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ABSTRACT

Within the framework of federated learning, we introduce two novel strategies:
New Lazy Aggregation (NLA) and Accelerated Aggregation (AA). The NLA strat-
egy reduces communication and computational costs through adaptive gradient
skipping, while the AA strategy accelerates computation and decreases communi-
cation costs via adaptive gradient accumulation. Building upon these innovative
strategies and compression techniques, we propose two new algorithms: FedBN-
LACA and FedBACA, aimed at minimizing bidirectional communication costs.
We provide theoretical guarantees for client participation (either full or partial) in
these algorithms under non-convex settings and heterogeneous data. In the context
of non-convex optimization with full client participation, our proposed FedBN-
LACA and FedBACA algorithms achieve the same convergence rate of (’)(1 / T)
as their non-tight counterparts. Extensive experimental results demonstrate that
our protocols facilitate effective training in non-convex environments and exhibit
robustness across a wide range of devices, partial participation, and imbalanced
data.

1 INTRODUCTION

Federated Learning (FL) is a promising machine learning (ML) framework that enables collaborative
model training without sharing data. This approach ensures that data privacy is protected, as data
does not need to leave the owner’s possession McMahan et al.|(2017). FL models involve edge clients
or devices, such as smartphones and personal computers (PCs), training local ML models using
their own data without sharing. Instead of sending raw data to a central server (e.g. cloud server),
the edge client updates the parameters of the local server model (e.g. smartphone, PC updates).
The server then generates a shared global ML model by aggregating local parameter updates. In
FL, traditional distributed stochastic gradient descent (SGD) is unsuitable for challenging federated
learning scenarios, where data does not follow independent homogeneous distributions and only
a small fraction of clients participate in each communication round. To address this issue, many
federated optimization methods use local client updates. To reduce significantly the amount of
communication required to train the model, local clients update their models multiple times before
communicating with the server. One of the most popular FL methods is the FedAvg algorithm
proposed by McMabhan et al.|(2017), in which the global model is updated by averaging over multiple
local SGD update steps.

Although FedAvg algorithm can be trained without sharing data and achieve good results, it in
practice still presents challenges in FL. 1) Lack of adaptivity. As SGD-based updates may not be
suitable for stochastic gradient noise with heavy-tailed distributions, which usually occur when
training large models |[Devlin et al.| (2019); Brown et al.| (2020); 2) Unaffordable communication.
Repeated synchronization of the uplink and downlink between the client and the server leads to
significant communication overhead, but some of these parameters are passed non-essential. Here, the
uplink represents a transmission from clients to servers and the downlink represents a transmission
from server to clients.

Many works have researched the aforementioned issues. 1) For adaptivity in the federated learning
framework, Reddi et al.| (2020) proposed the FedAdam algorithm and its variants [Tong et al.| (2020);
Wang et al.|(2022a); [Wu et al.|(2023), which integrate the adaptive gradient approach. 2) Recently,
to reduce communication costs, three approaches have been developed: (i) Local approach |[Huang
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et al.| (2023)); [Li & Wang| (2019); [L1 et al.| (2019b)); Mishchenko et al.| (2022)); Karimireddy et al.
(2019a)). The local devices implement multiple rounds of optimization before sending the information
to the server. This reduces the rounds of global communication, thereby having an overall lower
communication cost. (ii) Compression methods Reisizadeh et al.|(2020); Chen et al.|(2021)); Richtarik
et al.| (2023); |Beznosikov et al.|(2023)). During each round of communication, the local devices send
compressed information to the server, reducing communication costs through some compression
mechanisms. (iii) Lazy aggregation algorithmChen et al.|(2018b); Sun et al.|(2019); Ghadikolaei et al.
(2021); [Mishchenko et al.|(2022). Some parameters may be similar to those of the previous round, so
they do not need to be transmitted (i.e., the parameters of the previous round are used in the current
round), which also effectively reduces the communication cost.

However, although the lazy aggregation algorithm provides a strategy to reduce communication costs,
it is more difficult to implement in practice, especially in joint learning where only some clients
are involved in the training. Although these algorithms have achieved great success in reducing
communication costs, they are unidirectional in the sense that they are uplink communication, not
downlink communication. A natural thought is: How do we design a simple and more efficient
strategy to improve communication efficiency based on bidirectional communication? In this
paper, we initially introduce two innovative updated strategies, namely NLA and AA. These strategies
are subsequently applied to the FedAMS and FedCAMS algorithms as outlined in Wang et al.
(2022a). Furthermore, we advance the development of bidirectional communication-efficient adaptive
algorithms within a non-convex framework and in the context of heterogeneous data.

Main contributions

e We present two novel communication strategies for joint learning in federated learning (FL),
referred to as NLA and AA, which improve upon the existing LAG algorithmChen et al.| (2018b);
Sun et al.|(2019); Mishchenko et al.|(2022). In contrast to conventional approaches, NLA and AA
do not require parameters from multiple iterations; rather, they utilize only the parameters from the
preceding iteration along with those from the current iteration. This characteristic enhances their
adaptability and simplifies their implementation.

e We propose two novel and efficient adaptive optimization techniques for communication:
FedNLACA and FedACA . Both methods enhance communication efficiency and adaptability within
the context of joint learning. The FedNLACA algorithm notably decreases communication costs by
employing real error feedback, a compression strategy, and our proposed NLA strategy, all while
preserving high accuracy. Similarly, the FedACA algorithm effectively reduces communication
costs and sustains high accuracy through the use of real error feedback, a compression strategy,
and our proposed AA strategy. It is important to highlight that FedNLACA and FedACA attains a
convergence rate of 0(1 /T )

e We have developed a novel cross-device compatible adaptive joint optimization method, referred to
as FedBNLACA and FedBACA, which employs two strategic approaches to facilitate a reduction in
bidirectional communication costs for both uplink and downlink transmissions. A convergence analy-
sis was performed under conditions of general non-convexity and data heterogeneity, demonstrating
that both FedBNLACA and FedBACA can also attain a convergence rate of O (1 / T).

e Extensive experiments on various benchmarks showed that our proposed algorithms are well
adaptive in training real-world machine learning models.

2 RELATED WORK

Adaptive Gradient Methods: Adaptive gradients (Zeiler, [2012} Duchi et al., 2011} Kingma &
Bal 2014} |[Reddi et al., 2018)) are a series of algorithms that effectively reduce the relatively slow
convergence and over-sensitivity to parameters of gradient descent methods in the face of heavy-tailed
stochastic gradients, and are heavily used to train large networks.

Federated Learning: FedAvg was introduced by McMabhan et al.|(2017) as the inaugural algorithm
for federated learning (FL). By employing periodic model averaging, this approach significantly
mitigates communication overheads. Initial studies focused on the analysis of FL algorithms within a
homogeneous data framework, while more recent investigations have expanded the scope of federated
learning to encompass heterogeneous data environments (non-iid) and non-convex models (L1 &
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Wang|, 2019 |Li et al., 2019a} |Sahu et al., 2018} |Yang et al.,[2019; [Wang et al., [2022a))). (L1 et al.,
2019a;|Sahu et al., [2018) proposed FedProx and FedDANE algorithms for federated optimization
against heterogeneity. [Wang et al.| (2022a))gave theoretical results of data heterogeneous federated
learning under the conditions of adaptive methods. In this paper, we follow the ideas of [Wang et al.
(2022a). Numerous studies have been conducted that build upon the FedAvg framework, including
notable contributions such as FedNova Wang et al.| (2020), and SCAFFOLD Karimireddy et al.
(2019al), as well as various other adaptations of FedAvg (Yang et al.| [2021b; Wang et al.| 2022a)).
In a recent advancement, Reddi et al.| (2020) introduced several adaptive federated optimization
techniques, including FedAdagrad, FedYogi, and FedAdam, aimed at addressing the convergence
challenges associated with FedAvg. Additionally, |Chen et al.|(2020) presented Local AMSGrad,
while Tong et al.|(2020) introduced a suite of federated adaptive gradient methods that incorporate
calibration mechanisms.

Effective methods of communication: Many methods to reduce communication costs have been
proposed in federated learning, three main ideas are 1) multiple rounds of local iteration methods
(Elgabli et al.}[2022;[McMabhan et al.,[2017; Li et al., 2019a; Sahu et al., 2018]), 2) compression and
error feedback (Reisizadeh et al.,[2020; [Elgabli et al., [2022; Haddadpour et al., [2020; Wang et al.,
2022a)), 3) lazy aggregation (Sun et al.,[2020; |[Mao et al.| [2022} |Chen et al., [2018b; |Sun et al.| 2019).
Most of the above methods are only unidirectional (uplink), and although (Sun et al., [2020; Wang
et al.,[2022b) considered bidirectional algorithms, they did not consider the heterogeneity problem in
FL, the involvement of some of the servers in the training as well as the related theoretical guarantee,
and the adaptive problem. Moreover, their strategies to reduce the communication cost are difficult to
implement under heterogeneous partial clients participation. Therefore, how to give simple strategies
to reduce communication cost, and how to design adaptively efficient algorithms for bidirectional
communication with partial clients participation is the focus of this paper.

Notation: For vectors x,y € R?, /X, x%, x /y denote the n element-wise square root, square, and

division of the vectors. For vector x and matrix A, || - || denotes the £2 norm of vector/matrix, i.e.,
||x]| = |Ix]||2 and ||A|| = ||A]|2. In algorithms, ¢ denotes the ¢-th iteration. The m is the number of all
clients/devices.

3 PRELIMINARY

This paper aims to study the federated learning non-convex optimization problem, which is formulated
as follows:
1 m
i 0) = — F;(0),
min f(0) = — ; ()
where F;(0) = E¢,wp, F;(6,&;), Fi(0) denotes the local non-convex loss, D; represents the data
distribution on ¢ clients. m represents the number of all clients, d denotes the dimension of the model
parameters. In the non i.i.d setting, distributions D; and D; can vary from each other, i.e., D; # D;,

Vi # j. In the stochastic setting, one can only get unbiased estimates of Fj(#), i.e., the stochastic
gradient g} = VF;(0,&).

Assumption 3.1. (Smoothness). There exists an L such that each loss function on the i-th worker
F;(0) satisfies the following equation, Vx,y € R%,

i)~ Fily) — (VE().x— )] < 2l -y

The smoothness of F; also means that the L-gradient Lipschitz condition, i.e., | VEF;(x) —=VF;(y)|| <
L||x — y||. This assumption is widely used |Yang et al. (2021a); Reddi et al.| (2018).

Assumption 3.2. (Bounded Gradient). Each loss function on the i-th worker F;(6) has G-bounded
stochastic gradient on s, i.e.,for all &, E||V f;(0,£)|| < G. In addition, we also assume that ||0|| <
H The assumption of bounded gradient is usually adopted in adaptive gradient methods Reddi et al.
(2018)); |Chen et al.| (2018a).

Assumption 3.3. (Bounded Variance). The bounded local variance, i.e. for all 6, i € Lm],
E[|Vf:(0,£)—VF;(0)|?] < o?; and global variance constraint, i.e. = Y7 | VE;(0)—V f(0)]]? <

m
o2, where o7 and o are some positive constants.
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The assumption of bounded variance also is usually adopted in adaptive gradient methods|Yang et al.
(2021a); |Reddi et al.| (2020). The bounded local variance represents the randomness of stochastic
gradients, while the bounded global variance represents the heterogeneity of data between clients. It
is important to note that these variances are bounded. The value of o, = 0 indicates the i.i.d setting,
where datasets from each client have the same distribution.

Assumption 3.4. (Biased Compressor). Consider a biased operator C : R¢ — R? : for V§ € R?,
there exists constant 0 < ¢ < 1 such that

lc(8) — 6l < qll6]]. V8 € R™.
Note that ¢ = 0 means no compression to §. Here are two examples: scaled-sign compressor and

top-k compressor.

Top-k Shi et al.| (2019); |Stich et al.| (2018): For 1 < k < d and V8 € R4, the coordinate of 6 is
ordered by the magnitude |0(1)| < |0(2)| < --- < [0(q)|. Denote hy, ha, ..., hy as standard unit basis

vectors in R?. The compressor Cop : R¢ — R? is defined as: Ciop(0) = Z?:d—k-',—l Oiyhi)-

Define the compression ratio as r = k/d. It can be shown that ||Cyop(6) — 9”2 <(1- k/d)||9||2 _
(1 — 7|2, and thus we have ¢ = /T — r.

Scaled sign Karimireddy et al.[(2019b): For 1 < k < d and V6 € R¢, the compressor Csign : R? —
R is defined as
Csign(0) = [|0]]1 - sign(6)/d.

For scaled sign compressor, when |Cygn(0) — 0]> = (1 — [|0]|2/d||0]|?)]|0]|?, thus ¢ =
V1= 63/d]e]>.
3.1 TwO STRATEGIES

Prior to the presentation of my strategy, it is essential to examine the LAG algorithmChen et al.
(2018b)); |Sun et al.|(2019); Mishchenko et al.| (2022):

R
I9Fn(8) = VELO)] < 5 > enllorr 7 o] n
r=1
2 ||gt—1 _ pt||? 1 ¢ t+1-R _ pt—R 2
2, |loit — o)’ < a2m2253’0 0 H . 2)
r=1

While the aforementioned concept is innovative, it necessitates the establishment of parameters for
the initial R iterations. Determining the appropriate value for R poses a challenge, and furthermore,
the inclusion of parameters from all R iterations in the computation may lead to complications in
data storage. Therefore, we propose two new aggregation strategies.

Here we introduce the meanings of some parameter representations. The S; denotes the sum of all
participating training clients at the ¢-th iteration, C, D, « are some postive constants, m represents
the number of all clients, here we first introduce the meanings of some parameter representations, R
represents the number of iterations selected, L, represents the L-gradient Lipschitz condition of m.

NLA Strategy (New Lazy Aggregation). For any x, let p; = x; — x;—1. If
c
loell < —lIxe—1]] : Xt  x¢—1, else : X  X;. 3)
aSt

Example 1: Let ¢f = Aj — Al_,if ||¢f]| < 5 [|A_y]l,i € M, : Al Al else: Al « Al the
specific parameters are given in Algorithm [T}

Example 2: Let C(qf) = Al — Al if ||C(q})|| < S-||A_|l,i € M : A, « Al else:

_ = as,
~1
A, + A} the specific parameters are given in Algorithm

~i

Example 3: Let C(Q;) = 0} — 0;_,, if [[C(Q)I < ZN0i_1l,i € M; : 0, « 0;_,, else:

=%
0, < 0} .the specific parameters are given in Algorithm
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Remark 3.1. The NLA Strategy presented herein represents a modification of the lazy aggregation
method as described in previous works (Chen et al.| (2018b); |Sun et al.| (2019). This approach is
characterized by its operational simplicity, necessitating only a comparison with the parameters from
the preceding iteration. As an innovative lazy aggregation technique, the NLA Strategy effectively
diminishes communication costs by minimizing the number of communication parameters required.
(The NLA strategy assesses whether the difference between the parameters from the (¢ — 1)th and
t-th iterations falls within a minimal threshold, indicating that these parameters are closely aligned.
If this proximity is confirmed, the parameter from the (f — 1)th iteration is retained in place of the
parameter from the ¢-th iteration.)

AA Strategy (Accelerated Aggregation). For any x, let p; = x; — xz_1. if
D
HPtH < 7th—1|\ DXy 4 X1 + Xy, else : Xy — Xq. 4
CkSt

Example 4: Let g = A} — Ap_if |lgill < ENAL Il € My - A} « A, + A, else:
A} < A} the specific parameters are given in Algorithm

Example 5: Let C(q) = A) — &)y, if [C(g)|| < Z-N1AT_lli € My : A, « Aj_ + A}, else:

~1

ﬁt — 3} the specific parameters are given in Algorithm 3

~ , o~ =t ~ ~
Example 6: Let C(QY) = 0; — 0;_4, if [|C(QY)] < (%gt 10: 1], € My : 0, < 0:_; + 0}, else:
=
0, < 0!,the specific parameters are given in Algorithm |2
Remark 3.2. The AA strategy is a novel acceleration method designed to reduce communication
costs by speeding up the process. The proposal of this strategy is based on a fundamental motivation:
when the parameters of the (¢ — 1)th iteration are very close to the parameters of the t¢th iteration, it is
possible to achieve an update of both steps at once (i.e., by adding the parameters of the (¢ — 1)th
and tth iterations). This core idea is consistent with the principles of the NLA algorithm. Through
adaptive accelerated iterative descent, the AA strategy can effectively reduce communication costs. It
is worth noting that even without the AA strategy, the iterative process of conventional algorithms
can still achieve results similar to those of the AA strategy, but a more in-depth analysis of the AA
strategy will be reserved for future research.

