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ABSTRACT

Within the framework of federated learning, we introduce two novel strategies:
New Lazy Aggregation (NLA) and Accelerated Aggregation (AA). The NLA strat-
egy reduces communication and computational costs through adaptive gradient
skipping, while the AA strategy accelerates computation and decreases communi-
cation costs via adaptive gradient accumulation. Building upon these innovative
strategies and compression techniques, we propose two new algorithms: FedBN-
LACA and FedBACA, aimed at minimizing bidirectional communication costs.
We provide theoretical guarantees for client participation (either full or partial) in
these algorithms under non-convex settings and heterogeneous data. In the context
of non-convex optimization with full client participation, our proposed FedBN-
LACA and FedBACA algorithms achieve the same convergence rate of O

(
1/T

)
as their non-tight counterparts. Extensive experimental results demonstrate that
our protocols facilitate effective training in non-convex environments and exhibit
robustness across a wide range of devices, partial participation, and imbalanced
data.

1 INTRODUCTION

Federated Learning (FL) is a promising machine learning (ML) framework that enables collaborative
model training without sharing data. This approach ensures that data privacy is protected, as data
does not need to leave the owner’s possession McMahan et al. (2017). FL models involve edge clients
or devices, such as smartphones and personal computers (PCs), training local ML models using
their own data without sharing. Instead of sending raw data to a central server (e.g. cloud server),
the edge client updates the parameters of the local server model (e.g. smartphone, PC updates).
The server then generates a shared global ML model by aggregating local parameter updates. In
FL, traditional distributed stochastic gradient descent (SGD) is unsuitable for challenging federated
learning scenarios, where data does not follow independent homogeneous distributions and only
a small fraction of clients participate in each communication round. To address this issue, many
federated optimization methods use local client updates. To reduce significantly the amount of
communication required to train the model, local clients update their models multiple times before
communicating with the server. One of the most popular FL methods is the FedAvg algorithm
proposed by McMahan et al. (2017), in which the global model is updated by averaging over multiple
local SGD update steps.

Although FedAvg algorithm can be trained without sharing data and achieve good results, it in
practice still presents challenges in FL. 1) Lack of adaptivity. As SGD-based updates may not be
suitable for stochastic gradient noise with heavy-tailed distributions, which usually occur when
training large models Devlin et al. (2019); Brown et al. (2020); 2) Unaffordable communication.
Repeated synchronization of the uplink and downlink between the client and the server leads to
significant communication overhead, but some of these parameters are passed non-essential. Here, the
uplink represents a transmission from clients to servers and the downlink represents a transmission
from server to clients.

Many works have researched the aforementioned issues. 1) For adaptivity in the federated learning
framework, Reddi et al. (2020) proposed the FedAdam algorithm and its variants Tong et al. (2020);
Wang et al. (2022a); Wu et al. (2023), which integrate the adaptive gradient approach. 2) Recently,
to reduce communication costs, three approaches have been developed: (i) Local approach Huang
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et al. (2023); Li & Wang (2019); Li et al. (2019b); Mishchenko et al. (2022); Karimireddy et al.
(2019a). The local devices implement multiple rounds of optimization before sending the information
to the server. This reduces the rounds of global communication, thereby having an overall lower
communication cost. (ii) Compression methods Reisizadeh et al. (2020); Chen et al. (2021); Richtárik
et al. (2023); Beznosikov et al. (2023). During each round of communication, the local devices send
compressed information to the server, reducing communication costs through some compression
mechanisms. (iii) Lazy aggregation algorithmChen et al. (2018b); Sun et al. (2019); Ghadikolaei et al.
(2021); Mishchenko et al. (2022). Some parameters may be similar to those of the previous round, so
they do not need to be transmitted (i.e., the parameters of the previous round are used in the current
round), which also effectively reduces the communication cost.

However, although the lazy aggregation algorithm provides a strategy to reduce communication costs,
it is more difficult to implement in practice, especially in joint learning where only some clients
are involved in the training. Although these algorithms have achieved great success in reducing
communication costs, they are unidirectional in the sense that they are uplink communication, not
downlink communication. A natural thought is: How do we design a simple and more efficient
strategy to improve communication efficiency based on bidirectional communication? In this
paper, we initially introduce two innovative updated strategies, namely NLA and AA. These strategies
are subsequently applied to the FedAMS and FedCAMS algorithms as outlined in Wang et al.
(2022a). Furthermore, we advance the development of bidirectional communication-efficient adaptive
algorithms within a non-convex framework and in the context of heterogeneous data.

Main contributions

• We present two novel communication strategies for joint learning in federated learning (FL),
referred to as NLA and AA, which improve upon the existing LAG algorithmChen et al. (2018b);
Sun et al. (2019); Mishchenko et al. (2022). In contrast to conventional approaches, NLA and AA
do not require parameters from multiple iterations; rather, they utilize only the parameters from the
preceding iteration along with those from the current iteration. This characteristic enhances their
adaptability and simplifies their implementation.

• We propose two novel and efficient adaptive optimization techniques for communication:
FedNLACA and FedACA . Both methods enhance communication efficiency and adaptability within
the context of joint learning. The FedNLACA algorithm notably decreases communication costs by
employing real error feedback, a compression strategy, and our proposed NLA strategy, all while
preserving high accuracy. Similarly, the FedACA algorithm effectively reduces communication
costs and sustains high accuracy through the use of real error feedback, a compression strategy,
and our proposed AA strategy. It is important to highlight that FedNLACA and FedACA attains a
convergence rate of O

(
1/T

)
.

•We have developed a novel cross-device compatible adaptive joint optimization method, referred to
as FedBNLACA and FedBACA, which employs two strategic approaches to facilitate a reduction in
bidirectional communication costs for both uplink and downlink transmissions. A convergence analy-
sis was performed under conditions of general non-convexity and data heterogeneity, demonstrating
that both FedBNLACA and FedBACA can also attain a convergence rate of O

(
1/T

)
.

• Extensive experiments on various benchmarks showed that our proposed algorithms are well
adaptive in training real-world machine learning models.

2 RELATED WORK

Adaptive Gradient Methods: Adaptive gradients (Zeiler, 2012; Duchi et al., 2011; Kingma &
Ba, 2014; Reddi et al., 2018) are a series of algorithms that effectively reduce the relatively slow
convergence and over-sensitivity to parameters of gradient descent methods in the face of heavy-tailed
stochastic gradients, and are heavily used to train large networks.

Federated Learning: FedAvg was introduced by McMahan et al. (2017) as the inaugural algorithm
for federated learning (FL). By employing periodic model averaging, this approach significantly
mitigates communication overheads. Initial studies focused on the analysis of FL algorithms within a
homogeneous data framework, while more recent investigations have expanded the scope of federated
learning to encompass heterogeneous data environments (non-iid) and non-convex models (Li &
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Wang, 2019; Li et al., 2019a; Sahu et al., 2018; Yang et al., 2019; Wang et al., 2022a)). (Li et al.,
2019a; Sahu et al., 2018) proposed FedProx and FedDANE algorithms for federated optimization
against heterogeneity. Wang et al. (2022a)gave theoretical results of data heterogeneous federated
learning under the conditions of adaptive methods. In this paper, we follow the ideas of Wang et al.
(2022a). Numerous studies have been conducted that build upon the FedAvg framework, including
notable contributions such as FedNova Wang et al. (2020), and SCAFFOLD Karimireddy et al.
(2019a), as well as various other adaptations of FedAvg (Yang et al., 2021b; Wang et al., 2022a).
In a recent advancement, Reddi et al. (2020) introduced several adaptive federated optimization
techniques, including FedAdagrad, FedYogi, and FedAdam, aimed at addressing the convergence
challenges associated with FedAvg. Additionally, Chen et al. (2020) presented Local AMSGrad,
while Tong et al. (2020) introduced a suite of federated adaptive gradient methods that incorporate
calibration mechanisms.

Effective methods of communication: Many methods to reduce communication costs have been
proposed in federated learning, three main ideas are 1) multiple rounds of local iteration methods
(Elgabli et al., 2022; McMahan et al., 2017; Li et al., 2019a; Sahu et al., 2018), 2) compression and
error feedback (Reisizadeh et al., 2020; Elgabli et al., 2022; Haddadpour et al., 2020; Wang et al.,
2022a), 3) lazy aggregation (Sun et al., 2020; Mao et al., 2022; Chen et al., 2018b; Sun et al., 2019).
Most of the above methods are only unidirectional (uplink), and although (Sun et al., 2020; Wang
et al., 2022b) considered bidirectional algorithms, they did not consider the heterogeneity problem in
FL, the involvement of some of the servers in the training as well as the related theoretical guarantee,
and the adaptive problem. Moreover, their strategies to reduce the communication cost are difficult to
implement under heterogeneous partial clients participation. Therefore, how to give simple strategies
to reduce communication cost, and how to design adaptively efficient algorithms for bidirectional
communication with partial clients participation is the focus of this paper.

Notation: For vectors x,y ∈ Rd,
√

x,x2,x/y denote the n element-wise square root, square, and
division of the vectors. For vector x and matrix A, ‖ · ‖ denotes the `2 norm of vector/matrix, i.e.,
‖x‖ = ‖x‖2 and ‖A‖ = ‖A‖2. In algorithms, t denotes the t-th iteration. The m is the number of all
clients/devices.

3 PRELIMINARY

This paper aims to study the federated learning non-convex optimization problem, which is formulated
as follows:

min
θ∈Rd

f(θ) =
1

m

m∑
i=1

Fi(θ),

where Fi(θ) = Eξi∼DiFi(θ, ξi), Fi(θ) denotes the local non-convex loss, Di represents the data
distribution on i clients. m represents the number of all clients, d denotes the dimension of the model
parameters. In the non i.i.d setting, distributions Di and Dj can vary from each other, i.e., Di 6= Dj ,
∀i 6= j. In the stochastic setting, one can only get unbiased estimates of Fi(θ), i.e., the stochastic
gradient git = ∇Fi(θ, ξi).

Assumption 3.1. (Smoothness). There exists an L such that each loss function on the i-th worker
Fi(θ) satisfies the following equation, ∀x,y ∈ Rd,

|Fi(x)− Fi(y)− 〈∇Fi(y),x− y〉| ≤ L

2
‖x− y‖2.

The smoothness of Fi also means that the L-gradient Lipschitz condition, i.e., ‖∇Fi(x)−∇Fi(y)‖ ≤
L‖x− y‖. This assumption is widely used Yang et al. (2021a); Reddi et al. (2018).

Assumption 3.2. (Bounded Gradient). Each loss function on the i-th worker Fi(θ) has G-bounded
stochastic gradient on `2, i.e., for all ξ, E‖∇fi(θ, ξ)‖ ≤ G. In addition, we also assume that ‖θ‖ ≤
H .The assumption of bounded gradient is usually adopted in adaptive gradient methods Reddi et al.
(2018); Chen et al. (2018a).

Assumption 3.3. (Bounded Variance). The bounded local variance, i.e. for all θ, i ∈ [m],
E[‖∇fi(θ, ξ)−∇Fi(θ)‖2] ≤ σ2

l ; and global variance constraint, i.e. 1
m

∑m
i=1 ‖∇Fi(θ)−∇f(θ)‖2 ≤

σ2
g , where σ2

l and σ2
g are some positive constants.

3



162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215

Under review as a conference paper at ICLR 2025

The assumption of bounded variance also is usually adopted in adaptive gradient methods Yang et al.
(2021a); Reddi et al. (2020). The bounded local variance represents the randomness of stochastic
gradients, while the bounded global variance represents the heterogeneity of data between clients. It
is important to note that these variances are bounded. The value of σg = 0 indicates the i.i.d setting,
where datasets from each client have the same distribution.
Assumption 3.4. (Biased Compressor). Consider a biased operator C : Rd → Rd : for ∀θ ∈ Rd,
there exists constant 0 ≤ q ≤ 1 such that

‖C(θ)− θ‖ ≤ q‖θ‖,∀θ ∈ Rd.

Note that q = 0 means no compression to θ. Here are two examples: scaled-sign compressor and
top-k compressor.

Top-k Shi et al. (2019); Stich et al. (2018): For 1 ≤ k ≤ d and ∀θ ∈ Rd, the coordinate of θ is
ordered by the magnitude |θ(1)| ≤ |θ(2)| ≤ · · · ≤ |θ(d)|. Denote h1, h2, ..., hd as standard unit basis
vectors in Rd. The compressor Ctop : Rd → Rd is defined as: Ctop(θ) =

∑d
i=d−k+1 θ(i)h(i).

Define the compression ratio as r = k/d. It can be shown that ‖Ctop(θ)− θ‖2 ≤ (1− k/d)‖θ‖2 =

(1− r)‖θ‖2, and thus we have q =
√

1− r.
Scaled sign Karimireddy et al. (2019b): For 1 ≤ k ≤ d and ∀θ ∈ Rd, the compressor Csign : Rd →
Rd is defined as

Csign(θ) = ‖θ‖1 · sign(θ)/d.

For scaled sign compressor, when ‖Csign(θ) − θ‖2 = (1 − ‖θ‖21/d‖θ‖2)‖θ‖2, thus q =√
1− ‖θ‖21/d‖θ‖2.

3.1 TWO STRATEGIES

Prior to the presentation of my strategy, it is essential to examine the LAG algorithmChen et al.
(2018b); Sun et al. (2019); Mishchenko et al. (2022):∥∥∇Fm(θt−1m )−∇Fm(θt)

∥∥2 ≤ 1

α2m2

R∑
r=1

ξR

∥∥∥θt+1−R − θt−R
∥∥∥2, (1)

L2
m

∥∥θt−1m − θt
∥∥2 ≤ 1

α2m2

R∑
r=1

ξR

∥∥∥θt+1−R − θt−R
∥∥∥2. (2)

While the aforementioned concept is innovative, it necessitates the establishment of parameters for
the initial R iterations. Determining the appropriate value for R poses a challenge, and furthermore,
the inclusion of parameters from all R iterations in the computation may lead to complications in
data storage. Therefore, we propose two new aggregation strategies.

Here we introduce the meanings of some parameter representations. The St denotes the sum of all
participating training clients at the t-th iteration, C,D, α are some postive constants, m represents
the number of all clients, here we first introduce the meanings of some parameter representations, R
represents the number of iterations selected, Lm represents the L-gradient Lipschitz condition of m.

NLA Strategy (New Lazy Aggregation). For any x, let ρt = xt − xt−1. If

‖ρt‖ ≤
C

αSt
‖xt−1‖ : xt ← xt−1, else : xt ← xt. (3)

Example 1: Let qit = ∆i
t −∆i

t−1, if ‖qit‖ ≤ C
αSt
‖∆i

t−1‖, i ∈Mt : ∆̃i
t ← ∆i

t−1, else: ∆̃i
t ← ∆i

t,the
specific parameters are given in Algorithm 1.

Example 2: Let C(qit) = ∆̂i
t − ∆̂i

t−1, if ‖C(qit)‖ ≤ C
αSt
‖∆̂i

t−1‖, i ∈ Mt :
̂̂
∆
i

t ← ∆̂i
t−1, else:̂̂

∆
i

t ← ∆̂i
t,the specific parameters are given in Algorithm 3.

Example 3: Let C(Qit) = θ̂it − θ̂it−1, if ‖C(Qit)‖ ≤ C
αSt
‖θ̂it−1‖, i ∈ Mt :

̂̂
θ
i

t ← θ̂it−1, else:̂̂
θ
i

t ← θ̂it,the specific parameters are given in Algorithm 2.

4
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Remark 3.1. The NLA Strategy presented herein represents a modification of the lazy aggregation
method as described in previous works Chen et al. (2018b); Sun et al. (2019). This approach is
characterized by its operational simplicity, necessitating only a comparison with the parameters from
the preceding iteration. As an innovative lazy aggregation technique, the NLA Strategy effectively
diminishes communication costs by minimizing the number of communication parameters required.
(The NLA strategy assesses whether the difference between the parameters from the (t− 1)th and
t-th iterations falls within a minimal threshold, indicating that these parameters are closely aligned.
If this proximity is confirmed, the parameter from the (t− 1)th iteration is retained in place of the
parameter from the t-th iteration.)

AA Strategy (Accelerated Aggregation). For any x, let ρt = xt − xt−1. if

‖ρt‖ ≤
D

αSt
‖xt−1‖ : xt ← xt−1 + xt, else : xt ← xt. (4)

Example 4: Let qit = ∆i
t − ∆i

t−1, if ‖qit‖ ≤ D
αSt
‖∆i

t−1‖, i ∈ Mt : ∆̃i
t ← ∆i

t−1 + ∆i
t, else:

∆̃i
t ← ∆i

t,the specific parameters are given in Algorithm 1

Example 5: Let C(qit) = ∆̂i
t − ∆̂i

t−1, if ‖C(qit)‖ ≤ D
αSt
‖∆̂i

t−1‖, i ∈ Mt :
̂̂
∆
i

t ← ∆̂i
t−1 + ∆̂i

t, else:̂̂
∆
i

t ← ∆̂i
t, the specific parameters are given in Algorithm 3.

Example 6: Let C(Qit) = θ̂it − θ̂it−1, if ‖C(Qit)‖ ≤ D
αSt
‖θ̂it−1‖, i ∈ Mt :

̂̂
θ
i

t ← θ̂it−1 + θ̂it, else:̂̂
θ
i

t ← θ̂it,the specific parameters are given in Algorithm 2.
Remark 3.2. The AA strategy is a novel acceleration method designed to reduce communication
costs by speeding up the process. The proposal of this strategy is based on a fundamental motivation:
when the parameters of the (t− 1)th iteration are very close to the parameters of the tth iteration, it is
possible to achieve an update of both steps at once (i.e., by adding the parameters of the (t− 1)th
and tth iterations). This core idea is consistent with the principles of the NLA algorithm. Through
adaptive accelerated iterative descent, the AA strategy can effectively reduce communication costs. It
is worth noting that even without the AA strategy, the iterative process of conventional algorithms
can still achieve results similar to those of the AA strategy, but a more in-depth analysis of the AA
strategy will be reserved for future research.

4 METHODS

4.1 FEDERATED NEW LAZY AGGREGATION AMSGRAD AND FEDERATED ACCELERATION
AMSGRAD

In this section, we present two new frameworks of the adaptive algorithm: Federated New Lazy
Aggregation AMSGrad (FedNLAA) and Federated Accelerated AMSGrad (FedAA). In FedNLAA
and FedAA algorithms. θt is the t-th iteration t of the global model parameters. At iteration t, the
participating client i in the selected subset St (of size n) receives the model θt from the server, i.e.,
θit,0 = θt. Then, the client performs K steps of local SGD updating with local learning rate ηl to
get the local model θit,K , judges whether the client i model difference ∆i

t = θit,K − θt satisfies the
strategy NLA (in FedNLAA) or AA (in FedAA), and then send the judged model difference ∆̂i

t to
the server. The server updates the global model difference ∆t by simply averaging the local model
differences ∆̂i

t. Algorithm 1 gives the detailed procedure for FedNLAA and FedAA.

4.2 CONVERGENCE ANALYSIS FOR FEDNLAA AND FEDAA

Full Participation: All clients participate in training, i.e., |St| = m,∀t ∈ [t].

