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Abstract

This paper focuses on learning a Constrained Markov Decision Process (CMDP) via general
parameterized policies. We propose a Primal-Dual based Regularized Accelerated Natural
Policy Gradient (PDR-ANPG) algorithm that uses entropy and quadratic regularizers to
reach this goal. For parameterized policy classes with a transferred compatibility approx-

imation error, €pias, PDR-ANPG achieves a last-iterate ¢ optimality gap and e constraint
violation with a sample complexity of O(e2 min{e*Q,egés ). If the class is incomplete
(ébias > 0), then the sample complexity reduces to (7)(6_2) for e < (ebias)é. Moreover, for
complete policies with epias = 0, our algorithm achieves a last-iterate e optimality gap and

€ constraint violation with O(e~*) sample complexity. It is a significant improvement over
the state-of-the-art last-iterate guarantees of general parameterized CMDPs.

1 Introduction

Constrained Markov Decision Process (CMDP) is a classical framework where an agent repeatedly interacts
with an unknown environment to maximize the cumulative discounted rewards while simultaneously ensuring
that the cumulative observed costs are within a pre-defined boundary. It finds its application in a multitude
of practical scenarios. For example, consider an autonomous vehicle that attempts to reach its destination
via the shortest-time route without violating traffic rules or a corporate leader who aims to maximize revenue
without crossing a monetary budget. In these cases, any departure from the boundary set by the predefined
rules can be signaled by a cost while the progress towards the desired objective can be indicated by a reward.

Finding an optimal policy to navigate an unknown CMDP is a difficult task. Nevertheless, several recent
articles have proposed algorithms to solve this challenging problem with optimality guarantees. For example,
Mondal & Aggarwal (2024al) exhibited that their primal dual-based algorithm can achieve e optimality gap
and ¢ constrained violation with a O(e=2) sample complexity. Unfortunately, the majority of these works
define constraint violation in an average sense. In other words, if their algorithms yield {1, --- , 7k} policies
in K iterations, then the violation is defined as that experienced by a uniformly chosen policy. Since the
very nature of this definition allows a large violation at one iteration to get balanced by a smaller violation
later, such algorithms are not suitable for safety-critical applications.

To address this challenge, some recent articles have proposed algorithms with last-iterate guarantees. For
example, (Gladin et al.| (2023)); Ying et al.| (2022) prove last-iterate guarantees for softmax policies, whereas
Ding et al.| (2024) establishes the same for log-linear policies. Montenegro et al| (2024) recently achieved
O(e~7) sample complexity via general parameterized policies. It is to be emphasized that general param-
eterization subsumes the tabular softmax and log-linear cases and allows the policies to be represented by
neural networks. Moreover, since the general parameterization uses a fixed d number of parameters where d
is independent of the size of the state space, it can also be utilized for large or infinite state space. Notably,
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Algorithm Sample Complexity Parameterization
Dual Descent (Ying et al., 2022) O(e?) Softmax
Cutting-Plane (Gladin et al., 2023) O(e™?) Softmax
RPG-PD (Ding et al.}, 2024) O(e%) Log-linear with epjas = O(e®)
C-PG (Montenegro et al.; [2024) O™ General
PDR-ANPG (This Work) O(e™%) General with epias =0
PDR-ANPG (This Work) O(e 2 min{e 2, e;i,i}) General with €pjas > 0
Lower Bound (Vaswani et al.; [2022) Qe ?) -

Table 1: List of recent papers on CMDPs with last-iterate guarantees. The term epi,s is the expressivity
error of the underlying parameterized policy class.

the current-state-of-the-art sample complexity O(e~7) is far from the lower bound Q(e~2). This raises the
following question.

Is it possible to design an algorithm for general parameterized CMDPs whose last-iterate guarantee
is better than the current state-of-the-art?

1.1 Contribution and Challenges

This paper affirmatively answers the above question. In particular, we propose a primal dual-based regular-
ized accelerated natural policy gradient (PDR-ANPG) algorithm that uses entropy and quadratic regularizer
in the Lagrangian function and momentum-based accelerated stochastic gradient descent (ASGD) process of
(Jain et al., 2018]) as the NPG finding subroutine. We establish that, for general parameterized policies, our
algorithm achieves O(e+ (€epias) %) last-iterate optimality gap and the same constraint violation with a sample
complexity of O(e~2 min{e2, €niss}) where €pias indicates the transferred compatibility approximation error
of the policy class. If €yias > 0 is independent of €, the sample complexity is O(e~2) for small e. However,
if epias = 0, i.e., the policy class is complete, then the optimality gap and constraint violation are O(e) and
the sample complexity turns out to be O(e~4).

One of the main challenges in handling an entropy regularizer is that the advantage estimate can, in gen-
eral, become unbounded. This is a problem since many intermediate lemmas crucial in establishing global
convergence utilize its boundedness. In the tabular setup, |Ding et al.| (2024)) circumvented this problem by
allowing the policy optimization to run over a carefully chosen simplex. Such provisions are not available for
general parameterized policies. Interestingly, we observe that the advantage estimates can be bounded in an
average sense, which is sufficient to obtain our desired result, provided that the gradientﬂ sampling is done
following an unconventional method. In particular, on top of the standard routines, our sampling process
(Algorithm [1)) comprise an additional expectation that reduces the variance of the gradient estimate while
preserving its unbiasedness.

Our improved sample complexity originates from another important observation. We noticed that the bias of
the NPG estimator can be interpreted as the convergence error of an ASGD program with an exact gradient
oracle. Without this reduction, the bias would be exponentially large, leading to a significant deterioration
in sample complexity.

1.2 Related Works

Unconstrained MDP: Many algorithms are available in the literature that solve the unconstrained MDP
via an exact gradient oracle e.g., see (Zhan et al. [2023; [Lan, 2023; |Cen et al., 2022; |Agarwal et al.l [2021}
Bhandari & Russo, [2021). Among the sample-based methods, some papers demonstrate first-order conver-
gence (Shen et al.;2019; Huang et al.l |2020; |Gargiani et al.l [2022} [Xu et al., |2020|) while other works focus on

1Here, we specifically refer to the gradients used in the NPG finding subroutine.
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global convergence (Masiha et al., 2022} |Liu et al., |2020; Khodadadian et al.,|2022; |Chen & Maguluri, 2022).
It is to be observed that [Fatkhullin et al.| (2023); Mondal & Aggarwal| (2024b) prove the state-of-the-art
@(6_2) sample complexity for last-iterate and average global convergence respectively. However, to the best
of our understanding, the approach of [Fatkhullin et al.| (2023) is not extendable to CMDPs.

Constrained MDP: Most of the CMDP works show average or regret-type constraint violation guarantees.
Many among them design tabular model-based (He et all [2021; Ding et al., 2021; Liu et al., |2021a; [Efroni|
and model-free (Wei et al. 2022 Bai et al.l 2022; Ding et al., 2021)) algorithms. Some literature
focus on parameterized policies. For example, Liu et al.|(2021b));|Zeng et al.| (2022) deal with softmax policies
while Xu et al|(2021); Bai et al|(2023); Ding et al. (2020) handle the general parameterization. The optimal
O(e %) sample complexity for general parameterized CMDPs is proven by |Mondal & Aggarwal| 4202434) In
comparison, the literature on last-iterate guarantees is relatively nascent. As shown in Table[1] [Ying et al.
(2022); |Gladin et al.| (2023) respectively establish O(e=2) and O(e~*) sample complexity for softmax policies
whereas Ding et al.| (2024) achieve O(e=9) sample complexity for log-linear policies assuming its expressivity
error to be epias = O(€%). Recently, Montenegro et al.| (2024) exhibited O(e~7) sample complexity for general
parameterization. We show an improvement over this state-of-the-art.

