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ABSTRACT

Learning from Label Proportions (LLP) aims to use bags of instances associ-
ated with the proportions of each label within the bag to learn an instance-level
classifier. Proportion matching is a widely used strategy that aligns the average
model outputs of all instances in a bag with the label proportions in order to
induce the classifier. However, simply fitting the label proportions does not en-
courage discriminative instance-level predictions and may cause over-smoothing
problems, resulting in poor classification performance. In this paper, we propose
a novel LLP approach that can mitigate the over-smoothing problems with the-
oretical guarantees. Rather than fitting the label proportions directly, we treat
them as targets for an auxiliary proportional value classification task to induce
the target classifier. Our approach only requires the incorporation of an ag-
gregation function after the classification layer. We also introduce an efficient
computational approach with a divide-and-conquer strategy. Extensive experi-
ments on various benchmark datasets and under different bag-generation strate-
gies demonstrate that our approach achieves superior performance compared
with state-of-the-art LLP methods. The code is publicly available at https:
//github.com/TianhaoMab/ICLR2026_LLP—-PVC.

1 INTRODUCTION

Deep learning has achieved remarkable success, but its effectiveness usually relies on large, accu-
rately labeled datasets, which are impractical in many real-world scenarios. To address this problem,
various weakly supervised learning paradigms have been explored in recent years, including semi-
supervised learning (Zhu & Goldberg, 2009} [Sohn et al., [2020), noisy label learning (Han et al.,
2018 |Wei et al.| [2022), partial-label learning (Wang et al.| [2022; 2025)), and similarity-based classi-
fication (Hsu et al., 2019} Bao et al.| 2022).

Learning from label proportions (LLP) is an emerging weakly supervised learning paradigm that
has recently attracted much attention (Quadrianto et al.| 2009} Busa-Fekete et al.| [2023; [Li et al.,
2024b). In LLP, the training dataset consists of bags of instances annotated with the class propor-
tions in each bag, while the instance-level labels are inaccessible to the learning algorithm. The
goal of LLP is to learn an instance-level classifier that assigns correct labels to test instances, as
in ordinary multi-class classification. Collecting bags of instances with label proportions is much
easier and cheaper than collecting individual labels, which greatly reduces annotation costs. Further-
more, LLP provides an effective alternative when individual labels are inaccessible due to privacy
concerns (Diemert et al., [2022)). For example, in election polling, individual votes remain confi-
dential, but aggregated results (such as regional support rates) are publicly available. By leveraging
such bag-level data, LLP enables privacy-preserving analysis (e.g., predicting demographic voting
trends) without accessing sensitive individual ballots. The need to learn from such inexact super-
vision arises widely in real-world applications, including high energy physics (Dery et al.| |2017),
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Figure 1: Curves of the average normalized entropy values of unlabeled instances in the training set
and the test accuracy (Acc) for PM (Yu et al.l [2014), and LLP-PVC (proposed) with a bag size of
128.

image classification (L1 & Taylor, 2015} [Ding et al., [2017), medical data analysis (Bortsova et al.,
2018)), and election prediction (Sun et al.,[2017).

The most common strategy for LLP is proportion matching (Yu et al.l |2014; |/Ardehaly & Culottal
2017 [Li et al., [2024b), which aligns the average value of the model predictions of all the instances
in the bag with the label proportion. The proportion-matching strategy has been shown to be both
concise and theoretically sound (Busa-Fekete et al., 2023 |L1 et al., 2024b)) under the assumption that
instances and labels are generated i.i.d. and then randomly grouped into bags. It has been widely
adopted as the most common base loss in many LLP approaches, often combined with more sophisti-
cated regularization techniques (Tsai & Lin,2020;|Ma et al.,|2025). However, when applied to deep
neural networks, proportion matching does not promote discriminative instance-level predictions
and often suffers from the over-smoothing problem. A typical failure mode is that the model may
collapse to a trivial solution where the model predictions of all instances approximate the same label
proportion without distinction, which still fulfills proportion matching. Figure [I] shows the curves
of the average entropy of training instances and the test accuracy for different LLP approaches. We
can observe that the proportion matching approach similarly exhibits inferior model performance,
with high entropy values throughout the training process. This suggests that the proportion match-
ing strategy merely enforces that the average bag prediction matches the label proportions and does
not encourage discriminative instance-level predictions. This will produce inaccurate instance-level
predictions, resulting in poor classification performance.

To overcome this problem, we introduce a novel LLP approach with theoretical guarantees. In-
stead of using the label proportions as targets for direct fitting, we use them as targets for
a novel classification problem. We observe that there exists a relationship between the pos-
terior probabilities of the discrete label proportion and those of the instances in the bags.
This motivates us to induce target classifiers by solving
an auxiliary proportional value classification (PVC) task,
where we only need to add an aggregation function af-
ter the classification layer of the original neural network
to approximate the posterior probabilities of the propor-
tional values. Figure [I] shows that the model predictions

e
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of our proposed approach have lower entropy values than
proportion matching strategies. This shows that our ap-
proach mitigates over-smoothing problems and achieves
better classification performance. Since the space of la-
bel sequences is very large, we use the one-versus-rest
strategy to simplify the computational process. Further-
more, a divide-and-conquer method is adopted to reduce
the computational complexity by using the fast Fourier
transform. Compared with the dynamic programming
(DP) method (Shukla et al.,2023) with a time complexity
of O(m?), we achieve a time complexity of O(m logm).
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Figure 2: Runtime comparison of LLP-
PVC and LLP-PVC (DP). The val-
ues report the mean per-epoch runtime,
computed by averaging over 30 epochs.

The superior efficiency of our proposed solution is clearly demonstrated in Figure [2| Besides, our
approach enables end-to-end training with comparable memory and efficiency requirements, and is
flexibly compatible with any neural network architectures and optimizers.

Our contributions can be summarized as follows:
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* Methodologically, we propose a novel LLP approach that works by solving an auxiliary PVC
problem to induce the classifier. We also introduce a divide-and-conquer method to improve
computational efficiency.

* Theoretically, we prove that the model predictions induced by our approach mitigate over-
smoothing problems under certain assumptions. We also prove the convergence rate of the pro-
posed risk estimator by providing an estimation error bound.

» Empirically, our approach achieves superior classification performance over other state-of-the-art
LLP methods across various datasets and different bag-generation strategies.

2 PRELIMINARY

Ordinary multi-class classification. Let X' < R? denote a d-dimensional feature space, and
Y ={1,...,q} the label space with g classes. Let p(x, y) be the joint density over (,y) € X x V.
The goal of multi-class classification is to induce a classifier f : X — ), which minimizes the
following classification error:

Ro-1(f) = Ep(ay) [I(f (@) # y)], (1)

where [ is the expectation, and I is an indicator function that returns 1 if the predicate holds; other-
wise it returns 0. However, since the 0-1 loss is difficult to optimize, we usually replace the 0-1 loss
with a classification-calibrated surrogate loss function £ such as the cross-entropy loss. The risk
can be then written as follows:

R(f) = Epa.y) [L(f (@), 9)]. 2)

One-versus-rest (OVR) strategy. The OVR strategy is a widely used multi-class classification
method that decomposes the original multi-class problem into multiple binary classification sub-
tasks (Rifkin & Klautau, [2004; Zhang| 2004)). Specifically, the OVR risk is formulated as follows:

R(f17f2a-~-afq):Ep(m,y) ﬁ(fy(:l:),l)—‘,— Z f(fk(x),()) ) 3

keV\{y}

where each f; : X — [0,1] is a binary classifier that outputs the predicted probabilities for the
positive class, and distinguishes class k from all the other classes and / is a binary loss function. The
OVR risk can also be expressed as the sum of the class-wise risks Ry (f):

R(f1, fay s fq) = Zq Ri(fr),

k=1
where Rk(fk) = IEp(z,y) [H{y = k} é(fk(m)’ 1) + H{y 7 k}g(.fk(x)70)] . “4)

Learning from label proportions. In LLP, we are given a training set consisting of bags of in-
stances, where each bag is associated with a label proportion indicating the proportion of each label
in the bag. Specifically, we are given a training set D = {(B?, ')}, i.i.d. drawn from a joint
density p(B, ). Following [Li et al.| (2024b), B = [x1,...,x,,] denotes a bag consisting of m
unlabeled instances, where the ground-truth label sequence y = [y, . .., ym] is inaccessible to the
learning algorithm; and & = [ay, ..., o] denotes the label proportion associated with B, where
each element «y, is calculated as oy, = Z;nzl I(y; = k)/m and we have > _, oy, = 1. In this
paper, we consider the traditional LLP setting where bags B are generated i.i.d., while allowing the
instances within each bag to be non-i.i.d.. The goal of LLP is to induce an instance-level classifier
f+ X — Y that can predict the labels of individual test instances.