Theorem 4.1. Under Assumptions 3.1-3.3, if learning rate ηl satisfies the following condition: ηl ≤

min

{
1

8KL ,
ε

K
√
β2K2G2+ε[(3+C2

1 )ηL+2
√

2(1−β2)G]

}
, then FedLAA in Algorithm 1 under the full

5
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Algorithm 1 FedNLAA and FedAA
Input: Initial value θ1, local step size ηl, global step size η, constants β1, β2 and ε, ∆i

0 =
0

1: m0 ← 0,v0 ← 0
2: for t = 1 to T do
3: Server randomly selects a subset of clients St and transmits θt to the subset of clients St.
4: θit,0 ← θt
5: for each client i ∈ St in parallel do
6: for k = 0, ...,K − 1 do
7: Compute local stochastic gradient:

git,k =∇Fi(θit,k; ξit,k),
8: Update θit,k+1 = θit,k − ηlgit,k.
9: end for

10: Compute ∆i
t = θit,K − θt , qit = ∆i

t −∆i
t−1,

11: Judges: If qit satisfies NLA (Example 1) or AA (Example 4).
12: Outputs: ∆̃i

t .
13: end for
14: Server aggregates: ∆̃t = 1

|St|
∑
i∈St ∆̃i

t,

15: Update: mt = β1mt−1 + (1− β1)∆̃t,
16: Update: vt = β2vt−1 + (1− β2)∆̃2

t ,
[v̂t = max(v̂t−1,vt, ε) and θt+1 = θt + η m√

vt
],

or
[v̂t = max(v̂t−1,vt) and θt+1 = θt + η m√

vt+ε
].

17: end for

participation has

minE[‖∇f(θt)‖2] ≤ 4
√
β2η2lK

2G2 + ε ·
[
f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
,

where Ξ = C1G
2d√
ε

+
2C2

1ηηlKLG
2d

ε ,Ω =
5η2lK

2L2

√
2ε

(σ2
l + 6Kσ2

g) + (3 + C2
1 )η2L +

2
√

2(1− β2)ηG]( 2ηl
mηεσ

2
l + 2KC2ηlG

2

α2ηm2ε ) +
√
2GC
αmε , and C1 = β1

1−β1
.

Theorem 4.2. Under Assumptions 3.1-3.3, if learning rate ηl satisfies the following condition: ηl ≤

min

{
1

8KL ,
ε

K
√
β2K2G2+ε[(3+C2

1 )ηL+2
√

2(1−β2)G]

}
, then FedAA in Algorithm 1 under the full par-

ticipation has

minE[‖∇f(θt)‖2] ≤ 4
√
β2η2lK

2G2 + ε ·
[
f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
,

where Ξ = C1G
2d√
ε

+
2C2

1ηηlKLG
2d

ε ,Ω =
5η2lK

2L2

√
2ε

(σ2
l + 6Kσ2

g) + (3 + C2
1 )η2L +

2
√

2(1− β2)ηG]( 2ηl
mηεσ

2
l + 2KηlG

2

ηε ) +
√
2G
ε , and C1 = β1

1−β1
.

Remark 4.1. When the parameters C = D, C
αm = 1, the result of Theorem 4.1 becomes the result of

Theorem 4.2. The upper bound for mint∈[T ]E[‖∇f(θt)‖2] contains three parts: The first two terms
decrease as T increases, and this term tends to zero as t tends to infinity. The last term relates to the
local stochastic variance σl and global variance σg. In the i.i.d setting, where the global variance is
zero and each worker has the same data distribution, i.e., σg = 0, the variance term Ω will be smaller.

Corollary 4.1. Suppose choose local learning rate ηl = Θ( 1√
TK

) and global learning rate η =

Θ(
√
Km), when T is sufficiently large, i.e.,T ≥ Km, the convergence rate for FedNLAA and FedAA

in Algorithm 2 under full participation has

min
t∈[T ]

E
[
‖∇f(θt)‖2

]
= O

(
1√
TKm

)
.
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Remark 4.2. Corollary 4.1 suggests that with sufficient large T , when T = O(Km), FedNLAA
and FedAA achieve a convergence rate of O( 1

T ), which matches the result for general federated
non-convex optimization methods such as FedAMS Wang et al. (2022a) and FedAdam Reddi et al.
(2020).

Partial Participation: We assume that only n of m workers participate the local updating and
communicate with the central server on each step t, i.e., |St| = n, ∀t ∈ [1, T ]. The partial participation
includes the randomness of sampling, and the coefficient varies for different sampling methods. Here
we consider the random sampling without replacement. At the t-th iteration, we randomly sample
a subset St contains n workers for local updating, for any two workers i, j ∈ St, the probability of
being sampled to participate in the model update are P{i ∈ St} = n

m and P{i, j ∈ St} = n(n−1)
m(m−1) .

Theorem 4.3. Under Assumptions 3.1-3.3, if ηl satisfies: ηl ≤ min
{

1
8KL ,

n(m−1)ε

48m(n−1)K
√
β2K2G2+ε·[3ηL+C2

1ηL+2
√

2(1−β2)G]

}
, then FedLAA in Algorithm 1 under partial

participation has

minE[‖∇f(θt)‖2] ≤ 8
√
β2η2lK

2G2 + ε

[
f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
,

where Ξ = C1G
2d√
ε

+
2G2

1ηηKLG
2d

ε , Ω = 5η2KL2

√
2ε

(σ2
l + 6Kσ2

q ) + [(3 + C2
l )ηL +

2
√

2(1− β2)G]( ηl
nηεσ

2
l + 2ηlC

2K2G2

α2ηn2ε )+[(3+C2
1 )ηL+2

√
2(1− β2)G] ηl(m−n)2n(m−1)ε [15K2L2η2l (σ2

l +

6Kσ2
g) + 3Kσ2

g ] 1
ηηlK

+
√
2GC
αnε and C1 = β1

1−β1
.

Theorem 4.4. Under Assumptions 3.1-3.3, if ηl satisfies: ηl ≤ min
{

1
8KL ,

n(m−1)ε

48m(n−1)K
√
β2K2G2+ε·[3ηL+C2

1ηL+2
√

2(1−β2)G]

}
, then FedAA in Algorithm 1 under partial

participation has

minE[‖∇f(θt)‖2] ≤ 8
√
β2η2lK

2G2 + ε

[
f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
,

where Ξ = C1G
2d√
ε

+
2G2

1ηηKLG
2d

ε , Ω = 5η2KL2

√
2ε

(σ2
l + 6Kσ2

q ) + [(3 + C2
l )ηL +

2
√

2(1− β2)G]( ηl
nηεσ

2
l + 2ηlK

2G2

ηε ) + [(3 + C2
1 )ηL+ 2

√
2(1− β2)G] ηl(m−n)2n(m−1)ε [15K2L2η2l (σ2

l +

6Kσ2
g) + 3Kσ2

g ] 1
ηηlK

+
√
2G
ε and C1 = β1

1−β1
.

Remark 4.3. When the parameters C = D and C
αn = 1, result of Theorem 4.3 becomes the one of

Theorem 4.4. The upper bound for mint∈[T ]E[‖∇f(θt)‖2] contains three terms: The first two terms
decrease as T increases, and this term tends to zero as t tends to infinity. The last term relates to the
local stochastic variance σl and global variance σg. In the i.i.d setting, where the global variance is
zero and each worker has the same data distribution, i.e., σg = 0, the variance term Ω will be smaller.

Corollary 4.2. Suppose choose local learning rate ηl = Θ( 1√
TK

) and global learning rate η =

Θ(
√
Kn), the convergence rate for FedNLAA and FedAA in Algorithm 1 under partial participation

without replacement sampling is

min
t∈[T ]

E
[
‖∇f(θt)‖2

]
= O

( √
K√
Tn

)
.

Remark 4.4. Note that Corollary 4.2 suggests that Theorems 4.3 and 4.4 directly relate to the global
variance σ2

q . Such convergence rate is consistent with the partial participation result of FedAvg in the
non-i.i.d case in Yang et al. (2021a). It is shown that the global variance has more influence on the
convergence behavior in partial participation cases. This is especially true for highly non-i.i.d cases
where σg is large. The effect of the number of local updates, K, is complex. In partial participation
settings, the larger value of K results in a slower convergence, while full participation suggests the
opposite. A similar slowdown was also seen in Wang et al. (2022a).
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Algorithm 2 FedBNLACA and FedBACA.
Input: initial value θ1, θ0 = 0, local step size ηl, global step size η, constants β1, β2 and ε, for each
client i ∈ St, ∆i

0 = 0, compressor C(·).
1: m0 ← 0,v0 ← 0, ei1 = 0,Ei

1 = 0.
2: for t = 1 to T do
3: On the server: Server randomly selects a subset of clients St
4: for each client j ∈ St in parallel do
5: θit = θt
6: Compress: θ̂it = C(θit + Ei

t), C(Qit) = θ̂it − θ̂it−1,

7: Judge: If C(Qit) satisfies NLA ( Example 3) or AA (Example 6), output: ̂̂θit
8: Update: Ei

t+1 = θit + Ei
t −
̂̂
θ
i

t,
9: end for

10: for each client j /∈ St in parallel do
11: maintain stale compression error Ej

t+1 = Ej
t .

12: end for
13: On the clients: θit,0 =

̂̂
θ
i

t
14: for each client i ∈ St in parallel do
15: for for k = 0, ...,K − 1 do
16: Compute local SGD: git,k = ∇Fi(θit,k; ξit,k),
17: θit,k+1 = θit,k − ηlgit,k.
18: end for
19: ∆i

t = θit,K −
̂̂
θ
i

t
20: Following the same way as in Algorithm 3 (Line 11-13)
21: end for
22: Following the same way as in Algorithm 3 (Line 14-18)
23: end for

In the following, we will give Algorithms 2 and 3. Due to space constraints, we will only give
Algorithm 2 here, and Algorithm 3 is moved into the appendix A. Algorithm 2, which is the most
important one in this paper, is an effective adaptive federated learning algorithm for non-convex
heterogeneity with bidirectional communication.

4.3 FEDBNLACA AND FEDBACA ALGORITHMS

Algorithm 3 gives only a one-way algorithm to reduce the cost of communication (unplink). In the sec-
tion, we propose two bidirectional communication algorithms (uplink and downlink) with efficiently
adaptive non-convex optimization: Federated Bidirectional New Lazy Aggregation Compression
AMSGrad (FedBNLACA) and Federated Bidirectional Accelerated Compression AMSGrad (Fed-
BACA). The detailed procedure is given in Algorithm 2.

Next, we show the convergence analysis for FedBNLACA and FedBACA. Due to the space limit, we
only show the full participation setting and leave the partial participation setting in Appendix E.2.

Theorem 4.5. Under Assumptions 3.1-3.3, if the local learning rate ηl satisfies: ηl ≤ min
{

1
8KL ,

ε

KCβ,q [3ηL+2C2ηL+2
√

2(1−β2)G]

}
, where Cβ,q =

√
4β2(1 + q2)3(1− q2)−2K2G2 + ε, then

FedBNLACA in Algorithm 2 under partial participation has

minE[‖∇f(θt)‖2] ≤ 4

√
4β2

(1 + q2)3

(1− q2)2
η2lK

2G2 + ε
[f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
,

where Ξ = C1G
2d√
ε

+
2C2

1ηηKLG
2d

ε , Ω =
[
G+ LηηlKG√

ε
+ LηηlC1KGd

ε

]
η(γ+ C

αm )H

(1−β)
√
ε

+

2Lη2(γ2+ C2

α2m2 )H2

(1−β)2ε +
2Lη2(γ2+ C2

α2m2 )H2

(1−β)
√
ε

5η2KL2

√
2ε

(σ2
l + 6Kσ2

g) + [(3 + 2C2)ηL +

8
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2
√

2(1− β2)G] ηl
2mηεσ

2
l , C1 = β1

1−β1
+
√

12q2

(1−q2)2 + (1−q2)2C2

α2m2q2 +
2TL2η2(γ2+ C2

α2m2 )H2

(1−β)2ε ( C2

α2m2 + 1)

and C2 =
β2
1

(1−β1)2
+

4(q+γ+ λC
αm )2

(1−q2)2 .

Theorem 4.6. Under Assumptions 3.1-3.3, if the local learning rate ηl satisfies: ηl ≤ min
{

1
8KL ,

ε

KCβ,q [3ηL+2C2ηL+2
√

2(1−β2)G]

}
, where Cβ,q =

√
4β2(1 + q2)3(1− q2)−2K2G2 + ε, then

FedBACA in Algorithm 2 under partial participation has

minE[‖∇f(θt)‖2] ≤ 4

√
4β2

(1 + q2)3

(1− q2)2
η2lK

2G2 + ε
[f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
,

where Ξ = C1G
2d√
ε

+
2C2

1ηηKLG
2d

ε , Ω =
[
G+ LηηlKG√

ε
+ LηηlC1KGd

ε

]
· η(γ+ C

αm )H

(1−β)
√
ε

+

2Lη2(γ2+ C2

α2m2 )H2

(1−β)2ε +
2Lη2(γ2+ C2

α2m2 )H2

(1−β)
√
ε

5η2KL2

√
2ε

(σ2
l + 6Kσ2

g) + [(3 + 2C2)ηL +

2
√

2(1− β2)G] ηl
2mηεσ

2
l , C1 = β1

1−β1
+
√

12q2

(1−q2)2 + (1−q2)2C2

α2m2q2 +
2TL2η2(γ2+ C2

α2m2 )H2

(1−β)2ε ( C2

α2m2 + 1)

and C2 =
β2
1

(1−β1)2
+

4(q+γ+ λC
αm )2

(1−q2)2 .

Remark 4.5. When the parameters C = D and C
αm = 1, result of Theorem 4.5 becomes the one of

Theorem 4.6. The upper bound for mint∈[T ]E[‖∇f(θt)‖2] contains three terms: The first two terms
decrease as T increases, and this term tends to zero as t tends to infinity. The last term relates to the
local stochastic variance σl and global variance σg. In the i.i.d setting, where the global variance is
zero and each worker has the same data distribution, i.e., σg = 0, the variance term Ω will be smaller.

Corollary 4.3. Suppose choose local learning rate ηl = Θ( 1√
TK

) and global learning rate η =

Θ(
√
Km), when T is sufficiently large, i.e.,T = O(Km), the convergence rate for FedNLAA and

FedAA in Algorithm I under full participation has

min
t∈[T ]

E
[
‖∇f(θt)‖2

]
= O

(
1

T

)
.

Remark 4.6. Corollary 4.3 suggests that with sufficient large T , FedBNLACA and FedBACA achieve
a convergence rate of O( 1

T ), which matches the result for general federated non-convex optimization
methods such as FedAMS Wang et al. (2022a) and FedAdam Reddi et al. (2020).

5 EXPERIMENTS

We compare our proposed algorithms with several state-of-the-art algorithms (FedAvgMcMahan et al.
(2017), FedAMS, FedCAMS(Wang et al. (2022a)), Fedadam (Reddi et al. (2020)). We use MNIST
and Fashion-MNIST datasets, and models by MLP and CNN, respectively. A total of 100 clients
for all federated training experiments are used. Set the partial participation rate to 0.5, i.e. in each
round, the server selects 50 clients out of 100 to participate in communication and model updating. In
each round, the client completes 3 local epochs with batch size 32. In experiments, we respectively
sample Independent Identical Distribution (I.I.D.) and non-I.I.D. client data from the dataset. Choose
compression rate in Topk to be 1/8 and 1/128. For parameters C and D, the values are not too large.
From theoretical analysis, the larger the values of C and D, the larger the errors. In addition, C and
D are too small, and basically does not help to reduce communication cost. We also verify this result.
We suggest that C and D in the vicinity of

√
α lgm
m .

Figures 1-2 represent the relationship between the accuracy of prediction and communication Bits
when the model is CNN and the I.I.D. client data is sampled from Fashion-MNIST dataset. From
Figure 1, we can find that (i) the proposed algorithm FedNLAA not only communicates fewer
Bits than the other three state-of-the-art algorithms, but also has higher accuracy; (ii) our proposed
algorithms (FedNLACA and FedBNLACA) require only few communication Bits to achieve good
accuracy, especially the bidirectional compression algorithm FedBNLACA requires even fewer Bits.
These shows that our proposed algorithms are communication efficient. From Figure 2, we can find
that (i) the proposed algorithm FedAA algorithm can converge more quickly than the other three

9
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Figure 1: NLA strategy, on Fashion-MNIST via
CNN model, and the I.I.D. client sampling.

Figure 2: AA strategy, on Fashion-MNIST via
CNN model, and the I.I.D. client sampling.

Figure 3: NLA strategy, on Fashion-MNIST via
CNN model, and the non-I.I.D. client sampling.

Figure 4: AA strategy, on Fashion-MNIST via
CNN model, and the non-I.I.D. client sampling.

algorithms, thus disguising the reduction of communication cost; (ii) FedACA and FedBACA can
also converge quickly and with higher accuracy than the other three algorithms, especially FedBACA.

Figures 3-4 represent the relationship between the accuracy of prediction and communication Bits
when the model is CNN and the non-I.I.D. client data is sampled from Fashion-MNIST dataset..From
Figure 3, we can find that (i) the proposed algorithm FedNLAA not only communicates fewer Bits
than the other three state-of-the-art algorithms, but also has higher accuracy; (ii) FedAvg performs the
worst; (iii) our proposed algorithms (FedNLACA and FedBNLACA) require only few communication
Bits to achieve good accuracy, especially the bidirectional compression algorithm FedBNLACA
requires even fewer Bits. These also show that our proposed algorithms are communication efficient.
From Figure 4, we can find that (i) the proposed FedAA algorithm can converge more quickly than
the other three algorithms, thus disguising the reduction of communication cost; (ii) our algorithms
(FedACA and FedBACA) can also converge quickly and with higher accuracy than the other three
algorithms, especially FedBACA.

6 CONCLUSION

We propose two novel strategies: NLA and AA in the framework of federated learning. They are
simple to operate and effective in reducing the communication cost. The NLA strategy achieves
communication cost reduction by reducing the amount of information passed and AA strategy reduces
the communication cost by accelerating computation. By combining our proposed strategies with
compression techniques, we design FedNLAA and FedAA algorithms, which not only achieve com-
munication cost reduction in one-way, but also extend them to bidirectional algorithms (FedBNLACA
and FedBACA), which achieve communication cost reduction in bidirectional as well.

10
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Appendix
A FEDNLACA AND FEDACA ALGORITHMS

A.1 PROCEDURE OF FEDNLACAAND FEDACA

In order to reduce communication costs, we propose Federated New Lazy Aggregation Compression
AMSGrad (FedNLACA) and Federated Accelerated Compression AMSGrad (FedACA). These two
algorithms combine two of our proposed strategies(strategy 1 (FedNLACA), strategy 2 (FedACA) )
and compression techniques. The detailed procedure is given in Algorithm 3.

A.2 CONVERGENCE ANALYSIS FOR FEDNLACAAND FEDACA

In the case of full participation:
Theorem A.1. Under Assumption 3.1-3.3, if the local learning rate ηl sat-

isfies: η ≤ min

{
1

8KL ,
ε

KCβ,q [3ηL+2C2ηL+2
√

2(1−β2)G]

}
, where Cβ,q =√

4β2(1 + q2)3(1− q2)−2K2G2 + ε, then the iterates of FedBNLACA in Algorithm 2 under partial
participation scheme satisfy

minE[‖∇f(θt)‖2] ≤ 4

√
4β2

(1 + q2)3

(1− q2)2
η2lK

2G2 + ε
[f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
,,

where Ξ = C1G
2d√
ε

+
2C2

1ηηKLG
2d

ε ,Ω = 5η2KL2

√
2ε

(σ2
l + 6Kσ2

g) + [(3 + 2C2)ηL +

2
√

2(1− β2)G] ηl
2mηεσ

2
l , C1 = β1

1−β1
+
√

12q2

(1−q2)2 + (1−q2)2C2

α2m2q2 and C2 =
β2
1

(1−β1)2
+

4(q+γ+ λC
αm )2

(1−q2)2 .

