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ABSTRACT

Gradient Descent (GD) is a powerful workhorse of modern machine learning thanks
to its scalability and efficiency in high-dimensional spaces. Its ability to find local
minimisers is only guaranteed for losses with Lipschitz gradients, where it can be
seen as a ‘bona-fide’ discretisation of an underlying gradient flow. Yet, many ML
setups involving overparametrised models do not fall into this problem class, which
has motivated research beyond the so-called “Edge of Stability” (EoS), where the
step-size crosses the admissibility threshold inversely proportional to the Lipschitz
constant above. Perhaps surprisingly, GD has been empirically observed to still
converge regardless of local instability and oscillatory behavior.

The incipient theoretical analysis of this phenomena has mainly focused in the
overparametrised regime, where the effect of choosing a large learning rate may
be associated to a ‘Sharpness-Minimisation’ implicit regularisation within the
manifold of minimisers, under appropriate asymptotic limits. In contrast, in this
work we directly examine the conditions for such unstable convergence, focusing
on simple, yet representative, learning problems. Specifically, we characterize
a local condition involving third-order derivatives that stabilizes oscillations of
GD above the EoS, and leverage such property in a teacher-student setting, under
population loss. Finally, focusing on Matrix Factorization, we establish a non-
asymptotic ‘Local Implicit Bias’ of GD above the EoS, whereby quasi-symmetric
initializations converge to symmetric solutions — where sharpness is minimum
amongst all minimisers.

1 INTRODUCTION

Given a differentiable objective function f(6), where § € R? is a high-dimensional parameter vector,
the most basic and widely used optimization method is gradient descent (GD), defined as

P+ — g(t) _ TIVof(H(t)L (1)

where 7 is the learning rate. For all its widespread application across many different ML setups, a
basic question remains: what are the convergence guarantees (even to a local minimiser) under typical
objective functions, and how they depend on the (only) hyperaparameter n? In the modern context of
large-scale ML applications, an additional key question is not only to understand whether or not GD
converges to minimisers, but to which ones, since overparametrisation defines a whole manifold of
global minimisers, all potentially enjoying drastically different generalisation performance.

The sensible regime to start the analysis is  — 0, where GD inherits the local convergence properties
of the Gradient Flow ODE via standard arguments from numerical integration. However, in the early
phase of training, a large learning rate has been observed to result in better generalization (LeCun
et al.| [2012; |Bjorck et al., 2018} |Jiang et al., 2019; Jastrzebski et al., 2021]), where the extent of “large”
is measured by comparing the learning rate n and the curvature of the loss landscape, measured with
A(0) := Amax [Vg f (9)], the largest eigenvalue of the Hessian with respect to learnable parameters.
Although one requires supy A(6) < 2/n to guarantee the convergence of GD (Bottou et al.,[2018) to
(local) minimisers|'} the work of (Cohen et al.l 2020) noticed a remarkable phenomena in the context

'One can replace the uniform curvature bound by SUDy, £(9)< £(6(0) A(0).
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of neural network training: even in problems where A(6) is unbounded (as in NNs), for a fixed 7, the
curvature \(6()) increases along the training trajectory , bringing A\(8(Y)) > 2/n (Cohen et al.,
2020). After that, a surprising phenomena is that A(§(*)) stably hovers above 2/7 and the neural
network still eventually achieves a decreasing training loss — the so-called “Edge of Stability”. We
would like to understand and analyse the conditions of such convergence with a large learning rate
under a variety models that capture such observed empirical behavior.

Recently, some works have built connections between EoS and implicit bias (Arora et al., {2022} Lyu
et al.}[2022; Damian et al.| 2021;[2022)) in the context of large, overparametrised models such as neural
networks. In this setting, GD is expected to converge to a manifold of minimisers, and the question is
to what extent a large learning rate ‘favors’ solutions with small curvature. In essence, these works
show that under certain structural assumptions, GD is asymptotically tracking a continuous sharpness-
reduction flow, in the limit of small learning rates. Compared with these, we study non-asymptotic
properties of GD beyond EoS, by focusing on certain learning problems (e.g., single-neuron ReLU
networks and matrix factorization). In particular, we characterize a range of learning rates n above
the EoS such that GD dynamics hover around minimisers. Moreover, in the matrix factorization setup,
where minimisers form a manifold with varying local curvature, our results give a non-asymptotic
analogue of the ‘Sharpness-Minimisation’ arguments from |Arora et al.| (2022); [Lyu et al.| (2022));
Damian et al. (2022)).

The straightforward starting point for the local convergence analysis is via Taylor approximations
of the loss function. However, in a quadratic Taylor expansion, gradient descent diverges once
A(0) > 2/n (Cohen et al., 2020), indicating that a higher order Taylor approximation is required. By
considering a 1-D function with local minima 6* of curvature \* = \(0*), we show that it is possible
to stably oscillate around the minima with 7 slightly above the threshold 2/\*, provided its high
order derivative satisfies mild conditions as in Theorem|[I] A typical example of such functions is
f(z) = 2(2® — p)? with g > 0. Furthermore, we prove that it converges to an orbit of period 2 from
a more global initialization rather than the analysis of high-order local approximation.

As it turns out, the analysis of such stable one-dimensional oscillations is sufficiently intrinsic
to become useful in higher-dimensional problems. First, we leverage the analysis to a two-layer
single-neuron ReLLU network, where the task is to learn a teacher neuron with data on a uniform
high-dimensional sphere. We show a convergence result under population loss with GD beyond EoS,
where the direction of the teacher neuron can be learnt and the norms of two-layer weights stably
oscillate. We then focus on matrix factorization, a canonical non-convex problem whose geometry is
characterized by a manifold of minimisers having different local curvature. Our techniques allow us
to establish a local, non-asymptotic implicit bias of GD beyond EoS, around certain quasi-symmetric
initialization, by which the large learning rate regime ‘attracts’ the dynamics towards symmetric
minimisers — precisely those where the local curvature is minimal. A further discussion is provided

in Appendix [M]

2 RELATED WORK

Implicit regularization. Due to its theoretical closeness to gradient descent with a small learning
rate, gradient flow is a common setting to study the training behavior of neural networks. |Barrett
& Dherin| (2020) suggests that gradient descent is closer to gradient flow with an additional term
regularizing the norm of gradients. Through analysing the numerical error of Euler’s method, Elkabetz
& Cohen|(2021)) provides theoretical guarantees of a small gap depending on the convexity along
the training trajectory. Neither of them fits in the case of our interest, because it is hard to track the
parametric gap when 7 > 1/)\. For instance, in a quadratic function, the trajectory jumps between
the two sides once > 1/)\. Damian et al.[(2021) shows that SGD with label noise is implicitly
subjected to a regularizer penalizing sharp minimizers but the learning rate is constraint strictly below
the edge of stability threshold.

Balancing effect. |Du et al. (2018) proves that gradient flow automatically preserves the norms’
differences between different layers of a deep homogeneous network. (Ye & Dul 2021]) shows
that gradient descent on matrix factorization with a constant small learning rate still enjoys the
auto-balancing property. Also in matrix factorization, [Wang et al.|(2021) proves that gradient descent
with a relatively large learning rate leads to a solution with a more balanced (perhaps not perfectly
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balanced) solution while the initialization can be in-balanced. In a similar spirit, we extend their
finding to a larger learning rate, with which the perfect balance may be achieved in our setting. We
estimate our learning rate is strictly larger than theirs (Wang et al.| 2021), where they show GD with
large learning rates converges to a flat region in the interpolation manifold while the flat region w.r.t.
our larger learing rate does not exists so GD is forced to wander around the flattest minima. Note that
the implication of balancing effect is to get close to a flatter solution in the global minimum manifold,
which may help improve generalization in some common arguments in the community.

Edge of stability. |Cohen et al.| (2020) observes a two-stage process in gradient descent, where
the first is loss curvature grows until the sharpness touches the bound 2/7, and the second is the
curvature hovers around the bound and training loss still decreases in a macro view regardless of
local instability. (Gilmer et al.| (2021)) reports similar observations in stochastic gradient descent and
conducts comprehensive experiments of loss sharpness on learning rates, architecture choices and
initialization. Lewkowycz et al.| (2020) argues that gradient descent would “catapult” into a flatter
region if loss landscape around initialization is too sharp.

Some concurrent works (Ahn et al.| 2022} [Ma et al., 2022; |Arora et al., [2022; Damian et al., [2022)
are also theoretically investigating the edge of stability. [Ahn et al.| (2022) suggests that unstable
convergence happens when the loss landscape of neural networks forms a local forward-invariant set
near the minima due to some ingredients, such as tanh as the nonlinear activation. [Ma et al.| (2022)
empirically observes a multi-scale structure of loss landscape and, with it as an assumption, shows
that gradient descent with different learning rates may stay in different levels. |Arora et al.| (2022)
shows the training provably enters the edge of stability with modified gradient descent or modified
loss, and then its associated flow goes to flat regions. Under mild conditions,|Damian et al.|(2022)
proves that GD beyond EoS follows an optimization trajectory subjected to a sharpness constraint so
that a flatter region is found.

Learning a single neuron. |Yehudai & Ohad| (2020) studies necessary conditions on both the
distribution and activation functions to guarantee a one-layer single student neuron aligning with
the teacher neuron under gradient descent, SGD and gradient flow. |Vardi et al.|(2021) extends the
investigation into a neuron with a bias term. [Vardi & Shamir (2021 empirically studies the training
dynamics of a two-layer single neuron, focusing on its implicit bias. In this work, we present a
convergence analysis of a two-layer single-neuron ReLLU network trained with population loss in a
large learning rate beyond the edge of stability.

3 PROBLEM SETUP

We consider a differentiable objective function f(6) with # € R?, and the GD algorithm from @)
Definition 1. A differentiable function f is L-gradient Lipschitz if

IVF(01) = Vf(0) < L|[62r =02, V01,05 2

The above definition is equivalent to saying that the spectral norm of the Hessian is bounded by L, or
the local curvature at each point is bounded by L. Then 7 needs to be bounded by 1/L in GD so that
it is guaranteed to visit an approximate first-order stationary point (Nesterov}, |1998])). The perturbed
GD requires 7 = 1/L to visit an approximate second-order stationary point (Jin et al.,2021), and
stochastic variants share similar assumptions (Ghadimi & Lan, [2013}; Jin et al.| [2021).

However, in practice, such an assumption may be violated, or even impossible to satisfy when || V2 f||
is not uniformly bounded. |Cohen et al.|(2020) observes that, with learning rate 7 fixed, the largest
eigenvalue \; of the loss Hessian of a neural network is below 2/7 at initialization, but it grows
above the threshold along training. Such a phenomena is more obvious when the network is deeper
or narrower. This reveals the non-smooth nature of the loss landscape of neural networks.

Furthermore, another observation from Cohen et al.|(2020) is that once A; > 2/, the training loss
starts to perturb sharply. This is not surprising because GD would diverge in a quadratic function
with such a large curvature. However, despite of local instability, the training loss still decreases in
a longer range of steps, during which the local curvature stays around 2/7. A further phenomena
is that, when GD is at the edge of stability, if the learning rate suddenly changes to a smaller value
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7s < 1, then the local curvature quickly grows to 2 /7, — indicating the ability to ‘manipulate’ the
local curvature by adjusting the learning rate.

Besides the analysis of GD, the local curvature itself has also received a lot of attention. Due to the
nature of over-parameterization in modern neural networks, the global minimizers of the objective f
form a manifold of solutions. There have been active directions to understand the implicit bias of GD
methods, namely where do they converge to in the manifold, and why some points in the manifold
are more preferable than others. For the former question, it is believed that (stochastic) GD prefers
flatter minima (Barrett & Dherinl 2020; Smith et al., 2021; Damian et al.,2021; Ma & Ying, [2021]).
For the latter, flatter minima brings better generalization (Hochreiter & Schmidhuber; 1997} Li et al.,
2018} [Keskar et al.| 20165 Ma & Ying, 2021} Ding et al.,[2022). It would be meaningful if flatter
minima could be obtained via GD with a large learning rate.

More specifically, it has been shown that the eigenvalues of the hessian of a deep homogeneous
network could be manipulated to infinity via rescaling the weights of each layer (Elkabetz & Cohen,
2021). Fortunately, gradient flow preserves the difference of norms across layers along the train-
ing (Du et al.| 2018)). As a result, a balanced initialization induces balanced convergence, while GD
would break this balancing effect due to finite learning rate. However, recently it has been observed
that GD with large learning rates enjoys a balancing effect (Wang et al.;|2021)), where it converges to
a (not perfect) balanced result despite of inbalanced initialization.

Motivated by the connections of optimization, loss landscape and generalization, we would like to
understand the training behavior of gradient descent with a large learning rate, from low-dimensional
to representative models.

4 STABLE OSCILLATION ON 1-D FUNCTIONS

Definition 2. (Period-2 stable oscillation.) Consider GD on a function f in domain §). Denote
the update rule of GD as F(x) for x € Q. A period-2 stable oscillation is 3 x € ) such that
F(F(x)) = x and x is not a minima of f.

We initiate our analysis of the stable oscillation phenomenon in 1-D. Starting from a condition on
general 1-D functions, we look into several specific 1-D functions to verify our arguments. Then,
focusing on a function in the form of f(x) = (2% — p)?, we present the convergence analysis as a
foundation for the following discussions. Furthermore, to shed light on the multi-layer setting, we
propose a balancing effect to make a connection to the 1-D analysis, as shown in Appendix

General 1-D functions. Consider a 1-D function f(z) with a learnable parameter z € R. The
parameter updates following GD with the learning rate 7 as

2D = 2 (D), (3)

Assuming f is differentiable and all derivatives are bounded, the function value in the next step can
be approximated by

F@ED) = f@®) =nlf @D (1= 27 @O)) +o(@ ) —a)). @

If n < 2/f"(2®), this approximation reveals that the function monotonically decreases for each
step of GD, ignoring higher terms. Such an assumption would guarantee the convergence to a global
minimum in a convex function. However, our interest is what happens if > 2/ f” (). For instance,
if f is a quadratic function, the second-order derivative f” is constant. As a result, once n > 2/ f”,
GD diverges except when being initialized at the optimum. However, when trained with a large
learning rate ) > 2/ f"(Z), there is still some hope for a function to stay around a local minima Z, as
stated in the following theorem.

Theorem 1. Consider any I1-D differentiable function f(x) around a local minima Z, satisfying (i)
fON(Z) #0, and (ii) 3[fP]? — ff@) > 0 at &. Then, there exists € with sufficiently small |¢| and
€ f®) > 0 such that: for any point x between T and T — e, there exists a learning rate 7 such that
the update rule F, of GD satisfies F,,(F,)(x0)) = xo, and

2
fr(@) — e fO)(z)

2
—— <<

f”(i’)
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The details of proof are presented in the Appendix [C] As stated in the Theorem [T} we provide a
necessary condition that allows GD to stably oscillate around a local minima. But still we cannot tell
whether or not some functions allow it with f(3) (Z) = 0. For instance, a quadratic function does not
satisfy this condition since f®) = f(4) = 0 and it diverges when GD is beyond the edge of stability.
For f(z) = sin(z) around z = —% where f(3)(z) = 0, it turns out the sine function allows stable
oscillation. Therefore, we extend the argument in Theorem |I|to a higher order case in Lemmam
Lemma 1. Consider any 1-D differentiable function f(x) around a local minima T, satisfying that
the lowest order non-zero derivative (except the ") at T is f (k)(i') with k > 4. Then, there exists €
with sufficiently small |e| such that: for any point xy between T and T — €, and

1. ifkisoddand e f®) (z) > 0, f*TD(Z) < 0, then there exists n € (%, j”—ﬂ%)

2. ifkis even and f*)(z) < 0, then there exists 1) € (%, W),

such that: the update rule F,, of GD satisfies F,,(F,(zo)) = xo.

With Lemmal[T] we can verify the sine function to allow stable oscillation as in Corollary [T} because
its lowest order of nonzero derivative (except f”') at the local minima is f*) (Z) < 0. Meanwhile,
Theorem ] provides a guarantee that squared-loss on any function g provably allows stable oscillation
once g satisfies some mild conditions, as stated below.

Lemma 2. Consider a 1-D function g(z) , and define the loss function f as f(z) = (g(x) — y)*
Assuming (i) g’ is not zero when g(z) = y, (i) ¢'(z)g®) (%) < 6[g"(z))% then it satisfies the
condition in Theorem[I)or Lemmal[l|to allow period-2 stable oscillation around Z.

This setup covers generic non-linear least squares problems, including the base model g being sine,
tanh, high-order monomial, exponential, logarithm, sigmoid, softplus, gaussian, etc. The proof details
for these settings of g(x) are provided as Corollaries in Appendix@ and Moreover, we provide
a straightforward method to build a more complicated model from two simple base models, as follows.

Proposition 1 (Composition Rule for Stable Oscillation). Consider two 1-D functions p, q. Assume
both p(x),q(y) at x = T,y = p(z) satisfies the conditions of g in Lemma [2| to allow stable
oscillations. Then q(p(x)) allows stable oscillation around x = T.

Proof details of the above lemmas and proposition are presented in the Appendix [D]and [E] Next we

are going to present a careful analysis on g(z) = z2.

A special 1-D function. Consider f(z) = (22 — p)? with > 0, f®) (/) = 6/, ' (VR) =
2u. Note that this function is more special to us because it can be viewed as a symmetric scalar
factorization problem subjected to the squared loss. Later we will leverage it to gain insights for
asymmetric initialization, two-layer single-neuron networks and matrix factorization. Before that, we

would like to show where it converges to when n > % as follows.

V)
Theorem 2. For f(x) = (x> —p)?, consider GD withn = Kﬁ wherel < K < v/4.5—1 ~ 1.121,

and initialized on any point 0 < wg < \/j1. Then it converges to an orbit of period 2, except for
a measure-zero initialization where it converges to /1. More precisely, the period-2 orbit are the

solutions x = 01 € (0, /1), x = d2 € (\/It, 2\/11) of solving & in
’r] = . (5)

The details of proof are presented in the Appendix[F} As shown above, Theorem [I|and Theorem 2]
stand in two different levels: Theorem [I]restricts the discussion in a local view because of Taylor
approximation, while Theorem 2] starts from local convergence and then generalizes it into a global
view. However, Theorem |T|builds a foundation for Theorem [2] because the latter would degenerate to
the former when K is extremely close to 1.

A natural follow-up question is what implications Theorem [2] brings, because 1-D is far from the
practice of neural networks that contain multi-layer structures, nonlinearity and high dimensions. We
precisely incorporate two layers and nonlinearity in Section[5} and high dimensions in Section [6]
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5 ON A TWO-LAYER SINGLE-NEURON HOMOGENEOUS NETWORK

We denote a two-layer single-neuron network as f(z;6) = v - o(w' z) where v € R, w € RY, the
set of trained parameters § = (v, w ") € R4, and the nonlinearity o is ReLU. We will keep such
an order in @ to view it as a vector. The input 2 € R¢ is drawn uniformly from a unit sphere S¢~!.
The parameters are trained by GD subjected to Ly population loss, as

Orir = 0, —VoL(0,),  L(8;) = Epesar (f(236,) —y)™.

We generate labels from a single teacher neuron function, as y|x = o (" x). Hence 0 is our target
neuron to learn. We denote the angle between w and w as o > 0. Note that « is set as non-negative
because the loss function is symmetric w.r.t. the angle. Moreover, the rotational symmetry of the
population data distribution results in a loss landscape that only depends on w through the angle o
and the norm ||w||. Indeed, from the definition, we have

2 . .
V@Lzl ’UHU)||2—MNH(SIHOC-F(’]T—OZ)COSCE) ||@]|
d [v*w — 2(7m — o+ §sin2a) - @ — L(—F cos2a + §) ||@|| @]’

where we denote w as the normalized of w — proj,; w. Consider the Hessian

RL D0, L] itvw=5 1 [|w|®> vwT (d
2 v wOv vw =w - +1)x (d+1)
A [avawL 2L } 4 [ ow 01| SR : ©

Hence, in the global minima manifold where vw = w, the eigenvalues of the Hessian are A\ =

2 2 2 . . .
”w”%, Ao 4= %, Ad+1 = 0. Therefore, the largest eigenvalue A\; measures the imbalance (i.e.,

| lw]] — v|) between the two layers again as A\ = M similar to the 2-D case in in
Appendix So we would like to investigate where GD converges if 7 > W = d/||w]| that is

too large even for the flattest minima. Note that a key difference between the current case and the
previous 2-D analysis is that the current one includes a neuron as a vector and a nonlinear ReLU unit.

From the second row of VL, which is V,, L, it is clear that updates of w always stay in the plane
spanned by w and w(%). Hence, this problem can be simplified to three variables (v, Wy, wy) with the
target neuron @ = [1,0]. The three variables stand for

o =0 W) = projy w®, w = proj;, w = \/Hw(t)H2 — (w2,

We keep w,, as nonnegative because the loss L is invariant to its sign and our previous notation o > 0
requires a non-negative w,. Then we show that w, decays to 0 as follows.