2 Notations

In the following table, we summarize the major notations used in the paper for easy reference.

Notation Definition
V’T Jg Value functions corresponding to policy 7 and utility g
Advantage function corresponding to policy 7w and utility g
0, /\ Primal and dual parameters
dr, v™ Occupancy measures corresponding to policy 7
L, Lagrangian with regularization parameter 7
F(9) Fisher matrix defined in (12)
&y Error functlon deﬁned in 1'
L2 A a7\ Constants defined in and ( rebpectlvely
(9 N Error functlon deﬁned in
€bias Transferred compatibility approxunatlon error

Table 2: Major notations used in this paper.

3 Formulation

Consider a Constrained Markov Decision Process (CMDP) characterized as M = (S, A, r, ¢, P,v, p) where S
is a (possibly infinite) state space, A is a finite action space with cardinality A, r : S x A — [0, 1] indicates
the reward function, ¢ : § x A — [—1,1] is the cost function, P : § x A — A(S) is the transition function
(where A(-) denotes the probability simplex on its argument set), v € [0,1) defines the discount factor and
p € A(S) is the initial state distribution. This paper assumes S to be countable, though, in general, it can
be taken to be compact. A (stationary) policy is defined to be a function of the form 7 : S — A(A). For a
given policy, 7, and a state-action pair (s,a), the @ value corresponding to a utility function g: S x A — R
is defined as follows (the term utility function subsumes the concepts of both reward and cost functions).

Z ’Ytg(st? a‘t)

t=0

Qy(s,a) =E

So = S,ap = a] (1)

where E; is the expectation over all w-induced trajectories {(s¢, at)}52, where a; ~ w(s¢), Str1 ~ P(s¢,at),
vt € {0,1,---}. Similarly, given a policy = and utility function g, the associated state value function is given

as: Vi'(s) = >, m(als)Q™ (s,a), Vs € S.
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Moreover, for a given policy 7, and a utility function g, the advantage function is: A7 (s,a) = Qf (s, a)—V](s),
V(s,a). The state occupancy measure corresponding to 7 is given as

oo

E St—S

t=0

d"(s) =

So ~ p] , Vs (2)

where 1(-) is the indicator function. We ignore the dependence on p for simplifying the notations whenever
there is no confusion. The state-action occupancy measure induced by 7 is given as: v™(s,a) = d™(s)w(a|s),
V(s,a). We define E;.,[V;"(s)] = J7. The goal of learning CMDP is to solve the following optimization.

max JT subject to: JT >0 (3)
mell

where II is the set of all policies. We assume that at least one interior solution exists for the above optimiza-
tion, which is known as Slater’s condition.

Assumption 1. There exists ™ € II such that J.(T) > cat where cqar € (0,1/(1 —7)].

Note that the policy function cannot be expressed in a tabular format for infinite states. General parameter-
ization can be used in such cases. It indexes each policy by a d-dimensional parameter ¢. Define Jg* £ J,(0)
for any g € RS*A. Problem (3)) can now be written as:

max J,.(0) subject to: J.(0) >0 (4)
OcRd

4 Algorithm Design

The standard approach to solve the constrained optimization equation [3]is utilizing a saddle point optimiza-
tion on the Lagrangian function JT, , . where A is a Lagrange multiplier. We utilize 7* to denote an optimal
solution to equation |3 Moreover, \* is its corresponding dual solution.

A" € argminy s omaXqenJy; . (5)

The following result is well known (Ding et al., |2024)).

Lemma 1. An optimal primal-dual pair (7*,\*) is guaranteed to exist if Assumption holds. Moreover, it
satisfies the following strong duality condition.

mé’%(*] Fare = Jigpare = r/{fl;nj +)\c (6)
Additionally, 0 < X\* < 1/[(1 — 7)cslat]-

This paper, however, considers a regularized Lagrangian function, defined below V7 € IT, YA > 0.

Lo(mA) =TTy 47 <7—L(7r) + ;v) (7)

where 7 is a tunable parameter and H(7) is the entropy corresponding to the policy 7 (defined below).

oo

> =y logm(ay|s:)

t=0

So~p

H(r) é——Zd’f s)logm(als) = Ex

Let (7%, AX) denote the primal-dual solutions corresponding to the regularized Lagrangian L., i.e.,

x A .
Ty = arg max, cyminyea L (7, ),

AL £ argminy o ymax en L, (m, \)
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where A = [0, Amax] i a carefully chosen set of positive reals and A\ ax is stated in Theorem We can prove
that for any 7, Amax > 0, the pair (7%, \*) uniquely exists and follows a strong duality similar to Lemma Eﬂ

T M

However, such a result cannot be directly applied to the class of parameterized policies where our objective
is to solve where £, (mg, \) is denoted as L, (0, ).

i L:(0,\ 10
SR 0 1o

We aim to apply the Natural Policy Gradient (NPG)-based primal-dual updates (expressed below) to solve
, starting with arbitrary 6y and \g.

Orr1 = O +nF(0x) VoLlr(Ok, A1),

(11)
Aeg1 = Pa[(1 =n7) A — 0nJe(0)]

where P, denotes the projection operation onto A and 7 is the learning rate. Observe that, unlike the vanilla
policy gradient iterations, the update direction of § does not align with the gradient VgL, (6, ) but rather,
it is modulated by the Moore-Penrose pseudoinverse (denoted as 1) of the Fisher matrix, F'(6) defined below.

F(0) = E(5,0)~vm0 [Vologmg(als) ® Vglogmp(als)] (12)

where ® denotes the outer product. The lemma stated below outlines a procedure to compute the gradient

VoL (0,N).

Algorithm 1 Sampling Procedure

1: Input: 0, w, \,v,7,7,¢,p
Define: g £ 7+ Ac + Ty

N

T ~ Geo(1 — %), so ~ p, ag ~ mg(So0)
for j €{0,---, 7 -1} do

Sj4+1 ™ P(Sj, aj) and Qi1 ™ 7Tg(8j+1)
Je(0) « 1y clsj,ag), § < st

> Value Function Estimation

T ~ Geo(1 —7), sg + 8, ag ~ mp(s0)
for j €{0,---,T—1} do
10: Sj+1 ™~ P(Sj, aj), and A1~ 7T9(Sj+1)
11 Vo(3) « 0o g(sj.a5)
12: > Q and Advantage Estimation
13: for a € A do
14: T ~ Geo(1 — ), (s0,a0) + (§,a)
15: for j€{0,---,T—1} do

16: Sj41 ~ P(Sj, a]—), and Aj+1 ~ 7T9(8j+1)
A A T
17: Q_ge(sva) A Zj:() g(Sj7aj>
18: A70(8,a) < Q7°(8,a) — V]o(3)
19: > Gradient Estimation

A

F(G) — Ea,\,ﬂ.e(g) [V@ log 7T9((l|§) X V(y log W@(a|§)]
I:IT (0, )‘) <~ Ea~7r9(§) Agg (§, a)VQ IOg 779(&|§)

~ ~ 1 N
Vil (@,0,0)  F(O) = 3= Hr(0, ) (13)

20: Output: jc(ﬁ), @wé’l}fe (w,8,)

2More details are available in the appendix.
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Lemma 2. The following holds V6 € RY, VA € A.
1
H.(0,)\) 2 E(sa)~vmo A:iACJrTW (s,a)Vglogmp(als) (15)

where Py (s,a) = —logmy(als), V(s,a).

The above result is similar to the well-known policy gradient theorem (Sutton et al.,[1999). It is worthwhile
to mention here that, since vy is unbounded, the advantage function A:j_/\c i, CAI, in general, be un-
bounded. This is quite disadvantageous since many intermediate results in the convergence analysis require
the advantage function to be bounded. Fortunately, Lemma [3| (stated below) proves that advantage values
can be bounded in an average sense, which turns out to be sufficient for our analysis.

