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Abstract

In this paper, we consider non-convex multi-block
bilevel optimization (MBBO) problems, which
involve m > 1 lower level problems and have im-
portant applications in machine learning. Design-
ing a stochastic gradient and controlling its vari-
ance is more intricate due to the hierarchical sam-
pling of blocks and data and the unique challenge
of estimating hyper-gradient. We aim to achieve
three nice properties for our algorithm: (a) match-
ing the state-of-the-art complexity of standard BO
problems with a single block; (b) achieving par-
allel speedup by sampling I blocks and sampling
B samples for each sampled block per-iteration;
(c) avoiding the computation of the inverse of a
high-dimensional Hessian matrix estimator. How-
ever, it is non-trivial to achieve all of these by
observing that existing works only achieve one or
two of these properties. To address the involved
challenges for achieving (a, b, c), we propose two
stochastic algorithms by using advanced block-
wise variance-reduction techniques for tracking
the Hessian matrices (for low-dimensional prob-
lems) or the Hessian-vector products (for high-
dimensional problems), and prove an iteration
complexity of O( me_j]iy;m) + 7;“; ) for finding
an e-stationary point under appropriate conditions.
We also conduct experiments to verify the effec-
tiveness of the proposed algorithms comparing
with existing MBBO algorithms.
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1. Introduction

This paper considers solving the following generalized
bilevel optimization problem with multi-block structure:

m

1
in I = ACIEIN A )
i F(x) = - Z}f (x,¥i(x))
= Fy(x) (D
yl(x) =arg min gi(xa yz)vz =1,...,m.
yi€R%i

where f;, g; are continuously differentiable functions in
expectation forms and g¢;(x,y;) is strongly convex with
respect to y;. To be specific, f;,g; are defined as
filx,yi(x)) = Eeup,[fi(x,yi(x);§)] and gi(x,yi) =
E¢~0,[9:(x, yi; ¢)]. The number of blocks m is considered
to be greatly larger than 1. We refer to the above problem as
multi-block bilevel optimization (MBBO). When m = 1,
the MBBO problem reduces to the standard BO problem.
The MBBO problem has found many interesting applica-
tions in machine learning and Al, e.g., multi-task composi-
tional AUC maximization (Hu et al., 2022), top-K normal-
ized discounted cumulative gain (NDCG) optimization for
learning to rank (Qiu et al., 2022), and meta-learning (Ra-
jeswaran et al., 2019). Recently, Yang (2022) uses MBBO
to formulate a family of risk functions for optimizing per-
formance at the top.

The theoretical study of MBBO was initiated by (Guo et al.,
2021). In their paper, the authors proposed a randomized
stochastic variance-reduced method (RSVRB) for solving
MBBO aiming to achieve a state-of-the-art (SOTA) iter-
ation complexity in the order of O(1/€*) for finding an
e-stationary solution. However, RSVRB and its analysis
suffer from several drawbacks: (i) RSVRB requires com-
puting the inverse of the Hessian matrix estimator, which is
prohibited for high-dimensional lower-level problems; (ii)
the Jacobian estimators maintained for each block could be
memory consuming and slow down the algorithm in practice
for problems with high-dimensional x; (iii)) RSVRB does
not achieve a parallel speed-up when using a mini-batch
of samples to estimate the gradients, Jacobians and Hes-
sians. While these issues have been tackled for the standard
BO problems, e.g., the Hessian matrix can be estimated by
the Neumann series and there are works achieving SOTA
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complexity without maintainng Jacobian estimator (Yang
et al., 2021a; Khanduri et al., 2021), they become trickier
for MBBO problems due to extra noise caused by sampling
blocks. Although some later studies for particular MBBO
problems have achieved parallel speed-up and eschewed
computing the inverse of a Hessian estimator (Hu et al.,
2022), they do not match the SOTA complexity of O(1/€3).

In this paper, we aim to achieve three nice properties for
solving MBBO problems: (a) matching the SOTA O(1/¢€%)
complexity of standard BO problems with a single block; (b)
achieving parallel speedup by sampling multiple blocks and
multiple samples for each sampled block per-iteration; (c)
avoiding the computation of the inverse of a Hessian matrix
estimator for high-dimensional lower level problems. To the
best of our knowledge, this is the first work that enjoys all
of these three properties for solving MBBO problems. We
propose two algorithms named BSVRB'! and BSVRB"?
for low-dimensional and high-dimensional lower-level prob-
lems, respectively. For BSVRBY!, we propose to use an
advanced blockwise stochastic variance-reduced estimator
namely MSVR (Jiang et al., 2022) to track and estimate the
Hessian matrices and the partial gradients of the lower level
problems. To further achieve (c) in BSVRB?, we explore
the idea of converting the inverse of the Hessian matrix
multiplied by a partial gradient for each block into solving
another lower level problem using matrix-vector products.
To maintain the same iteration complexity of BSVRB",
we update the estimators of Hessian-vector products of all
blocks without compromising the sample complexity per-
iteration. At the end, we manage to prove the same iteration
me 31(I<m) + me_3)
VT IVB
which reduces to the SOTA complexity O(¢~3/+/B) of the
standard BO with one block.

complexity of O(

for both algorithms,

Our contributions are summarized as following:

* We propose two efficient algorithms by using block-
wise stochastic variance reduction for solving MBBO
problems with low-dimensional and high-dimensional
lower-level problems, respectively.

* We prove the iteration complexity of the two algo-
rithms, which not only matches the SOTA complexity
of existing algorithms for solving the standard BO
but also achieves parallel speed-up of using multiple
blocks and multiple samples of sampled blocks.

* We conduct experiments on both algorithms for low-
dimensional and high-dimensional lower problems and
demonstrate the effectiveness of the proposed algo-
rithms against existing algorithms of MBBO.

2. Related Work

Stochastic Bilevel Optimization (SBO). SBO algorithms
have garnered increasing attention recently. The first non-

asymptotic convergence analysis for non-convex SBO with
strongly convex lower level problem was given by (Ghadimi
& Wang, 2018). The authors proposed a double-loop
stochastic algorithm, where the inner loop solves the lower
level problem and the outer loop solves the upper level,
and established a sample complexity of O(e~%) for find-
ing an e-stationary point of F'(x), i.e., a point x such that
IVF(x)|| < € in expectation. With a large mini-batch
size, (Ji et al., 2020a) improved the sample complexity to
O(e™*). A single-loop two timescale algorithm (TTSA)
based on SGD was proposed in (Hong et al., 2020), but
suffers from a worse sample complexity of O(¢~°). By
utilizing variance-reduction method (STORM) to estimate
second-order gradients, i.e., Jacobian Viy g(x,y) and Hes-
sian V2, g(x,y), (Chen et al., 2021) proposed a single-loop
single timescale algorithm (STABLE) that enjoys a sample
complexity of O(e~*) without large mini-batch. Recently,
(Khanduri et al., 2021; Yang et al., 2021a; Guo et al., 2021)
further improved the sample complexity to O(e~?) by fully
utilizing variance-reduced estimator for gradients of both up-
per and lower level objectives. (Huang et al., 2021) proposed
Bregman distance-based algorithms for solving nonsmooth
BO with and without variance reduction.

One of the difficulties for solving SBO problems lies at how
to efficiently compute the Hessian inverse in the gradient es-
timation. To avoid such potentially expensive matrix inverse
operation, many existing works have employed the Neu-
mann series approximation with independent mini-batches
following (Ghadimi & Wang, 2018). Another method is to
transfer the product of the Hessian inverse and a vector to
the solution to a quadratic problem (Li et al., 2021; Dagréou
et al., 2022; Rajeswaran et al., 2019) and to solve it by
using deterministic methods (e.g., conjugate gradient) or
stochastic methods that only involve matrix-vector products.
However, these methods are tailored to single-block BO
problems, and their direct applications to MBBO may suffer
from per iteration computation inefficiency. Thus, with the
potential efficiency issue in consideration, it is trickier to
achieve faster rates for MBBO problems (Hu et al., 2022).

MBBO. Besides (Guo et al., 2021), two recent works have
considered MBBO and their applications in ML (Qiu et al.,
2022; Hu et al., 2022). In particular, Qiu et al. (2022) for-
mulated top-K NDCG optimization for learning-to-rank as
a MBBO problem with a compositional objective function,
which can be formulated as our MBBO problem. There
are many lower-level problems with each having only an
one-dimensional variable for optimization. They proposed
a stochastic algorithm (K-SONG) that uses blockwise sam-
pling and moving average estimators for tracking gradi-
ents and Hessians, and proved an iteration complexity of
O(max{ 755, mprpyer })- Hu etal. (2022) considered a
MBBO problem with a min-max objective which includes
our considered MBBO problem as a special case. They pro-
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Table 1. Comparison of iteration complexity and the three properties of different methods for solving MBBO and FCCO problems. We
use MMBO-v2 to refer to the second algorithm proposed in (Hu et al., 2022) for solving a MBBO problem with a min-max objective.
The iteration complexity only considers the case I < m, where m is the total number of blocks, I is the number of sampled blocks
per-iteration and B is the number of sampled data for each sampled block per-iteration. (c) is not applicable to FCCO problems.

Method Objective Iteration Complexity Satisfying (a), (b), (c)
: me”° me”3
MSVR-v2 (Jiang et al., 2022) FCCO O( 7+ ) (a), (b)
MBBO ! »
MMBO-2 (Huetal, 2022) b o Ofmax (% sstrer e (), ©)
K-SONG (Qiu et al., 2022) MBBO  O(max {% e } e ) (b)
RSVRB (Guo et al., 2021) MBBO O(me3) ()
vl . me_ me 3
BSVRB"' (this work) MBBO O( VT + I‘/E) (a), (b)
BSVRB"? (this work) MBBO O(n;fﬁ + %) (a), (b), (c)

posed two algorithms that use moving average estimators for
tracking gradients and Hessians or Hessian-vector products
for lower-dimensional and high-dimensional lower-level
problems, respectively, and established a similar iteration
complexity of O(max{ 3, W}) In their second
algorithm, they avoided computing the inverse of the Hes-
sian matrix estimator by using SGD to solve a quadratic
problem. It is notable that the iteration complexities of these
two works do not match the SOTA result for the standard
BO. As discussed before and later, achieving (a), (b) and
(c) simultaneously is not just applying variance-reduction
techniques such as SPIDER/SARAH/STORM, etc. (Fang
et al., 2018; Nguyen et al., 2017; Cutkosky & Orabona,
2019; Zhang et al., 2013), as done in (Guo et al., 2021).

Finally, we would like to point out a related work (Jiang
et al., 2022) that considered the finite-sum coupled composi-
tional optimization (FCCO) problem, which is a special case
of MBBO with the lower problems being quadratic prob-
lems with an identity Hessian matrix. They proposed multi-
block-Single-probe Variance Reduced (MSVR) estimator
for tracking the inner functional mappings in a blockwise
stochastic manner. MSVR helps achieve both the SOTA
complexity and the parallel speed-up, which is also lever-
aged in this work. However, since MBBO is more general
than FCCO and involves estimating the hyper-gradient, our
algorithmic design and analysis face a new challenge for
tracking the Hessian-vector-products, which is not present
in their work. We make a comparison between different
works for solving MBBO and FCCO problems in Table 1.

3. Preliminaries

Notations. Let || - || denote the ¢5 norm of a vector or the
spectral norm of a matrix. Let I [-] denote Euclidean pro-
jection onto a convex set € for a vector and S [X] denotes a
projection onto the set { X € R%*4 : X = AT'}. The matrix
projection operation S)[X] can be implemented by using

singular value decomposition and thresholding the singular
values. For multi-block structured vectors, we use vector
name with subscript ¢ to denote its i-th block. For a twice
differentiable function f : X x Y — R, let V. f(z,y) and
V., f(x,y) denote its partial gradients taken with respect to
x and y respectively, and let V2, f(z,y) and V2 f(x,y)
denote the Jacobian and the Hessian matrix w.r.t y respec-
tively. We use f(-; B) to represent an unbiased stochastic
estimator of f(-) depending on a sampled mini-batch /5. An
unbiased stochastic estimator using one sample £ is said to
have bounded variance o if E¢[||f(-;€) — f(-)|*] < o2
A mapping f : X — R is C-Lipschitz continuous if
If(z) = f@)|| < Cllx — 2'|| Vx,2' € X. Function f
is L-smooth if its gradient V f(-) is L-Lipschitz continuous.
A function g : X — R is A-strongly convex if Vx, 2’ € X,
g(z) = g(a’) + Vg(a")" (z — 2') + 3z — 2[|>. A point
x is called e-stationary of F'(-) if [VF(x)|| <e.

In order to understand the proposed algorithms, we first
present following proposition about the (hyper-)gradient of
F(x), which follows from the standard result in the litera-
ture of bilevel optimization (Ghadimi & Wang, 2018).

Proposition 3.1. When g;(x,y;) is strongly convex w.r.t.
yi, we have

VEG) = 3 {Vafioyix)
— V2,9:(%, y:(%))[V3,9: (%, yi (%)) 'V, fi(x, yi(x)) }.

There are three sources of computational costs involved in
the above gradient: (i) the sum over all m blocks; (ii) the
costs for computing the partial gradients, Jacobians and
Hessian matrices of individual blocks, which usually de-
pend on many samples; and (iii) the inverse of Hessian
matrices. The last two have been tackled in the exist-
ing literature of BO. The first cost can be alleviated by
sampling a mini-batch of blocks. However, due to the
compositional structure of the hyper-gradient, designing
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a variance-reduced stochastic gradient estimator is com-
plicated due to the existence of multiple blocks (Jiang
et al., 2022). In particular, we need to track multiple Hes-
siag matrices Vflygil(x yi(x)) or Hessian—\fector produgts
[Vs,9i(%,yi(x))] 7'V, fi(x,yi(x)). To this end, we will
leverage the MSVR estimator (Jiang et al., 2022), which is
described below.