4 METHODS

4.1 FEDERATED NEW LAZY AGGREGATION AMSGRAD AND FEDERATED ACCELERATION
AMSGRAD

In this section, we present two new frameworks of the adaptive algorithm: Federated New Lazy
Aggregation AMSGrad (FedNLAA) and Federated Accelerated AMSGrad (FedAA). In FedNLAA
and FedAA algorithms. 6, is the ¢-th iteration ¢ of the global model parameters. At iteration ¢, the
participating client 7 in the selected subset S; (of size n) receives the model 6, from the server, i.e.,
9;0 = 6;. Then, the client performs K steps of local SGD updating with local learning rate 7; to

get the local model 6; 1, judges whether the client < model difference A} = 6} ;- — 6, satisfies the

strategy NLA (in FedNLAA) or AA (in FedAA), and then send the judged model difference 3; to
the server. The server updates the global model difference A; by simply averaging the local model

differences 3; Algorithm gives the detailed procedure for FedNLAA and FedAA.

4.2 CONVERGENCE ANALYSIS FOR FEDNLAA AND FEDAA

Full Participation: All clients participate in training, i.e., |S¢| = m, Vt € [t].
Theorem 4.1. Under Assumptions if learning rate m satisfies the following condition: n; <
} , then FedLAA in Algorithmunder the full

min { —t- <
8KL? K\ /B2 K2G2+€[(3+C2)nL+2+/2(1—62)G]
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Algorithm 1 FedNLAA and FedAA

Input: Initial value 0y, local step size 7;, global step size 7, constants 31, 82 and €, A} =
0

1I: mg < 0,vp <0

2: fort =1to T do

3 Server randomly selects a subset of clients Sy and transmits 6; to the subset of clients Sj.

4 9270 — Qt

5:  for eachclient i € S; in parallel do

6

7

fork=0,...,K —1do
Compute local stochastic gradient:
8 = VEi(0 tlwftk)

8: Update 9t7k+1 = OM MGt -
9: end for
10: Compute A} =01 . — 0, g} = A} — AL,
11: Judges: If ¢! satisfies NLA (Example 1) or AA (Example 4).
12: Outputs: A? .
13:  end for

14:  Server aggregates: A; = ‘S i Zves,

15:  Update: my = Bimy_1 + (1 — 51~)At,
16:  Update: v; = Bavi_q + (1 — B2)A
[Vi = max(Vi_1, v, €) and 01 = 0 + 77%}’

or
[Gt = max(if},l, Vt) and 9t+1 = et + nﬁ}
17: end for

participation has

win (VS 001) < 4/ e [ By 2l

5 2 25272
_ Cl\?’zd | 2CimKLGM Bm\ﬁ%L (07 + 6Ko2) + (3 + CH’L +

(1 = Ba)nGl(2 2KC?nG 2GC
2 I_BQUG m7177lel angle)—"_{me’andclzlfﬁ'
Theorem 4.2. Under Assumptions if learning rate 1, satisfies the following condition: n; <
, then FedAA in Algorithmunder the full par-

(1]

where

min { —L- <
8KL? /B2 K2G2+¢[(3+C2)nL+24/2(1—B2)G]

ticipation has
minE[[V (8|2 < 4y/BanpK?G? 1 e~ |10 L = g
- : nKT T ’

2 2 277272
where & = Cl\?Qd + 2clnanLG 10 = ‘”71\72]‘ (o} + 6Ko2) + (3 + CP)n’L +

(2 42K G
24/2(1 — B2)nG] m’ge R )Jr@,andCl:l_ﬁl.
Remark 4.1. When the parameters C' = D, % =1, the result of Theorem becomes the result of
Theorem 4.2 The upper bound for min, 7 E[||V f(6;)]|?] contains three parts: The first two terms
decrease as 1" increases, and this term tends to zero as t tends to infinity. The last term relates to the

local stochastic variance o; and global variance o . In the i.i.d setting, where the global variance is
zero and each worker has the same data distribution, i.e., 0, = 0, the variance term 2 will be smaller.

Corollary 4.1. Suppose choose local learning rate n; = G(ﬁ) and global learning rate n =

O(VKm), when T is sufficiently large, i.e., T > Km, the convergence rate for FedNLAA and FedAA
in Algorithm 2|under full participation has

. - 1
min E[|[V/(6)1] —O< TKm)
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Remark 4.2. Corollary [4.1] suggests that with sufﬁment large T, when T = O(Km), FedNLAA
and FedAA achieve a convergence rate of (9( ), which matches the result for general federated
non-convex optimization methods such as FedAMS Wang et al.|(2022a) and FedAdam |Redd: et al.
(2020).

Partial Participation: We assume that only n of m workers participate the local updating and
communicate with the central server on each step ¢, i.e., |S;| = n, V¢ € [1, T'. The partial participation
includes the randomness of sampling, and the coefficient varies for different sampling methods. Here
we consider the random sampling without replacement. At the ¢-th iteration, we randomly sample
a subset S; contains n workers for local updating, for any two workers 4, j € S, the probability of

being sampled to participate in the model update are P{i € S;} = = and P{i,j € S;} = n{n—1)

m(m—1)"
Theorem 4.3. Under Assumptions if m satisfies: ;< min {8K%7
n(m—1)e

48m(n—1)K \/ B2 K2G?+e [3nL+C2nL+2y/2(1—55)C]
participation has

i 2] < 84/ Bon2 K222 fo—f | 2
minE[||V f(6,)]|7] < 84/ Banf K2G +E[anT —|—T+Q ,

, then FedLAA in Algorithm|l|under partial

where = = Cl\gd + 2G%7m§LG2d Q = %(U? + 6K02) + [(3 + CP)nL +
2 2 m TL

2/2(1 - B2)Gl(;E0 %) [(3+C1 IL+2+/2(1 = B2) G ghiri=ye 15K L2} (o] +

6Ko? )+3KU ]an—i—‘/;fiC and C; = /31

Theorem 4.4. Under Assumptions zf ny satisfies: ;< min {M%,
n(m—1)e
48m(n—1)K \/ B2 K2G?+e-[3nL+C2nL+2,/2(1—B2)G]
participation has

i 2] « 2} 202 fo—f [ =
minE[||V f(6,)]|7] < 84/ Banf K2G +E[anT —|—T+Q )

, then FedAA in Algorithm (I|under partial

where = = O WGIMKLGN o SPEL (2 4 GKo2) 4 [(3 + CRnL +
2,/2(1 — £2)G(of + 2EC" ¢! )+ [(3+01 )L+ 21/2(1 = B2) G 3= (15K L2 (o7 +
6K02) +3Ko ]WKJFWG ando 2

Remark 4.3. When the parameters C' = D and % =1, result of Theorembecomes the one of
Theorem The upper bound for min,¢ 7 E[||V f(6¢)||?] contains three terms: The first two terms
decrease as " increases, and this term tends to zero as ¢ tends to infinity. The last term relates to the
local stochastic variance o; and global variance 0. In the i.i.d setting, where the global variance is
zero and each worker has the same data distribution, i.e., o4 = 0, the variance term {2 will be smaller.

Corollary 4.2. Suppose choose local learning rate n; = ©( \/% K) and global learning rate n =

O(V Kn), the convergence rate for FedNLAA and FedAA in Algorithm|l\under partial participation
without replacement sampling is

gngn]E[IIVf(@t)II ]= (\}%)

Remark 4. 4 Note that Corollary - suggests that Theorems [4.3]and 4.4] - directly relate to the global
variance O'q Such convergence rate is consistent with the partial partlc1pat10n result of FedAvg in the
non-i.i.d case in|Yang et al.|(2021a)). It is shown that the global variance has more influence on the
convergence behavior in partial participation cases. This is especially true for highly non-i.i.d cases
where o is large. The effect of the number of local updates, K, is complex. In partial participation
settings, the larger value of K results in a slower convergence, while full participation suggests the
opposite. A similar slowdown was also seen in Wang et al.| (2022a)).
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Algorithm 2 FedBNLACA and FedBACA.
Input: initial value 61, 0y = 0, local step size 7;, global step size 7, constants 31, 82 and ¢, for each
client i € S;, A} = 0, compressor C(-).

1: my < 0,vg + 0,e} =0,E{ =0.

2: fort =1to T do

3:  On the server: Server randomly selects a subset of clients S;

4. for each client j € S; in parallel do

5: 92 = Ht

6 Compress: 0! = C(0; + E?), C(Q%) = 0 — 0i_,,

Judge: If C(Q}) satisfies NLA ( Example 3) or AA (Example 6), output: b,

~

8: Update: E} | = 0; + E} —0,,

9:  end for
10:  for eachclient j ¢ S; in parallel do
11: maintain stale compression error E7, | = E{.
12:  end for i

13:  On the clients: Gt 0= 9
14:  for eachclienti € St in parallel do

15: for for k = 0,. —1do

16: Compute local SGD g r=VFE (6; B ft 5

17: Of ka1 = Ok — Ml 4

18: end for

19: Al = Gf 1% Qt

20: Followmg the same way as in Algorithm 3] (Line 11-13)
21:  end for

22:  Following the same way as in Algorithm[3](Line 14-18)
23: end for

In the following, we will give Algorithms [2] and [3] Due to space constraints, we will only give
Algorithm [2 here, and Algorithm [3]is moved into the appendix [A] Algorithm[2] which is the most
important one in this paper, is an effective adaptive federated learning algorithm for non-convex
heterogeneity with bidirectional communication.

4.3 FEDBNLACA AND FEDBACA ALGORITHMS

Algorithm[3|gives only a one-way algorithm to reduce the cost of communication (unplink). In the sec-
tion, we propose two bidirectional communication algorithms (uplink and downlink) with efficiently
adaptive non-convex optimization: Federated Bidirectional New Lazy Aggregation Compression
AMSGrad (FedBNLACA) and Federated Bidirectional Accelerated Compression AMSGrad (Fed-
BACA). The detailed procedure is given in Algorithm[2]

Next, we show the convergence analysis for FedBNLACA and FedBACA. Due to the space limit, we
only show the full participation setting and leave the partial participation setting in Appendix [E.2]

Theorem 4.5. Under Assumptions 3} if the local learning rate n; satisfies: m; < min {M%,
e - 23(1 — 2)-2K2(2
s BIL T 20T AT G | where Cg g = \/4B2(1 + 2)3(1 — ¢%) 2K2G? + ¢, then
FedBNLACA in Algorithm 2lunder partial participation has

minE[|V(6,)]?] < 4/32< CP o | [fo = q].
(1-¢2)2" KT ' T
= = GGM | 20ImKLGH _ LynKG | LymCiKGd] n(y+:S)H
Mhee 8 S Ve T 0 = |Gty LnQRGd] IRt
2Ln* (Y4 Fom ) H? 2Ln? (v + =S ) H? 52 [ 2
s o + = ﬁ)ffz n\/Z (0} + 6Ko2) + [(3 + 209l +
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2T L% n? (v + VH?

B = By) 12 1_¢2)2C? 5=
2 1_62 G2mneal’cl_ 15161 +\/(1 ;12)2+(a zn)q + (1— ,8)2 2 (azm2+1)

_ Aatr+38)?
and Cy = = B1)2+ T

Theorem 4.6. Under Assumptions 3} if the local learning rate n; satisfies: m; < min {81(%,
, where C 4 = \/4B2(1+ ¢2)3(1 — ¢®)2K2G? + ¢, then

KCpg q[3nL+2ConL+24/2(1—B2)G]
FedBACA in Algorithm|2|under partial participation has

minIE[HVf(Gt)HQ] \/4B2( ) 2K2G2 {fo f*+ —1—9}

(1-4¢?)? nuKT T
where = — Cl\%zd + 201277775“:261, 0 — [G_i_LmZ}EKG_'_anC;KGd} ) n(tﬁ\/)gfl i
2L H? 2L H?
I o M G+ okl + [+ 0+

P 2 2
o= 50) 8 12 (L—¢?)2C? 2TL*n* (v +—§—=)H
2 1 _52 G QTVLOCUZ’ Cl - 1 IB + \/(1 ((112)2 + a2m?2q? + (1-p1)2¢ (a mz + 1)
_ 4(q+y+2S)2
and CQ = (17ﬂ1)2 + (1—¢q2)2 .
Remark 4.5. When the parameters C' = D and % =1, result of Theorembecomes the one of
Theorem 4.6| The upper bound for min,e 71 E[||V f(6;)||?] contains three terms: The first two terms
decrease as 1" increases, and this term tends to zero as t tends to infinity. The last term relates to the
local stochastic variance o; and global variance o . In the i.i.d setting, where the global variance is
zero and each worker has the same data distribution, i.e., 0, = 0, the variance term 2 will be smaller.

Corollary 4.3. Suppose choose local learning rate n; = ©( ) and global learning rate n =

1
VTK
O(VKm), when T is sufficiently large, i.e., T = O(Km), the convergence rate for FedNLAA and
FedAA in Algorithm I under full participation has

. 21 _ 1
win E[IV£001%] = 0( 7).

Remark 4.6. Corollary@] suggests that with sufficient large 7', FedBNLACA and FedBACA achieve
a convergence rate of O(+ ), which matches the result for general federated non-convex optimization
methods such as FedAMS Wang et al.|(2022a)) and FedAdam Redd1 et al.|(2020).

5 EXPERIMENTS

We compare our proposed algorithms with several state-of-the-art algorithms (FedAvgMcMahan et al.
(2017), FedAMS, FedCAMS(Wang et al.[(2022a))), Fedadam (Reddi et al.[(2020)). We use MNIST
and Fashion-MNIST datasets, and models by MLP and CNN, respectively. A total of 100 clients
for all federated training experiments are used. Set the partial participation rate to 0.5, i.e. in each
round, the server selects 50 clients out of 100 to participate in communication and model updating. In
each round, the client completes 3 local epochs with batch size 32. In experiments, we respectively
sample Independent Identical Distribution (I.I.D.) and non-L.I.D. client data from the dataset. Choose
compression rate in Topk to be 1/8 and 1/128. For parameters C' and D, the values are not too large.
From theoretical analysis, the larger the values of C' and D, the larger the errors. In addition, C' and
D are too small, and basically does not help to reduce communication cost. We also verify this result.
We suggest that C' and D in the vicinity of 7@.

Figures [T}2] represent the relationship between the accuracy of prediction and communication Bits
when the model is CNN and the L.I.D. client data is sampled from Fashion-MNIST dataset. From
Figure [} we can find that (i) the proposed algorithm FedNLAA not only communicates fewer
Bits than the other three state-of-the-art algorithms, but also has higher accuracy; (ii) our proposed
algorithms (FedNLACA and FedBNLACA) require only few communication Bits to achieve good
accuracy, especially the bidirectional compression algorithm FedBNLACA requires even fewer Bits.
These shows that our proposed algorithms are communication efficient. From Figure 2} we can find
that (i) the proposed algorithm FedAA algorithm can converge more quickly than the other three
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Figure 1: NLA strategy, on Fashion-MNIST via Figure 2: AA strategy, on Fashion-MNIST via
CNN model, and the LI.D. client sampling. CNN model, and the LL.D. client sampling.
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Figure 3: NLA strategy, on Fashion-MNIST via Figure 4: AA strategy, on Fashion-MNIST via
CNN model, and the non-L.I.D. client sampling. CNN model, and the non-L.L.D. client sampling.

algorithms, thus disguising the reduction of communication cost; (ii) FedACA and FedBACA can
also converge quickly and with higher accuracy than the other three algorithms, especially FedBACA.