Lemma 3. The following holds YO, A\, T, s.

A+

81+ ,[32 . 12(logA)?
o { (1—7)2} 16)

2
Eomrg(s) UAH_AH_TW (s,a)‘ } < Lzﬁ)\ where Lz’)\ 2 (e

Let w*(#, \) denote the natural policy gradient (NPG), i.e., w?(6,\) = F(0)TVoL, (0, \). Define the following.

, 1 1. ?
5u (wv 97 A) = §E(s,a)~1/ |:<wTv9 log e ((1|S) _7Arj-xc+-mp9 (Sa a))

— (17)

where v € A(S x A) and w € RY. Lemma [2 shows that w? (0, \) = arg min,,cga 7=, (w, 0, A). This allows us
to compute the NPG via a gradient-descent-based iterative algorithm. Observe that,

Vo€lns 6,3) = P(O) ~ = H (0, (18)

Unfortunately, obtaining the exact gradient given by (18)) might not be viable due to the lack of knowledge of
the transition function P (which unpheb a lack of knowledge of the advantage function A7, 4y, a0d hence,
that of H-(6,\)). It is also clear from (11)) that the update of dual variables requires an exact knowledge of
Je(0k), which is impossible to obtain Wlthout knowing P. Algorithm I 1| provides sample-based estimates of
the above quantities.

For a glven set of parameters (0, A, 7), Algorithm I 1| starts with sg ~ p and rolls out a mp induced trajectory
of 1engt T ~ Geo(1 — 7). The total cost of this trajectory is assigned as J.(0). The terminal state s can
be shown to behave as a sample § taken from d™. Let g = r + Ac + T1y. Another mg-induced trajectory of
length T' ~ Geo(1 —7) is rolled out next, with § = s as its starting point. The total sum of utility observed
in this trajectory is assigned as the Value estimate V’”’( §). To calculate the @) estimates, for each a € A, a
7o induced trajectory of length T' ~ Geo(1 — ) is rolled out with (8, a) as the initial state-action. The total
utilities observed in these trajectories are used as the estimates {Qgg (8,a)}aca. Its corresponding advantage

values are estimated as A”e(s a) = Q”f’(s a) — V”"( ), Va. Finally, the Fisher matrix is estimated as the
expected value of Vjlog 7r9(a| 3) ® Vg log mo(al8) over a ~ my(8), while the estimate of H, (0, \) is computed
as the expectation of A“9 (8,a)Vglogmg(al§), over a ~ my(8). Using these, the gradient estimate is obtained
via . Note that O((l — 7)1 A) samples are required on average to run one iteration of Algorithm I

Although our sampling process is similar to those used in earlier works (Liu et al., 2020; [Mondal & Aggarwal,
2024Db)), there are some crucial differences. In particular, the incorporation of the expectation over a ~ my(3)
to obtain F'(A) and H., (6, \) is a new addition that was not present in the previous papers. Such a seemingly
insignificant change has major ramifications for the global convergence result, as explained later in the paper
(see the discussion following Lemma . Lemma [4] (stated below) demonstrates that the estimates obtained
from Algorithm [I] are unbiased.

3The symbol Geo(-) denotes the geometric distribution.
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Lemma 4. The estimates obtained from Algorithm[1] are unbiased. Formally, for arbitrary w,0,\, 7, we get

E [jc(a)w} = J.(0), and (19)

E [@ws;fe (w,e,A)|w,9,A] = VuETr (0,6, \) (20)

Algorithm 2 Primal-Dual Regularized Accelerated Natural Policy Gradient (PDR-ANPG)
1: Input: Parameters (6y, Ao, 7, K, H), Distribution p, Learning Rates n, «, 8,&,6

2. > Outer Loop
3: for k€ {0,--- ,K — 1} do
4: X, Vg < 0
5: > Inner Loop
6: for he {0,--- ,H -1} do
7 > Accelerated SGD
yr < axp+ (1 —a)vy (21)
8: éh — @wg:mk (w,@k, )\k)’w:yh (Algo.
Xht1 < Yh — 5éh (22)
zp < Byn + (1= B)vn (23)
Vit ¢z, — EG), (24)
9: Tail Averaging:
Wg < ﬁ Z Xh (25)
L<h<H
10: Obtain J. ,(fx) via Algorithm
11: Parameter Updates:
Ok41 < Ok + nwy (26)
Akst = Palhi(1=17) = nJe(0)] (27)

12: Output: {(0k, A\p) 1,

The estimates obtained from Algorithm [T]are used in Algorithm 2] which runs in nested loops. The outer loop
executes K number of times and, at the kth instant, updates the current primal and dual parameters 0, A
via equation 26| and equation [27|respectively. The estimate jc(ek) is obtained via Algorithm|l] On the other
hand, the direction wy, (which is used in the primal update), is computed in the inner loop by iteratively
minimizing the function £7~, (-, 0k, \x,) in H-steps using an Accelerated Stochastic Gradient Descent (ASGD)
routine as stated in|Jain et al.| (2018). Each ASGD iteration comprises the updates equation equation 24}
followed by a tail averaging step equation [25| where the gradient estimates Gp’s are yielded by Algorithm
and (a, 8,€,0) are appropriate learning parameters.

5 Last-Iterate Convergence Analysis

This section shows the last-iterate convergence properties of Algorithm [2| Before presenting the technical
results, we will outline a few key assumptions required for the analysis.
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Assumption 2. The policy is differentiable, and the score function is bounded and Lipschitz continuous,
i.e., ¥0,01,05 € RY and Y(s,a),

IV logmo(als)|| < G,
Ve log m, (als) — Vi log ma, (als)|| < BJ|61 — b2]|

where B, G > 0 are constants.

Assumptionis common in the convergence analysis of policy gradient-based algorithms, e.g., see (Fatkhullin
et al 2023; |Zhang et al.| [2021b; [Liu et al., [2020). The above assumption essentially ensures that the policy
does not change rapidly as a result of a slight nudge in the 6 parameter. In the absence of such a guarantee,
it would be very difficult to arrive at a stationary 6 point. This assumption is obeyed by many policy classes,
such as neural networks with bounded parameters. The result stated below can be obtained by combining
the above assumption with Lemma [2] and

Lemma 5. The following inequality holds YO, A, 7 where LE’/\ is defined in @)
VoL (0, M)]* < (1 —7)72G*L3 (28)

Lemma [5] dictates that the norm of the gradient of the Lagrange function can be bounded above by some
function of problem-dependent parameters. This result will be useful in the convergence analysis in the
forthcoming section.

Assumption 3. The approxzimation error function defined in satisfies the following
1
g;—w: (UJ:(Q, )\)v 97 >\) S §€bias (29)

where § € RY, A € A, 7 €[0,1], and w: (0, \) defines the NPG. The LHS of (@) is defined as the transferred

compatibility approximation error.

The term ep;as utilized in Assumption |3 can be interpreted as the expressivity error of the parameterized
policy class. This term becomes zero for complete policy classes, e.g., softmax tabular policies | Agarwal et al.
(2021). One can also exhibit €pias = 0 for linear MDPs (Yang & Wang), 2019; [Jin et al., |2020]). Moreover, for
certain rich policy classes (e.g., wide neural networks), €pias turns out to be small (Wang et al., [2020).