MSVR estimator. Consider multiple functional mappings
(hi(e),. .., hm(e)), at the t-th iteration we need to estimate
their values by an estimator hy = (hy,...,h,, ). Given
the constraint that only a few blocks of mappings h;(e) are
sampled for assessing their stochastic values, the MSVR
update is given by (Jiang et al., 2022):

(1 — a)h;+ + ah;(e; BE)

+"}/(hl(et,Bf)7hz(et_1,Bf)) s iEIt

error correction

hi1 =

h;:, o.w.

The update for the sampled I = |Z;| blocks have a cus-
tomized error correction term, which is inspired by previous
variance reduced estimator STORM (Cutkosky & Orabona,
2019) but has a subtle difference in setting the value of
~v. Different from the setting of STORM, i.e., vy =1 — q,
MSVR sets v = 1(7?7:50 + (1 — «) to account for the ran-
domness and noise induced from block sampling. Due to
the need of tracking individual y; for each block and the
boundedness in our analysis, we extend the above MSVR
estimator with two changes: (i) adding a projection onto a
convex domain (2 for the update h; ;; of sampled blocks
whenever boundedness is required, (ii) the input argument
e, is changed to individual input e; ;.

4. Algorithms

Due to the compositional structure in terms of y;(x) and
V2 ,9i(X¢, yi(x)) in the hyper-gradient as shown in Proposi-
tion 3.1, we need to maintain and estimate variance-reduced
estimators for these variables. Below, we present two al-
gorithms for low-dimensional and high-dimensional lower-
level problems, respectively. For low-dimensional lower-
level problems, we directly estimate the Hessian matrices
and compute their inverse if needed. For high-dimensional
lower-level problems, we propose to estimate the Hessian-
vector products [V, g; (X, y:(x)] 7'V, fi(x,yi(x)).

4.1. For low-dimensional lower-level problems

We first discuss updates for estimators of the (partial) gra-
dients and the Hessian matrices as they are the major
costs per-iteration. Then we discuss the updates of x and
v = (¥1,---,¥m), and finally compare with RSVRB.

Updates for Gradient/Hessian Estimators. We need

Algorithm 1 Blockwise Stochastic Variance-Reduced
Bilevel Method (version 1): BSVRBY!
1: Initialization: xg = X1,¥0 = Y1, S1, H1, Z1
2: fort=1,2,....,T do
3:  Sample a subset of lower problems 7,
Sample two batches B! ~ P;, B! ~ Q, fori € Z,.
Update s; ;1 and H; ;11 according to (2) for ¢ € Z;.
Compute Gy, CNJt according to (3).
Update Zii1 = (1 — ,Bt)(Zt — Gt) + Gy
Update y; 1 = y¢ — TT4S¢
9: Update x;4+1 = Xt — N1Z¢ 41
10: end for
11: return (x;,y7, s;, H, z;) for a randomly selected £

AN

to estimate V,g;(x,y; ) for updating y; ;, to estimate
nggi (x¢,yi,) for updating x,. To this end, at each iter-
ation ¢, we randomly sample a subset of blocks Z; C [m].
For each sampled block ¢ € 7;, we sample a mini-batch
Bf ~ @Q; for the lower-level problem, and a mini-batch
B! ~ P; for the upper-level problem. We update the follow-
ing MSVR estimators of Vg, (x¢,y;+) and Viygl-(xt, Vit)
for 7 € 7, and keep their other coordinates unchanged:

Sitr1 = (1 —ou)sic + e Vygi(Xe, ¥i; gf)

+ 7 (Vygi(xe, i3 BY) — Vygi(xe—1,¥i1—1; B}))

Hi 141 =8\ {(1 —ay)H;p + @tviygi(xtayi,t; gzt) (2)

+ 7 (szgi(xt73’i,t§ Ef) - vzygi(xtflaYi,tfﬁ Ef)) }

where y; = I(%_(fﬁ+(lfat) and y; = I(%_ét)Jr(levt),
A is the lower bound of the Hessian matrix (cf. Assump-
tion 5.1) and S is a projection operator to ensure the eigen-
value of H; ;1 is lower bounded so that its inverse can be
appropriately bounded.

To compute the variance-reduced estimator of VF'(x;) , we
compute the stochastic gradient estimations at two itera-
tions:

1
G, = 7 Z [szi(xt,y'i,t;Bf)
1€Ty

- szgz (Xt7 Yi,t; g’f)[Hivt}ilvyfi(xh Yit; Bf)]?
~ 1
G: = 7 Z [Vafi(xe-1,yit-1;B7) 3)

=

—V2,9i(xe—1, Yie—1; B[ Hi—1] 'V filxe—1, ¥iu—1; BE)].

Then the STORM gradient estimator z;1 of VF(x;) is
updated by z;, 1 = (1—3¢)(z¢ — ét) + G4. Note that in the
above updates, only stochastic partial gradients, Jacobians,
and Hessians based on two mini-batches of data B! and B!
for the sampled blocks 7 € Z; are computed. This is in
sharp contrast with the previous SOTA variance-reduced
methods (Khanduri et al., 2021; Yang et al., 2021a) that
require three or four independent mini-batches due to the
use of the Neumann series for estimating the Hessian inverse.
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It is also notable that we use the Hessian estimator H, ;
from the previous iteration in computing G to decouple its
dependence from Viy gi(x¢,yi.+; BY) due to using the same

mini-batch of data gf, otherwise we need two independent
mini-batches (Wang & Yang, 2022; Hu et al., 2022).

Updates for x;; and y,;;. While the update for x;,1 =
X¢ — M Z41 1s simple, the update of y, 1 is trickier as there
are multiple blocks y; ;+1,¢ € [m]. A simple approach is to
only update y; ;11 for 7 € Z; as only their gradient estima-
tors s; ;41 are updated. This is adopted by (Hu et al., 2022).
However, since we use MSVR estimators s; ¢4 for deriving
a fast rate, additional error terms of MSVR estimators will
emerge and cause a blow-up on the dependence of m/I.
In particular, if we only update y; ;11 for i € Z; and keep
other blocks unchanged, we will have an iteration complex-

ityof T = O (Inax{ mHg{;m), Iﬁljg}e%), which has

an additional scaling y/m/I compared that in (Hu et al.,
2022) albeit with an improved order on e~ !. To avoid this
unnecessary blow up, a simple remedy will work by up-
dating all blocks of y; ¢41, i.€., y¢+1 = Y+ — 77¢St, where
st = (S1,4,.--,Sm,t), T is a parameter and 7; is scaled
stepsize. In fact, such all-block updates can be avoided by
using a lazy update strategy. Since the unsampled blocks
Yi,t, Yit—1 are not used in computing gradient/Hessian esti-
mators until ¢ is sampled again, one may accumulate the y; ;
updates and leave it to the future. In particular, at iteration ¢,
we replace the full-block updates of y; ;41 with the follow-
ing updates for sampled blocks ¢ € Z; at the beginning of
the iteration:

Vit—1=Yit—1 — (Kit — 1)TTe8; ¢, @

Yit = Yit—1 — TTtSit,
where K ; denotes the number of iterations passed since
the last time ¢ was sampled. For unsampled blocks i & Z,
no update is needed. Finally, we present the detailed steps
in Algorithms 1, to which is referred as BSVRB''.

Comparison with RSVRB. BSVRB"! is different from
RSVRB regarding both algorithm design and theoretical
analysis. We summarize the key differences in algorithm
design below, and leave the differences of theoretical analy-
sis to section 5. First of all, RSVRB keeps variance-reduced
estimators for all partial gradients, Jacobians and Hessians
involved in VF(x), while BSVRB"' only need it for the
Hessians and partial gradients of lower-level problems. In
fact, estimators for V, f;, Vﬁy 9i, Vy fi do not need vari-
ance reduction because they all have unbiased estimator
and we keep a variance-reduced estimator z, for VF'(x).
Secondly, in the updates of variance-reduced estimators,
RSVRB requires scaling updates for non-sampled blocks,
while BSVRB"! requires none. Thirdly, at each iteration
RSVRB requires twice independent blocking samplings,
one for updates of partial gradient estimators and the other
for the update of STORM estimator of VF(x). Lastly,

RSVRB involves projection operation for the updates of
yi+ while BSVRB"! does not. These improvements sim-
plify the algorithm without sacrificing its convergence rate.

4.2. For high-dimensional lower-level problems

One limitation of BSVRB"' is that computing the inverse
of the Hessian estimator H;. is not suitable for high-
dimensional lower-level problems. To address this issue,
we propose our second method BSVRB'2. The main idea
is to treat [V2, g:(x,y:)] "'V, fi(x,y;) as the solution to
a quadratic function minimization problem. As a result,
[V2,9:(x,y:)] "V, fi(x,y;) can be approximated in a sim-
ilar way as y; in Algorithm 1. This strategy has been studied
for solving BO problems in recent works (Hu et al., 2022;
Dagréou et al., 2022; Li et al., 2021). However, none of them
directly applies to variance reduction methods for MBBO,
which incurs additional challenge to be discussed shortly.

Let us define m quadratic problems and their solutions:

1
¢i(v,%,y:) == §VTVZygi(X)Y’i)V —v'V, fi(x,y:)

A2 (X7 yl) = arg minve]Rdy ¢z (Va X, YZ) (5)
It is not difficult to show that v;(x,y;) is equal to
(V2,9:(%,¥:)] "'V, fi(x,y:). Since vi(x¢,yi) can be
viewed as solution to another layer of lower-level prob-
lem, we conduct similar updates for v;; to that for y; ;.
Define a stochastic estimator V,¢;(v,x,y;; B; ,EZ) =
V2 ,9i(X, i &)V — V, fi(x,y; B;). Then an MSVR esti-
mator u; ;1 for gradient V., ¢;(v; ¢, Xy, ¥4 ¢) is given by
W1 = (1— @)y + @ Vodi(Vie, X, i B, BY)
+ M [Vvdh'(vi,u X, Yi; Bi, BY) (6)
— Vo di(Vi—1,%e,yin—1; BL, BL)] i € I,
and then an update v; ;11 = [v; ¢ — Ty, ¢] for the sampled
blocks can be conducted. Then we compute STORM gradi-
ent estimator of V F'(x;) using the following two stochastic

gradient estimations:
1

Gt = Y Z [szi(XnYi,té Bf) - VCQU?;/‘gi(Xt’yi’t;ljgv%f)vj,tjl7
€Ly

~ 1

G = T ; [szi(xtfl’y“*l;gf) 2

—V2,9i(Xt—1,¥ia—1: B )Viu_1].

Updates for x;. 1, y;+1 and vy 1. The updates of x;,; and
y¢+1 Will be conducted similarly as before. However, the
update for v, ; is more subtle. First, the stochastic estima-
tor Vi (Vie, Xe, ¥ie; Bi, Bi) = V2, 0:(Xe, ¥ie; Bi) Vi —
Vy fi(%¢, ¥, B;) has no bounded variance unless v; ; is
bounded. To this end, we derive an upper bound V' = %
so that v;(x,y;) € V = {v; : ||[vi[[3 < V?} under the
Assumption 5.1, 5.2 and 5.3 (cf. Appendix B.2). Then the
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Algorithm 2 Block-wise Stochastic Variance-Reduced
Bilevel Method (version 2): BSVRBY?
1: Initialization: xy = X1,y0 = ¥Y1, Vo = V1,S1, U1, Z1
2: fort=1,2,....,T do
:  Sample a subset of lower problems 7,

3

4:  Sample two batches B! ~ P, gf ~ Q, fori € I,.
5 Update s; 441 and u; ;1 according to (2), (6).

6:  Compute Gy, CNJt according to (7).

7o zpr = (1= B)(ze — Gi) + Gy
8.

9

10

Update y¢+1 =y — 77T¢St
Update Vil = va [Vt — 77}1115]
Update Xt+1 = Xt — MZi41

11: end for

12: return (X7, yz, Vi, S, Uz, z;) for a randomly selected ¢

update of v; ;41 is modified as v; ;11 = Iy [v; ¢ — Teu, ).
A similar approach has been used in (Hu et al., 2022). Sec-
ond, similar to the problem of updating y; ;11 only for
i € I, in BSVRB"', updating vit+1 only for i € 7, in
BSVRB'? will lead to worse scaling factor in iteration com-
plexity. To avoid this, we update all blocks of v; ;41 using
its MSVR gradient estimators u; ;4. With these changes,
we present detailed steps in Algorithm 2 for BSVRBY?. Fi-
nally, we remark that (i) the sample complexity per-iteration
of BSVRB"? is the same as BSVRB',, i.e., only two mini-
batches B! and B! are required for each sampled block; (ii)
similar to (4), the updates of non-sampled blocks v; ;41 can
be delayed until they are sampled again due to that their
corresponding gradient estimators do not change and they
are not used for computing the gradient estimator z; 1 until
their corresponding blocks are sampled again.

5. Convergence Analysis of BSVRB

In this section we provide the convergence analysis of the
proposed algorithms and highlight how it is different from
the analysis of RSVRB. First of all, we make the following
assumptions regarding problem (1).

Assumption 5.1. For any x, g;(X, -) is Lg-smooth and A-
strongly convex, i.e., Lyl = Viygi(x, yi) = M.

Assumption 5.2. Assume the following conditions hold

o Vofi(x,yi;€) is  Ly,-Lipschitz  continuous,
Vyfi(x,y:;€) is  Ly,-Lipschitz  continuous,
Vyg2 (x,y4;¢) is  Lgy-Lipschitz  continuous,
\%: 2,9i(%,¥i;¢) is  Lggy-Lipschitz  continuous,

V2,9:(X,¥i; C) is Lgy,-Lipschitz continuous, all with
respect to (X,y;).
C VL fiGe v < O3,
e All stochastic estimators Vaofi(%,y: ),
ngi(X»Yi;f)s Vygi(x7 yi;C)’. v%ngi(xvyi;C)9
V3, 9i(X,yi; ¢) have bounded variance .

vyfi(X7 Yi)H2 < Cjzfy

Assumption 5.3. V2, g:(x,y:,0)|]> = C2,,I.