Theorem A.2. Under Assumption 3.1-3.3, if the local learning rate ηl sat-

isfies: η ≤ min

{
1

8KL ,
ε

KCβ,q [3ηL+2C2ηL+2
√

2(1−β2)G]

}
, where Cβ,q =√

4β2(1 + q2)3(1− q2)−2K2G2 + ε, then the iterates of FedBACA in Algorithm 2 under
partial participation scheme satisfy

minE[‖∇f(θt)‖2] ≤ 4

√
4β2

(1 + q2)3

(1− q2)2
η2lK

2G2 + ε
[f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
,,

where Ξ = C1G
2d√
ε

+
2C2

1ηηKLG
2d

ε ,Ω = 5η2KL2

√
2ε

(σ2
l + 6Kσ2

g) + [(3 + 2C2)ηL +

2
√

2(1− β2)G] ηl
2mηεσ

2
l , C1 = β1

1−β1
+
√

12q2

(1−q2)2 + (1−q2)2
q2 and C2 =

β2
1

(1−β1)2
+ 4(q+γ+λ)2

(1−q2)2 .

Remark A.1. When the parameters C = D, C
αm = 1, the result of Theorem A.1 becomes the result of

Theorem A.2. The upper bound for mint∈[T ]E[‖∇f(θt)‖2] contains three terms: The first two terms
decrease as T increases, and this term tends to zero as t tends to infinity. The last term relates to the
local stochastic variance σl and global variance σg. In the i.i.d setting, where the global variance is
zero and each worker has the same data distribution, i.e., σg = 0, the variance term Ω will be smaller.

Corollary A.1. Suppose we choose local learning rate ηl = Θ( 1√
TK

) and the global learning rate

η = Θ(
√
Km), when T is sufficient large, i.e.,T ≥ Km,the convergence rate for FedNLACA and

FedACA in Algorithm I under full participation scheme satisfies

min
t∈[T ]

E
[
‖∇f(θt)‖2

]
= O

(
1√
TKm

)
.

Remark A.2. Corollary A.1 suggests that with sufficient large T , FedCAMS achieves the desired
O( 1√

TKm
) convergence rate which matches the result for its uncompressed counterpart FedNLAA

and FedAA. In addition, when T = O(Km), mint∈[T ] E
[
‖∇f(θt)‖2

]
= O

(
1
T

)
. This suggests that

FedNLACA and FedACA can indeed achieve better communication efficiency without sacrificing
much on the accuracy.

14



756
757
758
759
760
761
762
763
764
765
766
767
768
769
770
771
772
773
774
775
776
777
778
779
780
781
782
783
784
785
786
787
788
789
790
791
792
793
794
795
796
797
798
799
800
801
802
803
804
805
806
807
808
809

Under review as a conference paper at ICLR 2025

Algorithm 3 FedNLACA and FedACA
Input: initial value θ1, local step size ηl, global step size η,constant β1,β2,ε, for each client i ∈ St,
∆i

0 = 0, compressor C(·)
1: m0 ← 0,v0 ← 0, ei1 = 0
2: for t = 1 to T do
3: Randomly select a subset of clients St and the server transmits θt to the subset of clients St
4: θit,0 = θt
5: for each client i ∈ St in parallel do
6: for for k = 0, ...,K − 1 do
7: Compute local stochastic gradient: git,k = ∇Fi(θit,k; ξit,k)

8: θit,k+1 = θit,k − ηlgit,k
9: end for

10: ∆i
t = θit,K − θt

11: Compress ∆̂i
t = C(∆i

t + eit), C(qit) = ∆̂i
t − ∆̂i

t−1,
12: Judge: If C(qit) satisfies NLA (Example 2) or AA (Example 5),

13: then outputs the result ̂̂∆i

t of the judgement and passes it to the server and update eit+1 =

∆i
t + eit −

̂̂
∆
i

t
14: end for
15: for each client j /∈ St in parallel do do
16: client j maintains the stale compression error ejt+1 = ejt
17: end for
18: Server aggregates local update: ∆̂t = 1

|St|
∑
i∈St

̂̂
∆
i

t

19: Server updates xt+1 using ∆̂t in the same way as in Algorithm 1 (Line 14-16)
20: end for

In the case of partial participation
Theorem A.3. Under Assumption 3.1-3.3, if the local learning rate ηl sat-

isfies: ηl ≤ min

{
1

8KL ,
ε

KCβ,q [3ηL+2C2ηL+2
√

2(1−β2)G]

}
, where Cβ,q =√

4β2(1 + q2)3(1− q2)−2K2G2 + ε, then the iterates of FedBNLACA in Algorithm 2 under partial
participation scheme satisfy

minE[‖∇f(θt)‖2] ≤ 8

√
4β2

(1 + q2)3

(1− q2)2
η2lK

2G2 + ε

[
f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
, where Ξ = C1G

3d√
ε

+
2C2

1ηηlKLG
2d

ε ,Ω = C1ηηlKLG
2

ε + 5η2KL2

√
2ε

(σ2
l + 6Kσ2

g) + [ηL +√
2(1− β2)G] ηlηnεσ

2
l + [ηL +

√
2(1− β2)G] ηl(m−n)n(m−1)ε [15K2L2η2l (σ2

l + 6Kσ2
g) + 3Kσ2

g ] and

C1 = β1

1−β1
+ m

n

√
12q2

(1−q2)2 + (1−q2)2C2

α2n2q2 .

Theorem A.4. Under Assumption 3.1-3.3, if the local learning rate ηl sat-

isfies: ηl ≤ min

{
1

8KL ,
ε

KCβ,q [3ηL+2C2ηL+2
√

2(1−β2)G]

}
, where Cβ,q =√

4β2(1 + q2)3(1− q2)−2K2G2 + ε, then the iterates of FedBACA in Algorithm 2 under
partial participation scheme satisfy

minE[‖∇f(θt)‖2] ≤ 8

√
4β2

(1 + q2)3

(1− q2)2
η2lK

2G2 + ε

[
f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
,

where Ξ = C1G
3d√
ε

+
2C2

1ηηlKLG
2d

ε ,Ω = C1ηηlKLG
2

ε + 5η2KL2

√
2ε

(σ2
l + 6Kσ2

g) + [ηL +√
2(1− β2)G] ηlηnεσ

2
l + [ηL +

√
2(1− β2)G] ηl(m−n)n(m−1)ε [15K2L2η2l (σ2

l + 6Kσ2
g) + 3Kσ2

g ] and

C1 = β1

1−β1
+ m

n

√
12q2

(1−q2)2 + (1−q2)2
q2 .
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Remark A.3. When the parameters C = D, Cαn = 1, the result of Theorem A.3 becomes the result of
Theorem A.4. The upper bound for mint∈[T ]E[‖∇f(θt)‖2] contains three terms: The first two terms
decrease as T increases, and this term tends to zero as t tends to infinity. The last term relates to the
local stochastic variance σl and global variance σg. In the i.i.d setting, where the global variance is
zero and each worker has the same data distribution, i.e., σg = 0, the variance term Ω will be smaller.

Corollary A.2. Suppose we choose local learning rate ηl = Θ( 1√
TK

) and the global learning

rate η = Θ(
√
Kn) , the convergence rate for FedNLACA,FedACA in Algorithm 1 under partial

participation scheme without replacement sampling is

min
t∈[T ]

E
[
‖∇f(θt)‖2

]
= O

( √
K√
Tn

)
.

Remark A.4. Note that Corollary A.2 suggests that Theorem A.3,A.4 directly relates to the global
variance σ2

q . Such convergence rate is consistent with the partial participation result of FedAvg in the
non i.i.d case in Yang et al. (2021a). It is shown that the global variance has more influence on the
convergence behaviour in partial participation cases. This is especially true for highly non i.i.d. cases
where σg is large.The effect of the number of local updates, K, is complex. In partial participation
settings, larger values ofK result in slower convergence, while full participation suggests the opposite.
A similar slowdown was also seen in Wang et al. (2022a).

B ALL EXPERIMENTS

Strategy:NLA Strategy:AA

Figure 5: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is MLP, the data is MNIST dataset, the dataset obeys
independent identical distribution and the data is partially used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.
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Strategy:NLA Strategy:AA

Figure 6: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is MLP, the data is MNIST dataset, the dataset obeys
independent identical distribution and the all data is used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.

Strategy:NLA Strategy:AA

Figure 7: The above figure represents the relationship between the accuracy of the prediction and the
communication Bits when the model used is MLP, the data is MNIST dataset, the dataset does not
obeys independent identical distribution and the data is partially used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.
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Strategy:LA Strategy:AA

Figure 8: The above figure represents the relationship between the accuracy of the prediction and the
communication Bits when the model used is MLP, the data is MNIST dataset, the dataset does not
obeys independent identical distribution and all the data is used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.

Strategy:NLA Strategy:AA

Figure 9: The above figure represents the relationship between the accuracy of the prediction and the
communication Bits when the model used is MLP, the data is Fashion-MNIST dataset, the dataset
obeys independent identical distribution and the data is partially used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.
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Strategy:NLA Strategy:AA

Figure 10: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is MLP, the data is Fashion-MNIST dataset, the dataset
obeys independent identical distribution and the all data is used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.

Strategy:NLA Strategy:AA

Figure 11: The above figure represents the relationship between the accuracy of the prediction
and the communication Bits when the model used is MLP, the data is Fashion-MNIST dataset, the
dataset does not obeys independent identical distribution and the data is partially used. The left side
represents the method using NLA (New Lazy Aggregation) strategy and the right side represents the
method using AA (Accelerated Aggregation) strategy.
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Strategy:NLA Strategy:AA

Figure 12: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is MLP, the data is Fashion-MNIST dataset, the dataset
does not obeys independent identical distribution and all the data is used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.

Strategy:NLA Strategy:AA

Figure 13: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is MNIST dataset, the dataset obeys
independent identical distribution and the data is partially used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.
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Strategy:NLA Strategy:AA

Figure 14: The above figure represents the relationship between the accuracy of the prediction
and the communication Bits when the model used is CNN, the data is MNIST dataset, the dataset
obeys independent identical distribution and the all data is used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.

Strategy:NLA Strategy:AA

Figure 15: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is MNIST dataset, the dataset does
not obeys independent identical distribution and the data is partially used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.
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Strategy:NLA Strategy:AA

Figure 16: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is MNIST dataset, the dataset does
not obeys independent identical distribution and all the data is used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.

Strategy:NLA Strategy:AA

Figure 17: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is Fashion-MNIST dataset, the dataset
obeys independent identical distribution and the data is partially used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.
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Strategy:NLA Strategy:AA

Figure 18: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is Fashion-MNIST dataset, the dataset
obeys independent identical distribution and the all data is used. The left side represents the method
using NLA (New Lazy Aggregation) strategy and the right side represents the method using AA
(Accelerated Aggregation) strategy.

Strategy:NLA Strategy:AA

Figure 19: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is Fashion-MNIST dataset, the
dataset does not obeys independent identical distribution and the data is partially used. The left side
represents the method using NLA (New Lazy Aggregation) strategy and the right side represents the
method using AA (Accelerated Aggregation) strategy.
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Strategy:NLA Strategy:AA

Figure 20: The above figure represents the relationship between the accuracy of the prediction and
the communication Bits when the model used is CNN, the data is Fashion-MNIST dataset, the dataset
does not obeys independent identical distribution and all the data is used. The left side represents the
method using NLA (New Lazy Aggregation) strategy and the right side represents the method using
AA (Accelerated Aggregation) strategy.

C PROOF IN SECTION 4.1

C.1 PROOF OF THEOREM 4.1

Similar to previous work in the field of adaptive methods Chen et al. (2018c); Wang et al. (2022a), we
introduce a Lyapunov sequence zt: assume θ0 = θ1, for each t ≥ 1, there is the following equation

zt = θt +
β1

1− β1
(θt − θt−1) =

1

1− β1
θt −

β1
1− β1

θt−1. (C.1)

For the difference of sequence z, there is the following equation

zt+1 − zt =
1

1− β1
(θt+1 − θt)−

β1
1− β1

(θt − θt−1)

=
1

1− β1
(ηV̂

−1/2
t mt)−

β1
1− β1

ηV̂
−1/2
t−1 mt−1

=
1

1− β1
ηV̂
−1/2
t

[
β1mt−1 + (1− β1)∆̃t

]
− β1

1− β1
ηV̂
−1/2
t−1 mt−1

= ηV̂
−1/2
t ∆t − η

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1.

Since f is L-smooth, taking conditional expectation at time t, we get
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E[f(zt+1)]− f(zt)

≤ E[〈∇f(zt), zt+1 − zt〉] +
L

2
E[‖zt+1 − zt‖2]

≤ E
[〈
∇f(zt), ηV̂

−1/2
t ∆̃t

〉]
− E

[〈
∇f(zt), η

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

〉]
+
η2L

2
E

[∥∥∥∥V̂−1/2t ∆̃t −
β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

∥∥∥∥2
]

= E
[〈
∇f(θt), ηV̂

−1/2
t ∆̃t

〉]
︸ ︷︷ ︸

I1

−ηE
[〈
∇f(zt),

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

〉]
︸ ︷︷ ︸

I2

+
η2L

2
E

[∥∥∥∥V̂−1/2t ∆̃t −
β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

∥∥∥∥2
]

︸ ︷︷ ︸
I3

+E
[〈
∇f(zt)−∇f(θt), ηV̂

−1/2
t ∆̃t

〉]
︸ ︷︷ ︸

I4

.

(C.2)

Recall the notation V̂t = diag(v̂t) = diag(max(v̂t−1,vt, ε)).

Bounding I1 :

I1 = E

[〈
∇f(θt), η

∆̃t√
v̂t

〉]

≤ ηE

[〈
∇f(θt),

√
2 · ∆̃t√
vt + ε

〉]

=
√

2ηE

[〈
∇f(θt),

∆̃t√
β2vt−1 + ε

〉]
+
√

2ηE

[〈
∇f(θt),

∆̃t√
vt + ε

− ∆̃t√
β2vt−1 + ε

〉]
,

(C.3)

where the first inequality follows by the fact that v̂t ≥ vt+ε
2 . For the second term in C.2, then

√
2ηE

[〈
∇f(θt),

∆̃t√
vt + ε

− ∆̃t√
β2vt−1 + ε

〉]

≤
√

2ηE‖∇f(θt)‖E
[∥∥∥∥ 1√

vt + ε
− 1√

β2vt−1 + ε

∥∥∥∥ · ‖∆̃t‖
]

≤
η
√

2(1− β2)G

ε
E[‖∆̃t‖2], (C.4)

where the second inequality follows from Lemma F.1 and F.5, and we will further apply the bound
for E[‖∆̃t‖2] following
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√
2ηE

[〈
∇f(θt),

∆̃t√
β2vt−1 + ε

〉]

=
√

2ηE

[〈
∇f(θt)√
β2vt−1 + ε

, ∆̃t + ηK∇f(θt)− ηlK∇f(θt)

〉]

= −
√

2ηηtKE

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+
√

2ηE

[〈
∇f(θt)√
β2vt−1 + ε

, ∆̃t + ηlK∇f(θt)

〉]

= −
√

2ηηhKE

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+
√

2η

〈
∇f(θt)√
β2vt−1 + ε

,E
[
− 1

m

m∑
i=1

K−1∑
k=0

ηgit,k + ηlK∇f(θt)−
1

Mt

∑
i∈Mt

qit

]〉

= −
√

2ηηnKE
[∥∥∥∥ ∇f(θt)

4
√
β2vt−1 + ε

∥∥∥∥2]+
√

2η

〈
∇f(θt)√
β2vt−1 + ε

,E
[
− ηl
m

m∑
i=1

K−1∑
k=0

git,k +
ηlK

m

m∑
i=1

∇Fi(θt)−
1

Mt

∑
i∈Mt

qit

]〉
,

(C.5)

where the third equality follows the local update rule. For the last term in C.5, we get

√
2η

〈
∇f(θt)√
β2vt−1 + ε

,E
[
− ηl
m

m∑
i=1

K−1∑
k=0

git,k +
ηlK

m

m∑
i=1

∇Fi(θt)
]〉

+
√

2ηE
〈

∇f(θt)√
β2vt−1 + ε

,− 1

Mc

∑
i∈Mc

qit

〉

=
√

2η

〈 √
ηlK

4
√
β2vt−1 + ε

∇f(θt),−
√
ηlK

Km

1
4
√
β2vt−1 + ε

E
[ m∑
i=1

K−1∑
k=0

(∇Fi(θit,k)−∇Fi(θt))
]〉

+
√

2ηE
〈

∇f(θt)√
β2vt−1 + ε

,− 1

Mt

∑
i∈Mt

qit

〉

=

√
2ηηlK

2
E
[ ∥∥∥∥∥ ∇f(θt)

4
√
β2vt−1 + ε

∥∥∥∥∥
2 ]

+

√
2ηηl

2Km2
E
[∥∥∥∥ 1

4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

(∇Fi(θit,k)−∇Fi(θt))
∥∥∥∥2]

−
√

2ηηl
2Km2

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

(

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
+
√

2ηE
〈

∇f(θt)√
β2vt−1 + ε

,− 1

Mt

∑
i∈Mt

qit

〉

≤
√

2ηηtK

2
E

∥∥∥∥∥ ∇f(θl)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

√
2ηηt
2m

m∑
i=1

K−1∑
k=0

E

∥∥∥∥∥∇Fi(θit,k)−∇Fi(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2


−
√

2ηηl
2Km2

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

(

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
+
√

2ηE
〈

∇f(θt)√
β2vt−1 + ε

,− 1

Mt

∑
i∈Mt

qit

〉

≤
√

2ηηtK

2
E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

√
2ηηt
2m

m∑
i=1

K−1∑
k=0

E

∥∥∥∥∥ θit,k − θt
4
√
β2vt−1 + ε

∥∥∥∥∥
2


−
√

2ηηl
2Km2

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

(

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
+
√

2ηE
〈

∇f(θt)√
β2vt−1 + ε

,− 1

Mt

∑
i∈Mt

qit

〉
,

(C.6)

where the second equation follows from 〈x, y〉 = 1
2 [‖x‖2+‖y‖2−‖x−y‖2], the first inequality holds

by applying Cauchy-Schwarz inequality, the second inequality follows from 〈x, y〉 ≤ 1
2‖x‖

2 + ‖y‖2,
the third inequality follows from Assumption 3.1.
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Hence by applying Lemma F.14 with the local learning rate condition: ηl ≤ 1
8KL ,then

√
2 · η

〈
∇f(θt)√
β2vt−1 + ε

,E
[
− ηl
m

m∑
i=1

K−1∑
k=0

git,k +
ηlK

m

m∑
i=1

∇Fi(θt)
]〉

≤ 3
√

2ηηlK

4
E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

5ηη3lK
2L2

√
2ε

(σ2
l + 6Kσ2

g)

−
√

2ηηl
2Km2

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

(

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
+
√

2ηE
〈

∇f(θt)√
β2vt−1 + ε

,− 1

Mt

∑
i∈Mt

qit

〉
.

(C.7)

Then merging pieces together,

I1 ≤ −
√

2ηηK

4
E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

5ηη3lK
2L2

√
2ε

(σ2
l + 6Kσ2

g)

−
√

2ηηl
2Km2

E
[∥∥∥∥ 1

4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥2]+
η
√

2(1− β2)G

ε
E[‖∆̃t‖2]

≤ −ηηlK − 2
√

2η

4
E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

5ηη3lK
2L2

√
2ε

(σ2
l + 6Kσ2

g)

−
√

2ηηl
2Km2

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
+
√

2ηE
〈

∇f(θt)√
β2vt−1 + ε

,− 1

Mt

∑
i∈Mt

qit

〉
.