Assumption 4. There exists up > 0 such that F(0) — purlq is positive semidefinite, i.e., F(0) = urlq,
where F(0) is the Fisher matriz given in equation Iy is a d x d the identity matriz, and 6 € R4,

Assumption dictates that the Fisher matrix F'(6) is positive definite, and its eigenvalues are lower bounded
by some positive constant pp. It is also easy to check that F() is the Hessian of the function £7x, (-, 8, \).
Assumption [4] thus, implies that the function E7x,(+,0, \) is pp-strongly convex, and its minimizer w(6, \)
(the NPQG) is unique. It is well known in the optimization literature that we can approach the global
minimum of a strongly convex function exponentially fast, given access to the exact gradient. Lemma [§] will
exhibit that such insights are crucial in achieving the desired convergence rate. A policy class that satisfies
Assumption [4is called a Fisher Non-Degenerate class. Such a restriction on the structure of the policy class
is common across the literature (Fatkhullin et al., |2023; |Zhang et al., 2021a; |Bai et all [2024). A detailed
discussion on the class of policies that obey the above assumption is available in (Fatkhullin et al. [2023). It
is worth noting that softmax-based policies may not satisfy the above assumption if they are close to being
deterministic. However, if the softmax parameters are restricted within a finite interval, then they obey this
assumption (Mondal et al., 2023).

5.1 Analysis of the Quter Loop
Let (0k, \x) denotes the parameters generated by Algorithm [2| after k iterations of the outer loop. Let
1
o} £ E[KL]] + ;E [()\j - Akﬂ , where

KL £ d™ (s)KL (m; (]s)||m, (5))

seS

(30)
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where KL(+||-) is the KL-divergence, and 7, \* are defined in equation@ The expectations are computed over
the distributions of (0k, \). Intuitively, the term ®7 captures the distance between the solution provided by
Algorithm [2| and the optimal regularized solution. Lemma |§| (stated below) establishes a recursive inequality
obeyed by ®7.

Lemma 6. Let the parameters {0y, A\, }1_, be updated via equatzon l equation and 7 € [0,1]. The
following relation holds under assumptions @ and@ Vk € {0,1,- —1}.

(I);-&-l < (1 ) k T 7/ €bias

0GB 1B [ 0] — i |+ 2Bl 2 |
k|Vky, Nk kT 2 k (177)2 max

(31)

where wj; 2 w* (O, \i) is the exact NPG at (O, \y).

Note the term ep;,s in . In Theorem (1], we show that its presence indicates that the optimality gap cannot
be forced to zero due to the incompleteness of parameterized policies. Note that the term E||E[wg|0k, Ax] —
wy, .|| is the expected bias of the NPG estimator. On the other hand,

E|lwil* < 2E[lwr — wi ,[* + 2[F (k) Vo Lr (01, o) |1*
(@ _ 2 2 2
< 2E|lwr — wi 17 4+ 2057 [IVoLr Ok, Ar)l (32)

where (a) follows from Assumption 4l Note that the second term in equation 32| can be bounded by Lemma
Next section provides bounds for both the first-order term E|[E [wk|0k, Ax] — wj, || and the second-order

term E|jwy — wj |2 used in equation [31| and equation [32| respectively.

5.2 Analysis of the Inner Loop

We start with a statistical characterization of the noise of the gradient estimator given by Algorithm [I}

Lemma 7. The estimate @wfgﬂg (w, 8, ) given by Algorz'thm obeys the following semidefinite inequality if
assumptions [ and [{] holds.

E [@wg;e (WO, 1), 0,0) @ Vo, Eony (w (0, 1), 0, A)} < 02\ F(6) (33)
where 0, \, 7 are arbitrary, F(0) is the Fisher matriz defined in , and 0‘_,2_7)\ s given as follows.

48 2G*L2
2 2 —2_2 T

= 1+ +44A —_ D
CEN (177)4[ + A% +44e T]+M%(1iv)2

where L? , is defined in @
The term 03 5 can be interpreted as the scaled noise variance of the gradient estimator. Hence, if we access
the exact gradient oracle, O'T  Will be zero. This observation will turn out to be useful later. Before describing

that result, we would like to present some insights about the connection between Lemma [7]and the gradient
estimation procedure (Algorithm ' To understand the crux of the proof of Lemma |7 l 7l define the following.

CAQT,,\(S, a) £ Vglogm(als) - wi(0,)\) — - A:+/\C+T¢9( a), Y(s,a) (35)

where 12129 (s,a), g = r+Ac+ 71y is the advantage estimate given by Algorithmfor a given (s,a). Following
, we can conclude that

Vs (@38, 1),0,1) = Barury 5) |G (5,0) Vo log mo(al3)] (36)



Published in Transactions on Machine Learning Research (05/2026)

where one can demonstrate that 5§ ~ d™. Let I:]g’a be the expectation over the distribution of mg-induced tra-
jectories that are used in evaluating the advantage term flfj_ Aetrbe (s,a). Also, let ]:]‘Z be the expectation com-

puted over the joint distribution of mg-induced trajectories that are used in estimating {A:i)\chTwe (s,a)}aca-
Following the sampling process (Algorithm [1)), one gets

N N 2
Eqorny (o) Bl [(C&A(s,a)) } <02, Vs (37)
Note that the LHS of obeys the following inequality.

LHS = v BY [Barur, (o) [ G0 (5,0) Vo l0g o (als)]| @Bamryo) [ G5, @) Vo log ma(als)]

(a) . . 2
< E.wgre [anre(s) {Eg’a [(Cgﬁ/\(s,a)) H X Eqny(s) [Vologmg(als) ® Vg log WQ(QIS)]:|

where (a) is a result of the Cauchy-Schwarz inequality and interchange of expectation operations. Now,
can be proven by using in the above relation. Notice the importance of the expectation over a ~ 7y (8)
in the sampling procedure. Had the gradient been estimated without this step (which is typically done in
the literature, see our earlier discussion), the LHS of would have been,

N N 2
LHS = Eqaro Egrry (s) {EZ,Q {(Cg)\(s,a)) ] x Vg log me(als) ® Vg log Wg(as)}

To(s,a)

which is impossible to bound since (s, a) is not uniformly bounded V(s, a) due to the presence of the term
1)y originating from the entropy regularizer. In simple terms, due to our unconventional sampling procedure,
the LHS of takes the form E[XY] @ E[XY], where X = (Ag)\(& a), and Y = Vylog mg(al$). We can now
use the Cauchy-Schwarz inequality to deduce that E[XY] ® E[XY] < E[X?|E[Y ® Y]. This is useful since
it allows us to apply the bound on E[X?] given in . However, without our sampling procedure, the LHS
of takes the form E[X?Y ® Y], which cannot be directly bounded because the random variable X, due
to its very definition, is not almost surely bounded. Moreover, the inequality E[X?Y ® Y] < E[X?|E[Y ® Y]
is not true in general. This negates the possibility of applying the bound of E[X?].

Lemma 8. If assumptioms@r are true, the following holds Vk € {0,--- , K — 1} with a = %, 8=

sem, &= W, and § = % if the inner loop length of Algom'thm obeys H > max {1, C_'f—; log (ﬁ%)}

for some universal constant, C'.

Bllor — w2 < 2277 CLra, (38)
’ 2 pr(l—7)?
* ur LT>\
E[E [wk |6k, \| — <VCexp (-t g Amax
| [Wk’ ks Ak | — wis || < fexp( 1007 ) L/;Tp(l 7)] (30)

where C' is a constant, wy, is defined in , wy, , is the ezact NPG, and 037/\max is given by .