3 METHODOLOGY

In this section, we first present our proposed approach via proportional value classification for learn-
ing from label proportions. Then, we present the theoretical analyses. Finally, we present an efficient
solution of our proposed approach.
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3.1 PROPORTIONAL VALUE CLASSIFICATION

The goal of our proposed approach is to induce an instance-level classifier by training an auxiliary
classifier to assign label proportion vectors to input bags. However, we find that the space of pos-
sible label proportion vectors and their corresponding ground-truth label sequences is too large to
be computationally tractable. In particular, according to the stars and bars theorem in combina-
torics (Brualdil [2004)), there are (m;j’f 1) possible label proportion vectors for our problem. More-

over, for each possible label proportion vector c there are a total of (m!)/[{_; (may)! possible
label sequences. Therefore, we use the OVR strategy to simplify the computation process. Without
loss of generality, we present how to induce the binary classifier for class k € ) in Section[3] Specif-
ically, examples from class k are regarded as positive w.r.t. class k and examples from all the other
classes are regarded as negative. In this way, the unknown ground-truth label sequence [y1, . . ., Ym |
can be transformed as follows:

. A - - 17 Y; = ka
yk = [yi‘, e yf;] ,  Wwhere yf = ! (&)
0, y; #k.

Note that ay in the original label proportion can also represent the proportion of positive ex-
amples after using the OVR strategy w.r.t. class k, ie., ap = Z;"Zl gjf/m, and we have oy, €

{0,1/m,2/m, ..., 1}. Because of the discrete nature of the proportional values, we introduce the
PVC problem to train a classifier to classify the bag as one of the proportional values.

Definition 1 (Proportional value classification (PVC)). Without loss of generality, we consider class
k. Let (B, day) denote a pair of random variables with a joint density p (B, ay), where B is the
random variable of a bag defined in Section[2] Also,

ar =ma, +1e€{1,2,....,m+1} (6)
is defined as the random variable of the corresponding proportional value label, which is determined
by the label proportion o of the bag B. While proportional values naturally admit an ordinal formu-
lation, in this work we adopt a simpler (m + 1)-class multiclass approach: PVC trains a bag-level
classifier g(B) = [gk,1(B), - - -, gk,m+1(B)] that assigns each bag to one proportional value, with

gr,1(B) denoting the probability of the {-th proportional value. The goal is achieved by minimizing
the following PVC risk for class k:

Ri(gr) = EyB.ap) [£ (g1(B), ar)] - (M

In particular, PVC can be seen as a special case of multi-class classification, the difference being
that each example for PVC is associated with a bag of instances instead of a single instance in the
input space. Furthermore, by using the OVR strategy for each of the classes and summing up every
loss value, the total risk is

S Rilgr) =Y By [£(95(B),a0)]. ®)

By transforming the original label proportions to proportional values defined in Definition [I] for
the original training set, we can obtain a new training set D, = {(B’,&],)};_, for class k. Since
the data generation process of D is in accordance with that of the random variables (B, &y,), we

can consider Dy, as sampled i.i.d. from p (B, &y ). We generate the data for each class and conduct
empirical risk minimization to approximate Eq. (8] as

1 " o
e 2, Llgn (BY) ) - ©)

Before introducing how to compute gy, we first clarify an implicit relationship between the posterior
probabilities of the proportional values and those of the instances in the bags.

3.2 BRIDGING THE POSTERIOR PROBABILITIES OF PROPORTIONAL VALUES AND
INSTANCE-LEVEL LABELS

Obviously, there are 2™ possible binary label sets corresponding to the labels of the instances in
a bag. We introduce a posterior probability vector p (g"|B) € [0,1]?", where the r-th dimen-
sion represents the posterior probability of the r-th possible label sequence. Let Bin(r,m) =
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[bgr), ceey b%)] denote the m-bit binary representation of a decimal number r. Here, b(mr) is the least

significant bit while bgr) is the most significant bit. For convenience, we consider the r-th possible

label sequence to be the binary representation of (r—1). For example, we have Bin(3,3) = [0,1,1],
which is the 4-th possible label sequence within the 8 possible label sequences in total. Specifically,
for the r-th label sequence, we assign

g* = [, 9] = Bin(r = Lom) = |6V, 0670 (10)
which indicates that the label of each instance equals the corresponding bit of the binary representa-

tion of (r — 1). Then, based on the independence of the instances in the bag, the r-th dimension of
p (g"|B) can be computed as

p (" = Bin(r — 1,m)|B) = nj=1p@]k =" V), re{l,2,...,2m}. (11)

Furthermore, we introduce a matrix Q = [gr,i]om x (m+1) € [0, 1]2"*(m+1) " Here, each element
¢r; = p(ax = l|g* = Bin(r — 1,m)) indicates the conditional probabilities of proportional values
given a binary label sequence. For ease of presentation, we introduce the Hamming weight function
HW (N) which returns the number of the bits of ones in a binary number N (Wei, 2002)). Then, qr,1
can be determined as
{1, I = HW (Bin(r — 1,m)) + 1;
Vre{l,2,...,2"}1e{1,2,... m+1},¢r; = (12)
0, otherwise.

Based on the above definitions, we introduce the following lemma.

Lemma 1. The posterior probability of the proportional value p(ay,|B) and the posterior probabil-
ities of the ground-truth labels of the instances p(g;~C |x;) in the bag satisfy

pr=1) )
par=1B) =7 gt ][] (y]—lle)f p (i = 0fay) 17 )). (13)

The proof can be found in Appendix [B.T} Lemma|I]bridges the posterior probabilities of the propor-
tional values and those of the ground-truth labels of instances. We provide an illustrative example
to facilitate the understanding of the relationship of posterior probabilities.

Example 1. Consider a bag B = [z, @3] for m = 2. Then, there are 4 possible label sequences
{[0,0],[0,1],[1,0],[1,1]} and 3 possible proportional values {1,2, 3}. Based on Eqs. (11]and (12),
we have Q and the following equations:

0 p(ax = 1/B) =p (

0| Jp(ax=2/B)=p(g" =0,
0 (

1

)

Il
SO O =
O R~ O

p(ar = 3|B) =p (3" = [1,1]/B) = p (3} = 1]@1) p (#5 = 1]=2) .

Example [I] not only provides a more intuitive understanding of the relationship of the posteriors
of the proportional values and instance-level labels, but also further verifies Lemma[I] Based on
the above observations, we use a binary classifier fj, to approximate the instance-level posterior
probabilities p (gj;“ = l\wj) by using the sigmoid function. Then, we attempt to approximate the
posterior probabilities of proportional values p(&|B) by using the bag-level classifier g;(B) =
[96,1(B), gk 2(B), ..., gk,m+1(B)], which is calculated as

9u(B) =Y, o[ <fk () 1)(1_fk(33j))(1_by_1))>,lE{l,Q,...,m—i—l}. (14)

Here, g,,; and bg- =1 are constants that can be calculated in advance before the whole training pro-
cess. Therefore, our approach does not introduce any hyperparameters. By taking the instantiation of
gy, into Eq. (8), we can relate the proposed classification risk with the introduced binary classifiers.

Let R(f1, f2,- -, f,) and R(fl, f2, ..., fq) denote the classification risk in Eq. (8) and empirical
risk in Eq. (9) associated with binary classifiers, respectively. Then, we can train binary classifiers

fe, ke {1,2,...,q}, by minimizing R(fl, fa,..., fq) in Eq. @) with datasets Dy,. The algorithmic
details are summarlzed in Algorithm[I] We share the representation learning layers and use specific
classification layers for different labels, which allows simultaneous training of all binary classifiers
effectively and efficiently.
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Algorithm 1 LLP-PVC

B= [xlr cee 7wm}
Require: Binary classifiers f1, ..., fq with shared represen-
tation layers; LLP dataset D; maximum epochs Tiax; Neural network
maximum iterations /max. v
Ensure: Trained classifiers f1, ..., fq.
1: fort =1,2,..., Ty do [[fk(ﬂil)wu,fk(w”l)]]
2: Shuffle D; )
3 forj =1,..., Imx do Computed using Eq.(14)
4 Fetch mini-batch D; from D; Y
5: Forward D; and get the outputs of f1,..., fq; gx(B)
6: Compute the output of g based on Algorithm
7: Update g, which induces an update on l
f17 ] fq; N _
8: end for £(gr(B), ay) <+— dy
9: end for

Figure 3: Pipeline of LLP-PVC.

3.3 THEORETICAL ANALYSIS

Mitigation of over-smoothing problems. We show that the induced classifier can mitigate over-
smoothing issues under certain assumptions. First, we show that the output of the bag-level multi-
class classifier g, and the set of outputs of the instance-level binary classifier f; have a one-to-one
Correspandence.

Theorem 1. The bag-level classifier gy, is an invertible aggregation of the instance-level binary
classifier fy, in the following sense: The model output of the bag-level classifier g (B) calculated
by Eq. uniquely determines the set of the instance-level model outputs { f (:1:7)};'1:1 for B.