Assumption 5.1 is made in many existing works for
SBO (Chen et al., 2021; Ghadimi & Wang, 2018; Hong
also standard in the llterature (Ji et al., 2020b, Ghadimi
& Wang, 2018; Hong et al., 2020). To employ variance
reduction technique, Lipchitz continuity of stochastic gra-
dients, i.e., Assumption 5.2 i), is required (Yang et al.,
2021b; Cutkosky & Orabona, 2019). Note that the assump-
tion V,,g;(x,y:; ¢) is Lgy-Lipschitz continuous implies that
Hviygl(xayl)” < ngy and ||V12;ygl(xﬁ yt)HQ < ngy
with Cgpy = Cgyy = Lgy. Assumption 5.3 is only re-
quired by BSVRBY to ensure the Lipschitz continuity of
Vooi(vi, X,¥i,&,¢). It is notable that an even stronger
assumption C‘gyyl = Vi,9(x,y;¢) = X is made in
(Ghadimi & Wang, 2018; Hong et al., 2020; Yang et al.,
2021b) due to the use of the Neumann series (cf. the proof
of Lemma 3.2 in (Ghadimi & Wang, 2018), Assumption

1&2 in (Yang et al., 2021b)).

Comparing to the assumptions made for RSVRB,
BSVRB no longer requires the boundedness of
yi(x) and the expectation of the stochastic gradients
norms V., fi(%,yi:€), Vyfi(%,yii€), Vygi(xyiiC),
szgz(x vi; (), Vf/ygl-(x,yi;g). The latter boundedness
requirements in RSVRB come from the error bound
analysis of the randomized coordinate STORM estimators,
which uses (0,...,mVyg;(x¢,¥i4;¢t),--.,0) as an
unbiased estimator of V, g(x;,y). It is also the reason for
not having parallel speed-up of using multiple samples for
each block (Wang & Yang, 2022).

Next, we present our main result about the convergence of
BSVRB"! and BSVRB"? unified in the following theorem.

Theorem 5.4. Under Assumptions 5.1, 5 2 and 5.3 (for
BSVRB"), with |Bt| = |B| = B, 7 < 3L , ap = O(Be?),
dt,ﬁt = O((Llim) +§)_162), Te, Tt = O(q/ E(Llim) +
%)’1/26), m = O(T{L(Llim) + %)’1/26), and by using a
large mini-batch size of O(1/€) at the initial iteration, both
Algorithm 1 and 2 give E [% Zf 1 HVF(xt)Hﬂ < €2 with

an iteration complexity T = O(™< I]i(fkm) + T\eﬁ )-

Remark: The achieved iteration complexity (i) matches
the SOTA results for standard BO problems with only one
block when I = m = 1 (Khanduri et al., 2021; Yang
et al., 2021a; Guo et al., 2021); (ii) has a parallel speed-
up by using multiple blocks I and multiple samples in the
mini-batches B! and B!. It is worth mentioning that the
above theorem requires using a large batch size at the initial
iteration. This is mainly because that we use fixed small
parameters for oy, &y, B¢, 1 for simplicity of exposition and
for proving faster convergence under a Polyak-f.ojasiewicz
(PL) condition in next section, for which we do not require
the large batch size at the initial iteration. We can also
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Algorithm 3 RE-BSVRB

1: Initialize the set of variables ©g = {xg = x1,y0 =
Y1,Vo = V1,81, Hi,ui, 21}
Define parameters {Z } 2 according to Theorem 6.1
fork=1,...,K do

Oy = BSVRB(O),_1,Z,)

end for
Return: x g

SANRARE

use decreasing parameters as in previous works to remove
the large batch size at the initial iteration for finding an
e-stationary point.

6. Faster Convergence for Gradient-Dominant
Functions

In this section, we use a standard restarting trick to improve
the convergence of BSVRB under the gradient dominant
condition (aka. Polyak-Lojasiewicz (PL) condition), i.e.,
p(F(x) = min F(x')) < [VF(x)|%
The procedure is described in Algorithm 3 and its conver-
gence is stated below.
Theorem 6.1. Suppose Assumptions 5.1, 5.2 and 5.3 (for
RE-BSVRB'?) hold and the PL condition holds. Set appro-
priate initial parameters 1 = (1, 1,01, 71, T1, M1, 11)-
I(I<m
= 0G5 + %)
For k > 2, set parameter
57
B ’
£)7 V%) and T, =
}) (for RE-BSVRB"), or T, —

Define proper constant e
and ¢, = e€/2F1
- _ o I(I<m)

Er such that Bi,op,ar = O(per (=5 +

To o = OW’H (5 +

1 1
O(max { N’ TR Qg

O(max { /L}n’ 3o le, . }) (for RE-BSVRB"), then after
K = O(log(e1 /¢€)) stages, the output of RE-BSVRB satis-

fies E[F(xk) — miny F(x)] <e.

Remark: For both RE-BSVRB"' and RE-BSVRB'?, it fol-
lows from Theorem 6.1 that the total sample complexity

is o8 Ty, = O(W%(ij + 5V ). I
1 > €, the dependence on p and e matches the optimal rate
of O( -) to minimize a strongly convex problem, which
isa stronger condition than PL condition. In the existing
works, RE-RSVRB (Guo et al., 2021) has a similar result.
Other than that, to get E[[|x — x*||?] < ¢, STABLE (Chen

et al., 2021) takes a complexity of O( ), TTSA (Hong

et al., 2020) takes O( —%73 ), and BSA (Ghadimi & Wang,
2018) takes O( 062) all under the strong convexity.

7. Experiments
7.1. Hyper-parameter Optimization

In this subsection, we consider solving MBBO with high-
dimensional lower-level problems. In particular, we con-

sider a hyper-parameter optimization problem for classifi-
cation with imbalanced data and noisy labels. For handling
data imbalance, we assign the j-th training data (; a weight
o(p;) € (0,1), where o(-) is a sigmoid function, and p;
is a decision variable which will be learned by a bilevel
optimization. In order to tackle noisy labels in the train-
ing data, we consider using a robust loss function given
by Lo(wiz,y) = log (1 +exp (—y(w'z +wp)/7)),
where x € RY is input feature, y € {1, —1} denotes its
label, 7 > 0 is a temperature parameter. This loss function
has been shown to be robust to label noise by tuning the 7
in (Zhu et al., 2023). In our experiment, instead of tuning 7,
we consider multiple values of them and learn a model that
is robust for different temperature values. In particular, for
each temperature value 7;, we learn a model w;(p) follow-
ing the weighted empirical risk minimization using the ¢-th
loss L;(w;x,y) = Ly, (W;2,9).

As aresult, a MBBO problem is imposed as:

in F(p) z L Bejnmin [Li(wi(p); &)
A
wi(p) = arg min E,p,, [0(p;)Li(w; )] + S IwP,

foralle=1,...,m,
where D, contains n training data points and D,; is a
validation set, E¢; p,, denotes an average of data from the
given set.

In the first experiment on hyper-parameter optimization, we
aim to compare BSVRB and RSVRB, compare BSVRB"?
with BSVRBY' for high-dimensional lower-level problems,
and to verify the parallel speedup of both BSVRB"! and
BSVRB'? with respect to block sampling size [ and the
batch size B of samples.

Data. We use two binary classification datasets, UCI Adult
benchmark dataset a8a (Platt, 1999) and web page classifi-
cation dataset w8a (Dua & Graff, 2017). a8a and w8a have
a feature dimensionality of 123 and 300 respectively, and
contain 22696 and 49749 training samples. For both a8a
and w8a, we follow 80%/20% training/validation split.

Setup. We set the number of loss functions to be 100 using
randomly generated {r;}!" in the range of [1,11). For
methods comparison, we sample 10 blocks at each iteration
and set the sample batch size to be 32. The regularization
parameter X is chosen from {0.00001, 0.0001, 0.001,0.01}.
For all methods, we tune the upper-level problem learning
rate 1; from {0.001,0.01,0.1} and the lower-level problem
learning rates 74, 7; from {0.01,0.1,0.5, 1,5, 10}. Parame-
ters ay = & and 4 = 4 in MSVR estimator are tuned from
{0.5,0.9,1,10,100} and {0.001,0.01,0.1,1, 10,100} re-
spectively. In RSVRB, the STORM parameter 3 is chosen
from {0.1,0.5,0.9,1}. We runs 4 trails for each setting
and plot the average curves. This experiment is performed
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on a computing node with Intel Xeon 8352Y (Ice Lake)
processor and 64GB memory.

Results. We plot the curves of validation loss for BSVRB
and RSVRB in Figure 2. For both datasets, all methods
perform similarly in terms of epochs. However, in terms
of running time, both BSVRB"! and BSVRB? have bet-
ter performance than RSVRB. For dataset w8a, that has
a higher lower-level problem dimension 300, BSVRBY?
shows its greater advantage against BSVRB'!' and RSVRB.
This is consistent with our theory that BSVRB" is more
suitable for high-dimensional lower-level problems. Note
that one of the major issues that slows down RSVRB is
maintaining the Jacobian estimators, e.g. a matrix of size
100 * 300 * 39799 for w8a, which is avoided by BSVRB"!
and BSVRB. In Figure 3, we compare the loss curves
of BSVRB"!' and BSVRB"? with different values of I (#
of sampled blocks) and B (# of sampled data per sampled
block) on a8a. It shows that the convergence speed increases
as I and B increases, which verifies the parallel speedup of
our algorithms.

Classification with Imbalanced Data with Noisy Labels.
To further demonstrate the benefit of our multi-block bilevel
optimization formulation for classification with imbalanced
data and noisy labels, we artificially construct an imbalanced
a8a data with varied label noise. We remove 70% of the
positive samples in training data to produce an imbalanced
version. Moreover, we add noise by flipping the labels of
the remaining training data with a certain probability, i.e.,
the noise level from 0 to 0.4.

We compare three methods, 1) logistic regression with the
standard logistic loss as the baseline, ii) BSVRB"! for solv-
ing the bilevel formulation with only one lower level prob-
lem (m = 1 and using the standard logistic loss), and iii)
our method for solving multi-block bilevel formulation with
m = 100 blocks corresponding to 100 settings of the scaling
factor 7; in the logistic loss. Since these methods optimize
different objectives, we use the accuracy on a separate test-
ing data as the performance measure for comparison. For
our method, we have multiple models learned with different
loss functions. We select the best model on the validation
data and measure its accuracy on testing data. In terms of
parameter tuning, for logistic regression we tune the step
size in the range {0.001,0.005,0.01,0.05,0.1,0.5}. For
BSVRB"! we follow the same parameter tuning strategy
described in the previous experiment. For each setting, we
repeat the experiment 3 times by changing the random seeds.
We present the results in Figure 1 as a bar graph. We defer
the numeric results to Appendix E. As we can see from the
results, our multi-block bilevel optimization formulation
of hyper-parameter optimization has superior performance,
especially with high noise level.

a8a

BN Logistic Regression
BSVRBv1 m=1
W BSVRBv1l m=100

o o o o
© @ @ ®
o ¥} & o

L

Test Accurac

o

<

@
L

0.0 0.1 0.2 0.3 0.4

Noise Level

Figure 1. Comparison of testing accuracy of models learned by
regular logistic regression, BSVRB"! with m = 1 lower-level
problem, and BSVRB"! with m = 100 lower-level problems on a
corrupted dataset a8a with various noise levels.

7.2. Top-K NDCG Optimization

In this experiment, we consider the top-K NDCG optimiza-
tion proposed in (Qiu et al., 2022), and reformulate it into
an equivalent MBBO problem. Let ¢ € Q denote a query,
S, = {(x!,y! )}fi“l denote a set of items and their rele-
vance scores w.r.t to ¢, S denote the set of relevant query-
item pairs, and h,(+, -) denote the predictive model for query
g. Then the MBBO formulation of this problem is:

miné S (x5 W) — Ag(w)) o (g(w; x7)),
(¢,x})es
K+e

q

T22
A+ =
+2

where

Ag(W) = arg m)%n

1
5 2 il exp((hy(oxi w) = 2)/m)),
x; €Sy
1
g(w;xj) = argmin 5 (g — g(w;x], S,))% (g, x9) € S,
g

1 1-ov ) _
where fq,i(,g) ﬁm, g(W,Xg,Sq) =

B Les, Hhg(x'sw) — ho(xf;w)), £() = (- + )%
with a margin parameter c, (-) is sigmoid function, and
Z f is the top-K DCG score of the perfect ranking. We refer
the readers to (Qiu et al., 2022) for more detailed description
of the problem which is omitted due to limite of space.

We follow the exactly same experimental settings as (Qiu
et al., 2022). Specifically, we adopt two movie recommen-
dation datasets, i.e., MovieLens20M (Harper & Konstan,
2015) and Netflix Prize dataset (Bennett et al., 2007), em-
ploy the same evaluation protocols, model architectures,
and hyper-parameters for training. For our method, we
tune «,@ and v, in the ranges of {0.7,0.8,0.9} and
{0.001,0.005,0.01,0.1,1, 10}, respectively. Details of
data and experimental setups are presented in Appendix A.1.

Since all lower-level problems have one-dimensional vari-
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Figure 2. Comparison of convergence curves of different methods
in terms of validation loss on datasets a8a and w8a.
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Figure 3. Comparison of convergence curves of BSVRB algo-
rithms with different values of I and and B on a8a.

able for optimization, we only compare RE-BSVRB"' with
K-SONG and other methods reported in (Qiu et al., 2022).
We plot the convergence curves for optimizing top-10
NDCG on two datasets in Figure 4, and note that our
RE-BSVRB"' converges faster than other methods. We also
provide NDCG @10 scores on the test data for all methods
in Table 2 and more results in Table 3 in Appendix A.1. We
observe that our method is better for top- X' NDCG optimiza-
tion than other methods. Specifically, our method improves
upon K-SONG by 5.24% and 6.49% on NDCG@10 for
Movielens data and Netflix data, respectively.