Inequality can be established utilizing Corollary 2 of (Jain et al., |2018) in our framework and simplifying
the upper bound. However, follows from the same result applied to the scenario when an exact gradient
oracle is available. To understand the reason, note that we can write the following equations using conditional
expectation on both sides of the update equations (21)—(24), and Lemma

Yy = axy + (1 — Oz)\_/h,
Xnt1 = Yh — OV wWE wo, (w, O, Ai) |

zp, = Byn+ (1= B)va,
Vht1 = Zp — fvwgz"ek (w, Ok, Ak)}

W=Yh

W=yn

10
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where I, = E[l;|0k, \], VR € {0,--- ,H — 1}, 1 € {v,x,y,z}. Invoking , we get,

2
wp £ E [wi] 0, Ae] = EZEGKH)@L (41)
b} >

Note that equation and equation emulate the steps of an ASGD process with exact (deterministic)
gradients. We can now combine Lemma [ equation [32] and Lemma [§] to arrive at the following corollary.

Corollary 1. Let {0, \i,}1_ be obtained via (@, , and T € [0,1]. The following holdsVk € {1,--- K}
if assumptions are true, (o, 3,€,0) are the same as in Lemma@ nT < 1, and H is sufficiently large.

T T 1 1 HE n
O] < exp(—nTk)®] + —V/ebias + ;Ro exp (— 1007 H) + ;(Rl + Ry) (42)

where Ry, Ry, Ro are as follows.

A GVCLy A2 ) . B ) C+ up'G?
R S8 — T T —/Amax R s _ = )\ s P 22 d Crpp G7
0 — TLF(]. — ) 1 (1 — ’Y) + max> lir 01,>\max + (1 — 7)2 1, A mas

5.3 Optimality Gap and Constraint Violation

This section discusses how the optimality gap and constraint violation rates can be extracted from the
convergence result of ®7 stated in Corollary |1] I

Theorem 1. Let {(0x, \p) | be the parameters generated by Algomthm@ starting from (6o, Xo). Assume
that assumptzons 14| hold, the parameters (., 8,€,0) are given by Lemma@ )\mdx =4/[(1- 'y)cbldt] €bias < 1,
and e < 1 is sufficiently small. The relations stated below hold if T = max{e, (€bias) LK =222 n= 627'
and H = 40G? 3" log (171 2).

T =B ] = Oc+ (ns)?), and
. (43)
E [-JI ] = Ole + (bias)?)

Theorem [T] essentially states that for any parameterized pohcy class w1th a transferred compatibility approx-
imation error epias, we can substitute H = O(1), K = O(e 2 min{e 2, (epias) "3 }) to ensure the (last-iterate)
optlmahty gap and the constramed violation to be O(e+ (€pias) 3 ). Th1s makes the overall sample complexity
O(e 2 min{e2, (epias) "7 }). The following remarks are worth highlighting.

Firstly, if epias > 0 and independent of €, then the generated policies of Algorithm [2] cannot be guaranteed to
be arbitrarily close to the optimal policy. This agrees with the existing literature on general parameterization
(Liu et al., [2020; |Fatkhullin et al.,2023; Mondal & Aggarwal, |2024b). In this scenario, we obtain the optimal
O(e?) sample complexity for e < (€b1as) On the other hand, if en;as = 0, i.e., the policy class is complete,
the optimality gap and constraint violation can be made O(e) at the cost of (9( 4) sample complexity.

Secondly, some works take epis to be dependent on e. For example, Ding et al.[ (2024)) assumes €pias = (’)(68)
for log-linear classes to get a sample complexity of @(6_6) while enjoying O(e) optimality gap and constraint
violation. If, following a similar path, one selects epias = O(%) in Theorem the sample complexity becomes
O(e~*) while the optimality gap and the constraint violation change to O(e).

Thirdly, although our result does not establish zero constraint violation, it can be shown using a “conservative
constraint" trick. The main idea is to apply a conservative constraint ¢’ = ¢ — (1 —~)d’ where ¢’ is a tunable
parameter. Observe that J7, = JT — ¢’ for any arbitrary policy m. Hence, once a O(¢) constraint violation
is proven for ¢’ (utilizing the same algorithm described in our paper), we can judiciously choose ¢’ to prove
zero constraint violation for ¢ (see details in |Ding et al.| (2024); Bai et al. (2023)).

Fourthly, the choice of some of our parameters is dependent on €pi,s. We acknowledge that the knowledge
of enias may not be available for some parameterized policy classes. However, it might be possible to obtain
an upper bound, €p;as, of the desired quantity. For example, |Wang et al.| (2020) shows that for a two-layer
neural parameterization of width m, the function approximation error is O(m~'/®%) (see Theorem A.4 and

11
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the subsequent discussion). Our algorithm still works if this bound is used as a proxy of enias. In this case,
the convergence error and the sampling complexity will be functions of €pjas, instead of €pjas.

Finally, notice the importance of the observation that the NPG bias E[wg|0k, Ax] — wj . is exactly the
convergence error of an ASGD routine with exact gradients (see Lemma [§ and its subseqﬁent discussion).
Without this insight, the expected bias would be O(H %), instead of its current bound exp(—©(H)) which
would degrade the overall sample complexity by many folds.

6 Conclusions

We present an algorithm for the general parametrized CMDP that ensures O(e—i—eéias) last-iterate optimality
gap and the same constraint violation with @(6_2 min{e2, (ebias)_% }) sample complexity. Here epi,s denotes
the transferred compatibility approximation error of the underlying policies. Future work includes improving
the sample complexity to @(6*2) across all parameterized policy classes, extending our ideas to general utility
CMDPs, and proving a high-probability sample complexity bound, which would strengthen our expectation-
based result. Additionally, extending the results to multiple constraints would be an interesting problem to
tackle. Finally, our current results apply to finite action spaces. Extending it to infinite action spaces would
be another major hurdle to overcome in the future.
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A Proof of Lemma

Fix a tuple (8, A, 7). The following proof assumes that the policy and all relevant value functions are
differentiable w. r. t. 8. We also assume the state space, S, to be finite to avoid technicalities associated
with infinite space. Note that, Vs € S, we have,

VGWTE)\C+T¢9 (s) =Vp Z WO(G‘S)Q:.?.AHTW (s,a)
acA

=3 Qs (5. 0)Vama(als) + 3 mo(als)VeQ™ (5, 0) (44)

acA acA

To

Applying the Bellman equation, one obtains,

Ty = Z mo(als)Vy {T(S a) + Ae(s,a) — Tlogmg(als) + v Z s'ls,a fo)\ﬁwe( /)}

acA s’eS
=7 Z mo(als)Vglogm(als) + Z Z mo(als)P(s'|s,a) VoV s\ vy, () s
acA s’€eSacA ( )
=0
= Z Pr (51 = 5’|50 = s,ﬂ'g) V9V+)\C+T¢6( s')
s’eS
Combining the above results, we obtain,
vgv-ﬁ-/\c-i-ﬁbe( 5)
= Z Qr+)\c+‘r¢s S a)v(gﬂ'g(a‘s) + 7y Z Pr (81 = 5”30 = 8,7'('9) V0V+>\C+'rw9( /)
acA s’eS
(@) ﬂ'
Z Arf‘_)\c_‘_rwg (s,a)Vomg(als) + v Z Pr (81 = S’|So = 8,7T9) V@V_H\C_H_we( /)
acA s’eS (46)
®
Z Z V' Pr(s; = s'|sg = s, Z AT et rue (8:0)Vomg(als)
s’eS t=0 acA
+47 Z Pr(sy = s'|sg = s,m9) VoV (5)
s’eS

where (a) uses the fact that >~ Vymg(als) = 0, Vs € S, and (b) is obtained by repeatedly applying the
recursion. Notice that, for finite S, we have the following limit.

