δ)) and Ĝ′ satisfies

• Ĝ′
i = 1 for |i| ≤ (1− α)n/(2B)

• Ĝ′
i = 0 for |i| ≥ n/(2B)

• Ĝ′
i ∈ [0, 1] for all i

• ∥Ĝ′ − Ĝ∥∞ < δ.

The above notion corresponds to the (1/(2B), (1−α)/(2B), δ, O(B/α log(n/δ))-flatwindow function
in [3].
The fact that Ĝ′

i takesω(1) time to compute for i ∈ [(1−α)n/(2B), n/(2B)]will add some complexity
to our algorithm and analysis. We will need to ensure that we rarely need to compute such values.
A practical implementation might find it more convenient to precompute the window functions in
a preprocessing stage, rather than computing them on the fly.

A.5. Property of StructuredHashToBins

The goal of this section is to present the output of StructuredHashToBin
Lemma A.6. Suppose B divides n. The output û of StructuredHashToBins satisfies

ûj =
∑

hσ,b(i)=j

( ̂UhL − z)i(Ĝ′
B,δ,α)−oσ,b(i)ω

aσi ± δ∥Ûh∥1

Proof. Define the flat window functions G = GB,δ,α and Ĝ′ = ̂G′B, δ, α. We have

ŷ = ̂G · Pσ,a,bUh = Ĝ ∗ ̂Pσ,a,bUh

ŷ′ = Ĝ′ ∗ ̂Pσ,a,b(Uh− z) + (Ĝ− Ĝ′) ∗ ̂Pσ,a,bUh

By lemma A.4, the coordinates of ̂Pσ,a,bUh and Ûh have the same magnitudes with different order-
ing and phase. Therefore

∥(Ĝ− Ĝ′) ∗ ̂Pσ,a,bUh∥∞ ≤ ∥Ĝ− Ĝ′∥∞∥ ̂Pσ,a,bUh∥1 ≤ δ∥Ûh∥1

and hence

ûj = ŷ′jn/B =
∑

|l|<n/(2B)

Ĝ′
−l(

̂Pσ,a,b(Uh− z)jn/B+l ± δ∥Ûh∥1

=
∑

|πσ,b(i)−jn/B|<n/(2B)

Ĝ′
jn/B−πσ,b(i)

( ̂Pσ,a,b(Uh− z))πσ,b(i) ± δ∥Ûh∥1

=
∑

hσ,b(i)=j

Ĝ′
−oσ,b(i)

Ûh− ziw
aσi ± δ∥Ûh∥1

Thus, we complete the proof.
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A.6. Discrete Fourier transform

In this section, we define Fourier transform related notations. Discrete Fourier Transform is already
defined as in Eq. (1). Next, we define inverse Fourier transform of x ∈ Cn as follows:

xt =
1√
n

n∑
f=1

x̂f exp(
2πift

n
), where t ∈ [n],

A.7. SETH and OVC

Here we introduce some notions from computational complexity, for our analysis of lower bound.
Definition A.7 (Strong exponential time hypothesis (SETH) [70, 71]). For any ε > 0, there exists a
k = k(ε) such that the k-SAT problem with n variables cannot be solved in time O(21−ϵn).

In order to introduce OVC, we need to define Orthogonal Vector problem first.
Definition A.8 (Orthogonal Vector problem). Given a set of n vectors {v1, . . . , vn} ⊆ {0, 1}d in d-
dimensional space. We ask if there exists (i, j) ∈ [n]× [n] such that ⟨vi, vj⟩ = 0.
Definition A.9 (Orthogonal vector conjecture (OVC) [33, 36, 72, 73]). For every ε > 0, there exists a
c = c(ε) > 1 such that OV cannot be solved in n2−ε time when d = c log n.

B. Running Time Analysis
This section is organized as follows: In Section B.1, we present the running time of Init. We will
show how to construct Fourier measurementΦ and calculate the structure matrixU , which involves
fast matrix computation. Section B.2 presents the running time of Update. We show that to update
the i-th ector vi with a new vector z, it suffices to take O(md2) matrix computation time. We ana-
lyze the running time of Query in Section B.3. We unify the results in Section B.4, Section B.5 and
Section B.6 to compute the running time of Query, which is based on the formula Query time =
Computing sample time + Locate Signal time + Verification time. Next three sections describe the
running time of three different procedures in the same iteration in Query. We will show the run-
ning time per iteration and for the whole iterative process. In section B.4, we present the running
time of StructuredHashToBins. The computation cost is divided into four parts which correspond
to the four steps of calculating StructuredHashToBins. It is dominated by the support of signals
and number of bins. Section B.5 shows the running time of Verification. Due to the matrix struc-
ture, we can use fast matrix computation to accelerate the computation in Verification. Finally, we
demonstrate the running time of LocatSignal in section B.6. Analysis in this part starts from Find-
LargeIndexInner, which is in a forloop of FindLargeIndex. Using the running time of the inner
loop, we obtain the total running time by determining the number of loops

B.1. Running Time of Init

The goal of this section is to prove the running time of Init.
Lemma B.1 (Running Time of Init, Algorithm 1, Algorithm 2). Given {v1, · · · , vn}, n ∈ N+, d ∈
N+, k ∈ N+, procedure Init stores vectors {v1, · · · , vn} into V , creates Φ ∈ Rm×n and stores ΦU into M ,
where U is in Rn×d2 and i-th row of U is vectorization viv

⊤
i . This procedure takes O(d2n log n) time.