Theorem 3. In the above setting, consider a teacher neuron w = [1,0] and set the learning
rate n = Kd with K € (1,1.1]. Initialize the student as ||w®| = v(® £ € € (0,0.10] and
<w(0), w) > 0. Then, fort > Ty + 4, wét) decays as

1.35 1.1
wl®h <0.1-(1-0.030K)"""~* Ty < {bgg.sﬁ 2} ., B= (1 + ) €.
73 T

Proof sketch The details of proof are presented in the Appendix I} The proof is divided into two
stages, depending on whether w,, grows or not. The key is that the change of w,, follows (omitting all
superscripts t)

Awy L (t+1)
- - T *71;07 = A . 7
T T g wy lwy + Awy| )

where the second term in Awy/w, is bounded in [0, 5=]. In stage 1 where vw, is relatively small, we
show the growth ratio of w, is smaller than those of w, and vw,, resulting in an upper bound of
number of iterations for vw, to reach ﬁ, so max(w,) is bounded too. Although the initialization
is balanced as v(?) = Hw(o) H for simplicity of proof, v — w, is also bounded at the end of stage 1.
From the beginning of stage 2, thanks to the relatively narrow range of K, we are able to compute the
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bounds of three variables (including v — w,, vw, and w,) and they turn out to fall into a basin in the
parameter space after four iterations. In this basin, w, decays exponentially with a linear rate of 0.97
at most. g

With the guarantee of w, decaying in the above theorem, the dynamics of the single-neuron ReLU
network follow the convergence of the 2-D case in Appendix with a convergence result as
follows.

Proposition 2. The single-neuron model in Theorem 3| converges to a period-2 orbit where w, = 0
and (v, wy) € vk with vk = {(01,01), (02,02)}. Here 61 € (0,1), 02 € (1,2) are the solutions § in

K ! . ®)

#(V-1+3)

Remark. Actually this convergence is close to the flattest minima because: if the learning rate decays
to infinitesimal after sufficient oscillations, then the trajectory walks towards the flattest minima
(v=w,; =1, w, =0).

To summarize, the single-neuron model goes through three phases of training dynamics, with a
intialization of the angle £ (w,w) as & at most. First, the angle decreases monotonically but, due
to the growth of norms, the absolute deviation w,, still increases. Meanwhile, the inbalance v — w,
stays in a bounded level. Second, w, starts to decrease and the parameters fall into a basin within
four steps. Third, in the basin, w, decreases exponentially and, after w,, at a reasonable low level, the
model approximately follows the dynamic of the 2-D case and the inbalance v — w, decreases as

well, following Theorem 5] The model converges to a period-2 orbit as in the 1-D case in Theorem 2}

6 QUASI-SYMMETRIC MATRIX FACTORIZATION: WALKING TOWARDS
FLATTEST MINIMA

Consider a matrix factorization problem, parameterized by learnable weights X € R™*P|'Y € RI*P,
and the target matrix is C € R"*9. The loss L is defined as

1
LX,Y) =3 [[XYT = ¢, )

Obviously {X,Y : XY = C} forms a minimum manifold. In this context, the question is to
describe GD dynamics in terms of a ‘descent’ phase (i.e., reaching the manifold), followed by a
‘hovering’ phase, where the dynamics evolve nearby the minimum manifold. Although we prove
that the necessary 1-D condition holds around minimum as Theorem [6] (in Appendix[A.2)), it is more
attracting to investigate GD in high dimensions.

A straightforward subsets of the “flattest” points in the manifold of minimisers are in fact given
by symmetric matrices, i.e., points of the form (X, X) with XX T = C. As it turns out, the local
behavior of GD beyond EoS in this symmetric submanifold of minimisers can be explicitly analysed.
Indeed, Theorem [7](in Appendix [A.Z) shows that the dynamics follows the direction of the leading
eigenvector and then stably oscillates with a period-2 analogous to the 1D case in Theorem[2} Note
that, although {X : XX T = XX/ } forms a manifold that contains infinite number of minimizers
all of them have the same sharpness due to the same leading singular values. So a natural follow-up
question is to analyse minimizers with different sharpness.

The simplest setting that contains minimizers of varying-sharpness is to rescale symmetric minimizers,
leading to Quasi-symmetric Matrix Factorization. Given a symmetric target C = XX , assume
that we are around the (global) minima Y; = aXy + AY,Z; = éXo + AZ; with o > 0 and
small deviation ||AY ||, ||AZ]|| < e. The top singular value and vectors in SVD of X is ouvy .
Then the EoS-learning rate at (X, éXo) is %, which is largest as Lata=1 We study

oi(a®+-=5) o3
the convergence of GD starting from Y; = aXy + AY,Z; = éXO + AZ, with learning rate
n= Ui% + 8, B > 0. The following theorem shows that, although starting nearby a sharper minima,

GD still converges to and stably scillate around the flattest one.

%in particular, it contains the orbit {XoU; U € O(p)}
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Theorem 4. Consider the above quasi-symmetric matrix factorization with learning rate 1 = ;12 + 6.
1

Assume 0 < Bo? < \/4.5 — 1 = 0.121. Consider a minimum (Yo = aXq,Zo = 1/aXg),a > 0.
The initialization is around the minimum, as Y1 = Yo + AY 1,721 = Zo + AZ, with the deviations
satisfying u{ AY vy # 0,u{ AZyvy # 0 and ||AY ][, ||AZ;|| < e The second largest singular
value of X needs to satisfy

max {nZi (1 + o/"ﬁ) ,noia’ <1 + ai%%) } <2. (10)

Then GD would converge to a period-2 orbit ~y, approximately with error in O(€), formally written as
(Y1, 2¢) = + (AY,AZ),  [JAY], [[AZ]] = O(e), (11)

Yy = { (Yo + (pi — @) oruavy , Zo + (pi — o) orugvy) } (i=1,2) (12)

where p1 € (1,2), p2 € (0,1) are the two solutions of solving p in

1+ 802 = = . (13)

(F T

Proof sketch Details of proof can be found in Appendix which shares a similar spirit with The-
orem The analysis consists of two phases, depending on whether ¢ ; £ (Y:— Yo, ulvf— )y €zt £
(Zy — Zo, u1v1T> are small or not. In Phase I, all components of Y; — Y and Z; — Z are small
due to the initialization near minima, but both €, ; and €, ; are growing exponentially in a rate of

N[}
N[ =

noia® + 772—2 —1 > 2no? —1 > 1. In Phase II, both €, and €. ; are much larger than other
components, as long as other components are still not growing. So the dynamics of them matches GD
of 2-D function f(y, z) = % (yz — 1) with learning rate 7’ = 1+ Bo7. Following the 2-D analysis in
Theorem 5] we have ¢, ; and €. ; converge to the same values, which degenerates the 2-D problem to
1-D function. Therefore, the proof concludes with 1-D convergence analysis of f(z) = (2% — 1)2

1
as shown in Theorem 2]

Remark. Note that both Yo — a - oyuqv{, Zg — Yo - oyuyv] are residuals of Yo, Zg with the top
singular value eliminated. Then, compared with Theorem[7] we have p; corresponds to d; + 1, which
means both symmetric and quasi-symmetric cases converge to parameters with the same top singular
values and wander around the flattest minima. In other words, this convergence is close to the flattest
minima because: if the learning rate decays to infinitesimal after sufficient oscillations, then the
trajectory walks towards the flattest minima approximately with parameter distance in O(¢). Also
note that, if n < Ui%, we anticipate it still escapes from the sharp minima and converges to a flatter one
(not necessarily the flattest). The result could be obtained by tracking GD on f(z,y) = 3 (zy — 1)*
with 7 < 1 slightly. But the closed form can not be expressed explicitly, because it strongly depends
on initialization.

7 NUMERICAL EXPERIMENTS

In this section, we provide numerical experiments to verify our theorems. Additional experiments on
2-D functions, MLP and MNIST can be found in Appendix B}

1-D functions. As discussed in the Section we have f(z) = ;(2? — 1)? satisfying the condition
in Theorem|[I|and g(z) = 2sin(x) satisfying Lemmal[l] so we estimate that both f and g allow stable
oscillation around the local minima. It turns out GD stably oscillates around the local minima on

both functions, when n > f,,i(j) slightly, as shown in Figure

Two-layer single-neuron model. As discussed in the Section with a learning rate n € (d, 1.1d],
a single-neuron network f(x) = v - o(w ' x) is able to align with the direction of the teacher neuron
under population loss. We train such a model in empirical loss on 1000 data points uniformly sampled
from a sphere S', as shown in Figure 2| The student neuron is initialized orthogonal to the teacher
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Figure 1: Running GD around the local minima of f(z) = (22 — 1) (left) and f(z) = 2sin(z)

(right) with learning rate n = 1.01 > f,,i(x_) = 1. Stars denote the start points. It turns out both

functions allow stable oscillation around the local minima.

neuron. In the end of training, w, decays to a small value before the inbalance |v —w,| decays sharply,
which verifies our argument in Section 5| With a small w,, this nonlinear problem degenerates to a
2-D problem on v, w,. Then, the balanced property makes it align with the 1-D problem where v
and w,, converge to a period-2 orbit. Note that the small residuals of |v — w,| and w,, are due to the
difference between population loss and empirical loss.

loss. V, W_X, W_y V-W_X w_y
0.25 3 8 8 8usonees 107t
1.0
0.20 107
0.8 3 3 00000mmmmnne

015 0.6 wx | 102
0.10 0.4 N . Wy
1072
0.05 021

0.0
10° 10* 102 10° 10* 102 10° 10* 102 10° 10t 102
epochs epochs epochs epochs

Figure 2: Running GD in the teacher-student setting with learning rate n = 2.2 = 1.1d, trained on
1000 points uniformly sampled from sphere S* of ||z|| = 1. The teacher neuron is @ = [1, 0] and the
student neuron is initialized as w(®) = [0, 0.1] with v(®) = 0.1.

Symmetric and quasi-symmetric matrix factorization. As discussed in the Section [6] and Ap-
pendix [A:2] with mild assumptions, both symmetric and quasi-symmetric cases stably wanders
around the flattest minima. We train GD on a matrix factorization problem with X, X ] = C € R8*8,
The learning rate is 1.02x EoS threshold. Following the setting in Section [6] for symmetric case,
the training starts near X, and, for quasi-symmetric case, it starts near (aXo, 1/aXq) with o = 0.8,
as shown in Figure[3] Although starting with a re-scaling, the quasi-symmetric case achieves the
same top singular values in Y and Z, which verifies the balancing effect of 2-D functions in Theo-
rem[5] Then, the top singular values of both cases converge to the same period-2 orbit, supported by
Theorem 2] ] and

— alpha=0.8 o 01(X) s o o aeses " o oY)
10t T awgha=1 6.0 ! 74 ""_< L)
.
1071 °
5.8 6
0 19-3
g & &
5.6
10-5 5
1077 5.4 15
4 o
.
10° 10! 102 10° 10° 10! 102 10° 10° 10! 102 10°

steps steps steps

Figure 3: Symmetric and Quasi-symmetric Matrix factorization: running GD around flat (o« = 1) and
sharp (o = 0.8) minima. In both cases, their leading singular values converge to the same period-2
orbit (about 6.1 and 5.3). (Left: Training loss. Middle: Largest singular value of symmetric case.
Right: Largest singular values of quasi-symmetric case.)



Under review as a conference paper at ICLR 2023

REFERENCES

Kwangjun Ahn, Jingzhao Zhang, and Suvrit Sra. Understanding the unstable convergence of gradient
descent. arXiv preprint arXiv:2204.01050, 2022.

Sanjeev Arora, Zhiyuan Li, and Abhishek Panigrahi. Understanding gradient descent on edge of
stability in deep learning. arXiv preprint arXiv:2205.09745, 2022.

David Barrett and Benoit Dherin. Implicit gradient regularization. In International Conference on
Learning Representations, 2020.

Nils Bjorck, Carla P Gomes, Bart Selman, and Kilian Q Weinberger. Understanding batch normaliza-
tion. Advances in neural information processing systems, 31, 2018.

Léon Bottou, Frank E Curtis, and Jorge Nocedal. Optimization methods for large-scale machine
learning. Siam Review, 60(2):223-311, 2018.

Jeremy Cohen, Simran Kaur, Yuanzhi Li, J Zico Kolter, and Ameet Talwalkar. Gradient descent on
neural networks typically occurs at the edge of stability. In International Conference on Learning
Representations, 2020.

Alex Damian, Tengyu Ma, and Jason D Lee. Label noise sgd provably prefers flat global minimizers.
Advances in Neural Information Processing Systems, 34, 2021.

Alex Damian, Eshaan Nichani, and Jason D Lee. Self-stabilization: The implicit bias of gradient
descent at the edge of stability. arXiv preprint arXiv:2209.15594, 2022.

Lijun Ding, Dmitriy Drusvyatskiy, and Maryam Fazel. Flat minima generalize for low-rank matrix
recovery. arXiv preprint arXiv:2203.03756, 2022.

Simon S Du, Wei Hu, and Jason D Lee. Algorithmic regularization in learning deep homogeneous
models: Layers are automatically balanced. Advances in Neural Information Processing Systems,
31, 2018.

Omer Elkabetz and Nadav Cohen. Continuous vs. discrete optimization of deep neural networks.
Advances in Neural Information Processing Systems, 34, 2021.

Saeed Ghadimi and Guanghui Lan. Stochastic first-and zeroth-order methods for nonconvex stochastic
programming. SIAM Journal on Optimization, 23(4):2341-2368, 2013.

Justin Gilmer, Behrooz Ghorbani, Ankush Garg, Sneha Kudugunta, Behnam Neyshabur, David
Cardoze, George Dahl, Zachary Nado, and Orhan Firat. A loss curvature perspective on training
instability in deep learning. arXiv preprint arXiv:2110.04369, 2021.

Sepp Hochreiter and Jiirgen Schmidhuber. Flat minima. Neural computation, 9(1):1-42, 1997.

Stanislaw Jastrzebski, Devansh Arpit, Oliver Astrand, Giancarlo B Kerg, Huan Wang, Caiming Xiong,
Richard Socher, Kyunghyun Cho, and Krzysztof J Geras. Catastrophic fisher explosion: Early
phase fisher matrix impacts generalization. In International Conference on Machine Learning, pp.
4772-4784. PMLR, 2021.

Yiding Jiang, Behnam Neyshabur, Hossein Mobahi, Dilip Krishnan, and Samy Bengio. Fantastic
generalization measures and where to find them. arXiv preprint arXiv:1912.02178, 2019.

Chi Jin, Praneeth Netrapalli, Rong Ge, Sham M Kakade, and Michael I Jordan. On nonconvex
optimization for machine learning: Gradients, stochasticity, and saddle points. Journal of the ACM
(JACM), 68(2):1-29, 2021.

Nitish Shirish Keskar, Dheevatsa Mudigere, Jorge Nocedal, Mikhail Smelyanskiy, and Ping Tak Peter
Tang. On large-batch training for deep learning: Generalization gap and sharp minima. arXiv
preprint arXiv:1609.04836, 2016.

Yann LeCun, Léon Bottou, Yoshua Bengio, and Patrick Haffner. Gradient-based learning applied to
document recognition. Proceedings of the IEEE, 86(11):2278-2324, 1998.

10



Under review as a conference paper at ICLR 2023

Yann A LeCun, Léon Bottou, Genevieve B Orr, and Klaus-Robert Miiller. Efficient backprop. In
Neural networks: Tricks of the trade, pp. 9—48. Springer, 2012.

Aitor Lewkowycz, Yasaman Bahri, Ethan Dyer, Jascha Sohl-Dickstein, and Guy Gur-Ari. The large
learning rate phase of deep learning: the catapult mechanism. arXiv preprint arXiv:2003.02218,
2020.

Hao Li, Zheng Xu, Gavin Taylor, Christoph Studer, and Tom Goldstein. Visualizing the loss landscape
of neural nets. Advances in neural information processing systems, 31, 2018.

Zhiyuan Li, Tianhao Wang, and Sanjeev Arora. What happens after sgd reaches zero loss?-a
mathematical framework. arXiv preprint arXiv:2110.06914, 2021.

Kaifeng Lyu, Zhiyuan Li, and Sanjeev Arora. Understanding the generalization benefit of normaliza-
tion layers: Sharpness reduction. arXiv preprint arXiv:2206.07085, 2022.

Chao Ma and Lexing Ying. The sobolev regularization effect of stochastic gradient descent. arXiv
preprint arXiv:2105.13462, 2021.

Chao Ma, Lei Wu, and Lexing Ying. The multiscale structure of neural network loss functions: The
effect on optimization and origin. arXiv preprint arXiv:2204.11326, 2022.

Yu Nesterov. Introductory lectures on convex programming, 1998.

Samuel L Smith, Benoit Dherin, David GT Barrett, and Soham De. On the origin of implicit
regularization in stochastic gradient descent. arXiv preprint arXiv:2101.12176, 2021.

Gal Vardi and Ohad Shamir. Implicit regularization in relu networks with the square loss. In
Conference on Learning Theory, pp. 4224-4258. PMLR, 2021.

Gal Vardi, Gilad Yehudai, and Ohad Shamir. Learning a single neuron with bias using gradient
descent. Advances in Neural Information Processing Systems, 34, 2021.

Yuqing Wang, Minshuo Chen, Tuo Zhao, and Molei Tao. Large learning rate tames homogeneity:
Convergence and balancing effect. arXiv preprint arXiv:2110.03677, 2021.

Tian Ye and Simon S Du. Global convergence of gradient descent for asymmetric low-rank matrix
factorization. Advances in Neural Information Processing Systems, 34, 2021.

Gilad Yehudai and Shamir Ohad. Learning a single neuron with gradient methods. In Conference on
Learning Theory, pp. 3756-3786. PMLR, 2020.

11



Under review as a conference paper at ICLR 2023

Appendices

(G__Proof of Theorem |5

[HProof of Lemmal3
I Proof of Theorem |3

J__Proof of Matrix Factorization|

J.I  Asymmetric Case: 1D function at the mimnima . . . . . . ... ... ... .. ...

J.2  Symmetric Case: convergence analysis around the minimal . . . . . ... ... ..

J.3  Quasi-symmetric case: walk towards flattest minimal . . . . . ... ... ... ..

[K_Useful lemmas!

[C” Tllustration of period-2 and period-4 orbits|

[M Discussions|

[N_Conclusions|

12

13
13
14

15
15
15

21

21

23

25

28

31

32

47
48
49
54

58

59

59
59
61

61



Under review as a conference paper at ICLR 2023

A ADDITIONAL RESULTS

A.1 ON A 2-D FUNCTION

Similar to f(z) = % (z* — p)?, consider a 2-D function f(z,y) = %(xy — p)*. Apparently, if

and y initialize as the same, then (x(t), y(t)) would always align with the 1-D case from the same
initialization. Therefore, it is significant to analyze this problem under different initialization for =
and y, which we would call “in-balanced” initialization. Meanwhile, another giant difference is that
all the global minima in 2-D case form a manifold {(x, y)|zy = ©} while the 1-D case only has two
points of global minima. It would be great if we could understand which points in the global minima
manifold, or in the whole parameter space, are preferable by GD.

Note that reweighting the two parameters would manipulate the curvature to infinity as in (Elkabetz
& Cohen| 2021)), so the inbalance strongly affects the local curvature. Viewing f(z) as a symmetric
scalar factorization problem, we treat f(z,y) as asymmetric scalar factorization. The update rule of
GD is

2D — () _ n(a:(t)y(t) _ M)y(t)> y(t+1) — y(t) _ n(x(t)y(t) _ N)x(t)- (14)
Consider the Hessian as
O%f  0,0.f y? 2@y — |
A T Yy~ _
H= L%ayf af | 20y — x? ' (15)

When xy = pu, the eigenvalues of H are \; = 22 + 2, Ao = 0. Note that \; = (z — y)? + 2p.
Hence, in the global minima manifold, the local curvature of each point is larger if its two parameters
are more inbalanced. Among all these points, the smallest curvature appears to be A\; = 2u when
x =y = /1. In other words, if the learning rate 1 > 2/2y, all points in the manifold would be too
sharp for GD to converge. We would like to investigate the behavior of GD in this case. It turns out
the two parameters are driven to a perfect balance although they initialized differently, as follows.

Theorem 5. For f(z,y) = % (zy — )2, consider GD with learning rate n = K - i Assume both x
and y are always positive during the whole process {x;,y; }i>0. In this process, denote a series of all
points with xy > pas P = {(x;,y:)|ziy; > u}. Then |x —y| decaysto 0in P, forany 1 < K < 1.5.
Proof sketch The details of proof are presented in the Appendix Start from a point (:c(t), y(t))
where () y(®) > 1. Because y(*+1) — 241 = (y® — 2O (1 4 5(x®y® — 1)), it suffices to show

’y(t+2) _ p(t+2)

g | = ey =) Ay — ) <1 ae)

Since 1 + n(z®y® — 1) > 1, the analysis of 1 4 n(x(t+1yE+1) — ) is divided into three cases
considering the coupling of (z(), y(®)), (z(t+1) 4 (t+1), O
Remark. Actually, for a larger K > 1.5, it is possible for GD to converge to an inbalanced orbit.

For instance, Figure 15 in (Wang et al.| 2021) shows inbalanced orbits for f(z) = 1 (zy — 1)? with
K =1.9.