TZPrsT—s|so—s 79)VoV™(s') =+ 0as T — oo (47)
s'eS

Finally, applying 7' — oo to equation [46] we obtain the following,

VoL:(0,\) = Esp {Vf? Vi etre (8 )}

Z,ytPr(st = 5'|sg ~ p,Ty) Z QY acrr, (8,a)Vomo(als) (48)
s'eS t=0 acA
1

= 1 Blew~r {A:iAchrwe(S’ a)Vglog ”9@3)}
This establishes the lemma. It is worth pointing out that, although our proof is similar to that of the standard
policy gradient theorem [Sutton et al.| (1999)), there are some differences. In particular, the standard proof
assumes the reward/utility function to be independent of 6. This does not hold in our case due to the
presence of 1)g.
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B Proof of Lemma[3

Fix a tuple (6, A, 7, s). Since r and ¢ are absolutely bounded in [0, 1], we get,

x x 2(1+ 1)
|Ari)\c | |Q7"+>\c 5, a |+ }Vvv"—ﬁkc )’ < ﬁv Va (49)
Furthermore, observe that,
0< V2 (s) = Eqr, Z —~"log g (a¢|s¢)|s0 = 51
1t=0 (@) 1 (50)
=1 dre (s Z mo(als’) logmg(als’) < I log A
-7 s'es acA -7

where d7° is defined similarly as d™ given in equation [2| but with the conditional event sg ~ p being replaced
by so = s. Inequality (a) follows from the concavity of the log function and the fact that d7* € A(S). We
deduce the following.

2
Eqor(s) UAW s a)‘ }

2 2
< 2Eqrry(s) UQZZ (s,a)‘ } +2 [VJ; (s)}

51)
@ 2(lo A (
< QEQNM(S) “— log mg(als) +vEy '~P(s, a) :| «\log A)~

(b) 2 2(10g A) 2 © 6 (IOg A)

<4 -1 Tz U S @Aty

< Z mo(als) [~ logm(als)]” + (1—~)2 [ +2 ] — 2 + (1—=7)2

acA

where (a) uses the Bellman equation and equation Inequality (b) follows from the realization that
equationis satisfied by every s € S. Finally, (c) uses the fact that 2% exp(—x) < 4e~2, Vax > 0. Combining
equation |71_§| and equation we arrive at,

m 2 b 2 ™ 2
Ea~7r3(s) l:‘Ari)\chﬁpg (S,CL)’ :| < 2Ea~7r3 |:|Ari/\c( )‘ :| +2T2Ea~7r9(s) [)Awi(saa)) :|

52
< 8(1+A)?* ¥A+ 12(log A)? (52)
T (=2 e? (1—7)?
This concludes the lemma.
C Proof of Lemma {4
Fix a tuple (6, A\, 7,w). The first statement can be proven by observing that,
o3} t
E [chp(e)w} = nyth sj,a;)|s0 ~ p, g
t=0 7=0
(53)
=[1=NE | clsj,a)Y ' |so~pma| =E | > 4c(sj,a5)|s0 ~ p,mo | = Jep(0)
Jj=0 t=j =0

A

To prove the second statement, we will first show that the state §
distributed according to the state-occupancy measure d™®. Note that,

generated by Algorithm [I] is indeed

Pr(8 = s|p,m) = (1 —7) Z'ytPr(st = 8|sp ~ p,mp) = d™°(s) (54)
t=0
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Next, we will show that the @@ and V function estimates obtained by Algorithm [I| for arbitrary utility
function, g, are unbiased. Note the following chain of equalities for a given state-action pair (s, a).

00 t
E |Qp°(s.a)[6,5.0] = (1=7)B | Y4 glsiai)|s0 = 5,0 = a7
[t=0 j=0 |
- ) .
=(1-vE Zg(si, a;) th S0 = S,a0 = a, Ty (55)
_j:O t=j 4
o .
=E Z’y’g(si,ai) s0=s,a0 = a, 7| = Qz°(s,a)
=0
Similarly, we can also demonstrate that, E[V;e (5)]0,s] = V(s). It, hence, follows that E[A;" (s,a)|0,s,a] =
A7¢(s,a) for each (s,a). Combining these results, we deduce the following.
E {F(9)|9} = Egvaro Eanny(s) [Vologmo(al3) @ Vg logmg(al3)|0] = F(6), (56)
E {ﬁf(a, A)]@,)\] = Eaaro Bary(s) {E {A:ikc s (3,0) 6‘,/\,§,a} Vo log mo(al3) H,A]
(57)

= E oot [ AT rcru, (3:0)Volog mo(al3)|0, A = H,(6, 1)
The unbiasedness of the gradient estimator can be proved by combining the above two results.

D Proof of Lemma
Recall the definition of H,(f,\) in Lemma [2l Using the Cauchy-Schwarz inequality, we get,
2
IHO NI < Beaoms |47 e (50| 19 bogmofals)

(a) 2
< GPEguaro Bamry(s) UA:iAst(s,a)’ ]

where (a) follows from Assumption |2l The lemma can now be concluded using Lemma [2| and

E Proof of Lemma

Step 1: We use the following notations: wj L W (O, M), Vr(s,a) = —logmy, (als), and ¥*(s,a) =
—log w*(als), V(s,a). Observe the following chain of inequalities.

- . 041 ((Z|.S)
KL, — KL =E = | log ————=
o T e { % "o, als)

(@) B
2 B oyt [Vologmo, (als) - (Ok1 — k)] — S l10k+1 — Okl

®) Br?
= 77].E(S,a)r\a/": [V@ log Oy (a\s) : wk] - T”W’C”2

. . By? (58)
= nE(Sﬂa)N,ﬂi [VO log 7q, (als) - wk,r] + WE(S@)NV’*i [Vologmo, (als) - (wr — wy )] — Tllwkll2
© L T E Vol c 1™
- 7) r+Agc+TY) - r4+Apc+TYk +77 (S,a)NV‘"; 0 10g ﬂ-ek (a|s) : wkﬂ' 1— v r+Ac+TYg
To T
. Bry?
+ nE(s,a)Nu": [VO IOg 05 (CL|S) : (OJk; - wk,'r)] - T”o‘}k”2
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where (a) follows from Assumption [2] and (b), (c) utilize equation 26| and Lemma [J] respectively. Using
Assumption [3] and the Cauchy-Schwarz inequality, we derive the following.

N

2
Tz - {E(s,a)wﬂi [VG log g, (als) - w , — ll,yA:ikAchwk} } > —/€bias (59)
Moreover, the term T can be decomposed as follows,
To = [Jﬁ,\kww: o J:j’i\kcwwk} + {Jﬁ,\kcwwk - J:i)\kc+r¢i}
= Tinerriz = iweotri + 7 KU (60)
= J:iAkC“FTL/}: - J:j’}kc+7¢k + 7KL

Combining the above results and taking expectations, we obtain,

*

E KLy ] < (1= 97)B KLY + 7B [T oyrg, — T eire]

B 2
11V /Erias + 1B 4)ei B [Va log ma, (als) - (w7 - = B [wn[ 0k Me])] + Bl
(61)

(a) - ™ 2L
< (1 =n7)E[KL;] +nE {Jr-i]i\kc+r¢k - Jrfr/\kchrw:}

+ 7/€pias + NGE |

where the inequality (a) is due to Assumption

B 2
w]:’.,_ —E [Wk|9k7 )\k] H + TnEHWkHQ

Step 2: Here, the dual update equation will be utilized. Observe the following.
T T
NE £ (0 Ak) = Lo (01, X7)] = 1B [k = M) Je(00) + Z(0) = Z(A)?]

T (62)
=nE [\ — A5) (Je(0r) + TAk)] — 5 E [ — A5)?]

Using the dual update equation 27] and the non-expansiveness of the projection operator P, we can write
the following.