The code for reproducing the experimental results in
this section is available at https://github.com/
Optimization—-AI/ICML2023_BSVRB.

8. Conclusions

In this paper, we have proposed novel stochastic algorithms
for solving MBBO problems. We have established the state-

MovieLens20M
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 SONG 0.26{ 1
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K-SONG

—= ApproxNDCG
wee ListNet
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== ListMLE
b
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Figure 4. Comparison of convergence of different methods in terms
of validation NDCG@5 on two movie recommendation datasets.

Table 2. The test NDCG@10 scores on two movie recommenda-
tion datasets averaged over 5 trials. More results for other metrics
are in Table 3 in Appendix A.1

METHOD MOVIELENS NETFLIX

RANKNET 0.05384+0.0011 0.036240.0002
LISTNET 0.06604+0.0003 0.053240.0002
LISTMLE 0.05884+0.0001 0.037640.0003
LAMBDARANK 0.069740.0001 0.053140.0002
APPROXNDCG 0.073540.0005 0.043440.0005
NEURALNDCG 0.069240.0003 0.055440.0002
SONG 0.07484+0.0002 0.057140.0002
K-SONG 0.074740.0002 0.057340.0003
RE-BSVRB"! 0.07494+0.0003 0.0585+0.0004

of-the-art complexity with a parallel speed-up. Our exper-
iments on both algorithms for low-dimensional and high-
dimensional lower problems demonstrate the effectiveness
of our algorithms against existing algorithms of MBBO.
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Table 3. The full results test NDCG on two movie recommendation datasets.
standard deviation over 5 runs with different random seeds.

We report the average NDCG@k (k € [10, 20, 50]) and

METHOD MOVIELENS20M NETFLIX PRIZE DATASET
NDCG@10 NDCG @20 NDCG @50 NDCG@10 NDCG @20 NDCG @50

RANKNET 0.0538+0.0011 0.074440.0013 0.1086+0.0013 0.0362£0.0002 0.0489+£0.0003 0.0730+0.0003
LISTNET 0.0660+0.0003 0.08754+0.0004 0.122740.0003 0.0532£0.0002 0.0700£0.0002 0.0992+0.0002
LISTMLE 0.0588+0.0001 0.07994+0.0001 0.113740.0001 0.0376+£0.0003 0.0508+0.0004 0.0753+0.0001
LAMBDARANK 0.0697+0.0001 0.091340.0002 0.125940.0001 0.0531£0.0002 0.0693+0.0002 0.0976+0.0003
APPROXNDCG  0.0735+£0.0005 0.0938+0.0003 0.128440.0002 0.043440.0005 0.0592+0.0009 0.0873£0.0012
NEURALNDCG  0.0692+0.0003 0.0901+0.0003 0.12324+0.0007 0.055440.0002 0.0718+0.0003 0.1003+£0.0002
SONG 0.0748+0.0002 0.09694+0.0002 0.1326+0.0001 0.0571£0.0002 0.0749+0.0002 0.1050+0.0003
K-SONG 0.0747+0.0002 0.0973+0.0003 0.1340+0.0001 0.0573£0.0003 0.0743£0.0003 0.1042+0.0001
RE-BSVRB"! 0.0749+0.0003 0.0963+0.0002 0.131440.0003 0.0585+0.0004 0.0760+£0.0003 0.1061+0.0002

A. Top-K NDCG Optimization

A.1. Details of data and experimental setups

Data. We use two large-scale movie recommendation datasets: MovieLens20M (Harper & Konstan, 2015) and Netflix Prize
dataset (Bennett et al., 2007). Both datasets contain large numbers of users and movies, which are represented with integer
IDs. All users have rated several movies, with ratings range from 1 to 5. To create training/validation/test sets, we use the
most recent rated item of each user for testing, the second recent item for validation, and the remaining items for training,
which is widely-used in the literature (He et al., 2018; Wang et al., 2020). When evaluating models, we need to collect
irrelevant (unrated) items and rank them with the relevant (rated) item to compute NDCG metrics. During training, inspired
by Wang et al. (2019a), we randomly sample 1000 unrated items to save time. When testing, however, we adopt the all
ranking protocol (Wang et al., 2019b; He et al., 2020) — all unrated items are used for evaluation.

Setup. We choose NeuMF (He et al., 2017) as the backbone network, which is commonly used in recommendation tasks.
For all methods, models are first pre-trained by our initial warm-up method for 100 epochs with the learning rate 0.001 and
a batch size of 256. Then the last layer is randomly re-initialized and the network is fine-tuned by different methods. At the
fine-tuning stage, the initial learning rate and weight decay are set to 0.0004 and le-7, respectively. We train the models for
120 epochs with the learning rate multiplied by 0.25 at 60 epochs. The hyper-parameters of all methods are individually
tuned for fair comparison, e.g., we tune . and -, for our method in ranges of {0.7,0.8,0.9} and {0.001, 0.005,0.01},
respectively.

B. Convergence Analysis of BSVRB

In this section, we present the convergence analysis of BSVRB. We lety, = (y1,6,---:Ym,t)> Vi = (Vi -3 Vinot)s
u; = (u17t7 RS um,t)’ St = (Sl,ta ey Sm,,t)’ Ht = (Hl,ta ey H?n,t)’ y(X) = (yl(X), v 7Ym(x))v V(X7y) =
(Vl(X, yl)v e ,Vm(X, Ym))'
For simplicity, we define the following notations.

5z,t = HZt+1 —AtHQ» 5yt i—ZHyzt yi Xt) , 'ut I—ZHVzt Xt7Y7, t)H27

st:*Z”Szt

Oyt 1= Z Wit — Vodi(Vie—1,Xe-1,¥ie-1)]%

=1

m
5H,t = Z ||H7,',t -
i=1

y.% Xt— 1,)’” 1 || ) 5st :*ZHSit ygz XtaYZ t)” )

Out = Z Wit = V@i (Vi e, ¥i0) |12,

=1

m
Vo, 9i(xe—1,Yia—1)I?,  Oms = Z Hie — Vi,9i(xe,yi2)|%.
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Note that under Assumption 5.1, 5.2, 5.3, we have
Ome < 20m, +2L2, (mllxe — xe—1]|* + [lye — ye—1l|?)
Ot < 2050 +2L2 (mlxe — x¢—1[* + [lye — ye-1?) (®)
Sup < 20,0+ 2L3, (Ive = v [I” + mllxe = xe-1 [ + llye = ye-1]?)

We initialize xo = x1, Yo = y1 and vg = vy, so that we have

T T T T
Z [[x¢ — thlHQ < Z l[xt+1 — Xt||2> Z ly: — Yt71||2 < Z ye+1 — Yt||27
t=1 t=1 t=1 t=1

T T

Z [vi = via|? < Z [Vigs — vell*.

t=1 t=1

We first present some standard results from non-convex optimization and bilevel optimization literature.

Lemma B.1 (Lemma 2.2 in (Ghadimi & Wang, 2018)). F'(x) is Lg-smooth and y;(x) is L,-Lipschitz continuous for all
1=1,...,m, where L, and L are appropriate constants.

€))

Lemma B.2. Let ;11 = x; — )1Z¢+1. Under Assumptions 5.1, 5.2, with n; Ly < 1/2, we have
Flxi1) < F(xi) + 5 VE(x) — DIVF ()2 = Tlzes |

Lemma B.3 (Lemma 6 in (Guo et al., 2021)). Let y;11 =y — 7¢7s¢ with 7 < 2/(3Ly), we have

TT)\ 8T
yesr — ()2 < (10— =) lye — y(xo) > + = ||Vy9(Xt7Yt) — s
8L2’72 27’ T 3L,
||Xt+1 — x| - ?t(l + t4 )(5 - 7)||Yt vl

Lemma B.4. Let Q be a convex set. Suppose mapping h;(e;; &) is L-Lipschitz, h;(e) = E¢[h;(e;;€)], hi(e) € Q and
Ee[||hi(e;) — hi(e;; €)||?] < o2 foralli = 1,...,m. Consider the MSVR update:

11 (1 — Oz)hi’t + Olhi(ei,t; Bg)

Bigs = +y(hi(eis; Bf) — hi(eie—1;B)) |, i € Iy (10)
h;¢, ow.
Denote 0p, 1 == > o, |[hiy — hi(e;—1)||% By setting v = % + (1 — @), for o < %, with batch sizes I = |I,| and
= |B!|, we have
la 2la20?
E[§ <(1-—)E[§

E [0n,e41] < ( m) [0n.] + B

8m2L2 m 1D
Z”ezt 1 _eth

With Q = R? the above lemma is Lemma 1 in (Jiang et al., 2022). We refer the detailed proof to Appendix D.2

B.1. Convergence Analysis of BSVRB"

We first present a formal statement of Theorem 5.4 for BSVRBY'.

Theorem B.5. Under Assumptions 5.1 and 5.2, with T < % o= I(%}i) +(1—a), n = I(%*it) + (1 — ),
. i 2 — . 2 —_— —

ap < Inln{Q’ 12010} B < %’ TS mm{%, 126010(]1(1?%) +3) 1}’ T < 12%10 %(M +3) 12,

7 < min {m, vV 11%(@ + %)*1/2}, where C1q, C11 are constants specified in the proof, and by using a large

mini-batch size of O(1/€) at the initial iteration for computing z1,s1, Hy and computing an accurate solution y1 such that
by1 < O(1), Algorithm 1 gives E [+ > 1", [|[VF(x)||?] < € with sample complexity T = O ( H(I<m) 3)
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Define
1 m
Ar= m Z Vafi(xe.¥ie) = Vaygi(xe, yit) Bel[Hid] TV fi(%e, yie) (12)

i=1
so that By [Gy] = Ay, By[Gy] = Ay
Lemma B.6. With constants Cy, Cy defined in the proof, we have

|1A; — VF(x,)||? < C16,.4 + Codp s (13)
Lemma B.7. Consider the updates in Algorithm 1, we have

2C
Efllzer1 — Adl’] < (1= B)llze — Av1]* + 2Cs][x: — x¢—1 > + WgHYt —yi1|?

(14
2C I(I < 1
+ 22, HHH? gy (M=) L
I B
Lemma B.8. With MSVR updates for H; 1, if &, < 5, we have
2Ia?0?  8Ia? 9m2L2, 9mL?
E [[|Hesr — He|?] < Bt + mt B ]+ —F " Ellxs-1 — x[%] + — By - vl (13
By applying Lemma B.4 to s;, H;, we have
Ia 2la202  8m2L2 1
E (5] < (1 - S2OE [5y,] + 22 P Ixes = xlP + i = vl
and - -
Ia 2la; o 8m-L 1
BB eni] < (1= B Bl + 215 + 2P o =l + e~ vl
Take summation over ¢t = 1,...,7T, then we obtain
T _ 372
m 2mayo?T  8m°L 1
E|Y dus| <E 7a,0m1 t é + T2 Z {”th =%+ —[lyi1 - Ytﬂ ] (16)
t=1 t=1
and
T 3r2 T
m 2moyo?T  8m°L 1
E|> 6. <E Tards1 5+ weR > [th_l =]+ —llye-1 - ytﬂ ] (17)
t=1 t=1
B.1.1. PROOF OF THEOREM B.5
Proof. By Lemma B.2, we have
i i i
F(xi1) = F(xi) < §t||zt+1 — VF(x)|* - ;HVF(Xt)Hz - Zt||zt+1|\2~ (18)
The first term on the right hand side can be divided into two terms.
Ze 11 — VE(x)|[* <2241 — Adlf® + 2| A = VF(x,)]? (19)

where we have recursion for the first term on the right hand side in Lemma B.7 and the second term is bounded by
Lemma B.6. Combining inequalities 18,19 and Lemma B.6 gives
77t01 TItOQ

F(Xp41) = F(%¢) <mpbze + =0y + bras— 2 IIVF(Xt)ll2 - %IIZt+1H2~ (20)

Taking summation over t = 1, ..., T yields

o 2 = 20 20
D IVEG)|F < = (Floca) = Fx) +23 0o+ 5= Zéyt = Zém -5 Z lzesa]® @D
t=1 t =1
We enlarge the values of constants C so that

T T 1 T
DIVEE)IP+> 6.0+ - D Oy
t=1 t=1 t=1
2 T
< —(F(xl)—F(x*))+3Zazt+—z(5yt+—25m— fZHthH
t=1

e

(22)
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It follows from Lemma B.7 that

T
E lz 524 <E
t=1

5z 3 2C3
,1 z : 2 2 : 2
Xy Xi+1 Y Y1
6t Bt =1 || || mﬁt —_ || ||

(23)

20 I(I <m 1

— Z |H: — Higa||* +26:C5T I <m) + =

I B
Combing with Lemma B.8, we have
T 2 T 2 T
0,1 2C5  18CymL 203 18L
E 6z < E gyy _ 2 gl/’t/ _ 2
S| <% (26 B0 ) S st (2524 ) S v
- - - (24)
I(I<m) 1\ 4C4Ia2,,0°T 8Cila? ,
2 T —m—-=+ — )
+28,C5 ( 7 +B)+ R —y ; Hi
Following from Lemma B.3, we have
T T T
32 ~ 8 1 3L, 9
E Z‘Sy,t <E e 33 Z‘Ss’t - W(; - T)Z [¥i+1 = yell
t=1 t=1 t=1 25)
32mL2 )
7- 727232 Z lIx: — x| ]

Following from inequalities (25), (24) and (22), we have

T T
1
B S IVF)P+ 35+ z(sy,t]
t=1 t=1 t=1

2 . 301 I(I<m) 1 12C4I1a3,,0°T
<E|—(F - F d T2 ="/ — it ol
SE| ) = FEO)+ =g 46605 ( I B mB, B

T
+ % Z Oyt + — Z5Ht 24C4Iat+1 Z Ht
t=1

6C5 54C4mL
+ | — +

603 54L2
B, 15, ) Z [ — Xt+1||2 -5 Z ||Zt+1H2 (m B, gyy Z ly: — Yt-‘rl”

2 35,1 4C4 H(I < m) 1 1204[6[25-&—10- T
<E|Z(F(x)) - F(x* 1y T (2= ) e 2
= nt( (1) = F(<7) + 3 T T vt 665 ( T B mp, B

3201

T _9 T
Z5st 2ZSH,1:+24?H4QI§:+126H¢

. <6a, | MCumLG,, | 32L5Ch

B, 15, P22 ) Z [ — X1t+1||2 ) Z \|Zt+1||

. (603 L 5L, 8C1_

mpy 1, 2)\m 2r )ZYt veiil?