Proof. In Init, line 8 takes O(nd) time to store n vectors in Rd, line 9 takes O(mn) time to creat Φ
and line 10 takesO(nd2) time to calculate ΦU . The running time of InitParameters and InitSupport
is O(log(k) log(n/k)), which can be ignored compared to other steps. Putting it all together, the
running time of Init is

O(nd) +O(nm) +O(nd2)

= O(n(m+ d2))

Thus, we complete the proof.
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Algorithm 1 Structured Fourier
1: data structure StructuredFourier ▷ Theorem 4.1
2: member
3: n, k, d ∈ N+

4: δ ∈ (0, 0.1)

5: V ∈ Rn×d,M ∈ Rm×d2

,Φ ∈ Rm×n

6: list L ▷ A list that maps (GB,α,δ, Pσ,a,b) to a subset of [n]
7: procedure Init(v1, · · · , vn ∈ Rd, n ∈ N+, d ∈ N+, k ∈ N+, δ ∈ (0, 0.1)) ▷ Lemma B.1
8: V ← {v1, · · · , vn} ▷ This step takes nd time
9: Create Φ and L ▷ This step takes mn time
10: M ← ΦU ▷ This step takes O(nd2) time
11: InitParameters(k, n)
12: InitSupport(σ, a, b, B, α, δ)
13: end procedure
14: procedure Update(i ∈ [n], vnew ∈ Rd) ▷ Lemma B.2
15: Let C ∈ Rn×d2 where i-th row is vec(vnewv⊤new)− vec(viv

⊤
i ) and all the other rows is 0

16: vi ← vnew
17: M ←M +Φ · C ▷ This step takes O(md2)
18: end procedure
19: procedure Query(h ∈ Rd2) ▷ Lemma B.3, C.2
20: ẑ(1) ← 0
21: for r1 = 1→ R1 do
22: Lr1 ← FindLargeIndex(h, ẑ(r1), r1) ▷ Lemma B.11, B.12, C.5
23: ẑ(r1+1) ← ẑ(r1) + Verified(Lr1)
24: end for
25: return ẑ(R1+1)

26: end procedure
27: procedure Verified(h ∈ Rd2

, L ⊂ [n]) ▷ Lemma B.9
28: return (U · h)L
29: end procedure
30: procedure ComputingMeasurements(h ∈ Rd2

, L ⊂ [n]) ▷ Lemma B.4
31: return (M · h)L
32: end procedure
33: end data structure

B.2. Running Time of Update

In this section, we prove the running time of Update.
Lemma B.2 (Running Time of Update). Given index i ∈ [n] and vector z ∈ Rd, procedure Update takes
i and v as inputs and runs in O(md2) time.

Proof. In Update, line 14 takesO(d) time, line 15 takesO(d2) time and line 17 takesO(md2). Putting
it all together, the total running time of Update is

O(d) +O(d2) +O(md2)

= O(md2)

Thus, we compelte the proof.

B.3. Running Time of Query

The goal of this section is to prove the running time of Query.
Lemma B.3 (Running time of Query). Given query h ∈ Rd2 , procedure Query runs in time

O(Tmat(
k

ϵ
log(n/δ), d2, 1) + k log n · log(n/k))
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Algorithm 2 Structured Fourier, Initialize Parameters
1: data structure StructuredFourier
2: members
3: t, R1 ▷ quantity
4: B, σ, α, α, b, w,R2, R3 ▷ one dimensional array
5: width ▷ two dimensional array
6: a, β ▷ three dimensional array
7: end members
8: procedure InitParameters(k, n)
9: t← log n
10: R← O(log k/ log log k)
11: /*One dimensional array*/
12: for r1 = 1 = 1→ R1 do
13: B[r1]← O(kαr1/(ϵr1

2))
14: α[r1]← O(1/r1

2)
15: α[r1]← Θ(α[r1]

1/3)
16: σ[r1]← Choose from odd numbers in [n] uniformly at random
17: b[r1]← Choose from [n] uniformly at random
18: w[r1]← n/B[r1]
19: R2[r1]← logt/4(w[r1] + 1)

20: R3[r1] = Θ(log1/α(t/α))
21: end for
22: /*Two dimensional array*/
23: for r1 = 1→ R1 do
24: for r2 = 1→ R2[r1] do
25: width[r1, r2]← w[r1]/(t/4)

r2−1

26: end for
27: end for
28: /*Three dimensional array*/
29: for r1 = 1→ R1 do
30: for r2 = 1→ R2[r1] do
31: for r3 = 1→ R3[r1] do
32: Choose a[r1, r2, r3] ∈ [n] uniformly at random
33: Choose β[r1, r2, r3] ∈ { α[r1]nt

4width[r1,r2]
, · · · , α[r1]nt

2width[r1,r2]
} uniformly at random

34: end for
35: end for
36: end for
37: end procedure
38: procedure InitSupport(B,α, δ, σ, a, b)
39: L[B,α, δ, σ, a, b]← ComputeSupport(GB,α,δ, Pσ,a,b)
40: ▷ [B,α, δ, σ, a, b] is multi-index that we go over to compute list L
41: end procedure
42: end data structure

Proof. The running time of Query consists of three parts: computing sample, recovery, and verifica-
tion.
By Lemma B.6, B.12, B.10, the running time of Query is

Tmat(
k

ϵ
log(n/δ), d2, 1) +O((

k

ϵ
log n) · log(n/k)) + Tmat(k, d, d)

= Tmat(
k

ϵ
log(n/δ), d2, 1) + (

k

ϵ
log n) · log(n/k)