Proof Sketch (the full proof is given in Appendix|B.3)). Firstly, we introduce a binomial for
fu(zj),7e{l,...,m}:

Frj(2) = fulzj)z + (1 = fulz))). (15)
Then, we define an m-order polynomial as the product of all m binomials:

m

Gr(2) = [ [ _, Fes(=) =] _, (fk(wj)z +(1- fk<a:j>)) =D okizs  (16)
where ¢y, ; is the coefficient of 2t. We have the following lemma.

Lemma 2. For t € {0,1,...,m}, the coefficient cyy in Eq. ({I6) coincides with the (t + 1)-th
dimension of the model output of the bag-level classifier g, i.e., ck 1 = grt+1(B).

The proof is given in Appendix Lemma [2] indicates that when the bag-level model output
gi:(B) is given, the m-order polynomial G(z) can be determined. Notably, G (z) has m roots
{1-1/ fk(a:j)};ﬁ:l, and each root has a one-to-one correspondence to the model output of the
instance-level classifier for an instance. When G, (z) is uniquely determined, the roots are uniquely
determined correspondingly. Then, we can prove by contradiction that the set of model outputs of
the instance-level classifier is also determined uniquely since an m-order polynomial at most has m
different roots. O

Theorem (1| illustrates the one-to-one relationship between instance-level model outputs and bag-
level model outputs based on Eq. (I4). Once the model output of the bag-level classifier is given,
then the set of the model outputs of the instance-level classifier can be determined. Let g; =

arg ming, Ry.(gr) denote the optimal classifier that minimizes Eq. . Then, the following theorem
holds.

Theorem 2. Assume that the cross-entropy loss or the mean squared error (MSE) loss is used to
instantiate L, and that the hypothesis class G for learning gy, is sufficiently flexible so that g} € G.
Let f}¥ denote the optimal binary classifier induced by gjf, then we have { fi(x;)}7, = {p(g}f =
L | @;)}7Ly. If we further assume that the instance labels are deterministic, then it follows that
Fi(@;) € 10,1},
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The proof can be found in Appendix[B.4] According to Theorem[2] when the labels are deterministic,
the outputs of the minimizers will be 0 or 1 if the proposed risk in Eq. (7) is minimized. This suggests
that our approach mitigates the over-smoothing problems of proportion matching strategies, where
the model outputs of different instances in the bag may indiscriminately fit the given label proportion
values. Furthermore, we observe that the set of outputs of f;* coincides with the set of posterior
probabilities of class k for the instances. We leave for future work the investigation of the role of
this property in training instance-level classifiers.

Estimation error bound. Let ( fisfay .o, fq) = argming g ;. R(f1, far- .-, fq) denote the

opt.imal classifiers by minimizing Eq. (9). Let d denote the pseudo-dimension of the model class
F

Theorem 3. Assume that the cross-entropy loss or MSE loss is used to instantiate L. The following
inequality holds with probability at least 1 — §:

~ A oA N ~ _ [dm3
R(f17f27"'afq)_R(fl*’f;?"'af;)gop (q T:>7 (17)

where @p hides logarithmic factors log m and logn, and the subscript p denotes the order in prob-
ability.

The proof is given in Appendix [B.5] Theorem [3|shows an estimation error bound for the proposed
risk estimator. When the number of bags tends to infinity, the risk of the classifiers obtained by
minimizing Eq. (9) converges to the risk of the optimal classifiers. The former works (Busa-Fekete
et al., 2023} 2025)) differ from ours in two respects. First, they impose a stronger within-bag i.i.d.
assumption on instances. Under this stronger assumption, they can recover instance-level poste-
rior probabilities, whereas under our weaker assumption we can only recover bag-level posterior
probabilities. Consequently, their bounds are not directly comparable with ours.

3.4 AN EFFICIENT COMPUTATIONAL SOLUTION

Computing gi ;(B) is equivalent to computing the coefficients ¢ ;1 in Eq. , which involves the
product of m binomials. The time complexity of computing Eq. (I6) is 2, which is intractable for
large bag sizes. To solve this problem, we propose a novel, significantly more efficient method that
leverages the fast Fourier transform (FFT)J| The Convolution Theorem (Oppenheim, |1999; |Cormen
et al.| 2022 states that the coefficients of the product of two polynomials can be obtained by taking
the inverse Discrete Fourier Transform (DFT) of the pointwise product of their DFT-transformed
coefficient vectors. Since the time complexities of the product computation can be greatly reduced
in the frequency domain, this inspires us to use the DFT to compute Eq. (I6). We use a divide-and-
conquer approach by calculating the product of polynomials pairwise with multiple iterations of a
repetitive procedure. First, we group the m binomials pairwise in sequence and pad the coefficient
vector for each binomial as

R =R 0 jas- sl jm] = [1— fu(x;), fulz;), 0, ..., 0] e R™H1,
where h,%’ ;,+ denotes the ¢-th order coefficient for the j-th binomial. Then we transform h% ; into its

frequency-domain representation H 7(37.7' = [H ,87 .00 H,g) IR ,H,S%m] by the (m + 1)-point DFT.

Specifically, we have
!/

0 m ot
Hp = Zy:o M j v exp<72m ———

Then, in the s-th iteration, the goal is to compute the product of N polynomials grouped pairwise,
and we have N; = m. By the Convolution Theorem, the frequency representation of the coefficients
for the polynomial of the product in each group can be determined as the elementwise product of
the frequency representations of each polynomial, i.e.,

. {H;;}_IQH,‘;’,—Q;, je{1,2,...,|%]};

), te{0,1,2,...,m}. (18)

19)

H; . =
k. s—1 . N.+1 .
Hk,zqu j = =5, and N; is odd,

2

'Pseudo-dimension extends VC dimension to real-valued classes (Anthony & Bartlett, [2009).
https://github.com/pytorch/pytorch/blob/main/torch/fft
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where © denotes elementwise product and |-| denotes rounding down to the nearest integer. Here,
when N is an odd number, we leave the last polynomial unchanged for the next iteration. Then,

{H 4 j} is used as the frequency-domain representation of the polynomials for the product in the

(s + 1)-th iteration. After [log,(m + 1)] iterations, we arrive at the target single frequency-domain

representation H; = H ,E'igz(mﬂ)], where [-] denotes rounding up to the nearest integer. Notably,

H ¥ is the frequency-domain representation of the coefficients of the polynomial in Eq. (16). Then,
we recover the coefficients from H}* by applying the (mm + 1)-point inverse DFT. Specifically, for
re{0,1,...,m}, we have
1 m .
Chr = g Zt:o H, exp(+27m
Finally, according to Lemma we have gx1(B) = ¢ 1-1.

r
. 20
m + 1> 20)
Proposition 1. For a bag B of size m, computing the model output gy, ;(B) via the divide-and-
conquer-based algorithm on a graphics processing unit (GPU) has a runtime of O(mlogm).

The proof is given in Appendix Compared with the dynamic programming-based
method (Shukla et al., 2023) with a time complexity of O(m?), our lower time complexity ben-
efits from the efficient execution of operations in Eqs. (I8), (T9), and (20) on GPUs.

4 EXPERIMENTS

In this section, we first present the experimental setup. Then, we present the experimental results
and the execution time analysis.

4.1 EXPERIMENTAL SETUP

We used four widely used datasets, including Kuzushiji-MNIST (K-MNIST), Fashion-MNIST (F-
MNIST), SVHN, and CIFAR-10. We adopted three different bag generation strategies: i) Random
bag: the dataset is randomly shuffled and then randomly assembled into bags; ii) Cluster bag
we first cluster the dataset into a predefined number of clusters, and then form bags by sampling
instances from these cluster-based groups; iii) c-First bag [} for each bag, we first sample a bag-
level class proportion from a Dirichlet distribution, and then draw instances from each class pool to
match the sampled proportions. For all bag generation strategies, the bag size m is varied as powers
of two, i.e., m € {4,8,...,128}.

We compared our approach against five state-of-the-art LLP methods: PM (Yu et al.,[2014;|Ardehaly
& Culottal 2017), DSQ (Li et al.l [2024a)), EasyLLP (Busa-Fekete et al.| 2023)), EasyLLP-flood,
and ROT (Dulac-Arnold et al.} [2019). Here, EasyLLP-flood refers to EasyLLP enhanced with the
flooding regularization technique (Ishida et al.l 2020). To ensure fair comparisons, all methods
shared the same hyperparameter settings. More details can be found in Appendix [D]

4.2 EXPERIMENTAL RESULTS

Tables[I] [2] and [3]present the experimental results for various datasets and bag generation strategies,
showing that LLP-PVC consistently achieves state-of-the-art performance across different bag sizes.
First, LLP-PVC can recover an optimal set of instance-level predictions; together with the represen-
tation learning capability of neural networks, the model can further assign these predictions to the
correct instances across bags. Second, LLP-PVC learns more discriminative instance-level decision
functions, rather than merely fitting bag-level label proportions, as standard proportion-matching
approaches do. Third, our formulation is straightforward to optimize in practice and avoids known
optimization pitfalls of some prior methods (e.g., the negative-risk issue in EasyLLP), leading to
stable training and strong performance. Fourth, our method does not rely on the within-bag i.i.d.
assumption and remains robust across diverse bag-generation mechanisms.