Figures Bf4] represent the relationship between the accuracy of prediction and communication Bits
when the model is CNN and the non-LL.D. client data is sampled from Fashion-MNIST dataset..From
Figure[3] we can find that (i) the proposed algorithm FedNLAA not only communicates fewer Bits
than the other three state-of-the-art algorithms, but also has higher accuracy; (ii) FedAvg performs the
worst; (iii) our proposed algorithms (FedNLACA and FedBNLACA) require only few communication
Bits to achieve good accuracy, especially the bidirectional compression algorithm FedBNLACA
requires even fewer Bits. These also show that our proposed algorithms are communication efficient.
From Figure ] we can find that (i) the proposed FedAA algorithm can converge more quickly than
the other three algorithms, thus disguising the reduction of communication cost; (ii) our algorithms
(FedACA and FedBACA) can also converge quickly and with higher accuracy than the other three
algorithms, especially FedBACA.

6 CONCLUSION

We propose two novel strategies: NLA and AA in the framework of federated learning. They are
simple to operate and effective in reducing the communication cost. The NLA strategy achieves
communication cost reduction by reducing the amount of information passed and AA strategy reduces
the communication cost by accelerating computation. By combining our proposed strategies with
compression techniques, we design FedNLAA and FedAA algorithms, which not only achieve com-
munication cost reduction in one-way, but also extend them to bidirectional algorithms (FedBNLACA
and FedBACA), which achieve communication cost reduction in bidirectional as well.

10
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Appendix

A FEDNLACA AND FEDACA ALGORITHMS

A.1 PROCEDURE OF FEDNLACAAND FEDACA

In order to reduce communication costs, we propose Federated New Lazy Aggregation Compression
AMSGrad (FedNLACA) and Federated Accelerated Compression AMSGrad (FedACA). These two
algorithms combine two of our proposed strategies(strategy 1 (FedNLACA), strategy 2 (FedACA) )
and compression techniques. The detailed procedure is given in Algorithm 3]

A.2 CONVERGENCE ANALYSIS FOR FEDNLACAAND FEDACA

In the case of full participation:
Theorem A.l. Under Assumption if the local learning rate m; sat-

. . 1 €
sfes. < min § g+ , where C =
4 g - 8KL’ KCp 4[3nL+2CanL+21/2(1—2)G] pa

V4B2(1 + ¢2)3(1 — q2)"2K2G? + ¢, then the iterates of FedBNLACA in Algorithmunderpartial
participation scheme satisfy

win (V0] < 445 L kear + [l 2 g
t 2( )277[ lKT T s
where S = G MMEEL — WL + 6Ko)) + (3 + 2L +

—o2)202 2 4 AC\2
2\/2(1= Bo)Gloo?, Oy = 12 + \/(112‘12 r+ S r S and Oy = iy + M e
Theorem A.2. Under Assumption if the local learning rate n; sat-

isfies: n < min ,  where (g, =

1 €
8KL’ KCpg o[3nL+2C2nL+24/2(1—B2)G]

VA4B2(1+ ¢2)3(1 — ¢2)2K2G? + ¢, then the iterates of FedBACA in Algorithm [2| under
partial participation scheme satisfy

7 =
min E[||V £(0,)]%] < \/452E )27712KQG2 m(;n I +—+Q],,

2) KT 'T
where = = Cl\gd + 2CfnnfLG2dQ = 5"\2;2%2 (67 + 6Koz) + [(3 + 2C2)nL +

2y/2 1_52 G2mneol’01: 15315 +\/(112q22+(1 g) and Cy = (1- ﬁ)2+ ((q+7+));) ’
Remark A.1. When the parameters C' = D7 =1, the result of Theoremmbecomes the result of

Theorem The upper bound for min,c ) E[[|V f(6;)||?] contains three terms: The first two terms
decrease as T’ increases, and this term tends to zero as t tends to infinity. The last term relates to the
local stochastic variance o; and global variance o . In the i.i.d setting, where the global variance is
zero and each worker has the same data distribution, i.e., 0, = 0, the variance term 2 will be smaller.

Corollary A.1. Suppose we choose local learning rate ; = @(ﬁ) and the global learning rate

n = O(vKm), when T is sufficient large, i.e., T > Km,the convergence rate for FedNLACA and
FedACA in Algorithm I under full participation scheme satisfies

: - 1
gg;;l]E[IIVf(et)H ] —0< TKm)-

Remark A.2. Corollary [A.T|suggests that with sufficient large 7', FedCAMS achieves the desired
O( \/TlKim) convergence rate which matches the result for its uncompressed counterpart FedNLAA

and FedAA. In addition, when T' = O(Km), min,er) E[||V f(6,)[?] = O (%) . This suggests that

FedNLACA and FedACA can indeed achieve better communication efficiency without sacrificing
much on the accuracy.
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Algorithm 3 FedNLACA and FedACA
Input: initial value 61, local step size 7, global step size 7,constant 31,532,¢, for each client i € S,
A} = 0, compressor C/(+)

1: mg < 0,vg < O,e’i =0

2: fort =1to T do

3:  Randomly select a subset of clients S; and the server transmits ¢; to the subset of clients S;

4. 0 0= Ht

5: for each client ¢ € S in parallel do

6: for for k =0,..., K —1do

7: Compute local stochastic gradient: gf w = VE;(0] bk ft i)

8: 9t,k+1 = et,k nlgt,k

9: end for

10: A% = H;K - Qt

11: Compress Al = C(A# +e), C(ql) = Al — Al_,,

12: Judge: If C (qt) satisfies NLA (Example 2) or AA (Example 5),

13: then outputs the result A of the judgement and passes it to the server and update e 11 =

~i

Al +ei — A,

14:  end for

15:  for each client j ¢ S, in parallel do do , 4

16: client j maintains the stale compression error e}, | = €]

17:  end for

~1
/\

18:  Server aggregates local update: At =5 s I Dic St

19:  Server updates x4 using A, in the same way as in Algorithm (Line 14-16)
20: end for

In the case of partial participation
Theorem A.3. Under Assumption [B.I3.3| if the local learning rate 1 sat-

_1 €
8KL’ KCp o[3nL+2C2nL+24/2(1—62)G]

VAB2(1+ ¢2)3(1 — ¢2)"2K2G? + ¢, then the iterates of FedBNLACA in Algorithmunderpartial
participation scheme satisfy

isfies: il < min where  Clg 4 =

%)
- q¢?)

3 _ =
T KPG? t e H(; I +H+Q]

minE{|V£6)]2] < Wzg

, where = = Cl\/Gfl + 201”"’KLG 10 = CQumKLGE 57’?/%L2( ? + 6Ko2) + [nL +
2(1 —ﬁg) GlLo? + [nL + \/ 2(1 = Bo) G =B 15K 202 (0} + 6Ko?) + 3Ko?| and
C, = m\/(112q2 + (1aq;)zc2.

Theorem Ad. Under Assumption [B.If5.3| if the local learning rate 1 sat-

1 €
8KL’ KCpg 4[3nL+2C2nL+24/2(1—B2)G]

VAB2(1+¢2)3(1 — ¢%)"2K2G? + ¢, then the iterates of FedBACA in Algorithm |2| under
partial participation scheme satisfy

isfies: n < min where  Cgq =

win B[V £(6)]7) < 818, ST L e k262 4 fo i E g
(1-¢%)*" mKT T
where = = CUG* o MM = GmfAE 5772fg2 (0} + 6Kop) + [nL +
21 _ﬁQ) Glaneat + L + \/TG juln ) (15K2 L2 (0F + 6Ko2) + 3Ko?2] and

_ m 12q (1 q?)?
Ci =12 ﬁl \/(1 @

15



Under review as a conference paper at ICLR 2025

Remark A.3. When the parameters C' = D, o% = 1, the result of Theorembecomes the result of
Theorem The upper bound for min;c 7 E[||V f(8;)]|] contains three terms: The first two terms
decrease as I’ increases, and this term tends to zero as t tends to infinity. The last term relates to the
local stochastic variance o; and global variance o . In the i.i.d setting, where the global variance is
zero and each worker has the same data distribution, i.e., o4 = 0, the variance term {2 will be smaller.

Corollary A.2. Suppose we choose local learning rate nm; = @(ﬁ) and the global learning

rate n = O(vV Kn), the convergence rate for FedNLACA,FedACA in Algorithm|l|under partial
participation scheme without replacement sampling is

VK

min E[|V£(6,)|? :O<>.

min E[|V560)]*] = 0( 72

Remark A.4. Note that Corollary [A.2]suggests that Theorem [A3][A-4] directly relates to the global
variance ag. Such convergence rate is consistent with the partial participation result of FedAvg in the
non i.i.d case in|Yang et al.|(2021a). It is shown that the global variance has more influence on the
convergence behaviour in partial participation cases. This is especially true for highly non i.i.d. cases
where o is large.The effect of the number of local updates, K, is complex. In partial participation
settings, larger values of K result in slower convergence, while full participation suggests the opposite.
A similar slowdown was also seen in Wang et al.|(2022al).
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Figure 5: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is MLP, the data is MNIST dataset, the dataset obeys
independent identical distribution and the data is partially used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.
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Figure 6: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is MLP, the data is MNIST dataset, the dataset obeys
independent identical distribution and the all data is used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.
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Figure 7: The above figure represents the relationship between the accuracy of the prediction and the
communication Bits when the model used is MLP, the data is MNIST dataset, the dataset does not
obeys independent identical distribution and the data is partially used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.
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Figure 8: The above figure represents the relationship between the accuracy of the prediction and the
communication Bits when the model used is MLP, the data is MNIST dataset, the dataset does not
obeys independent identical distribution and all the data is used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.
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Figure 9: The above figure represents the relationship between the accuracy of the prediction and the
communication Bits when the model used is MLP, the data is Fashion-MNIST dataset, the dataset
obeys independent identical distribution and the data is partially used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.
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Figure 10: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is MLP, the data is Fashion-MNIST dataset, the dataset
obeys independent identical distribution and the all data is used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.
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Figure 11: The above figure represents the relationship between the accuracy of the prediction
and the communication Bits when the model used is MLP, the data is Fashion-MNIST dataset, the
dataset does not obeys independent identical distribution and the data is partially used. The left side
represents the method using NLA (New Lazy Aggregation) strategy and the right side represents the
method using AA (Accelerated Aggregation) strategy.
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Figure 12: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is MLP, the data is Fashion-MNIST dataset, the dataset
does not obeys independent identical distribution and all the data is used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.
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Figure 13: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is MNIST dataset, the dataset obeys
independent identical distribution and the data is partially used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.

20



Under review as a conference paper at ICLR 2025

Strategy:NL Strategy:AA
50 2 50
/\ —— FedAvg —— FedCAMS(Topk-8) '\ —— FedAvg FedCAMS(Topk-8)
2 j\ -+-- Fedadam Y -+ FedCAMS(Topk-128) 25 "\ -+ Fedadam - FedCAMS(Topk-128)
w \\«\ — FedAMS | » —o— FedNLACA(Topk-8) 0 \\,\ —— FedAMS FedACA(Topk-8)
g™ \ S. + FedNLACA(Topk-128) S o \ +- FedAA FedACA(Topk-128)
c.. - ‘ FedBNLACA(Topk-8) c FedBACA(Topk-8)
® s oy wa FedBNLACA(Topk-128) | g FedBACA(Topk-128)
= = * - E
b v ‘. .
- os os . —
i ok ok o 1w ik 1% 1 7k R ] oh ok o or 1k 1k 1% 1% 2ho D R
Uplink Bits = Uplink and Downlink Bits ** Uplink Bits - Uplink and Downlink Bits **
' 4+ ‘ T a e w N + + e I
£y e | | eeaniogeee
>o8 >os] i AN >o8 >o8
9 [9) AN Y] [9) )
o o c e
S s S —— FedCAMS(Topk-8) S o6 S 06 FedCAMS(Topk-8)
3 8 -+-- FedCAMS(Topk-128) S o -+-- FedCAMS(Topk-128)
< . < » —e— FedNLACA(Topk-8) <. FedAvg < o FedACA(Topk-8)
kol -+-- Fedadam | B +- FedNLACA(Topk-128) 0 -+-- Fedadam | @ +- FedACA(Topk-128)
= — fedams | FedBNLACA(Topk-8) @ . — Fedams | & —e  FedBACA(Topk-8)
- FedNLAA ° +- FedBNLACA(Topk-128) +- FedAA o +- FedBACA(Topk-128)
ob0 ok ok 0% 1w ik 1% 1hs 2bo E I ob0 ok 0% o3 1k 135 1% 1% 2b0 R I T N
Uplink Bits i Uplink and Downlink Bits ** Uplink Bits i Uplink and Downlink Bits **

Figure 14: The above figure represents the relationship between the accuracy of the prediction
and the communication Bits when the model used is CNN, the data is MNIST dataset, the dataset
obeys independent identical distribution and the all data is used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.
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Figure 15: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is MNIST dataset, the dataset does
not obeys independent identical distribution and the data is partially used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.
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Figure 16: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is MNIST dataset, the dataset does
not obeys independent identical distribution and all the data is used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.
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Figure 17: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is Fashion-MNIST dataset, the dataset
obeys independent identical distribution and the data is partially used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.
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Figure 18: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is Fashion-MNIST dataset, the dataset
obeys independent identical distribution and the all data is used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.
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Figure 19: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is Fashion-MNIST dataset, the
dataset does not obeys independent identical distribution and the data is partially used. The left side
represents the method using NLA (New Lazy Aggregation) strategy and the right side represents the
method using AA (Accelerated Aggregation) strategy.
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Figure 20: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is Fashion-MNIST dataset, the dataset
does not obeys independent identical distribution and all the data is used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.

C PROOF IN SECTION[4_T]

C.1 PROOF OF THEOREM [4.1]

Similar to previous work in the field of adaptive methods [Chen et al.| (2018¢); [Wang et al.| (2022a), we

introduce a Lyapunov sequence z;: assume 6y = 61, for each ¢ > 1, there is the following equation

b1 1 B1
=0+ —(0;, —0,_1) = 0; — 0p_1. 1
Zy t+1_l81(t 1) 1_61t 1—/31t1 (C.1)
For the difference of sequence z, there is the following equation
1
Ziy] — Zy = fm(ewl - et) - 1?71/81(915 - 9t71)
1 So1/2 Br o-1/2
= m(nvt / my) — 1_75177\/}71/ m;—i
= ;nvt—w [51mt—1 + (1 - ﬂl)At:| - ant_jl/th—l
1—5 1—-p

VA (VT

Since f is L-smooth, taking conditional expectation at time ¢, we get
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Bl (1)) — f(20)
< E[(Vf (1), 2041 ~ 2] + SElzes — =l

< E[<Vf(zt),77\7t_1/25t>} - E[<Vf(zt),n1 flﬁl (\7;1{2 = \7;1/2>mt1>]

R R R
I 4
+ % Vi A - 1?71& (V=9 myy e (V) = V10,0V 74|
I 14

(C.2)

Recall the notation \A/'t = diag(v;) = diag(max(Vi_1, vy, €)).

Bounding I; :

I =E

<Vf<et> j;>

<Vf<ot>, v2 A >

<k
_77 \/Vt+6

= V2K + V23R

A, A,
<Vf(9f)7 \/Vt +e€ B \/ﬁgvtg + 6>
(C.3)

(0 o)

where the first inequality follows by the fact that v, > "t; €. For the second term in then

V2nE

At At
<Vf(0t)7 \/Vt + € B \/ﬁgvt 1 —|—6>

1 _
< VoIV SOOI | o ~ | 1
< "—MEHIMQL (C4)

where the second inequality follows from Lemma [F.1|and[F5] and we will further apply the bound
for E[||A,|?] following
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2Km2 Y BQthl + € ; kX::O ﬁQVt 1 + 6 Mt i€ M; !
2 m ; 2
V2 K V() V2 o S Fi(0} ) — VF;(0)
< + Y E
-2 V/Bavi_1+€ 2m = = \4/ Bavi1+€
2
Vo e V£ (6:) 1 -
oy o | v 015
2Km? 52Vt 1+ 6 i1 ,;) VBavii+e M i;;t !
2 n K ; 2
fnm V£ () N ﬂnm iKz:lE Oi s — 0
V/B2vi-1 + € P — V/B2vi—1 + €
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(C.6)
where the second equation follows from (z, y) = 1[||z[|?+|y[|>— ||z —y||?]. the first inequality holds

by applying Cauchy-Schwarz inequality, the second inequality follows from (z,y) < 1z||* + ||y||*,
the third inequality follows from Assumption
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Hence by applying Lemma with the local learning rate condition: 7; < then

_1
= 8KL>

] V) {_m S D
v2 n<\/ﬁ2vt—1+€,E m;kzogtk ZVF 5

2
_ 3V2mK Vf(6:) ] N Sy K2 L?