Combining with the fact that the probability of GD converging to a stationary point that has sharpness
beyond the edge of stability is zero (Ahn et al.,2022), Theorem [3|reveals 2 and y would converge to a
perfect balance. Note that this balancing effect is different from that of gradient flow (Du et al.; 2018)),
where the latter states that gradient flow preserves the difference of norms of different layers along
training. As a result, in gradient flow, inbalanced initialization induces inbalanced convergence, while
in our case inbalanced-initialized weights converge to a perfect balance. Furthermore, Theorem 3]
shows an effect that the two parameters are squeezed to a single variable, which re-directs to
our 1-D analysis in Theorem 2] Therefore, actually both cases converge to the same orbit when
1 < K < 1.121, as stated in Prop[3] Numerical results are presented in Figure ]

Proposition 3. Following the setting in The()remE] Further assume 1 < K < /4.5 — 1~ 1.121.
Then GD converges to an orbit of period 2. The orbit is formally written as {(x =y = 6;)|i = 1,2},
with 61 € (0,/1), 02 € (\/11, 2y/1t) as the solutions of solving ¢ in

1 ) .

52( uo_

’r/:

W
N[

+

9
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Remark. Actually this convergence is close to the flattest minima because: if the learning rate decays
to infinitesimal after sufficient oscillations, then the trajectory walks towards the flattest minima.

However, one thing to notice is that the inbalance at initialization needs to be bounded in TheoremE]
because both = and y are assumed to stay positive along the training. More precisely, we have

2D — 2Oy (1 — ey ® — 1))? = n(@Dy® — ) (@D —y®)2, 17

and then (" Dy (41 < 0 when |2(®) — 3] is large with z(Xy() > 1 fixed. Therefore, we provide
a condition to guarantee both x, y positive as follows, with details presented in the Appendix [H]

ol

Lemma 3. In the setting of Theorem denote the initialization as m = ‘y“% and xoyo > W
. . .. . o 4

Then, during the whole process, both x and y will always stay positive, denoting p = 7(m+ V)’

and q = (1+ )2 if

1 (1+K)*+ <2K2—1K+

qK*? 2 2
— - K .
Y )m>qm <p

e { e ) 33 e

A.2 ON MATRIX FACTORIZATION

In this section, we present two additional results of matrix factorization.

A.2.1 ASYMMETRIC CASE: 1D FUNCTION AT THE MINIMA

Before looking into the theorem, we would like to clarify the definition of the loss Hessian. Inherently,
we squeeze X,Y into a vector § = vec(X,Y) € R™*P4 which vectorizes the concatnation.
As a result, we are able to represent the loss Hessian w.r.t. 6 as a matrix in R(mp+pg)x(mp+pq)
Meanwhile, the support of the loss landscape is in R™P*P4, Similarly, we use (AX, AY) in the
same shape of (X,Y) to denote . In the following theorem, we are to show the leading eigenvector
A £ vec(AX, AY) € R™P+P4 of the loss Hessian. Since the cross section of the loss landscape and
A forms a 1D function fa, we would also show the stable-oscillation condition on 1D function holds
at the minima of fa.

Theorem 6. For a matrix factorization problem, assume XY = C. Consider SVD of both matrices
as X = Z;r:l"{m’p} oxviumv‘;i and Y. = Z?:Hll{p’q} crwuy,,-v;i, where bqth groups of 0. ;’s
are in descending order and both top singular values 0,1 and oy 1 are unique. Also assume
vllu%l # 0. Then the leading eigenvector of the loss Hessian is A = vec(C’lux,lull, CQU?EJUJJ)

with Cy = —=2— Cy = ——22L_ Denote fa as the 1D function at the cross section of the
vV f’x,1+"§,1 vV ‘72,1+‘7§,1

loss landscape and the line following the direction of A passing vec(AX, AY ). Then, at the minima

of fa, it satisfies

B2 - P > 0. (18)

The proof is provided in Appendix [J.1] This theorem aims to generalize our 1-D analysis into higher
dimension, and it turns out the 1-D condition is sastisfied around any minima for two-layer matrix
factorization. In Theorem[I]and Lemmal(T] if such 1-D condition holds, there must exist a period-2
orbit around the minima for GD beyond EoS. However, this is not straightforward to generalize
to high dimensions, because 1) directions of leading eigenvectors and (nearby) gradient are not
necessarily aligned, and 2) it is more natural and practical to consider initialization in any direction
around the minima instead of strictly along leading eigenvectors. Therefore, below we present a
convergence analysis with initialization near the minima, but in any direction instead.

A.2.2 SYMMETRIC CASE: CONVERGENCE ANALYSIS AROUND THE MINIMA

In this section, we focus on the symmetric case of matrix factorization where Y = X T. Accordingly,
. 2
we rescale the loss function as L(X, X) = § [[XX T — C||},. Denote the target as C = XX , and

14
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assume we are around the minima X; = Xy + AX; with small |AX,[| < e. Consider SVD as
X, = szrll{m P} o v & oyugv] + X,. Then the EoS- -learning-rate threshold at X = X is
n = % Therefore, we are to show the convergence of GD starting from X; = X + AX; with
1
learning rate ) = Ui% + 3 where 8 > 0.
Theorem 7. Consider the above symmetric matrix factorization with learning rate n = % + B.
1

Assume 0 < Bo? < V4.5 —1~1.121 and no3 < 1. The initialization is around the minimum, as
X = X + AXy, with the deviation satisfying u{ AX v, # 0 and | AX || < € bounded by a small
value. Then GD would converge to a period-2 orbit ~y, approximately by a small margin in O(e),
formally written as

X _>’777+AX7 HAX” 20(6)’ (19)
Y = {Xo + S101u10] , Xo + S201ur 07 }, (20)
where 01 € (0,1),92 € (—1,0) are the two solutions of solving § in
1
1+ Bof = 21

6+12(/ohe—3+1)

Proof sketch The proof is provided in Appendix[J.2] The analysis consists of two phases, depending
on whether ¢; = (Xt Xo, u1v1T> is small or not. In Phase I, all components of X; — X are
small due to the initialization near minima, but only ¢ is growing exponentially in a rate of 1 + So%.
In Phase II, ¢; is much larger than other components, as long as other components are still not
growing. So the dynamics of e; matches GD of 1-D function f(a) = ((a 4 01)* — 0})? with

learning rate 7’ = ﬁ + 58> f”i(@ = ﬁ The proof concludes with 1-D convergence analysis of
1 1

f(z) = +(2® — p)? as shown in Theorem O

Remark Theorem [7] assumes GD starts from any point in an e-ball near the minima, except

uf AX v; # 0. Note that this exception is with Lebesgue measure zero and, even if it is un-

fortunately satisfied, GD still has a chance to reach u{ AX;v; # 0 after several steps due to some
higher-order small noise. Then, this assumption could be relaxed as || AX;]| # 0.

B ADDITIONAL EXPERIMENTS

B.1 2-D FUNCTION

As discussed in the Section [A.1} on the function f(z,y) = & (xy — 1), we estimate that |z — y|
decays to 0 when n € (1,1.5), as shown in Figure Since it achieves a perfect balance, the two

parameters follows convergence of the corresponding 1-D function f(z) = (22 — 1)2. As shown in

Figure[d zy with n = 1.05 converges to a period-2 orbit, as stated in the 1-D discussion of Theorem 2]
while xy with n = 1.25 converges to a period-4 orbit, which is out of our range in the theorem. But
still it falls into the range for balance in Theorem [5

B.2 HIGH DIMENSION AND MNIST

We perform two experiments in relatively higher dimension settings. We are to show two observations
that coincides with our discussions in the low dimension:

Observation 1: GD beyond EoS drives to flatter minima.

Observation 2: GD beyond EoS is in a similar style with the low dimension.

B.2.1 2-LAYER HIGH-DIM HOMOGENEOUS RELU NNS WITH PLANTED TEACHER NEURONS

We conduct a synthetic experiment in the high-dimension teacher-student framework. The teacher
network is in the form of

Y|z = freacher(2;0) ZReLU e, (22)

15
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Figure 4: Running GD on f(z,y) = 3(zy — 1)? with learning rate = 1.05 (top) and = 1.25
(bottom). When 1 = 1.05, it converges to a period-2 orbit. When 7 = 1.25, it converges to a period-4
orbit. In both cases, |« — y| decays sharply.

where z € R16 and e; is the i-th vector in the standard basis of R'®. The student and the loss are in
forms of

16
fla;0) => v; - ReLU(w, ), (23)
) 11:116
L(0:0) = — > (F(w;0) = yl:)” (24)

Apparently, the global minimum manifold contains the following set M as (w.l.0.g., ignoring any
permutation)

1
M = {(vi,w;)i8, | Vi € [16],w; = k; - €;,v; = ki > 0}. (25)
%

However, different choices of {k;}15, induce different extents of sharpness around each minima.
Our aim is to show that GD with a large learning rate beyond the edge of stability drives to the
flattest minima from sharper minima.

Initialization. We initialize all student neurons directionally aligned with the teachers as w; || e;
but choose various k;, as k; = 1 + 0.0625(i — 1). Obviously, such a choice of {k;}15, is not at the
flattest minima, due to the isotropy of teacher neurons. Also we add small noise to w; to make the
training start closely (but not exactly) from a sharp minima, as

w; = k; - (e; +0.01e), €~ N(0,1). (26)
Data. We uniformly sample 10000 data points from the unit sphere S'°.

Training. We run gradient descent with two learning rates n; = 0.5, 75 = 2.6. Later we will show
with experiments that the EoS threshold of learning rate is around 2.5, so 75 is beyond the edge of
stability. GD with these two learning rates starts from the same initialization for 100 epochs. Then
we extend another 20 epochs with learning rate decay to 0.5 from 2.6 for the learning-rate case.

Results. Al results are provided in Figure[5] Both Figure[5](a, b) present the gap between these
two trajectories, where GD with a small learning rate stays around the sharp minima, while that with
a larger one drives to flatter minima. Then GD stably oscillates around the flatter minima.

16
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Meanwhile, from Figure E] (b), when we decrease the learning rate from 2.6 to 0.5 after 100 epochs,
GD converges to a nearby minima which is significantly flatter, compared with that of 1r=0.5.

Figure(c) provides a more detailed view of w for all 16 neurons. All neurons with 1r=0.5 stay at

the original ratio k2. But those with Ir=2.6 all converge to the same ratio around k2 = @ =1.21,
as shown in Figure[5](d). We compute the relationship between the sharpness of global minima in
M and different choices of k, as shown in Figure (e, ). Actually, k? = 1.21 is the best choice of
{k;}18, such that the minima is the flattest.

Therefore, we have shown that, in such a setting of high-dimension teacher-student network, GD
beyond the edge of stability drives to the flattest minima.

17
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Figure 5: Result of 2-layer 16-neuron teacher-student experiment.

B.2.2 3,4, 5-LAYER NON-HOMOGENEOUS MLPs oN MNIST

We conduct an experiment on real data to show that our finding in the low-dimension setting in
Theorem T]is possible to generalize to high-dimensional setting. More precisely, our goals are to
show, when GD is beyond EoS,

1. the oscillation direction (gradient) aligns with the top eigenvector of Hessian.

2. the 1D function at the cross-section of oscillation direction and high-dim loss landscape
satisfies the conditions in Theorem[I]

Network, dataset and training. We run 3, 4, 5-layer ReLU MLPs on MNIST |LeCun et al.| (1998).
The networks have 16 neurons in each layer. To make it easier to compute high-order derivatives, we
simplify the dataset by 1) only using 2000 images from class 0 and 1, and 2) only using significant
input channels where the standard deviation over the dataset is at least 110, which makes the network
input dimension as 79. We train the networks using MSE loss subjected to GD with large learning
rates 7 = 0.5,0.4,0.35 and a small rate n = 0.1 (for 3-layer). Note that the larger ones are beyond
EoS.
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Definition 3 (line search minima). Consider a function f, learning rate n and a point x € domain(f).
We call X as the line search minima of x if

ZT=xz—c -nVf(x), (27)
¢ = argmin.cpq) f(x —c-nVf(z)). (28)

The line search minima & can interpreted as the lowest point on the 1D function induced by the
gradient at . If GD is beyond EoS, Z stays in the valley below the oscillation of x.

Results.  All results are presented in Figure 6] [7and 8]

Take the 3-layer as an example. From Figure[6](a, b), GD is beyond EoS during epochs 10-14 and
21-60. For these epochs, cosine similarity between the top Hessian eigenvector v; and the gradient is
pretty close to 1, as shown in Figure[6](c), which verifies our goal 1.

In Figure |§| (d), we compute 3[f(®)]2 — £ f(4) at line search minima along training, which is
required to be positive in Theorem|[I|to allow stable oscillation. Then it turns out most points have
3[f®]2 — f@ f4) > 0 except a few points, all of which are not in the EoS regime, and these few
exceptional points might be due to approximation error to compute the fourth-order derivative since
their negativity is quite small. This verifies our goal 2.

Both the above arguments are the same in the cases of 4 and 5 layers as shown in Figure[7)and g]

8
— Ir=0.5
~==- line search minima of Ir=0.5 74
— Ir=0.1
107 5 261
P g
o g5
- ©
<
G 4 ]
1072 4 3]
T T T T T T 24— T T T T T
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=l g
2 w125
© 1071 4 < 1004
< |
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oA
0 25 50 75 100 125 150 175 200 0 25 50 75 100 125 150 175 200
epochs epochs

(c) similarity of gradient and top eig-vector v;  (d) 3[f(®]? — £ () at line search minima

Figure 6: Result of 3-layer ReLU MLPs on MNIST. Both (c) and (d) are for learning rate as 0.5.
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Figure 7: Result of 4-layer ReLU MLPs on MNIST.
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Figure 8: Result of 5-layer ReLU MLPs on MNIST.
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C PROOF OF THEOREMI]

Theorem 8 (Restatement of Theorem . Consider any 1-D differentiable function f(x) around a
local minima &, satisfying (i) f®)(Z) # 0, and (ii) 3[f®]? — f"f*) > 0 at z. Then, there exists
€ with sufficiently small |e| and € - f () > 0 such that: for any point xo between T and T — €, there
exists a learning rate 1 such that the update rule F,, of GD satisfies F,,(Fy(x0)) = xo, and

2 2
@ ST @) = fO@)

Proof. For simplicity, we assume f(3)(Z) > 0. Imagine a starting point g = Z — ¢, € > 0. We omit
(@), (@), fO (@), fD(Z)as £/, f, fO, 4. After running two steps of gradient descent, we
have

w1 =0 —nf (@) =7~~~ e+ S fOS — LfOS) 4 O(e),
£ (o =) O (= 4 D (- 2+ O(),
z2 = 21 — nf'(21),

L2 — To Logy o 1.ays Loy o 1.ays
n:_<_f”6+2f( )e _6f( )ed ) — f. —G—W(—f”€+§f( )e _6f( )E>

2

£}

5
|

2
~ 59 (cemnl= £t 3IO@ - GV ) = G (e ni=f"0) + O
[ =nf" ") e+ (—Zf(?” gl O - (-1 +77f”)2) ¢

(2
+ <1f(4 —nf" fO + ( L nf"nf® f® é(—l + nf”)?’f("‘)) e+ 0O(e).
2

6
When n = 7> it holds
Ty —T 1 1
Sk <2nf<3>f<3> - f<4>) ¢ +0(e"), (29)
which would be positive if 17f®) f&) — 1 &) = f,,( [f®))2 — f”f®)) > 0 and |¢| is sufficiently
small.
When n = f(g) then nf” =2+ 2L~ f" Le 1 O(€?), it holds
T2 — X0 o

—2f®)e2 4 (—2f(3) +f®— 2f(3)) E+0(S) = -2fFe 1 03, (30)

which is negative when |e| is sufficiently small.

Therefore, there exists a learning rate € (- W) such that 9 = z due to the continuity of

f”7 f//
(z9 — xo) with respect to 7).

The above proof can be generahzed to the case of 2o = T — € with € € (0, €] and the learning rate is
still bounded as 1 € (f,,, m) O

D PROOF OF LEMMA (1]

Lemma 4 (Restatement of Lemmal|l). Consider any I1-D differentiable function f(z) around a local
minima %, satisfying that the lowest order non-zero derivative (except the ") at @ is f*) (z) with
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k > 4. Then, there exists € with sufficiently small |e| such that: for any point xy between T and T — €,
and

1. ifkisoddand e - f*)(z) > 0, f*+D(Z) < 0, then there exists n € ( 7 W),
2. ifk is even and f*)(z) < 0, then there exists 1) € (f,, , W)

such that: the update rule F, of GD satisfies F,(F,(x0)) = xo.

Proof. (1) If k is odd, assuming f*) > 0 for simplicity, we have

rog =2 — €,

f'(wo) = —f"e+

(k . A %f(k“)e’“ + O,

x1 =20 —nf'(x0) =T —e+nf'e—

1 1
= 1)!77!1"(’“)6’H + g+ O,

f(k) . (331 - f)kil +

1
S (@ - @)F O,

’ o = 1
fi@) =f '(”51_“3)+(k_1)! k!

xy—x0 a1 —nf'(21) —T0

= ; = —f"(z0) = f'(z1)
— (2](‘// _ ,r]f//f//) €

b 1 " plk) _
+< RS TSIAA

(k _1 1)'f(k) . (_1 + nf//)kl) 6kfl
1

1 7f(k+1) . (71 + nf//)k:) ek + O(€k+1)

1
+ ('fk+1 . H77f//f(k+1) _

When n = % it holds

k!

To—To 2 L(pq1) o k1
= k;'f + 0", (31

When 1 = WQMEH then nf" =2+ 2 ff(/,) k=2 1 O(e*~%), then it holds
T2 7 To _ —2fR k=1 L O(M). (32)

Since k is odd and € - f(*)(z) > 0, f(*+1) () < 0, the above two estimations of #2—zo/; have one
positive and one ne§atlve exactly Therefore, due to the continuity of x5 — zo wrt ), there exists a
learning rate 7 € (f,,, W) such that x5 = x.

The above proof can be generalized to any xy between Z and & — e with the same bound for 7.

(2) If k is even, we have

o =T — €,
f'(wo) = —f"e~ = ) —— W L O(h),
z1 =x0 —nf'(w0) =T —e+nfe+ = 1),77f(k) O,
) =" (21 —2) + ﬁf(k) (w1 = 2)F 7+ O(e),
Dot D WEI ey pe)
=Q2f" —nf"f")e

W _ L e
+<(k—1)!fk TR

=] _1 i1t nf”)k—1> 1+ O,
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When ) = %, it holds

PR 1)!f<k>ek—1 + O(e").

When 7 = W with ¢ > 0 as some constant implying nf” = 2(1— cff(,,) F=2)+O(2k1),

then it holds

T2 —To - 1 (k) k—1 k
T =2 (om gty 79 ot

where we then set ¢ = 1.

Hence, the above two estimations of #2—=o/n have one positive and one negative with sufﬁc1ent1%/ small
|e|. Therefore, due to the continuity of x5 — ¢, there exists a learning rate 1 € (-2, 77 W)

such that x5 = xg.
The above proof can be generalized to any x( between = and & — € with the same bound for . [

Corollary 1. f(x) = sin(x) allows stable oscillation around its local minima Z.

Proof. Tts lowest order nonzero derivative (expect f”) is f(*)Z = sin(Z) = —1 < 0 and the order 4
is even. Then Lemmal[I] gives the result. O

E PROOF OF LEMMA
Lemma 5 (Restatement of Lemma . Consider a 1-D function g(x) , and define the loss function f
as f(z) = (9(z) — y)?. Assuming (i) g' is not zero when g(z) = v, (ii) ¢'(z)g®) (z) < 6[¢" (z)]?,

then it satisfies the condition in Theorem[I|or Lemmall|to allow period-2 stable oscillation around .

Proof. From the definition, we have

[ (@) =2[g(x) — ylg" (x) + 2[¢'(x)]?, (33)
FO(x) = 2[g(z) — ylg®) (x) + 69" (x)g (x), (34)
FP(z) = 2[g(z) — ylgW(z) + 69" (2)g" (x) + 8¢ (x)g'¥ (2). (35

Then at the global minima where g(z) = y, we have f”(z) = 2[¢/(x)]? and f® (z) = 69" (x)g' (x).
If we assume y is not a trivial value for g(x), which means ¢’(z) # 0 at the minima, and ¢ is not
linear around the minima (implies g” # 0), then f satisfies ) (z) # 0 in Theoreml Meanwhile,
we need 3f(3) f3) — £ f(4) > 0 as in Theoreml hence it requires

369" (2)g" (x)g' ()9 () — 5 (69”(50)9”(96) + 8¢/ (2)g") (I)) >0 (36)

69" (x)g" () > ¢' ()9 (x). 37)

29'(x)g' (x)

The remaining case is, if ¢’(2) # 0 and ¢” = 0 at the minima, it satisfies the condition for Lemma ]
with & = 4, because f*) = 0 and f*) < 0 due to O

Corollary 2. f(x) = (2% — 1)? allows stable oscillation around the local minima T = 1.

Proof. With g(x) = 22, ithas ¢'(1) = 2 # 0,¢”(1) = 2 # 0. All higher order derivatives of g are
zero. Then Lemma 2] gives the result. O
Corollary 3. f(z) = (sin(x) — y)? allows stable oscillation around the local minima ¥ = arcsin(y)
withy € (—1,1).