Thus, we complete the proof.
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Algorithm 3 Structured Fourier, Find Large Index
1: data structure StructuredFourier
2: procedure FindLargeIndex(h, ẑ, r1)
3:
4: Initialize left(1)i = (i− 1)w[r1] for i ∈ [B[r1]].
5: for r2 = 1→ R2[r1] do
6: left(r2+1) ← FindLargeIndexInner(h, ẑ, r1, r2)
7: end for
8: L← {π−1

σ,b(left
(R2[r1]+1)
j ) | j ∈ [B[r1]]}

9: return L
10: end procedure
11: procedure FindLargeIndexInner(h, ẑ, r1, r2)
12:
13: Let vote[j][q] = 0 for (j, q) ∈ [B[r1]]× [t].
14: for r3 = 1→ R3[r1] do
15: au ← a[r1, r2, r3]
16: av ← a[r1, r2, r3] + β[r1, r2, r3]
17: u← StructuredHashToBins (h, ẑ, au, r1).
18: v← StructuredHashToBins (h, ẑ, av, r1).
19: for j = 1→ B[r1] do
20: cj ← ϕ(uj/vj)
21: for q ∈ [t] do
22: midj,q ← leftj +

q−1/2
t width[r1, r2]

23: θj,q ← 2π(midj,q+σ[r1]b[r1])
n mod 2π

24: if min(|β[r1, r2, r3]θj,q − cj |, 2π − |β[r1, r2, r3]θj,q − cj |) < απ then
25: vote[j][q]← vote[j][q] + 1
26: end if
27: end for
28: end for
29: end for
30: for j ∈ [B[r1]] do
31: Q∗ ← {q ∈ [t] | vote[j][q] > Rloc/2}
32: if Q∗ ̸= ∅ then
33: l̃eftj ← minq∈Q∗ leftj +

q−1
t width[r1, r2]

34: else
35: l̃eftj ← ⊥
36: end if
37: end for
38: return l̃eft
39: end procedure
40: end data structure

B.4. Running Time of StructuredHashToBins

The goal of this section is to prove the running time of StructuredHashToBins.
We first show the running time for computing measurements.
Lemma B.4 (Running Time of ComputingMeasurements). Given an index set L ⊂ [n], the running
time of ComputingMeasurements is Tmat(|L|, d2, 1).

Proof. We apply fast matrix computation to (M)L · h directly to obtain the result.
Lemma B.5 (Running Time of StructuredHashToBins, algorithm 4). Let η = |{i ∈ supp(ẑ) |
Eoff(i)}|. The running time of StructuredHashToBins isO(Tmat(

B
α log(n/δ), d2, 1)+∥ẑ∥0+η log(n/δ))

Proof. We can compute StructuredHashToBins via the following method:
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Algorithm 4 StructuredHashToBins
1: procedure StructuredHashToBins(h ∈ Rd2

, ẑ, a, r1) ▷ Lemma A.6
2: ▷ The filter function G and permutation P will decide that we only need a subset of x,

where we can think of x̂ = Uh.
3: L← L[B[r1], α[r1], δ, σ[r1], a, b[r1]]
4: xL ← CopmuteMeasurements(h, L)
5: y ← GB[r1],α[r1],δ · (Pσ[r1],a,b[r1]xL)
6: for j ∈ [B[r1]] do
7: vj ←

∑n/B[r1]
i=1 yj+iB[r1] ▷ v is a vector in CB[r1]

8: end for
9: ŷ ← FFT(v) ▷ ŷjn/B[r1] = v̂j , j ∈ [B[r1]]
10: for i ∈ supp(ẑ) do
11: ŷ′ n

B[r1]
hσ[r1],b(i)

← ŷ n
B[r1]

hσ[r1],b(i) − Ĝ′−o(σ[r1],b)(i)ẑiw
aσ[r1]i

12: end for
13: return ûwhere ûj = ŷj+iB[r1], j ∈ [B[r1]]
14: end procedure

1. Compute y with ∥y∥0 = O(Bα log(n/δ)) in Tmat(∥y∥0, d2, 1) time.
2. Compute v ∈ CB given by vi =

∑
j yi+jB .

3. Because B divides n, by the definition of the Fourier transform (see also Claim 3.7 of [3]
) we have ŷjn/B = v̂j for all j. Hence we can compute it with a B-dimensional FFT in
O(B logB) time.

4. For each coordinate i ∈ supp(ẑ), decrease ŷ n
B
hσ,b(i) by Ĝ′−oσ,b(i)ẑiωaσi. This takesO(∥ẑ∥0+

η log(n/δ)) time, since computing Ĝ′−oσ,b(i) takesO(log(n/δ)) time ifEoff(i)holds andO(1)
otherwise (See section 7 in [2]).

Thus the total running time of StructuredHashToBins is

O(Tmat(
B

α
log(n/δ), d2, 1) +O(B logB) +O(∥ẑ∥0 + η log(n/δ))

=O(
B

α
log(n/δ) + Tmat(

B

α
log(n/δ), d2, 1) + ∥ẑ∥0 + η log(n/δ))

=O(Tmat(
B

α
log(n/δ), d2, 1) + ∥ẑ∥0 + η log(n/δ))

where the first step follows from B logB = O(Bα log(n/δ))) and the last step follows from
B
α log(n/δ)) ≤ Tmat(

B
α log(n/δ)), d, d)

Using the runninig time of StructuredHashToBins, we prove the total running time for doing R
rounds StructuredHashToBins with different parameters.
Lemma B.6. Let R1 := O(log k/ log log k). It takes Tmat(

k
ϵ log(n/δ), d

2, 1) time to run R1 rounds of
StructuredHashToBins , where Br := O(kαr

ϵr2 ) and αr := Θ( 1
r2 ) in each round r ∈ R1.