4.3 EXECUTION TIME ANALYSIS

Because computing the loss requires an extra processing step, we report the corresponding run-
time in Table We additionally evaluate two methods, UUM (Wei et al.l 2023) and Count
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Table 1: Accuracy results (mean + std) under Random Bag construction. The best-performing
method for each bag size is highlighted in bold.

Dataset Method 4 8 16 32 64 128

PM 93.19 £ 099 90.88 +0.87 83.52+1.01 71.10+2.07 51.05+422 28.30+ 1.29

DSQ 59.15+0.85 59.28 +0.73 58.87 £2.26 57.74 + 121 5758 +252 5490 + 241

K-MNIST EasyLLP 7256 +2.32 6740+ 428 6348 +533 5693+ 136 50.60 + 1.46  48.56 + 2.84
EasyLLP-flood  86.47 £0.21 83.89+099 81.03+0.56 7599 +2.12 7048 +2.13 63.87 £1.26

ROT 96.40 + 041 9621 +0.24 9429 +0.31  90.14 £ 0.51  73.00 +4.23  43.37 +2.37

LLP-PVC 96.55 + 0.09  96.62 + 0.29  96.68 + 0.22  96.10 + 0.15  96.76 + 0.15  96.36 + 0.16

PM 88.36 + 0.57 86.87 +0.55 8444 +0.73 80.21 +1.08 7581 +£0.68  66.78 + 5.29

DSQ 7782+ 076 7791 +043  77.73+0.77 7722+ 080 77.14 + 042  75.82 +0.82

F-MNIST EasyLLP 7431 +£222 7359+ 183 7227+471 7175+ 157 6813+ 039  66.27 + 0.84
EasyLLP-flood 8589 £0.11 85.89 4029 8345+0.18 8206+ 085 79.224+037 73.69 £ 0.35

ROT 9143 +0.27 91.02+ 048 88.87 £0.60 86.75+ 0.68 8142+ 034 6538 +5.20

LLP-PVC 91.39 £ 033 91.84 + 0.15 91.70 + 0.28  90.32 + 0.42  89.28 + 0.02  87.17 + 0.16

PM 92.50 £ 0.10  91.36 + 0.07  88.57 + 0.21 81.22+ 034 64.23+0.77 43.18+0.72

DSQ 7822 +0.12 7777+ 023  76.61 £0.07 7397 +£0.65 6579 + 1.37  50.03 £+ 1.50

SVHN EasyLLP 7695+ 127 6887 +1.10 5977+ 1.10 5149 +1.02 37.76 + 231  32.62+2.18
EasyLLP-flood  84.90 £ 044  81.06 +0.55 7528 £0.62 67.77 £049 5797+ 081 47.80 &+ 3.16

ROT 9298 +0.07 9222+0.13 9043 +0.11 8564 +030 7191 +0.64  50.88 + 1.45

LLP-PVC 94.30 + 0.05 9450 + 0.06  94.56 + 0.14  94.61 + 0.08 94.27 + 0.15  93.60 + 0.76

PM 82.03 + 034 80.23 +0.51 7474+ 042 6851 +0.15 6047 +0.20 49.21 + 0.38

DSQ 69.50 + 043 6932+ 027 67.99 +0.50 6574 +022 60.70 +0.16  51.35 + 0.64

CIFAR-10 EasyLLP 66.89 +0.18 6347+ 059 5692+ 0.75 51.81 £0.52 44.19+ 094  37.36 + 1.87
EasyLLP-flood  69.24 £0.19  66.62 +0.12 6228 £ 0.37 5886 + 0.45 54.88 £0.44 4754 £ 041

ROT 8376 + 025 82.02+0.18 8037 +0.09 77.09+0.07 69.59 +1.28  33.70 + 8.02

LLP-PVC 84.34 + 0.26 84.43+ 033 84.50 +0.22 8244 +0.29 7890 + 0.44  76.01 £+ 0.97

Table 2: Accuracy results (mean =+ std over seeds) under Cluster Bag construction. The best method
for each bag size is in bold.

Dataset Method 4 8 16 32 64 128

PM 92.89 £ 0.15 91.05 £ 041 86.94 £ 0.11 81.60 £ 1.11 76.56 £ 1.25 7249 £+ 1.61

DSQ 6792 £3.03 72324+0.79 7457+ 1.04 7519+ 1.06 7556+ 2.12 7524 + 231

K-MNIST EasyLLP 31.61 £ 0.66 21.05+1.25 17.22 £ 3.41 14.92 £+ 6.98 9.98 + 0.00 9.98 + 0.00
EasyLLP-flood  60.95 + 0.68  57.08 + 0.01 5042 +1.13  41.85+296 3527 +£2.77 26.72 £ 0.63

ROT 9464 £0.19 93.68 +£0.09 91.62+0.33 8735+ 025 8251+ 122 77.04+0.95

LLP-PVC 96.04 + 0.14 9647 + 0.17  96.57 + 0.19  96.66 + 0.11  96.63 + 0.17  96.11 + 0.19

PM 88.25+ 030  86.75 £ 0.31 8444 +0.12 81.88+048 7923 £1.02  77.60 £+ 0.41

DSQ 7899 £0.16 7938+ 033  79.61 £0.52 7944 +£0.25 7896+ 0.52  78.76 + 0.76

F-MNIST EasyLLP 26.82 + 1.40 16.24 + 4.76 12.64 + 3.68 10.04 4+ 0.00 10.04 + 0.00 10.04 + 0.00
EasyLLP-flood  73.07 £ 0.62 7133 +0.03  63.54 £ 0.78 53.03 £3.80 46.88 + 1.55 4091 + 2.68

ROT 89.93 +0.26 8848 +£0.20 86.77 £0.10 84.18 +0.46  81.62+ 1.13  79.41 £+ 0.63

LLP-PVC 9147 + 0.06 91.68 + 0.06 9139 +0.20 90.51 + 0.12  89.16 + 0.23  87.15 + 0.29

PM 92.50 £ 0.09 91.34+0.06 88.75+0.08 8193 +0.31 66.84 + 1.25  48.69 + 1.24

DSQ 7834 +£0.12 77.82+0.15 7690+ 0.13 7457 £0.17 6857 +0.22  57.05+ 1.83

SVHN EasyLLP 70.54 £ 0.71 53.57 £ 048  36.18 £ 095 27.16 +£0.75  20.62 £+ 1.07 19.86 £ 0.48
EasyLLP-flood  84.86 + 0.03 8132+ 0.14 75.84 £0.53  67.29 £+ 0.61 60.04 +0.10  48.79 + 4.00

ROT 9290 +£0.03 9226+ 0.08 90.38 £ 0.09 86.07 £ 0.15 7483+ 0.72  58.33 £+ 1.17

LLP-PVC 9434 + 0.09 9443 +0.15 9461 +0.15 94.84 + 0.23  94.54 + 0.02  93.89 + 0.65

PM 81.33+0.28 79.06 +£0.60 7522 +0.14  69.66 + 0.52  64.00 + 0.59  58.67 + 0.53

DSQ 69.97 £0.33  69.59 + 0.21 68.64 £ 0.35  66.35 + 0.51 63.28 + 047  59.55 4+ 045

CIFAR-10 EasyLLP 5532 £0.26  43.72 + 091 33.71 £ 0.61 24.92 +£0.97 19.57 £ 2.38 16.46 £+ 0.33
EasyLLP-flood  67.78 £+ 0.51 61.08 £0.53 52,67+ 1.02 42.124+193 3410+099 2941+ 045

ROT 82.11+ 057 80.31 £0.17 7697 £0.13  71.42 4+ 0.51 6594 + 025 61.14+0.92

LLP-PVC 84.63 +0.09 84.61+0.06 83.97 +0.04 82.00 +0.38 7994+ 0.19  78.36 + 0.50

Loss (Shukla et al.,2023). For Count Loss, we directly extend the original count-based formula-
tion to the multiclass classification setting. As shown in Table [ our method achieves nearly the
same runtime as O(1)-time baselines because the loss can be computed entirely on the GPU with
full parallelism. Due to the high time complexity, UUM and Count-Loss are not suitable for large
bags, limiting their practical applicability. As shown in Figure [2] the execution time of LLP-PVC
remains consistently low as the bag size increases, while LLP-PVC (DP) increases significantly with
larger bag sizes, becoming over ten times slower when the bag size is large.
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Table 3: Accuracy results (mean =+ std over seeds) under c-First Bag construction. The best method
for each bag size is in bold.