Proof. With g(z) = sin(z), it has ¢/(Z) = cos(z) # 0,9 (z) = — cos(z). We have ¢®)(z) is
bounded as g'g®) — 6[¢g""]? = — cos?(z) — 6sin?(z) < 0 Then Lemma 2 gives the result. O
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Corollary 4. f(x) = (tanh(z) — y)? allows stable oscillation around the local minima & =
tanh ™' (y) withy € (—1,1).
Proof. With g(z) = tanh(z), it has ¢/(z) = sech®(Z) # 0, and g3 (z) = —2sech*(z) +

4sech?(Z) tanh? (%) is bounded as

g'g® —6[¢g")> = —2sech® + 4sech? tanh? —24sech* tanh® = —2sech® — 20sech* tanh? < 0.

Then Lemma 2] gives the result. O

Corollary 5. f(z) = (z® — y)? (with k € Z,k > 2) allows stable oscillation around the local
minima & = 1"/ except y = 0.

Proof. With g(z) = x®, ithas ¢'(z) = az®~ 1, ¢"(Z) = ala — 1)2*2,¢®)(z) = a(a — 1)(a —
2)2*~3. Then we have ¢'g®®) — 6[¢g"]? = a?(a — 1)(—5a +4)z2*~* < 0. Then Lemmagives the
result. =

Corollary 6. f(z) = (exp(z) — y)? allows stable oscillation around the local minima T = logy
fory > 0.

Proof. With g(z) = exp, it has ¢'(z) = ¢"(z) = ¢©® (%) = exp(Z). Then we have ¢'g(®) —
6[g"]?> < 0. Then Lemmal2| gives the result. O

Corollary 7. f(x) = (log(x) — y)? allows stable oscillation around the local minima & = expy.

Proof. With g(z) = logz, it has ¢'(z) = 1,¢"(z) = —%,9®(z) = —2. Then we have
g'g® —6[g"”]? < 0. Then Lemma gives the result. O
Corollary 8. f(z) = (m — y)? allows stable oscillation around the local minima T =

sigmoid~* (y) for y € (0,1).

Proof. With g(x) = oy ithas ' (2) = oGy 0/ (7) = — BRI o) (@) =

exP(w)“?;’;?giiﬁpmi)ﬂ). Then we have ¢’¢®) —6[g"]? oc —4exp(x)+exp(22)+1—6(exp(z) —

1)? < 0. Then Lemmal2] gives the result. O

Proposition 4 (Restatement of Prop . Consider two functions f,g. Assume both f(x), g(y) at
x = &,y = f() satisfies the conditions in Lemma [2] to allow stable oscillations. Then g(f(z))
allows stable oscillation around x = .

Proof. Denote F(z) £ g(f(x)).
Fl(x) = g'(f(2)) f' (),
F"(w) = g" (f@)If (@) + g/ (f(2))f" (@),
FO(z) = g@ (f@)If @) + 39" (f(@) f' (@) f" (@) + g (f (@) P (2).

Thus, omitting all variables z and f(Z) in the derivatives, it holds
F'@)F® (@) = 6" @) = g1 (99" +39"1'1" + 9 D) =6 (¢"(f)? +9'f")’
< _9g/g//(f/)2 "

where the inequality is due to all conditions in Lemma[2] So the only problem is whether we can
achieve ¢'¢g” f” > 0. The good news is that, even if it holds ¢’g” /"' < 0, we can still find functions

to re-represent g(f()) as §(f(x)) such that §’§” f” < 0 and all other conditions in Lemma are
satisfied by g, f.

Then we have
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For¢'¢" f" < 0, constructg(y) g(—y), f(z) & f( ). In this sense, it holds §(f(z)) = g(f(z)).
It is easy to verify that both g, f aty = —f(Z),x = T satisfy the conditions in Lemma | because

W) =—9'(—y) =—d(f@), "W =9"(—y) =9"(f(@), 3% W) =—9g®(—y) = 9P (f(2)),

fl@) =1, ["@=-f"@, [P =-r9a.
Then, it has §' ()" (y)f"(z) = —¢'¢"f" > 0aty = —f(z),x2 = Z. Therefore, we have
F'(z)F®)(z) — 6[F"(2)]? < 0 and Lemmaglves the result. O

F PROOF OF THEOREM

Theorem 9 (Restatement of Theorem . For f(z) = (z* — p)% consider GD withn = K - %

where 1 < K < /4.5 — 1=~ 1.121, and initialized on any point 0 < x¢ < ,/p. Then it converges
to an orbit of period 2, except for a measure-zero initialization where it converges to /. More
precisely, the period-2 orbit are the solutions x = §1 € (0, \/it), x = 62 € (\/I, 2\/1t) of solving §

;

1
’r}:
52( L

Proof. Assume the 2-period orbit is (Zg, 1), which means

(38)

N[
N[

+

Ty =1%o —n- f(Zo) = To+1n- (1 — Z5)To,
To=21—n- f(Z1) =% +n- (0 —27)Z1.

First, we show the existence and uniqueness of such an orbit when K € (1,1.5] via solving a
high-order equation, some roots of which can be eliminated. Then, we conduct an analysis of global
convergence by defining a special interval I. GD starting from any point following our assumption
will enter [ in some steps, and any point in I will back to this interval after two steps of iteration.
Finally, any point in I will converge to the orbit (Z¢, Z1).

Before diving into the proof, we briefly show it always holds z > 0 under our assumptlon If
x4—1 > 0and x; < 0, the GD rule reveals n(p—x?_;) < —1 which implies z7_; > ,u+ . However,

the maximum of = + n(pu — 2*)z onz € (0, ,/p + 5) is achieved when 22 = % (u + 5) so the

maximum value is /5 (pu+ 1)(5 + 3np) < 14\ /5(u+ ) < y/p+ . Asaresult, it always
holds = > 0.
Part I. Existence and uniqueness of (Zg, Z1).

In this part, we simply denote both Zy, Z; as x¢. This means z in all formulas in this part can be
interpreted as Zy and Z;. Then the GD update rule tells, for the orbit in two steps,

To > 1 = 20 + (K — 2320,
Ty =z =21 +n(p — 27)21,
which means
2
0=mn(p—a5)zo +1 (u — (2o + n(p — x3)x0) ) (zo +n(p — x5)z0) ,
0= p—af+ (4= (w0 +n(n— ad)ao)”) (1+n(u - ad)
Denote 2z := 1+ n(u — x3), it is equivalent to

0= i —ad+ (1= 22a3)z = (2 + 1) (—aBe? + 23z + 1 — 2?)

(z+1)( xo(z—%) +,u—ix%>.
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If z4+ 1 =0, it means x; = —x( which is however out of the range of our discussion on the x > 0
domain. So we require —z3(z — 1)? + 1 — 223 = 0. To ensure the existence of solutions z, it is
natural to require

3 5
— —x5>0.
Y 4%_

Then, the solutions are

+

=

Ko
2
Lo

However, z = § — /4 — 2 can be ruled out. If it holds, n(1 — 23) = z — 1 < —3 which means
0

3 > p+ % Since we restrict nu € (1,1.121], it tells 23 > p(1 + 145 contradicting with

p> g
Hence, z = § + /£ — 2 is the only reasonable solution, which is saying
0
1 w3
_ 2 — JLA——
n(p — ) 2+1/x3 1

Given a certain 7, the above expression is a third-order equation of 22 to solve. Apparently 22 = u
is one trivial solution, since for any learning rate, the gradient descent stays at the global minimum.
Then the two other solutions are exactly the orbit (Zg, Z1), if the equation does have three different
roots. This also guarantees the uniqueness of such an orbit.

Assuming 2 # 1, the above expression can be reformulated as
1

B(VE-5+4)

One necessary condition for existence is p > %mg. Note that here x( can be both Z(, 1, one of which

is larger than /1. For simplicity, we assume 7o < /i < Z1. Since 7 from Eq is increasing with
a3 when 1 < 23, let 23 = 511 and achieve the upper bound as

7= (39)

3
s g (40)

which is satisfied by our assumption 1 < nu < v/4.5 — 1 ~ 1.121.
Therefore, we have shown the existence and uniqueness of a period-2 orbit.
Part II. Global convergence to (Z, Z1).

The proof structure is as follows:

1. There exists a special interval I := [z, /j) such that any point in I will back to this interval
surely after two steps of gradient descent. And zy € I.

2. Initialized from any point in I, the gradient descent process will converge to Z( (every two
steps of GD).

3. Initialized from any point between 0 and /i, the gradient descent process will fall into [ in
some steps.

(IL.1) Consider a function F),(z) = x + n(p — )z performing one step of gradient descent. Since
Fl(x) = 14 nu — 3na?, we have F)(x) > 0 for 0 < 2? < % (u + %) and F (z) < 0 otherwise.

It is obvious that the threshold has 22 := % (p + %) < p. In the other words, for any point on the
right of x4, GD returns a point in a decreasing manner.
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To prove anything further, we would like to restrict £y > x5, which is

L1 1\ 1 L e 3 1
To 23 N‘F% =g\#tn Wz ate ) )
0

Solving this inequality tells

3 2
7> +7\[u- 1)
Consequently, by applying Eq(39), we have
n < VA5 — 1~ 1.121. (42)

With the above discussion of x5, we are able to define the special internal [ := [z, \/z). From the
definition of 7, consider a function representing two steps of gradient descent F2 (x) = F, (F,(x)).
From previous discussion, we know F?(Zo) = Zo. What about F77(4)?

It turns out F}(xs) > x5: we have I (z5) = (1 + nu — na?) = x - 2(1 + npu) and, furthermore,
53(%) = Fy(zs- 5(14np)) = x5 5 (1+nu)- (1 +nu — 37 (1 +1p)?). Then we get F (z) > o
ecause

2 4
5(1 + ) - (1 +np— 2—7(1 +77,u)3) >1 if npue(l,Vv45-1). (43)

Combining the following facts, i) F () — x is continous wrt x, ii) Fy(2,) — x, > 0, and iii)
F2(Zo) — Zo = 0 is the only zero point on x € [z, Zo], we can conclude that

Fg(a:) >z, Vo € [z, To). (44)

Meanwhile, we can prove F(z) < x for any = € (Zo, \/1t). Since F}(p) — p = 0 and F(Zo) —
Zo = 0 are the only two zero cases, we only need to show 3 & € (&g, /), such that F?(z) <
. We compute the derivative of F2(z) — x at 2 = p, which is L F2(z) — 2|2, = -1+
F/(F(z))F'(z)|;2=, = =14 [F'(\/p)]* = =1+ (1 — 2nu)? > 0. Then combining it with
F?(Zo) = To, there exists a point & € (Zo, /) that is very close to /i such that F/}(&) < i.
Hence, we can conclude that

F}(z) <z, Yz € (Zo, /1) (45)

Since F,(-) is decreasing on [z4,00) and Fy(z) > x, for x € [z, /i), it is fair to say F?(x)
is increasing on = € [z, /1. Hence, we have F(z) < F3(Zo) = To, V& € [x,,Zo]. And
F}(x) > F7(Zo) = To, Y&(To, /1)
Combining the above results, we have
F}(x) € (z, %), Va € [,,Z0), (46)
F}(x) € [To, ), Vx € (Zo,\/11). (47)
(IL.2) A consequence of Exp(@6] [7) is that any point in I will converge to Z, with even steps of
gradient descent. For simplicity, we provide the proof for z € [z, Zg).

Denote ag € [xs, To) and a,, = Fﬁ(an,l)7 n > 1. The series {a; };>¢ satisfies

To > Apy1 > ap > ag. (48)

Since the series is bounded and strictly increasing, it is converging. Assume it is converging to a. If
a < X, then
To > Fi(a) >a > Fg(an).
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Since Fg() is continuous, so 3§ > 0, such that, when |z — a| < J, we have
|F(z) — F}(a)| < F2(a) —a. (49)

Since a is the limit, so 3 N > 0, such that, whenn > N, 0 < a — F?

7 (an) < 4. So, combining with
Exp@9), we have

2( 2 2 2
|F77 (Fn (an)) — Fy (a)] < Fy (a) — a.
But LHS = F?(a) — any2 > F;(a) — a, so we reach a contradiction.
Hence, we have {a;} converges to Zo.

(IL3) Obviously, any initialization in (0, \/z) will have gradient descent run into (i) the interval I, or
(ii) the interval on the right of /1, i.e., (\/1t, 00). The first case is exactly our target.

Now consider the second case. From the definition of x, in part III.1, we know Fy(zs) =
max,e(o,/z) Iy (). So it is fair to say this case is ¥, € (\/, F;)(zs)]. Then the next step will go
into the interval I, because

Fy(wn) = Fy(Fy(z5)) = Fs(%) > Ts,

where the first inequality is from the decreasing property of F;, (-) and the second inequality is due to
F2(z) > xonx € [x,,Z). O

G PROOF OF THEOREM

Theorem 10 (Restatement of Theorem . For f(z,y) = 3 (zy — 1)?, consider GD with learning
raten = K - % Assume both x and y are always positive during the whole process {x;, y; }i>o0. In

this process, denote a series of all points with vy > pas P = {(z;, v:)|ziy; > p}. Then |z — y|
decaysto 0in P, forany 1 < K < 1.5.

Proof. Consider the current step is at (x4, y;) with x;y; > p. After two steps of gradient descent, we
have

Topr = e + 0 — Teye)ys (50)
Yer1 = Y + (0 — Tey) T (51)
Tiyo = Tey1 + N — Ter1Ye41) Y41 (52)
Y2 = Y1 + 01 — Tep1Ye4+1)Ter1, (53)

with which we have the difference evolve as

Y1 — Tep1 = (ye — 1) (1= 0 (1 — 22mt)) (54)
Yer2 — Tra2 = (Y1 — Teg1) (1 — 0 (10— Teg19e41)) - (55)
Meanwhile, we have
Te Y1 = Ty + 1 (10— TeYe) (xf + yt2) +n° (n— l"tyt)Q Tyt
= 2oy (140 (1= 2090)” 41 (= 2ee) (20— 0)° (56)

Note that the second term in Eq(36) vanishes when x and y are balanced. When they are not balanced,

if 2y > g, itholds 211 < 24ye (1 + 1 (1 — 243))°. Incorporating this inequality into Eq
and assuming y; — x; > 0, it holds

Yerz — T2 < (Y — @) (1 =0 (10 — 2eye)) (1 -7 (M — 2y (140 (p— xtyt))2>) - (7
To show that |z — y| is decaying as in the theorem, we are to show

L Yo — Toqo <y — 4

2. Ypyo — Teqo > —(yr — 4)
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Note that, although z;y; > w, it is not sure to have ;42442 > u. However, for any 0 < x;y; < p
and K < 2, we have

Tit1 — Yi

et 2Vl g ()] <1, 68)
|zi — vl

which is saying |z — y| decays until it reaches xy > p. So it is enough to prove the above two

inequalities, whether or not ¢ 2y 12 > p.

Part I. To show 412 — 440 < yr — ¢

Since we wish to have y; 10 — x40 < yp — T4, it is sufficient to require

(1 —=n(p—ztyr)) (1 —-n (/i —zy (L+n(p— xtyt))2)> <L (59)

Since we assume ;41,4541 > 0, Eq tells n (pu — xey) > fmin{%, %}, which is
equivalent to 1 — 7 (u — @4y;) <1+ min{t, £}

QD I (g — Teg1ye1) > 3

Then we have 1 — n(p — zp11ye41) < 5. As aresult,

1
5

—x v 1
W2 (1)) (1= = i) < (1 min(ZE 2 ) L o0
Yt — Tt Yt Tt 2
1 1 . x wy
IR SR S T 74 61
2+2m1n{yt7It ( )

A2) I n(p — zes1yer1) < 2 and gy < 2?2 = % (M + %)
The second condition reveals

Yt+2 — Te42 1
Yt+1 — Te41

wl
TN
=
+
3|
—
~——

1
—n(p—2p1yer1) <1 =7 (u—

K. (62)

W W~
Wl o

The first condition is equivalent to T4 y1Y¢+1 > pt — ﬁ Since the second term in Eq is negative,
we have

L ©63)

2
ey (L4+n (0 — 24ye))” > p— o

with which we would like to find an upper bound of x;y;.

Denoting b = z,1;, consider a function q(b) = b(1+n(u—b))>. Obviously q(y) = p. Its

derivative is ¢’(b) = (1 + nu — nb) (1 + nu — 3nb) < 0 on the domain of our interest. If we can

show an (negative) er bound for the derivative as ¢’(b) < —1 on a proper domain, then it is fair to
@

say that, from Exp(63)), z+y: < u + ﬁ Then we have
- 1 3
M=1—n(u—xtyt)<1—n<u—<ﬂ—))Z. (64)
Yt — Tt 2n 2
Then, combining Exp(64] [62), it tells
Yt+2 — Te42 <2-K. (65)
Yt — Tt

The remaining is to show ¢’(b) < —1 on a proper domain. We have ¢ (b) = (1 + nu — 2nb)? — (nb)?,
which is equal to 1 — 2nu < —1 when b = p. Meanwhile, the derivative of ¢/(b) is ¢”(b) =
—2n(nb+ (1 +nu — 2nb)) = —2n(1 4+ nu — nb), which is negative when b < p + % As aresult, it

always holds ¢'(b) < —1 when b < p + %
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A3 Iz 1yiy1 > x?
Denoting again b = z;y;, the above inequality in is saying, with b > u,
p) = (1=n(u=1) (1=n(p=b(1+n(r=b)")) <1. (66)
After expanding p(-), we have
2 3 2
p(b) =1 =n(p—0) (—2+n(u—b)+2nb—n b(p—1b)—n°b(p—0b) )
Apparently p(p1) = 1. So it is necessary to investigate whether p’(b) < 0 on b > p, as
p'(b) =2 =200+ (1 —b) (1 (1 + 1 (1 = b)) (= + 3b) +7°b (u — b)) .
Since nb > 1 and b > p, it is enough to require

(T4 n(p—0)) (=p+3b) +1b (1 —b) >0
(L4 n(u = b)) (=p+ b) +nb(p — b) + 2b(1 + n(p — b)) > 0.

It suffices to show

n(p =) +2(1+n(p—b)) =2+ 3n(p—b) > 0. (67)

Since Ty q1Yep1 > 22 = 3 (,u + %), it holds

b(1+n(p—10)° >

vV
W =
N
=
+
|~
N——

2+3n(p—10) 3<MJF:I)—1>O,

v

where the last inequality holds because: if b > 3 (u + %), then 1+n(u—>b) < —2nu—2 < 0, which

contradicts with the assumption that both x, 1, y;41 are positive. As a result, the above argument
gives

Y2 T2 ) < 1— 2(K — 1)(b— p). (68)
Yt — Tt
Part II. To show y; o — x40 > —(y: — x¢)
Since x;y; > p, we have 1 — n(p — x4y;) > 1. Combining with 1 — n(p — zy) < 2, it holds

YL T 1 (- o) € (1,2).

Yt — Tt
So the remaining is to have % > —0.5. Actually itis 1—n(pu—2i19e41) > 1—qu =1 - K.
Therefore, we have
M>_1+(3_2K)7 (69)
Yt — Xt

as required.
Part II1. To show y; — x; converges to 0

From Exp [69), we have for points in P, |y — x| is a monotone strictly decreasing sequence
lower bounded by 0. Hence it is convergent. Actually it converges to 0. If not, assuming it converges
to € > 0, the next point will have the difference as € < € as well as all following points. Hence, the
contradiction gives the convergence to 0. O
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H PROOF OF LEMMA

Lemma 6 (Restatement of Lemma [3). In the setting of Theorem [5] denote the initialization as
lyo—zo]

m= "o and xoyo > | Then, during the whole process, both x and y will always stay positive,
denoting p = m and q = (1 +p)% if

4 3 2 5, 1 gK? 9 9
max n(xoyo—u),2—7(1—|—K) + §K —gK—i—mm gm® — K 3 < p.

Proof. Considering z;y; > p, one step of gradient descent returns
Tep1 = T + 0K — DoY)y
Y1 = Y T 00 — Teye)we-

To have both ;1 > 0,y;+1 > 0, it suffices to have

N(ziy: — p) < min {yt, xt} . (70)

Tt Yt
This inequality will be the main target we need to resolve in this proof.

