Learning Legged MPC with Smooth Neural Surrogates

Abstract— Deep learning and model predictive control (MPC)
are complementary in legged robotics, but integrating learned
dynamics with online planning remains challenging. Neural
network models introduce three key issues: (1) stiff transitions
from contact events inherited from data; (2) additional non-
physical local nonsmoothness; and (3) non-Gaussian errors
induced by rapid state changes. We address (1) and (2) with
the smooth neural surrogate, a network with tunable smoothness
that yields informative predictions and derivatives for trajectory
optimization through contact. To address (3), we train with
a heavy-tailed likelihood that better matches empirical error
distributions. Together, these choices improve the reliability,
scalability, and generalizability of learned legged MPC. Across
zero-shot locomotion tasks of increasing difficulty, smooth
neural surrogates with robust learning reduce cumulative cost
in well-conditioned settings (typically ~10-50%) and deliver
substantially larger gains where standard neural dynamics fail,
enabling reliable execution (0/5 — 5/5 success) and orders-of-
magnitude improvements in robustness.

I. INTRODUCTION

Reinforcement learning (RL) and model predictive control
have both seen widespread success in legged robotics. Learn-
ing provides representational flexibility and scalability, par-
ticularly through techniques such as domain randomization,
enabling capabilities like blind locomotion over challenging
terrain [1], [2]. Model predictive control, by contrast, enables
online behavior shaping by adjusting costs and constraints,
making it well suited for rapid task switching without re-
training [3], [4]. Despite these complementary strengths, the
effectiveness of MPC within an RL pipeline remains limited
for legged robots, and existing controllers tend to favor either
learned policies with limited flexibility or scenario-specific
analytic models with limited generalization or scalability.

Learned MPC, which combines learned dynamics with
online planning, offers a promising middle ground (Fig. 1a).
However, improving the prediction error of neural dynamics
does not guarantee improvements in control performance [5].
Even exact models can perform poorly when contact dynam-
ics are not handled appropriately during optimization [3],
[61-[9].

Our starting point is a simple but important observation:
the pathologies of trajectory optimization under contact
dynamics are compounded when the dynamics are modeled
with standard neural networks. We hypothesize that these
failures are driven primarily by nonsmoothness which man-
ifests in three ways:

1) Neural network dynamics often inherit the very stiff
transitions present in the ground-truth contact dynam-
ics, making these models difficult to optimize through.

2) Neural networks frequently introduce additional local
nonsmoothness and, consequently, local optima that do
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Fig. 1. Versatile quadruped control with smooth neural dynamics.
a) We introduce two inductive biases for learning dynamics for contact-
rich MPC: a smooth neural surrogate architecture and a heavy-tailed loss
function. b) Our smooth neural surrogates learn terrain-varying dynamics
and state estimation while generalizing to new tasks outside the training
domain. Together, they combine the representational flexibility of deep
learning with the task-level adaptability of MPC, enabling reliable whole-
body control across diverse behaviors and environments.

not exist in the underlying physical dynamics.

3) Training datasets for these stiff dynamics nec-
essarily contain rapid state changes, which can
destabilize learning and violate common Gaussian
noise/likelihood assumptions.

A natural approach to (1)—(2) is to control network
smoothness. Smooth or Lipschitz-constrained architectures
can improve gradient quality, generalization, and robustness
[10]-[14], but remain underexplored in robotics [15], [16],
particularly for the stiff dynamics of legged robots. Here,
smoothing is intended to provide a well-conditioned opti-
mization problem as opposed to physical accuracy.
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Fig. 2. Improving model learning for contact-rich control. a) Smooth neural surrogates, structured with Lipschitz-based weight normalization, drastically
improve the generalization of learned MPC. These networks reduce both physical nonsmoothness from contact events and local nonsmoothness related to
overfitting. As underlying dynamics may be nonsmooth, these smooth neural surrogates bias the learned representation to improve trajectory optimization
as opposed to physical accuracy. b) Commonly used Gaussian likelihoods for dynamics learning, like the MSE, fail to capture discrete jumps in the model
error. In contrast, Cauchy likelihoods naturally describe impulsive contacts, improving model learning from stiff, contact-rich data.
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Fig. 3. Errors for learned quadruped dynamics follow a heavy-
tailed Cauchy distribution. Empirical one-step prediction residuals €
across representative quadruped state variables. Residuals, as computed from
the replay buffer, align more closely with a Cauchy density than with a
Gaussian; suggesting that Gaussian losses, such as MSE, can be poorly
suited for learning the stiff dynamics of legged robots.