Then we replace Ss,t; SH,t by ds.+, 0+ following inequality (8) and (9)
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T T 1 T 1 T 1 T
E D> IVE&)IP+Y 0.0+ — > Gyt — > oma+ — Zés,t]
t=1 t=1 t=1 t=1 t=1
2 L3, 4G
u Bt TeTAM

T 2 2 2 T
Cy 6C5 54C4ngw 32Ly01 6401Lg 9 9 1 9
Z (SH’t (lat + 15, + 7-t27.2)\2 + A2 202Lgyy ; ”Xt - Xt+1|| ) ; ||Zt+1H

H(I < m) 1 ) 12C’4Iat+10 T Cﬁ

rT —_— -
6y,1+6ﬁtco( T+ 3 BB Z(sst

2 2 )
6C5 + 54Lgyy _ 8C, (i _ %) n 6401Lg QCQLny Z HYt Vi 1H2
mpB 18, TEAm 2T 4 mA® ’
where €& > GG 4 1 gpq Cr > 2Catl | 2467*321;?“

Then we plug in Zle ds,+ and Zthl 0p,¢ to the right hand side following (16) and (17),

T T 1 T 1 T 1 T
E > IVE&)IP+ Y60+ ~ > dyat ~ > Omat — > 554
t=1 t=1 t=1 t=1 t=1

2 352 1 401 CG C7 ]I(I < m) 1
<E|—(F — F(x* : —9 — 0, 6 -+ =
< "7t( (x1) (x%)) + B + gy pen ) + Ta, 05 + g Ot 65:C5T T T35
1204]&%+102T 4 206atU2T T 20754t0'2T 4 676'3 4 54C4mL£27yy 32L§Ol 6401[/!2] 202L2
mﬂtB B B 575 Iﬁt Tt2T2)\2 )\2 gyy
8m2C6L2 8m C7L2 6C 54L2
9y 9yy _ 2 + 2 OV@3 | Y gyy
12 + EWE Z l[%¢ — Xe41]] Z [Ze41]]” + mB; 13,
8Cy (1 3L, G4CiLG, | 205L5,,  SmCsLi,  8mCrLy, d )
- thAm(E_ 1 )+ M2 m + a2 + al? ;HYt_YtJdH
To ensure the coefficient of Z;‘F 1 Iyt = yt41]|? is non positive, we need
—C . Iﬁt Oétl O(tIQ
= CUg1min m 5 m2 5 m2
< 4801 (i _ %) min mﬁt Iﬁt ’fTL)\2 m OétIQ C_Ytl2
— Am 27 4 6C3’ 54L2, W 64C, L2 2C,L2 ° 8mCsL2,’ 8mC,L2

48C1

3L 1 1 2 1 1 1
where Cg := 5= — =—2)min { — .
8 (27 ) 6Cs° 54LZ, > 64C L2, 2C,L2, 7 8CsL2, > 8C7 L2,

. T . ..
To ensure the coefficient of >_,_, ||x; — x¢1]|? is non positive, we need

Iﬁt all? 5 oyl?

= (g min , JThy —
2 2
m’ m m

,B Iﬁt 2 2)\2 A2 1 O[tIQ (jétIQ
< min{ ; 5 }
SiCh’ T56CsmIE,, HSLIC, S06CH L2, BCoL%,, TIam?Cols, T12m?Criz,,
— mi 1 )2 A? 1 1
where Cy = min{ g, 75604L2,, 448L2C; > 896C: L2, 28CLL2, » 1120612, 112C7Lgyy}

Then it follows
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T T 1 T 1 T 1 T
2
S ITFGI + Y Y Y et 25]

2 30, 4C C C
.1 ! g1 T 65314’ L ou H1

<E|—(F — F(x* _
SE| = (Fla) - F(e) + 25+ b, pba + oL
I(I<m) 1 1204Id?+102T 2050:0%T  2C7040°T
68:.CsT | ——— + —
+66:Cs ( I +B) mp, B B B
2A 1 1 1 aT  oyT I(I<m) 1 Iai T
<E|—+C 0, Js, 1) 5 —_— T|——r-"t+ =
< ” + 10(5 1+[ 1+ Iy,1+ 1+ — 5 + 5 + Bt ( 7 +B +m5tB
where C := max {3, = L Cg,C7,6Cs,12C,102,2Cs0° 20702}

2
Set oy < Be® , Q0 < ————, so that
t = 12C1o t»Bt = 120 (I(Iim)+%)7

(I<m) 1 Iaj €2 Ie? II<m) 1\ " & €& ¢
= — -4 <
+ mp B 12B + 12mB) 1 + B + 12 + 12 7 3

010<B B + B (I t5

As a result, we have

. I al? .l
TfSCSmm{ ﬁt, t27 tz}
m’ m m

Gy . | rre IL<m) 1 ! ?2Be?
= min Ii B 77777,2

12010 m2
Gy P (I(I <m) L1 -t
©12C m? I B

and

Iﬁt OétI OétIQ
n? <C’gm1n{ el vees 2k 2, 2

O mi I W<m) 1 e I(L<m) 1 ! 2B
I I B) ' m2 I B) ' m?

Lo (<, 1y

= L1 ey
m2

I B

where Cp1 = 1207810
1/2
Thus, with T’ = cpe™? := 6A/C11 3 (H(km) + %) > 6A/C 2 (H(km) + %) €3, we have
1/2 2
I(I <m) 1) 6_11<6—

2A
= oL 2 (I +35

T]tT I

Note that C“’IE [ 0,1+ = I§y 1+ o 159 1+ = 15H 1] < & can be achieved by processing all lower problems at the
beginning and finding good initial solutions 8 1,0s1,0m,1 = O(e), with complexity O(e!), and §, 1 = O(1) with
complexity O(1). Denote the iteration number for initialization as Ty = O(¢~1). Then the total iteration complexity is

me 3I(I<m) me=?
o ( /A 1\/§>‘
O

B.2. Convergence Analysis of BSVRB"
We first present the formal statement of Theorem 5.4 for BSVRBY?.
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Theorem B.9. Under Assumptions 5.1, 5.2 and 5.3, with 7 < 2/(3Lg), s = 7{f=a~y + (1 — &), v = 7{f=ay + (1 — ),
C! min{1,Cx> m _ m — _ . m _
mos JERRELLO ¢ ) b < (U5 + )7t an < min (g (524 e

1 B 21 = : A X1 1 VT /3 : 1 Ol II<m) | 1y\-1/2
ap < mm{iv T8c7 € } T < mm{stv DX oge m VO } m < mm{m, m (G 5 e
where C§, C§, Cz, C}, are constants specified in the proof, and by using a large mini-batch size of O(1/€) at the ini-
tial iteration for computing z1,$1, W1 and computing an accurate solution y1,v1 such that 6,1 < O(m), Algorithm 1 gives

E [+ 37 IVFE(x)|?] < € with sample complexity T = O (me j]i(fkm) + I\F)

First, we note that the bounded variance of V,¢;(v,x,y;; B;) can be derived as
Epst ([ Voi (Ve Xe, Y30 B BE) = Vi (Via, X1, ¥ia) |
= ]Egt E’f[”viygi(xta)’i t; gt)vi t—V fi(xtayi,t; Bf) - szgi(xu}’i,t)vf + vyfi(xt;Yi,t)H2]
< ]EBt Bt [2||Vyygl(xt7 Vi B)vie — Vo, 9i (%, yi ) Viell® + 21V fi(xe, ¥ie) — Vy fi(xe, yi0: BD|?]

2
20

<—v» 2 —< 14+ V) —.

Moreover, to achieve the variance-reduced estimation error bound, we need the stochastic gradient V,¢;(v;,x,y;; &, ¢)
to be L ,-Lipschitz with some constant L,,. The value of L, can be derived as following. Assume that (v;,x,y;) and

(v}, x',y}) are parameters from some iterations in algorithm 1, then under Assumptions 5.2 and 5.3 we have
IVodi(vi, X, yi5 €, C) = Vot (vi, X',y €, O
< 4)V3,9i(%, ¥ OVie — Vi 0 (x, ¥i Oviell® + 41V, 0: (X, ¥ Ovie = Vi 06X, ¥ OVl
+2[Vy fi(x,¥i:€) = Vy fi(x, ¥5:6)|1?
< (4L5,,V? + 203 )(IIx = X'|1* + |lys — ¥ill*) + 4C5,, Vi — Vil
< L3y (Vi = viull? + llx = x'1* + [lys — yil*)
where Ly, 1= max{4Lgny2 + 2Lfy, 4C'§yy}.

Lemma B.10 ((Ghadimi & Wang, 2018)(Lemma 2.2)). Foralli =1,...,m, v;(X,y;) is L,-Lipschitz continuous with
L. = LsyCoyy+CryLgyy
v T )\2 .

Define

1 m
= Z Vafi(xe.¥ie) = Vaygi(Xe, i) Vi (26)

Note that E;[G] = Ay, E, [ét] = A;_1. Then we have the following two lemmas.
Lemma B.11. Forallt > 0, we have

C o
|A: = VE(x)[* < 15yt+ 25vt 27
Lemma B.12. Forallt > 0, we have

2C"
Eefllzes1 — Adl’] < (1= B)llze — Ap1]* + 205 |xe — xe—1 > + m3 ly: — ye—1]?

/ (28)
+ 2, v P 20 (N5 4 )
Following from Lemma B.3, with update y; ;41 = yi+ — 7¢7s;s foralli =1,...,m, with 7 < 2/(3Ly), we have
i) < (1 00,0+ TR - 2~ MmO, xal @)
Lemma B.13. Consider the update v; 111 = Ily[v; — Tu; ¢] foralli =1,...,m, with 7, < min {8%351,7 %, %}, we have
Efdy,e41] < (1 - %)E[év,t] + IOA%tIE[Su,t] + 5m_LZE[||Xt —xp41]]?] + ii?E[HYt —yet1l?] (30)
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By applying Lemma B.4 to s;, u;, we have

Ia 2Ia202  8m?L?
B (5] < (- 208 o, + 2L 2 [lxess = xlP + - yie — vl

B I
and
Ia 2lao?  8m’L3, 1 1
BlBuria] < (1= SR Bur] + 25+ 2R s = xlP s = yilP v = vil?
which implies
T 3r2 T
m 2mayo®T  8m°L 1
E Js E|—3, 9y —x||?+ = —yell? 31
2 ,t]_ Toit T e 2 (e P v =yl (31
and
T _ 3r2 T
m 2mayo*T  8m°Ly, 1 9 5 1 5
E|S 6| <E|-—46, — - - — -
; it Tay, a1+t B + a, 12 ; mHVt+1 Vil A+ lIxer1 — x| +m|\}’t+1 yill
(32)
B.2.1. PROOF OF THEOREM B.9
Proof. By Lemma B.2, we have
Fxi1) = F(x:) < o201 = VEG)? = DIVE)]? = 2z (33)
The first term on the right hand side can be divided into two terms.
|Ze41 — VEx)? < 2201 — Ad® + 2] A = VF(x)||? (34

where we have recursion for the first term on the right hand side in Lemma B.12 and the second term is bounded by
Lemma B.11. Combining inequalities 33,34 and Lemma B.11 gives

Cq C}
Fxi1) = Fxi) < s+ 10,0+ 2226, = TIVE)IP = 22 (35)
m m 4
Taking summation overt = 1,..., 7 yields
o 2 20, a
D IVFGa)| < = (Fxr) - Fix) + 2252 o+ 2 Zay, = Zavt S el GO
t=1 t t:1

We enlarge the values of constants C, CY so that

T T 1 L
2
tz_; IVF(x¢)|] + ;5Z,t + ™ ;6%15 + o ;du,t

2 d C! T ! T 1z (37)
< 20 ) 433 00+ Y 0 B S
Ur Py Ut m £
Following from inequality (29) and Lemma B.13 we have
T - L

4 32 & 8 1 3L 32mL2 .