(C.8)

Bounding I2 : The bound for I2 mainly follows by the update rule and definition of virtual sequence
zt,

I2 = −ηE
[〈
∇f(zt),

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

〉]
= −ηE

[〈
∇f(zt)−∇f(θt) +∇f(θt),

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

〉]
≤ ηE

[
‖∇f(θt)‖

∥∥∥∥ β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

∥∥∥∥]
+ η2LE

[∥∥∥∥ β1
1− β1

V̂
−1/2
t−1 mt−1

∥∥∥∥ ∥∥∥∥ β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

∥∥∥∥]
≤ η β1

1− β1
ηKG2E

[ ∥∥∥V̂−1/2t−1 − V̂
−1/2
t

∥∥∥
1

]
+ η2

β2
1

(1− β1)2
Lη2lK

2G2ε−1/2E
[ ∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]
,

(C.9)

where the last inequality holds by applying Lemma F.5 and the fact of v̂t−1 ≥ ε.
Bounding I3: It can be bounded as follows:
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I3 =
η2L

2
E

[∥∥∥∥V̂−1/2t ∆̃t +
β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

∥∥∥∥2
]

≤ η2LE
[∥∥∥V̂−1/2t ∆̃t

∥∥∥2]+ η2LE

[∥∥∥∥ β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

∥∥∥∥2
]

≤ η2LE
[∥∥∥V̂−1/2t ∆̃t

∥∥∥2]+ η2L
β2
1

(1− β1)2
η2K2G2E

[∥∥∥V̂−1/2t−1 − V̂
−1/2
t

∥∥∥2] , (C.10)

where the first inequality follows by Cauchy-Schwarz inequality, and the second one follows by
Lemma F.5.

Bounding I4 :

I4 = E
[〈
∇f(zt)−∇f(xt), ηV̂

−1/2
t ∆t

〉]
≤ E

[
‖∇f(zt)−∇f(xt)‖‖ηV̂−1/2t ∆t‖

]
≤ LE

[
‖zt − xt‖‖ηV̂−1/2t ∆t‖

]
≤ η2L

2
E
[ ∥∥∥V̂−1/2t ∆t

∥∥∥2 ]+
η2L

2
E
[∥∥∥∥ β1

1− β1
V̂
−1/2
t−1 mt−1

∥∥∥∥2],
where the first inequality holds by the fact of 〈a,b〉 ≤ ‖a‖‖b‖, the second one follows from
Assumption 3.1 and the third one holds by the definition of virtual sequence zt and the fact of
‖a‖‖b‖ ≤ 1

2‖a‖
2 + 1

2‖b‖
2. Then summing I4 over t = 1, · · · , T, then

T∑
t=1

I4 ≤
η2L

2ε

T∑
t=1

E[‖∆̃t‖2] +
η2L

2ε

T∑
t=1

E

[∥∥∥∥ β1
1− β1

mt

∥∥∥∥2
]

≤ η2L

2ε

T∑
t=1

E[‖∆̃t‖2] +
η2L

2ε

β2
1

(1− β1)2

T∑
t=1

E[‖mt‖2]. (C.11)

By Lemma F.10,

T∑
t=1

E[‖mt‖2] ≤ TKη2l
m

σ2
l +

2η2l
m2

T∑
t=1

E
[∥∥∥ m∑

i=1

K−1∑
k=0

∇Fi(θit,k)
]

+
2

m2

T∑
t=1

E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

The summation of I4 term is bounded by

T∑
t=1

I4 ≤
η2L

2ε

T∑
t=1

E[‖∆̃t‖2] +
2β2

1

(1− β1)2
η2L

2ε

η2l
m2

T∑
t=1

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

+
β2
1

(1− β1)2
η2L

2ε

TKη2l
m

σ2
l +

2β2
1

(1− β1)2
η2L

2ε

1

m2

T∑
t=1

E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

. (C.12)

Merging pieces together: Substituting (C.8), (C.9) and (C.10) into (C.2), summing over from t = 1
to T and then adding (C.11), then
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E[f(zT+1)]− f(z1) =

T∑
t=1

[I1 + I2 + I3 + I4]

≤ −ηηlK − 2
√

2η

4

T∑
t=1

E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

5ηη3lK
2L2T√

2ε
(σ2
l + 6Kσ2

g) +

√
2(1− β2)ηG

ε

T∑
t=1

E[‖∆̃l‖2]

− ηηl
2Km2

T∑
t=1

E
[∥∥∥ 1

4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k))
∥∥∥2]

+
β1

1− β1
ηηlKG

2
T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]
+

β2
1

(1− β1)2
η2η2lK

2G2

√
ε

T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]
+

β2
1

(1− β1)2
η2η2nK

2LG2
T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥2]+ η2L

T∑
t=1

E
[∥∥∥V̂−1/2t ∆̃t

∥∥∥2]

+
η2L

2ε

T∑
t=1

E[‖∆̃t‖2] +
η2L

2ε

β2
1

(1− β1)2

T∑
t=1

E[‖mt‖2]. (C.13)

By applying Lemma F.6 is into all terms containing the second moment estimate of model difference
∆̃t in (C.13),and the fact that(

√
β2K2G2 + ε)−1‖θ‖ ≤ (

√
β2η2lK

2G2 + ε)−1‖θ‖ ≤ ‖ θ√
β2vt+ε

‖ ≤
ε−1/2‖θ‖ , then

E[f(zT+1)]− f(z1)

≤ −ηηtK − 2
√

2η

4

T∑
t=1

E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+
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2L2T√
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(σ2
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ηηKG2d√

ε
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1
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ε
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√
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E
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

+
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1
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m2

T∑
t=1

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0
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∥∥∥∥∥
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+

β2
1
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m
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l
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(
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√
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1
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)
2
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E
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√

2η
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∇f(θt)√
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√
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4
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ε
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+
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+
√
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∥∥∥∥∥
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√
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∥∥∥∥
≤ − ηηlK − 2

√
2η

4
√
β2η2lK

2G2 + ε

T∑
t=1

E[‖∇f(θt)‖2] +
5ηη3lK

2L2T√
2ε

(σ2
l + 6Kσ2

g)

+
β1

1− β1
ηηlKG

2d√
ε

+
β2
1

(1− β1)2
2η2η2lK

2LG2d

ε
+

√
2ηηlK

2G2

2Km2
√
β2η2lK

2G2 + ε

+

(
η2L+

η2L

2
+ η
√

2(1− β2)G+
β2
1

(1− β1)2
η2L

2

)
(
2KTη2l
mε

σ2
l ) +

√
2ηηlKGCT

αmε

+

(
η2L+

η2L

2
+
√

2(1− β2)ηG+
β2
1

(1− β1)2
η2L

2

)
2TK2C2η2lG

2

α2m2ε
.

The last inequality holds due to additional constraint of local learning rate ηl with the inequality
ηηl

2
√
β2K2G2+εKm2

− ( 3η2L
2 + 1) η

√
2(1− β2)G+

β2
1

(1−β1)2
η2L
2 )

2η21
m2ε ≥ 0, thus obtain the constraint

ηl ≤ ε

K
√
β2K2G2+ε[(3+C2

1 )ηL+2
√

2(1−β2)G]
. Hence

ηηlK

4
√
β2η2lK

2G2 + ε · T

T∑
t=1

E[‖∇f(θt)‖2]

≤ f(z0)− E[f(zT )]

T
+

5ηη3lK
2L2

√
2ε

(σ2
l + 6Kσ2

g) + [

√
2η

2ε
+ (3 + C2

1 )η2L+ 2
√

2(1− β2)ηG](
2Kη2l
mε

σ2
l +

2K2C2η2lG
2

α2m2ε
)

+
C1ηηlKG

2d

T
√
ε

+
2C2

1η
2η2lK

2LG2d

Tε
+

√
2ηηlKGC

αmε
.

Therefore

minE[‖∇f(θt)‖2] ≤ 4
√
β2η2lK

2G2 + ε ·
[

f0 − f∗
(ηηlK − 2

√
2η)T

+
Ξ

T
+ Ω

]
,

where

Ξ =
C1G

2d√
ε

+
2C2

1ηηlKLG
2d

ε

, and

Ω =
5η2lK

2L2

√
2ε

(σ2
l +6Kσ2

g)+(3+C2
1 )η2L+2

√
2(1− β2)ηG](

2ηl
mηε

σ2
l +

2KC2ηlG
2

α2ηm2ε
)+

√
2GC

αmε

,that C1 = β1

1−β1
.

The proof of Theorem 4.2 is similar to the above proof procedure and the detailed proof will not be
given here.

C.2 PROOF OF COROLLARY 4.1

If pick η = Θ( 1√
TK

, η = Θ(
√
Km) and T = O(Km) ,then mint∈[T ] E[‖∇f(θt)‖2] = O( 1

T ).
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Assumption C.1. (Compression Dissimilarity). For the biased compressor, there exists a constant ξ
such that, for each iteration t ≥ 0, that∥∥∥∥∥C

(
1

m

m∑
i=1

[∆i
t + eit]

)
− 1

m

m∑
i=1

C(∆i
t + eit)

∥∥∥∥∥
≤ γ

∥∥∥∥∥ 1

m

m∑
i=1

∆i
t

∥∥∥∥∥ (C.14)

and ∥∥∥∥∥ 1

Mt

∑
i∈Mt

C(qit)

∥∥∥∥∥ ≤ λ
∥∥∥∥∥ 1

m

m∑
i=1

∆i
t

∥∥∥∥∥ . (C.15)

Here Mt denotes the set of all clients satisfying (3) or (4) at round t, and C(qit) is given in Algorithms
2 and 3. The assumption of bounded gradient is usually adopted in adaptive gradient methods Alistarh
et al. (2018).

Figure 21: Empirical justification for Assumption C.1. on CNN and MLP based on the Fashion-
MINIST datset.

C.3 PROOF OF THEOREM 4.3

Notations and equations: For partial participation, i.e. |St| = n, ∀t ∈ [T ]. The global model
difference is the average of local model difference from the subset St, i.e., ∆̃t = 1

n

∑
i∈St ∆̃t

i.Denote
∆̄t = 1

m

∑m
i=1 ∆̃i

t, and for convenience, we follow the previous notation of V̂t = diag(v̂t + ε).

Next we show that the global model difference ∆̃t is an unbiased estimator of ∆̃t;

ESt [∆̃t] =
1

n
ESt [

n∑
i=1

∆̃wi
t ] = ESt [∆̃

w1
t ] =

1

m

m∑
i=1

∆̃i
t = ∆̄t.

Define the virtual sequence zt same as previous: assume θ0 = θ1, for each t ≥ 1, then

zt = θt +
β1

1− β1
(θt − θt−1) =

1

1− β1
θt −

β1
1− β1

θt−1,

zt+1 − zt = ηV̂
−1/2
t ∆̃t − η

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1.

By Assumption 3.1, we get
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E[f(zt+1)]− f(zt)

≤ E
[〈
∇f(zt), ηV̂

−1/2
t ∆̃t

〉]
− E

[〈
∇f(zt), η

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

〉]
+
η2L

2
E
[∥∥∥∥V̂−1/2t ∆̃t −

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

∥∥∥∥2]
= E

[〈
∇f(θt), ηV̂

−1/2
t ∆̃t

〉]
︸ ︷︷ ︸

I′1

−ηE
[〈
∇f(zt),

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

〉]
︸ ︷︷ ︸

I′2

+
η2L

2
E

[∥∥∥∥V̂−1/2t ∆̃t −
β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
mt−1

∥∥∥∥2
]

︸ ︷︷ ︸
I′3

+E
[〈
∇f(zt)−∇f(θt), ηV̂

−1/2
t ∆̃t

〉]
︸ ︷︷ ︸

I′4

.

Since ∆̃t is an unbiased estimator of ∆̄t, the main difference of convergence analysis for partial
participation cases is bounding E[‖∆̃t‖2].

The bound for I ′2 is exactly the same as the bound for I2. For the corresponding three terms, I ′1, I
′
3

and I ′4 which include the second-order momentum estimate of ∆̃t. For I ′1, then

I ′1 = E

[〈
∇f(θt), η

∆̃t√
v̂t

〉]

≤ ηE

[〈
∇f(θt),

√
2 · ∆̃t√
vt + ε

〉]

= ηE
[〈
∇f(θt),

√
2 · ∆̃t√

β2vt−1 + ε

〉]
+ ηE

[〈
∇f(θt),

√
2 · ∆̃t√
vt + ε

−
√

2 · ∆̃t√
β2vt−1 + ε

〉]
. (C.16)

The first term in (C.16) does not change in partial participation scheme. The second term is changed
due to the variance of ∆̃t changes. For the second term of I ′1,

√
2ηE

[〈
∇f(θt),

∆̃t√
vt + ε

− ∆̃t√
β2vt−1 + ε

〉]
≤
√

2(1− β2)ηG

ε
E[‖∆̃t‖2]. (C.17)

For I ′3 ,

T∑
t=1

I ′3 ≤
η2L

ε

T∑
t=1

E[‖∆̃t‖2] + η2L
β2
1

(1− β1)2
η2lG

2
T∑
t=1

E
[∥∥∥(V̂

−1/2
t−1 − V̂

−1/2
t

)∥∥∥2], (C.18)

and for I ′4 similar to (C.11) ,We get
T∑
t=1

I ′4 ≤
η2L

2ε

T∑
t=1

E[‖∆̃t‖2] +
η2L

2ε

β2
1

(1− β1)2

T∑
t=1

E[‖mt‖2]. (C.19)

From Lemma F.10, then

T∑
t=1

E[‖mt‖2] ≤ KTη2l
n

σ2
l +

2η2l
n2

T∑
t=1

E
[∥∥∥∑

i∈St

K−1∑
k=0

∇Fi(θit,k)
∥∥∥2]+

2

n2

T∑
t=1

E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

.

(C.20)
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Then substituting (C.20) into (C.19), then

T∑
t=1

I ′4 ≤
η2L

2ε

T∑
t=1

E[‖∆̃t‖2] +
2β2

1

(1− β1)2
η2η2l L

2n2ε

T∑
t=1

E

∥∥∥∥∥∑
i∈St

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2


+
β2
1

(1− β1)2
η2η2lKTL

2nε
σ2
l +

1

n2
E

∥∥∥∥∥ 2

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

≤ η2L

2ε

T∑
t=1

E[‖∆̃t‖2] +
2β2

1

(1− β1)2
η2η2l L

2n2ε

T∑
t=1

E
[∥∥∥ m∑

i=1

K−1∑
k=0

P{i ∈ St}∇Fi(θit,k)
∥∥∥2]

+
β2
1

(1− β1)2
η2η2lKTL

2nε
σ2
l +

2

n2

T∑
t=1

E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

, (C.21)

where we will further apply the bound for E[‖∆̃t‖2] following by Lemma F.8. The second term in
(C.21) can be bounded from (F.11)). Therefore, summing up (C.17), (C.18) and (C.9), summing over
from t = 1 to T , then adding (C.19),

E[f(zT+1)]− f(z1) =

T∑
t=1

[I ′1 + I2 + I ′3 + I ′4]

≤ −ηηlK
4

T∑
t=1

E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

5ηη3lK
2L2T√

2ε
(σ2
l + 6Kσ2

g) +

√
2(1− β2)ηG

ε

T∑
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E[‖∆̃t‖2]

− ηm

2Km2

T∑
t=1

E
[∥∥∥ 1

4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)
∥∥∥2]

+
β1

1− β1
ηηKG2

T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]
+

β2
1

(1− β1)2
η2η2lK

2G2

√
ε

T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]
+

β2
1

(1− β1)2
η2η2lK

2LG2
T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥2]+ η2L

T∑
t=1

E
[∥∥∥V̂−1/2t ∆̃t

∥∥∥2]

+
η2L

2ε

T∑
t=1

E[‖∆̃t‖2] +
η2L

2ε

β2
1

(1− β1)2

T∑
t=1

E[‖mt‖2] +
√

2ηE
〈

∇f(θt)√
β2vt−1 + ε

,− 1

Mt

∑
i∈Mt

qit

〉
.

(C.22)

By applying Lemma F.6 into all terms containing the second moment estimate of model difference ∆̃t

in (C.22), using the fact that (
√
β2K2G2 + ε)−1‖θ‖ ≤ (

√
β2η2lK

2G2 + ε)−1‖θ‖ ≤ ‖ θ√
β2γ2+ε

‖ ≤
ε−1/2‖θ‖, and applying Lemma F.10, we get
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E[f(zT+1)]− f(z1)

≤ − ηηlK

4
√
β2η2lK

2G2 + ε

T∑
t=1

E[‖∇f(θt)‖2] +
5ηη3lK

2L2T√
2ε

(σ2
l + 6Kσ2

g)

+
β1

1− β1
ηηlKG

2d√
ε

+
β2
1

(1− β1)2
2η2η2lK

2LG2d

ε

+

(
3η2L

2
+

β2
1

2(1− β1)2
η2L+

√
2(1− β2)ηG

)
KTη2l
nε

σ2
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T∑
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E

∥∥∥∥∥
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∇Fi(θit,k)
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2


·
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ηηl

2
√
β2K2G2 + εKm2

−
(

3η2L

2
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β2
1

2(1− β1)2
η2L+

√
2(1− β2)ηG

)
2η2l (n− 1)

mn(m− 1)ε

]

+

(
3η2L

2
+

β2
1

2(1− β1)2
η2L+

√
2(1− β2)ηG

)
η2l (m− n)

mn(m− 1)ε

[
15mK3L3η2l (σ2

l + 6Kσ2
g)T

]
+ (90mK4L2η2l + 3mK2)

T∑
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g

]

+

(
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2
+

β2
1

2(1− β1)2
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√
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)
2

n2ε
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E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

+

√
2ηηlKGCT

αnε
,

then

E[f(zT+1)]− f(z1)

≤ − ηηlK

4
√
β2η2lK

2G2 + ε

T∑
t=1

E[‖∇f(θt)‖2] +
5ηη3lK

2L2T√
2ε

(σ2
l + 6Kσ2

g) +
β1

1− β1
ηηlKG

2d√
ε

+
β2
1

(1− β1)2
2η2η2lK

2LG2d

ε
+

(
3η2L

2
+

β2
1

2(1− β1)2
η2L+

√
2(1− β2)ηG

)
(
KTη2l
nε

σ2
l +

2Tη2l C
2K2G2

α2n2ε
)

+

(
3η2L

2
+

β2
1

2(1− β1)2
η2L+

√
2(1− β2)ηG

)
η2l (m− n)

mn(m− 1)ε

[
15mK3L3η2l (σ2

l + 6Kσ2
g)T

]
+ (90mK4L2η2l + 3mK2)

T∑
t=1

E[‖∇f(θt)‖2] + 3mK2Tσ2
g

]
+

√
2ηηlKGCT

αnε
.