N 4 v/ Bavi_1+€ V2e (

of + 6KJ§)
2

vf,) 1 z>
+ \/inE<ﬁth_1 n o, iEZMt q¢ )-

K-1

V2 1 ;
E VE;(6;
e 2 VRO

2K m?2

Then merging pieces together,

272
I < _ﬂnnKE Vf(6:) S K2L (o7 + 6Ko?)
4 V/Bavi-1+e V2

V2 [ Ly } 201=B)C 1 5
- E VF( —E A2

Yo e +ZZ LT

272
4 \/Bzvt 1+ € V2

V2 1 WA, V£(6:) 1 .
- VEF( +\f2nE<,— q1>.

2Km? v/ Bavi_1 +e ; kZO \V/Bavio1 +e M ieZMt !

(C.8)

Bounding /5 : The bound for /5 mainly follows by the update rule and definition of virtual sequence
Z,

I, = —nE Kw(ztx : fl (\7;}{2 - \7;1/2) mt1>]

B
_ B (G-1/2 S-1/2
=-—nE [<Vf(zt) = V£(0:) + V() 1- 5 (thl -V, ) mt1>:|
< nE[ o (\7;1{2 Vfl/Q)mt—l ]
B

B1 —1/2 B1 1/2 1/2
+wiE H g Vel e 7 (Vi =0 ey
B 2 [ 1/2 _ y-1/2 2 51 2 22 —1/2 1/2 _y-1/2
< KG?E HV H + 2K2G2 V2R HV H ,
771 ﬁ ’r) t 1 (1 _ﬁl) t 1

(C.9)

where the last inequality holds by applying Lemma and the factof v;_1 > e.

Bounding /5: It can be bounded as follows:
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"7;1/2 A, : 51/81 (‘7;11/2 _ Vt—l/Q) m,

21

<2 v—1/2 A 2 2 B G-1/2  G-1/2

< p?LE |||V V24,7 | + n2LE 5 (VH -V, )mt_1
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<n’LE VAL

1

where the first inequality follows by Cauchy-Schwarz inequality, and the second one follows by
LemmalE3]

Bounding 1, :

I = E[<Vf(zt) - Vf(xt),n\Aft_l/gAtﬂ
<E[IV ) - Ve)llnv, Al

< LE [z = xillllnV; 2 A |

2 2
77L S5—1/2 1/2
ng[HVt /AtH }JF]E{Hl—Bl vV, ?m;

]
where the first inequality holds by the fact of (a,b) <
Assumption [3.1] and the third one holds by the definition of virtual sequence z; and the fact of
[allIb] < 3Mlall* + 5[/b||*>. Then summing I, over ¢ =1,--- , T, then
2L I
E -
5 2o [H =g
t=1
T

ﬂﬂif 2
+ 2¢ (1— )2 ;E[IImtII ]. (C.11)
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The summation of I, term is bounded by
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n°L A 112 281 n°L
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2
+

1 i
E|+r Z 4 (C.12)

€My

Merging pieces together: Substituting (C.8), (C.9) and (CI0) into (C.2)), summing over from ¢ = 1
to T" and then adding (C.11), then
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By applimi Lemma[F.6)is into all terms containing the second moment estimate of model difference

A, in (C.13),and the fact that(y/B2 K2G2 + €)1 ||0]| < (/Ban? K2G2 +¢)~16] < ||m|| <
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The last inequality holds due to additional constraint of local learning rate n; with the inequality
NG ng;Jr — 3" L+ 1)ny2(1 - B2)G +1 ﬂ ke L):“E > 0, thus obtain the constraint
2 EeEnm
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where
- C1G%d N 202y K LG?d
==—7 -
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5n? K2 L2 2, 2KC?*n,G? . V2GC
Q= lﬁ( 0f +6Ko.)+(3+CT)n°L+2/2(1 — BZ)UGKmnEO’lz"‘ aZnmZe )+ e
sthat Cy = 1 flﬁl.

The proof of Theorem {.2]is similar to the above proof procedure and the detailed proof will not be
given here.

C.2 PROOF OF COROLLARY [4.1]

If pick n = @(\/%K, n=0O(VEKm)and T = O(Km) then minyc(r E[[|[V f(6:)]|*] = O(%).
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Assumption C.1. (Compression Dissimilarity). For the biased compressor, there exists a constant &
such that, for each iteration ¢t > 0, that

m

i i 1 & i i
c (m (A +et]> -— ;cmt +ef)

4

[t

=1

1~ .

<ql=> A, (C.14)
Tn/i:l
and
1 &

Z C(q) EZAt (C.15)
zeMt =1

Here M; denotes the set of all clients satisfying (3)) or (4) at round ¢, and C(q?) is given in Algorithms
[Jand[3] The assumption of bounded gradient is usually adopted in adaptive gradient methods|Alistarh
et al.[|(2018)).
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Figure 21: Empirical justification for Assumption C.1. on CNN and MLP based on the Fashion-
MINIST datset.

C.3 PROOF OF THEOREM [4.3]

Notations and equations: For partial participation, i.e. |S;| = n,Vt € [T] The global model
difference is the average of local model difference from the subset S;, i.e., Ay = w LS e S A!. Denote

Ay = E S A%, and for convenience, we follow the previous notation of V, = diag(vy + €).
Next we show that the global model difference A, is an unbiased estimator of A,;

n m
1 S
B (A = ZEs, oA =B (A= 05 A=A,
=1 =1
Define the virtual sequence z; same as previous: assume 6y = 61, for each ¢t > 1, then

0 1 0
i e R

Zi41 — 2t = 77Vt_1/2At o 771 flﬁl (Vt:ll/2 - Vt_l/Q) =1

9t 1,

Zy =

By Assumption[3.1} we get
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E[f(zi4+1)] — f(zt)

ot (e (-5 m
n 772—LE [H‘Afl/g& b1 (V 2 - 1/2>m 2}
5 ¢ > ¢ -1
~ & [(9700.09,80)] e [{Vs@) L (Vo -9 iy )
4 %,

Bl sr—1/2 1/2 2
-5 (Vt—l/ vV )mt—l

2

g1, E [(Vf(z) = V100,097 *Ar)] .

14

=
[\

I3
Since A; is an unbiased estimator of A, the main difference of convergence analysis for partial
participation cases is bounding E[||A;||?].

The bound for I} is exactly the same as the bound for I5. For the corresponding three terms, I7, I}
and I which include the second-order momentum estimate of A,. For I7, then

- A
L = <Vf(9t)777\/{7t>
< E <Vf<0t),\‘ft'7f§>

ol A2 e (s B AR,

The first term in (C.16) does not change in partial participation scheme. The second term is changed
due to the variance of A, changes. For the second term of 7,

A, A, \/7527761
\/inIEKVf(Ht)’ Fite Vv +6>} < E[||A|%). (C.17)

For I} ,
ZI’<772—LiE[||A 2] + 2 L—2 GQZ]E[ ( Yz 1/2) } C.18
3 = c t n ( ( . )
t=1 t=1
and for I} similar to ) ,We get
T T
LB
>oIi< ZE 1841+ 5 e 2 Bl (C.19)
t=1 V=
From Lemma[E10] then
d KT772 2n? d
S E[m 4 < = l+—lZE[HZZVF I+ 5k |+ th
t=1 i€8; k=0 t=1 tieM,

(C.20)
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Then substituting (C.20) into (C.19), then

2 T 2 2 9 T K-1
n-L A 112 26 nmmiL '
< TENTRpA _hn E F. (0
2 2,2
non KTL 2 4 1
+ L o
(1-7p1)%2  2ne ! lgf Qt
2L 26 n’n?L n
ZE 1A 1 TEAY 2n12€ ZE[HZ P{i € S;}VF( H ]
b1 t=1 i=1 k=0
82 ??KTL 2 & ?
1 n-n 2
— C.21
T ET me 22 ‘ > all (c2n)

ZE]V[,

where we will further apply the bound for E[||A,||?] following by Lemma The second term in

(CZT) can be bounded from ). Therefore, summing up (C.17), (CI8) and (C9), summing over
from¢ = 1to T, then adding

T
E[f(zr4+1)] Z I+ I, + I + I
=1
2

nm K V() 5nm; SK2L2T \/ ﬂ2 nG
- 4 pt 4/62vt71+€ ] + \/Z ( o +6K Z]E ‘A H ]

sl e 3 5 v

2Km? Vv Bavio1+ e o

b1 d So1/2 S-1/2 B3 2R 1/2 1/2

* 1751””KG2;]E [HVH Vi HJ * (1—2’1) l\/ ZE [HV -V H }

2 T ) ) , . A -
+ e KGR Y E |||V - et Y | [V 24,
(1-51) 2 2
2L S+ B S e+ V(O L5 )
2¢ —1 ¢ 2¢ (1— 1) 2 t \/m, 1, P t )

(C.22)

in (C.22), using the fact that (\/B2K2G? + €) 7 1|0]| < (/B2 K2G? + )70 < ||ﬁ|| <

By applying Lemmainto all terms containing the second moment estimate of model difference A,
(C.22
¢=172||6||, and applying Lemmal[F.10| we get
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E[f(zr+1)] — f(z1)

nmK s K*L°T

2 2
\/WZE V£ (6:) ” ]+ T(Ul +6K0'9)
n Br nmKG*d B2 2m?nPK?LG%d
1=5 \ﬁ (1 _51) €

3n°L B2 KTy}
+< 7 Fa—gyrt Lt VA 1—52770) o z::

m K-—1
> VE(6;,)
i=1 k=0

. i (3L BT o ) 207 (n— 1)

[2\/5%202 + eKm? ( 2 "oy L+ V2L~ FanG n(m — 1)6]

(L B e V2(1 = Ba)nG i(m =) [15m K3 L2 (07 + 6Ko2)T]
2 "o —p)2 20 ) n(m — 1)e Ao

T
+ (90mE* L7 + 3mK?) Y E[||V£(6,)|%] +3mK2TUﬂ
t=1

2
MiZqi

tieM,

V2 KGCT

ane

+

T S VY e iiE
2 T 2(1-py) I ) w2 2=

then

E[f(zr+1)] — f(z1)
BQ;TZ([EGQ ZIE IV £(0:))1?] + EW\/;ZT(U?+6K0§)+ flﬁlnml}f%
- _5131)2 27721712[i2LG2d . (3n22L - €%51)2772L+ \/MUG> (KZ:WQUZZ N ZTUingGZ)

T
+ (90mK*L?nf + 3mK?) Y "E[[[V£(6:)]*] +3mK2Ta§] +
t=1

+

V2 KGCT

ane

By adopting additional constraint of local learning rate n with

the inequality (37’22L SA=F)2 51)2 n*L + \/WUG) 7321(53 11)e -

— < 0 thus we obtain the constraint <
24/ B2 K2G2+eKm?2 - ’ m -
n(m—1) € mK _
m(n=1) | /B, K2G?+eK (3nL+C2nL+2+/2(1—B2)G) 4y/BanF K2G2+e

3n°L 52 2 (1m—n)
( o e L+ 4\/% \/175271G> (1) (90m K * L2} +

3mK?) > > 1K ___ Hence we have the following condition on local learning rate
84/ ﬂzanQGZJre

,and we further need 7); satisfies

-1

2
RS 47;(m( Kvﬁ2K2G2 < 5 6161)2% +/2(1 - ﬁz)Gﬂ ,
then
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i =
I 2
E[||V f (0
g e DIE O]
o f(20) = Elf(zr)] | ComKG*d  2Cin*n K?LGd
T T\/e Te
5777753K2L2 2 2 3772L 51 2 K771 2771202K2G2
—_ K L
+ NG (0] +6Koy) + 3 + 30 =) 27] +v2(1 = B2)nG RN )
3n°L ﬂ12 2 771 (m —mn) 372 2/ 2 2 2 2 \/ETIWZKGC
L+ +/2(1— G| ——[15mK°L 6K 3ImK _
+( 2 2(1751)277 +V2(1 = B2)n mn(m—l)e[ m ni (o] +6Koy) +3mK=o,] + e
Therefore
inE [ < 22352 JomJe LB g
win B[ V100 |F] < 8y K26+ | Do s Zval.
where = = C?d + 2G1""5LG 10 = 5’7\/12% (6} + 6Ko?) + [(3 + CHnL +

21/2(1 = 52) Gl (2 ﬁ%) [(3+02 nL+2+/2(1 = B2) G| o= (15K L7 (o} +
6K02) + 3K 02|14 ¥26C and C

ane Bl :

The proof of Theorem {.4]is similar to the above proof procedure and the detailed proof will not be
given here.

C.4 PROOF OF COROLLARY [4.2]

If choose n; = @(\/%K) and n = ©(vV'Kn),we get min,e () E[||V f(6,)[]%] = O(ﬂ)

Tn
D PROOF OF THEOREMS IN SECTIONA]

D.1 PROOF OF THEOREM [AT]

Notations and equations: From the update rule of Algorithm then e; = 0,¢e

Ly etandm, = (1 — f) S 57’31 Denote a global uncompressed difference A; =

L 5" | Al Denote a virtual momentum sequence: m; = Symj_; + (1 — 81)A,, hence we have
=(1—B1) 3 t_, Bi'A,. By the aforementioned definition and notation, then

~ o=, 2t 0 1T &K~y
At—At:EZ(At—AJ:EZ(At Zth
i=1 i=1 zeMt
1 m )
= Z(ei €is1) Z Clgy) = et — ery1 — Z Clgy)- D.1)
=1 ’LEMt zEJV[t

Denote the weighted averaging error sequence I';, = (1 — 1) ZT ) !~Te,., with the input e; = 0, we obtain the relation
between I'; andm; as follows

t t t
= (1 60 0BT B - A = (1 5 3BT (er —er) — (1= 8) 3B 3 Clal
=1 T=1 T=1

7.6]%1,

t
=T =T = (L= B, Z C(a), (D.2)
T=1

zEMt
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where the last step holds due to ;11 = (1 — 1) Ziill e, = (1-51) Zi:l Bl Ter 1 +
5{61-

Similar to previous works studied adaptive methods (Chen et al.| (2018c);|Wang et al.| (2022a)), we
introduce a Lyapunov sequence z;:assume ¢y = 6, foreacht > 1,

Zt:9t+

B1 1 B1
1—51( — b1 = 1—51 1—519t_1

Therefore, by the update rule of 6;,

ﬁ o t
Yer1 = Or1 +17 —15 vV, my, — (1-5y) Zﬂf Z C(qy)]
L = zeMt
=011 +7 ! V2 4+ Ty — o] — (1 - ) Zﬁ ZC a)
1-5 tiem,
Br G—1/2. B o-1/2[Tegy1 — (1= Br)e1 -
=40 A% A\ -T —(1—
t+1+771_61 t mt+771_ﬂ1 ¢ 3, 1| = ( 51)251
:9t+1 +n1flﬂlvt_l/2 t+ V 1/2 I‘t+1—77V et+1 1—61 Zﬂ Z C qt
zEMt
(D.3)

The third equation holds due to the fact that T’y 1 = 81T 4+ (1 — 81)et1. We then introduce a new
sequence based on the previous Lyapunov sequence y; as follows

Ziy1 = Y1 H(1-51) Zﬁ Z Clg))+nV, Ve = Orr1tnyg flﬂl
zGMt

D.4)

The sequence difference z;; — z; can be represented by

SVl P Pl VT T -V T
- F1

=gV, Pmy, V2

N

B —1/2. B —1/2. ©1/2
m, — V., {"m,  —nV,_{"Ty,
1- 5 t nl*ﬂt t—1 My =NV g L

where the second equation follows the update rule of ;1. Following (D.2), then combining likely
terms and applying the definition of m}, then