E ;5th <E [wéy,l t 13 ; 05t — 7}27/\(? - Z |yt — yell* + 2 2:1 Ixe+1 — x|
(38)

- 4 L 20r2 20mIL2

- Lz_; dua| < El)\ﬁva’ﬂ + 40;5“ + 27 2 Z lIxee1 — x> + 27 2U Z lyt+1 — yell 1 (39)
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It follows from Lemma B.12 that

T
E lz 524 <E
t=1

T T

0.1 2C% 5 2C% 9
— + Xt — Xeq1||” + ——= Yt — Yi+1

e IS Bl D ||

20 I(I <m 1
3 Z Ve = vigpa|® + 28:CET ((I) + B)

(40)

Note that

Ve = viga? < Z 77w ?

i=1

3

7t2||uzt v ¢z(vz t7XtaYz t)+vv¢z(vltaxt;Yz t)H

.

s
Il
-

277_t2||ui,t - vv¢i(vi,taxt7yi,t)||2 + 27't ||V ¢z(Vz t) Xt,Yi, t) — vv(bi(vi(xt;Yi,t);Xt7Yi,t)H2

i=1

m

< —2 I v/ . . . 2 2—2L2 U . 2

>~ t ||u7,,t v¢z(vz,tvxt7y1,t)” + Tt v”Vz,t Vz(xtvyl,t)”
i=1

= 2770y + 277 L3, 00t
(41)

Taking summation over all iterations and expectation, and combining with inequality (39) yields

T
E [Z [[ve — Vt+1|2]
t=1
T ~ T
<E [2-3 D Oup+277L3,) by

t=1

t=1 t=1
T 2 2 T
8L th 40mL va v v
<E (2@2+80Liﬁf U Ry lext = x| + ¢ ZHYt yerl?
(a) 9 2 72) 8L¢v t 2 4 72 2
< E| (47 4+ 160L3,77) Zau, S + (A77L3, + 160L%,77) Z [
40mL3 L?
+ ( ‘7” +4m7PL3, + 160mL¢U > Z llx¢ — x¢1]?
4012132,
+ ( L 4TRLE, + 160L4U7‘t2> > llye = venl®
®) 40mL2ULg d
s S S G e DO,

40L%L "
+ < \2 2 GTt> ZHYt Vel ]

where inequality (a) follows from mequahty (8) and (9), and in (b) we denote C, = (4 + 160L2 ) max{1, L2, }.
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Combining with inequality (32), we have

T
E [Z [ve — Vt+1|2]
t=1

_ o T
mC§T? 8L?¢U7} 2C¢7imago?T 12 8CET¢m?Ly, 2
R L e U ey DO TR
domL3, L | 8CLF2m3L2
+ ()\; mCgTy + a2 — ZHXt —xpy1?

401212, 8CLTPm2L2,\ &
+ (;2(25 + C(/i7_—t2 + Tz(ﬁ Z lye — Yt+1||2

t=1

S . 2 _ . 8Cgm’Ll 7}
Setting 77 < mm{ﬁ, CrL5a,} where Cr := fe. 40—+ <

326”Lz > aiI?
Z [[ve — Vt+1||

Land €472 < 1, we have
2 14 6 4

2 = — _
2mCGTt b 16L¢v7't5 N ACETEmayo*T

P B
80mL2UL% 16CETEm3 L2
()\; 2mCery + NE — Z e = ¢4 42)
S0L2L2, 1604 72m2 L2,
+ <>\2¢ + 20&7_}2 + T¢ Z ly: — Yt+1||2

Combining inequalities (37), (40), (38), (39), we obtain

T

T T T
1 1
E| Y IVEG)I?+) 00+ — > Gyt — Zaml
t=1 t=1 t=1 t=1

2 30 I(I < 1 40" 40"
<E|—=(F(xy)— F(x*)) + 2,1 4 68,CLT ((m)+ > i 1 53/7 46 5
un By I B
6C,  32C1L: 2OC2L2 , T 2
+ (51‘ + 7’]527'2/\2 Z”Xt _Xt+1|| ;HZt+1”

mB,  mr? /\(27 4 mA27?

+(60§ 8C) 1 3L, 2002L2>

Z lye — Yt+1||

t=1

320! 400" - -
Z Vi = vl + =3 Z5st m2 ;5%:&

604

(43)

@ |2 30..1 I(I<m) 1 e AC!
< Bl —(F(xa) - Fix7 2l g (oS 2 ) s 2
m( P e Bt ORG ( I B)™" mrrA Y- T
6Cy  3201L7  20C4,L2  64ACILZ, T L
" ( 5163 " 71527‘2)\; - )\27232 TN * + 80C3L3, Z [ g 2 Z 12441
t=1
6C;  8C{ 1 3Ly 20CiL3  BACILY,  80C;Lg,,
- (mﬁt a mTEN" 27 4 ) mA272 m\2 m Z Iyt = yesal?

6C, 80C3L:,, 64C1 80C}
+<mﬁ4+ 2 gy‘/)ZHVt—VtHHQ 126515 225ut
t

where (a) uses inequality (8) and (9).
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Enlarge the value of constant CY so that C, > max { 641 g ,80C% + 1}

Combining with inequalities (31), (32), we have

T T 1 T 1 T 1 T 1 T
E| N IVFE)Z+D 6.0+ ~ > oyt ~ > it ~ > i+ ~ Zau,t]
t=1 t=1 t=1 t=1 t=1 t=1

2 o 30, I(I<m) 1 AC; 404 64C1 , . 80C;
<E U—(F(X1)—F(x ) + ﬂ’1+6ﬁtch<(I)+B> 1)\y + )\2,5“+/\ 16 1@25
t t t
128C ;0T 160C%a,0%T [ 6CY,  32C1L2  20C4L2  64C1L2 )
\B B T\ B TEee T e o+ 80CaLe,

512m2L2,  640C,m2L3,\ <& 6C5,  8C, 1 3L
Pl ) ke el - anml? i~ mn e~ 1)

20C4L2  64CiL%, 80C5L2,.  512mL2, 64OCQmL2U
+ MAZT? + e + - + o, I2 + a2 ZHyt yerl?

6C,  80C,L 640C,mL2,
+< 44 2 gyu+ 2 Z||Vt_Vt+1||

mp m E
44
Combining with inequality (42), we have
T T 1 T 1 T 1 T 1 T
= POLZIRIETD STATI) ST NN DIIER D AR S o
t=1 t=1 m t=1 m t=1 m t=1 m t=1
2 30,1 I(I<m) 1 4C4 4C% 64C, 80C%
<E|=(F(x1) — F(x* 2 4 6B CET | ———t + — ) 25, Len + ——26u1
< nt( (Xl) (X ))+ Bt + Bt 5 ( Vi +B +m7_t7_)\ y,1+ /\t 1+A2I o 1+ It
128C a;o®T  160Cha 0T N 6CY% N 32C1L2 200512  64C1LZ, s,
2B B B | TETAAZ N2 A2 2
512m2L2,  640CHm>L2, \ & 6C5,  8C, ,1 3L
9y 2 $v - 2 2 2 4 3 oY b 9y
)\2at_[2 dtIQ Z ||Xt Xt+1H Z ||Zt+1H mTt )\(27_ 4 )
20C4L2  64C{L%,  80CHLZ, ~ 512mL2, 64OCQmL2U d )
mA272 e T m A2a, I2 ENE ;Hw = Vel
+ 60:1 4 8002 gyy + 64OCémL2U 2m06Tt 5 ].GLZ,U’T}(S - 40(/377}27’7107150'271
mﬁt m dtlz I [} A v B
80mL2, L2 16CE72m> L2\ &
(;’” Ot g | 2 ke xenl®
t=1
S80L2L2, 16C572m2 L3,
+ (/\2 + 2057 + T¢ ZH}’t Vi |?
(45)
2 2
Recall that 77 < min{i4,, Cr Lo}, ie. 2047 + % < 1, and let
, 5 o [80L2L2,
C4 = max {18C}, 240C5 L7, 1920C5 L3, } —e 1!
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then
T T 1 T 1 T 1 T 1 T
2
= POLZIIETD STSNIED SEANE DICIER DL AER S wi
t=1 t=1 t=1 t=1 t=1 t=1
2 301 (I <m) 1 AC, 404 64C
<E|=(F(x1) — F(x* 2 4+ 6B CLT | ———rt + — 1 —25, 15
<B| 2(r0a) - o)) + 22 pomor (5 L)y 2o, 4 2, 4 S
80C%, 128C’{at02T 160Csa,0*T [ 6C%  32C1L2  20CLL2  64C|L2
5 Yy 2+ gy IL2
+ T ST i |5, e T e 5+ 80C3 L,

512m2L2,  640C,m?L2,\ & 6C.  8C' 1 3L
Yol s ZHXt—XH—lHQ lethll? ey { G (46)

2 2 2 T
00312 | 64CHLy,  S0CYLE,,  512ml3,  640CumI3, Sy - yenl?
ma T2 m Na,I? EEE P A

— 2 = _ _
e (1 fLl,m ) (2”}3373 G+ LTt W)
t

mﬁt m @tIQ B

1 m? d 1 -
/ 2 / 2
+C7 (ﬂt+1+0—ét12> ;1 %t = x4 [” + C7 (mﬁt - Iz)Ejyt_y“ﬂ” H

t=1

To ensure the coefficient of ZtT v = el we set

. o Py IPa
77 = C§min {ﬁtﬂf, 4m2t’ mzt }
8C1 ( 3L, 9 i mpB;y mN7? mA2 m Aoy I? auI? mpBe m  aI?
SomA'2r 4 6C%° 20C4L2° 64C1L2," 80C4L2,, " 512mL2,’ 640CymL2," C} ' Cf mCh
_8C 1 3L, . 1 A2 A2 1 A2 1
where Cg = 53 (57 — —*) min { 60} 200312 640 L2, soc'Lgyyv 51202, 640C3L3, " CF } Let

16C% L2
7; v 4C§cg02}

4C} 4CY 640" 128C,
80C, —1—
AT N N2 T2

Ch = 11max{3,6cg, ,160C%0?,2CLCy,

It follows

T T 1z 1z 1 X s
E Z IVF(x,)|* + ZCSz,t + ™ Z%,t + oy 261),t + ey Z5s,t + m Z%,t]
t=1 t=1 t=1 t=1 t=1 t=1

2 0,1  Oy1 1 mTy
<E|=(F — F(x* C Y 3o
< 77t( (x1) — F(x")) + 9< 3, <mTt mﬁt +m+at12) 1

051 1 th TE msz
) - 6u
T T (Io‘zt Y Tas T T TarrE ) 0

47

I(I<m) 1 T aT 7T  72aT  m2iT
T —
b ( I +B) B "B "B T B T BE

+80C4 L3,

6C% N 3201 L N 20C5L2  64C1LZ,
By TETZN\2 272 A2

512m2L2,  640C5m? L2
{ ov
)\gatpgy + ENE E l[x¢ — xe11]1* — 5 E | Zes1 |

2

+C7 <ﬂ + 14+ — 12)Z||xt—xt+1| ‘|‘|
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272<C’

€ B
Setting 5, ay < —180’(1<I<m>+ ) ar < Tscr € s at, we have

I<m) 1 o @y TRay  TRay  mAT? €2
C/ (7 - et bt t t t < 48
9(@( I +B>+B+B+5tB+B+BIQ =3 (48)
and
. o, IPay IPa
72 < Cfmin {Bt,TE, mQt’ m;’}
cy . € C-I%¢? , I’B , I2¢2 5
= min — , — €, —¢€", — €, 49
18C}) Mem) | 1 mz(Hu? )+%) m? mz(ﬂ(1§ >+%) (49)

Cy  IPmin{l1,C;}
€
18] 2 (Wgm) 1 1)

To ensure the coefficient of >_,_, ||x; — %411/ is non-positive, we set

12 (I(I<m) 1\ "
S s <I+B>
2 = 72
. 2 _9 O[tI OétI
Sciomm {Btht7Tt7Tn27 m2 } (50)
T N e P P 1 XN &Gl B 1 @l
=20 6C3’ 32C7L2' 20C3L2' 64C L2, B0CLL2, " 512m2L2, " 640Cym2L2," Cy’ Ch m2Cy
_ 1o 222 22 22 1 A2 1 101 1 _
where Cj, = %mm{ 6C; 3207 L2 200312 640, L2, 80C4L2, " 512L2, " GA0CHL2 707707707}’ and Cp; =
. C. min{1,Cx =
Ciomm{lslcg,v : 18({7{) }’156‘_[)}
1/2
; — -3 ._ m I(I<m) 1 - I(I<m) | 1 _
Thus, with T = cpe 3'_6A\/CT11( NG +ﬁ) 3> 6A Chl( . +§> €3, we have
2A m 41 e
=3 (5D

— =2A € — =
neT VO Iy/min{I,B} T 3

mT mT mfB m

’ _ _ _ 2-2
Cy [6;%1 4 v ( Lo T4 T ggg) o1 + ‘;01 + <1at + Ioztﬁf + Im + %;; ) 5u71} < % can be achieved by
processing all lower problems at the beginning and finding good initial solutions 0, 1, d5 1, d,,1 With accuracy O(e) with
complexity O(e~ '), and 6, 1, d,,1 with accuracy O(1) with complexity O(1). Denote the iteration number for initialization

as Ty. Then the total iteration complexity is O (msij]y;m) i \F )

O

C. Convergence Analysis of RE-BSVRB
C.1. Convergence Analysis of RE-BSVRB"!
We present the formal statement of Theorem 6.1 for RE-BSVRB"!.

Theorem C.1. Suppose Assumptions 5.1 and 5.2 hold and the PL condition holds. Set oy = a1 = 1 < %, T =1/ %,
-1 -1
71 = min {2/%157 Cg,{;al } T, =0 <maX{uTn’ xZgl (H(I?m) + %) , % (H(Iim) + %) }) Define a constant

_ -1
€1 = Co(Brtonton) (H(I?m) + %) and e, = €1 /271, For k > 2, setting By = ap, = 0y, < ik (Llim) + %) ,

n > 3101,
/ 2 .
T = Cﬁf‘kl = +/C94/min {’Tk, apl }, T, = O (max{ﬁ, ﬁ%’ %}) where and C1 ~ Ci1 are as used in

Theorem B.5, then after K = O(log(e /€)) stages, the output of RE-BSVRB" satisfies E[F (xx) — F(x*)] < e.
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Proof. Following from the proof of Theorem B.5, we have

T T LT 1 T |
E Z IV E(xi)]1 + Zéz,t +— Z(Sy,t + Z5H,t + Z5s,t
t=1 t=1 t=1 t=1 t=1

2A <52,1 Se1  Oy1  Om1 &l  oyT

+ — + Ly =e o + BT ( (52)

Bt+1 Iat T Iat B B I + E m5t+1B

I(I < m) 1) . Ia§+1T>

6t+1 mao Tm mao I B

21 Son | Geq  Oya 0 i (I < 1
+Clo< = +’1+“+H_’1+(at+at+ﬁt+1)T<(m+)>

where in (a) we redefine the constant C1op = 7C1o and use the setting &; = [;41.