By adopting additional constraint of local learning rate ηl with
the inequality

(
3η2L
2 + β1

2(1−β1)2
η2L+

√
2(1− β2)ηG

)
2η21(n−1)
mn(m−1)ε −

ηη1

2
√
β2K2G2+εKm2

≤ 0 ,thus we obtain the constraint ηl ≤
n(m−1)
m(n−1)

ε√
β2K2G2+εK(3ηL+C2

1ηL+2
√

2(1−β2)G)
,and we further need ηl satisfies ηlK

4
√
β2η2lK

2G2+ε
−(

3η2L
2 +

β2
1

2(1−β1)2
η2L+ ηl

4
√
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2G2+ε
+
√

2(1− β2)ηG

)
η21(m−n)
mn(m−1)ε (90mK4L2η2l +

3mK2) ≥ ηηlK

8
√
β2η2lK

2G2+ε
. Hence we have the following condition on local learning rate

η ≤ n(m− 1)ε

48m(n− 1)

[
K
√
β2K2G2 + ε ·

(
3ηL

2
+

β2
1

2(1− β1)2
ηL+

√
2(1− β2)G

)]−1
,

then
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ηηlK

8
√
β2η2lK

2G2 + ε · T

T∑
i=1

E[‖∇f(θt)‖2]

≤ f(z0)− E[f(zT )]

T
+
C1ηηlKG

2d

T
√
ε

+
2C2

1η
2η2lK

2LG2d

Tε

+
5ηη3lK

2L2

√
2ε

(σ2
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g) +

(
3η2L

2
+
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1

2(1− β1)2
η2L+

√
2(1− β2)ηG

)
(
Kη2l
nε

σ2
l +

2η2l C
2K2G2

α2n2ε
)

+

(
3η2L

2
+

β2
1

2(1− β1)2
η2L+

√
2(1− β2)ηG

)
η2l (m− n)

mn(m− 1)ε
[15mK3L2η2l (σ2

l + 6Kσ2
g) + 3mK2σ2

g ] +

√
2ηηlKGC

αnε

Therefore

minE[‖∇f(θt)‖2] ≤ 8
√
β2η2lK

2G2 + ε

[
f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
,

where Ξ = C1G
2d√
ε

+
2G2

1ηηKLG
2d

ε ,Ω = 5η2KL2

√
2ε

(σ2
l + 6Kσ2

q ) + [(3 + C2
l )ηL +

2
√

2(1− β2)G]( ηl
nηεσ

2
l + 2ηlK

2C2G2

α2ηn2ε )+[(3+C2
1 )ηL+2

√
2(1− β2)G] ηl(m−n)2n(m−1)ε [15K2L2η2l (σ2

l +

6Kσ2
g) + 3Kσ2

g ] 1
ηηlK

+
√
2GC
αnε and C1 = β1

1−β1
.

The proof of Theorem 4.4 is similar to the above proof procedure and the detailed proof will not be
given here.

C.4 PROOF OF COROLLARY 4.2

If choose ηl = Θ( 1√
TK

) and η = Θ(
√
Kn),we get mint∈[T ] E[‖∇f(θt)‖2] = O(

√
K√
Tn

).

D PROOF OF THEOREMS IN SECTIONA

D.1 PROOF OF THEOREM A.1

Notations and equations: From the update rule of Algorithm 3, then e1 = 0, et =
1
m

∑m
i=1 eit and mt = (1 − β1)

∑t
i=1 β

t−i
1
̂̂
∆i. Denote a global uncompressed difference ∆t =

1
m

∑m
i=1 ∆i

t. Denote a virtual momentum sequence: m′t = β1m
′
t−1 + (1− β1)∆t, hence we have

m′t = (1− β1)
∑t
i=1 β

t−i
1 ∆i. By the aforementioned definition and notation, then

∆̂t −∆t =
1

m

m∑
i=1

(
̂̂
∆
i

t −∆i
t) =

1

m

m∑
i=1

(∆̂i
t −∆i

t)−
1

Mt

∑
i∈Mt

C(qit)

=
1

m

m∑
i=1

(eit − eit+1)− 1

Mt

∑
i∈Mt

C(qit) = et − et+1 −
1

Mt

∑
i∈Mt

C(qit). (D.1)

Denote the weighted averaging error sequence Γt = (1− β1)
∑t
τ=1 β

t−τ
1 er, with the input e1 = 0,we obtain the relation

between Γt andmt as follows

mt −m′t = (1− β1)

t∑
τ=1

βt−τ1 (∆̂τ −∆τ ) = (1− β1)

t∑
τ=1

βt−τ1 (eτ − eτ+1)− (1− β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit)

= Γt − Γt+1 − (1− β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit), (D.2)
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where the last step holds due to Γt+1 = (1 − β1)
∑t+1
τ=1 β

t−τ
1 eτ+1 = (1 − β1)

∑t
τ=1 β

t−τ
1 eτ+1 +

βt1e1.

Similar to previous works studied adaptive methods (Chen et al. (2018c); Wang et al. (2022a)), we
introduce a Lyapunov sequence zt:assume θ0 = θ1, for each t ≥ 1,

zt = θt +
β1

1− β1
(θt − θt−1) =

1

1− β1
θt −

β1
1− β1

θt−1.

Therefore, by the update rule of θt,

yt+1 = θt+1 + η
β1

1− β1
V̂
−1/2
t mt − (1− β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit)]

= θt+1 + η
β1

1− β1
V̂
−1/2
t [m′t + Γt − Γt+1]− (1− β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit)

= θt+1 + η
β1

1− β1
V̂
−1/2
t m′t + η

β1
1− β1

V̂
−1/2
t

[
Γt+1 − (1− β1)et+1

β1
− Γt+1

]
− (1− β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit)

= θt+1 + η
β1

1− β1
V̂
−1/2
t m′t + ηV̂

−1/2
t Γt+1 − ηV̂−1/2t et+1 − (1− β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit).

(D.3)

The third equation holds due to the fact that Γt+1 = β1Γt + (1− β1)et+1. We then introduce a new
sequence based on the previous Lyapunov sequence yt as follows

zt+1 = yt+1+(1−β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit)+ηV̂
−1/2
t et+1 = θt+1+η

β1
1− β1

V̂
−1/2
t m′t+ηV̂

−1/2
t Γt+1.

(D.4)

The sequence difference zt+1 − zt can be represented by

zt+1 − zt = θt+1 − θt + η
β1

1− β1
V̂
−1/2
t m′t − η

β1
1− β1

V̂
−1/2
t−1 m′t−1 + ηV̂

−1/2
t Γt+1 − ηV̂−1/2t−1 Γt

= ηV̂
−1/2
t mt + ηV̂

−1/2
t Γt+1 + η

β1
1− βt

V̂
−1/2
t m′t − η

β1
1− βt

V̂
−1/2
t−1 m′t−1 − ηV̂

−1/2
t−1 Γt,

where the second equation follows the update rule of θt+1. Following (D.2), then combining likely
terms and applying the definition of m′t, then

zt+1 − zt = ηV̂
−1/2
t m′t + ηV̂

−1/2
t Γt + η

β1
1− β1

V̂
−1/2
t m′t − η

β1
1− β1

V̂
−1/2
t−1 m′t−1 − ηV̂

−1/2
t−1 Γt

= η
1

1− β1
V̂
−1/2
t m′t − η

β1
1− β1

V̂
−1/2
t−1 m′t−1 + ηV̂

−1/2
t Γt − ηV̂−1/2t−1 Γ,

= η
1

1− β1
V̂
−1/2
t [β1m

′
t−1 + (1− β1)∆t]− η

β1
1− β1

V̂
−1/2
t−1 m′t−1 + ηV̂

−1/2
t Γt − ηV̂−1/2t−1 Γt

= ηV̂
−1/2
t ∆t − η

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 − η

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt. (D.5)

Therefore, we obtain a helpful Lyapunov sequence for our proof of FedCAMS. The proof of Fed-
CAMS in full participation settings has a similar outline with the proof of FedAMS. By Assumption
3.1, then
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E[f(zt+1)]− f(zt)

≤ E[〈∇f(zt), zt+1 − zt〉] +
L

2
E[‖zt+1 − zt‖2]

≤ E
[〈
∇f(zt), ηV̂

−1/2
t ∆t

〉]
− E

[〈
∇f(zt), η

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 + η

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

〉]
+
η2L

2
E

[∥∥∥∥V̂−1/2t ∆t −
β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 −

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

∥∥∥∥2
]

= E
[〈
∇f(θt), ηV̂

−1/2
t ∆t

〉]
︸ ︷︷ ︸

T1

−ηE
[〈
∇f(zt),

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 +

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

〉]
︸ ︷︷ ︸

T2

+
η2L

2
E

[∥∥∥∥V̂−1/2t ∆t −
β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 −

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

∥∥∥∥2
]

︸ ︷︷ ︸
T3

+ E
[〈
∇f(zt)−∇f(θt), ηV̂

−1/2
t ∆t

〉]
︸ ︷︷ ︸

T4

. (D.6)

here we recall the notation V̂t =diag(v̂t) =diag(max(v̂t−1,vt, ε)).

Bounding T1:

T1 = E
[〈
∇f(θt), η

∆t√
v̂t

〉]
≤ ηE

[〈
∇f(θt),

√
2 ·∆t√
vt + ε

〉]

=
√

2ηE
[〈
∇f(θt),

∆t√
β2vt−1 + ε

〉]
+
√

2ηE
[〈
∇f(θt),

∆t√
vt + ε

− ∆t√
β2vt−1 + ε

〉]
,

(D.7)

where the first inequality follows by the fact that v̂t ≥ vt+ε
2 . For the second term in (D.7), then

√
2 · ηE

[〈
∇f(θt),

∆t√
vt + ε

− ∆t√
β2vt−1 + ε

〉]

≤
√

2 · η · E‖∇f(θt)‖E

[∥∥∥∥∥ 1√
vt + ε

− 1√
β2vt−1 + ε

∥∥∥∥∥ · ‖∆t‖

]

≤
η
√

2(1− β2)G

ε
E[‖∆t‖2],

where the second inequality follows from Lemma F.1 and F.5, and we will further apply the bound
for E[||∆t||2] by applying Lemma F.7. For the first term in (D.6), then
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√
2 · ηE

[〈
∇f(θt),

∆t√
β2vt−1 + ε

〉]

=
√

2 · ηE
[〈

∇f(θt)√
β2vt−1 + ε

,∆t + ηK∇f(θt)− ηtK∇f(θt)

〉]

= −
√

2ηηlKE

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+
√

2ηE

[〈
∇f(θt)√
β2vt−1 + ε

,∆t + ηlK∇f(θt)

〉]

= −
√

2ηηtKE
[∥∥∥∥ ∇f(θt)

4
√
β2vt−1 + ε

∥∥∥∥2]+
√

2η

〈
∇f(θt)√
β2vt−1 + ε

,E
[
− ηl
m

m∑
i=1

K−1∑
k=0

git,k + ηlK∇f(θt)

]〉

= −
√

2ηηlKE
[∥∥∥∥ ∇f(θt)

4
√
β2vt−1 + ε

∥∥∥∥2]+
√

2η

〈
∇f(θt)√
β2vt−1 + ε

,E
[
− ηl
m

m∑
i=1

K−1∑
k=0

git,k +
ηlK

m

m∑
i=1

∇Fi(θt)
]〉

(D.8)

For the last term in (D.8),

√
2η

〈
∇f(θt)√
β2vt−1 + ε

,E
[
− ηl
m

m∑
i=1

K−1∑
k=0

git,k +
ηlK

m

m∑
i=1

∇Fi(θt)
]〉

=
√

2η

〈 √
ηK

4
√
β2vt−1 + ε

∇f(θt),−
√
ηnK

Km

1
4
√
β2vt−1 + ε

E
[ m∑
i=1

K−1∑
k=0

(∇Fi(θit,k)−∇Fi(θt))
]〉

=

√
2ηηlK

2

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2

+

√
2ηηl

2Km2
E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

(∇Fi(θit,k)−∇Fi(θt))

∥∥∥∥∥
2

−
√

2ηηl
2Km2

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2


≤
√

2ηηlK

2

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2

+

√
2ηηl
2m

·
m∑
i=1

K−1∑
k=0

E

∥∥∥∥∥∇Fi(θit,k)−∇Fi(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2


−
√

2ηηl
2Km2

E
[∥∥∥∥ 1

4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥2],
where the second equation follows from 〈x,y〉 = 1

2 [‖x‖2 + ‖y‖2 − ‖x− y‖2], and the inequality
holds by applying Cauchy-Schwarz inequality. Then by Assumption 3.1,

√
2η

〈
∇f(θt)√
β2vt−1 + ε

,E
[
− ηt
m

m∑
i=1

K−1∑
k=0

git,k +
ηlK

m

m∑
i=1

∇Fi(θt)
]〉

≤
√

2ηηlK

2

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2

+

√
2ηηlL

2

2m

m∑
i=1

K−1∑
k=0

E

∥∥∥∥∥ θit,k − θt
4
√
β2vt−1 + ε

∥∥∥∥∥
2


−
√

2ηηl
2Km2

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2


≤ 3
√

2ηηlK

4

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2

+
5ηη3lK

2L2

√
2ε

(σ2
l + 6Kσ2

g) −
√

2ηηl
2Km2

E
[ ∥∥∥∥∥ 1

4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2 ]
,
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where the last inequality holds by applying Lemma F.14 and the constraint of local learning rate
ηn ≤ 1

8KL .Then

T1 ≤ −
√

2 · ηηlK
4

E
[∥∥∥∥ ∇f(θt)

4
√
β2vt−1 + ε

∥∥∥∥2]+
5ηη3lK

2L2

√
2ε

(
σ2
l + 6Kσ2

g

)
−
√

2 · ηηl
2Km2

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
+

η
√

2(1− β2)G

ε
E[‖∆t‖2]

≤ −ηηlK
4

E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

5ηη3lK
2L2

√
2ε

(σ2
l + 6Kσ2

g)

− ηηl
2Km2

E
[ ∥∥∥∥∥ 1

4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2 ]

+
η
√

2(1− β2)G

ε
E[‖∆t‖2]. (D.9)

Bounding T2: The bound for T2 mainly follows by the update rule and definition of virtual sequence
zt.

T2 = −ηE
[〈
∇f(zt),

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 +

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

〉]
= ηE

[〈
−∇f(θt) +∇f(θt)−∇f(zt),

(
V̂
−1/2
t−1 − V̂

−1/2
t

)( β1
1− β1

m′t−1 + Γt

)〉]
≤ ηE

[
‖∇f(θt)‖

∥∥∥∥(V̂
−1/2
t−1 − V̂

−1/2
t

)(
β1

1− β1
m′t−1 + Γt

)∥∥∥∥]
+ η2LE

[∥∥∥∥V̂−1/2t−1

(
β1

1− β1
m′t−1 + Γt

)∥∥∥∥∥∥∥∥(V̂
−1/2
t−1 − V̂

−1/2
t

)( β1
1− β1

m′t−1 + Γt

)∥∥∥∥]
≤ ηC1ηlKG

2E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]
+ η2C2

1Lη
2
lK

2G2ε−1/2E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]
,

(D.10)

where the last inequality holds by Lemma F.5, here C1 = β1

1−β1
+
√

12q2

(1−q2)2 + (1−q2)2C2

α2m2q2 .

Bounding T3:

T3 =
η2L

2
E

[∥∥∥∥V̂−1/2t ∆t +
β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 +

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

∥∥∥∥2
]

≤ η2LE
[∥∥∥V̂−1/2t ∆t

∥∥∥2]+ η2LE

[∥∥∥∥ β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 +

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

∥∥∥∥2
]

≤ η2LE
[∥∥∥V̂−1/2t ∆t

∥∥∥2]+ η2LC2
1η

2
lK

2G2E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥2] , (D.11)

where the first inequality follows by Cauchy-Schwarz inequality, and the second one follows by

Lemma F.5, here C1 = β1

1−β1
+
√

12q2

(1−q2)2 + (1−q2)2C2

α2m2q2 .

Bounding T4:
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T4 = E
[〈
∇f(zt)−∇f(θt), ηV̂

−1/2
t ∆t

〉]
≤ E

[
‖∇f(zt)−∇f(θt)‖

∥∥ηV̂−1/2t ∆t

∥∥]
≤ LE

[
‖zt − θt‖‖ηV̂−1/2t ∆t‖

]
≤ η2L

2
E
[∥∥∥V̂−1/2t ∆t

∥∥∥2]+
η2L

2
E

[∥∥∥∥ β1
1− β1

V̂
−1/2
t−1 m′t−1 + V̂

−1/2
t−1 Γt

∥∥∥∥2
]
,

where the first inequality holds by the fact of 〈a,b〉 ≤ ‖a‖‖b‖, the second one follows from
Assumption 3.1 and the third one holds by the definition of virtual sequence zt and the fact of
‖a‖‖b‖ ≤ 1

2‖a‖
2 + 1

2‖b‖
2. Then summing T4 over t = 1, · · · , T ,

T∑
t=1

T4 ≤
η2L

2

T∑
t=1

E
[∥∥∥V̂−1/2t ∆t

∥∥∥2]+
η2L

2ε

T∑
t=1

E

[∥∥∥∥ β1
1− β1

m′t−1 + Γt

∥∥∥∥2
]

≤ η2L

2ε

T∑
t=1

E[‖∆t‖2] +
η2L

ε

[
β2
1

(1− β1)2

T∑
t=1

E‖m′t−1‖2 +

T∑
t=1

E‖Γt‖2
]
. (D.12)

By Lemma F.11,

T∑
t=1

E[‖m′t−1‖2] ≤ TKη2l
m

σ2
l +

η2l
m2

T∑
t=1

E
[∥∥∥ m∑

i=1

K−1∑
k=0

∇Fi(θit,k)
∥∥∥2],

and

T∑
t=1

E[‖Γt‖2] ≤ 4T (q + γ)2

(1− q2)2
Kη2l
m

σ2
l +

η2l
m2

4(q + γ)2

(1− q2)2

T∑
t=1

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
 .

Therefore, the T4 term is bounded by

T∑
t=1

T4 ≤
η2L

2ε

T∑
t=1

E[‖∆t‖2] +
C2η

2L

ε

η2l
m2

T∑
t=1

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
+

C2η
2L

ε

TKη2l
m

σ2
l ,

(D.13)

whereC2 =
4(q+γ+ λC

αm )2

(1−q2)2 +
β2
1

(1−β1)2
.

Merging pieces together: Substituting (D.9), (D.10) and (D.11) into (D.6), summing over from t = 1
to T and then adding (D.13),
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E[f(zT+1)]− f(z1) =

T∑
t=1

[T1 + T2 + T3 + T4]

≤ −ηηK
4

T∑
t=1

E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

5ηη3lK
2L2T√

2ε
(σ2
l + 6Kσ2

g) +

√
2(1− β2)ηG

ε

T∑
t=1

E[‖∆t‖2]

− ηm

2Km2

T∑
t=1

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k))

∥∥∥∥∥
2
+ C1ηηtKG

2
T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥2]

+
C2

1η
2η2lK

2G2

√
ε

T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]
+ C2

1η
2η2lK

2LG2
T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥2]

+ η2L

T∑
t=1

E
[∥∥∥V̂−1/2t ∆t

∥∥∥2]+
η2L

2

T∑
t=1

E
[∥∥∥V̂−1/2t ∆t

∥∥∥2]+
η2L

2

β2
1

(1− β1)2

T∑
t=1

E[‖m′t‖2]

+
η2L

2

T∑
t=1

E[‖Γt‖2]. (D.14)

Hence by organizing and applying Lemmas F.5, then

E[f(zT+1)]− f(z1)

≤ −ηηlK
4

T∑
t=1

E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

5ηη3lK
2L2T√

2ε
(σ2
l + 6Kσ2

g)

− ηηl
2Km2

T∑
t=1

E
[ ∥∥∥∥∥ 1

4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k))

∥∥∥∥∥
2 ]

+
C1ηηlKG

2d√
ε

+
2C2

1η
2η2lK

2LG2d

ε

+

(
η2L+

η2L

2
+
√

2(1− β2)ηG

)KTη2l
mε

σ2
l +

η2l
m2ε

T∑
t=1

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2


+
η2L

ε

η2l C2

m2

T∑
t=1

E
[∥∥∥ m∑

i=1

K−1∑
k=0

∇Fi(θit,k)
∥∥∥2]+

η2L

ε

TKη2l C2

m
σ2
l ,

by applying Lemma F.6 into all terms containing the second moment estimate of

model difference ∆t in (D.14), using the fact that
(√

β2
(1+q2)3

(1−q2)2K
2G2 + ε

)−1
‖θ‖ ≤(√

β2
(1+q2)3

(1−q2) η
2
lK

2G2 + ε
)−1
‖θ‖ ≤ ‖ θ√

β2v+ε
‖ ≤ ε−1/2‖θ‖, and applying Lemma F.3 and F.13,

E[f(zT+1)]− f(z1)

≤ − ηηlK

4
√

4β2
(1+q2)3

(1−q2)2 η
2
lK

2G2 + ε

T∑
t=1

E[‖∇f(θt)‖2] +
5ηη3lK

2L2T√
2ε

(σ2
l + 6Kσ2

g)
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+
C1ηηlKG

2d√
ε

+
2C2

1η
2η2lK

2LG2d

ε
+

(
3η2L

2
+ C2η

2L+
√

2(1− β2)ηG

)
KTη2l
mε

σ2
l +

ηlηTC
2K2G2

α2m2ε

−
T∑
t=1

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
 ηηl

2
√

4β2
(1+q2)3

(1−q2)2 η
2
lK

2G2 + εKm2
−
(

3η2L

2
+ C2η

2L+
√

2(1− β2)ηG

)
η2l
m2ε


≤ −ηηlK

4C0

T∑
t=1

E[‖∇f(θt)‖2] +
5ηη3lK

2L2T√
2ε

(σ2
l + 6Kσ2

g)

+
C1ηηlKG

2d√
ε

+
2C2

1η
2η2lK

2LG2d

ε
+

(
3η2L

2
+ C2η

2L+
√

2(1− β2)ηG

)
KTη2l
mε

σ2
l ,

where the last inequality holds by ηl ≤ ε√
4β2(1+q2)3(1−q2)−2K2G2+ε·K(3ηL+2C2ηL+2

√
2(1−β2)G)

.