Zi1 — % = Op1 — O+ 1

1/2 1/2

B P -
15 Vi m ~ _1ﬁlvt_11/2m/ v 1/2p

1 - _ \

n Vv, 1/2m; -1 b Vt—ll/zmw/t—l +nV, 1/2Ft 77V 1/2
1-— ﬁ 1-5

_ 1 1/2
— —5 | 1-5

=gV, 20 - flﬂl (Vt R Vo 1/2) m,_, — 17 (\7;_1{2 - \7;1/2) I,. (D.5)

Therefore, we obtain a helpful Lyapunov sequence for our proof of FedCAMS. The proof of Fed-
CAMS in full participation settings has a similar outline with the proof of FedAMS. By Assumption

then

Ziy] — Zy = th m + th Iy + 7]
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E[f(ztﬂﬂ - f(Zt)

< BV (), 201 — )] + S Els1 — 2l
E [<Vf(zt), nffﬂ%%

ﬂl —1/2 v—1/2 v—1/2 v—1/2
—EKVf(zt),nl_Bl (Vi =) miy 4 (V- V)T

IN

2 2
nL G—1/2 B (o-1/2  o-1/2 G-1/2  5-1/2
| [V o (VR V= (V) ]
G—1/2 5 T U T Vo
:E[<Vf(9t),77vt / Atﬂ —nE KVf(zt), 1—161 (thl/%vt 1/2) m!_, + (thl/?fvt 1/2) rt>}
T s
2 2
nL G-1/2 B (o-172  o- oo o
# 0B | [V P (Vi (V) ]
T3
+E [(Vf(2) = V0.0V, A0 (D.6)
Ty
here we recall the notation V; =diag(v;) =diag(max(vV,_1, v¢, €)).
Bounding 77:
Ay
TI=E |{ Vf(8,),n—=L
(rns)]
V2 A,
<k [ { V@), ’
=7 < f( t) \/m
A A A
B Al o
K 180) Bavi_q + € ! 1) Vvite  (/Bavii+e

(D.7)

where the first inequality follows by the fact that 0, > % For the second term in 1' then

V2-nE

Ay Ay
<Vf(9t)v \/Vt +€ B \/ﬁQVt—l + e>

1 B 1
VVvite  \/Baviite
2(1 — G
WAL B )

IN

V21 -E|Vf(6,)||E

: IIAtII]

where the second inequality follows from Lemma|[F.I]and[F.5] and we will further apply the bound
for E[||A¢]|] by applying Lemma[F.7] For the first term in (D.6)), then

IN
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\f2~nE

<Vf(9t)7 V 52‘21 + 6>

_ ﬁﬂ@%@ + KV (0;) - mKW(et)ﬂ

= —V2mKE y% 2] +V2nE <\/%At+mf<vﬂ9t)>]

= —ﬂanEH é/% T - ﬂn<\/%ﬂ[— % XZ z;gtk +mKVf(9t)}>
(D.8)

For the last term in (D-§),

m K-—1 m
M G md X St VR

K VK 1 m K-1 _
ﬁn<vae i E{ N D
T O En Tt L 2 (VA - VEG)
2
2o K \S( B 1 m K—1 |
_ Vo f(6¢) fm?;]E 5 R, - vE@)
2 SBviate| | 2Km? | Bv g e & ,
2
\/577771 m K—1
- E VF, (0
2o || Voo 2 2 VO
m — i 2
fan V(6 \/an 'ZK 1]E VE(0: ) — VF;(0,)
R VBavioi+e =& Bavis v e
V2 [ K-l 2]
- E VF, (0 :
| e PIDIALILE

where the second equation follows from (x,y) = 1[||x||? + [ly||* — [lx — y||*]. and the inequality
holds by applying Cauchy-Schwarz inequality. Then by Assumption 3.1}

Vf(et) Ui = 771K
\/§n<,E 0 gi VE;(6,)
T B[S S R
2 m K— ; 2
Vom0 N V2 L? ZKZIE Oix — 0
B 2 V/B2vi1 +e€ 2m = V/B2vi1 +e€
B 2
V2, 1 Uty ;
— E VF;(0;
ZKmQ 4 /BQVt_l Ye Z:ZI prt ( t,k‘)
2
3172712 m
- 32K || Vf(0,) Smmp K2L (07 + 6Ko?) _\/inné]E[ 3
4 V/B2vio1 +e V2e 2Km 4/752“ e
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where the last inequality holds by applying Lemma [F.14] and the constraint of local learning rate
M < 3T K —.Then

< Y2 an [H V(64 T B KQLQ( 2 4 6Ko?)
B /Boviii +e V2e V! 9
m K-—1

e L S S wr@)| |+ 2Ry

2Km? VBavir + e S 1= ’ €

mK Vf(6) S K2L? )
+ (0} + 6K
- H v te Va1 T 0Koy)
m K-—1 2

- i S Y vReL| |+ 2B o)

2Km W == €

Bounding 75: The bound for 75 mainly follows by the update rule and definition of virtual sequence
Zy.

Ty, = —nE [<Vf(zt)7 % (\7;11/2 _ \7;1/2> m, | + (V:l{Q V‘1/2> Ft>}

—E KVf(@t)Jer(@f) Vi), (Vi - Vt_m)( 2 m;_1+rt>>}

1-5
<17 o0l | (Vi - v ) ({2 o)

ot [V (2t e (92 -0 (i on ) |
1-p 1- 75

<nCmKGE||[V? -V | rcimprare PR ||V - v
(D.10)

where the last inequality holds by Lemma here Cy = 8 1ﬂ + \/ (112‘1 +a ;12)2252 .

J

b 5o 5805

Bounding T5:

2L _
=" ]EHVt V2A, 4+ fﬁl (V Y2 vy 1/2) m)_ 1+(V Y2 g 1/2)rt

2 —1/2 2 2
gnLIE’Vt AtH + 1P LE | |-

~ 2 ~ —~ 2
< ?LE U V[l/zAtH } P LC KGR [HVQ{Q —V;WH ] , D.11)

where the first inequality follows by Cauchy-Schwarz inequality, and the second one follows by
Lemrna here C = lflﬁl + \/(112q2 o+ (1a 371)202.

Bounding 7:
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T, =E KVf(zt) _ Vf(et),n\“f;l/%tﬂ
<E [nwzt) - wwauuﬁ:%u}

< LE [|jz - etnnnff;%tn]

2

L TL 772L |:HVt 1/2AtH ] N 7]E

1/2 ’ 1/2
1 m +V
Hl—ﬁl =

where the first inequality holds by the fact of (a,b) <
Assumption [3.1] and the third one holds by the definition of virtual sequence z; and the fact of
[allIb| < 3Mlall* + 5[/b||*>. Then summing Ty overt = 1,--- , T,

2

d 2 & 2 27 T

n L S—1/2 7 L 51 .
LV E{Hvt AtH ]+2€ ZE[Hl_Blmt_ﬁpt
t=1 t=1 =1

o7y T 2 2 T T

n°L n°L I5;

= o 2Bl {u—lﬁn? > Elmg_y* 4+ EllrtHQ]. (D.12)
=1 t=1 t=1

By Lemma[F.11}

T

TK772 772 T m . 2
S i 7 < — ot + LS TR] Y Y vEe)| ]

t=1 t=1 1=1 k=0

and

T T m K—1
4T(q +7)* Kn} nt 4(q+7)?
2 I 2 i
Z]E[HFtH ] < (1 — q2)2 m o ﬁ (1 — qg)g ZE Z vFl( ;k)
t=1 t=1 i=1 k=0
Therefore, the T, term is bounded by
T 9, T T m K—1 9 9
n-L 6‘277 L n} i Con"LTKn
ZT4 < IZE[HAtHQ] 72 Z VFi(6; 1) — Lot
t=1 t=1 = i=1 k=0
(D.13)

4(g+y+25)° :
whereCy = (q(lzq;;g”) + (1fé1)2-

Merging pieces together: Substituting (D.9), (D-10) and (D.TT) into (D-6), summing over from ¢ = 1
to T" and then adding (D.13)),
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[M]=

E[f(zr41)] — f(z1) = ) [Th +To + T3 + Ty

t=1
T T
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Hence by organizing and applying Lemmas [F3] then

E[f<ZT+1>] - f(Zl)

T
K Vf(6:) S KPLPT 2
< — E o +6Ko
4 tzzl v/ Bavi_1+e€ V2e (@i g)
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by applying Lemma [F6| into all terms containing the second moment estimate of

-1
model difference A; in (D.14), using the fact that (\/BQSJ:ZEEK2G2+6 e <

—1
(\/ﬁ2 Lol K2G2+e) 101l < ll<== 1 < e="/2]0]|. and applying LemmaandF.13

E[f(zr41)] — f(z1)

T

K 5mm3 K2L2T
il STE[IVF0)IP) + T (0F + 6K 0?)
4\/452(1+q ) n?K2G? + € =1 V2e

41



Under review as a conference paper at ICLR 2025

C KGQd 208*n? K2 LG?d 3n°L KT TC?K?G?
n 17777\1/g i’ 776 < Ui JranLJr\/linG) 771 77177 —
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z > ) vEG; - (3E + e+ v G L
1 k0 2\/4ﬁ2(1+q2)27712K2GQ+6Km2
77771K 2 577771K LT, , 2
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Ve € 2 me
where the last inequality holds by 7; < < .
V482 (1442)3 (1-2) 2 K2 G2 e K (3nL+2Can L+2y/2(1-52)G)
Here
T
K
1 = > EIV/@01]
4\/462(1 323277[ K2G?2 +¢-T =1
—-E 5nnd K2L? CiqmKG?d 2C2n*n?K?LG2d
< 1(20) —Elf(zr)] | Sy (UZQJFGKOEH L1 L 20
T V2 Ty/e Te
[3n2L+ 20572 L + 21/2(1 — fa nG} —al, (D.15)

AC \2
where Cy = 24 + /220 + (o PCE and €y = 2y + H2550" (D.15[)also impies,

a?m?2q? (1—¢2)2

win B[V FO)I?] < 4y [45 D pcace 4 [ 2 g
(1-¢%)2" nyKT T 1
where 5 = G 4 MIwOLg - WA (6F 4 6Ko?) + (3 + 2C2)nL +

2)2 2 4 AC \2
2V/2(1 = B)Gl5tco?, C1 = 125 + /2 + USEE and € = 20y + 20 2tap)

The proof of Theorem [A.2]is similar to the above proof procedure and the detailed proof will not be
given here.

D.2 PROOF OF COROLLARY [A]]

Letn; = O( \F%K),n = O(VKm)and T = O(Km) ,the convergence rate under full participation

scheme is O( 7).

D.3 PROOF OF THEOREM [A_ 3]

Proof of Theorem A3k

Notations and equations: From the update rule of Algorithm [3] then 1 = 0,e, =
LS elandm; = (1 — f1)Y0_, B"AL Denote a global uncompressed difference A, =
ISiltI Y ics, Af- Denote a virtual momentum sequence: m; = fim}_; + (1 — B1)A, hence

= (1 - B1) X, Bi"A,. Define additional two virtual sequences A} = LS A and
Al = % Dy Ai}.\Note that when the client ¢ does Anot taEe part in the round of participation at step
t, we have A! = A? = 0, therefore, A} = A; and A} = A,;.

By the aforementioned definition and notation, define a subset S; = {w?, wh, ..., w! }, we have
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m
]‘ ! !
- - et+1 =€ — €,

HMS

A, — Ay = ZN A}) —3
|8‘z€$ n

where the compression errors have the same structure, €] = % >, €}. Similar to the previous
analysis, define the following sequence:

t+1

Lipr = (1= p1) Z»Btﬂ Te,

and keep using the Lyapunov function z; from (D.4). For the expectation of model difference A,
then

m

Es,[A] = fIEgt [ZA ] Es,[AY] = ZN_At

The proof of FedCAMS in partial participation settings has a similar outline combing the proof of
partial participation in FedAMS and full participation in FedCAMS. By Assumption [3.1] then

E[f (z41)] — f(z1)
E[(VF(6:),nV,°A0))]

T
I3 ~_ ~_
B (Vo (VR4 9 i+ (VL9
1—p
T3
n? Vo2A B1 Vo2 g2,y Vo2 _yo2\ 2
+ = t t_l—ﬁ1 t—1 — Vi L t—1 — Vi t

E va(Zt) - Vf(at)ﬂlvt_l/QAtﬂ

T

Note that the bound for T is exactly the same as the bound for T%. For the three corresponding terms,
Ty, T4 and T; which include the second-order momentum estimate of A,. For 77, similar to the full
participation settings,

s (s ] ol (s 2 )

(D.16)
The first term in (D.16) does not change in partial participation scheme. The second term is changed
due to the variance of A; changes. For the second term of 77, then

VaiE (910, 2t miiﬁ)]_ VAL PGy,

For T similar to the proof of T5,we have

2L T
Sy < TE Y wa 2 J+n2LclmK2GQZE[HV e-voef).
t=1

t=1
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where C = -5 m \/ (112;12)2 + (la%z)qQ % in partial participation,

Ti=7ﬂE[<f() F00).9,720,))]

< nE[nf(zt) - f(@)HHVJWAt
b1 VY2 v-v2p
1 -1 My +V, 11y

o]

B
< Cin*n? K2 LG?
f— 6 .

<7’LE [

The summation from 77 to T over total iteration T is:

T
E[f(z741)] =Y [T + T} + T4 + T}]
t=1
K « V£(8:) S K2 LT VA B)nG 62 nG
< - Y E (of +6Ko, Z]E 1A¢2]
4 =1 v/ Bavi_1 + € V2e
- 1 m K-1 2 T ) ,
1 2 sr—1/2 r—1/2
S VEOG)| | + comKkG* S E [HV 12y H }
2K'm? =1 V/Bavio1+ € 122; k=0 tz:; - ' !

T R R T N N 2
+ ChPp KL Y B (| V2 - V| |+ ot kLG YR [Hvt‘_ﬂ/z -V }
t=1 t=1

27 T 2, 227 (12
n°L CiTn*n K*LG
+ T2y a4 SIS
t=1
7777ZK 577773KQL2T ClnnhKng/
T ZE IV £(00)11%] + %(Uf'FGKU;)"’Ti\E
4\/462 (i- 32)2 T}lzKZGQ + € t=1 €
2,22 172 T (12 m K—1 2
2CT{n*nf K*LG*d nm Z Z VE®,
Te 2\/4ﬁ2 8+32)2an26‘2 +eKm? =1 i=1 k=0
N (n nLKT \/Tﬂmn?KTG‘> 2. QTP K?LG?
1
ne ne €

15mK>Ln; (of + 6K, )T

N (nzmzL N V2(1 - 52)7777?(?> m-—n
€

€ mn(m — 1) [

T
+ (90mEK* L2n? + 3mK?) Y E[|V£(6,)]] +3mK2Tag]
t=1

+ (L + V20 =BG ) — XT:E[ iKszF 0,)) ]
t:l i=1 k=0

The proof outline is similar with previous proof. We take the use of Lemma [F.3|[F.9]F.13| for
corresponding terms. By additional constraints of local learning rate 7, With the inequality

PL+ 201 =BG e — s [\ am P kG2 + e} < 0,we obtain the
n(m—1) < and we further need 7; satis-

<
constraint n; < =7 2K \/1B2 (14 2)* (1—¢%) 2K2G2+elnl++/2(1-F2)G] "
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nm K 2 — 1 (m—n) 4722 2
fies 4\/4/32 (1+4%)3(1—¢%) 202 K2G24¢ (1" L++/2(1 = B2)nG) mn(m— 1)6(90mK Lni +3mK?) >
nm K
8\/452(1+q2)3(17q2)*2n12K2G2+5

. Hence for the convergence rate,then

K
- S EIVS601
8\/4B HELL P K262 + - T 15
f(zo) — E[f(z7)] 577771 K*L? 2 2 m; K
< _
< - + T (0 + 6K o) + (nL+ V2= B)G)
CimmKG?*d 203’ K2LG?d n Cin*n} K?LG?
Ty\/€ Te €

2L 2(1 - ;G —
n (77 il V20 = Gy M [15mKPL2 R (0? + 6Ko2) + 3mK 202
€

€ mn(m — 1)

Therefore
2) fO — f* =
in[E 6,)|? 4 ( 2232 Yo}
minE[[[Vf(0,)[]"] < \/ﬂz( =g +€ KT +5+
, where = = Cljg f 2AmKLG o ComKLGE | SPEEY(52 1 GKo2) + [l +
2(1 - Bz) Glio? + [nL + \/ 1= B2)G) 2=l 15K 2 L2 (07 + 6K02) + 3Ko?2] and
G, = 1_51 o (11_232)2 + ( ;2:2);202

The proof of Theorem[A.4]is similar to the above proof procedure and the detailed proof will not be
given here.