Proof. By lemma B.5, the running time of StructuredHashToBins in each round r is

O(Tmat(
Br

αr
log(n/δ), d2, 1) + ∥ẑ(r)∥0(1 + αr log(n/δ)))

= O(Tmat(
k

ϵr2
log(n/δ), d2, 1) + k(1 +

1

r2
log(n/δ)))
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= O(
1

r2
(Tmat(

k

ϵ
log(n/δ), d2, 1) + k log(n/δ)) + k)

The total running time in R1 rounds is
R1∑
r=1

O(
1

r2
(Tmat(

k

ϵ
log(n/δ), d2, 1) + k log(n/δ)) + k)

= O(Tmat(
k

ϵ
log(n/δ), d2, 1) + k log(n/δ) + k log k)

= Tmat(
k

ϵ
log(n/δ), d2, 1)

where the second step follows from ∑R1

r=1
1
r2 = O(1).

Thus we complete the proof.

B.5. Running Time of Verification

The goal of this section is to prove the running time of Verification.
Lemma B.7 (Naive Running). Given L ⊂ [n], procedure verifiy runs in O(|L| · d2) time.

Proof. For each l ∈ L, it takes d2 time to compute (Ud)l. Thus the total running time is |L| · d2.

We show a naive running time in the lemma above. Actually, we can do better by batching vectors
into matrix and applying fast matrix computing technique.
Fact B.8. For any matrices in Ra×b and Rb×c, the time of multiplying them is Tmat(a, b, c). In particular,
we use ω to denote the exponent of matrix multiplication, which means Tmat(n, n, n) = nω . Currently,
ω ≈ 2.373.

We apply this fact to all analysis of matrix computation time.
Lemma B.9 (Improved Running Time For Verification). We can compute (Uh)L in the following time:

• If |L| ≤ d, it takes Tmat(d, |L|, d) time.

• If |L| > d, it takes (|L|/d) · Tmat(d, d, d) time.

Proof. We divide our proof into three cases: |L| < d, |L| = d and |L| > d.
For the case |L| = d, we can compute it in Tmat(d, d, d) = dω time.
Here is the reason. Without of loss generality, assume L = {1, 2, · · · , d}. Let V in Rd×d denote the
matrix whose i-th row is vi. Then (V HV ⊤)i,i = (Uh)i

Say matrix H in Rd×d is the matrix version of h in Rd2

Using the above equation to compute (Uh)L, we can first compute V HV ⊤, and then take the diag-
onal entries. Thus, if |L| = d, we can compute (Uh)L in dω which is faster than d3 time.
Similarly, for any |L| < d, we can compute it in Tmat(d, |L|, d) time.
For |L| > d, we can divide L into |L|/d groups then we reduces the problem to the |L| = d case.
Thus it computes in |L|/d · Tmat(d, d, d) time.

With running time of one time Verification, we prove the total running time for Verification
through R iterations with decaying parameters.
Lemma B.10. Let R1 := O(log k/ log log k). It takes Tmat(k, d, d) time to run R rounds of Verification ,
where Br is chosen to be O( k

ϵr6 ) in each round r ∈ R1.

Proof. In total, Verification verify k locations, which takes Tmat(k, d, d) time.
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B.6. Running Time of Recover

The goal of this section is to prove the running time of Recover. This is the time of FindLargeIndex
(Algorithm 3) that without considering StructuredHashToBins time.
Lemma B.11. Suppose B = Ck

α2ϵ for C larger than some fixed constant. The procedure FindLargeIndex
runs in expected time

O(B log n · log(n/B))

Proof. Set t = log n, t′ = t/4 and R3 = O(log1/α(t/α)). Let width0 = n/B and widthr2 =

width0/(t
′)r2−1, so widthR2+1 < 1 for R2 = logt′(width0 + 1) < t.

The running time of FindLargeIndex mainly comes from the forloop in line 5, which has R2 itera-
tions. In each iteration, it invokes FindLargeIndexInner.
The running time of FindLargeIndexInnermainly comes from three recursive forloop (line 14 - 29).
Notice that all operations in the forloop takes O(1) time. Thus the running time for FindLargeIn-
dexInner is O(R3 ·B · t).
Since R3R2 = O(log1/α(t/α) logt(n/B)) = O(log(n/B)), the running time for FindLargeIndex is

O(R2 ·R3 ·B · t)
=O(B log n · log(n/B))

Thus we complete the proof.

Using above result, we are able to prove the total running time for FindLargeIndex that runs R
rounds with different parameters.
Lemma B.12. Let R1 := O(log k/ log log k). It takes O(kϵ log n · log(n/k)) time to run R1 rounds of
FindLargeIndex , where Br is chosen to be O( k

ϵr6 ) in each round r ∈ R1.

Proof. By lemma B.11, the running time in each round is
O(Br log n · log(n/Br))

=O(
k

ϵr6
log n)(log(n/k) + log(ϵ) + log(r)))

=O(
k

ϵr2
log n) log(n/k))

The total running time in R1 rounds is
R1∑
r=1

O(
k

ϵr2
log n log(n/k))

=O(
k

ϵ
log n · log(n/k))

where the last step follows from ∑R1

r=1
1
r2 = O(1).

Thus, we complete the proof.