First, we are to show

) { Yo o } 4
min < =, == 5 > 5
Zo Yo (m+vm? +4)

With the difference fixed as m = (yo — x0)//f. assuming yo > xo, we have m/yo = (1 —
xo/1y0)/+/1t- if Toyo increases, both 2y and ¥ increase then m/yo decreases, which means x/yo
increases. As a result, we have

. {yo wo} . {yo xo} _ 4
min{ —, — » > min{ —, — = 5-
o Yo To Yo J | (m+vm? 4 4)

0Yyo=H
Therefore, at initialization, to have positive £ and y;, it is enough to require
4 Y
s =
(m+vm? +4)
From Theorem|[J] it is guaranteed that |z, — y¢| < |zo — yo| with ¢ > 2 until it reaches zy; > p, with
which r is still a good lower bound for min{y;/x, z¢/y: }. So what remains to show is it satisfies

n(xyr — p) < r for the next first time xy; > p. If this holds, we can always iteratively show, for
any x.y; > p along gradient descent,

n(zoyo — p) < r.

x
n(weye — p) <7 < min{ytat}-
Tt Yt

Note that 7 itself is independent of x,y, and all the history, so it is ideal to compute a uniform upper
bound of 7n(x;y; — ) with any pair of (x4_1, y;—1) satisfying x;_1y;—1 < p. Actually it is possible,
since we have |z;—1 — y;—1| bounded as in Theorem

Assume z;y; > 4 and it satisfies the condition of n(z;y; — ) < r and |x; — y;| < |xo — yo|- Asin

(54), we have
Litl — Yit1 1

— —n(p—ziy) € (1,1+7). (71)

Hence, it suffices to get the maximum value of g(z), with z € (0, u1), as

9(z) =2 (1 +n(p—2))* +n(u—2) (1 +7)*(z0 — y0)?, (72)
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which is from . Denote z = argmax g(z). Obviously z < & (u + %) £ 2, because the first term
of g(z) achieves maximum at z = % (u + %) and the second term is in a decreasing manner with z.
Then let’s take the derivative of g(z) as

g'(z) = A +n(p—2)) (L+nu—3nz) — (1 +7)*(x0 — yo)*
n(1+r)%(xo — Z/o)2>
L+n(p—2)

=1 +n(p—2)) <1+nu—3nz—
where the first term is always positive, so we have

n(1 4 7)*(zo — y0)*

R e s B (73)
which means
zZ= % <1+W— U(ll‘F—::((;U()__Z)yO)2) (74)
5 (e P
= é (M - % - ?M(mo - y0)2> (76)
£ 2z, (77)

where the inequality is from z < %(,u + %) As aresult, it is safe to say

9(2) Sz (tn(p=2)" | +nl—2)1+1) (@0~ yo)* (78)
Z=2Zp Z=Zg
() () (= o 2 ) ) ( 29
== - = r) | sp— — 4+ ———(x — xo —
o7 N n n 3,U 3 ol 0~ Y% 0—%Yo)
with which we are able to compute max 7(g(z) — u), which is exactly the final result. O

I PROOF OF THEOREM[3]

Theorem 11 (Restatement of Theorem[3). In the above setting, consider a teacher neuron w = [1,0]
and set the learning rate n = Kd with K € (1, 1.1]. Initialize the student as Hw(o) || =0 2 ¢cc

(0,0.10] and (w'® ) > 0. Then, fort > Ty + 4, wét) decays as

e 1.35 .
wi <0.1-(1-0.030K)""~* Ty < {10&56 Wl ., B= (1 + ) €.
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Proof. We restate the update rules as

(t) (t) (t)
Av® = D) 5O = oy® | (—y®p® 1) — OOV R Y e
T T Y w(t) T w(t) w(t)
x x x
(t) (t), (1)
1 z
= Kw® [ (—0Ww® + 1) — = [ arctan et Lwyz
T wy? ) [lw®]]
(wl(/t))z ()32 U(t)wi(/t)
+ K~ —(W)?2y —¥ 80
v(t) (™) 7T||w(t)H2 (80)
(t) (t), (t)
Aw® = D —p® = Kp® [(—p®u® 4 1) = L [ aretan [ YL ) - YW ) |
x T T T T ’UJJ(Lt) Hw(t)HZ
(81)
(£) 4B
Aw® = w - K [ —(o®)2 4 20 (82)
m[[w®]
w{it) = ’w?(f) + Aw?(f)’ . (83)

For simplicity, we will omit all superscripts of time ¢ unless clarification is necessary. From (83), if
the target is to show w, decaying with a linear rate, it suffices to bound the factor term in (82) (by a
considerable margin) as

2< K [ —0*+ ) <o, (84)
7 [Jw]]

The technical part is the second inequality of (84)). If v, w, > 0, it is equivalent to
Wq W Wq W
VWg > wyzz sz27
mllwl® - w(wg +wy)

where the RHS is smaller than or equal to % Hence, - is a special threshold with which we will

> 2w
frequently compare vw,. Another important variable to control is v — w,, that reveals how the two
layers are balanced. If it is too large, for the iteration v(t“)wg(fﬂ) may explode as shown in the 2-D

case.

The main idea of our proof is that

Wy Wy

» Stage 1 with vw, < p PRTER in this stage, w, grows but it grows in a smaller rate than that
of v and w,. Therefore, since we have an upper bound for vw, to stay in this stage, we
are able to compute the upper bound of #iterations to finish this stage, which is 77 in the
theorem. At the end of this stage, both of v — w,, and w,, are bounded under our assumption

of initialization.

Wz Wy

* Stage 2 with vw, >

P ERRL this stage, w, decreases. Since our range of a large learning

rate is relatively narrow (1 < K < 1.1), we are able to compute bounds of vw,,, v — w,, and
wy. After eight iterations, it falls into (and stays in) a bounded basin of these three terms, in
which w,, decays at least in a linear rate.

Stage 1.

We are to show that, in the last iteration of this stage, there are three facts: 1) vw, < % 2)
v —w, € [—0.017,0.17], and 3) w, < 0.44.
At initialization, we assume v(?) = Hw(o) |- Denote oy = arctan(wg(,o)/wéo)) € [0,7/2]. So for
next iteration we have
1
wfll) = (1 + K (—(v(o))2 + - Sinao)) ) (85)
! T
w:(vl) =0 [cos ap+ K (1 _ (U(O))z cos ag + COs (g sin g — ao)} . (86)
T
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Apparently wl(,l) increases with oy increasing. And

— sin? ap 4 cos? o — 1
T

. . 92
= { sinag + K (((v(o))2 - smao> sin ag + —smaoﬂ .
7r T

Since in stage 1 it holds Aw, > 0 which means —(v(?)? + Lsinay > 0in . So it follows

Doyt = v {— sinag + K ((v(o))2 sin ag +

s

Oy wg) < 0. Combining the above arguments, we have

K
D > ufdgyog = K00,
w?sl) < wz(/ lag=2 = (1 +— - K(v(o))2> 0@ < (1 + > v©),
(1) o4 2K
Yoo o2t o9y
wiV K

Regarding -, it has 20 > wg(,o) at initialization due to v(©) = Hw(o) H From , we have
VAV = wyAw, + wyAw,. So it holds vAv > yAy. Meanwhile, A:}”“ = K(—vw, + #) €

[0, £]. From Lemma given v(®) > wl(,t) and # € [0, 1] for any ¢ in this stage, it always holds
D > w£t+1).

Therefore, it is fair to say

'U(l)wél) > i
(w2 ~ 2.7

Additionally, to bound the term vw,, / ||w % in Aw,, we would like to show it always has vw,, < lJw]|.
At initialization, it naturally holds. Then, for the every next iteration, given it holds in the last iteration,
we have

(v + Av)(wy + Awy) — [(we + Awy)® + (wy, + Awy)?]
~ (w4 We Aw, + wyAw,

= vwy + vAwy + wmwa(% +

J(wy + Awy) — [(wy + Aw,)? + (wy + Awy)z]
Aw,
v

v

<wvwy + vAwy + wyAwy% — (w? + wz + 2w, Aw, + (Aw,)?)

< vAwy + wyAwy& — 2w, Aw, — (Aw,)?
v

= vAwy(1— “2)? = (Aw,)?

v

< vAw, — (Aw,)?

where the first equality uses vAv = w, Aw, + w,Aw,, the first inequality uses the proven v > w,

and v > Auw,, the second inequality uses the assumption vw, < |w||>. Now we are to show
vAw, — (Aw,)? < 0. We have

w2 1 2
vAw, — (Aw,)? < Kv*—Y— — K%0? (1 -— = 'y(t)> ,
7 [Jw]] 2m

arctan ﬁ —M .
W) ]
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Since we have proven wg(ll) / wfrl) < 2.7, it is easy to check that

1 1
<(1- = -7

w® 2m
w1+ )

Wy

As aresult, vAw, — (Aw,)? < 0 at time 1. Furthermore, by checking each term, vAwy — (Aw,)?
decreases with w, Jw,, decreasing. We will soon show that Wy Jw, itself decreases, by showing the
growth ratio of w, is larger than that of w,,.

Our target lower bound of the growth ratio of w,, is that

>1— = —7, (87)

which is larger than the growth ratio of w, bounded by 1 due to vAw, < |wl|®. So it suffices to show

Kv/w, > 1. Assuming Kv/w, > 1 for the current step, we need to show Kv(t“)/wgﬂ) >1

also holds for the next step. Let’s denote

1 w® w®
AW = K |(—oWw® +1) — = |arctan | —2 | — ——25 || . (88)
i w! ) [lw®]
Then
1 w, Av
R > _r 7
(v + Av) K(wm+Awm) > v+ Aw, I e
Wy 1

If KA <1,since K > 1and A > 0, we have (89) as positive, which is what we need. If KA > 1,
then

B > (0 - 3201 - K?) + oK - )4
= (K + A+ ) (K — ),

where the first inequality is due to A < K and the assumption of Kv®* / w:g;t) > 1. Then it suffices
to show (=K + A)v + w, > (=K + 4%)v + w, > 0. Note that —K + 1/K € (—0.2,0] when

K € (1,1.1]. Ttis easy to verify that v < 5w§,1). Then, for the next step, we need to show
D) < pptHY) given vt < 5wt To prove this, we are to bound v — wy, as
2

w,
VD () = (1= A) (0 — w) + KL (—0? 4 —2 )
v ™ [Jw]|
w? K
< 0.4(v — w) + Kwy,—Y < 0.4(v — w) + —2 (90)
7 [Jw]| 7T

where the first inequality is due to, when w,, Jw, < 2.7,

(), () (t)

1wy 1
A=K |—v®u® + fwiwyg + K |1 — —arctan wit
" ] P

1 w®
> K |1 — — arctan % > 0.6.
T w

We will later show that v(*+1) — w(+1) > —0.1(v() — w®). Combining this with (90), it is safe to
say

Kuw, K x bw
<

<04 x 4w +

D D < 0.4(v — w) + 4w,
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where the second inequality is due to v < 5w and v > w,,. Since wtD) > () (due to A > 0) in

this stage, we have pt+1) < 5w:(bt+1).

Combining the above discussion, we have prove . Obviously, when w, Jw, < 2.7, RHS of 1!
is at least 0.55, larger than 1.1/, which is the upper bound of the Aw, /w,. As a result, w,/w,
keeps decreasing.

The next step is to show the growing ratio of vw, is much larger than that of w,,. From (81} [82), it
holds

v = (y 4 Av)(w, + Awy) > vw, + KAW? + w?) + K2A%0w,
> vwe (1 + A)?,

where the first inequality is due to Aw, > 0. It follows v(tH)wg(fH)/v(t)w;t) > 1.62 = 2.56.

So far, we have shown the following facts: under the defined initialization at time 0, starting from
time 1, we have

1. vw, < 1/2m.
Aw, Jwy +1 > 1.55.
Awy/wy, +1 <14+ K/m.

Sl

wy /w, < 2.7 and keeps decreasing.

v(t+1)w;t+1>/v(t)w§t) > 2.56.

d

Now we are to use the above facts to bound vw,, w, and v — w, to the end of stage 1.
For vwy,, in previous discussion, we have shown that vw, < % Actually, there is another special
value

Wy Wy

(w3 + wy)

= 0.104 when w, /w, = 2.7. 91)

This value is slightly larger than 1/47. Hence, we would like to split the analysis into three parts: in
the first step of stage 2,

1
1. vw, > 5

2. < pwy < 2

1 1
4 27

3. vw, < ﬁ.
Note that, although we are discussing the stage 1 in this section, investigating the lower bound of the

first step in stage 2 helps calculate the number of iterations in stage 1. Furthermore, it helps bound
several variables in stage 1.

Case (). If vw, > % in first step of stage 2:

(1), (1)
Since we have prove lz (11';')'2 > 1/2.7 and v(t“)w,(rtﬂ)/v(t)wg) > 2.56, the number of iterations
'U)y

for vw,, to reach 1/27 is at most

1
Ty < |logy sg —=22— | . (92)
{ = (wP)2/2.7
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Meanwhile, starting from time 1, the growth ratio of wy is
(wy + Awy)/wy <1+ K(—v? +1/7) <14+ 1.1/7 — ()2 <14+ 1.1/7 — (wM)?, (93)

where the first inequality is due to vw, < ||w||?, the second is due to K > 1 and the third is from
v > w,,. Therefore, combining with (192[), we can bound w,, in the end of stage 1 as

1
log, 5 i—‘
w, < (1 +1.1/7— (wl(jl))Q) [ 286 (WwMy2 /9.7 . (94)

Since it initializes as [|w(®|| < 0.1, we have w{"” < 0.1(1 + 1.1/7) = 0.135. Then, it can be
verified that, when wél) € (0,0.135], it holds

w, < 0.44. (95)

The next is to bound v — w,. Combining the update rules of v and w, in (0] BI), we have

Al —w,) = (D) — D) - (W — )

arctan(w, /wy) — TZ¥ w?
=K(v—wyg) (vww—l—i— ! el ) + K2 (—v* + Uwyz).
™ ™ [|wll
(96)
Note that
arctan(w, /w,) — ¥
1 <vw, — 1+ Y flwl? < -1+ w’ 97)
m m

where the left is due to vw, > 0 and , the right is from Aw, > 0. When w, /w, < 2.7, the RHS
follows —1 + %ﬂ“’/ﬂ“) < —0.6. So combining both sides tells

Wy Wy

arctan(w, /w;) — ot

1+K<vwz1+
T

) €[-K+1,04] C [-0.1,04].  (98)

2
wy

Since Aw, > 0, we have 0 < K

2
2 (—v? + vw?ﬁz) < K wyuzj# Note that at initialization

7||w T
w;g;o) < v(9, Then it is easy to verify that
K K

—0.01 < =010 —w®) <@ — M <14+ = — E)U(O) < 0.082. (99)
™

Because the coefficient on the positive side in (98) is larger than 0.4 > 0.1, it is appropriate to upper
bound the v — w,, as

T (t)\2
K
v — w, < max {0.082,0.082 04T + E 0.4 1 = (wy ) }
™

Yy 2
= @]
a4 K 1
< max { 0.082,0.082-0.47 + ) 0.4 =) .
T (t—1)
et 1_~_L< 1.55 )
27 \T+K/x
d 1.1-4.4 1
< max ¢ 0.082,0.082- 0.47 + > 0471 == T (
=1 T 14 ( 1.55 )
2.7 \1+1.1/x

where the second inequality is from the different growth ratios of w,, and w,. Note that here we take
all ' > 1 and pick the largest value of RHS to bound w,,. It turns out

v—w, <0.17. (100)
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Furthermore, to lower bound v — w,, since obviously |v — w,| < 0.17, it follows

v—wy > —0.1|v — Wg|max > —0.017. (101)

Case (ID. If .1 < vw, < 5 in first step of stage 2:

Similar to the discussion in Case (I), we are able to compute the number of iterations for vw,, to
reach 1 /4. It is at most

1

T1 < [logy 56 —it—1. (102)
P w227

Accordingly, w,, is bounded as

Mog 56 —rie— 1
wy < (1 +11/7— (wgl))Q) 8250 L y2ar | < (.37, (103)

For simplicity, we just keep the bounds for v — w,, as in Case (I), as

v — wy € [—0.017,0.17). (104)

Case (IID). If vw, < ﬁ in first step of stage 2:

From the condition, we know vw, < ﬁ as well in the last step of stage 1. Since Aw, > 0 in stage
1, it tells

1w, 1
8w, < —, (105)
T ||lw| Am
which means
max{ 2, %Y1 > 2 4 /3. (106)
Wy Wy

Since 2 + /3 > 2.7, if wy/wy > 2+ /3, then for time 1, (v, wg(gl), wz(,l)) is already in the stage
2. However, it is not possible because Hw(o) H — »(® < 0.1, which means vPw " can not reach
1 27

T 14+2.72"

Therefore, the only possible is % > 2 + +/3. In this case, we are able to bound wy as

1
wy < (2 — V3w, < (2—V3) <\/47T + 0.00852 + 0.0085) < 0.078, (107)

where the second inequality is due to vw, < ﬁ and v — w, > —0.017. Note that here we still use
the bound of v — w,, from Case (I), although it is loose somehow but it is enough for our analysis.

We leave the analysis of the bound of number of iterations to the end of this section.

Stage 2.
1

In the case (I) of stage 1, where the first step in stage 2 is with vw, > 5-, it has v —w, €
[~0.017,0.17] and w,, < 0.44. In the case (II), where the first step of stage 2 is with vw, € [7=, 5=],
it has v — w, € [-0.017,0.17] and w,, < 0.37. In the case (III), where the first step of stage 2 is

with vw, € [£, 5], it has v — w, € [-0.017,0.17] and w,, < 0.078.

4mo 21
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To upper bound vw, in the first step of stage 2, there are two candidates. One is from the case (I),
2

Wy Wy /We
t Wyy o Wy/ Wz )
W) v, (14K = v, - ;) = T, un)? I <_v2 Ly 2)
" 7 ||w]|
arctan(%) — %
+ Kw—w.)? 14+ K1 —vw, — " o

™

wyw?
LY —ow, + w$wy2
Wa 7 [|wll

+ K(v—w.)? (14 K(1 —vw,))

1 1.\? 11 1
<o (1 +1.1(1 — 2)) +1.1-0.442 (— + > +1.1-0.172 (1 +1.1(1 — ))

T T 4T 21 2
< 0.668, (108)

<vwy (14 K(1—vwy))? + K

where we use vw, > 1/4m, /(1 + 2?) < 0.5 for any x.

One is from the case (I1),

Wow?
v DD <y, (14 K (1 — vw,))? + K—L (—vwx + wmwy2>

Wy

+ K(v—wy)* (14 K(1 —vw,))
1 1 \? 1 1

<—(1+111-—= 1.1-0.37% | — 1.1-017%(1+1.1(1 — —

_4(+( 4)>+ 037(2W)+ 07(+( 4))

™ 7l 7l

<048, (109)
where we use vw, < 1/4m, x/(1 + 22) < 0.5 for any .
Therefore, we can see that, in the first step of stage 2,

vw, < 0.668. (110)
Next we are going to show how the iteration goes in the stage 2. In Case (I), there are three facts:

1. w, <0.44.
2. v —w, € [-0.017,0.17].
3. vw, € [5,0.668].

Similarly, in Case (II), there are three facts as well:

1. wy <0.37.
2. v—w, € [-0.017,0.17].

3. vwy €[4, )

The main idea is to find a basin that any iteration with the above properties (i.e., in the interval) will
converge to and then stay in. The method is to iteratively compute the ranges of the variables for
several steps, thanks to the narrow range of K. Before explicitly computing the ranges, let’s write
down the computing method, depending on whether or not vw, > 1.

Consider any iteration with vw, € [m1, ma],v — w, € [d1,d2], w, < e, we compute the bounds of
oD I D) oy D 04D i the following process (naturally assuming dy < 0 < da)

1. Ifm1 Z 1:
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(a) Compute w, > \/my + (d2/2)% —dg/2 £ f.
(b) Compute =+ < e/f £ g.

Wy Wy ) ) 5
wi? drctan(g);g/(lﬂ ) &y,

T =

(d) Compute v**+Dw{™ > my(1 + LI — my — h)2 + LI — my —

h) max{|di|,|ds|}? — 1.1e2ms. ThlS is from
wyw?
T N Uwy2
v 7 [|wll

+ K(v—wg)? (1 + K (1 - vw, — h))
> vw, (1+ K(1 - vw, — h)* — Kw? - vw,
+ K(v—w,)* (14 K(1 —vw, —h)).

(€) Compute v+Dy{T) < mi(1+ 1.0(1 — my))?2. This is due to z(1 + K(1 — x))?
decreases with z increasing when = > 1.

(f) Compute v — (™) € [dy(1 + 1.1(mg — 1+ h) — 1.1e2 - (\/ma + (d2/2)? +
ds/2)),da(1+ 1.1(m2 — 1 + h))]. This is due to

arctan(wy Jwez)—

(c) Compute

v DD > g, (14 K(1—vw, — b)) + K

1 . 2
Av — Aw, = K(v — w,) (vw,r — 1+ —(arctan(a) — v wa)> + KXY <U2 4 YW 2) ’
™ [[wll v 7 [|wl]
where vw, > 1, the last term is between — K vwi and 0.
(2) Compute wi™ < e-max{|j1, |j2|}, where
v/ (d2/2 do/2
ji= 1411 Yt (/2 + daf - (—ma), (111)

vmi + (d2/2)% — dy/2

) /my + 2)2 —dy/2 1
jo =1+ 1.0 =1 (d1/2) 1/ (=my 4 —). (112)
vmi + (di/2)2 +dq /2 27
This is due to
Awy:Ki( l+lwxwy)
wy We ™ ||wlf?

then we would like to have the smallest value as j; — 1 and the largest value as jo — 1.
Since wy, is always non-negative, taking the maximum absolute value gives the upper
bound.

2. If mg < 1:
(a) Compute w, > /my + (da/2)2 —do/2 = f
L <

(b) Compute -~ < e/ =

arctan(wy /wg)—

U
lwl®  arctan(g)—g/(1+¢%) & p,

- T

(c) Compute

(d) Compute v*+ (t+ ) > Mg e(m, my) (1 + 1.0(1 — 2 — h))? — 1.1e*z. Compared
with the case of m; > 1, we drop the term 1.1(1 — mg — h) max{|d;|, |d2|}? because
it is possible to have v — w, = 0 in some iterations.