Addressing (3) requires revisiting loss assumptions. Gaus-
sian error models are standard [5], [17]-[23], yet often
unverified and ill-suited for datasets with heavy-tailed er-
rors, which we observe in legged-robot dynamics. Heavy-
tailed likelihoods such as the Cauchy are better matched to
impulsive noise [24].

We study these issues in full-order MPC for legged robots,
learning both dynamics and state estimation from scratch. On
quadrupeds, smooth neural dynamics combined with heavy-
tailed training substantially improve control performance.
Under domain randomization, this yields versatile whole-
body behaviors (Fig. 1b), enabling tasks that are challenging
for perception-free model-free RL or classical MPC.

II. LEARNING SMOOTH NEURAL SURROGATES

We describe two complementary inductive biases (Fig. 2) for
learned MPC in contact-rich tasks: enforcing smooth learned
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Fig. 4. Smooth neural surrogates excel at MPC for legged robots.

a) Smooth neural surrogate dynamics with varying Lipschitz constraints
are compared to standard and weight-decay MLPs. Traditional networks
lose continuity during training, while smooth surrogates converge quickly
to their sensitivity budgets. A trade-off emerges: moderate smoothness yields
the best quadruped locomotion, while too much or too little degrades
learning and planning. b) Heavy-tailed maximum likelihood improves
training stability and MPC: Gaussian models hinder convergence, while
Cauchy likelihoods improve performance.

dynamics and using heavy-tailed likelihoods.
Learned MPC. Given states = and actions u, learned dy-
namics are commonly modeled as [5], [18]
Ti+1 :$t+dﬂ9($t,ut)dt+€, SNP, (1)
where P is an unspecified residual distribution. Training typ-
ically uses one- or multi-step Gaussian losses (e.g., MSE). In
general, dynamics may depend on histories (+— ¢, Ut—p:t)
to improve accuracy or handle partial observability [17], [23],
[26]. In our setup, terrain and friction are randomized during
data collection in MuJoCo [27]; history-dependent models
and a learned state estimator compensate for this variability.
As the dynamics are learned, we solve the following



TABLE I
DYNAMICS TEST ERROR FOR DIFFERENT MODELS AND LIKELIHOODS
Notes. Cauchy likelihoods reduce
Method One-step MAE error (mean & 95% CI) across

MLP-Gaussian 0.540 + 0.001 architectures. Smooth neural surro-
MLP-Cauchy (ES) 0.545 4 0.001 gates introduce bias under nons-

MLP-Cauchy 0.476 £+ 0.001 mooth dynamics, but yield better
SNS-Gaussian 0.604 + 0.001 performance in both sampling- and
SNS—Cauchy 0.571 + 0.001 gradient-based MPC. ES denotes
early stopping at 12,500 steps.
TABLE II