Dataset Method 4 8 16 32 64 128

PM 93.07 £ 028 90.25+ 082 71.58+1.62 4323 +239 37.03+277 33.16 + 3.89

DSQ 58.63 £3.11  5245+339 32.154+291 2926 +2.60 4039+ 571 59.19 +1.33

K-MNIST EasyLLP 63.66 +1.21 7826+ 1.72 7443+ 152 67.08 +1.67 60.56 +2.87 36.78 + 2.15
EasyLLP-flood = 82.58 £ 020  81.07 +1.26 7459 £233 6692+ 183 6228 +1.65 6441 +2.03

ROT 94.84 +0.18 9358+ 032 82.85+2.00 6831 +327 5921 +4.17 5459+ 2.10

LLP-PVC 9529 +1.26  96.02 + 0.37  96.50 + 043  96.42 + 0.14  96.61 + 0.13  96.03 + 0.11

PM 88.59 + 0.18  86.66 + 0.09  79.50 + 0.62 7534+ 033 7246 +0.71  70.02 + 0.89

DSQ 78.00 £ 0.31 7691+ 027 7121 +170 7128 +223 7533+020 76.76 + 0.49

F-MNIST EasyLLP 69.23 + 097 81.83+0.62 81.64+0.23 7880+ 0.06 74.09+ 0.74  45.69 + 6.23
EasyLLP-flood  85.40 £0.06 84.11 +£0.53 8194 £0.61 7854 +£035 75.094 022 7749 £+ 0.58

ROT 90.01 £0.10 88.61 +0.19 83.51 £0.68 7893 +0.66 7644+ 036 74.36 + 0.34

LLP-PVC 90.52 +1.96 91.19 + 094 91.53+0.22 90.56 + 0.18 89.32 + 0.71  87.55 + 0.34

PM 9246 +0.05 91.32+0.02 83.85+0.06 7343 +0.07 67.02+0.18 61.44 +0.21

DSQ 79.52 +£0.07 7599+ 0.15 6344 +020 6347 +021 67.63+0.14  66.93 + 0.09

SVHN EasyLLP 76.77 £ 041 6745+ 0.66 4581 +0.84 3943 +1.02 3584+ 1.06 31.98 +2.61
EasyLLP-flood  86.48 £0.14  79.13+0.19 62.88+0.70  58.08 £227 63.69+0.80 61.00 & 0.80

ROT 9293 +0.10 92.09+0.09 8798+ 0.21 8093 +0.19 7518+ 030 69.81 +0.23

LLP-PVC 9435 +0.02 9445+ 0.08 94.55+0.03 9453 + 0.11 9431 + 0.09  94.20 + 0.28

PM 8142+ 0.19 7889+ 0.14 6446+ 039 5677 £0.65 54.08+0.90 54.65+ 0.92

DSQ 70.13 £ 020 6728 +0.19  55.60 + 0.62  53.76 + 091  54.64 +0.62  56.33 + 0.91

CIFAR-10 EasyLLP 6722 +0.13  61.02+0.16 4623 +0.61 4142+ 0.77 41.06 +0.59  40.71 + 0.94
EasyLLP-flood  70.85 £0.12  61.80 +0.34  46.88 £ 0.57 41.69 £ 026 4828 +0.44  54.20 + 0.36

ROT 8242+ 029 80.32+0.19 6643 +0.16 5936+ 049 56.22+0.55 57.28 + 0.69

LLP-PVC 84.89 +0.19 8483+ 0.13 83.08 +0.22 80.18 £ 0.09  76.70 + 0.20  76.36 + 0.34

Table 4: Execution time results (mean over 30 epochs) under the same settings on a single NVIDIA
A100 GPU. “GPU parallelizable” indicates whether bags within a batch can be processed in parallel
on the GPU. “~” indicates that results could not be obtained within a reasonable time due to the
combinatorial explosion of bag size. ¢ denotes the number of iterations used when computing the
optimal transport (e.g., in the Sinkhorn algorithm).

K-MNIST CIFAR-10 Time Complexity GPU
Method .
(per bag) Parallelizable
4 8 16 32 4 8 16 32
PM 2.59 263 245 249 3.63 346 386 297 O(1) v
DSQ 2.53 272 204 208 3.28 3.67 359 288 O(1) v
EasyLLP 2.89 287 181 1.62 3.07 3.01 291 266 O(1) v
EasyLLP-flood 2.92 269 1.77 1.67 3.13 299 278 233 O(1) v
ROT 2092 11.63 585 356 1783 10.82 6.68 4.55 O(gmt) X
UUM 3588  55.62 - — 2837 4425 - - O(m!) X
Count Loss 119.23 17234 - - 98.01 13952 - - O(m!) X
LLP-PVC 2.77 291 1.78 1.80 3.02 3.01 348 293 O(mlogm) v

5 CONCLUSION

In this paper, we proposed a novel approach for LLP by solving an auxiliary proportional value
classification problem. We demonstrated that our approach can mitigate the over-smoothing issues
of the proportion matching strategies both theoretically and empirically. We also introduced an
efficient computational approach with a divide-and-conquer strategy. Extensive experiments with
different bag construction strategies validated the effectiveness of the proposed approach.
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A RELATED WORK

To train an instance-level classifier from unlabeled bags with label proportions, several related works
build on the proportion-matching loss and enhance it with additional regularization components,
such as consistency regularization (Tsai & Lin, 2020; |Yang et al., |2021), generative adversarial
networks (Liu et al.| 2019), and pseudo-labeling (Liu et al., 2021} |[Ma et al.| [2025). Notably, these
components are widely used across weakly supervised learning in general, often independently of
the LLP setting.

A large body of existing methods assumes that instances within each bag are i.i.d., and under this as-
sumption, a variety of algorithms with theoretical guarantees have been developed. [Wei et al.|(2023)
proposed UUM, a risk-consistent approach using the importance weighting technique. Although
UUM has solid theoretical guarantees, the computational complexity of the posterior probabilities
grows exponentially as the number of instances in each bag increases. EasyLLP (Busa-Fekete et al.}
2023) and GeneralUPM (Applebaum et al., [2025) both derive an unbiased risk estimator for the
instance-level classification risk, yielding a method that is simple to implement yet theoretically
well-founded. However, the potentially negative terms in the risk estimator can often lead to se-
vere overfitting problems and performance degeneration (Li et al.| 2024b), which is a common
phenomenon in other weakly supervised learning problems (Kiryo et al.l 2017} [Lu et al.l [2020;
Sugiyama et al.| 2022)). [Li et al.| (2024b) proposed DSQ, a variant of the proportion matching strat-
egy. DSQ enjoys the optimistic convergence rate under both feasible and agnostic cases. However,
DSQ restricts the loss function to the mean squared loss, which may be suboptimal in many clas-
sification cases. The latest study (Busa-Fekete et al., [2025)) considers only the binary setting and
is developed specifically for the mean squared loss. The count loss (Shukla et al., [2023)) does not
rely on the within-bag instance i.i.d. assumption. It adopts a maximum-likelihood formulation and
provides a dynamic-programming-based procedure to compute the posterior probability of the label
proportion within a bag. However, it is formulated for binary classification, and a straightforward
extension to the multiclass setting would incur prohibitively high computational cost. These draw-
backs make them less useful in real-world LLP applications where requirements are difficult to meet.
Table[5|summarizes the characteristics of different state-of-the-art LLP approaches and our proposed
approach.

In addition, we adopt the traditional LLP setting where bags are sampled i.i.d., while allowing the
instances within each bag to be potentially non-i.i.d. This is arguably more practical, since in real-
world applications bags are often constructed by heuristic grouping (Chen et al., [2023; [Tsai & Lin,
2020), which can induce within-bag correlations. Simultaneously, we do not include approaches
from related but different settings for comparison, since they are often tailored to more specialized
assumptions or problem formulations. Unlabeled-unlabeled (UU) learning (Lu et al., 2019; 2022}
Wei et al.| 2024)) considered the class priors of different bags to be different and we do not include
related approaches for comparison (Scott & Zhang] 2020} [Zhang et al.| [2022)). [Saket| (2021}; [2022])
allow the same instances to appear in multiple bags simultaneously. Brahmbhatt et al.|(2023) further
assume that instances are sampled from a Gaussian distribution.

Table 5: Comparison of different LLP approaches.