%E [(Asp1 =A%) < %E {{)\k = AT =7 (jc(ekr) + T)\k) }2]
= %E [ = X0)2] = B [ = X7) () + 70 ) | + %E [(fcwk) + w)g] (63)

(a) 1 o
< SE [ =A% = nE [\ = A2) (Je(0) + 7A0] +0°E [J2(00)] +1°7* Mo

where (a) uses Lemma the fact that A, and J.(6) are conditionally independent given 6 and (a + b)* <
2(a? + b?) for any a,b. Furthermore, Algorithm [1| states that J2(6x) can take a value of at most (j + 1)2
with probability (1 —~)y7, j € {0,1,---}. This leads to the following bound.

B[7200] <0040 = 1 < 2 (6)

Combining the above results, we finally obtain,

%E [ = 2207 < %(1 =B [k = A)?| + HE L (04, A7) — £7(00, 20)]
(65)
> + 7_2)\2 :|

max

|2
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Step 3: It is easy to verify that
AT G Sy [ﬁfwk, A7) = Lr (O, Aw] = Lo(0k.X7) = Lo (77 0) (66)
Adding equation @ and equation @, and using the definition of ®7, we obtain the following inequality.

B 2
BF 1y < (1= 0r)OF + 1/ + NGB ||wi, — B [we]0k, M) || + —277 E|ws?
(67)

2
o [y N B (L1000 — £ ()

T>

The lemma can be proven by showing that T5 < 0 which is a direct consequence of Lemma In particular,

L (7o, \5) < maxﬁ (m,AL) = 1}1>118£T(7T:‘_,)\) < Lo(mk M) (68)

F Proof of Lemma [T

Define a function (Ag,A : S x A — R as follows.

(G a(s,a) 2 Vologmg(als) - wi(6,\) — T A:—G&-Ac-‘r'rwe(s’a)’ (s, a) (69)

From equation the gradient estimation can be written as follows.
Vo (@3 (0,0),0,0) = Barury(s) |GG (5.0) Vo log mo(al3)| (70)
where the distribution of § can be shown to be d™ (see the proof of Lemma . Therefore,
E [megﬂe (W0, 0),0,)) @ Vo 0my (w3 (0, 1), 0, A)}
= oo B [Eanny(o) [ G5, ) Vo log 70(al5)] © Barry ) | G5, @) Vo log mo(als)] |
iy e (71)
= Eguamo |ES |Egory(s) (C(,’)\(& a)) Eory(s) [Vologme(als) ® log mp(als)]

N N 2
= Eqvamo {EMQ(S) {E" {(Cg)\(s,av H Eqry(s) [Vo log mo(als) ®10g7rg(a|s)]}

where the semidefinite inequality is a consequence of the Cauchy-Schwarz inequality and the expectation
E? is computed over the distribution of all sample paths originating from s that are used to estimate

{Afi Nebribe (s,a)}aca. In a similar way, ]:]9 is defined as the expectation over the distribution of all sample
paths that are used in estimating A™ Dre +w9( a). Note that,
- 2 2

(Gals:@))” < 21V010gmo(als) lw; (6, M) + (— AT (50

o ||F(0) VoL, 0,0 0 Aro N [Ame(s,a)] + 72 [A7 (s,0)]

< || (0)'VoL-(8, )H +m 70 (s,a) + c’(s,a)| +77 | AR (s,a) (72)

® 2G* 2 6 A 2 2 [i 2 ala 2

< _ - e e )

i e { [ ea)] 0 [ e A e

where (a) follows from Assumption [2] and the definition of w} (6, \) whereas (b) results from Assumption [4]
and Lemma |5, Note that, Vg € {r,c}, and arbitrary (s,a), both [Q7(s,a)]? and [V;™(s)]? can assume a
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value of at most (j+1)2 with probability (1—+)y7, 7 € {0,1,---} (see Algorithm. Therefore, the following
holds V(s, a).

s {8 (45 0) T =2 o {82 | (@ 00) T 22 [ (5000)
<4 {max {E9 [(Q;v(s, a))Q] B, [(%%)ﬂ }} (73)
> 4(147) 8

§4(17’7) Z(]+1)27J - (1 _7)2 (1_7)2

Moreover, observe that the following inequalities hold for arbitrary s € S.

Eor, (B2, [(Qw (s, a)) } = i 7Y molal)ES, {Xj:—logﬂe(aﬁst)}

t=0

j ] (74)

2

Z —log mp(at|st))

t=0

(%) (1_7) Z(]"‘l)’)’] Zﬂ'e(a| jsa

T

where Ef',s,a denotes the expectation over all j+ 1 length mp-induced trajectories {(s, at)}{zo that start with
the initial condition sy = s,a¢p = a. The inequality is a consequence of Cauchy-Schwarz inequality. The term
T can be bounded as follows.

T = Z mo(als) [ —log me(als))” + Z Z Pr;?(s'|s,a) Z mo(d'|s")( — 10g7r9(a’|s’))2]

acA t=1s'eS a’eA

(@) 4
< 67(]4‘1)14

(75)

where P (s|s,a) = Pr(s; = s'|sg = s,a0 = a,7g). Inequality (a) follows from the fact that 22 exp(—z) <
4e~2 ¥z > 0. Applying the above bound in equation we deduce,

. r 2 4 >, . . 8Ae?
anﬂ'g(s)Eg,a [(Qw: (Sa a’)) :| < 67214(1 - ’7) Z(] + 1)27J < W (76)
j=0

In a similar manner, we can also show that,

- N 2 8Ae?
Eouro(sEL, [(VWG(S)) } < -7 (77)

Combining the above results, one arrives at,
U AT 2 o AT 2 0 2
Efl'\fﬁe(s)Es,a [(sz (sva)) ] < 2Ea~ﬂe(S)Es,a |:(Q¢;09 (sva)> ] + ZE(INWG( ) [(V 8( )) :|

32472

ST-r i

Combining equation equation and equation we can write,

(/s 2 26 18 _
Ea~7rg(s) |:E§,a [(C@))\(S, a)) :|:| Sm[/i)\ + W [1 + /\2 +4Ae 27-2] = Uz,)\ (79)

Substituting the above bound into equation [T1} we conclude the lemma.

20



Published in Transactions on Machine Learning Research (05/2026)

G Proof of Lemma (g

We prove Lemma [8| using Corollary 2 of |Jain et al.| (2018). Observe the following three statements for a
given (A, 7).

S1 : The following quantities exist and are finite V6 € R9.

F(0) 2 Es,0)ume [Volog ma(als) ® Vglogmg(als)], (80)
G(0) £ E(s a)~wme [Vologmg(als) @ Vg logmy(als) @ Vg logmg(als) ® Vglogme(als)] (81)

S2 : There exists 0'3’)\ such that the following is obeyed V6 € RY where w? (6, \) is the minimizer of E7x, (-, 0, ).
E [%5;"9 (W30, 1), 0,0) ® Vory (w(6, 1), 0, )\)} < 02\ F(0) (82)

S3 : There exists ur, G > 0 such that the following statements hold V6 € R9.

(a) F(0) = prlq, (83)

(b) Es,a)~vme [||V9 log ﬂg(a|s)||2V9 log mg(als) ® Vg log 7T9(a|8)] < GZF(H), (84)
G2

(€) B ases [ V10 m0(als) [y Vi log molals) & Vologma(als)] < F(0) (55)

Statement S1 is a consequence of Assumption |2| whereas S2 results from Lemma Statement S3(a)
is identical to Assumption {4} S3(b) follows from Assumption 2} and finally, S3(c) can be deduced via
Assumption [2| and We can, hence, apply Corollary 2 of |Jain et al| (2018)) with x = &# = G?/ur and

i i if H > Cv/kF NCT - _ 3V5VmE g_ _1
derive the following result if H > Cv/k# log(v/dv/k&), the learning rates are set as o = L B = 5=
€= 3By and 0 = 55z, and Ay € A

C H o2, d
E 17 (w)] — (wi) < Zexp [ ——— ) [12(0) — 17 (wi )] + 11 TAmax
% (wr)] — G (wr -) < 9 P( 20\/&) [k( ) = Ui( k, )] I (86)

where I} (w) £ ETxy, (w, 0k, k), Yw € RY, and wy . £ W (O, Ax)

In the above inequality, the expectation is over the distribution of wy for a given (0x, A\i). The term C' is a
universal constant. Note that I (wy ) > 0 and [} (0) is bounded above as follows.