Here

ηηlK

4
√

4β2
(1+q2)3

(1−q2)2 η
2
lK

2G2 + ε · T

T∑
t=1

E[‖∇f(θt)‖2]

≤ f(z0)− E[f(zT )]

T
+

5ηη3lK
2L2

√
2ε

(σ2
l + 6Kσ2

g) +
C1ηηlKG

2d

T
√
ε

+
2C2

1η
2η2lK

2LG2d

Tε

+
[
3η2L+ 2C2η

2L+ 2
√

2(1− β2)ηG
] Kη2l

2mε
σ2
l , (D.15)

where C1 = β1

1−β1
+
√

12q2

(1−q2)2 + (1−q2)2C2

α2m2q2 and C2 =
β2
1

(1−β1)2
+

4(q+γ+ λC
αm )2

(1−q2)2 . (D.15 )also implies,

minE[‖∇f(θt)‖2] ≤ 4

√
4β2

(1 + q2)3

(1− q2)2
η2lK

2G2 + ε
[f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
,

where Ξ = C1G
2d√
ε

+
2C2

1ηηKLG
2d

ε ,Ω = 5η2KL2

√
2ε

(σ2
l + 6Kσ2

g) + [(3 + 2C2)ηL +

2
√

2(1− β2)G] ηl
2mηεσ

2
l , C1 = β1

1−β1
+
√

12q2

(1−q2)2 + (1−q2)2C2

α2m2q2 and C2 =
β2
1

(1−β1)2
+

4(q+γ+ λC
αm )2

(1−q2)2 .

The proof of Theorem A.2 is similar to the above proof procedure and the detailed proof will not be
given here.

D.2 PROOF OF COROLLARY A.1

Let ηl = Θ( 1√
TK

),η = Θ(
√
Km) and T = O(Km) ,the convergence rate under full participation

scheme is O( 1
T ).

D.3 PROOF OF THEOREM A.3

Proof of Theorem A.3:

Notations and equations: From the update rule of Algorithm 3, then e1 = 0, et =
1
m

∑m
i=1 eit and mt = (1 − β1)

∑t
i=1 β

t−i
1 ∆̂i

t. Denote a global uncompressed difference ∆t =
1
|St|

∑
i∈St ∆i

t. Denote a virtual momentum sequence: m′t = β1m
′
t−1 + (1 − β1)∆t, hence

m′t = (1 − β1)
∑t
i=1 β

t−i
1 ∆i. Define additional two virtual sequences ∆′t = 1

n

∑m
i=1 ∆i

t and
∆̂′t = 1

n

∑m
i=1 ∆̂i

t. Note that when the client i does not take part in the round of participation at step
t, we have ∆i

t = ∆̂i
t = 0, therefore, ∆′t = ∆t and ∆̂′t = ∆̂t.

By the aforementioned definition and notation, define a subset St = {wt1, wt2, ..., wtn}, we have
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∆̂t −∆t =
1

|St|
∑
i∈St

(∆̂i
t −∆i

t) =
1

n

m∑
i=1

(∆̂i
t −∆i

t) =
1

n

m∑
i=1

(eit − eit+1) = e′t − e′t+1,

where the compression errors have the same structure, e′t = 1
n

∑m
i=1 eit. Similar to the previous

analysis, define the following sequence:

Γt+1 := (1− β1)

t+1∑
τ=1

βt+1−τ
1 e′τ ,

and keep using the Lyapunov function zt from (D.4). For the expectation of model difference ∆t,
then

ESt [∆t] =
1

n
ESt

[
n∑
i=1

∆wi
t

]
= ESt [∆

w1
t ] =

1

m

m∑
i=1

∆i
t = ∆̄t.

The proof of FedCAMS in partial participation settings has a similar outline combing the proof of
partial participation in FedAMS and full participation in FedCAMS. By Assumption 3.1, then

E[f(zt+1)]− f(zt)

≤ E
[〈
∇f(θt), ηV̂

−1/2
t ∆t

〉]
︸ ︷︷ ︸

T ′1

−E
[〈
∇f(zt), η

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 +

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

〉]
︸ ︷︷ ︸

T ′2

+
η2L

2
E

[∥∥∥∥V̂−1/2t ∆t −
β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 −

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

∥∥∥∥2
]

︸ ︷︷ ︸
+ E

[〈
∇f(zt)−∇f(θt), ηV̂

−1/2
t ∆t

〉]
︸ ︷︷ ︸

T ′4

Note that the bound for T ′2 is exactly the same as the bound for T2. For the three corresponding terms,
T ′1, T

′
3 and T ′4 which include the second-order momentum estimate of ∆t. For T ′1, similar to the full

participation settings,

T ′1 ≤
√

2E
[〈
∇f(θt), η

∆t√
β2vt−1 + ε

〉]
+
√

2ηE
[〈
∇f(θt),

∆t√
vt + ε

− ∆t√
β2vt−1 + ε

〉]
.

(D.16)
The first term in (D.16) does not change in partial participation scheme. The second term is changed
due to the variance of ∆t changes. For the second term of T ′1, then

√
2ηE

[〈
∇f(θt),

∆t√
vt + ε

− ∆t√
β2vt−1 + ε

〉]
≤
√

2(1− β2)ηG

ε
E[‖∆t‖2].

For T ′3,similar to the proof of T3,we have

T∑
t=1

T ′3 ≤
η2L

ε

T∑
t=1

E[‖∆t‖2] + η2LC2
1η

2
lK

2G2
T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥2] ,
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where C1 = β1

1−β1
+ m

n

√
12q2

(1−q2)2 + (1−q2)2C2

α2n2q2 in partial participation,

T ′4 = ηE
[〈
f(zt)− f(θt), V̂

−1/2
t ∆t

〉]
≤ ηE

[
‖f(zt)− f(θt)‖

∥∥∥∥V̂−1/2t ∆t

∥∥∥∥]
≤ η2LE

[∥∥∥∥ β1
1− β1

V̂
−1/2
t−1 m′t−1 + V̂

−1/2
t−1 Γt

∥∥∥∥∥∥∥V̂−1/2t ∆t

∥∥∥]
≤ C1η

2η2lK
2LG2

ε
.

The summation from T ′1 to T ′4 over total iteration T is:

E[f(zT+1)]− f(z1) =

T∑
t=1

[T ′1 + T ′2 + T ′3 + T ′4]

≤ −ηηlK
4

T∑
t=1

E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

5ηη3lK
2L2T√

2ε
(σ2
l + 6Kσ2

g) +

√
2(1− β2)ηG

ε

T∑
t=1

E[‖∆t‖2]

− ηηl
2Km2

T∑
t=1

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θt))

∥∥∥∥∥
2
+ C1ηηlKG

2
T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]

+ C2
1η

2η2lK
2LG2ε−1/2

T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]
+ C2

1η
2η2lK

2LG2
T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥2]

+
η2L

ε

T∑
t=1

E[‖∆t‖2] +
C1Tη

2η2lK
2LG2

ε

≤ − ηηlK

4
√

4β2
(1+q2)3

(1−q2)2 η
2
lK

2G2 + ε

T∑
t=1

E[‖∇f(θt)‖2] +
5ηη3lK

2L2T√
2ε

(σ2
l + 6Kσ2

g) +
C1ηηhKG

2d

T
√
ε

+
2C2

1η
2η2lK

2LG2d

Tε
− ηηl

2
√

4β2
(1+q2)3

(1−q2)2 η
2
lK

2G2 + εKm2

T∑
t=1

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θt))

∥∥∥∥∥
2


+

(
η2η2l LKT

nε
+

√
2(1− β2)ηη2lKTG

nε

)
σ2
l +

C1Tη
2η2lK

2LG2

ε

+

(
η2η2l L

ε
+

√
2(1− β2)ηη2lG

ε

)
m− n

mn(m− 1)

[
15mK3L3η2l (σ2

l + 6Kσ2
g)T

]
+ (90mK4L2η2l + 3mK2)

T∑
t=1

E[‖∇f(θt)‖2] + 3mK2Tσ2
g

]

+
(
η2η2l L+

√
2(1− β2)ηη2lG

) n− 1

mn(m− 1)

T∑
t=1

E
[ ∥∥∥∥∥

m∑
i=1

K−1∑
k=0

∇Fi(θt))

∥∥∥∥∥
2 ]
.

The proof outline is similar with previous proof. We take the use of Lemma F.3,F.9,F.13 for
corresponding terms. By additional constraints of local learning rate ηn with the inequality

[η2L+
√

2(1− β2)ηG
]
η2l (n−1)
mn(m−1)ε − ηηl

2Km2

[√
4β2

(1+q2)3

(1−q2)2 η
2
lK

2G2 + ε
]−1
≤ 0,we obtain the

constraint ηl ≤ n(m−1)
m(n−1)

ε

2K
√

4β2(1+q2)3(1−q2)−2K2G2+ε[ηL+
√

2(1−β2)G]
,and we further need ηl satis-
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fies ηηlK

4
√

4β2(1+q2)3(1−q2)−2η2lK
2G2+ε

−(η2L+
√

2(1− β2)ηG)
η2l (m−n)
mn(m−1)ε (90mK4L2η2l +3mK2) ≥

ηηlK

8
√

4β2(1+q2)3(1−q2)−2η2lK
2G2+ε

. Hence for the convergence rate,then

ηηlK

8
√

4β2
(1+q2)3

(1−q2)2 η
2
lK

2G2 + ε · T

T∑
i=1

E[‖∇f(θt)‖2]

≤ f(z0)− E[f(zT )]

T
+

5ηη3lK
2L2

√
2ε

(σ2
l + 6Kσ2

g) +
(
ηL+

√
2(1− β2)G

) ηη2lK
nε

σ2
l

+
C1ηηlKG

2d

T
√
ε

+
2C2

1η
2η2lK

2LG2d

Tε
+
C1η

2η2lK
2LG2

ε

+

(
η2η2l L

ε
+

√
2(1− β2)ηη2lG

ε

)
m− n

mn(m− 1)
[15mK3L2η2l (σ2

l + 6Kσ2
g) + 3mK2σ2

g ]

.

Therefore

minE[‖∇f(θt)‖2] ≤ 8

√
4β2

(1 + q2)3

(1− q2)2
η2lK

2G2 + ε

[
f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
, where Ξ = C1G

3d√
ε

+
2C2

1ηηlKLG
2d

ε ,Ω = C1ηηlKLG
2

ε + 5η2KL2

√
2ε

(σ2
l + 6Kσ2

g) + [ηL +√
2(1− β2)G] ηlηnεσ

2
l + [ηL +

√
2(1− β2)G] ηl(m−n)n(m−1)ε [15K2L2η2l (σ2

l + 6Kσ2
g) + 3Kσ2

g ] and

C1 = β1

1−β1
+ m

n

√
12q2

(1−q2)2 + (1−q2)2C2

α2n2q2 .

The proof of Theorem A.4 is similar to the above proof procedure and the detailed proof will not be
given here.

D.4 PROOF OF COROLLARY A.2

If choose ηl = Θ( 1√
TK

) and η = Θ(
√
Kn),we get mint∈[T ] E[‖∇f(θt)‖2] = O(

√
K√
Tn

).

E PROOF OF THEOREMS IN SECTION 4.3 AND PARTIAL PARTICIPATION
SETTING FOR FEDBNLACA,FEDBACA

E.1 PROOF OF THEOREM 4.5

Notations and equations: From the update rule of Algorithm 2, we get e1 = 0, et = 1
m

∑m
i=1 eit

and mt = (1 − β1)
∑t
i=1 β̃

t−i
1
̂̂
∆i. Denote a global uncompressed difference ∆t = 1

m

∑m
i=1 ∆i

t.
Denote a virtual momentum sequence: m′t = β1m

′
t−1 + (1 − β1)∆t, hence we have m′t =

(1− β1)
∑t
i=1 β

t−i
1 ∆i. By the aforementioned definition and notation, then

∆̂t −∆t =
1

m

m∑
i=1

(
̂̂
∆
i

t −∆i
t) =

1

m

m∑
i=1

(∆̂i
t −∆i

t)−
1

Mt

∑
i∈Mt

C(qit)

=
1

m

m∑
i=1

(eit − eit+1)− 1

Mt

∑
i∈Mt

C(qit) = et − et+1 −
1

Mt

∑
i∈Mt

C(qit). (E.1)

Denote the weighted averaging error sequence Γt = (1− β1)
∑t
τ=1 β

t−τ
1 er, with the input e1 = 0,we obtain the relation

between Γt and mt as follows
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mt −m′t = (1− β1)

t∑
τ=1

βt−τ1 (∆̂τ −∆τ ) = (1− β1)

t∑
τ=1

βt−τ1 (eτ − eτ+1)− (1− β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit)

= Γt − Γt+1 − (1− β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit), (E.2)

where the last step holds due to Γt+1 = (1 − β1)
∑t+1
τ=1 β

t−τ
1 eτ+1 = (1 − β1)

∑t
τ=1 β

t−τ
1 eτ+1 +

βt1e1. Similar to previous works studied adaptive methods, we introduce a Lyapunov sequence
zt:assume θ0 = θ1, for each t ≥ 1,

zt = θt + β1

1−β1
(θt − θt−1) = 1

1−β1
θt − β1

1−β1
θt−1.

Therefore, by the update rule of θt,

yt+1 = θt+1 + η
β1

1− β1
V̂
−1/2
t mt − η

β1
1− β1

V̂
−1/2
t (

̂̂
θt − θt) + (1− β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit)

= θt+1 + η
β1

1− β1
V̂
−1/2
t [m′t + Γt − Γt+1]− (1− β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit) + η
β1

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

= θt+1 + η
β1

1− β1
V̂
−1/2
t m′t + η

β1
1− β1

V̂
−1/2
t

[
Γt+1 − (1− β1)et+1

β1
− Γt+1

]
− (1− β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit)− η
β1

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

= θt+1 + η
β1

1− β1
V̂
−1/2
t m′t + ηV̂

−1/2
t Γt+1 − ηV̂−1/2t et+1 − (1− β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit)

+ η
β1

1− β1
V̂
−1/2
t (

̂̂
θt − θt). (E.3)

The third equation holds due to the fact that Γt+1 = β1Γt + (1− β1)et+1. We then introduce a new
sequence based on the previous Lyapunov sequence yt as follows

zt+1 = yt+1 + (1− β1)

t∑
τ=1

βt−τ1

1

Mt

∑
i∈Mt

C(qit) + ηV̂
−1/2
t et+1

= θt+1 + η
β1

1− β1
V̂
−1/2
t m′t + ηV̂

−1/2
t Γt+1 + η

β1
1− β1

V̂
−1/2
t (

̂̂
θt − θt). (E.4)

The sequence difference zt+1 − zt can be represented by

zt+1 − zt = θt+1 − θt + η
β1

1− β1
V̂
−1/2
t m′t − η

β1
1− β1

V̂
−1/2
t−1 m′t−1

+ ηV̂
−1/2
t Γt+1 − ηV̂−1/2t−1 Γt + η

1

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

= ηV̂
−1/2
t mt + ηV̂

−1/2
t Γt+1 + η

β1
1− βt

V̂
−1/2
t m′t

− η β1
1− βt

V̂
−1/2
t−1 m′t−1 − ηV̂

−1/2
t−1 Γt + η

1

1− β1
V̂
−1/2
t (

̂̂
θt − θt),

where the second equation follows the update rule of θt+1. Following (E.2), then combining likely
terms and applying the definition of m′t, we have
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zt+1 − zt = ηV̂
−1/2
t m′t + ηV̂

−1/2
t Γt + η

β1
1− β1

V̂
−1/2
t m′t

− η β1
1− β1

V̂
−1/2
t−1 m′t−1 − ηV̂

−1/2
t−1 Γt + η

1

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

= η
1

1− β1
V̂
−1/2
t m′t − η

β1
1− β1

V̂
−1/2
t−1 m′t−1 + ηV̂

−1/2
t Γt + ηV̂

−1/2
t−1 Γ + η

1

1− β1
V̂
−1/2
t (

̂̂
θt − θt),

= η
1

1− β1
V̂
−1/2
t [β1m

′
t−1 + (1− β1)∆t]− η

β1
1− β1

V̂
−1/2
t−1 m′t−1

+ ηV̂
−1/2
t Γt − ηV̂−1/2t−1 Γt + η

1

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

= ηV̂
−1/2
t ∆t − η

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 − η

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt + η

1

1− β1
V̂
−1/2
t (

̂̂
θt − θt).

Therefore, we obtain a helpful Lyapunov sequence for our proof of FedCAMS. The proof of Fed-
CAMS in full participation settings has a similar outline with the proof of FedAMS. By Assumption
3.1,

E[f(zt+1)]− f(zt)

≤ E[〈∇f(zt), zt+1 − zt〉] +
L

2
E[‖zt+1 − zt‖2]

≤ E
[〈
∇f(zt), ηV̂

−1/2
t ∆t

〉]
− E

[〈
∇f(zt), η

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 + η

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

〉]
+
η2L

2
E

[∥∥∥∥V̂−1/2t ∆t −
β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 −

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

∥∥∥∥2
]

= E
[〈
∇f(θt), ηV̂

−1/2
t ∆t

〉]
︸ ︷︷ ︸

T1

−ηE
[〈
∇f(zt),

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 +

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

〉]
︸ ︷︷ ︸

T2

+
η2L

2
E

[∥∥∥∥V̂−1/2t ∆t −
β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 −

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

∥∥∥∥2
]

︸ ︷︷ ︸
T3

+ E
[〈
∇f(zt)−∇f(θt), ηV̂

−1/2
t ∆t

〉]
︸ ︷︷ ︸

T4

+E
[〈
∇f(zt),

η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

〉]
︸ ︷︷ ︸

T5

+
η2L2

(1− β)2
E

[∥∥∥∥V̂−1/2t (
̂̂
θt − θt)

∥∥∥∥2
]

︸ ︷︷ ︸
T6

.