Dealing with 2+ No negative =~ Compatible with ~ Compatible with No i.i.d. assumption
Approach . . . L .
classes loss risk large bag sizes  any loss function  about within-bag instances
PM (Yu et al.[[2014) v v v v v
UUM (Wei et al.[[2023) v v X v X
EasyLLP (Busa-Fekete et al.|[2023) v X v v X
Count Loss (Shukla et al.|[2023]} v v X v v
DSQ (Li et al.][2024b} v v v x b
Busa-Fekete et al.[(2025) X v v X X
GeneralUPM (Applebaum et al.|[2025) v X v v X
LLP-PVC v v 4 v v
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B PROOF

B.1 PROOF OoF LEMMA[I]

plan =1B) =p (Y 7 - UB)
= Z I(HW (Bin(r — 1,m)) + 1 =1) H;n:lp (ﬂf = b§7‘_1)|mj)

m (r—1) _plr=1)
3 T1 (= 1) p Gt =0l ),

which concludes the proof. O

B.2 PROOF OF LEMMA[Z]
Foreach r € {1,...,2™}, we have
Bin(r — 1,m) = (b 7,00 7Y), 8, = {77V =1} < [m].
Itis obvious that [ S,.| = ™, b" V. Since g,; = p(é = I|§* = Bin(r—1,m)) = I(|S,| = I-1),

j=1"]
we have
p(r—1)

gri(B) = 22: qr,l H (1= falmy)) .
=S s = 1- 1) Ue& fu@) [T, (- fula)) e
S T, A0 [T - o)

|S]=1-
We use the elementary identity

n;n:l(aj +bj) = ng[m] <Hjes aj) (HJ‘¢S bj)'

Taking a; = fr(x;) zand b; = 1 — fir(x;), we have
Gi(=) = Qs (Hjes f’“(wj)) (nﬁs(l B f’“(xj)))zw
= ZZO Ck.t Zt7

it = Dysctm (T T og fr@) (T, (1 — fel@)))- 23)

|S|= t

(r—1)
bj

(22)

where

Based on (21)) and (23), setting ¢ = [ — 1 shows that

Cht = Gr+1(B), te{0,...,m}.
The proof is completed. ]
B.3 PROOF OF THEOREM[II

Firstly, we introduce a binomial for fi(x;),j € {1,...,m}:

Frj(2) = fulz;)z + (1= fulz;)).

Then, we define an m-order polynomial as the product of all m binomials:

=TT, @) =TT, (Fe@iz + A= ful@i) = Yo e

where ¢y ¢ is the coefficient of 2!, which can be determined by Lemma The m-order polynomial
G(z) have m roots {1 — 1/ fr(x ])};":1 Suppose there exist another different set of model outputs
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of the instance-level classifier { f, (x ])} , that can lead to the same model output of the bag-level
classifier, i.e.

Vie{l,2,....,m+1}, gxi(B) = ZT G HJ 1 (fk acj)b(r 1 a-f (mj))(lb;””))
) Zi qun <f’“ ;) b(H> (1—f1 (:Bj))(l—by_l)>> .

We also introduce a binomial for f},(x;),j € {1,...,m}:

Fy j(2) = fr(@i)z + (1= filxy)).

We also define an m-order polynomial as the product of all m binomials:

W) =TT P =TT, (Fz+ (= fi) = X che

We have ¢y ¢ = ¢}, , by Lemmaz 2| Therefore, the roots of G,(2) are the same as G, (), i.e.,

{1—1/fr(z;)} j=1 ={1- 1/fkwj}

Then, we can obtain
m

{fk(wj j=1" {fk: Lj }j=1’

which contradicts the condition that { fk(a:j)};.n:l is a different set. Therefore, the set of model
outputs of the instance-level classifier { fk(a:j)};il is also determined uniquely, which concludes

the proof. O

B.4 PROOF OF THEOREM[Z]

Before giving the proof, we introduce the following lemma.

Lemma 3. Suppose that a proper loss function, e.g., the cross-entropy loss or the MSE loss is used,
then we have g;; |(B) = p(ay, = [|B).

Proof. Cross-entropy loss. ~ Since the cross-entropy loss is always non-negative, minimizing
Ry(gx) can be achieved by minimizing the conditional risk E, s, |B) [£ (gr(B), ax)] for every
B (Masnadi-Shirazi & Vasconcelos, [2008). The conditional risk can be expressed as

m+1 ~ m+1
—Z ar = 1|B)log (gru(B)), s.t. Zz=1 gea(B) = 1.

We consider solving g;(B) by using the Lagrange multiplier method (Bertsekas, {1997), which
indicates minimizing
m+1

¢ = _2;’::1]3(5% =|B)log (gr:(B)) — A (Zl:1 gr1(B) — 1) .

The partial derivative of ¢ w.r.t. g ;(B) is

gk, (B) 9k (B)
By setting the partial derivative to zero, we have
plax =1|B)
gt i(B) = B

Besides, since

m+1 ~
mil ooy 3 pGr=1B) 1
21:1 gk,l(B) == \ -y T 1,
we have A = —1. Therefore, we have g;' ,(B) = p(ax = I|B).

MSE loss. In a similar way, we minimize the conditional risk for every B:

m+1 m+1
*Z (96,0(B) — p(ax = j[B))?, StZ ge(B) = 1.
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By using the Lagrange multiplier method, we aim at minimizing

m+1

Qb/ _ 72m+1 (ng(B) 7p(dk — ]|B))2 Y (Z

" gka(B) ~1).

1=1
The partial derivative of ¢ w.r.t. g ;(B) is

0@

O _9g,(B) + 2p(ax = I|B) — \.
29r1(B) gk, (B) + 2p(ax = 1|B)

By setting the partial derivative to zero, we have

2p(Gy, = [|B) — A

ES
B) =
gk,l( ) 9

Besides, since

ZmH r (B) = 23 p(ar = IB) = (m+ DA 2—(m+1)A _ 5

=1 9k, 9 9

we have A = 0. Therefore, we have g ,(B) = p(a, = [|B). The proof is completed. O

The we give the proof of Theorem 2]

Proof of Theorem[2] To begin with, we have

" m (r—1) D
p(ay = I|B) =Zf=1qr,z Hj=1 <p 3 = 112,)" " p (5 = Om)(l b )) |
9k1(B) =Zi:1 awi ], (f,j @ (mj))(lbyn)) |

m

By Lemmaand Theorem we have {f (z;)}7", = {p (9} = 1lz;)} _ . When the labels

are deterministic, we have ]o(gjj€ = 1|x;) € {0,1}. Therefore, we have f;* (x;) € {0,1}, which
concludes the proof.

j=1

B.5 PROOF OF THEOREM[3]

First, we introduce an upper bound for loss £. Assume that there exist constants a and b such that
the model outputs of the binary classifier satisfy that Vk € {1,2,...,¢},7 € {1,2,...,m},0 < a <
fr (CL’]) <b<l.

Lemma 4. Assume that there exist constants a and b such that the model outputs of the binary
classifier satisfy

Vke{l,2,...,q}, je{l,2,...,m}, 0<a< fi(z;) <b<L

When either the cross-entropy (CE) loss or the mean-squared-error (MSE) loss is used, we have
L(gr(B),ax) = O(m). (24)

Proof. We prove the statement separately for the two cases.
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Cross-entropy loss.

Lcr (gr(B), ax)
= — log (g.a, (B))

~ _log (Zi: rin H;il <fk @) (1 (acj))(lb?l))))

2’"2
< —log <ZT1 qr,dk>

‘z%iEﬁ:ﬂwnbgGTilewnWlkl-ﬁx%»@%rﬁg>

r:lqﬁ&k
! 2 m r—1 r—1
<—gr 2t X (T log (@) + (128777 g (1= fu @)
r=1 41,0k
! 2 m (o) (r=1)
< T St L (57 om0+ (1) o1 )
r= Tk
1 om )
< grm — X, tramlog(min(a, 1)
r=1 4170k

= —mlog(min(a, 1 — b)) = O(m).

Here, the first inequality follows from Jensen’s inequality.

MSE Loss.
m+1 5 m+1
Lyse(gx(B),ax) = D) (Gr; — gk (B))" = Y. [Gr;(1— gx,5(B))* + (1 — G j)gn,; (B)?]
j=1 j=1
m+1
< Y max((1—a)®,b%) = (m + 1) max((1 - a)?,b*) = O(m)
j=1
Combining both cases above, we conclude that the proof is completed. O

Lemma 5. Assume that there exist constants a and b such that the model outputs of the binary
classifier satisfy

Vke{l,2,...,q}, je{l,2,....,m}, 0<a< fi(z;) <b<L

For any two bag-level predictions gi,(B), g).(B) and the same one-hot target éy,, the bound for the
cross-entropy (CE) loss is

|Ler(gr(B),ax) — Lop(gr(B),ar)| < a™™ |ge(B) — g1.(B)],,
thus, the Lipschitz constant for CE is a™"™.
The bound for the mean-squared-error (MSE) loss is
|Luise(gr(B), ax) — Luse(g;,(B), ax)| < 2v2 [gi(B) — g;,(B)],,

thus, the Lipschitz constant for MSE is 24/2.

Proof. We prove the two loss functions separately.
Cross-entropy loss.
Lcr(9x(B), du) = —log g,a, (B)

2m m

_log(z QT”&’CH fk("’j)byil) (1- fk(:cﬂ)l_b;ril)).
j=1

r=1

Since each instance-level prediction satisfies f;(x;) > a and the weights ¢, 5, sum to one, it follows

that
(r—1) 1) m
9k,ay, (B) = Z%‘,&k ka(wj)bj (1 - fk(mj))l b = a.
r J
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Hence 1
VeLlcg|l=——=— < a ™,
[VsLonl Ir,a, (B)

and for any two bag-level predictions gi(B), g;,(B),

|Lcr(gr(B), dw) — Lor(gr(B),ax)| < a™™ |gi(B) — gi.(B)|,-
Thus the Lipschitz constant for the CE loss is a™ ™.
MSE Loss.