From Theorem B.5, we know that it is required that g, &g, By < % 0 = VCs \/mln Ifz‘), If,f;“, I:nogﬂ } ny =
min { 5Ln ,\/C'g\/mln Iﬁ(’, I;%U, Ijnoé"}}.

Without loss of generality, let us set a9 = &y = [ and assume that ¢¢ = 2A > 7010(50:“”&0) (H(Iim) + %)

The case that 2A < 701"(6":“”@”) (H(lim) +%) can be simply covered by our proof. Then denotes

e = TCulotaotao) (Tem) 4 1Y) and e, = e /24,

“w

In the first epoch (kK = 1), we have initialization such that F(x;) — F(x*) < A. In the following, we let

the last subscript denote the epoch index. Setting 1 = 19, /1 = Po, 1 = o, &1 = &g, 71 = Tp, and
—1 -1
Ti = max {;ﬁ’ 77;150110 (H(ITW) 4 %) (820 + 050 + Su.0); 701707” (H(Km) + ) 6y70}_ We bound the error of

the first stage’s output as follows,

1 1 1
[ IVFGI + 0.1+ -0y + -0un + b

m m m
< — [ =4, 1) O — 0y C —_— 4 =
—m i Ty <ﬁ1 o m N aym *° + arm ’0> + Crolfr+ o +a) ( 1 + B

< pey
where the first inequality uses (52) and the fact that the output of each epoch is randomly sampled from all iterations, and
the last line uses the choice of 71, 81, a1, @1, 71, 11, €1. If follows that

E[F(x;) — F(x*)] < iwnvmxl)uﬂ <

1
—=. 54
5 (54)
Starting from the second stage, we will prove by induction. Suppose we are at k-th stage. Assuming that the output of (k—1)-
the stage satisfies that E[F(xj—1) — F(x*)] < e¢x—1 and E [52 r—1 + Syh=1 4 Osk-1 4 51””“’1] < pe€g_1, and setting

m m

-1
_ (I 2
Br = ap = a < (7( im) + %) , 72 = Cs O‘kl .2 = Co mm{rlf, —aﬁé }, T\, = max {728 7Ci0 7Cio }7 we

21C10 b’ Br 0 Te
have
9 1 1 1
E ||VF(X]€)H + 5z,k + 75yk + 758,]{: + 7511),]6
m m m
2(F(xp—1) — F(x* C 1 1 1 1
S E ( ( k 1) ( )) + ﬁ (52,161 + 75?’/’]@,1 + 7(55’]@71 + 6w,k1>
kT Ty \ Bk TRM agm aEm
_ I(I <m 1 35
+ Cho(Br + o + ax) !—Ff (55)
I B
261 ClO,Ufk—l 1 1 1 1 _ H(I < m) 1
<E St —+-\+cC L
| meTk * Ty Bre M Tk N ay, M ay, + Cro(Bh + o+ ax) I tB
< ek
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It follows that

E[F(xy) — F(x")] < iE[HVF(xk)nﬂ < (56)

k
5

Thus, after K = 1 + log,(e1/€) < logy(eo/€) stages, E[F(xy) — F(x*)] < e.

C.2. Convergence Analysis of RE-BSVRB"?
We present the formal statement of Thoerem 6.1 for RE-BSVRB'2.

Theorem C.2. Suppose Assumptions 5.1 and 5.2 hold and the PL condition holds. Set p1 =
1/2
(€3] = 071 S %; 77—1 = min { 8[% ) %7 }\7 \/772& }) 71 = V Cé min {7—1 ) Imoél } m =

. 1 7 . _ Jail _ 1 min{/,B} I?min{l,B}
rmn{QLf7 Clomm{\/mﬁ,\/mﬁ, pon }} T = O(max{um Y e . Define a constant

_ TG (Bitartan)
€1 = pmin{l,B}

and C| ~ C}, are as used in Theorem B.9, then after K = O(log(e;/ e)) stages, the output of RE-BSVRB" satisfies
E[F(xk) — F(x*)] <e

k—1 . _ e min{I,B _9 Cx I?
and €, = €1 /2"t For k > 2, setting B = ar = a < “"170{,} T = S0 Ok,

Proof. Following from the proof of Theorem B.9, we have

T T 1 T 1 T 1 T 1 T
E| Y IVE&)IP+ 6+ — > Gyt — > o+ — > Gert — Zau,t]
t=1 t=1 t=1 t=1 t=1 t=1

24 021 Oya 1 | 7 T, mh Js1 1 272 mPR
<E|—+C] Y —t—+ —+—= 04, —= — o -0 05,
- Mo 6o 50 er +<m7‘0+mﬂo+m+a012 71+IO£0+ ]@0+1a0ﬁ0+1d0+1a312 1

Bt ap | Qo | Tpdo | Todo | mPTg
2 20,20
+ <m1n{[ B} + + B + BoB + B + BI?

2A 1 1 1 1 1 + ag + ap)T

S E|l—+ Cg —0,1+ —0y1+—0s1+—0u1+—0y1+ (IBO.O—O)
Mo Bo mro mag mayp mTy min{/, B}

. . —_ - = 2 —
where in (a) we enlarge the constant C{, and use the setting &g = [ and 7¢ = %ao.

From Theorem B.9, we know that it is required that Sy, ag, &y < %, To = min

Vsl 209 I?a o 1 Vsl : =2 agl? agl?
C \/HllIl 6077—07 7,,207 mzoa},ﬁomlﬂ{ufa Clo\/mln{ﬁ(]a’ro”r()a 7(;7,2 3 7(,22 }}

7C4 (Bo+an+ao) (H(I<m) 4 L)
”w I B )

Without loss of generality, set 5y = a9 = &g and let us assume that ¢¢ = 2A >

The case that 2A < Ca (6 Otaﬁao) (H(Iim) +%) can be simply covered by our proof. Then denotes

€1 = 7C5(Bo+taotao) (H(Iim) + %), and €, = €1 /2871,

14

In the first epoch (k = 1), we have initialization such that F'(x;) — F(x*) < A. In the following, we let the last subscript
denote the epoch index. Setting 71 = 79, 51 = 8o, a1 = g, @1 = &g, T1 = Tp, T1 = 7o, and

2 20 —1
Tl = max Ea max {7(5z,0 + 68‘0 + 6u70>7 o C8 67},07 7I_ CT 61}70} <]I(I<Tn) + 1)
i (e ’ ‘ I B

pumm urmm
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We bound the error of the first stage’s output as follows,

m

1 1 1 1
E {HVF(XI)H2 + 0,0+ —0y1+ —06p1+ —0s1 + 5%1}
m m m

20 Ch (1 1 Co(B1 + a1 + a1) (58)
< 22 (s 6,0+ ——Bu g+ ——0,s 5 9
—mT M Ty </31 o m U’ + rm ° + arm P + aym ’0> * min{7, B}
< pey

where the first inequality uses (57) and the fact that the output of each epoch is randomly sampled from all iterations, and
the last line uses the choice of 71, 81, a1, @1, 71, 71, 11, €1. If follows that
* 1 €
E[F (1) = Fx)] < 3 EIIVF()I] < 5 (59)
Starting from the second stage, we will prove by induction. Suppose we are at k-th stage. Assuming that the output

of (k — 1)-the stage satisfies that E[F(x;—1) — F(x*)] < €x—1 and E [(527;@_1 + ‘;y;’;’l 4 Swkot g Sekon g 5"*’“’1} <

m m m

-1
. _ - e, [(I(I<m 1 —2 __ CiI% - 2 -9 I’aq, I*a
ueg—1, and setting By = ap = ai < 2‘10"5 ( ( < )+§) , Tip = Qg T, = Cgmin< B, 7, 7%, =5, s

—_ : 2 =2 apl® &I’ _ 28 TCL{ TCH TC
77k—c10m1n{5k77k77k7 b Sk T = max { -, 52, 2, =2 0, we have

1 1 1 1
E |:||VF(X/€)||2 + 6z7k + 75"!/,]6 + 75v,k + 765,1@' + 6u,k:|
m m m m

<E

2(F(xp_1) — F(x* Cy 1 1 1 1 1
( ( b 1) ( )) + =2 75,2,1@—1 + 753/,]6—1 + 76’0,]{,‘—1 + 765,k—1 + ,75u7k—1
Nk T Ty \ Br TEm TEM apm apm

Cy(Br + o + o) (60)

min{/, B}

2€_1 " C’é,uek_l i 1 1 1 1 C{)(ﬂk + ai + @k)
s Ty Y min{/, B}

<E

< pek
It follows that

E[F(xi) — F(x")] < iE[HVF(xk)nﬂ <2 (61)

Thus, after K = 1 + log,(e1/€) < log,(eo/€) stages, E[F(xy) — F(x*)] < e.

D. Proof of Lemmas
D.1. Proof of Lemma B.2
Proof. Due the smoothness of F, we can prove that under n,Lp < 1/2
F(xp11) < F(xt) + VF(x0) " (X1 — %4) + L7F||Xt+1 —x¢)?

Lpn}
2

= F(x¢) — ntVF(Xt)TZtJrl + ||Zt+1H2

Lpn;
2

D) )||Zt+1||2
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D.2. Proof of Lemma B.4

Proof. Consider the updates
h B {HQ (1 — a)h;, + ahi(e;; BY) + ylhi(ei; BE — hi(e;—1;BL)]]  ifi e I
il =

h;: 0.W.
Define
hiy =g [(1 — a)hyy + ahi(es; BY) + ylhi(eis; B — hi(es—1; BY)]]
hit = (1 —a)h;; + ahi(e;; BE) +y[hi(ei; B — hi(ei—1;BY)]
We have

Eq [Ihye01 — hi(es) 7]
= EItEBf [Hhi,t+1 - hi(ei,t)||2]

I Mo~ 7 I
= 2 By s = tuCesn) 7] + (1= 2 ) s = s
= LR (e — hates)?] + (1= L) hie = hileremr) + haeisr) — hilewr)|?
= m B: I .t i€t ] m .t il€it—1 i\€it—1 i\€it (62)

Mo T I I
= By [l Autecl?] + (1 ) e = sl (1= ) Iu(ermr) = hifess) P

+2 (1 - ni) <hi,t —hi(eit—1),hi(eit—1) — hi(ez‘,t)>

@

It follows from the non-expansive property of projection that
By [l = hi(eso) ] < Eay [[lhor = haler)|]

Z]Est[

2
‘(1 —a)h, s + ahi(e; s BE) + y[hi(eis; Bf — hi(ei—1;BL)] — hi(e; t)H ]

)

=Ep { ‘(1 — (b = hi(ei—1)] + (1 = a)[hi(eii—1) — hilei )]
+ alhi(ei; BL) — hi(eir)] + ylhi(eis; B — hi(e;t—1; Bf)]‘ﬂ
(@) Epg: [

2
+ [hi(ei; BY) — hiei—1; Bf)]H ] +a’Epg {

‘(1 —a)hi — hi(ei—1)] + (1 — a)[hi(eir—1) — hi(ei )]

2
hi(eis; Bj) — hi(ei,t)H } (63)
+ 2vakp: [<hi(ez‘,t; Bj) — hi(ei—1;BY), hilei; B) — hi(ei,t»}

(®) 2 2
(1—a)?||h; — hi(esi—1)

+ gy [0~ @)tutenor) — el +fitenss B) ~ huCess-i B0 |

+21-a)(1l—a-— ’Y)<hi,t —hi(e;i—1), hi(ei—1) — hi(ei,t)>
®
+ + 270 [(hi(ei,t; B;) — hi(ei—1;B}), hi(eis; BY) — hieis >}

where (a) follows from Ep:[h;(e;; Bf) — hi(ei )] = 0, (b) follows from Ep:[hi(e;,; B) — hi(eir—1; Bf)] = hilei ) —
hi(ei—1).

a’o?