D.4 PROOF OF COROLLARY[A.2]

If choose ;= ®<\/%K) and 77 = O(v/Kn),we get min,c |7 E[[|[V£(6,)]]°] = O(%)-

E PROOF OF THEOREMS IN SECTION AND PARTIAL PARTICIPATION
SETTING FOR FEDBNLACA ,FEDBACA

E.1 PROOF OF THEOREM[4.3|

Notations and equations: From the update rule of Algorlthml we gete; = 0,e; = % 2?;1 el

and m; = (1 — 1) Zz LB 1A Denote a global uncompressed difference A, = L 5™ AL

m
Denote a virtual momentum sequence: m; = Sim;_; + (1 — 31)A;, hence we have m; =

(1-751) 22:1 Bf_iAi. By the aforementioned definition and notation, then

ﬁt—At:—ZA A)) %Z Zth

zEMt

= %Z(ei —eiy1) Z Clgy) = et —ery1 — —— Z C(ql). (E.1)

i=1 ZGMt ZG]V[t

Denote the weighted averaging error sequence I'y = (1 — 1) ZT 1 !~"e,., with the input e; = 0, we obtain the relation

between I'; and m; as follows
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t t t
= (1 60 0BT B - A = (1 8 3BT (er —er) — (1= 8) 38 3 Clal
=1 T=1 T=1

7.6]%1,

t
=T =T~ (L= Y B 5, Z C(a), (E.2)
T=1

zEMt

where the last step holds due to T';11 = (1 — 1) 23111 T Ter1 = (1—p1) ZT 1 Te, 1 +
Btep. Similar to previous works studied adaptive methods, we introduce a Lyapunov sequence
zg:assume Og = 601, foreach ¢t > 1,

z; = 0, + %(et —0q) = ﬁat - %th
Therefore, by the update rule of 6,

Yer1 = O Ty ﬂlﬁ v, m, - i flﬁ V;1/2(9 (1-51) Zﬁ Z C(at)
1 1 tien,
=01+ & VP 4+ Ty — o] — (1 ) Zﬁ Z C(qt) +n7 & V260, - 6,)
1-5 t e, — b
Br o172, Br o-172|Teg1 — (1 — B1)eis1
=40 \% —V -T
t+1+n1—ﬁ1 t mt+771_61 t 3, t+1
t
B i R
— (=)D BT 4; Zc’qf —nyo g Ve 0= )
T=1 zE]M
= Or1 +771€15 V2wl + gV P -V e — (1 - 5y) ZB Z C(qf)
1 7«€Mf
+77151 V20, - 0,). (E.3)
— b

The third equation holds due to the fact that T’y 1 = 81T 4+ (1 — 81)et1. We then introduce a new
sequence based on the previous Lyapunov sequence y; as follows

t
1 o
Zir1 = Yir1 + (1= P1) ZB{ A Z Clg) +nV; e
=1 S 1eM;

b1
1-5

The sequence difference z; 1 — z; can be represented by

Jei

12,7
g Ve 000, (E4)

vt_l/Qmi + th_l/QFtH +n

=01 +1

B o-1/2 ‘o B o-1/2

Zt+1_Zt:9t+1_9t+771_ﬂ VvV, Tmy 1_5 Vi m;
Ve T =V 2TV V20— 0)
=V, my + VT T 5Vt V2

B ¢ -1/2 / /2 1/2
- Vv V T 0, — 6
nlfﬁt -1 -n t+77 ﬁ (t t),

where the second equation follows the update rule of 6,,. Following (E.2)), then combining likely
terms and applying the definition of m}, we have
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b1
1-5
B ¢ ~1/2 / /2 1
lfﬂlvt_l ’I7V Ft+771
1 - o - " 1
=1 Vv, 1/2m; -n 2 thll/Qm:ffl +nV, 1/21—‘16 + 77Vt711/21—‘ + N Vt 1/2(9 —04),
1- 5 1-p1 1—-p

o g-1)/2 / . _ B1 G—1/2_
=7 ﬂV [Bimy_y + (1= B1)A] nl_ﬂlVH m;

- S 1 o127
+ VT, = VT, + ”mvt 2, — 0,)

Zoi1 — 2y = ’I’]Vt 1/2mt +77Vt 1/2 Vt 1/2 1

I'y+n my

- V20, - 6,)

VA P (VT o (VO V) DG 00,
1-0 1—p

Therefore, we obtain a helpful Lyapunov sequence for our proof of FedCAMS. The proof of Fed-
CAMS in full participation settings has a similar outline with the proof of FedAMS. By Assumption

B4

E[f(zi11)] — f(zt)

L
Vf(zt), ze41 — 2¢)] + §E[||Zt+1 - ZtHQ]

Vf Zt ’I]V 1/2At>:|

B f<
A

a0 (Ve i (V429 ]

ULE 1/2A B1 T2 2 Y2 -2\ p ?
Pl 67— L (990 i~ (552 9
=E [<Vf(9t)’77\7;1/2At>} —nkE va(zt)’ 1 flﬂl <Vt 11/2 Vt 1/2> m;_; + (V _11/2 V;I/z) Ft>:|

T, P

2 2

E G—1/2 _ b1 U-1/2 _ -1/2 r 1/2 1/2
+ =R Hvt Ao (Vt_1 v, )mH (V v ) .

T3
~ _ — 2 —
E[(Vf(z) - Vi),V 1/2At>]+E{<Vf<zt>,1_"ﬂth Y20, - 9t>>} (1"_* MV V26~ 0,
Ty

|

Ts Ts

(E.5)

here recall the notation V; =diag(v;) =diag(max(v;_1, vy, €)).

Bounding 77,
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sl
<Vf<et>, v2 A >

<7E

VVi+ €

= VorE| (V500 \/%H #VE| (0 - Wﬁl =)

(E.6)

where the first inequality follows by the fact that v, > ”tT“ For the second term in (E.6),

\/§~nE

A, A
<Vf(9t)’ Vi te a \/BZVt—l + €>

1 B 1
VVvite  /Bavigte
2(1 — G
< WAL B)Cgyn e,

< V21 E|Vf(6:)||E

: IIAtII]

where the second inequality follows from Lemma [F.1|and[F.3] and we will further apply the bound
for E[||A¢||?] by applying Lemma For the first term in (E.6)

>

V2 -9k

<Vf<et>,¢ﬁ>
_ \/i-n]EKW’At +nKVf(0;) — mKVf(9t)>}

\/Bavi—1 + €

2

V et 0t

| PR PR A2 R )
91& 2 9t m K-1 ]

Vi Vi i—1 k=0

2 m K-—1 m
ME || el | TV i e Bl m 2 2 Bkt T 2 VRO

For the last term in (E.7), we get
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v/ (0, RS
\/§ﬂ<ﬁ2vt e { EZ 8t — ZVFi(et):|>

i=1 k=0 i=1
e e DI MZICRER TR

i=1 k=0
_ V2 an V() V2 1 e i
t)
SRm e > D (VEB ) — VE(6)
VB2vio1+ € m Bavi—1 + €5 i
2
\/5777% m K-—1
— E VF;(
it || T
2 m K ; 2
o V2K | V(6 L V2 'ZK 1114: VFi(0; 1) — VFi(6r)
N 2 v ﬁ2vt71 + € i=1 k=0 4\/ 52vt71 + €
_ \/inm]E{ 1 ZK_lvp( . ) 2]
2K || v e 2 2 V| |

where the second equation follows from (x,y) = $[||x||? + [ly||* — [x — y||*]. and the inequality
holds by applying Cauchy-Schwarz inequality. Then by Assumption 3.1} then

K-1 m

Vf(6:) M mK
\/577<,E - = g+ — VF;(0;)
< VemiK || Vi) VIt gy~ g || O
-2 V Bavio1+e€ 2m == VB2vio1+e€

2
\/§7}7}l 1 m K-—1 .
— ez |5 > D VE®)
m VBavi—1+€ i 15

SmmP K2L?

V2e

(of + 6K0§)

_3v2 an H V1(6,)

/Bavi—1 + €

2

m K-—
,ﬁﬂTllE{ 1 Z 1VF_(7,' ) :|
2K 2 4 1\Yt,k )
m VB2vi1+e i (5

where the last inequality holds by applying Lemma [F.13] and the constraint of local learning rate
M < 3T K 7. Then

49



Under review as a conference paper at ICLR 2025

Te V2Kl 9i6) |7, ek (07 +6K02)
R VBavir e Voo \1 0K
m K-—1
- \/i-nmE ! ZZVF( ) +ME[HAtHz]
2R © ||| B e & & Vi e
’7771K V() 5P K2L? )
H Pavirte T( L+ 6Koy)
m K-—1
nm nv/2(1 — B2)G )
= sione = | e 2 2 VA } + PR A, E8)

Bounding 75: The bound for 75 mainly follows by the update rule and definition of virtual sequence
Zy.

Ty = —nE [<Vf(zt> b — (V Y2y 1/2) m_, + (V T2 V;I/Q) FN

=k K—Vf(et)juvf(et) Vf(z )( v - Vfl/?)( 2 mgl”’f)ﬂ

1-75
o1z om 8
(vt 9) (Zgmica o

e[ (P on (790 (P on ) |

<nCmKGE || V22 = V12| |+ npciinpricre R |V - v
(E9)

< E [nwwm

where the last inequality holds by Lemma C.4, here C, = flﬁ + \/(112(1 + U5 q2)202

q°)? a*m?q?

BoundingT5 : It can be bounded as follows:

2L
T = . EHvt 1/2 65 (V 1/2 v 1/2) m!_ 1+(V 1/2 v 1/2 H ]
2 So1/2 4 |12 2 Br (G-1/2 1/2 172 o-1/2 2
< n?LE ’Vt AtH + 1P LE ||| 1(Vt_1 vy )mt1+(v -V, )rt
< ’LE U v, %A, H } L2 K2GRE [HV R 1/2H ] (E.10)

where the first inequality follows by Cauchy- Schwarz inequality, and the second one follows by
Lemma C.4, here C; = 151 + \/(112(12 7 + (1-g?)C Boundlng Ty:

B1 Oé2mz 2

Ty =E[( V(@) = VI0).nV, A0
<E {uv flz) Vf(9t)||||77\A7;1/2AtH

< LE ||z, - etnnnV;”zAtn]

2

—1/2 -1/
t—/ my_; + V. /
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where the first inequality holds by the fact of (a,b) < |la||||b||, the second one follows from
Assumption and the third one holds by the definition of virtual sequence z; and the fact of
[allIb] < 3flal|> + %|/b||*>. Then summing Ty overt = 1,--- , T,

2

T 2 T 2 T
n-L G—1/2 2 n°L B1 ’
Sr< Lk ZE[HVt AtM+2€ S (|2 T
t=1 t=1
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Bound 75 , there
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Bound of 7§ , there
2L2 Sr— = 2 2L2 1 m 9
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2772L2 iE [HV—W —6,) H } 2772L2 ZE H t_1/2 1 Z Qt
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Merging pieces together: Substituting (E.8)), (E-9) , (E-I0), (EI12)., (E.14) and , (ETT) into (E3) ,

summing over fromt = 1 to T', then

T
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t=1
B 4 t=1 BZthl +e€ \/276
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Hence by organizing and applying Lemmas, then
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by applying Lemma into all terms containing the second moment estimate of
-1
model difference A; in (E.15), using the fact that <\/528+22)3K2G2 e <

T
(\/62 11+qq2) nmK2G? +e) 6] < ||\/ﬁ\\ < ¢ Y/2||9|, and applying Lemmaand F.13
then

E[f(zr+1)] — f(z1)
T
K 5 SK2L2T
77771 ZE va 2 n
4\/452 (1+4?) 7712K2G2 +€t=1 V2e

(0F + 6KO’§)

(1-¢%)2
CimmKG?d  2C3%n nl2K2LG2d 3n2L 9 T771 77;17TC’2K2G2
Con”L + /2(1 — G
+ e + p + Con” L + B2)n Pl
m K-—1
> VE(
i=1 k=0
Ly KG
Ve
3TLn2(y? + 53 ) H? . 2T L (72 + -5
L=y 1= B)ve

an Sy K2L°T |, 9
E[[|V £(6,) M= = 2 (52 L 6Ko
E IV £(60)]17] + NP (0] )

C KGQd 202 2K2LG%d 3n2L KTn?
+ 1””\% + ZEPIICLE | (S 4 e+ AL i) o7
LnKG Lnnlcmaﬂ NT(y+ SVH  2TLn(y* + S )H?  2TLn2(7* + -S— ) H>
Ve € (1-B)y/e (1- )% (1-p)y/e
2TL2 2(,y + - mz)HQ( 02
(1-7)2%€ a?m?

2

t=1

3L 2
17 - ( "2 Ol + /201 — 52)776‘) %

it
2\/46221 Zz)zanQGZ—l—esz
Tn(y+ =) H
(1-pB)Ve

+ {G+ + Ly CLKGE|V,2{? V;l/ﬂ -

)H?

+[G+

+1)

€

where the last inequality holds by 7; < .
V/482(14¢2)3 (1-¢?) 2 K2 G+ K (3nL+2CanL+2y/2(1—2)C)

Hence
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where C; = 15}3 + \/(11252)2 + (a2m)2q2 and Cy = = ﬁ )2 + (q;{'l;c;lj) . then,
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4(q+y+ 22)
(1-¢%)?
The proof of Theorem &6 is similar to the above proof procedure and the detailed proof will not be

given here.

and Cy = (15%)2 +

E.2 PROOF OF COROLLARY [4.3]

Letn, = @(ﬁ),T = O(K'm) and n = ©(v/ K'm), the convergence rate under full participation

scheme is O ().

E.3 ANALYSIS ON THE PARTIAL PARTICIPATION SETTING FOR FEDBNLACA

Similar to partial participation scheme in Section 3} we have the following convergence analysis.
Theorem E.1. Under Assumption[3.1{3.4) if the local learning rate n; satisfies the following condition:

mo < min{ Gy, FEEUSIK AR+ P (1 - @) 2K2G7 + (L + /2(1 - B)G)] 7,

then the iterates of Algorithm 2 under partial participation scheme satisfy

(1]

= +a]
q?) nm KT T
20T KLG?d ¢ _ [G+ LymKG anClKGdH] L b H +

. Ve (-B)ve
AL (P + 5o H? | 2L (V4 -5og)H? | 2L°02(v°+-Sog)H? | (2 CinmKLG? | KL%, 2
R o () T v Gl

6K02) + [nL + /2 1—52GW + [nL + v/2(1 = B2) G) 2l | 15K2L2nl(ol+6KU)—|—

min E[|[V£(6,)]?) < %52% R

- _ 1G4
. where = = NG +

BKO' ]and Cl m\/(112;12)2 + (1a2qn)202'
Theorem E.2.
2 =
. 2 ( ?)? 2072 fo—fs =
minE[||V£(6;)|%] < \/452( )2771 K2G? +¢ KT + a +Q
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where = — Clﬁsd 4 2CPmiKLG?d o _ {GJF Lm\n[KGJr LomCiKGd | 7(7(74521; +
) = € € ’ 1— €
2 2 2 2 2 2 2.2 2 2
4L77(1('y5q)L21)H 2L721(wﬂ)+1)H + 2L r(]l(vﬁ)tl)H (2)+ ClanLG' + 51> I2(€L (O’l2+6KO'2)+ [UL+
2(1 —52) }W nL + \/ 2(1 = Bo) G| ) " 15K2L2 n¢(o? + 6Ko2) + 3Ko?] and
C 1242 —q2)2
2

(1- q2)2 q
Remark E.1. When he parameters C = D, % =1, the result of Theorembecomes the result of

Theorem The upper bound for minte[f] E||V f(6;)]|? of partial participation is similar to full
participation case but with a larger variance term 2. This is due to the fact that random sampling of
participating workers introduces an additional variance during sampling.