(e) Compute v () < max,epm, maz(l + 111 — 2))* + LI11 —
x) max{|d;|, |d2|}?. Compared with the case of m; > 1, we add a term depend-

ing on the |v — wy | max because it enlarges vw,, in the in-balanced case.
(®) Compute v+ — w{*™ € [dy (14 1.1(mo — 1+ h) — 1.1e% - (\/ma + (d2/2) +
d3/2)),da(1+ 1.1(m2 — 1 + h))]. In fact, a rigorous left bound should include more
terms to select a minimum from. Here it is simple because it keeps 1 + K (m; —1) > 0

in the following computing, so we do not need to worry about the flipping sign of d;
and ds.
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(g) Compute wétﬂ) < e-max{|j1],|j2|}, where j1, jo are the same with those in the case

0fm1 Z 1.

Therefore, with the above process, we are able to brutally compute the ranges of

pFD D (1) g (D) wy(fﬂ) from the current ranges. Note that this process plays a role of
building a mapping from one interval to another interval, which covers all points from the source
interval. However, it is loose to some extent because gradient descent is a mapping from a point to
another point. The advantage of such a loose method is feasibility of obtaining bounds while losing
tightness. To achieve tightness, later we will also include some wisdom in a point-to-point style.

Also note that, a nice way to combine tightness and efficiency in this method is to split and to merge
intervals when necessary.

For Case (I):
Now we are to compute the ranges starting from the interval where I = {w, < 0.44,v — w, €
[<0.017,0.17], vw, € [5=,0.668]}. First, we split it into three intervals:

1. I = {w, <0.44,v —w, € [-0.017,0.17],vw, € [0.213,0.4]}.

2. I = {wy, <0.44,v —w, € [-0.017,0.17], vw, € [0.4,0.668]}.

3. Iz = {wy < 0.44,v — w, € [-0.017,0.17], vw, € [5=,0.213]}.

Then, following the above method with splitting and merging intervals, we have

1. Starting from I,

(a) Step 1: I; mapps to Is = {w, < 0.416,v — w, € [-0.162,0.068], vw, €
[0.55,1.12131]}.
(b) Step 2: Splitting I3, we have
i Iy = {w, <0.416,v — w, € [-0.162,0.068], vw,, € [0.55,0.8]}.
ii. Is = {w, <0.416,v — w, € [-0.162,0.068], vw, € [0.8,0.9]}.
iii. Is = {w, < 0.416,v — w, € [—0.162,0.068], vw, € [0.9,1.0]}.
iv. Ir = {wy, <0.416,v — w, € [-0.162,0.068], vw, € [1.0,1.12131]}.
Then, we have
i. I, mapps to
Is = {w, < 0.214,v — w, € [-0.309, 0.0545], vw, € [0.942,1.25786]}.
ii. I5 mapps to
Iy = {w, < 0.0966,v — w, € [-0.335,0.0613], vw, € [0.880,1.19649]}.
iii. Ig mapps to
Iy = {wy <0.0756,v — w, € [—0.362,0.068], vw, € [0.777894,1.11178]}.
iv. I7 mapps to
Iy = {wy, <0.134,v — w, € [-0.394,0.0782], vw, € [0.595,1]}.
(c) Step 3: Splitting and merging Is, Iy, 119, [11, we have
i I = {wy <0.134,v — w, € [-0.394,0.078], vw, € [0.595,0.777]}.
ii. Iz = {w, <0.214,v — w, € [—0.394,0.078], vw, € [0.777,1]}.
ili. Iia = {wy <0.214,v — w, € [—0.362,0.068], vw, € [1,1.11178]}.
iv. Iis = {wy <0.214,v — w, € [-0.309,0.061], vw, € [1.11178,1.25786]}.
Then, we have
i. 115 mapps to
I = {wy <0.0372,v — w, € [—0.317,0.061], vw, € [1.14493,1.31246]}.
ii. I;3 mapps to
L7 = {wy, <0.0432,v — w, € [—0.448,0.078], vw, € [0.943633,1.24393]}.
iii. I;4 mapps to
ILis = {w, <0.0662,v — w, € [-0.462,0.077], vw, € [0.77846, 1]}.
iv. I15 mapps to
Iy = {wy, < 0.0998,v — w, € [—0.456, 0.0785], vw, € [0.550,0.878]}.
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2. Starting from I,

(a) Step 1: I mapps to Iy = {wy < 0.332,v — w,
[0.864,1.25894] }

(b) Step 2: Splitting 151, we have

i. Iyo = {w, <0.332,v —w, € [-0.205,0.114], vw, €
il. Iog = {w, <0.332,v —w, € [-0.205,0.114], vw, €

Then, we have
i. Iz2 mapps to

Ips = {w, <0.081,v —w, € [-0.336,0.114], vw, €

ii. Io3 mapps to

Ips = {w, < 0.184,v — w, € [—0.409, 0.148], vw,, €

(c) Step 3: Splitting and merging /o4, I25, we have

i. Ipg = {wy <0.184,v — w, € [-0.409, 0.148], vw, €
ii. Inr = {w, < 0.081,v — w, € [0.336,0.114], vw, €

Then, we have
i. I» mapps to

Ing = {w, < 0.083,v —w, € [-0.452,0.148], vw, €

ii. Is7 mapps to

Ing = {wy, < 0.034,v — w, € [—0.399,0.133], vw, €

3. Starting from I3,

(a) Step 1: Isp mapps to I31 = {w, < 0.44,v — w,
[0.422,0.767]}
(b) Step 2: Splitting I3;, we have
i Isp = {w, <0.44,v — w, € [-0.124,0.037], vw, €
ii. Is3 = {w, < 0.44,v —w, € [-0.124,0.037], vw, €
iii. I3 = {wy, <0.44,v —w, € [-0.124,0.037], vw, €
Then, we have
i. I35 mapps to

Is5 = {w, < 0.301,v — w, € [—0.218,0.0185], vw, €

ii. Is3 mapps to

Is¢ = {wy < 0.262,v — w, € [—0.245,0.023], vw, €

iii. I34 mapps to

Is7 = {w, < 0.213,v — w, € [~0.288,0.029], vw, €

(c) Step 3: Splitting and merging I35, Isg, I37, we have
i. Iss = {wy <0.301,v — w, € [-0.288,0.029], vw, €
ii. Isg = {wy, < 0.301,v —w, € [—0.288,0.029], vw, €
iii. Iyo = {wy, <0.301,v — w, € [—0.288,0.029], vw, €
iv. Iyy = {w, <0.262,v — w, € [-0.245,0.029], vw, €
Then, we have
i. I3g mapps to

Lo = {w, < 0.0404,v — w, € [—0.392,0.029], vw, €

ii. I39 mapps to

iz = {wy, < 0.0740,v — w, € [—0.428,0.033], vw, €

iii. I4o mapps to

Iy = {wy, < 0.125,v — w, € [—0.482,0.038], vw, €

iv. 141 mapps to

Iis = {wy, < 0.109,v — w, € [~0.400,0.038], vw, €

(d) Step 4: Splitting and merging 42, I43, 144, 145, we have

i Iyg = {wy <0.125,v — w, € [—0.482,0.038], vw, €
ii. Iy7 = {w, <0.074,v — w, € [—0.428,0.033], vw, €

iii. Ing = {wy, <0.041,v — w, € [—0.40,0.029], vw, €
Then, we have

42

€ [-0.205,0.114],vw, €

[0.864,1]}.
[1,1.125894]}.

[0.858,1.14813]}.

[0.463,1]}.

[0.463,1]}.
[1,1.14813]}.

0.952783,1.31778]}.

0.777, 1]}
€ [~0.124,0.037), vw, €

0.422,0.5]}.
0.5,0.6]}.
[0.6,0.767]}.

0.901,1.20971]}.
0.96322, 1.25093]}.

0.947,1.25345]}.

0.901, 1]}
1,11},
[1.1,1.25093]}.
[1.25093, 1.25345]}.

0.888,1.11696]}.
[0.741,1]}.
0.497,0.891]}.

[0.534,0.702]}.

[0.497,0.891]}.
0.891,1]}.
[1,1.11696]}.
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i. Iy mapps to
Iig = {w, <0.0424,v — w, € [—0.442,0.034], vw, € [1.07853,1.34708]}.
ii. I47 mapps to
Isg = {w, < 0.0110,v — w, € [-0.435,0.033], vw, € [0.993,1.13943]}.
iii. Iyg mapps to
Is1 = {w, <0.0109,v — w, € [-0.454,0.033], vw, € [0.497,0.891]}.

For Case (II):

Now we are to compute the ranges starting from the interval where I = {w, < 0.37,v —w, €
[—0.017,0.17], vw, € [4=, 5=]}. First, we denote it as

1. Iss = {w, < 0.37,v — w, € [-0.017,0.17],vw, € [, 5=].

4w 21

Then, following the above method with splitting and merging intervals, we have

1. Starting from I,

(a) Step 1: I55 mapps to Is3
[0.222,0.616]}.
(b) Step 2: I53 mapps to Is4
[0.621,1.24894]}.
(c) Step 3: Splitting I54, we have
i Iss = {w, <0.343,v — w, € [-0.171,0.017], vw,, € [0.621,1}.
ii. Isg = {wy < 0.343,v — w, € [-0.171,0.017], vw, € [1,1.24894]}.
Then, we have
i. I55 mapps to
Is; = {wy < 0.150,v — w, € [—0.305,0.017], vw, € [0.840,1.25908]}.
ii. Isg mapps to
Isg = {w, < 0.137,v — w, € [-0.367,0.022], vw, € [0.472,1]}.
(d) Step 4: Splitting and merging I57, I5s, we have
1.
ii. Isg = {w, < 0.150,v — w, € [-0.367,0.022], vw, € [0.472,1}.
iii.
iv. Iso = {wy < 0.150,v — w, € [—0.305,0.017], vw, € [1,1.25908}.
Then, we have
i. Is9 mapps to
Is1 = {wy < 0.0705,v — w, € [-0.393,0.022], vw, € [0.971,1.304] }.
ii. Igp mapps to
Isy = {w, < 0.0613,v — w, € [-0.421,0.0219], vw, € [0.583,1]}.

IN

{wy 0.37,v — w, € [-0.079,0.0271],vw, €

{wy, < 0.343,v — w, € [-0.171,0.017],vw, €

For both Cases (I, II):

From I16_20, I28, 129, La9—51, 161, I2, we can see that it has fallen into an interval Iy = {w, <
0.1,v — w, € [—0.462,0.148], vw, € [0.497,1.34078]}. Something special here is that w, has
been much smaller than w,. More broadly, let’s define an interval I, generated by I, = {w, =
0,v —wy, € [—0.464,0.148], vw,, € [1 1.5]}. Here “generated” means

I = [ J{o™, 0 w0, w®, w) € 1,}. (113)

T>t
Then each element (v, w,, wy) € I has the following properties:

I. wy =0.
2. vw, € [0.181,1.5].
3. Ifvw, <1, thenv — w, € [—0.735,0.23]. If vw, > 1, then v — w,, € [—0.474,0.148].

43



Under review as a conference paper at ICLR 2023

The first property is obvious. The third can be proven as follows: for each element (v, wg, wy) € Iy,

it has vt+D — i = (v — w,) (1 + K (vw, — 1)), where the ratio 1 + K (vw, — 1) € [1,1 +

1.1(1.5 — 1)] when vw, € [1,1.5]. Furthermore, in the proven 2-D case, we have shown that “if
(t+2) _, (t+2)
vw, > 1 with some mild conditions, then o —wg

o(t42) _p(t42) . .. .
+ziw"” e (—0.2,1) because here K < 1.1 while the original bound is for K < 1.5. The
condition of bounded |v — w,| can also be verified, the purpose of which is to keep v, w,, always
positive. Then the bound [—0.2, 1] will tell v — w, € [—0.474,0.148] on vw, > 1, because
0.148 0.474
—_— . — > 0.2
0.474 > 0 0.148 -

For the second property, the left bound can be verified as

€ (=1,1)”. Actually it can be tighter as

V—Wg
—w

Iﬁilll ]x(l +1.1(1 —2)? + 1.1(1 — ) - 0.4742 = (m(l +1.1(1—2)? + 1.1(1 — z) - 0.4742>
x€([1,1.5

r=1.5
> 0.181.
The right bound can be verified as

max z(1+1.1(1 —2))* + 1.1(1 — ) * 0.735% < 1.5.
xe|0,

After proving these three properties, we would like to bound how far I; is away from I;. More
precisely, the distance is measured by w,,. We are going to show w, decays exponentially.

2
Remind the update rules in . Denote v = * (arctan(a) — T\);qlllj?y ) again and § = K = (—v? +

%), then it is
Av = Kw,(—vw, + 1) — Kw,y + 0, (114)
Aw, = Kv(—vw, + 1) — Kv, (115)
§ € [-Kvw},0]. (116)

Note that both « and § are very small, so we are to show their effects separately, which is enough to
be a good approximation.

Consider an iteration where v®w("” > 1 and the corresponding 7). Let’s denote v+, )

as the next parameters with no corruption from v(*). Similarly, we denote ¢(**+1), w, Y are
corrupted with v(*). From the 2-D analysis, we know

(t+2) _ w£t+2)

—o . — 0+ K@Ww® — 1)1+ K@ w+) — 1)) < 1. (117)
vlt) — wy

We would like to show, with a small 4(*) and ignoring §,

o2 45, (#+2) 0 (t ¢ S(t41), 4 (t41) t+1

o = K@) = 1)1 K@, =14 50) 1,

v — Wy
(118)

where 7(*+1) is in time (t + 1) accordingly. The difference of LHS of the above two expressions
turns out to be

((18) — ((17) = Ky (1 + K (" Hw{+ — 1))
+ (1 + K(’U(t)wf(vt) o 1))K(@(t+l)wm(t+l) _ v(t+1)w£‘t+1) + ,}/(tJrl)) + 0(72)

= K71+ KD — 1))
R KO0~ D)(-E @00 — K@) +0+) 4 0()

(t+1)
< Ky (1 1+ KOl —1)(= K@)~ K@) + )) +0()
Y

,y(t+1)

) )) +0(%).

< KyW (1 + (14 K@Dw?) - 1)) (- 2K0W ) + o
~

(119)
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Since Aw* = K~ (—vw; + 1 — ), we have

(t+1) »®

— 5 = 1+Kﬁ( —0®uw® +1 7Oy < 1. (120)
Wa
Also we have
w(tD) WD (D)
(t+1) arctan( GEY ||w(z+1)||2
T - (121)
® w® WD w®
Y arctan( (t)) H;(t)ﬁz
Since w(H_l) < w( ) and
arctan(mx) — —2%—
(ma) 1+$m2$2 < m3, forany m > 0,2 > 0, (122)
arctan(z) — 1757
we have
(t+1)
i & < 1 . (123)
v(t t
T (1 K 0wl +1-90))
For general vw, € (1,1.5], (123) holds as
(t+1) 1
T < <22, (124)

(t) = V/1£0.074240.074 ( 3
7 (1+1.1 \/1+0.074270.074( 1.5 +1))

Since 1 + K(U(t)wg) —1) <1+ 1.1%0.5 = 1.55, it is fair to say
[118) — (117) S K+ (1 + 1.55 % (=2 + 22)) + O(7?) = 35.29) + O(4?). (125)

Actually 4 is bounded by

(t)
<t> = VI +0(());)j29 oor 000 (120
A0 < arctan(z) — 1 <26 x 1074, (127)
™
As a result,
- < 0.0084. (128)
Note that this small value is very easy to cover in (TT7), requiring
42
m > 0.0084, (129)

except when vw,, is pretty close to 1. When vw, — 1, from the analysis of 2-D case, (derived from
the case of T4 1y111 > 72)

v(t+2) N wg(0t+2)

> _ M py® _ 1),
RO 2K — 2)(vWw® — 1) (130)
For (118) — (117, denote a function p(z) as
1

px) =1+ (1+Kz) | —2K(z+1)+ : (131)

(1+ Kwim(—x)>3
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where z = v@w{” — 1 in . It is obvious that p(0) = 1 + (—2K + 1) < 0. When z is
small, it turns out

(®

p(x):—2K+2+K(—2K—1+3U(t)>x+0( %) (132)

As aresult, (118]) — (117) < 0 when vw, —1 = o(K — 1). What if vw,, — 1 = Q(K — 1)? Actually,
we can get a better bound by a more care analysis, as

(@s) — @ Y
O® 1)) (= K(u)? ®
K0 <1+ (1+K(v 1)(— K@®")? = K(w?)? + 1 G —)
+ K [ngp(l + K (1 — v®wp())? - 1] : (133)

where the last term is due to v(t“)wg(fﬂ) om (t) (1+K(1— v(t)w(t)))z. Hence, with this bound,
by expanding the last term, (I32)) becomes

()

p(x)—2K+2+K<2K1+3U(t)>x+K(12K)CU+O( %) (134)

o®
_2K+2+K< 4K +3 (t)>1:+(9(x2), (135)

which is definitely negative because

1/ 2
14 0.074% 4 0.074 116<é. (136)

< 1.
<t> V1+0.0742 — 0.074 3

Meanwhile, we are to prove the d in will not make Iy make v — w, < —0.474 starting
from v — w, > —0.462. First, in the region of {vw, € [1,1.5],v — w, < 0.148}, we have
Kvw, < 1.1 - (v/1.540.0742 4+ 0.074) % 0.1*> < 0.0144. Also note that in this region with
v —w, > —0.462, we have

wy ™ VIT0231% 0231
wy, V140231240231

Hence Kv(w{”)? + Kv(w{™))2 < 0.0144 % (1 + 0.372) = 0.0164. Since [v(t+2) — w(t+?)| <
|o(®) — ()] if there is no &, we shall see that there is no need to discuss the case of v — w, >

—0.462 + 0.0164 = —0.4456 because it still holds v@+1 — w{*Y > —0.462. When v® — w? €
[—0.462, —0.4456], we shall see that in (59), after adding the term of 4 in v,

(137)

o(t+2) _ wg(ut+2)

(®)

<1— (14 K(vwy — 1)) - Kw,0, (138)
v(®) — wy

which means the absolute value of v — w, decays at least by a margin depending on §. After

(t)

multiplying the current difference v(*) — on both side, it gives

(v(t+2) — w;Hz)) — (U(t) — w;t)) > v(t)w;t)wfﬁt)é. (139)
Note that here v+2) — 2 does not include §® and §(+1) . As stated above, we have 5:(—;1) <

0.372 < 0.16 due to the decay of w,. So it is safe to say 6 + §¢+1) > 1.165*). Combining with
the above inequality, it gives

(2 — 2y — (v® — ) 46O 4 5D > (OO w® 4 1.16)6®, (140)

where

04456, _ 0.4456
2 2

vOuw®w® +1.16 < vw, - (\/vwz+( )+1.16<0.6.  (141)
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Furthermore, from our previous discussion, w§t+2) < wé”z) gives that the sum of Ii is bounded

by
06 4 S 0.6
1-0.16 —1-0.16
Since —0.474 — (—0.462) < —0.0103, we shall see that the term of § cannot drive v — w, < —0.472.

Note that (140) shall include a factor (< 1) in front of 5 but we have ignored it to show a more
aggressive bound.

- (—0.0144) > —0.0103. (142)

Therefore, we are able to say an Interval I, generated by Iy also has the following properties: for
each element (v, w,, wy) € I,

1. vw, € [0.181,1.5].
2. If vw, <1, then v — w, € [—0.735,0.23]. If vw, > 1, then v — w, € [—0.472,0.148].

Then the decreasing ratio of Aw, /w, is bounded by

A 1w,
S g —ow, =2 (143)
wy Wy T |lw]|
c [—1.1(\/1.5 10.0742 + 0.074)2, —0.030K (144)
= [~1.87, —0.030K]. (145)

Hence, w,, decays with a linear ratio of 0.97 (or 1 — 0.030K) at most for Cases (I, II) in stage 2.

For Case (III), in the first step of stage 2, it already has w, < 0.078 and v — w, € [—0.017,0.17].
So surely it will also converge to I.

Here we present the time analysis for Case (III) of both stages. The number of iterations in the first
stage is apparently similar to that of case (I, II), as

T < logy 56 [ (146)

2.7
A
where ¢ < ﬁ is the value of vw, in the first step of stage 2. In stage 2, since our target is to find
how many steps are necessary to get vw, > 0.181, so it is
arctan(2 — /3) — —2=v3
VDD > 4@ ® [ 10,181 41 — ( )~ wev

- Llw} (147)
i

> 3.280Ww®. (148)

where obviously it still holds % <2—+/3and wz < 0.121in stage 2. Since 3.28 > 2.56, we have
the total number of steps to have vw, > 0.181 bounded as

o 2.7 + 1o 0.181 < _10 0.675 4o 0.181 49
€2.56 32 £3.28 7{/} > 22.56 7532 €3.28 ﬁ

I 0.675

< |1 3

< |logs 56 5 -‘ +
i 1.35
1 — 4

< 082 56 Wﬂ2 —‘ + 4,

which is not beyond the bound for Cases (I, II). O

J PROOF OF MATRIX FACTORIZATION

Consider a two-layer matrix factorization problem, parameterized by learnable weights X € R"*P,
Y € RP*9, and the target matrix is C € R™*4. The loss L is defined as

LX,Y) = 5 XY - CJ}. (149)

47



Under review as a conference paper at ICLR 2023

Obviously {X,Y : XY = C} forms a minimum manifold. Focusing on this manifold, our targets
are: 1) to prove our condition for stable oscillation on 1D functions holds at the minimum of L for
any setting of dimensions, and 2) to prove a convergence result with initialization close to a minimum
beyond the edge of stability for the symmetric case Y = X T.