C. Correctness Proof
This section is organized as follows: In section C.1, we first bound the error of Query in each iter-
ation up to a (1 ± ϵ) multiplicative error , which is based on the results in Section C.3, Section C.4
and Section C.5. We demonstrate the correctness of Query in section C.2. In Query procedure, we
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run several rounds. Using the result in Section C.1, we show that the cumulative error after several
iterations is still bounded by a (1 + ϵ) multiplicative error, which is due to the geometric decay of
errors in each round. Section C.3 presents the correctness of StructuredHashToBin. We state that
the result of StructuredHashToBin is close to the large coefficient. We begin with the correctness
of FindLargeIndexInner in section C.4. We show that it finds out intervals that contain large coeffi-
cients with high probability. Next, we demonstrate the correctness of FindLargeIndex in Section C.5
combining result in Section C.4. We show how FindLargeIndex finds index set of large coefficient
by setting appropriate parameters and analyze the time complexity.

C.1. Correctness of Query in each round

From now on, we treat vector Uh ∈ Rn as a whole. We will show that Uh − ẑ(r) gets sparser as r
increases, with only a mild increase in the error.
Theorem C.1. Define Uh(r) = Uh − ẑ(r). Consider any one loop r of Query, running with parameters
(B, k, α) = (Br, kr, αr) such that B ≥ Ck

α2ϵ for some C larger than some fixed constant. Then for any ξ > 0,

error2(Uh(r+1), ξk) ≤ (1 + ϵ) error2(Uh(r), k) +O(ϵδ2n∥Uh∥21)

with probability 1−O(α/ξ)

Proof. Recall that in round r, µ2 = ϵ
k (error

2(Uh(r), k) + δ2n∥Uh∥21) and S = {i ∈ [n]|Uh
(r)
i |2 > µ2}.

By Lemma C.5 each i ∈ S lies in Lr with probability at least 1 − O(α). Hence |S\L| < ξk with
probability at least 1−O(α/ξ). Then

error2(Uh
(r)
[n]\L, ξk) ≤ ∥Uh

(r)
[n]\(L∪S)∥

2
2

≤ error2(Uh
(r)
[n]\(L∪S), k) + k∥Uh

(r)
[n]\(L∪S)∥

2
∞

≤ error2(Uh
(r)
[n]\L, k) + kµ2 (2)

Let ŵ = ẑ(r+1) − ẑ(r) = Uh(r) − Uh(r+1) by the vector recovered by Verified. Then supp(ŵ) = L, so
error2(Uh(r+1), 2ξk) = error2(Uh(r) − ŵ, 2ξk)

≤ error2(Uh
(r)
[n]\L, ξk)

But by Eq. (2), this gives

error2(Uh(r+1), 2ξk) ≤ error2(Uh
(r)
[n]\L, k) +O(kµ2)

≤ error2(Uh(r), k) +O(kµ2)

≤ (1 +O(ϵ)) error2(Uh(r), k) +O(ϵδ2n∥Uh∥21)

The result follows from rescaling ξ and ϵ by constant factors.

C.2. Correctness of Query

The goal of this section is to prove the correctness of Query. Again we define Uh(r) = Uh− ẑ(r).
Lemma C.2 (Correctness of Query). Given query h ∈ Rd2 , procedure Query in Algorithm 1 takes h as
input and outputs a k−sparse vector y ∈ Rn satisfying

∥y − Uh∥ ≤ min
k−sparse z∈Rn

(1 + ϵ)∥z − Uh∥+ δ∥Uh∥2

Proof. Define ξr = O(1/r2) so ∑
ξr < 1/4. Choose R so ∏R

r=1 ξr < 1/k ≤
∏R−1

r=1 ξr. Then R =

O(log k/ log log k), since∏R
r=1 ξr < (ξR/2)

R/2 = (2/R)R.
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Set ϵr = ξrϵ, αr = Θ(ξ2r ), kr = k
∏r−1

i=1 ξi, Br = O(kϵαrξr). Then Br = ω( kr

α2
rϵr

), so for sufficiently
large constant the constraint of Theorem C.1 is satisfied. For appropriate constants, Theorem C.1
says that in each round r,

error2(Uh(r+1), kr+1) = error2(Uh(r+1), ξrkr)

≤ (1 + ξrϵ) error
2(Uh(r), kr) +O(ξrϵδ

2n∥Uh∥21)

with probability at least 1− ξr. The error accumulates, so in round r we have

error2(Uh(r), kr) ≤ error2(Uh, k)

r−1∏
i=1

(1 + ξiϵ) +

r−1∑
i=1

O(ξrϵδ
2n∥Uh∥21)

r−1∏
j=i+1

(1 + ξjϵ)

with probability at least 1−∑r−1
i=1 ξi > 3/4. Hence in the end, since kR+1 = k

∏R
i=1 ξi < 1,

∥Uh(R+1)∥22 = error2(Uh(R+1), kR+1)

≤ error2(Uh, k)

R∏
i=1

(1 + ξiϵ) +O(Rϵδ2n∥Uh∥21)
R∏
i=1

(1 + ξiϵ)

with probability at least 3/4. We also have
R∏
i=1

(1 + ξiϵ) ≤ eϵ
∑R

i=1 ξi ≤ e

making
R∏
i=1

(1 + ξiϵ) ≤ 1 + e

R∑
i=1

ξiϵ < 1 + 2ϵ

Thus we get the approximation factor
∥Uh− ẑ(R+1)∥22 ≤ (1 + 2ϵ) error2(Uh, k) +O((log k)ϵδ2n∥Uh∥21)

with at least 3/4 probability. Rescaling δ by poly (n), using ∥Uh∥21 ≤ n∥Uh∥2, and taking the square
root gives the desired

∥Uh− ẑ(R+1)∥2 ≤ (1 + ϵ) error(Uh, k) + δ∥Uh∥2.