Proof of Theorem- [E.1} Notations and equations: From the update rule of Algorithm 2, we have e; =
0,, = =5 " elandm; = (1 fy) S>¢_, BY7TAL Denote a global uncompressed difference
Ay = |St| Zzes A!. Denote a virtual momentum sequence: m} = ym}_; + (1 — 51)At, hence
we have m} = (1 — 61) S2!_, BYTUA;. Define additional two virtual sequences A} = LyTA

and A; = 157 A;. Note that when the client ¢ does not take part in the round of participation at
step ¢, we have Al = A! = 0, therefore, A} = A; and A} = A,.

By the aforementioned definition and notation, define a subset S; = {w!, w}, ..., w! }, then

~ N | 1 &
At*At—|St‘ZA —A)=-— *Z —efi1) =€ —e,

TL
1€S

HMs

where the compression errors have the same structure, €, = % >, el. Similar to the previous
analysis, we define the following sequence:

t+1

Lipr:=(1-51) Z/D)Hl e

T=1

and keep using the Lyapunov function z; from (E.4)). For the expectation of model difference A,
Es,[A] = fnzst lz A%] Es, [AY] = Z Al =

The proof of FedCAMS in partial participation settings has a similar outline combing the proof of
partial participation in Fed AMS and full participation in FedCAMS. By Assumption then

Ef(ze+1)] — f(2e)
E (V000900

Ty
B Yau Vau Sr— o
" [<Vf(Zt)7n —1 (thl/Q -V 1/2> my_q + (VtJ{Q -V, 1/2) I
1-5
Ty
’ 2
L v, '/? b 1/2 1/2 G—1/2 1/2

e Hvt /At_l—ﬁl (V [ -Vi /) 271—(Vt_1/ -V /)Ft 1

E[(Vf) - V00,0V, 2A)]

Ty

Note that the bound for T3 is exactly the same as the bound for T5. For the three corresponding terms,
Ty, T4 and T; which include the second-order momentum estimate of A,. For 77, similar to the full
participation settings, we have
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e (s ] il (s 2 )
(E.16)

The first term in (E.T6) does not change in partial participation scheme. The second term is changed
due to the variance of A; changes. For the second term of 77 ,then

\/517]}3[<Vf(9t),\/At LA >]_V PG a2,

Vit € \/B2Vt—1 + €

For T4,similar to the proof of T5,we get

T 9y T
n°L ~1/2 _ y-1/2 2
ST < TES EAdP) +rPLC K?GQZE v -vorf).
t=1 t=1
where C = 17 m \/ (112;12)2 (1(;2‘1;2252 in partial participation,then

TiznlEKf() F00).9,28,))]
<5720 - 560197

’ 5
1-0
- Cin*n} K?LG?
S

|

S—1/2 S—1/2
Vt—l/ m;—1+vt—1/ Iy

< o]

Bound of T} , there

T - [<Vf<zt>7 %&V;”Q@ ) >} ZE [<Vf (o) V20 - 9t>>}
= ZE va (0,), V20, - ) >} ZE va 2:) = VI (60), 1= 5V 12, - 9t>>}
fZEIIVf (Ol EH ”ﬂ V200, - 0,) ZEHW ze) = V.f(6:)] ZE’

+Ln;Ezt—9tH'n§i:EH1 n

1/2(9 _ 915)

I A

V20, - 0y)

IA

gZEnwwau-fZ |95 -0

1O N S-1/2,7
n;Enwwa-n;EHl_ﬁlvt G- 00

1o S—1/2 B1 1/2 1/2 1/2 1/2
+LnZEHth /At_nl—ﬁl (V R Vo /) ;_l—n(v T v />Ft+n

ZEH ! Vt1/2(9 — )

V26, - 0,) - 0,

ﬁ

n ~_ =
< 13 EIvs) B |V - )

RN v—L/2 1 ¢ N G-1/2,7
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+ L= ZE

+ L~ ZE HnV_1/2 (0: — 61)

+L52E\|9tu ZEH

( A V;I/z) m;_ 1+77(V - 1/2) H ZEH L Vt 1/2(9 —6y)

Z]EHl— V6 -0

_1/2(0t 9]‘)

2 2
N0y + g H 200 (VP + S H? 2L (v + 5 ) 1P

Ly KG ~_ ~
< [G 4 2T L IO KGE|V 2 =Y 2||} :

Ve A-Ave ~ (-p2  (1-Bve

here Cy =

m 12q a- g )202
q?) aZn?2q2

Bound of T6 , there

7’]2L2

= aap®

HW”(@Z s

2 212 n
_onLm 1
]‘(15)%2”5

2L? 1
= (1?7_7 ZE Hvt V20, - 0,) - VP Z Qi

’lEMt

H%”"’@ s

T

o

2
2772L2 - 125 2M2L% 1 &
< P LS w9 -+ LS e

2L (v* + Sy ) H?

a“n

= (1-7)2%

o172 1 i
’Vt P D@

t 1€ My

Hence, the summation from 77 to T} over total iteration T is:

T
E[f(z741)] = [T} + T3 + T4 + T + +T4 + T
=1
T T
nm K Vf(0:) onm; PK2LPT 2 2 V2(1 = Ba)nG 2
< - S E||- (0] + 6Koy) + ~———"—> "E[|A]]
4 = Pavi-1+e€ V2e € t=1
m 1 m K-—1 2 T
1 2 So1/2 S-1/2
- —— F;(6:)) +CymKG E {HV eV H }
2K'm? =1 VB2vie1 + €= 15 tz:; ! ' !

T T

~ ~ .~ L 2

+ O KPLGP Y E [Hvt_ll/2 -V, 1/2H1] + CIPPK2LG? S E [Hvt_lﬁ -V, 1/2H }
t=1 t=1

€

27 T 2, 2727 12
n°L CiTy*n; K2 LG
+ = D BlAP +

t=1
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LG | O KGRVY? — VY ﬂ v+ S H AL (P + S H? 2L (77 + S ) H
=t ! (1-pB)ve (1—B)% (1—pB)e

+{G+\/E

K 53 K2L2T Cimm KG2d
T ZE 117 £(6)]12] %(o?—kGKUg)—i— 17777;7\[
4\/452 QLo RK2G2 + € =1 2¢ ¢
) 2
20 K*LG?d ny d X":KX:
Te 2\/4B2(}+32)2 nPK2G? 4+ eKm? =1 i=1 k=0
. nzn?LKT n V2(1 = B2) )nm; 2KTG o2+ ClTUinQKQLGQ
ne ne L €
2 2L 1 _ _
I /Ui v ﬁ G _m—n [15m K> L2 (0} + 6Ko2)T]
€ mn(m — 1) g
T
+ (90mK* L2} + 3mK?) Y E[[V£(6,)]?) +3mK2TJ§]
t=1
T m K—1 2
< i L+ /2(1 = Ba)mmi ) Z { > > VE() ]
t=1 1=1 k=0
L KG LnnzClKGd“} n(y+ Z)H N AL (Y + S5 H? 2L (y? + Sop) H?
(1—B)e (1—7)2 (1=-B)e

G

+ [ =
The proof outline is similar with previous proof. We take the use of Lemma [F3|[F.9F.13] for
By additional constraints of local learning rate 7, with the inequality

corresponding terms.
L + \/TBQnG] 7;2((; 11) — ok, {\/4/32 (1+qz)3 n?K2G? + e} < 0,we obtain the
constrainty; < :1((72 B 2K\/462(1+q2)3(1 == 2K2G2+e[nL+\/2(1 ATk ,and we further need 7); satis-
o s e O LV B 00 L o) >
ULIEiS Hence for the convergence rate, we have

8y/4B2(144%)3(1—¢2) 2n7 K2 G2+

K
— S E(IVA)I)
$\/46: FEEL P K2G2 + ¢ T 11
f(z0) —E[f(zr)] | 5mpK2L? 2 miK
< _ s
< T + VT (l+6KUg)+(77L—|—\/2(1 ,6’2)G) e O

ComKG?d 20Ty K2LG?d | Cinnf K2LG?
T\/e Te €
2L \/2(1— G —
I (1 — B2)mm; m-n [15mK3L%n2(0? + 6Ko?) + 3mK 202
€ € mn(m — 1) g ¥
LymKG anclKGd} Ty + S)H MLV + So)H? | 2TLn (Y + s ) H?
T(1—-p)Ve (1-p)% T(1-p)ve

+ [G 7 ;
2TL2 2(,}/ 4 a2m2) 2 02
T=ppe  azz TV

Therefore

2) fO f*

. 2 ( 2072 E
minE[||V£(6;)|%] < \/452( )2771K G +e KT T—i—Q
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- C1G3d 202y KLG?d . LymKG | LyyC1KGd n(y+S)H
, where = = =+ - N = |G+ Vet . I - a—pve T
2 2 2
4L7,2(,‘/2+07077)H2 2Ln2(72+ﬁ)]{2 +2L2772('72+(12CT)H2( c? +1) _ Ciym KLG? +5n2KL2 (02+
(1-pB)2%e (1—8)+/e (1—p5)2%¢ a?n? € /2¢ l

6K02) + L+ /2(1 = B2) G207 + [nL + \/2(1 = Bo) G) = 15 K2 202 (07 + 6K 02) +

—n2\2(2
K03 and Oy = 25 + 212, 1 O

The proof of Theorem is similar to the above proof procedure and the detailed proof will not be
given here.

E.4 PROOF OF COROLLARY[4.3]

If choose n; = @(\F%K) and 1) = ©(v Kn),we get min,e ) E[||V f(6;)]|*] = O( */f ).

3

F LEMMAS

Lemma F.1. For the element-wise difference, W, = viﬂ — \/ﬁ2v1t_1+€,||WtH < 7“;52H5t||

Proof. Note that:

IWell = || = — ——
e Vi te \/ﬁzvt—l + €
_ (VB2vie1 +e— Vit e)(/Bavio1 + e+ Vi +€)
m\/ﬂzvt—l + 6(\/52Vt—1 +e+ Vi te€)
_ Bavi—1 — vy
VVi T ey/Bavict +€(y/Bavii + €+ Vi T €)
_ —(1— B2)A?
VVit e/ Bavici + €(\/Bavioi + e+ Vi T €)
< (1 B2)A? ]
N \/Vt+6\/62vt71 + eV — Bl
< YIZBy5y) E1)

€

where the forth equation holds by the update rule of v,i.e, v; = Bovy_1 + (1 — Bg)Af,and the last

inequality holds due /v, +¢€ > /vy > /1 — Bgﬁtand \/B2vi_1 + € > 0.This is the end of the
proof. O

Lemma F.2. For the element-wise difference, Wy = v1t+€ - \/B2V1f,_1+€’||WtH < 7“6_52HAt||
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Proof. Note that :

1 1
HWtH - \/Vt Te - \/ﬁQthl Te
_ (VBavi—1 + €=V Vit €)(y/Pavie1 + e+ Vi F€)
V'V + 6\/52th1 + 6(\/52Vt71 +e+/vite)

_ Bavi_1 — vy

Vv + 6\/52th1 + 6(\/52th1 +e+ v te)
_ —(1— B2) A

VVy+ 6\/52Vt—1 + 6(\/52%—1 +e+vite)
< (1= B2)A7
T Ve F e/ Bavicr + ey/1T = By
<Py, (F2)

where the forth equation holds by the update rule of vy,i.e, v; = Bavi_1 + (1 — B2)AZ,and the

first inequality holds due \/v; + € > /vy > /1 — f2Aand \/B2v;_1 + € > 0.This concludes the

proof. O
Lemma F.3. For the variance difference sequence \A/'t__ll/ 2 V 1/2 ,then
TN /2 $—1/2 d |l 12 o-1/2|? _ d
A ARTE I voe H <4 HV‘, V7 H < F3
S|Vt v < v - v : (3)

Proof. By the definition of variance matrix \A/'t, and the non-decreasing update of FedCAMS, i.e.,
Vi—1 < V¢ = max(Vy_1, vy, €),then

T

o172 o—1/2
Vi -vi,
t=1

%7

‘ 1

1
‘ 1

>
:

=

Vi

|

t=1 H‘ Vi1
N
d

1

< \%7 (F4)

where the inequality holds by the definition of 7; € R?: For the sum of the variance difference under
{5 norm, then

Ju—y
—_

Il
M=

D 12 —1/2|?
>|v v
t=1

5 >
|
5

o~
Il
o

I
1M
N TN
R
i
|
N————
-
N——
no

T
1 1
< = - =
- ; Vil Vi
1 1
S = - =
Vo v
d
<- (E5)
€

D
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where the first inequality holds by the element-wise operation: ¥x,y € R 0 < y < x, we have
(x—y)? < (x—y)(x+y)) = x2? — y2It concludes the proof. O

Lemma F.4. The compression error has the following absolute bound

4q° 44
ﬁnﬁ(z@a les]|* < WU?KQGQ- (F.6)

Proof. Forall t € [T, by Assumption[3.4/and Young’s inequality, then if ¢ ¢ M,

lezlI* <

lei a2 = 1A + ef — C(A} + &)
< 1A% + e
7 ]‘ 7
<P+ )il + (1 ; )|At|2

2
< 1+4
-2

e

if1 € M,
el iall? = 187 + € —C(AT_y + ef_)I?
= 1A} +ef — C(A; +e)) +C(A; +e;) = C(AL; +e)]
<207 Af + e +2]IC(AL + ef) — C(AL +ej)]”
2 P2 2 1 202 P2
<2+ ol + (20004 1)+ 2 ) ]

2 2
_20+¢?) 4q 20

< ———legll” + ( 5 )IINII2
2 1—gq
where the last inequality holds by choosing p = 1271 %2.
Thus obtain the absolute bound for the error terms
i 4q?
lej]* < mm LS
or 2 C? 2
. 8¢ 2 1—g¢q
2 < 2 52 72
||et|| — ((1_q2)2 + a2m2 2(]2 )771 G ’
then
1 - 7 1 % 7 7 7 7 7
lled]|* = Ezet < EZHAt_Fet_ (A} +ep)l” + Z 1A; +e; = C(AL; +e;_y)|?
i=1 i=1 tieM,
4q 22 4 8q> 202 1—q¢®, 5 5

In the case of partial participation, suppose that client ¢ has the participated time set T;, and we
rewrite the T; = {to,t1, ..., tp, }, Where tg < t; < --- < t,, .Since when client ¢ are not selected to
participate local training, the error stay unchanged. Then for ¢5 € 7;

thus by the similar recursive approach, since eio =0,

. 2(]2 s 1 +q2 s—T :
Bl ) € 72 3 (S5 ) ElIALIF)
T=1

Thus obtain the absolute bound for the error terms,
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i 4q
Het”2 — (1 _ 2)277I2K2G2
or 2 c? 2
. 8q 2 1—gq
2 2 172 2
||et|| ((1 qg)g a2m?2 2q2 ) lK G ’
1 - % 1 % 7 % i
HetH2 = %Zet EZHA +et ||2+ Eva Z 1A +et C(AL_, +et71)H2
i=1 zEMt
4° 5o 8¢ 202 1* g e
This is the end of the proof. O

Lemma F.5. Under Assumptions n and . for FedAMS, we have |V f(0)] <
mKG,|my| < nKG and ||v¢|| < n}K2G?.For FedCAMS,we have IVE;(0)

(3”52)2 PG VIO < GIA? < ARk < WKG and v

((11_+qq2))2 12K2G2,where m), =/m, ; +(1— Bl)At.

Aq?

ININ A

Proof. Since f has G-bounded stochastic gradients, for any 6 and £, we have ||V (0, )| < G, that

IVFO = EeV (0,1 <EelIVFO, 9] <G
For Fed, the model difference Ai, by definition, has the following formula,
therefore,

Ay =0k =0 = UZk 18t O A= et 1k~ 01 =N k18

Z 1ALl < mKG.