J.1 ASYMMETRIC CASE: 1D FUNCTION AT THE MINIMA

Before looking into the theorem, we would like to clarify the definition of the loss Hessian. Inherently,
we squeeze X, Y into a vector § = vec(X,Y) € R™PTP4, which vectorizes the concatnation. As a
result, we are able to represent the loss Hessian w.r.t. 6 as a matrix in R(mp+pa)x(mp+pa) Meanwhile,
the support of the loss landscape is in R™P7P4, In the following theorem, we are to show the leading
eigenvector A £ vec(AX, AY) € R™P+P4 of the loss Hessian. Since the cross section of the loss
landscape and A forms a 1D function fa, we would also show the stable-oscillation condition on 1D
function holds at the minima of fa.
Theorem 12. For a matrix factorization problem, assume XY = C. Consider SVD of both
matrices as X = me{m’p} O ity V) and Y = me{p’q} O'y’iuy’ﬂ}y ;» where both groups of
0.;’s are in descending order and both top singular values o, 1 and 0,1 are unzque Also assume
;rlu%l = 0. Then the leadmg eigenvector of the loss Hessian is A = vec(Cuy, 1uy 1, Cavg 111;'—1)

with C' —Zul Ia,1 Denote as the 1D function at the cross section of the
VS U O T ey Penote s i /

loss landscape and the line followmg the direction of A passing vec(AX, AY). Then, at the minima
of fa, it satisfies

B2 - Y > 0. (150)

Proof. To obtain the direction of the leading Hessian eigenvector at parameters (X, Y'), consider a
small deviation of the parameters as (X + AX,Y + AY). With XY = C, evaluate the loss function
as

L(X +AX,Y + AY) = % |AXY + XAY + AXAY|[%. (151)
Expand these terms and split them by orders of AX, AY as follows:
OUIAXI + [AYIE):  AXY + XAV, (152)
O(|AX|® + |AY?) :  (AXY 4+ XAY,AXAY), (153)
O(AX|" +|AY]):  §|AXAYE. (154

From the second-order terms, the leading eigenvector of V2L is the solution of

vec(AX,AY) =  argmax [AXY +XAY|?. (155)
IAX |2 +H|AY | 2=1

Since both the top singular values of X, Y are unique, the solution shall have both AX | AY of rank
1. Actually the solution is (here for simplicity we eliminate the sign of both)

Oy,1 Oz,
AX = —21 oy, qu),, AY = —20 v, 0]

y,1 y,1°
[ +2 2 /-2 2
Oz1t oy Oz1t0y1

Equipped with the top eigenvector of Hessian, vec(AX, AY), we consider the 1-D function fa
generated by the cross-section of the loss landscape and the eigenvector, passing the minima (X,Y).
Define the function as

(156)

Falp) = L(X + pAX,Y + pAY), peR. (157)

Then, around i = 0, we have

1 1
faln) = 5 |AXY + XAY |5 - p? 4+ (AXY + XAY, AXAY) - p® + 5 |AXAY|[7 - .
(158)
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Therefore, the several order derivatives of fa (u) at 4 = 0 can be obtained from Taylor expansion as

D(0) = |AXY + XAY|}, (159)
®)(0) = 6(AXY + XAY,AXAY), (160)
@(0) = 12| AXAY%. (161)

Then we compute the condition of stable oscillation of 1-D function as

B2 - & £V](0) = 108(AXY + XAY,AXAY)? — 12 |AXY + XAY |2 |[AXAY]?

(162)
= 96 |AXY + XAY|? |[AXAY|? > 0, (163)

because all of AXY, XAY, AXAY are parallel to um,lv?—j’l and vlluy,l # 0.
O

J.2 SYMMETRIC CASE: CONVERGENCE ANALYSIS AROUND THE MINIMA

In this section, we focus on the symmetric case of matrix factorization where Y = X 7. Accordingly,

we rescale the loss function as L(X,Y) = i ||XXT — CH? Denote the target as C = XX/,

and assume we are around the minima X; = X, + AX; with small ||AX,||. Consider SVD as

X, = Z;“:”f{m’p } o, = ojuiv] + Xo. Then the EoS-learning-rate threshold at X = Xj is

n= % Therefore, we are to show the convergence initializing from X; = Xy + AX; with learning
1

rate ) = %+Bwith6>0.
1
Theorem 13. Consider the above symmetric matrix factorization with learning rate n = % + 8.
1

Assume 0 < Bo? < /4.5 — 1 ~ 1.121 and noj < 1. The initialization is around the minimum, as
X, = X + AX, with the deviation satisfying u] AX v, # 0 and ||AX || < € bounded by a small
value. Then GD would converge to a period-2 orbit ~,, by a small margin in O(e), as

Xi =9y +AX, [JAX]| = O(e), (164)
’777 = (XQ =+ 510’1’(1,11);, Xo —+ 5201’&1’01'—), (165)

where 61 € (0,1),02 € (—1,0) are the two solutions of

1+ Bot = . (166)
6+ (\/odp -+ 3)

Proof. The update rule of gradient descent gives

X1 =X, = (XX = XeX() X (167)

Denoting AX; = X; — X, the update rule is equivalent to
AXipq = AX; —n (AX X] + XoAX,] + AXAX] ) (Xo + AX;) (168)
Consider a decomposition of AX; = €10, + ZF(: where Kx/tvl = 0 and ||@|| = 1. We also

control the sign of 4 by claiming (@, u1) > 0. Then, the update rule is again equivalent to

— — —\ T
AX{;_;,.l = Et’thUir + AX.[» — n[ (Et’l]tUI + AXf) Xér + XO <€t’ELt’Uir + AXf) + (169)

— —\ T —
<€tﬂtU1T + AXt) <€tﬂtU1T + AXt) (XO + 6t1jl,t1}1r + AXt) .

(170)

49



Under review as a conference paper at ICLR 2023

After expanding Xo = oujv, + XV() and projecting AX;, 1 onto v, we have
AXi1101 = €Uy — 1 [U%etﬂt + Jlefﬂtufﬂ + efﬂt + ertulﬂ:ul + aleful + Ulefﬂtﬂ:ul
171)
e~ ——T ~ —~—T1 — ~— T ———T ~ T
+0’1AXtAXt U, + O'1X()AXt uy + EtAXtX() ﬂt + GtAXtAXt fbt + GtXOAXt ﬂt .
172)

Phase I: u; gets close to u; sharply from a random direction

For now, let’s assume HZ\X: stays small (which we will show later), then ignoring high-order small

values gives

~ —— T
€tr1lpr1 = €U — 1) (U%Etﬂt + a%etulajul + o XoAX; uy | + 0(62),
(173)

(et1Tipt1,u1) = (1 — 2n07) (etig, u1) + O(€7) = (=1 — Bo7) (ertiy, u1) + O(€),
(174)

—~  —~— T
me41 £ €t p1Uq1 — <6t+1ﬂt+1,ul>ul = (1 - UU%)(Etﬂt - <€t'at7ul>u1) —no1 XoAX;y up + 0(62)’
(175)

where |i is the projection of AX;; onto u; vlT, and (175) is the orthogonal-to-u; component of
AX;11v1. Meanwhile, we have the following iteration of AX, following the update rule,

—— —~— o~~~ T ~ e e T o~ —
AX; 1 = AX; — 17 [aletﬂtuIAXt + AX; Xy Xo+AX; Xy AX; + oreurif Xo o (176)

—_—~ —~ /\/T — — /\/T/\/ —_—
foreun il AX; + XoAX; Xo + XoAX, AX; + 2a,a Xo  (177)

+erigi] AXy + AXAX, Xo + AXAX, AX; |, (178)
Ignoring higher-order small values, it is
o — — T ~— — T —
AX, 1 =AX, — 7 <aletu1aj Xo 4+ AX; Xy X+ XoAX, X0> + O(€%). (179)

Now we are to verify two facts:

1. The orthogonal-to-u; component of AX;v1, denoted as my, stays small. Then combining
the exponential growth of parallel-to-u; component in (174) gives (@, u1) — 1 quickly.

2. HK\X; stays small.

~ —— T
First is the bound of ||m;||. From (175), we have m; .1 = (1 — no?)m; — no1 XoAX; ug + O(e?).
Combining with 1) and noticing u{ X, = 0, it holds

— T
megr ~ (1 —nod)m; — nor XoAX, (180)

__ T — T _ T — T —T
01 X0AX 11w = 01 XgAXy ur — o1 (UlfthXo U+ XoXo XoAX, U1> (181)

— T — T y T
- (1 — XX, ) 1 XoAX; ui — noeXoXo . (182)
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~T ~T ~ T
Furthermore, we have ¢, Xy @; = Xg ms dueto Xy u; = 0, so 1} can be rewritten as

~ T ~ ~T ~ T oo T
1 XoAX 1wy ~ (I — XX ) 1 XoAX, uy — no?XoXo my. (183)

Combining (T80} [T83) gives a form of 1,1 as a combination of all previous terms as
2 é 2 9 v\ e T
mip1 ~ (1 —not)my + Zn o1 (I —nXoXp ) XoXg mi_;. (184)
i=1

— =T
Since our goal is to verify that ||m,| is bounded, pick any eigenvector v, of XX, with associated
eigenvalue \,. Then we have

t

~ T ~ ~ T
<mt+1, Up> = (]_ — na%)(mt, ’Up> + 2772 (I nX(]XO ) X()X() my_—; (185)
=1

¢
= (1 —noi)(ms,v,) + nos Z (1 —nAp) A (my—i, vp). (186)
=1

Obviously (my4+1,v,) shall converge to a series with exponential growth. Assume the ratio as
(myy1,vp)/(my, vp) = r.The above equation is equivalent to

t
, X I\ /7
_ 221_ R S S oty 187
ﬁ01+’l70'1 i_l( n p) pr ﬂal—’_l_(l_ /\p)/r ( )
2 2
2 77‘71/\11
= — _ 188
/801—1_7”—1—1—77/\}, ( )

The solutions for this equation are r = 1 or 7 = 1 — n\, — no?, both of which are in [—1,1]
once A, < (1 — Bo?)/n. Hence, it is safe to say (m¢1,v,) is bounded as non-increasing. In fact,
|(m¢41,vp)| is bounded by |(mg, vp)| because |(m1,v,)| < |(mo,vp)| due to the scaling factor

— =T
Bo? < 1. Therefore, after picking any eigenvector v, of XoX , we can conclude ||m;|| < ||mg|| <
leo|. A further result is that |(mq,v,)| o< Ap. Notice that

t
(M1, vp) + Bo? (M, vp) =n?o? Z 1—nXp) )i lAp<mt,i,vp>, (189)
=1

where RHS is a constant due to the proven non-increasing |(my, vp)|. But this constant is proportional
to A\, because (ma, v,) + Boi(my,vy) = noir,(me,v,) o A, and all further iterations follow a
similar factor. Therefore, we have |(m1,v,)| o< Ap.

stays small. Consider UIZ\X: l| gives

Now let’s show HZE

TNy TR o T TG
ug AXyp1 = ug AXy (I—1nXg Xo) —noim,; Xo (190)
¢ T — T — 1—1
=Y noml X (T-0%0 X)) (191)
i=1

so the norm is bounded as, for some o of singular value of )E;,
g
1—(1—-n0c?)
where C'o? are from the previous discussion of |(m1,v,)| & A,, which follows o = |/A,,. Hence, it
is fair to say HUIEX:

| X | < ool Co? = |e|or Co, (192)

stays small.
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Meanwhile, the residual component of Z\X/t that is orthogonal to u; on the left, denoted as AX; |,
iterates following

—_~—

—_—~— ~— T ~ _ T —
AXip1,10 =AX; 1 —1 (Axt,LXO Xo + XoAX; 1 Xo) (193)

— T — T —~ T — T
AXi11,1Xo +XoAX 41,10 =AX 1 Xo +XoAX; 1 —7

T~ ~T
AX; X, XoXo (194)

T~ —~T

—~ ~ ~ T ——~— — T e~~~ ~ ——~—
+XoAXy 1 XoXo +XpXg AX; 1Xp +XoXp XoAXy |

(195)

—~ T —~ T —~ T
- (AXt,LXO + XoAX, . ) (O.5I—nXOX0 ) (196)

—~ T —~ T — T
+ (0.5I—nX0X0 ) (AXMXO +XoAX, . ) .
(197)
~ =T
As aresult, due to HXOXO H < 02 < 1/n, the following norm is recursively bounded as
—_—~— —~ T —_ —~— T —_~— ~— T _ T
HAXH-LLXO + XoAX 41,1 H < HAXt,LXO + XoAXy | H (198)

Since Ai—:; 1 is a polynomial of ),(vo and its transpose, the above bound tells that HAQZ n H does
not grow, which means

o < %

Combining l, , we can conclude that HZE

After proving that both m; and HEX/t H stay small, from (174), the only term growing fast is (e, u1)

stays small.

exponentially, which means the projection of , u; onto u; 1s also growing sharply.

Phase II: after @; || u; approximately

In the first phase, (e, u1) grows exponentially with all other components in EX/t keeping small.
The consequences of such a growth are

1. u; gets close to u; in direction, with the cosine similarity between them growing like
cos(arctan(exp(t))), where t is a time variable starting from some constant.

2. while 4, is a unit vector, the growth of (€4, u1) makes €; grow sharply as well. In the
phase I, the proof is strongly dependent of the assumption that €, is small. But in the phase
I1, €; is not small any more.

We would like to assume that the second consequence comes later than the first one, which is feasible
once we make the initialization smaller. Then, we would like to verify the dynamics of (e, u1)
when ¢, is relatively large.

After keeping higher-order terms of ¢ in (172) and considering u @; ~ 1, we have

e~ T
(er1Ug, ur) = (€4, ur) — (Ufet + 0162 + € 4 oler + 0162 + o162 + eoul AX X at)
(200)

e~ T
= (e4lg,u1) — M (20’%675 + 30167 + €+ euy AX, X, ﬂt) ) (201)
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T
We are to show that v AXtXO Uy is small, so that (e;11;, u1) is a function approximately of only
n,€t,01.

After re-introducing higher-order terms around (I78), we have

— __ P — T — _
AXtJr] = AXt -n (UletulﬂIXO + AXtX(] XO + X()AXt X() + E?’EL{I]:X0> (202)

= Z\X/t -n <O’16{U,1U1 Xo + AXtXO XO + XoAXt Xo + (mtmt + €U, ) Xo>

(203)
Then, it holds
T~ T To— o7
Uq AXtXO U = Uq AXt_1X0 mye (204)

T o —~ T ~ T TS —~ T
= Uq AXt,1X0 (I — nXOXO ) my_1 — 77(0'1 + et)mt X()XO my (205)

g, ~ =T
< UIAX{/_1X0 my—1 + 77(0'1 + Et)m;XOXO my. (206)
So we have to ensure that ||m;|| keeps small. To obtain this, we start to re-write the update of m; by
my = Etﬂt — <6tfl,t, U1>U1, which is
-

my = (1 —n(o? + e?)) Me_1 — nolg)AXt_l U1 (207)
— nX(]AXt,1 me—1 — T] (I — u1u1 ) AXt 1X() mey_1. (208)

Compared w1th @ the above equation has two differences, the first is the coefficient of m;_;
belng 1 — o + et 1nstead of (1 — 7702), and the second is additional two terms in li Let’s
first dlscuss the second difference. Actually these two terms somehow act as the coefficient as well,

so if H),(VO H < 1 then it is safe to neglect them and only consider (1 - 7]02). To show this, we again

look into the stability of HUTA/)_(\;Il H and HAXHLJ_‘ . We have

—~—— o T — _
u] AXy 1 = uf AX, (I —1nXo XO) — (o1 + e)m/ Xo (209)
T~ —~ T —
AXip1,10 = AXy 1 — 1 (AXt,J_XO Xo +XoAX; | Xo) , (210)

where the first line simply differs from (191)) with the coefficient as (o1 + €;) instead of no; and
the second is the same as (@]) Therefore, following the same arguments in the phase I, if both of

[lme—1]l, HAXt H = O(e) are small, we have the following step they are still in O(e).

Therefore, we have the dynamics of ¢; as

(t41TUt,u1) = €141 = €1 — 1) (20%@ + 30167 + ef) , (211)

which corresponds to the update rule of gradient descent on a 1D function f(e) =
2

3 ((e +01) — a%) with learning rate 7. Since f”(0) = 202, the learning rate 7 = Ui% +5> é

by a margin 30%. Since for 1D function f(z) = % (z?

rg : ' I — w)? with learning rate 7, it converges to the
two positive solutions, €, in (39)

1
= 3, 1)
x2(\/%*z+§>

2
Therefore, for 1D function f(e) = 1 ((e +01)* - a%) with learning rate 7, it converges to the
2

212)

solutions (one in (—o71,0), one in (0,
1

==

Along with the above argument of stability HZZ H = O(e), it concludes that the trajectory converge

1+ fo? = (213)

to the above solution with deviation upper-bounded by O(e). [
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J.3 QUASI-SYMMETRIC CASE: WALK TOWARDS FLATTEST MINIMA

Theorem 14 (Restatement of Theorem [). Consider the above quasi-symmetric matrix factor-

ization with learning rate n = 0—12 + B. Assume 0 < Bo? < /4.5 —1 ~ 1.121. Consider
1

a minimum (Yo = aXog,Zo = YaXg),a > 0. The initialization is around the minimum, as

Y, =Yy + AY,Z, = Zy + AZy, with the deviations satisfying uIAYlvl #0, uIAZwl #0

and ||AY ||, ||AZ:]|| < €. The second largest singular value of X needs to satisfy

i 103 2 2 o3
max{n2 (1+a 2) ,noja <1+ 1 2)} <2. (214)
@ oy atoy
Then GD would converge to a period-2 orbit v, approximately with error in O(€), formally written as
(Y1, 2Z¢) = v+ (AY,AZ),  [JAY], [AZ] = O(e), (215)

= { (Yo + (ps — @) orunvy Zo + (s — Ya) orure]) } (=12 Q16

where p1 € (1,2), p2 € (0,1) are the two solutions of solving p in

1
1+ Boi = . (217)

10

Proof. The update rule of gradient descent gives (for ¢ > 1)

e
=

Yo=Y, — (Y2 —XoXg) Zy, (218)
Y1 =2 —n(ZY, —XoX]) Y (219)
Denoting AY,; =Y, — Yo,AZ; = Z; — Zy, for t > 1, the update rule is equivalent to
AY 1 =AY, — 1 (AY.Zg + YoAZ + AY,AZ]) (Zo + AZ,), (220)
AZyy1 = AZy — 1 (AZY[ + ZoAY, +AZAY]) (Yo + AYy). (221)

Consider the decompositions AY,; = eyﬂ:ﬂ%wI +AY,;, AZ; = ezytﬂz,tvf + AZ,; where we assume

ﬁvl =0, sztvl =0, ||y,|| =1, ||| = 1. We also control the sign of @, ¢, . ¢ by claiming
(Ty ¢, u1) > 0,{Usy, ur) > 0. Then, the update rule is again equivalent to

— — —\ T
AYtJrl = ey,t’&:y,t’uir + AYt -1 [ (Qy,t’[’/1,/,1‘,'0;r + AYt) ZS— + YO (ez,iﬁ’&:z,tvir + AZt) +
(222)

— —\ T —
(ey)tﬂy,tvr + AYt) (627{&%’75’1); + AZt) (ZO + Ez’t’&,z)t’l);r + AZt),

(223)
=~ T A7 =~ T A7 T e A
AZt+1 = €,tUz tV1 + AZt —-n (ez)tuz,tvl + AZt) YO + ZO (eyﬂtu%tvl + AYt) +
(224)

— —\ T —
(Ey,t’l]y)t’l)lT + AYt> (627tﬂz,tU1T + AZt) (YO + €y7tay7tvir + AYt)

(225)

Phase I: i, ; and 4, ; get close to u; sharply from random directions

Decompose the three matrices at the around-initialization minimum Xo = oyuyv; + Xg, Yo =
P ) — V- L

aawwf +Yo,Zo = Ealulvf + Zg. Obviously they satisfy Xy = iYo = aZg. For now, let’s
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assume Hﬁ

e

, stay small, then ignoring high-order small values gives

iy a1 = AYa10n = ) 40 0,0 IYoAz, 2,57
€y t+1Uy i+l = t41V1 = €y tUyt — 1) Gy,tuy,tg + o Yol Ul + €2,107UIU, LU |

(226)

~ ~ ~ 2 2 7 AN 2 ~T
€410z, 041 = ALy 101 = €5 40,4 — 1 <€z,tuz7t01a +010ZoAY Uy + €y 01Uty U |,

(227)
then we have
A ~ U% 2
Pyii1 = (ey i1ty i41,u1) = (1 — 3 Pyt —noiP. ¢, (228)
A ~ 0'% 2
P.iv1 = (ezp41Uzpp1,u1) = (1 — M3 ) Pet =107 Py e (229)
From the above two, we would like to find a lower bound of P, ;, P, ;. Note that
Pz,t+1 - O42Py,t+1 = Pz,t - 042Py,t £ k7 (230)

o2 o2
P11 = (1 - 770[12) P, — 770% (aQPy,t + k:) = <1 — na%aQ — 770[12) Py — na% -k. (231

2
Since 1 — nota? —nZk < 1—2noi < —1, we can see |P, | is growing exponentially with the

ratio of 27)0% — 1 at least. Meanwhile, with P, , — aQPy_’t fixed along time, it holds | P, ;| is growing
exponentially with the same ratio as well.