EMSE(gk(B),&k) = 2 (gk,e(B) - dk,l)z = HQk(B) - &kH;'
=0

Its gradient is Vg Lyse = 2(gi(B) — dx), so
|VgLuse|, = 2|ge(B) — ax|, < 2v2,

because the maximum Euclidean distance between a probability vector and a one-hot vector in the
simplex is \/5 Therefore,

|Lrise(gk(B), k) — Luse(g1(B), 6x)| < 2v2[gk(B) — gi.(B)],.
Hence the Lipschitz constant for the MSE loss is 21/2. Both desired bounds are now established. [J

Definition 2 (Rademacher complexity). Let Dy, = {(B*, &%)}, denote n i.i.d. bags with propor-
tional value labels drawn from a joint probability distribution p(B, &). Let o = (01,09,...,0,)
denote Rademacher variables taking values from {+1, —1} uniformly. Besides, let 7 denote a class
of binary classifiers. We introduce

g= {B —g(B):g(B) = [91(B),92(B),..., gm+1(B)], 1(B) = 23:1 qr,l H;nzl

(e 0 san( ) per).

Notably, the marginal density of Dy, k € {1,2,...,q} is the same. The (expected) Rademacher
complexity of £ o G under the distribution Dy, is defined as

RE(L 0 G) = Ep E, [sup Ly

geg M=l

oL (g(BY). a;)] |

For ease of notations, we introduce D = D; U D, U..-u @q. Then, we introduce the following
lemma.

Lemma 6. The following inequality holds with probability at least 1 — §, where C'is a constant:

In (2/8
<D Rh(L o G) +cm\/W_

Proof. In the following proofs, we consider a general case where all the datasets Dy, are mutually
independent. When a bag (B, &y,) from Dy, k € {1,2,. .., ¢} is substituted by another bag (B, &}),

sup ‘R(flaf%“-afq)_§<f1af2a---7fq)

fi:f2s fq€F

according to Lemma the value of supfhfz)wfqef_‘R(fl,fg,...,fq) —]:Z(fl,f27...,fq)‘

changes at most C'm/n. According to the McDiarmid’s inequality, for any 6 > 0, the following
inequality holds with probability at least 1 — §/2:

swp  (R(fi, foreos fa) = RUf1 foreo o )

f17f2;~~7fqe}-

+ 18]

<Ej l swp  (R(fi v fa) = RO Foreo o )

fi:f2,. . fq€F
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By symmetrization (Vapnik, |1998)), it is routine work to have
~ 2 q
Ep| swo (RUi S f)) = RO oo ) [ <2300 RE(L0G),
J1: 0250 fq€F
Therefore, the following inequality holds with probability at least 1 — 6/2:

qln (2/6)

swp (R foreoo s o) = RO foee s f2) < Xt RE(L 0 G) + Omy [ 122

f1.f2,-- fq€F
In the same way, we have the following inequality with probability at least 1 — §/2:

fi,f2, fqg€F

Therefore, the following inequality holds with probability at least 1 — ¢:

. 2 q qln (2/6
swp |R(f foreosf) = RO o )| € D00 RE(L 0 G) + O #
fi:f2y fq€F = n
O
Definition 3 (Covering number). Let S = {x1,...,x,,} be a set of m i.i.d. samples from X" and

define the empirical L, metric

1/p
, p=1.

I =gl = (o 3 17(@) ~ g()P)

xzeS

An e-cover of F (with respect to | - ||, s) is a finite set C = F such that for every f € F there exists
g € Cwith | f —gllp,s < &. The empirical L, covering number is the minimum size of such a cover,

Np(F,e,8) := min{|C| : C is an e-cover of F under | - [, s},
and the worst-case (over samples) covering number of size m is

Ny(F,e,m) = sup Nyp(F,e,S).

Sexm

Lemma 7 (Refined Dudley’s Inequality, Lemma A.1 from |Srebro et al.| (2010)). For any function

class F : X - R,
supser VEA[f2] ]
() < inf {4+ 1z (e
n>0 n

n

Lemma 8 (Theorem 18.4 in |Anthony & Bartlett (2009)). Let F be a nonempty set of real func-
tions mapping from a domain X into the real interval [0, 1] and suppose that F has finite pseudo-
dimension d. Then for all € > 0,

Nl(f,é'»m) < Ml(f7€7m) < 6<d+1) (%)d

Corollary 1. Let F be a nonempty set of real functions mapping a domain X into the interval [0, 1],
and assume that F has finite pseudo-dimension d. Then, for every € > 0 and any sample size m > 1,

No(F,e,m) < e(d+1) (%)d.

Proof. Because all function values lie in [0, 1], for any f,g € F we have the point-wise bound
|f(x) — g(x)]> < |f(x) — g(x)|. Averaging this inequality over an arbitrary set S of m i.i.d.
instances and then taking square roots yields:

If=gl3s < If—glis = [f—glas < /If—glus. (25)
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If C is a §-cover of F in L1, meaning that for every f € F and every S € X', there exists a g € C
such that |f — g|1.5 < 0, then by ([23) the same center g satisfies |f — g|l2.s < +/0.Hence, any
d-cover in L1 induces a v/8-cover in Lo:

No(F,Vo,m) < Ni(F,6,m). (26)
Choose § = 2 in (26) and invoke Lemmal8] we have
d
No(Foe,m) < Ny (F,e%m) < e(d+1)<§—§) ,

which is exactly the claimed inequality. O

Lemma 9. Let F  [0,1]% be a class of real-valued functions with pseudo-dimension d, and let
L be any loss function whose range is contained within [0, T, and with Lipschitz constant A with
respect to g. Denote by L o G the composition of L and the class G as defined in Definition[2] Then,
for any sample of n bags under the distribution Dy,

d(m + log \)
n

RE(LoG) = O(T

);

where O() hides universal constants and all polynomial dependencies on log m and log n.

Proof. For any pair of functions f and f<, and their corresponding bag-level mappings g and g¢, we
first note that for every bag B’ and each [, according to the definition of g, we have:

|9:(B") — gi (B)]

<| X (Hfmm)(ﬂ — @) = 3 ([T @) ([T - r@a))

s::[ jes j¢s Sc[m] jes igs
|1S|= l |S|=l
Z Z‘f m'h] xivj)’
SC[m]J 1
|S|=1
~(77) Xlrtees) - £
j=1
<™ Z|f(w’b]) f ("’cw)|
j=1

The first inequality applies the triangle inequality. The second inequality uses the bound on indi-
vidual differences due to each term being at most 1, leveraging the boundedness on f(x; ;) and
f€(x;,;). The fourth inequality employs the combinatorial bound ("}) < 2™. Finally, the fifth
inequality applies the Cauchy—Schwarz inequality to convert from the ¢;-norm to the ¢5-norm.

Consequently, taking the ¢>-norm over the entire (m+1)-dimensional output vector and then apply-
ing the standard relation |v]2 < v/m + 1 |v] 4, we obtain

(f(@ij) — fe(®i)))’

NgE

| | | | 1
l9(BY) — g"(BY)l2 < vim+1[g(B") - g"(B))|. < 2" | —
1

J
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in the last inequality we deliberately absorbed the polynomial factor into the exponential term.

Hence, for the empirical £>-metrics over the sample we have the compact bound

n 1/2
(iZ}c(g(Bi),&;;) —c(ge(Bi),a;;)f) ( an (BY) — g“(B")|3 ) ” <

Then, we can directly derive the following relationship between covering numbers:
log N2(L oG, e,n) <log N> (G, %,n) < log N> (.7-"7 oz nm).
Applying Corollary [I]to the right-hand covering number:
log N2 (LoG,e,n) < logle(d+1)) +d log(w).

Because the outputs of £ lie in [0, T'], we can apply Lemma which yields:

T | loge(d + 1)) + 2d 10g(@)
J - ds}.

RE(LoG) < inf{4n+ 12
n>0 n

Choosing n = ©(T'\/2d/n) gives

RE(LoG) < 4T\/ﬁ + 12T\/6dm + dlog/\-l-dlogn.
n

We absorb the log n and log A factors into the O notation and, using m > 1, obtain

),

RE(L o G) = OT d(m + log A)

n
which concludes the proof.