C.3. Correctness of StructuredHashToBin

The goal of this section is to prove the correctness of StructuredHashToBin.
Lemma C.3 (Correctness of StructuredHashToBin). Let a ∈ [n] uniformly at random, B divide n, and
the other parameters be arbitrary in StructuredHashToBin (Algorithm 4).

Let

u = StructuredHashToBin(h, ẑ, a, r)

Then for any i ∈ [n] with j = hσ[r],b[r](i) and none of Ecoll(i), Eoff(i), or Enoise(i) holding,

E[|uj − Uh′
iω

aσ[r]i|2] ≤ 2
ρ2

α[r]B[r]

Proof. Let Ĝ′ = Ĝ′
B[r],δ,α[r]. Let T = h−1

σ[r],b[r](j)\{i}. We have that T ∩S = ∅ and Ĝ′−oσ[r],b[r](i) = 1.
By Lemma A.6
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uj − Uh′
iω

aσ[r]i =
∑
i′∈T

Ĝ′
−oσ [r](i′)

Uh′
i′ω

aσ[r]i′ ± δ∥Uh∥1

Because the σi′ are distinct for i′ ∈ T , we have by Parseval’s theorem

E
a
[|
∑
i′∈T

Ĝ′ − oσ[r](i
′)Uh′

i′ω
aσ[r]i′ |2] =

∑
i′∈T

(Ĝ′ − oσ[r](i
′)Uh′

i′)
2 ≤ ∥Uh′

T ∥22

Since |X + Y |2 ≤ 2|X|2 + 2|Y |2 for any X,Y , we get
E
a
[|uj − Uh′

iω
aσ[r]i|2] ≤ 2∥Uh′

T ∥22 + 2δ2∥Uh∥21

≤ 2 error2(Uh′, k)/(α[r]B[r]) + 2δ2∥Uh∥21
≤ 2ρ2/(α[r]B[r])

C.4. Correctness of FindLargeIndexInner

The goal of this section is to prove Lemma C.4.
The proof of this lemma is standard in literature, such as [2, 6, 7].
Lemma C.4 (Correctness of FindLargeIndexInner). Let i ∈ S. Suppose none of Ecoll(i), Eoff(i),
and Enoise(i) hold, and let j = hσ,b(i). Consider any run of FindLargeIndexInner (Algorithm 3) with
πσ,b(i) ∈ [leftj , leftj + width]. Let ξ > 0 be a parameter such that

B =
Ck

αξϵ

for C larger than some fixed constant. Then πσ,b(i) ∈ [left′j , left
′
j + 4width/t] with probability at least

1− tξΩ(R3).

Proof. Let τ = πσ,b(i) ≡ σ(i− b)(modn), and for any j ∈ [n] define

θ∗j =
2π

n
(j + σb) (mod2π)

so θ∗τ = 2π
n σi. Let g = Θ(ξ1/3), and C ′ = Bαϵ

k = Θ(1/g3).
To get the result, we divide [leftj , leftj +width] into t "regions",Qq = [leftj +

q−1
t width, leftj +

q
twidth]

for q ∈ [t]. We will first show that in each round r, cj is close to βθ∗τ with 1 − g probability. This
will imply that Qq gets a "vote," meaning vote[j][q] increases, with 1 − g probability for the q′ with
τ ∈ Qq′ . It will also imply that vote[j][q] increases with only g probability when |q − q′| > 3. Then
R3 rounds will suffice to separate the twowith 1−ξ−Ω(R3) probability. We get that with 1−tξ−Ω(R3)

probability, the recoveredQ∗ has |q− q′| ≤ 3 for all q ∈ Q∗. If we take the minimum q ∈ Q∗ and the
next three sub-regions, we find τ to within 4 regions, or 4width/t locations, as desired.
In any round r, define u = u(r) and a = ar. We have by Lemma C.3 and that i ∈ S that

E[|uj − ωaσiUh′
i|2] ≤ 2

ρ2

αB

=
2k

Bαϵ
µ2

=
2

C ′µ
2

≤ 2

C ′ |Uh′
i|2.
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where the first step follows from definition of Lemma C.3, the second step follows from definition
of µ, the third step follows from definition of C ′, and the last step follows from definition of S.
Note that ϕ(ωaσi) = −aθ∗τ . Thus for any p > 0, with probability 1− p we have

|uj − ωaσiUhi| ≤
√

2

C ′p
|Uh′

i| (3)

∥ϕ(uj)− (ϕ(Uh′
i)− aθ∗τ )∥⃝ ≤ sin−1(

√
2

C ′p
) (4)

where ∥x − y∥⃝ = minγ∈Z |x − y + 2πγ| denotes the "circular distance" between x and y. The
analogous fact holds forϕ(vj) relative toϕ(Uh′

i)−(a+β)θ∗τ . Thereforewith at least 1−2pprobability,

∥cj − βθ∗τ∥⃝ = ∥ϕ(uj)− ϕ(vj)− βθ∗τ∥⃝
= ∥(ϕ(uj)− (ϕ(Uh′

i)− aθ∗τ ))− (ϕ(vj)− (ϕ(Uh′
i)− (a+ β)θ∗τ ))∥⃝

≤ ∥ϕ(uj)− (ϕ(Uh′
i)− aθ∗τ )∥⃝ + ∥ϕ(vj)− (ϕ(Uh′

i)− (a+ β)θ∗τ )∥⃝

≤ 2 sin−1(

√
2

C ′p
)