MODEL, LIKELIHOOD, AND OPTIMIZER PERFORMANCE ACROSS
SAMPLE BEHAVIORS AT TEST-TIME

Method Fwd. Trot. (1 [m/s]) Fwd. Gallop. (1.5 [m/s])
MLP-Gaussian—-DIAL 10.44£0.61 24.544+0.95
(5/5) (5/5)
MLP-Gaussian-GGN 5.15+3.19 33.35+£3.62
(5/5) (0/5)
SNS-Gaussian-DIAL 8.501+0.54 30.53+£4.27
(5/5) (3/5)
SNS-Gaussian-GGN 3.871+0.03 17.134+2.10
(5/5) (5/5)
MLP-Cauchy-DIAL 11.97+0.86 27.39+£1.01
(early stopped) (5/5) (4/5)
MLP-Cauchy-GGN 4.4040.06 23.02+2.81
(early stopped) (5/5) (0/5)
MLP-Cauchy-DIAL 20.10+£12.01 27.34+8.39
(4/5) (4/5)
MLP-Cauchy—-GGN 3.86+0.02 53.27+14.94
(5/5) (0/5)
SNS—Cauchy-DIAL 7.62+£0.29 24.944+1.07
(5/5) (5/5)
SNS-Cauchy-GGN 3.46+0.03 15.35+0.11
(5/5) (5/5)

Notes. Each entry reports cumulative cost and success rate over 11 s
episodes (top: mean £ 95% CI, bottom: success rate). A trial is successful
if no undesired ground contact occurs with the base or hips. Method
names follow NN-Likelihood-Optimizer: MLP (standard) or SNS (ours);
Gaussian or Cauchy likelihood; and DIAL or GGN for DIAL-MPC [25]

and our generalized Gauss—Newton solver. All trials use the ground truth
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optimal control problem (OCP):
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The OCP is recast in single-shooting form using differen-
tiable rollouts. We compare a generalized Gauss—Newton
(GGN) method [28]-[30] with the sampling-based DIAL-
MPC [25], deploying GGN on hardware; both use spline-
parameterized actions and solve the OCP at 50 Hz. During
training, reference trajectories defining ¢ are randomized,
while at test time new costs induce new behaviors and assess
generalization.

Quantifying continuity and smoothness. Convergence of
Eq. (2), for gradient-based methods, often depends on con-
tinuity and smoothness [31]. A function f is c-Lipschitz
if |f(ao) — f(a1)], < clag — a1]p. Smoothness requires

Lipschitz-continuous derivatives. While direct control of

min
To:T,U0:T—1

Lipschitz constants is difficult, randomized smoothing can
enforce differentiability at additional compute [32], [33].

Neural networks admit tractable smoothness bounds.
For an L-layer multi-layered perceptron (MLP), cypp <
[1,IW®],, with equality under 1-Lipschitz activations.
Though conservative, this bound enables efficient global
smoothness control without post hoc smoothing.
Lipschitz-based weight normalization. Following [10], we
normalize weights using learned scalars c, that parameterize
layerwise co-norms:

Wi(f) = normalization (V[/i(je)7 Cg> , ce >0,
(3)
= min| 1, L@) Z(f)
2 elWi|
We parameterize ¢, = exp(ﬁge)) for improved stability

over softplus in [10]. Defining C' := HzL:1 ce and S =
S el <0 Cj» the Jacobian Lipschitz constant satisfies
dve < CS.

Smooth neural surrogate objectives. We train the smooth
neural surrogate MLP (SNS-MLP) using the k-th order

objective (k € 1,2):
C Skt
4
B, >7 “4)

where By is a smoothness budget. This scaling keeps A
independent of smoothness magnitude. First-order (kK = 1,
By = cy) bounds sensitivity, while second-order (k = 2,
Bs = dyp) bounds curvature. The second-order objective also
constrains first-order behavior, though both constraints can
be enforced jointly via a basic modification of Eq. (4).
Heavy-tailed maximum likelihood estimation. In our ex-
periments on legged robots, we observe that one-step pre-
diction residuals exhibit heavy-tailed behavior (Fig. 3). So,
if we assume ¢ ~ C(z; i, X)), we want to minimize any loss
proportional to the Cauchy negative log-likelihood during
training. In the n-dimensional case:

—logC(a; i1, X) = " log(1 + (x — p) T2 (2 — p))
+ 1 log || + const.,

Lr = Loain + A max(l,

®)

Unlike Gaussian losses, the Cauchy objective saturates for
large residuals, reducing sensitivity to impulsive noise. In
our experiments Y is considered fixed (homoscedastic) and
isotropic ¥ = o2]. In this case, the location coincides with
the median, and the dispersion parameter ¢ is proportional
to the median absolute deviation (MAD) from the median.