(E.5)

here recall the notation V̂t =diag(v̂t) =diag(max(v̂t−1,vt, ε)).

Bounding T1:,
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T1 = E
[〈
∇f(θt), η

∆t√
v̂t

〉]
≤ ηE

[〈
∇f(θt),

√
2 ·∆t√
vt + ε

〉]

=
√

2ηE
[〈
∇f(θt),

∆t√
β2vt−1 + ε

〉]
+
√

2ηE
[〈
∇f(θt),

∆t√
vt + ε

− ∆t√
β2vt−1 + ε

〉]
,

(E.6)

where the first inequality follows by the fact that v̂t ≥ vt+ε
2 . For the second term in (E.6),

√
2 · ηE

[〈
∇f(θt),

∆t√
vt + ε

− ∆t√
β2vt−1 + ε

〉]

≤
√

2 · η · E‖∇f(θt)‖E

[∥∥∥∥∥ 1√
vt + ε

− 1√
β2vt−1 + ε

∥∥∥∥∥ · ‖∆t‖

]

≤
η
√

2(1− β2)G

ε
E[‖∆t‖2],

where the second inequality follows from Lemma F.1 and F.5, and we will further apply the bound
for E[||∆t||2] by applying Lemma F.7. For the first term in (E.6),

√
2 · ηE

[〈
∇f(θt),

∆t√
β2vt−1 + ε

〉]

=
√

2 · ηE
[〈

∇f(θt)√
β2vt−1 + ε

,∆t + ηK∇f(θt)− ηtK∇f(θt)

〉]

= −
√

2ηηlKE

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+
√

2ηE

[〈
∇f(θt)√
β2vt−1 + ε

,∆t + ηlK∇f(θt)

〉]

= −
√

2ηηtKE
[∥∥∥∥ ∇f(θt)

4
√
β2vt−1 + ε

∥∥∥∥2]+
√

2η

〈
∇f(θt)√
β2vt−1 + ε

,E
[
− ηl
m

m∑
i=1

K−1∑
k=0

git,k + ηlK∇f(θt)

]〉

= −
√

2ηηlKE
[∥∥∥∥ ∇f(θt)

4
√
β2vt−1 + ε

∥∥∥∥2]+
√

2η

〈
∇f(θt)√
β2vt−1 + ε

,E
[
− ηl
m

m∑
i=1

K−1∑
k=0

git,k +
ηlK

m

m∑
i=1

∇Fi(θt)
]〉

(E.7)

For the last term in (E.7), we get

48



2592
2593
2594
2595
2596
2597
2598
2599
2600
2601
2602
2603
2604
2605
2606
2607
2608
2609
2610
2611
2612
2613
2614
2615
2616
2617
2618
2619
2620
2621
2622
2623
2624
2625
2626
2627
2628
2629
2630
2631
2632
2633
2634
2635
2636
2637
2638
2639
2640
2641
2642
2643
2644
2645

Under review as a conference paper at ICLR 2025

√
2η

〈
∇f(θt)√
β2vt−1 + ε

,E
[
− ηl
m

m∑
i=1

K−1∑
k=0

git,k +
ηlK

m

m∑
i=1

∇Fi(θt)
]〉

=
√

2η

〈 √
ηK

4
√
β2vt−1 + ε

∇f(θt),−
√
ηnK

Km

1
4
√
β2vt−1 + ε

E
[ m∑
i=1

K−1∑
k=0

(∇Fi(θit,k)−∇Fi(θt))
]〉

=

√
2ηηlK

2

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2

+

√
2ηηl

2Km2
E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

(∇Fi(θit,k)−∇Fi(θt))

∥∥∥∥∥
2

−
√

2ηηl
2Km2

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2


≤
√

2ηηlK

2

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2

+

√
2ηηl
2m

·
m∑
i=1

K−1∑
k=0

E

∥∥∥∥∥∇Fi(θit,k)−∇Fi(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2


−
√

2ηηl
2Km2

E
[∥∥∥∥ 1

4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥2],

where the second equation follows from 〈x,y〉 = 1
2 [‖x‖2 + ‖y‖2 − ‖x− y‖2], and the inequality

holds by applying Cauchy-Schwarz inequality. Then by Assumption 3.1, then

√
2η

〈
∇f(θt)√
β2vt−1 + ε

,E
[
− ηt
m

m∑
i=1

K−1∑
k=0

git,k +
ηlK

m

m∑
i=1

∇Fi(θt)
]〉

≤
√

2ηηlK

2

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2

+

√
2ηηlL

2

2m

m∑
i=1

K−1∑
k=0

E

∥∥∥∥∥ θit,k − θt
4
√
β2vt−1 + ε

∥∥∥∥∥
2


−
√

2ηηl
2Km2

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2


≤ 3
√

2ηηlK

4

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2

+
5ηη3lK

2L2

√
2ε

(σ2
l + 6Kσ2

g)

−
√

2ηηl
2Km2

E
[ ∥∥∥∥∥ 1

4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2 ]
,

where the last inequality holds by applying Lemma F.13 and the constraint of local learning rate
ηn ≤ 1

8KL .Then
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T1 ≤ −
√

2 · ηηlK
4

E
[∥∥∥∥ ∇f(θt)

4
√
β2vt−1 + ε

∥∥∥∥2]+
5ηη3lK

2L2

√
2ε

(
σ2
l + 6Kσ2

g

)
−
√

2 · ηηl
2Km2

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
+

η
√

2(1− β2)G

ε
E[‖∆t‖2]

≤ −ηηlK
4

E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

5ηη3lK
2L2

√
2ε

(σ2
l + 6Kσ2

g)

− ηηl
2Km2

E
[ ∥∥∥∥∥ 1

4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2 ]

+
η
√

2(1− β2)G

ε
E[‖∆t‖2]. (E.8)

Bounding T2: The bound for T2 mainly follows by the update rule and definition of virtual sequence
zt.

T2 = −ηE
[〈
∇f(zt),

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 +

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

〉]
= ηE

[〈
−∇f(θt) +∇f(θt)−∇f(zt),

(
V̂
−1/2
t−1 − V̂

−1/2
t

)( β1
1− β1

m′t−1 + Γt

)〉]
≤ ηE

[
‖∇f(θt)‖

∥∥∥∥(V̂
−1/2
t−1 − V̂

−1/2
t

)(
β1

1− β1
m′t−1 + Γt

)∥∥∥∥]
+ η2LE

[∥∥∥∥V̂−1/2t−1

(
β1

1− β1
m′t−1 + Γt

)∥∥∥∥∥∥∥∥(V̂
−1/2
t−1 − V̂

−1/2
t

)( β1
1− β1

m′t−1 + Γt

)∥∥∥∥]
≤ ηC1ηlKG

2E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]
+ η2C2

1Lη
2
lK

2G2ε−1/2E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]
,

(E.9)

where the last inequality holds by Lemma C.4, here C1 = β1

1−β1
+
√

12q2

(1−q2)2 + (1−q2)2C2

α2m2q2 .

BoundingT3 : It can be bounded as follows:

T3 =
η2L

2
E

[∥∥∥∥V̂−1/2t ∆t +
β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 +

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

∥∥∥∥2
]

≤ η2LE
[∥∥∥V̂−1/2t ∆t

∥∥∥2]+ η2LE

[∥∥∥∥ β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 +

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

∥∥∥∥2
]

≤ η2LE
[∥∥∥V̂−1/2t ∆t

∥∥∥2]+ η2LC2
1η

2
lK

2G2E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥2] , (E.10)

where the first inequality follows by Cauchy-Schwarz inequality, and the second one follows by

Lemma C.4, here C1 = β1

1−β1
+
√

12q2

(1−q2)2 + (1−q2)2C2

α2m2q2 . Bounding T4:

T4 = E
[〈
∇f(zt)−∇f(θt), ηV̂

−1/2
t ∆t

〉]
≤ E

[
‖∇f(zt)−∇f(θt)‖

∥∥ηV̂−1/2t ∆t

∥∥]
≤ LE

[
‖zt − θt‖‖ηV̂−1/2t ∆t‖

]
≤ η2L

2
E
[∥∥∥V̂−1/2t ∆t

∥∥∥2]+
η2L

2
E

[∥∥∥∥ β1
1− β1

V̂
−1/2
t−1 m′t−1 + V̂

−1/2
t−1 Γt

∥∥∥∥2
]
,
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where the first inequality holds by the fact of 〈a,b〉 ≤ ‖a‖‖b‖, the second one follows from
Assumption 3.1 and the third one holds by the definition of virtual sequence zt and the fact of
‖a‖‖b‖ ≤ 1

2‖a‖
2 + 1

2‖b‖
2. Then summing T4 over t = 1, · · · , T ,

T∑
t=1

T4 ≤
η2L

2

T∑
t=1

E
[∥∥∥V̂−1/2t ∆t

∥∥∥2]+
η2L

2ε

T∑
t=1

E

[∥∥∥∥ β1
1− β1

m′t−1 + Γt

∥∥∥∥2
]

≤ η2L

2ε

T∑
t=1

E[‖∆t‖2] +
η2L

ε

[
β2
1

(1− β1)2

T∑
t=1

E‖m′t−1‖2 +

T∑
t=1

E‖Γt‖2
]
.

By Lemma F.11, then

T∑
t=1

E[‖m′t−1‖2] ≤ TKη2l
m

σ2
l +

η2l
m2

T∑
t=1

E
[∥∥∥ m∑

i=1

K−1∑
k=0

∇Fi(θit,k)
∥∥∥2],

and

T∑
t=1

E[‖Γt‖2] ≤ 4T (q + γ)2

(1− q2)2
Kη2l
m

σ2
l +

η2l
m2

4(q + γ)2

(1− q2)2

T∑
t=1

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
 .

Therefore, the T4 term is bounded by

T∑
t=1

T4 ≤
η2L

2ε

T∑
t=1

E[‖∆t‖2] +
C2η

2L

ε

η2l
m2

T∑
t=1

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
+

C2η
2L

ε

TKη2l
m

σ2
l ,

(E.11)

whereC2 =
4(q+γ+ λC

αm )2

(1−q2)2 +
β2
1

(1−β1)2
.

Bound T5 , there

T5 = E
[〈
∇f(zt),

η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

〉]
=

1

m

m∑
i

E
[〈
∇f(zt),

η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

〉]

=
1

m

m∑
i

E
[〈
∇f(θt),

η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

〉]
+

1

m

m∑
i

E
[〈
∇f(zt)−∇f(θt),

η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

〉]

≤ 1

m

m∑
i

E ‖∇f(θt)‖ · E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥+
1

m

m∑
i

E ‖∇f(zt)−∇f(θt)‖ ·
1

m

m∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
≤ 1

m

m∑
i

E ‖∇f(θt)‖ ·
1

m

m∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥+ L
1

m

m∑
i

E ‖zt − θt‖ ·
1

m

m∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
=

1

m

m∑
i

E ‖∇f(θt)‖ ·
1

m

m∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
+ L

1

m

m∑
i

E
∥∥∥∥ηV̂−1/2t ∆t − η

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 − η

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt + η

1

1− β1
V̂
−1/2
t (

̂̂
θt − θt)− θt

∥∥∥∥
· 1

m

m∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
≤ 1

m

m∑
i

E ‖∇f(θt)‖ · E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥+ L
1

m

m∑
i

E
∥∥∥ηV̂−1/2t ∆t

∥∥∥ · 1

m

m∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
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+ L
1

m

m∑
i

E
∥∥∥∥η β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 + η

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

∥∥∥∥ · 1

m

m∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
+ L

1

m

m∑
i

E
∥∥∥∥η 1

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥ · 1

m

m∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
+ L

1

m

m∑
i

E ‖θt‖ ·
1

m

m∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥ (E.12)

≤
[
G+

LηηlKG√
ε

+ LηηlC1KGE‖V̂−1/2t−1 − V̂
−1/2
t ‖

]
·
η(γ + C

αm )H

(1− β)
√
ε

+
2Lη2(γ2 + C2

α2m2 )H2

(1− β)2ε
+

2Lη2(γ2 + C2

α2m2 )H2

(1− β)
√
ε

(E.13)

here C1 = β1

1−β1
+
√

12q2

(1−q2)2 + (1−q2)2C2

α2m2q2 .

Bound of T6 , there

T6 =
η2L2

(1− β)2
E

[∥∥∥∥V̂−1/2t (
̂̂
θt − θt)

∥∥∥∥2
]

=
η2L2

(1− β)2
1

m

m∑
i

E

[∥∥∥∥V̂−1/2t (
̂̂
θt − θt)

∥∥∥∥2
]

=
η2L2

(1− β)2
1

m

m∑
i

E

∥∥∥∥∥V̂−1/2t (θ̂t − θt)− V̂
−1/2
t

1

Mt

∑
i∈Mt

Qit

∥∥∥∥∥
2


≤ 2η2L2

(1− β)2
1

m

m∑
i

E
[∥∥∥V̂−1/2t (θ̂t − θt)

∥∥∥2]+
2η2L2

(1− β)2
1

m

m∑
i

E

∥∥∥∥∥V̂−1/2t

1

Mt

∑
i∈Mt

Qit

∥∥∥∥∥
2


≤
2L2η2(γ2 + C2

α2m2 )H2

(1− β)2ε
(
C2

α2m2
+ 1) (E.14)

Merging pieces together: Substituting (E.8)), (E.9) , (E.10), (E.12),, (E.14) and , (E.11) into (E.5) ,
summing over from t = 1 to T , then

E[f(zT+1)]− f(z1) =

T∑
t=1

[T1 + T2 + T3 + T4 + T5 + T6]

≤ −ηηK
4

T∑
t=1

E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

5ηη3lK
2L2T√

2ε
(σ2
l + 6Kσ2

g) +

√
2(1− β2)ηG

ε

T∑
t=1

E[‖∆t‖2]

− ηm

2Km2

T∑
t=1

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k))

∥∥∥∥∥
2
+ C1ηηtKG

2
T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥2]

+
C2

1η
2η2lK

2G2

√
ε

T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]
+ C2

1η
2η2lK

2LG2
T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥2]

+ η2L

T∑
t=1

E
[∥∥∥V̂−1/2t ∆t

∥∥∥2]+
η2L

2

T∑
t=1

E
[∥∥∥V̂−1/2t ∆t

∥∥∥2]+
η2L

2

β2
1

(1− β1)2

T∑
t=1

E[‖m′t‖2]

+
η2L

2

T∑
t=1

E[‖Γt‖2] +

T∑
t=1

T5 +

T∑
t=1

T6. (E.15)
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Hence by organizing and applying Lemmas, then

E[f(zT+1)]− f(z1)

≤ −ηηlK
4

T∑
t=1

E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

5ηη3lK
2L2T√

2ε
(σ2
l + 6Kσ2

g)

− ηηl
2Km2

T∑
t=1

E
[ ∥∥∥∥∥ 1

4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θit,k))

∥∥∥∥∥
2 ]

+
C1ηηlKG

2d√
ε

+
2C2

1η
2η2lK

2LG2d

ε

+

(
η2L+

η2L

2
+
√

2(1− β2)ηG

)KTη2l
mε

σ2
l +

η2l
m2ε

T∑
t=1

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2


+
η2L

ε

η2l C2

m2

T∑
t=1

E
[∥∥∥ m∑

i=1

K−1∑
k=0

∇Fi(θit,k)
∥∥∥2]+

η2L

ε

TKη2l C2

m
σ2
l +

T∑
t=1

T5 +

T∑
t=1

T6,

by applying Lemma F.7 into all terms containing the second moment estimate of

model difference ∆t in (E.15), using the fact that
(√

β2
(1+q2)3

(1−q2)2K
2G2 + ε

)−1
‖θ‖ ≤(√

β2
(1+q2)3

(1−q2) η
2
lK

2G2 + ε
)−1
‖θ‖ ≤ ‖ θ√

β2v+ε
‖ ≤ ε−1/2‖θ‖, and applying Lemma F.3 and F.13,

then

E[f(zT+1)]− f(z1)

≤ − ηηlK
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√
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+

[
G+

LηηlKG√
ε
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]
·
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√
ε

+
3TLη2(γ2 + C2

α2m2 )H2

(1− β)2ε
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√
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√
ε
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+
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√
ε

+
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(1− β)2ε
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where the last inequality holds by ηl ≤ ε√
4β2(1+q2)3(1−q2)−2K2G2+ε·K(3ηL+2C2ηL+2

√
2(1−β2)G)

.

Hence
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ηηlK

4
√

4β2
(1+q2)3

(1−q2)2 η
2
lK

2G2 + ε · T

T∑
t=1

E[‖∇f(θt)‖2]

≤ f(z0)− E[f(zT )]

T
+

5ηη3lK
2L2

√
2ε

(σ2
l + 6Kσ2

g) +
C1ηηlKG

2d

T
√
ε

+
2C2

1η
2η2lK

2LG2d

Tε

+

[
G+

LηηlKG√
ε

+
LηηlC1KGd

ε

]
·
η(γ + C

αm )H

(1− β)
√
ε

+
Lη2(γ2 + C2

α2m2 )H2

(1− β)2ε
+

2Lη2(γ2 + C2

α2m2 )H2

(1− β)
√
ε

+
[
3η2L+ 2C2η

2L+ 2
√

2(1− β2)ηG
] Kη2l

2mε
σ2
l +

2L2η2(γ2 + C2

α2m2 )H2

(1− β)2ε
(
C2

α2m2
+ 1),

where C1 = β1

1−β1
+
√

12q2

(1−q2)2 + (1−q2)2C2

α2m2q2 and C2 =
β2
1

(1−β1)2
+

4(q+γ+ λC
αm )2

(1−q2)2 . then,

minE[‖∇f(θt)‖2] ≤ 4

√
4β2

(1 + q2)3

(1− q2)2
η2lK

2G2 + ε
[f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
,

where Ξ = C1G
2d√
ε

+
2C2

1ηηKLG
2d

ε ,Ω =
[
G+ LηηlKG√

ε
+ LηηlC1KGd

ε

]
· η(γ+ C

αm )H

(1−β)
√
ε

+

2Lη2(γ2+ C2

α2m2 )H2

(1−β)2ε +
2Lη2(γ2+ C2

α2m2 )H2

(1−β)
√
ε

5η2KL2

√
2ε

(σ2
l + 6Kσ2

g) + [(3 + 2C2)ηL +

2
√

2(1− β2)G] ηl
2mηεσ

2
l , C1 = β1

1−β1
+
√

12q2

(1−q2)2 + (1−q2)2C2

α2m2q2 +
2TL2η2(γ2+ C2

α2m2 )H2

(1−β)2ε ( C2

α2m2 + 1)

and C2 =
β2
1

(1−β1)2
+

4(q+γ+ λC
αm )2

(1−q2)2 .

The proof of Theorem 4.6 is similar to the above proof procedure and the detailed proof will not be
given here.

E.2 PROOF OF COROLLARY 4.3

Let ηl = Θ( 1√
TK

),T = O(Km) and η = Θ(
√
Km), the convergence rate under full participation

scheme is O( 1
T ).