where the first step follows fromdefinition of cj , the second step follows from interpolatingϕ(Uh′
i)−

aθ∗τ , the third step follows from triangular inequality, and the last step follows from Eq. (4).
by the triangle inequality. Thus for any s = Θ(g) and p = Θ(g), we can set C ′ = 2

p sin2(απ/4)
=

Θ(1/g3) so that
∥cj − βθ∗τ∥⃝ < απ/2 (5)

with probability at least 1− 2p.
Eq. (5) shows that cj is a good estimate for i with good probability. We will now show that this
means the approprate "region" Qq′ gets a "vote" with "large" probability.
For the q′ with τ ∈ [leftj+

q′−1
t width, leftj+

q′

t width], we have thatmidj,q = leftj+
q′−1/2

t width satisfies

|τ −midj,q| ≤
width

2t
so

|θ∗τ − θj,q′ | ≤
2π

n

width

2t
(6)

Hence by Eq. (5), the triangle inequality, and the choice of B ≤ snt
2w ,

∥cj − βθj,q′∥⃝ ≤ ∥cj − βθ∗τ∥⃝ + ∥βθ∗τ − βθj,q′∥⃝

<
απ

2
+

βπwidth

nt

≤ απ

2
+

απ

2
= απ

where the first step follows from triangular inequality, the second step follows from Eq. (5) and
Eq. (6), and the third step follows from β ≤ αnt

2width .
Thus, vote[j][q′]will increase in each round with probability at least 1− 2p.
Now, consider q with |q − q′| > 3. Then |τ −midj,q| ≥ 7width

2t , and (from the definition of β > αnt
4width

) we have

β|τ −midj,q| ≥
7αn

8
>

3sn

4
(7)
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We now consider two cases. First, suppose that |τ −midj,q| ≤ width
αt . In this case, from the definition

of β it follows that
β|τ −midj,q| ≤ n/2

Together with Eq. (7) this implies
Pr[β(τ −midj,q) mod n ∈ [−3αn/4, 3αn/4]] = 0

On the other hand, suppose that |τ−midj,q| > width
αt . In this case, we use LemmaA.1with parameters

l = 3αn/2,m = αnt
2width , t =

αnt
4width , i = (τ −midj,q) and n = n, to conclude that

Pr[β(τ −midj,q) mod n ∈ [−3αn/4, 3αn/4]]

≤ 4width

αnt
+ 2
|τ −midj,q|

n
+ 3α+

3αn

2

αt

width

4width

αnt

≤ 4width

αnt
+

2width

n
+ 9α

<
6

αB
+ 9α

< 10α

where the first step follows from LemmaA.1, the second step follows from |i| = |τ−midj,q| ≤ width,
the third step follows from assumption width

αt < |i| ≤ width ≤ n/B, and the last step follows from
6/B < α2.
Thus in either case, with probability at least 1− 10α we have

∥βθj,q − βθ∗τ∥⃝ = ∥2πβ(midj,q − τ)

n
∥⃝ >

2π

n

3αn

4
=

3

2
απ

for any q with |q − q′| > 3. Therefore we have
∥cj − βθj,q∥⃝ ≥ ∥βθj,q − βθ∗τ∥⃝ − ∥cj − βθ∗τ∥⃝ > απ

with probability at least 1− 10α− 2p, and vote[j][q] is not incremented.
To summarize: in each round, vote[j][q′] is incrementedwith probability at least 1−2p and vote[j][q]
is incremented with probability at most 10α + 2p for |q − q′| > 3. The probabilities corresponding
to different rounds are independent.
Setα = g/20 and p = g/4. Then vote[j][q′] is incrementedwith probability at least 1−g and vote[j][q]
is incremented with probability less than g. Then after R3 rounds, if |q − q′| > 3,

Pr[vote[j][q] > R3/2] ≤
(

R3

R3/2

)
gR3/2

≤ (4g)R3/2

= ξΩ(R3)

where the first step follows from ∑R3

i=R3/2+1

(
R3

i

)
≤

(
R3

R3/2

), the second step follows from (
R3

R3/2

)
≤

2R3 , and the last step follows from g = ξ1/3/4.
Pr[vote[j][q′] < R3/2] ≤ ξΩ(R3)

Hence with probability at least 1− tξΩ(R3) we have q′ ∈ Q∗ and |q − q′| ≤ 3 for all q ∈ Q∗. But then
τ − left′j ∈ [0, 4width/t] as desired.
Because

E[|{i ∈ supp(ẑ) | Eoff(i)}|] = α∥ẑ∥0,
the expected running time is

O(R3Bt+R3
B

α
log(n/δ) +R3∥ẑ∥0(1 + α log(n/δ))).
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C.5. Correctness of FindLargeIndex

The goal of this section is to prove the correctness of FindLargeIndex.
The proof of this lemma is standard in literature, see Lemma 4.5 in [2].
Lemma C.5. Suppose B = Ck

α2ϵ for C larger than some fixed constant. The procedure FindLargeIndex in
Algorithm 2 returns a set L of size |L| ≤ B such that for any i ∈ S,Pr[i ∈ L] ≥ 1−O(α).