III. RESULTS

All experiments are conducted in simulation with key results
validated on hardware. We first compare prediction error
across learned models on a held-out test set (Table I).
Experiments throughout this section are generated in sim-
ulation, and the results are verified on hardware. As hy-
pothesized, Cauchy likelihoods stabilize learning and reduce
error, whereas smoothing introduces slight bias and increases
MAE.
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First-order model properties correlate with planning performance, while zeroth-order error can be misleading. Single-step predictions of

representative states and derivatives along a multi-behavior trajectory. Although this behavior sequence was generated with an SNS-based controller (all
others fail), we compare with standard and smooth MLPs to understand failure modes. The fully trained MLP learns stiffer, sharper dynamics (up to /3 x
larger derivative range than SNS) and achieves slightly lower MAE (SNS: 0.141 4 0.004, MLP: 0.136 4 0.004, early-stopped: 0.166 £ 0.004), reflecting
nonsmooth ground-truth dynamics. Early stopping yields smoother derivatives but still introduces stiff/noisy regions and degrades zeroth-order accuracy.
In contrast, SNS enforces globally smooth derivatives and delivers substantially better control performance (Table II), despite minor bias. In some regions,
SNS also matches or improves MAE, indicating smoothing can enhance both first- and zeroth-order behavior.

Fig. 4 instead reports cumulative control cost for multi-
directional trotting over a 5 s episode using GGN-MPC.
Only SNS-based dynamics with moderate Lipschitz bounds
continue to improve control throughout training (Fig. 4a).
Standard and weight-decay-regularized MLPs become pro-
gressively less smooth (Fig. 4a), improving prediction error
but degrading trajectory optimization through stiff contacts.
Even with SNS dynamics, Cauchy MLE improves con-
vergence and prevents large contact-induced errors from
dominating the learning signal (Fig. 4b).

Table II summarizes forward trotting and galloping across
model classes, optimizers, and likelihoods. Forward trotting
is the most favorable setting for standard MLPs, yet smooth-
ing still improves control under both GGN- and DIAL-MPC.
The multi-directional case (Fig. 4a), which includes lat-
eral velocity commands—a common failure mode—further
highlights the advantages of smooth neural surrogates as
task complexity increases. Galloping remains challenging
for standard MLPs and Gaussian likelihoods (Table II),
with observed failures (0/5 success) contrasted by consistent
success for smooth surrogates (5/5).

Finally, we evaluate a complex multi-gait sequence
(Fig. 5). Only MPC with smooth neural surrogates suc-
cessfully executes the sequence. Notably, along a successful
rollout, the standard MLP (without early stopping) still
achieves the lowest MAE; however, zeroth- and first-order

predictions are substantially smoother with the SNS-MLP.
Early stopping mitigates extreme gradients but degrades
prediction quality and remains insufficient for control. On
hardware (Fig. 1b)), we observe the ability to complete tasks
that are challenging for classical MPC and model-free RL.

IV. CONCLUSION

We present a framework for learning neural dynamics that
are explicitly structured for optimization in stiff contact-rich
systems. By combining smooth neural surrogates with heavy-
tailed maximum likelihood estimation, we obtain models
that provide informative gradients and robust predictions
under impulsive dynamics. Our results show that enforcing
smoothness and revisiting statistical assumptions are both
critical for reliable learned MPC. More broadly, this work
highlights that model design for control should prioritize
optimization compatibility, not just predictive accuracy.

Future work. While effective for quadrupedal locomotion,
several extensions remain open. Studies in contact-rich ma-
nipulation, humanoid robotics would help further understand
the benefits and limitations of smooth neural surrogates.
Finally, although Lipschitz constraints have been proposed
for more expressive architectures such as CNNs and trans-
formers, the practical benefits of smoothing in high-capacity
networks for robotics and control remain largely unexplored.
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