T 1 1 o, () L72—,>\max 87

lk (O) = iE(s,a)va’“ mAH—/\kc-i-ka (S’ a) = m ( )
where (a) follows from Lemma Combining equation equation and the fact that [ (-) is pp-strongly
convex, we establish,

2 U2>\ d UFE L2>\
Ellwr — wji]|? < —[BE [lp(wp)] — le(w))] < 22-"2mex 4 O — H T Amax 88
e =l < o [Bli(n)] — ()] < 22220 4 Coxp (— i) B2y (89)

The first statement can be proven by applying H > 1 and exp(—z) < 1, Vo > 0. We get the following for
noiseless (o2 = 0) gradient updates.

T,Amax

L2
* ILL TyAmax
El|(Elwx|6:] —wp)ll* < Cexp (7 202‘2 H> [W(lk— 7)2] )

The second statement can be established from equation [89) by applying Jensen’s inequality on the function
f(x) =22
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H Proof of Corollary [1]
Lemma [6] establishes the following result Vk € {0,1,--- , K — 1}.

(I);;-Q—l S (1 - 777—) ; + 71/ €bias

Bn? 2
+ nGE HE [Wk’eka )\k:] - OJZ’TH + 727] EH(JJ}g”2 + 772 W + TQ)\IQnaX (90)
Tk
Using equation and Lemma [§] we can bound the term T}, as follows.
L,
Tk < mexp (— uF2H> GVCLr
40G VEF(L=7)
—_—
<Ro
B (C‘FU}_«“lGZ) L, 2 242
-|—’f]2 —_— 220’,,2_ d+ R+ +7 )‘max 91
r l 17 17 o

<Rs <R:

where the upper bounds {R;};cf0,1,2y follow from the fact that 7 € [0,1] and Lr x,.., 0r .. are strictly
increasing functions of 7. Therefore, we obtain the following simplified recursion Vk € {1,--- , K}.

O < (1 —n7)Pf 1 + 1y/€bias + nRo exp (— = H) +n*(R1 + Ro)

40G?
@ R s l e ,
< (T—n7)"®4 + Z(l —n7)"| % [n\/ebias + nRoy exp (— 1002 H> +n°(R1 + Ry) (92)
1=0
< exp(—n7k)®f + ;\/ebias + ;RO exp (— 1002 H) + ;(Rl + R»)

where (a) is obtained by repeatedly applying the recursion and (b) uses the fact that > ;o (1 —n7) = 1/n7
and (1 — n7)* < exp(—n7k) whenever n7 < 1. This establishes the corollary.

| Proof of Theorem (1]

Observe the following chain of inequalities for a given k € {0,--- , K} and g € {r,c}.

* To a 1 * " oy,
JIT g @) — Zd 7(s) Z {7%(als) — mg,(als)}Qy"* (s,a)
SES acA
1 .
< T I Cls) — ma (1)

sES
(93)

® 1 » .
< T 2 & (VKL (fs)lma, (1s))

seS

© 1 . ) 1
< T[22 4 KL (miCls)lima. (1s) = T

_ 2
seS )

V2KL]
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where (a), (b), and (c) are consequences of Lemma [0} the Pinkster’s inequality, and the Cauchy-Schwarz
inequality respectively. Taking expectation on both sides of the above inequality, we obtain,

JIT—E {Jf’“} <L _E {\/ﬁ}

T (I-9)
@ 1

< o VERL] € g VI on
(%) (1—\/?7)2 lexp (_n;k) o+ \% (€pias) T + ﬁexp (_8522 H) + \/i (\/R>1+ \/R:)

where (a) is a result of Jensen’s inequality applied to f(z) = v/x, x > 0 while (b) follows from Corollary
and the fact that for the choice of 7,7 mentioned in the theorem statement, 7 € [0,1] and 7 < 1 for
sufficiently small e. Lemma [10] implies

I < () < ——

S log A (95)

Combining equation [94] and equation [05] one can obtain an upper bound on the optimality gap. To derive
a similar bound for the constraint violation, observe that Lemma [I0] implies that,

~Omax = X0)JE < 2N (96)
Additionally, since \¥ = argminyep £ (75, A), we have,
A% = argmin, ., {AJ? + gv} (97)
Therefore, AX can assume three possible values.
Case 1: If 0 < —g < )‘2&7 we have A} = —J; , and consequently Apax — AL > %

S

Case 2: If _Jz

< <0, we get A7 = 0 which ensures Apax — A7 = Amax > Amax

T 2

For cases 1 and 2, the following result can be derived using equation [96]
_Jg: S T)\max (98)

-

, either A\ = fJCTT or A\f = Apax. In both cases, \X > )‘r;*“‘. Applying Lemma

3%

Case 3: If Argdx < —JCT
we get,

AT =TIy < T — T 4+ TH(n) (99)
Moreover, using Lemma [1, we have,
JIT I < N(JT =TT (100)
Combining equation [09] and equation [I00} we arrive at,
(A; = XYIT = JE7) < TH(x) (101)

Note that A% > ’\“QM, and Lemma [1| dictates that \* < % for the specific choice of A\p.x given in the

theorem statement. Clearly, A\ —\* > A“;f". Also, JI " > 0 due to feasibility of the optimal solution. Hence,

ATH(7E) o T

—JIT < <
Amax (1—-7)

log A (102)
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where the last inequality follows from the fact that 4/Apnax = (1 — ¥)cslat < 1. Combining equation (98| and
equation [102, we obtain,

<

T —
= max { log A, 4cslit} (103)

I.1 Choice of Parameters

If we take 7 = max{(ebias)%,e}, the following bounds result from equation |95 and equation m

o=

J™ — T = O(ebias)® + €), and — JT = O((epias)

T

+e€) (104)

Moreover, if n = €27, H = 40G?u," log(t~'e™2), and K = 27 2¢72, then equation (94| reduces to the
following Vg € {r,c}.

o=

Iy —BlJy"<] = O(e + (€vias)?) (105)

To prove the above relation, we utilized the facts that (a) if € < (ebias)%, we have 7 = (ebias)é and
(ebias)%/ﬁ = (ebias)é, and (b) if € > (ebias)%, we have 7 = ¢, leading to (ebias)i/ﬁ < €. Note that
in both of these cases, (€pias)/v/7T < (€pias)® + €. Conjoining equation and equation we conclude
the theorem. The criterion that H is sufficiently large is automatically satisfied if € is sufficiently small.

J Auxiliary Lemmas

Lemma 9. (Agarwal et al., 2021, Lemma 2) For any two policies w1, 72 and a utility g € RS*A, the following
holds.

1 1
JP = I = B [AP(s,0)] = —— Y d™(s) Y
1 v 1 v sES acA

{ma) - maw }opea a0

Lemma 10. (Ding et all 2024, Lemma 14) The primal-dual pair (7, \2) defined in equatz’on@ always exists
and is unique for T > 0. Moreover, it satisfies the following property.

maXﬂ'EH»CT(’/Tv )‘:—) = 'CT(,]T::v )‘:) = min)\EA'CT(Wiv )‘) (107)
Consequently, the following inequalities hold ¥Ym € I and Y\ € A.

Trnee = TH(T) < T < T+ gv (108)

T
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