Proof. Consider any i ∈ S such that none of Ecoll(i), Eoff(i), and Enoise(i) hold, as happens with
probability 1−O(α).
Set t = log n, t′ = t/4 and R3 = O(log1/α(t/α)). Let width0 = n/B and widthr2 = width0/(t

′)r2−1, so
widthR2+1 < 1 for R2 = logt′(width0 + 1) < t.
In each round r2, Lemma C.4 implies that if

πσ,b(i) ∈ [left
(r2)
j , left

(r2)
j + widthr2 ]

then
πσ,b(i) ∈ [left

(r2+1)
j , left

(r2+1)
j + widthr2+1]

with probability at least 1− αΩ(R3) = 1− α/t.
By a union bound, with probability at least 1− α we have

πσ,b(i) ∈ [left
(R2+1)
j , left

(R2+1)
j + widthR2+1] = {left(R2+1)

j }.

Thus i = π−1
σ,b(left

(R2+1)
j ) ∈ L.

D. Proof of Main Result
In this section, we combine results in Section B and SectionC to state the proof for ourmain theorem.
Theorem D.1 (Restatement of Theorem 4.1). Given a collection of vectors v1, · · · , vn ∈ Rd. Let U ∈
Rn×d2 denote the matrix where the i-th row is the vectorization of viv⊤i ∈ Rd×d. There is a data structure
that uses O(md2 + nd) space that supports the following operations:

• Init(v1, · · · , vn ⊂ Rd, n ∈ N+, d ∈ N+, k ∈ N+), this operation takes n(m + d2) time. This
operation takes v1, · · · , vn as inputs. It stores V ∈ Rn×d, and Fourier measurement ΦU ∈ Rm×d2

(where Φ = S · F , S ∈ Rm×n is a subsampled matrix where each row only has a single nonzero
entries, F ∈ Cn×n is a discrete Fourier matrix)

• Update(i ∈ [n], vnew ∈ Rd), it takes index i and vector v as input, runs in O(md2) time, and
replaces vi with vnew.

• Query(h ∈ Rd2

), it takes vector h ∈ Rd2 as input, it outputs k-sparse y ∈ Rn such that
∥y − Uh∥2 = min

k−sparse z
(1 + ϵ)∥z − Uh∥2 + δ∥Uh∥2. (8)

This operation takes
O(Tmat(ϵ

−1k log(n/δ), d2, 1) + k log n · log(n/k))

Proof. We aggregate the proof for this theorem as follow:

• By Lemma B.1, the running time of Init is
O(n(m+ d2))

In Init, it stores matrix V ∈ Rn×d and ΦU ∈ Rm×d2 , which takes O(md2 + nd) space.
Thus, we prove the space storage of our data structure.

29



• By Lemma B.2, the running time of Update is
O(md2)

• By Lemma B.3, the running time of Query is
O(Tmat(ϵ

−1k log(n/δ), d2, 1) + k log n · log(n/k))

By Lemma C.2, Query takes vector h ∈ Rd2 as input and outputs a k-sparse vector y ∈ Rn

satisfying
∥y − Uh∥ ≤ min

k−sparsez∈Rn
(1 + ϵ)∥z − Uh∥+ δ∥Uh∥2

Thus, we prove the correctness of Query.

Thus, we complete the proof for the whole theorem.

E. Discussion on SDP
One of the major motivation of our work is matrix sensing. In this section, we provide another
motivation which is from rank-1 semidefinite programming. Semdefinite programming [68, 69]
can be defined as follows
Definition E.1 (Semidefinite programming). Given a collection of symmetric matricesC,A1, · · · , An ∈
Rd×d and a vector n ∈ Rn, the goal is to solve

max
X
⟨C,X⟩

s.t. ⟨Ai, X⟩ = bi,∀i ∈ [n]

X ⪰ 0

where ⟨Y,X⟩ denote the inner product between two matrices Y and X .

Using robust central path method [68, 69] to solve semidefine programming requires to form a
Hessian matrix which can be written as

Hessian = A(S−1 ⊗ S−1)A⊤

where S ∈ Rd×d is the slack matrix, S−1⊗S−1 forms amatrix that has size d2×d2, and A ∈ Rn×d2 is
matrix where i-th row of vectorization of Ai. If we impose the additional rank-1 constraint to each
Ai, then A becomes our matrix U exactly.
In each iteration of robust central path method [68, 69], we need to compute Hessian · v for some
v ∈ Rn which can be viewed as A · hwhere h = (S−1 ⊗ S−1)A · v ∈ Rd2 .

F. Exact Recovery
We provide a case where Query procedure could recover k-sparse vector exactly.
Lemma F.1. For |S| = k where S = {i ∈ [n]||(Uh)i| > 1} and |(Uh)i| < 1/poly(n) for i ∈ [n] \ S, our
Query procedure can recover k-sparse y ∈ Rd exactly, i.e.

∥y − Uh∥2 ≤ min
k−sparse z

∥z − Uh∥2.

Proof. In this case, all the index sets that FindLargeIndex returns will cover the top-k coordinate. By
our Verification procedure, we find their magnitudes directly. Thus, we obtain a k-sparse recovery
exactly.
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G. Limitations
While our research proposes a method to separate signal estimation from frequency estimation
for clarity and specialized focus, it might also limit the integration and holistic understanding of
how these components interact within the broader scope of Sparse Fourier Transform applications.
Also, our work is based on some assumptions such as the independence of inputs, the noiselessness
of settings, and the well-specification of the model. These assumptions may not hold in practical
scenarios.

H. Impact Statement
Our research suggested an efficient algorithm to compute Sparse Fourier Transform. Future re-
searchers could potentially reduce the use of power and electricity when running real-world coding
experiments. Since our research is purely theoretical, there is no negative impacts on society.
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