O

Corollary 2. Suppose we use either the cross-entropy (CE) loss or the mean-squared-error (MSE)
loss. Then, under the assumptions stated in Lemma[9) we have for any sample of n bags under the

distribution ﬁk.,

RE(LoG) = O («/d:’f>,

where O() hides universal constants and polynomial dependencies on log m and logn.
Proof. The corollary can be obtained by combining Lemmas ] and [5]
Finally, we provide the proof of Theorem 3]

Proof of TheoremB}
R(f1, far oo fg) = RUFE S5 1)
:R(flaf%---afq)_é(flaf%'--afq)+é(f1’f27"'7fq)_é(fl*af;w"? 7)
FRUFE S )~ RUTSE o )
<R(fr, for- oo fo) = RO Fonoo J) + RUEFE o S5 = RUE S5 )
2 ‘R Fis v fa) — é(fl,fg,...,fq)‘

f17f27 ,quf

N

27)

The first inequality is deduced because (fl, for oo, fq) is the minimizer of R(f1, f2, ..., fq)- B

combining Inequality with Lemma [6]and Corollary [2] the proof is completed.
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B.6 PROOF OF PROPOSITION[I]

We denote 71" as the arithmetic-operation complexity and 7%!! as the wall-clock-time complexity.

(i) Initial forward transforms (GPU batch). All m + 1 zero-padded binomials undergo one
batched discrete Fourier transform call. Since each discrete Fourier transform requires O (m log m)
time (Cooley & Tukey, |19635)), we have:

T2 = (m + 1) O((m + 1) log(m + 1)) = O(m*logm),  Tad = O(mlogm),

init — init —

because a single batched call executes all vectors in parallel on GPU, leveraging the high-throughput
parallelism provided by modern GPU-accelerated FFT libraries.

(i) Layer—i merges in the frequency domain. After i recursions the list length is N; = [(m +
1)/2"]. For each even j < N; — 1 we set

s — s—1 s—1 _
Hk:,j,t - Hk,Qj—l,t Hk,gj,tv t=0,...,m,

which costs m + 1 = O(m) arithmetic operations per pair. Launching the | N;/2| pairs of layer i as
a single GPU kernel yields the wall-clock cost

Tiwall — O(m) .

Therefore

Z[logz(mH)]—l
i=0

Twall —

merge

T = O(mlogm),
whereas the arithmetic count is

T = L5 o) - 0w

(i) Final inverse transform (GPU). A single length—(m + 1) inverse discrete Fourier transform
(IDFT) yields {cx.0,--,crm} and hence gx; = ci—1. Since the inverse transform has the same
complexity as the forward transform (Cooley & Tukey, [1965), we have:

arith wall
Tﬁnal = Lfinal = O(m IOg m)

(iv) Overall wall-clock time.

ol =Tl + Tl 4+ Tpdl = O(mlogm) + O(mlogm) + O(mlogm) = O(mlogm).

init merge

With fixed length—(m + 1) padding and batched GPU kernels that keep all merges in the frequency
domain, the procedure runs in O(m log m) wall-clock time, and returns the desired coefficients c, .
and probabilities gi ;(B) = ¢ 1—1. O

C MORE ALGORITHMIC DETAILS

The algorithmic details of LLP-PVC, the FFT-based computation of model outputs, the cluster
bag generation process, and the proportion-first bag generation process are shown in Algorithms [T]
through ] The pipeline of LLP-PVC and a toy example of FFT-based calculation of posterior prob-
abilities for proportion values is shown in Figures [3|and |4] respectively.
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Algorithm 2 FFT-based computation of g (B) (Algorithm 2)

Require: Bag B = {x1,. ..,z }; per-class instance posteriors { f(x;)}j=1: N < m + 1.
Ensure: gx(B) = [gx,1(B), ..., gk,n(B)] with gk 1 (B) = cx 1.

1: for j = 1tomdo

2 Initialize hg — [1 = fi(zx;), fu(z;), 0,...,0] € RY (according to Eq. )
3 H < DFT(h) usingEq.
4: end for

5: 8«1, Ny < m
6: while N, > 1do

7: for j = 1to |Ns/2] do
8: Hj ; — Hk,sﬁgjl_l ©) Hks’;jl using Eq.
9: end for

10: if s is odd then
11: HI:,N&;‘,“ — H,:jvlb as inEq.
12: end if

13: s« s+ 1; Ny« [Ns—1/2]

14: end while

15: Hf « H,LlﬁgZ(mﬂﬂ according to Eq.
16: ¢, «— IDFT(H}) using Eq.

17: for ! = 1to N do

18: gk,l(B) “— Ck,l1—-1 by Lemma

19: end for

20: return gx(B)

DFT

DFT
)
k,3 k,3
‘ é Inverse
k.2

‘ DFT R

DFT
DFT
L) (D

Figure 4: A toy example of FFT-based calculation of posterior probabilities for proportion values.
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Algorithm 3 Cluster bag generation

Require: Labeled dataset {(a;, y;)}, withy; € Y = {1,..., q}; bag size m; number of clusters K; Dirich-
let parameter 7 € RE.
Ensure: LLP dataset D = {(B;, a;)}j—1, where n = |[N/m]|.

1: n <« |N/m|; N’ < nm;keep the first N’ samples.

2: Partition {ml}izl into K clusters; let clu[r] < {i < N’ : cluster(i) = r}forr =1,..., K.

3: Initialize D «— (.

4: fori = 1tondo

5: Draw cluster proportions p; ~ Dirichlet (7). >p; e AKTL

6: end for

7: fori = 1tondo ,

8: Obtain an index list I* by drawing m indices from Uiil clu[r] without replacement, such that the
cluster composition of I* follows p; and the global usage exhausts each clu[r]. © I" is the list of selected
sample indices for bag ¢ ‘

9: Form the bag B; = [@;1, . . ., ®im | from indices I".

10: Compute label proportions ov; = [vi1, . . . , atig] Where agp, «— - 2 Wyiy = k) fork = 1,.
11: Add (Bb,az) to D.

12: end for

13: return D

Algorithm 4 «o-First bag generation

Require: Labeled dataset {(x, )}/, withy; € ¥ = {1,...,q}; bag size m; Dirichlet parameter 7 € R
Ensure: LLP dataset D = {(B;, o) }i—1, where n = | N/m/|.

I: n < |[N/m]; N’ < nm; keep the first N" samples.

2: Build class pools pool[k] < {i < N :y; = k}fork=1,...,q.

3: Initialize D «— .

4: fori = 1tondo

5: Draw target proportions cx; ~ Dirichlet (7).

6: end for

7: for i = 1tondo ‘

8: Obtain an index list I* by drawing m indices from | J; _, pool[k] without replacement, such that the
class composition of I* follows c; and the global usage exhausts each pool. o I* is the list of selected
sample indices for bag ¢ _

9: Form B; = [@1, ..., ®im]| from indices I°.

10: Add (B;, a;) to D.
11: end for
12: return D

D MORE EXPERIMENTAL DETAILS AND RESULTS

D.1 MORE EXPERIMENTAL DETAILS

The hyperparameters used for K-MNIST, F-MNIST, SVHN, and CIFAR-10 are described in Table@
Furthermore, for numerical stability, we clip the probabilities in Eq. @ by enforcing a minimum
value of ¢ during optimization, where £ € {10712,1073% 10780, 102
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Table 6: Hyperparameters for datasets (K-MNIST, F-MNIST, SVHN, CIFAR-10). SVHN and
CIFAR-10 backbones ResNet-18 are pretrained on ImageNet.

Dataset K-MNIST  F-MNIST SVHN  CIFAR-10
Model LeNet-5 ResNet-18
Epoch 1024 500
Learning Rate 2.5 x 1073 5x 1074
Weight Decay 5x107° 1x107*
Optimizer SGD (momentum 0.9)

Data Augmentation

Random crop & horizontal flip

Batch Size

1024

Scheduler

Tk

n="o COS( 16K

D.2 ADDITIONAL EXPERIMENTS WITH LARGE BAG SIZES

We also evaluate our method under large bag sizes, and experimental results are shown in Table
While prior LLP studies typically consider even larger bags, mainly in binary settings (e.g., up to
m=2048), extending to multi-class classification is substantially more challenging. In our exper-
iments, meaningful performance is achieved at m = 256, whereas for larger m, most baselines
quickly collapse toward trivial solutions, rendering further increases in bag size less informative.

Table 7: Accuracy results (mean =+ std over seeds) under Random Bag construction with large bag

sizes.
Method CIFAR-10 SVHN
256 512 1024 256 512 1024

PM 3517 +430 2120 +446 9824252 | 2814+ 140 2065+ 1.62  15.64 + 1.52
DSQ 42354245 3283+296 1039 +3.12 | 3516 +0.63 2597 +0.08 1563 + 2.11
EasyLLP 31114+ 143 2295+ 1.54 1077 £093 | 2469+ 145 21.82+094  19.59 + 0.00
EasyLLP-flood  39.07 +1.62  2822+091  10.76 £093 | 36.02+207 2520+ 1.05 19.59 + 0.00
ROT 3717+ 156 2260 +£298  839+0.11 | 32794052 2140+ 1.99 1504 + 1.16
LLP-PVC 69.21 + 1.65 2846 +582 1292+ 198 | 9074 +2.32 2103+ 123  19.62 + 0.04
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