Now let’s see how other things stay small when P, ; and P, ; are the only two terms growing
exponentially. If that holds, we can conclude that %, ; and %, ; get close to u; sharply from random
directions. Similar to the discussion of the symmetric case, we have two remaining components as
follows (which are wished to be bounded)

2
A ~ ~ 01 O1G 7 T
My 141 = €y 141Uy 141 — (€yt41Uy 141, U1)U1 = (1 - 77042) My ¢ — T}EYOAZt up  (232)

e~ ——T
A ~ ~ 2 2
Mzt = €xpprlizirr — (€xpa1le 1, u)ur = (1 —nofa®) mey — no1aZoAY, uy (233)

T v TR T 7~ T3
wl AY i1 = ul AY, — 1 <u1 AZY, Yo+ Ulmy,th) (234)
—— __ — T — __
ul AZpor = u] AZy — 1 (ulTAYtZO Zo + UlmZtXO) (235)

~ =T
Take any eigenvector v, of XqX, with associated eigenvalue Jf, with o, > 0. Then the above
system can be written as

o? —
(myt41,0p) = <1 - 7704;) (myi, vp) = noroy(uf AZy, vp) (236)
(Mgy1,0p) = (1= nota®) (mey, vp) — nalap<u1rﬁ,vp) (237)
(u] AY 41,0,) = (ulTZ\Y{t,UIQ -7 (Ugof(uiﬁt,vp) + 010p<my7t,vp>) (238)

e~ N o2 e~
(u] AZiy1,v,) = (u] AZg,v,) — 1 (’;(uIAYtH,Uﬁ + 010p<m2’t+1,vp>> (239)

Then the above system can be re-written as matrix A S R4x4
which maps from ((my 1, 0p), (M1, vp), (u] AY 1, v,), (u] AZy,v,)) to

((My 141, Vp), Mz i1, 0p), (U] AY g1, 0p), (uf AZyiq,v,)). The explicit form of A is
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1—-n3 0 0 —no1op
_ 0 1 —no?a? —noy Op 0
A= —No10p 0 1 —7]@20127 (240)
0_2
0 —N010p -k 1
1 0
02 0 op 1 Ip
0 0'(:-22
£1-B. (242)

So we have a rank-2 matrix B with all elements as non-negative. Our target is to show A" is bounded
with n — co. Hence, we require the spectral norm || B|| < 2 by Lemmal8] which gives

o2 o2
max {772 (1 +at p) nala (1 + 04422)} <2 (243)
o7 1

Therefore, this gives an upper bound for o9, as

o3 o3 o3
max{na (1+a ) no?o <1—|— a402>} <2 (244)
of 1

}u;ﬁ:

m‘»—‘w

Hence, with the above discussion, we have shown |[my, (||, [|[m. ] , , ufﬁvzt stay

small in this phase. Meanwhile, the residual components of AY;, AZ; that are orthogonal to w1 on
the left, denoted as AY |, AZ; |, iterate following

T~ — T —
AY 11, =AY, —n (Azt,J_YO Yo+ ZoAY, | Yo) , (245)

~ T~ — T —
AZii1,10 =AZy 1 — 1 <AYt.,J_ZO Zo+YoAZ; | Zo) . (246)
Then we have

—_~— T —_ —~— T —_~— ~— T _ —~— T
My £ AYt+1,LXO + XoAYH—l,L + Oéz(AZH_LlXO + XOAZt+1,L ) 247)

—~ T —~ T —_~— ~— T — T
=AY, 1 Xy +XoAY; | +a’AZ Xy +a?XgAZ; (248)
~ T~ ~T ~ ~ T~ T —~ T~ T
—nAZ; 1 Yo YoXo —nXoYo YoAZy 1 —nXoAY. 1 XoXg (249)
—~T —~ T o 5 T T o T T
— nXOXO AYt’J_XO — na AYt’J_ZO ZOXO — na X()Zo ZOAYt’J_ (250)
o o T T o T —~T
— na XQAZt)J_ XQXO — na X()XO AZM_XO (251)
—~— ~— T ~ —~— T —_~ ~— T ~ —~— T
=AY, Xy +XoAY,, +a?AZ; 1 Xo +a*XoAZ; (252)
2/\,/NTNNT QNNTN/\/T —_— T — T
— no AquLXO X()XO — no XQXO X()AZtL —T]XoAYtl X()XO (253)
—_ T — P T
- nXoXg AY; LXO —nAY, 1 Xy XOXO — XX XOAYt,L (254)
T~ ~ ~ T
— na?XgAZq | XOXO - na2X0X0 AZq; X (255)
—~ ~T
— M, (0.51 — XX ) n (0.51 XX, ) M,. (256)

Then, by reorganizing terms, || M;1]|| can be well bounded as ||[M;11|| < ||[M]|.
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Similarly, we need to the bound the norm of the following term

—_— T —_ —~— T T —~ T
Nij1 2 —(AY4110X0 +XoAY 1,1 )+ 0% (AZiy11Xo +XoAZyy11 ) (257)

~ T —~ —~— T —~— T —~ —~— T
=-AY, Xy —XoAY,, +a?AZ; Xy +a*XoAZ; (258)
QNNTNNT 2~NT~/‘\/T —~ T ~— —T
+ no AZt,LXO XOX0 + no X()XO XOAZt,L + nXOAYt,L X()XO (259)
~ T ~ T T e ~T — T~ T
+nXoXo AY; 1 X9 —nAY; 11Xy XoXo —1nXoXo XoAYy (260)
T~ ~ ~ T ~ T
e XOXO —na*XeXy AZ X (261)
— T
= a?AZ 1,1 Xy (I nXoXo ) (—nXoXs ) 0*AZ; 11,1 Xo (262)
—~ —~ ~ T —_ —~— T
+ a2X0A2t+1 1 ( 1X0Xo ) ( —nXoXo ) *XoAZiq, 1 (263)
—~ —~ ~ T —~ T
—AY 11X (I — XX, ) - (—nxoxo )AYHL X, (264)
_ T — T TN — T
— XoAY 11 (—nxoxo ) T (I — XX, ) XoAY 11 . (265)

Regarding the above equation, there are several key observations:
(a) Ny is symmetric.
. s < ' T T
(b) For any eigenvector v of XXy , we have v' Nyjv =v ' Nyw.

— T

ot : T T _

(c) Fgr any d1st$1c:t eigenvectors vy, v, of XoXo , we have v, Niy1vg + vy Neyivp, =
v, Nivg + v, Nyvp.

Combining these three observations, we have UTNH_lv = v N, for any v with v decomposed as a

— =T
linear combination of the eigenvectors of X( X . Therefore, it is fair to say || Ny41] = [|IN¢].

~ —~— T —~—— ~— T — T —
XOAYt+17J_ || , HAZtJrl’J_XO + XOAZt+17J_ || stay small, which tells ‘ AYt)J_

also stay small.

e~ T
So combining |[M;ii|| < |[My| and |[Ngpq|| = ||[INg|| tells that both [[AY,111Xe +

Therefore, we can conclude that both HEY:

stay small.

After proving that all of ||m,, ||, [ Hm AZ, H stay small, from l) the only terms

growing fast are (e;ty ¢, u1), (€U, ¢, u1) exponentially, which means the projections of @y ¢, .
onto u; is also growing sharply.

Phase II: after @, @, || v, approximately

Following the same spirit of everything in the symmetric case, we re-introduce higher-order terms, as
2

~ ~ o7 g1
A
AY 1101 = €y 141Uyt = €y,tly — 1 |:€y,tuy t— €y 1€ ity t— 5 (266)

2 2 g ~ 2 -~
toi€.tu1 + ao€; ur + Eey»tez’tuyyt + €y €7 Uyt |, (267)

2
o3
- - 2
€y t+1 = <€y,t+1uy,t+1,ul> = <€y,tuy,tau1> - ULZ €yt T 2 Ey t€zt T 016z t+ 01046 T Eyt€s |y
(268)
_ ~ _ ~ 2 2 2 2 01 o 2
z,t+1 — z,t+1%z,t+1> - z,t Wzt - 1 z,t y,tCz,t 1¢y,t - t tCz,t |-
€xtt1 = (€xpp1Uz i1, U1) = (€x ¢l t,u1) — N | 070 €t + 20106, €, ¢ + OF€ +aey’+ey$e

(269)
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Then we have

g1 g1
01+ €y t41 = 01+ €yt — 1) (; =+ €z,t) (Eey,t + €y t€at + Ulafz,t) (270)
o1 g1 01
E + €z,t+1 = E + €zt — 7] (0'104 + 6y,t) (Eey,t + €y t€zt + Ulaez,t> . (271)

Note that the shared factor (%ey,t +ey i€t + alaezyt) = (01004 €y 4) (% + €z,t) — 02. Hence,
the above system is equivalent to
y=y—nlyz—oi)z, (272)
z=z—n(yz — a*)y. (273)

1

Furthermore, this is equivalent to f(y,z) = 3 (yz — 1)* with learning rate /' = 1 + o7. Therefore,

from Theorem [5] we know y, z will converge to the same values, which make the problem with
the same solution of 1D functions. Fortunately, it follows the solution for (39). In summary, after
straightforward computation, it converges to

Ty = { (Yo + (pi — @) orugw, , Zo + (ps — Ya) Ululvf) }, (i=1,2) (275)

where p1 € (1,2), p2 € (0,1) are the two solutions of solving p in
1

AE T

Note that ||[AY|, || AZ|| = O(e) can achieved by the already presented discussion in Phase I, and
here we omit similar discussion for Phase II, very close to the symmetric case. O

14 Bo? = (276)

K USEFUL LEMMAS

Lemma 7. Assume a - Aa > b- Aband a > b. All of a,b, Aa, Ab are positive. If Ab < a, then
a+ Aa > b+ Ab.

Proof. (a+ Aa) — (b+ Ab) > a+b22 —b—Ab= (£ —1)(b—a) > 0. O

Lemma 8. In , if we have |B|| < 2 and with 05 < o1, then A is bounded entry-wise, for any
t>1.

Proof. Denote u; = 1 [1,0,0222,0] " ,uy = 1[0,1,0,572] " vy = L [1,0,0,220?] ",
Vg = i [O, 1, %, 0} T, where 21, 29, 23, 24 are positive normalization terms to ensure |lu;|| =
1, ||vi]] = 1 fori =1,2. Then A can be re-written as
0'2 a. 2 a. 2
A=I-n— <1+ <a2p> ) uv, — nora® <1+ ( p2) ) Ugv, . (277)
« g1 o1

2 2
Let’s denote a; = 1<% (1 + (OzQ%‘l’) ) ,az = noja’ (1 + (;22

the ¢-th power of A, can be represented as

Al =T+ k(t)ulvl k(t)u 2vy + k(t)u 109 + kff)UQUI, (278)

2
) ) Obviously, forany ¢t > 1,

and the update rule of ki s is

B 0

1—aiv, u alv;ul —ai,

T
1 U

t+1 t
k( + k( (1 - a2U2Tuz azvlTuz — as,
1-—- (12'1);—
T
1

U2 6121)1 ug,

1—ajvy uq —k( alv;—ul

( 1) —

( ) —
k(f‘f‘l) k(f)( ) o k(t)

2 )

k§t+1)
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Since A is bounded V ¢ if and only if kz(t) is bounded for any ¢ > 1, we only need to show the below
matrix C with || C|| ey < 1. with C defined as

1— alvlTul 0 falv;ul 0
. 0 1-— GQU;UQ 0 —agv]—uz
Cc= —avy U 0 1 — agvy uy 0 ’ (279)
0 —alv;—ul 0 1— alvful
where
o \2

, 1 . (%)

vy Ul = = = Vy UL = = = (280)
e R R
2
Ip
: 1 , (%)

Vg Ug = = . (281)

o) )y e e i ()

To obtain ||C||, < 1, we only need to compute ||C; .|

< 1fori € [4]. Taking i = 1 as an example,

we have
o2\ 2 o2 \/1+ (%O‘2>
| = (1= arv] w1)? + (agvy u1)® = (1 - 77(;) + na—’;ﬁ . (282)
1+ (522)

0'2 . . .
If @ < 1, the above RHS < (1 — 772—2)2 + (n35)? < 1 where the second inequality is due to
02 < 03 < of. If a > 1, the condition of a; < 2 (from || B|| < 2) gives 07 < 2/77;# which is
further oy < Ma due to 07 < of. Asaresult, it holds ot — 20207 4 noja* < 0, which
means (1 7701/04 )2+ (no2)* < 1 Noting the above RHS< (1 — no/a?)? + (noz/a? - o?)? =
(1 —not/a?)? + (nop)? when « > 1, it finishes the proof. O

L ILLUSTRATION OF PERIOD-2 AND PERIOD-4 ORBITS

In the proof of local convergence to the period-2 orbit in (??), we give a bound of learning rate as

v/5 — 1 &~ 1.236. Local convergence is guaranteed if the learning rate is smaller than it. Conversely,
if the learning rate is larger than it, although the period-2 orbit still exists, GD starting from a point
infinitesimally close to the orbit still escapes from it. This is when GD converges to a higher-order
orbit.

Figure 9] precisely shows the effectiveness of such a bound where GD converges to the period-2 orbit
when 7 = 1.235 < /5 — 1 and a period-4 orbit when = 1.237 > /5 — 1.

M DISCUSSIONS

First, we provide a general roadmap of our theoretical results in Section[M:T] as illustrated in Figure[T0]
Then, in Section [M.2] we discuss three implications from our current low-dimensional settings to
more complicated models for future understanding of EoS in pratical NNs, where low-dimension
theorems are enhanced with high-dim experiments.

M.1 CONNECTIONS BETWEEN THEORETICAL RESULTS

In this section, we discuss the connections between our presented theoretical results, as illustrated in
Figure[10]

Theorem [T]and Lemmal ] present (local) intrinsic geometric properties for a 1-D function to allow
stable oscillations. Such properties provide us the 1-D function f(z) = (1 — 22)? and, furthermore,
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0.08 1 — Ir=1.05 0.08 1 — Ir=1.235 0.08 1 — Ir=1.237

0.06 - 0.06 - 0.06 -
Z 0.04 Z 0.04 Z 0.04

0.02 - 0.02 - 0.02 -

\
0.00 1 0.00 - 0.00 1
0.8 1.0 0.8 1.0 0.8 1.0
X X X

Figure 9: The convergent orbits of GD on f(z) = +(2? — 1)? with learning rate=1.05, 1.235 and
1.237. The first two smaller learning rates drive to period-2 orbits while the last one goes to an
period-4 orbit. The significant bound between period-2 and period-4 is predicted by our proof in (2?),

as v5 —1=1.236.

Local Geometry (Thm. [T)

— |

High-order LG (Lem. [T) 1-D case (Thm. LG for MF (Thm.
(g9(z) — y)? (Lem.[) 2-D case (Prop.[3) +————— Balancing effect (Thm. 3]
Composition rule of g (Prop|I) Single-neuron (Prop. 2)) Quasi-sym MF (Thm. [4)

|

wy — 0 (Thm.[3)

Figure 10: Connections between our presented theoretical results. The arrows stand for “implies”.
LG stands for Local Geometry. MF stands for Matrix Factorization.

we generalize the local property to a global convergence result in Theorem 2. Then we are to
generalize the 1-D analysis to cases of i) multi-parameter, ii) nonlinear and iii) high-dimension.

(a) Multi-parameter. Compared with 1-D f(z) = (1 — 2?)?, the 2-D function f(z,y) =
(u — xy)? can be viewed as the simplest setting of two-layer models. We prove that the 2-D
case converges to the region of = y in Theorem[5]in Appendix [A:T] which means it shares
the same convergence as the 1-D model. Also, x = y means its sharpness is the flattest.

(b) Nonlinear. We extend the 2-D model to a two-layer single-neuron ReLU model in Section[3]
Although the student neuron can be initialized far from the direction of the teacher neuron,
we prove the student neuron converges to the correct direction (as w, — 0) in TheoremEl
Then the problem degenerates to the above 2-D analysis, which means it shares the same
convergence with the 2-D, where (v, w,) corresponds to (x,y) in 2-D.

(c) High-dimension. We extend the 2-D model to quasi-symmetric matrix factorization in
Section [6] Although the parameters are initialized near a sharp minima, GD still walks
towards the flattest minima, as shown in Theorem[d At convergence, the top singular values
of Y, Z are the same, following the 2-D analysis. So the singular values are in the same
period-2 orbit as the 1-D case.

Meanwhile, from Theorem [T]and Lemmal[I] we prove a condition for base models g in regression
tasks to allow stable oscillation in Lemma/|2| Furthermore, we provide a composition rule of two base
models to find a more complicated model that allows stable oscillation in Prop [I]
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M.2 IMPLICATIONS FROM LOW-DIMENSION TO HIGH-DIMENSION

We would like to emphasize that, although our current simple settings are a little far from practical
NN, it still helps understand the ability of GD at large LRs to discover flat minima in three steps
as follows. We include more experiments in Appendix [B:2] to present the following hopes for
complicated networks:

(a) By Theorem[I] especially its second condition, we wish to discover an intrinsic geometric
property around local minima of more complicated models. The key is to investigate the
1-D function at the cross-section of the leading eigenvector and the loss landscape.

@ Theoretical: we prove the 1-D condition holds at any minima for non-trivial matrix
factorization, shown as Theorem [6]in Appendix [A22]

** Empirical: we show the 1-D condition holds around minima of 3,4,5-layer ReLU MLPs
on MNIST, shown in Figure [f[d), [7{d), [d) in Appendix[B:2.2]

(b) With the above intrinsic geometric property, the next question is whether the training
trajectory utilizes this property.

@ Theoretical: in the case of quasi-symmetric matrix factorization, we prove that the
training trajectory follows the leading eigenvector of the Hessian (i.e. the leading
component of X;) in Theorem [4] where the only top components of weights are
changing in w(e).

*¢ Empirical: for MLPs on MNIST, we show the almost perfect alignment of the gradient
and the top Hessian eigenvector in Figure [6[c), [7[c),[8]c).

(c) The final implication is the implicit bias of EoS after such oscillation. It turns out GD is
driven to flatter minima from sharper minima. In the 1-D case, obviously there is nothing
about implicit bias since the only thing GD is doing is to approximate the target value.
However, an implicit bias from the oscillation appears starting from the 2-D case.

# Theoretical 1: in the 2-D case in Theorem 5] we prove the two learnable parameters
x,y will converge to the same values after oscillations of their product zy. Actually in
the minimum manifold, smaller |z — y| means a flatter minimizer.

@ Theoretical 2: in the single-neuron ReLLU network in Theorem and Prop|2] we show
the model degenerates to the 2-D case since w, — 0. The 2-D argument tells that this
nonlinear model also walks towards the balanced situation, verified with experiments
in Figure[2}

@ Theoretical 3: in the quasi-symmetric MF in Theorem[d] although the initialization is
around a sharp minima, GD is still driven towards the flattest minima where 0y,.x(Y) =
Omax(Z).

** Empirical 1: for 2-layer 16-neuron ReLU network in a student-teacher setting, it turns
out learning rate decay after beyond-EoS oscillations drives the model very close to the
flattest minima, as shown in Figure [5]and in Appendix [B:2.1]

# Empirical 2: for 3,4,5-layer MLPs on MNIST, larger learning rate drives to a flatter
minima, as shown in Figure |§kb).

N CONCLUSIONS

In this work, we investigate gradient descent with a large step size that crosses the threshold of local
stability. In the low dimensional setting, we provide conditions on high-order derivatives that allow
stable oscillation around local minima. For a two-layer single-neuron ReLU network, we prove
its convergence to align with the teacher neuron under population loss. For matrix factorization,
we prove that the necessary 1-D condition holds around any minima. Furthermore, we conduct an
analysis of GD in symmetric matrix factorization, which converges to a period-2 orbit aligned with
the 1-D convergence. Moreover, we generalize the analysis to quasi-symmetric cases where GD
walks towards the flattest minimiser although initialized near sharp ones. A further discussion is
provided in Appendix [M]

While these are encouraging results that contribute to the growing understanding of gradient descent
beyond the Edge of Stability, our analysis suffers from important limitations that require further work.
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An important item for future work is therefore to extend it to general dimensions with nonlinearity,
which will enable the analysis of empirical landscapes as well as multiple neurons. Next, the
understanding of the implicit bias of GD in the large-learning rate regime won’t be complete without
integrating the noise, either in the classic SGD sense or in the labels, as done in|Damian et al.|(2021);
Liet al.| (2021)).
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