€St

1A < A

Thus the bound for momentum m; and variance v; has the formula of

t

lme|| = (1= 51) Y B7IAN < mKG,

=1
t
[vell = (1= B2) Y BET A < P K*G2.

For the compressed version, FedCAMS,

Al =0,k — b =—n PRy 8tk
1 = as
1Al < — S IAL < nKG.

i=1
Thus the bound for momentum m; and variance v; has the formula of

t

|| = (1= 81) > BTTA < mKG,
T=1
t

[vell = (1 = B2) Zﬁé A < nf PG,
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1AL < [C(AL + eI
<C(A] +ef) — (A +ef) + (Af + €|
<2(¢* + 1)]|A] + ef?
<A + DAL + lletll?],

ifi ¢ Mt’HAsz +2 n; 222 ifi € Mt’”AzHZ (8(1+q ))3 + 4(1—q2)2(g;+1)02 )n?Ksz_

)? a

then

< 1+(12)
q?)?

8(1+¢?)? LAa- 7*)(¢* +1)C?

2 12 2
K
(1 _ q2)2 a?m? )771 G

2K2G2 (

1A* = H ZN

where the third inequality holds due to Assumption [3.4}and the last inequality holds due to LemmadF4]
e virtual momentum sequence ||mj}|| has the same bound as m; of FedAMS. For the variance

sequence of FedCAMS, we have

. 1+
Ivell = (1 = B) Zﬁé 1A 2 < AAHES oo

(1—¢?)?
This concludes the proof.
O
Lemma F.6. The global model difference Ay = ;- | A; in full participation cases satisfy
K m K— 2
E[J|A %) < l+—EZZ Z% (F.9)
i=1 k=0 zEMt
Proof. For E[||A,||?] in full participation case, then
1 m K-—1 1 2
EIANT =B || =D > meiw =37 > @
i=1 k=0 i€ M,
n2 m K-—1 1 2
[ opIrTEE=y S
i=1 k=0 e i x1
n? m K—1 2 n? m K—1 1
_ M i 1 (9i ) —
= ﬁE[ Z (gt x — VFi(07 1)) } + ﬁE[ Z VFi(63) M, Z
i=1 k=0 i=1 k=0 i€ My
m K-—1 2 2
K 2n i 1 i
< —Loj + é E VFEi(0i.)| +E||—F+ qy
—1 e mM;
i=1 k=0 i€ My
m K—1 2 2
Kn 5 20} 2 ol 1 :
- LRI CVEG )| + B Y g
l 2 1\Yt,k 2 t ’
m i=1 k=0 m M ieM,
where the inequality holds by Assumption [3.2]The end of the proof.
O
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Lemma F.7. The global model difference A; = Zzn 1 Al in full participation cases satisfy
m K-—1 2
E[|A %) < = Lo} + = v
k=0

i=1

Proof. For E[||A¢||?] in full participation case, then

2

]

K—

E[|A*) =E

m 1
1 %
m E mEe,k
i=1 k=0

m K

55

-1
i
8tk
i=1 k=0

m K-—1

2
_n
—sz{

2 2

m K-—1
V(03 1)
i=1 k=0

ZW?E{

- }JF*E{

]

i=1 k=

0
K2 2
nlaf%—ng[E
m m

IN

2

2 n7
=gy dig (E10)
m

ZZVF

i=1 k=0
where the inequality holds by Assumption [3.2]The end of the proof. O

)

Lemma F.8. The global model difference A, = Y i s, A% in partial participation cases satisfy

~ K
E[|A||%] = :l 2+ ((m )) [15mK> L} (o7 4+ 6Ko,) + 90mK* L*n} + 3mK>(|V f(6,) ||
+3mK?0?] 4 1) E[Hi i VE®GL) - — S g 2]
g _ . \Yt,k Mt, +
i=1 k=0 €My
Proof. Then
E[| A% Z A
7.€$f
1 1] ?
= —E > i€ Si}A;
1=1

r 2
m

K—
Z%E ni Y i €S} thk Z]I{ZESt ZVF
i=1 k=

K-1 m K-1
1 .
= E Z]P’{z €S} lgis— VEi(0; ;)] Y BlicS) Y VE®©;
= k=0 i=1 k=0
o m K- 2 1 m K-1
= mlnE Z Z gl — Ol |+ EE U?ZP{Z' € St} Z VF,(0;
i=1 k=0 i=1 k=0

2

K2 o o2 2
Ny Zig + SE||— . (E11)
n n n

m K—-1
S Plie S} > VE(,)
i=1 k=0

Zq,f

zEMt
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where the fifth equation holds due to P{i € S;} = > Note that

m K—1 2 n - 2 K—1 K-l _

Z VE( Z Z VE;(0; ) +Z<Z VE; (6} 1), Z VFj(ei,k)>

i=1 k=0 i=1 || k=0 iz \ k=0 =0
m K—1 2 ’ K- K—1 2
=>_m|| > VF —EIZ (05— Y VE©EL)|
=1 k=0 i#£] k= k=0

(F.12)

where the second equation holds due to || Y"1, 6;]|* = Z:” L ml|0i]]? = 5 37,2, 16i — 0;]|° By the
n(n 1)

sampling strategy (without replacement), P{i € S;} = > andP{7,j € S;} = (17> thus
m K-—1 ) 2
> > Plie SIVE(0; )
i=1 k=0
m K-1 2 K-1 .
~Y Blies) Y Pl es) <va ,zvpj<eg,k>>
i=1 = i#j k=0

m 2 K-1
==y +7ZE”_12<Z VEy( ,ZVFj(ag'ﬁk)>
k=0

K-1
Z VFi( t k)
k=0

i=1 i#j \ k=0
n2 o ||E=1 n(n —1) K-1 P
D DIRZICIN rz ZVF — Y VE(0],)
i=1 || k=0 i#j |l k= k=0
— n(n—1) ’

+ , (F.13)

_ n(m—n) "
_m(m—l)Z

=1

ZVFZ'( tk)

m K—1
ZZVF( i)
i=1 k=0

where the third equation holds due to (x,y) = 3[|[x? + y?|| —|/x — y/||?] and the last equation holds
due to 5 Z#j 16:— 051> = Y272, m|6:|* — || Y272, 6:l|*. Therefore, for the last term in|F.11} then

2 2(m m K—1 2
E[ A7) = il Z 3 VE(6; )
i=1 k=0

mn(m
277 m K-1 2 9
l ZVFi(tk) +EE Z%
i=1 k=0 e,
The second term in (F.I3) is bounded partlally following Reddi et al.[ (2020),
m ||K—1 2
Z Z VEF;(6;, ZE Z i k) — VE(0;) + VE(0:) — Vf(6:) + V(6]
i=1 || k=0 = k=0
m K-1 2
<3 E| ) [VF. — VEF(6)]|| +3mK?02+ 3mK?||Vf(6,)|>
= k=0
m K-1
<BKL*Y Z E[[16; , — 0:]|*] + 3mE 202 + 3mK?||V £(6,)]|?
i=1 k=0
< 15mEK°LPnf (o} + 6Ko)) + (90mK*L*nf + 3mK?)||V £ (6> + 3mK?o,

(F.14)

where the last inequality holds by applying Lemma C.9 (also follows from [Reddi et al.| (2020)).
Substituting (F14) into (FI3)), this concludes the proof.

O
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Lemma F.9. The global model difference Ay =3, s, Al in partial participation cases satisfy

K 2 2
E[|A]?] = —L o2 :zbln(( 1)) [15mEK* L2 (07 + 6K02) + 90mK L?n? + 3mK2|V £(0,)]?
+3mK20%] + {H 3 Z VE( H ]
1=1 k=0

Proof. we have

2
5

E[|A]]*] =
1€ES
1 Il ’
=—E ;H{ie&m;

r 2

:i]E Zﬂ{zest}z:gtk VE;(6; 1)

ZH{Z €81} Z VFi(

m K—-1
1 .
= —5E ZP{ze&}Z g — VE@ ]| +|[nf Y_Pli€Si} Y VE(©;,)
1=1 =1 k=0
172 ) m K-—1 ) 2 1 I m K—-1 2
= mlnE Z gl x — VEO; || | + ol THZZP{Z' € St} Z VFi(0; )
L =1 k=0 i=1 k=0
2
Kﬁz 2771
<= il ) ZP{ZE&} ZVF : (F15)

where the fifth equation holds due to P{i € S;} = > Note that

m K-—1 m K—-1 . K-1 )
S S vre| -3 |3 vae +z<z .S ijg,k>>
i=1 k=0 i=1 || k=0 i#j \ k=0 k=0
m K-1 2 1 K-1 ) K—-1 ) 2
= Zm VFi(63 52 Z VFi(6}) — Z VFj(ai,k) )
i=1 k=0 i#j | k=0 k=0

(F.16)

where the second equation holds due to [| 37 | 6;[1* = Y21, m|6:]|* — § 32, [16: — 6; H2 By the

sampling strategy (without replacement), we have P{i € S;} = > andP{i,j € S;} = " 1)), thus

m K-—1 )
> > Plie SIVE(6; )
i=1 k=0
m K-1 2 K-1 K-1
=> P{ie S} +Zp{i,jest}<2vm( ), Y VE( egk>
i=1 = i#] k=0 k=0

2 K-1
T DM OWLITRD SEETTRY
k=0

i#]

- Z
m “4
=1

K-1
Z VFi( t k)
k=0
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n2 | 2 n(n —1) K-1 K-1
— 2 J
= 2| 2 VRO g 2| 2 VE VE;(0; 1)
i=1 || k=0 i#j5 || k=0 k=0
2 2
m ’I'L . 1 m K-—1
= VEO ||+ ZZVFZ(W)
=1 = i=1 k=0

where the third equation holds due to (x,y) = 3[||x? + y?|| —||x — y/|?] and the last equation holds

dueto § 37, (16— 05117 = 2270, mll6:]|* — || 327, 6:]|°. Therefore, for the last term in|F.15] then

2

o K0 o mim—n) & = i (n — ==
E[||A, 2] = E F Fi(
o) = ot TR 2R || 5 VA e n® || 2 R
(E17)
The second term in (FI7) is bounded partially following (Reddi et al., [2020),
m - 2 m K—1 2
DI VE = E Z [VE(0; ) = VE(0:) + VE(0:) = Vf(0:) + V£ (0)]
=1 = =1 k=
m K-—1 2
<3) E| > [VF — VE(0,)]|| +3mK?02 +3mK?|Vf(6,)]?
i=1 k=0
m K-—1 )
<3 QZ E[[16 x — 0:11*] + 3m K30y + 3mEK? |V f(6,)|?
1=1 k=0
< 15mK3 3m (07 +6K0o2) + (90mK*L?n} + 3mK?)||V f(6,)[|* + 3mK >0,

(F.18)

where the last inequality holds by applying Lemma C.9 (also follows from [Reddi et al.| (2020)).
Substituting [F- 18] into [F.17} this concludes the proof. O

Lemma F.10. Under Assumptions|3.1}3.4\for the momentum sequence m; = (1-6,) >0, BITA,
and accumulated error sequence I'y = (1 — 1) ZT 1 1 "e, in full participation settings, then

T TK’]’]2 2772 T m K-—1 2 T
S Ellml?) < — o+ ZES R[S ST VRG] + o 2 EZ%
m m N m

t=1 t=1 i=1 k=0 t=1 zE]VI,
and
T m K-1
> AT Kn; 5 nf  4A¢ SE[Y

]E F ’ SA-oe : ] 717 EH VFI H H
t=1 i = (1-¢*)? m 7 +m2 (1-4¢%)? t=1  i=1 k=0 m2 -y Z Mt J

Proof. By the updating rule, we get
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Eflm) = E |1 - 51) iﬂi‘T&IIQ]
Zﬁi A) ]
£a) ()

<(1-5) Zﬁi—TE[HATHQ]

<(1-p5 Q]E[

/\

<(1-B)E [

/\

2

Kni 5 o : t—7 UES i 1 i
- Uz‘*’ﬁ(l_ﬂl)z@ E 2k OVFi( t’k)_ﬁtiezh:f 4
T= 1= = t
o2 t m K—1 P 9 t 1 12
5 *51)25§_T]E Z Z VE(0; )| +-—=@ *51)25?7E A Z a4l
=1 =1 k=0 =1 1E€M;

where the second inequality holds by applying Cauchy-Schwarz inequality, and the third inequality
holds by summation of series. The last inequality holds by Lemma Hence summing over
t=1,---,T, we get

T

TKT]2 2772 T m K-—1 ‘ 9 T
> Bllmil) < o+ T8 S (| 3 VRG] + 5 B o7
t=1 i=1 k=0 t=1

t=1

Z(L‘

'LEMt

O
Lemma F.11. Under Assumptions or the momentum sequence m; = (1—[31) Zizl BITTA,

and accumulated error sequence I'y = (1 - f1) Z 1 f "e; in full participation settings, we have

T T

TKn? n? m )
S Bllmi|?) < — ot + L3 B[ 3 Y vREL)]
t=1 t=1 i=1 k=0

and
T

4Tq¢*> Kn? n?  4q¢® a “ PN
ZE[”FtHZ] < m m ‘712 + iigZEHZ VF( t,k)” :
t=1 i

Proof. By the updating rule, we get
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K’I’]2 77 t m K-—1
< 40?*%(1*51)255_733 ZZVFi( k)
r=1 i=1 k=0
0 t m K—1 2
L1 =B BTTE(Y D VEWG:)|
=1 i=1 k=0

where the second inequality holds by applying Cauchy-Schwarz inequality, and the third inequality
holds by summation of series. The last inequality holds by Lemma Hence summing over
t=1,---,T, we have

T TK’[]Q 172 T m K-—1
> Bl < —of + BN T[S0 vEE ).
t=1 t=1 i=1 k=0
For the compress error e;,by Assumptio C.1] then
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+ amHM Z Al
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= qlled]| + (g + v+ —) | Al
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where the first equation holds by the definition for error e; 1, and the second one holds by the update
rule for e} ;. The first inequality holds by [|a + b|| < ||a|| 4 ||b||, and the second one holds by
Assumption Thus by Young’s inequality, then

\C 2
lewill? < <q||et|| g4+ >At)
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<P 4pled® + (g +7+ ) (1+p7)]IAd?

1+ ¢ (g+v+29)?
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2 1-—
where the equation holds by letting p = ,and 1+ p~ 1 = }fgz < ﬁ ,then by the similar

recursive approach in the proof of Lemma , we have
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For the sequence I';,similar as the previous analysis, we have

[T [Hl—m Zﬁ ]

<(1-p1) Zﬁi”E[lleTIIQ]
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Summing over ¢t = 1,--- ,T',then
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The end of the proof. O

Lemma F.12. Under Assumptions for the momentum sequence m; = (1—6,) 20 _ BI77A,
inpartialparticipationsettings, we have

Z(It

i€ My

S E[|mll?) < %"120? [H > Z VE(x H W+ ‘

t=1 1€Sy k=0

Proof. The proof outline is the same as the proof of Lemma |F.10} the main difference is E[||A4||?]
has changed, so we need to apply Lemma [F-8]instead of Lemma[F.6] during the proof. O

Lemma F.13. Under Assumptions for the momentum sequence m; = (1— 1) L BI7TA,
in partial participation settings,then

T

S E[|m[?] < KT"l i > Z vE)| ]

t=1 1€Sy k=0

Proof. The proof outline is the same as the proof of Lemma|F.11] the main difference is E[||A¢||?]
has changed, so we need to apply Lemma [F9]instead of Lemma [F.7] during the proof. O

Lemma F.14. (This lemma directly follows from Lemma 3 in |Reddi et al.| (2020)). For local
learning rate which satisfying n the local model difference after k (Vk € {0,1,..., K —

1
) < skD
1}) steps local updates satisfies,

1 ;
— > Ellixt —xill*] < 5K (of + 6Koy) + 30K B[]V (x)|I]
i=1

Proof. The proof of Lemma[F.14]is exactly same as the proof of Lemma 3 in (Reddi et al|(2020)). [
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