28



Blockwise Stochastic Variance-Reduced Methods with Parallel Speedup for Multi-Block Bilevel Optimization

Combining inequalities (62) and (63) gives
B¢ [|hiii1 — hi(es)|”]

:1_£M
(- 5)

2
hi,t — Dy (ei,tq) H

1 2
+m£aﬂuawm%hnmwun+ﬂm@mﬁbm@MAme}
I a?lo? I 2
+ E© + an + <1 - m) i(€it—1) —hi(ei)|| +@
2vald
+ ’Zn Ep: [(hi(ei,t§ B)) — hi(eit—1;B}), hi(ei; B)) — hi(emw

2
h;; — hi(ei,t—l)H

a I 1—«)?I
g@_+<<w>‘
m m

7 2
+mﬁgﬂu—awm%tn—mwmn+ﬂm@wsb—m@mlme}
a’lo? I 2
+g -t (1 - m) ’ i(€it-1) — hi(ei)
| 2l (64)
+ T B [(ha(eri BY) = halera-1i B, hileius BY) — hi(ei))]
1 1—a)?l 2 1—a)?l 2
= <1 - —+ ()> ’ h;, — hi(ei,t—l)H + Q i(€it—1) — hi(eiy)
m m m
21 2 2(1 — a)yI 2
+ LEBt { hi(ei; BL) — hi(ei—1;BY) } - g i(€it—1) — hi(eiy)
m i m
a?Io? I 2
+ B + (1 - m) i(eit—1) — hi(eiq)
2yad I
+ F:n Egt | (hi(eis; BY) — hi(eii—1;B;), hi(eir; B) — hi(ei,t»}
b al 2 4mlI? a?lo?
© <1 - m) ‘ h;: — hi(ei,t—l)H + i lleii—1 — + B
2val I
Zn Esg <hi(ei,t§ Bf) - hi(ei,tfﬁ Bf)a hi(ei,t§ Bf) - hi(ei,t»}
c ol 2 8mL? 20%[0?
D (120 s = s+ 5 e = el + 2
where (a) is due to @ + £ ® = 0, which follows from the setting v = %, (b)isdueto 1 — L + (1_72)21 < 2l=a)yl
and vy < 27 which follows from e < 1, (c) is due to
2vad
Zn Ep: [<hi(ei,t; B;) — hi(eit—1; BY), hi(ei; BY) — hi(ei,t»}
1
< L [ hilewss BY) — hulenumri B + 0 ifecss BY) — haler )]
< 4m L2 le: e+ a?lo?
= 7 1,t—1 i, mB
Then by taking expectation over all randomness and summing over ¢ = 1, ..., m, we obtain
Zth t+1 — hiei)| ]
(65)
8mL? 202 Io
@_)[z|” o]+ T[S e - ewl?] +
O
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D.3. Proof of Lemma B.6

Proof.
1A = VF(x,)|”

1 « -
m Z Vo fi(Xt,yit) — viygi(xtv Vi) Ee[[Hi ] 1]Vyfi(xt; Vi)
i=1

- %szfi(xh}’i(xt)) — V2,91 (%, yi(x0)) [V, i (Xt yi (%))~ Yy fi(xt, yi (%))

IN

1 m
- 22 IV fi(xe,¥ie) = Vafilxe, yi(xe))|°
i=1

+6(|V2,9i(xe, yi) [Ee[[Hi )] — [Viygi(xt,Yi(xt))]fl]vyfi(xt,Yi,t)||2

+6/[V2,9:(xt,yi1) — Viygi(xt,yi(xt))][V§ygi(xt,yi(xt))]*lvyfi(xt,yiyt)||2

+6V3,9i( XtaYi(Xt))[V2ygz‘(XtaYi(Xt))]_l[Vyfi(Xh}’i,t) — Y, fixeyi(x))|”
c2, 6Cz

1 — . . _ _
< EZ <2L2¢ L ;’2 Y + g;; ) lyie = yi(x)|? + 6C;,, Cy 1B [[Hy o)~ = V3, 9i(%e, yi(xe))) I
=1

(a)l
}jaw“—m@mw+@wm V2,9: (0,101
11

6C2,, L3 12C2 12¢2,,C%,

(66)
where C7 := (2[/?1 + garycfy + gwu fy 4 gzy/\ofv gyv)’ Cy = %’ and (a) uses the fact that [Hiﬂt]_l

is irrelevant to the randomness at iteration ¢, which means [H;]~! = E:[[H,+|'], and the Lipschitz continuity of

D.4. Proof of Lemma B.7

Proof.
E¢fl|zes1 — Alf’]

=E, {H(l = Be)(ze — Ap—1) + (1 — Be)(Ap—1 — ét) + Gy — Ay

]

_ (67)
= (1= Be)%||lze — Aa]® + 2(1 — Bi)°Ey {HAt,l -G+ Gy — AtHQ} + 267 y [||Ge — Ad?]

(a) ~
< (1= Bl — Aval® + 21 = BBy [IIG: — Gill?] + 267K [IIGy — Al
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where () use the standard inequality E[||a — E[a]||2] < E[||a]|?], and E;[G;] = Ay, E[Gy] = A;_1. We further bound the
last two terms as following

Eq [[IG: — Al?]
1
<E |I ; (V fi(xe,yi4;B)) — Vngz(Xm}’zt,B )[Hi,t}_lvyfi(XuYi,t;Bf))
1 — ’
*EZ(V fz(Xt,th) vzygz(xt,}’zt)[ ] 'v fz(Xt,th)) ]
=1
l (mei(xu Yit: BY) — V2,0 (xe,yi i BY[Hi ) 'V fi(xe, ¥i: Bf))
ZGIt
Lo , X 2 (68)
- EZ (V fi( Xt Yi, t;B )=V ygz(xt7Y1 t,B ) z‘,tr Vyfi(Xt,Yi,t;BfD
1 m _ _
+2 %; (mei(xt,yz‘,t;Bf) — V2,9 (¢, yiu; BY)[H ] 1Vyfi(Xt7yi,t§th‘))

m

- *Z (Vafi(xe:¥it) — Vi, 9i(%e, yit) [Hit] "'V fi(xe, yit))

1=1

2]
8 2 2C§Inyy 2 CﬁmﬁrC?u 2
(2CF, + —551) 40?2  8(—z{t)o I(I<m) 1
+ 2 = ——2 :

= I 5 B 7 B
202 ny

where C5 = max{8(2C7, + —54—1¢),40% + 8(M) 2}, and

E, [uGt -G
= Z (V fi(xe, yie; ) V2ygl(xt)Y1 t,Bt)[Hi,t]_lvyfi(XtaYi,t;BfD
ZEI,
2

- <mei(xt—17§’i,t—1§6£) - Viygi(xt—la}"i,t—NBf)[Hi,t—l]_lvyfi(Xt—lyYi,t—l§Bf)) ] (69)

L 612 C2  6C2 I 602, C2
s > @L%, + g/\g I 4 g)\g D) (e — xe—1l1? + NIy — yie—1ll®) + %“HHM — H; ;4|

i1

C. C
= Cllxt — Xe 12+ Nyt — yeal? + —2 || H, — Hy_o|%
m m

Then we have
Eif|zer1 — Ac)?]

C C
< (1= 8Pl = ArcalP 4201 = 502 (Cal = ol + Sy = yeoal o+ v = vica )

I(I < 1
+267Cs ((Im) + B)
2C: 2C I(I <m 1
< (1= Bl — BrmalP + 2Cal = xcca P+ 2y =yl + 2 7+ 250, (RS
(70)
O
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D.5. Proof of Lemma B.8
Proof. By Lemma6 in (Jiang et al., 2022), we have, for a;1 < 1/2,

m

21a2, 02 4Ia
[Hewr — Hil? < gl n;HE D I Hiw = Vi, 0i(xe,yia)|I?
i=1 (71)
9m2L>2
By = %2 + Iy = il
O
D.6. Proof of Lemma B.11
1A = VF (%))
2
1 & 1 —
= | D (Vafilxeyin) = V3gi(xnyiavie) = — > (Vafilxe, yi(xe)) = V3, 0:(x1, yi () )vi(x1))
=1 i=1
1 2 4Ls2;wy0%y 2 2 2
< E ;(QL «t T)”yl,t - YZ(xt)” + 4OgLy“Vi,t - V’i(xt)H (72)
1 & e:-
< LS, + 2y ) P 8C2 e — vyl SO Ry — i)
i=1
o4 Cl
= —lye =y ()1 + 2 lve = v(xe, vl
m m
D.7. Proof of Lemma B.12
Proof.
Eyf|zep1 — Adl”]
- 2
=E, M(l —Be)(ze — Apm1) + (1= Be)(Avo1 — Gy) + Gy — Ay ]
(73)

= (1= Be)%|lze — Aeal® + 2(1 — By)°Ey {||At,1 ~Gi+ Gy - AtHQ} + 287K [IGe — A¢]

(a) ~
< (1= B2l — A I+ 21 = B Gy - Gol?] + 2678, [IG: — A

where (a) use the standard inequality E[||a — E[a]||2] < E[||a||%], and E,[G;] = A, E¢[Gy] = A¢_1. We further bound the
last two terms as following

E: [IG: — A¢]l?]
2
1 1
<E; 7 ; (mei(xnym',t; B;) — nygz(xt,}ﬁ tyB Vi t) m Zl (vmfi(xt;}’i,t) - viygi(xta}’i,t)vi,t) ]
<E |2 ! Vafi(Xe,yiai BY) — Vi, 9i(xe,yi, B vy
I i€Z,
m 2
Z (v fl Xt;yz taB ) - megl(xtay’b t’Bt)V'L t)
z:l
+2 m Zl (V fi(xt,yi, t7B) V2y91(XtaYz ts Vz t) - E; V o fi(Xe, yit) — Vini(Xth,t)"i,t) 1
8(2C%7, +2C7, V)  40®  40°V? (I<m) 1
= 7 + Iz + 2] Cs< +B>

(74)
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where Cf = max{8(2C7%, + 2C;

2 4.2 21,2
Gy V7, 40% +40°V?)}, and

Ec |G - Gul?]
1 ~
=E, 7 Z (foi(xtvyi,ﬁ Bf) - viygi(xta}%’,t; Bf)Vi,t)
€Ly
2
- (wai(xtflv}’i,tfﬁlgzt‘) - Viygi(xtflayutfﬁ BE)Vi,tfl) (75)
1< 4L%,,C7
< > (L%, + %)(th — x| + Iyt = Vi l?) +4C5, 1Vie — Vil
i=1
o C,
= Cyllxe —xa|? + Zye —yia |+ = ve = vea |
m m
Then we have
Eellzes1 — Alf’]
Cs C,
< (1= B2z — D] +2(1 = B;)? (C§||xt — x|+ ﬁHYt —yeal*+ ﬁ”vt - Vt1|2)
II<m) 1
+267C4 (1 + B)
2C% 20 I(I <m 1
< (1= Bz — A |)? + 205 ]xe — i1 1+ =2 lye — yea P + = ve = via || + 2675 IT<m) + =
m m 1 B
(76)
O]
D.8. Proof of Lemma B.13
Proof. Consider updates v;;y1 = Ip[viy — Tugyl. Note that v;(xs,yi¢) = Iy[vi(xe,yir) —

TtV i (Vi(Xe, Yirt), Xt, Yit)]

E[|vi,et1 = vi(xt, yie)[1%]

=E [|[Ty[vie — Towie] — Ty [vi(xe, ¥ie) — 7eVodi(vi(Xe, ¥in), Xe, yin)][1?]

<E [HVz’,t — Ty — Vi(Xe, Yie) + %tvvgﬁi(vi(xtayi,t)aXt,Yi,t)Hz}

<E[||vig = vi(Xe,¥it) — TWip + Tt Vo0 (Vi Xe, Yit) — TeVo i (Vi Xe, Yie) + Tt Vo0 (Vi(Xe, Yie) Xe, Vi) 1P

<E[|lvie — vilxe, ¥, )| + | = 7t + V00 (Vi Xe, ¥it) — TeVo0i(Vie, Xe, Yit) + Tt Vodi(Vi(Xe, Yit) Xe, Vi) |2
+ (Vi = Vi(Xt, ¥it)s =Tt Vi (Vit, Xe, Yit) + Tt Vodi(Vi(Xe, Yirt)s Xt, Yit))
+ (Ve — Vi(Xe,¥ie), —TeWie + Tt Vo di( Vi, Xe, Yi,t)>]

(a)
< Ellvie — vilxe, yi) I” + 277 L2 Vi — vi(xe, yi) I” = Aellvie — vi(xe, yie) |1

+ 272 Wi — Vods (Vi X, i) |P + (Vi — Vi(Xe, Yire), =T + 7 Vodi (Vi Xe, Yin))]

() 12— 3Ty

< E[[Ivig — vixe, yi)l|? + 272 L5, Vi — vi(xe, yie) Ve — vi(xe,yia)|?

+ 272 Wi — Vodi (Vi Xe, yie) |7 + 4NT ug e — vvgbi(vi,t;Xth,t)Hﬂ
(c) )\77} 2 _ 2
<E[(1- 7)||Vz‘,t —vi(%e, Vi) |* 4+ 5AT Wi e — Vot (Vi Xe, ¥ie) ||
77
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where (a) uses the \-strong convexity of ¢;, (b) uses
(Vit — Vi(Xe, ¥it)s TeWig — Tt Vo ®i(Vie, Xe, Vit )
VAT
Tt(vi,t i(X6,¥i,6)), 2V AT (Wie — Vo di(Vie, Xe, ¥irt)))

< ||Vzt i(Xt>Yi,t)||2+4)\'7__tHui,t *VUQSi(Vi,t,Xt,Yi,t)Hz

and (c) uses the assumption 7, < min {ﬁ, %},

Then )
Ell[vit41 — Vi(Xt+17}’i,t+1)H ]
AT, 4
<(1+ Tt) Vi1 — vi(xe, yie) |2+ (1 + E)E[HVi(Xnyz‘,t) —vi(xe41, Yir+1)|?]
AT,
< (1= S E|vie = vilxe, yi) [P + 10ARE[ iy = Vodi (Vi X0, yid) )]

+ )\T__E[HVi(Xu}’i,t) -

where we use the assumption 73 < % Take summation over all blocks ¢ = 1, .

Vi(XtJrh Yz',t+1) Hz]

,m, we have
2

AT I oLz 9 5L12) 9
E[dy,t41] < (1 = —=)E[0y,¢] + LOATE[dy ¢] + Blllxt — x¢11]]7] + Ellly: — yes1l7]
4 )\Tt )\Tt

E. Numeric Results of Hyper-parameter Optimization Experiment

(78)

(79)

(80)

Table 4. Testing accuracies and standard deviation over 3 runs with different random seeds from logistic regression, BSVRB"! with m = 1
lower-level problem, and BSVRB"! with m = 100 lower-level problems on various noise level of dataset a8a. Noise level represents the
proportion of training sample labels that are flipped. 70% of the positive samples are removed from training data except for noise level 0%,

which means no label noise and no data imbalance.

Noise Level | Logistic Regression BSVRBY'(m =1) BSVRB''(m = 100)
0* 0.8528 £ 0.0005 0.85264+ 0.0002 0.8509+ 0.0011
0 0.8442 + 0.0009 0.8426 £+ 0.0016 0.8477 £ 0.0013
0.1 0.8285+ 0.0034 0.8303 £+ 0.0100 0.8400+ 0.0025
0.2 0.8250-+0.0066 0.8185+0.0090 0.8388 + 0.0024
0.3 0.7929+0.0081 0.8118 £ 0.0047 0.8239 £ 0.0015
0.4 0.7715+0.0025 0.7749 £ 0.0079 0.8051+ 0.0013
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