E.3 ANALYSIS ON THE PARTIAL PARTICIPATION SETTING FOR FEDBNLACA

Similar to partial participation scheme in Section 3, we have the following convergence analysis.
Theorem E.1. Under Assumption 3.1-3.4, if the local learning rate ηl satisfies the following condition:
ηl ≤ min

{
1

8KL ,
n(m−1)ε
48m(n−1) [K

√
4β2(1 + q2)3(1− q2)−2K2G2 + ε(ηL+

√
2(1− β2)G)]−1

}
,

then the iterates of Algorithm 2 under partial participation scheme satisfy

minE[‖∇f(θt)‖2] ≤ 8

√
4β2

(1 + q2)3

(1− q2)2
η2lK

2G2 + ε

[
f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
, where Ξ = C1G

3d√
ε

+
2C2

1ηηlKLG
2d

ε ,Ω =
[
G+ LηηlKG√

ε
+ LηηlC1KGd

ε ‖
]
· η(γ+

C
αn )H

(1−β)
√
ε

+

4Lη2(γ2+ C2

α2n2 )H2

(1−β)2ε +
2Lη2(γ2+ C2

α2n2 )H2

(1−β)
√
ε

+
2L2η2(γ2+ C2

α2n2 )H2

(1−β)2ε ( C2

α2n2 +1)+ C1ηηlKLG
2

ε + 5η2KL2

√
2ε

(σ2
l +

6Kσ2
g) + [ηL+

√
2(1− β2)G] ηlηnεσ

2
l + [ηL+

√
2(1− β2)G] ηl(m−n)n(m−1)ε [15K2L2η2l (σ2

l + 6Kσ2
g) +

3Kσ2
g ] and C1 = β1

1−β1
+ m

n

√
12q2

(1−q2)2 + (1−q2)2C2

α2n2q2 .

Theorem E.2.

minE[‖∇f(θt)‖2] ≤ 8

√
4β2

(1 + q2)3

(1− q2)2
η2lK

2G2 + ε

[
f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
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, where Ξ = C1G
3d√
ε

+
2C2

1ηηlKLG
2d

ε ,Ω =
[
G+ LηηlKG√

ε
+ LηηlC1KGd

ε ‖
]
· η(γ+1)H

(1−β)
√
ε

+

4Lη2(γ2+1)H2

(1−β)2ε + 2Lη2(γ2+1)H2

(1−β)
√
ε

+ 2L2η2(γ2+1)H2

(1−β)2ε (2) + C1ηηlKLG
2

ε + 5η2KL2

√
2ε

(σ2
l + 6Kσ2

g) + [ηL+√
2(1− β2)G] ηlηnεσ

2
l + [ηL +

√
2(1− β2)G] ηl(m−n)n(m−1)ε [15K2L2η2l (σ2

l + 6Kσ2
g) + 3Kσ2

g ] and

C1 = β1

1−β1
+ m

n

√
12q2

(1−q2)2 + (1−q2)2
q2 .

Remark E.1. When he parameters C = D, Cαn = 1, the result of Theorem E.1 becomes the result of
Theorem E.2. The upper bound for mint∈[T ] E‖∇f(θt)‖2 of partial participation is similar to full
participation case but with a larger variance term Ω. This is due to the fact that random sampling of
participating workers introduces an additional variance during sampling.

Proof of Theorem E.1: Notations and equations: From the update rule of Algorithm 2, we have e1 =

0, et = 1
m

∑m
i=1 eit and mt = (1 − β1)

∑t
i=1 β

t−i
1 ∆̂i

t. Denote a global uncompressed difference
∆t = 1

|St|
∑
i∈St ∆i

t. Denote a virtual momentum sequence: m′t = β1m
′
t−1 + (1− β1)∆t, hence

we have m′t = (1 − β1)
∑t
i=1 β

t−i
1 ∆i. Define additional two virtual sequences ∆′t = 1

n

∑m
i=1 ∆i

t

and ∆̂′t = 1
n

∑m
i=1 ∆̂i

t. Note that when the client i does not take part in the round of participation at
step t, we have ∆i

t = ∆̂i
t = 0, therefore, ∆′t = ∆t and ∆̂′t = ∆̂t.

By the aforementioned definition and notation, define a subset St = {wt1, wt2, ..., wtn}, then

∆̂t −∆t =
1

|St|
∑
i∈St

(∆̂i
t −∆i

t) =
1

n

m∑
i=1

(∆̂i
t −∆i

t) =
1

n

m∑
i=1

(eit − eit+1) = e′t − e′t+1,

where the compression errors have the same structure, e′t = 1
n

∑m
i=1 eit. Similar to the previous

analysis, we define the following sequence:

Γt+1 := (1− β1)

t+1∑
τ=1

βt+1−τ
1 e′τ ,

and keep using the Lyapunov function zt from (E.4). For the expectation of model difference ∆t,

ESt [∆t] =
1

n
ESt

[
n∑
i=1

∆wi
t

]
= ESt [∆

w1
t ] =

1

m

m∑
i=1

∆i
t = ∆̄t.

The proof of FedCAMS in partial participation settings has a similar outline combing the proof of
partial participation in FedAMS and full participation in FedCAMS. By Assumption 3.1, then

E[f(zt+1)]− f(zt)

≤ E
[〈
∇f(θt), ηV̂

−1/2
t ∆t

〉]
︸ ︷︷ ︸

T ′1

−E
[〈
∇f(zt), η

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 +

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

〉]
︸ ︷︷ ︸

T ′2

+
η2L

2
E

[∥∥∥∥V̂−1/2t ∆t −
β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 −

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

∥∥∥∥2
]

︸ ︷︷ ︸
+ E

[〈
∇f(zt)−∇f(θt), ηV̂

−1/2
t ∆t

〉]
︸ ︷︷ ︸

T ′4

Note that the bound for T ′2 is exactly the same as the bound for T2. For the three corresponding terms,
T ′1, T

′
3 and T ′4 which include the second-order momentum estimate of ∆t. For T ′1, similar to the full

participation settings, we have
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T ′1 ≤
√

2E
[〈
∇f(θt), η

∆t√
β2vt−1 + ε

〉]
+
√

2ηE
[〈
∇f(θt),

∆t√
vt + ε

− ∆t√
β2vt−1 + ε

〉]
.

(E.16)
The first term in (E.16) does not change in partial participation scheme. The second term is changed
due to the variance of ∆t changes. For the second term of T ′1,then

√
2ηE

[〈
∇f(θt),

∆t√
vt + ε

− ∆t√
β2vt−1 + ε

〉]
≤
√

2(1− β2)ηG

ε
E[‖∆t‖2].

For T ′3,similar to the proof of T3,we get

T∑
t=1

T ′3 ≤
η2L

ε

T∑
t=1

E[‖∆t‖2] + η2LC2
1η

2
lK

2G2
T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥2] ,
where C1 = β1

1−β1
+ m

n

√
12q2

(1−q2)2 + (1−q2)2C2

α2n2q2 in partial participation,then

T ′4 = ηE
[〈
f(zt)− f(θt), V̂

−1/2
t ∆t

〉]
≤ ηE

[
‖f(zt)− f(θt)‖

∥∥∥∥V̂−1/2t ∆t

∥∥∥∥]
≤ η2LE

[∥∥∥∥ β1
1− β1

V̂
−1/2
t−1 m′t−1 + V̂

−1/2
t−1 Γt

∥∥∥∥∥∥∥V̂−1/2t ∆t

∥∥∥]
≤ C1η

2η2lK
2LG2

ε
.

Bound of T ′5 , there

T ′5 = E
[〈
∇f(zt),

η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

〉]
=

1

n

n∑
i

E
[〈
∇f(zt),

η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

〉]

=
1

n

n∑
i

E
[〈
∇f(θt),

η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

〉]
+

1

n

n∑
i

E
[〈
∇f(zt)−∇f(θt),

η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

〉]

≤ 1

n

n∑
i

E ‖∇f(θt)‖ · E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥+
1

n

n∑
i

E ‖∇f(zt)−∇f(θt)‖ ·
1

n

n∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
≤ 1

n

n∑
i

E ‖∇f(θt)‖ ·
1

n

n∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥+ L
1

n

n∑
i

E ‖zt − θt‖ ·
1

n

n∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
=

1

n

n∑
i

E ‖∇f(θt)‖ ·
1

n

n∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
+ L

1

n

n∑
i

E
∥∥∥∥ηV̂−1/2t ∆t − η

β1
1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 − η

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt + η

1

1− β1
V̂
−1/2
t (

̂̂
θt − θt)− θt

∥∥∥∥
· 1

n

n∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
≤ 1

n

n∑
i

E ‖∇f(θt)‖ · E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥+ L
1

n

n∑
i

E
∥∥∥ηV̂−1/2t ∆t

∥∥∥ · 1

n

n∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
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+ L
1

n

n∑
i

E
∥∥∥∥η β1

1− β1

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
m′t−1 + η

(
V̂
−1/2
t−1 − V̂

−1/2
t

)
Γt

∥∥∥∥ · 1

n

n∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
+ L

1

n

n∑
i

E
∥∥∥∥η 1

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥ · 1

n

n∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
+ L

1

n

n∑
i

E ‖θt‖ ·
1

n

n∑
i

E
∥∥∥∥ η

1− β1
V̂
−1/2
t (

̂̂
θt − θt)

∥∥∥∥
≤
[
G+

LηηlKG√
ε

+ LηηlC1KGE‖V̂−1/2t−1 − V̂
−1/2
t ‖

]
·
η(γ + C

αm )H

(1− β)
√
ε

+
2Lη2(γ2 + C2

α2n2 )H2

(1− β)2ε
+

2Lη2(γ2 + C2

α2n2 )H2

(1− β)
√
ε

here C1 = β1

1−β1
+ m

n

√
12q2

(1−q2)2 + (1−q2)2C2

α2n2q2 .

Bound of T ′6 , there

T ′6 =
η2L2

(1− β)2
E

[∥∥∥∥V̂−1/2t (
̂̂
θt − θt)

∥∥∥∥2
]

=
η2L2

(1− β)2
1

n

n∑
i

E

[∥∥∥∥V̂−1/2t (
̂̂
θt − θt)

∥∥∥∥2
]

=
η2L2

(1− β)2
1

n

n∑
i

E

∥∥∥∥∥V̂−1/2t (θ̂t − θt)− V̂
−1/2
t

1

Mt

∑
i∈Mt

Qit

∥∥∥∥∥
2


≤ 2η2L2

(1− β)2
1

n

n∑
i

E
[∥∥∥V̂−1/2t (θ̂t − θt)

∥∥∥2]+
2η2L2

(1− β)2
1

n

n∑
i

E

∥∥∥∥∥V̂−1/2t

1

Mt

∑
i∈Mt

Qit

∥∥∥∥∥
2


≤
2Lη2(γ2 + C2

α2n2 )H2

(1− β)2ε

Hence, the summation from T ′1 to T ′6 over total iteration T is:

E[f(zT+1)]− f(z1) =

T∑
t=1

[T ′1 + T ′2 + T ′3 + T ′4 + +T ′5 + T ′6]

≤ −ηηlK
4

T∑
t=1

E

∥∥∥∥∥ ∇f(θt)
4
√
β2vt−1 + ε

∥∥∥∥∥
2
+

5ηη3lK
2L2T√

2ε
(σ2
l + 6Kσ2

g) +

√
2(1− β2)ηG

ε

T∑
t=1

E[‖∆t‖2]

− ηηl
2Km2

T∑
t=1

E

∥∥∥∥∥ 1
4
√
β2vt−1 + ε

m∑
i=1

K−1∑
k=0

∇Fi(θt))

∥∥∥∥∥
2
+ C1ηηlKG

2
T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]

+ C2
1η

2η2lK
2LG2ε−1/2

T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥
1

]
+ C2

1η
2η2lK

2LG2
T∑
t=1

E
[∥∥∥V̂−1/2t−1 − V̂

−1/2
t

∥∥∥2]

+
η2L

ε

T∑
t=1

E[‖∆t‖2] +
C1Tη

2η2lK
2LG2

ε
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+

[
G+

LηηlKG√
ε

+ LηηlC1KGE‖V̂−1/2t−1 − V̂
−1/2
t ‖

]
·
η(γ + C

αm )H

(1− β)
√
ε

+
4Lη2(γ2 + C2

α2n2 )H2

(1− β)2ε
+

2Lη2(γ2 + C2

α2n2 )H2

(1− β)
√
ε

≤ − ηηlK

4
√

4β2
(1+q2)3

(1−q2)2 η
2
lK

2G2 + ε

T∑
t=1

E[‖∇f(θt)‖2] +
5ηη3lK

2L2T√
2ε

(σ2
l + 6Kσ2

g) +
C1ηηhKG

2d

T
√
ε

+
2C2

1η
2η2lK

2LG2d

Tε
− ηηl

2
√

4β2
(1+q2)3

(1−q2)2 η
2
lK

2G2 + εKm2

T∑
t=1

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θt))

∥∥∥∥∥
2


+

(
η2η2l LKT

nε
+

√
2(1− β2)ηη2lKTG

nε

)
σ2
l +

C1Tη
2η2lK

2LG2

ε

+

(
η2η2l L

ε
+

√
2(1− β2)ηη2lG

ε

)
m− n

mn(m− 1)

[
15mK3L3η2l (σ2

l + 6Kσ2
g)T

]
+ (90mK4L2η2l + 3mK2)

T∑
t=1

E[‖∇f(θt)‖2] + 3mK2Tσ2
g

]

+
(
η2η2l L+

√
2(1− β2)ηη2lG

) n− 1

mn(m− 1)

T∑
t=1

E
[ ∥∥∥∥∥

m∑
i=1

K−1∑
k=0

∇Fi(θt))

∥∥∥∥∥
2 ]

+

[
G+

LηηlKG√
ε

+
LηηlC1KGd

ε
‖
]
·
η(γ + C

αm )H

(1− β)
√
ε

+
4Lη2(γ2 + C2

α2n2 )H2

(1− β)2ε
+

2Lη2(γ2 + C2

α2n2 )H2

(1− β)
√
ε

.

The proof outline is similar with previous proof. We take the use of Lemma F.3,F.9,F.13 for
corresponding terms. By additional constraints of local learning rate ηn with the inequality

[η2L+
√

2(1− β2)ηG
]
η2l (n−1)
mn(m−1)ε − ηηl

2Km2

[√
4β2

(1+q2)3

(1−q2)2 η
2
lK

2G2 + ε
]−1
≤ 0,we obtain the

constraintηl ≤ n(m−1)
m(n−1)

ε

2K
√

4β2(1+q2)3(1−q2)−2K2G2+ε[ηL+
√

2(1−β2)G]
,and we further need ηl satis-

fies ηηlK

4
√

4β2(1+q2)3(1−q2)−2η2lK
2G2+ε

−(η2L+
√

2(1− β2)ηG)
η2l (m−n)
mn(m−1)ε (90mK4L2η2l +3mK2) ≥

ηηlK

8
√

4β2(1+q2)3(1−q2)−2η2lK
2G2+ε

. Hence for the convergence rate, we have

ηηlK

8
√

4β2
(1+q2)3

(1−q2)2 η
2
lK

2G2 + ε · T

T∑
i=1

E[‖∇f(θt)‖2]

≤ f(z0)− E[f(zT )]

T
+

5ηη3lK
2L2

√
2ε

(σ2
l + 6Kσ2

g) +
(
ηL+

√
2(1− β2)G

) ηη2lK
nε

σ2
l

+
C1ηηlKG

2d

T
√
ε

+
2C2

1η
2η2lK

2LG2d

Tε
+
C1η

2η2lK
2LG2

ε

+

(
η2η2l L

ε
+

√
2(1− β2)ηη2lG

ε

)
m− n

mn(m− 1)
[15mK3L2η2l (σ2

l + 6Kσ2
g) + 3mK2σ2

g ]

+

[
G+

LηηlKG√
ε

+
LηηlC1KGd

ε

]
·
Tη(γ + C

αm )H

T (1− β)
√
ε

+
2TLη2(γ2 + C2

α2n2 )H2

(1− β)2ε
+

2TLη2(γ2 + C2

Tα2n2 )H2

T (1− β)
√
ε

+
2TL2η2(γ2 + C2

α2m2 )H2

(1− β)2ε
(
C2

α2n2
+ 1).

Therefore

minE[‖∇f(θt)‖2] ≤ 8

√
4β2

(1 + q2)3

(1− q2)2
η2lK

2G2 + ε

[
f0 − f∗
ηηlKT

+
Ξ

T
+ Ω

]
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, where Ξ = C1G
3d√
ε

+
2C2

1ηηlKLG
2d

ε ,Ω =
[
G+ LηηlKG√

ε
+ LηηlC1KGd

ε ‖
]
· η(γ+

C
αm )H

(1−β)
√
ε

+

4Lη2(γ2+ C2

α2n2 )H2

(1−β)2ε +
2Lη2(γ2+ C2

α2n2 )H2

(1−β)
√
ε

+
2L2η2(γ2+ C2

α2m2 )H2

(1−β)2ε ( C2

α2n2 +1) = C1ηηlKLG
2

ε + 5η2KL2

√
2ε

(σ2
l +

6Kσ2
g) + [ηL+

√
2(1− β2)G] ηlηnεσ

2
l + [ηL+

√
2(1− β2)G] ηl(m−n)n(m−1)ε [15K2L2η2l (σ2

l + 6Kσ2
g) +

3Kσ2
g ] and C1 = β1

1−β1
+ m

n

√
12q2

(1−q2)2 + (1−q2)2C2

α2n2q2 .

The proof of Theorem E.2 is similar to the above proof procedure and the detailed proof will not be
given here.

E.4 PROOF OF COROLLARY 4.3

If choose ηl = Θ( 1√
TK

) and η = Θ(
√
Kn),we get mint∈[T ] E[‖∇f(θt)‖2] = O(

√
K√
Tn

).

F LEMMAS

Lemma F.1. For the element-wise difference, Wt = 1√
vt+ε

− 1√
β2vt−1+ε

,‖Wt‖ ≤
√
1−β2

ε ‖∆̃t‖.

Proof. Note that:

‖Wt‖ =

∥∥∥∥∥ 1√
vt + ε

− 1√
β2vt−1 + ε

∥∥∥∥∥
=

∥∥∥∥∥ (
√
β2vt−1 + ε−

√
vt + ε)(

√
β2vt−1 + ε+

√
vt + ε)

√
vt + ε

√
β2vt−1 + ε(

√
β2vt−1 + ε+

√
vt + ε)

∥∥∥∥∥
=

∥∥∥∥∥ β2vt−1 − vt√
vt + ε

√
β2vt−1 + ε(

√
β2vt−1 + ε+

√
vt + ε)

∥∥∥∥∥
=

∥∥∥∥∥ −(1− β2)∆̃2
t√

vt + ε
√
β2vt−1 + ε(

√
β2vt−1 + ε+

√
vt + ε)

∥∥∥∥∥
≤

∥∥∥∥∥ (1− β2)∆̃2
t√

vt + ε
√
β2vt−1 + ε

√
1− β2∆̃t

∥∥∥∥∥
≤
√

1− β2
ε

‖∆̃t‖, (F.1)

where the forth equation holds by the update rule of vt,i.e, vt = β2vt−1 + (1− β2)∆̃2
t ,and the last

inequality holds due
√

vt + ε ≥ √vt ≥
√

1− β2∆̃tand
√
β2vt−1 + ε ≥ 0.This is the end of the

proof.

Lemma F.2. For the element-wise difference, Wt = 1√
vt+ε

− 1√
β2vt−1+ε

,‖Wt‖ ≤
√
1−β2

ε ‖∆t‖.
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Proof. Note that :

‖Wt‖ =

∥∥∥∥∥ 1√
vt + ε

− 1√
β2vt−1 + ε

∥∥∥∥∥
=

∥∥∥∥∥ (
√
β2vt−1 + ε−

√
vt + ε)(

√
β2vt−1 + ε+

√
vt + ε)

√
vt + ε

√
β2vt−1 + ε(

√
β2vt−1 + ε+

√
vt + ε)

∥∥∥∥∥
=

∥∥∥∥∥ β2vt−1 − vt√
vt + ε

√
β2vt−1 + ε(

√
β2vt−1 + ε+

√
vt + ε)

∥∥∥∥∥
=

∥∥∥∥∥ −(1− β2)∆2
t√

vt + ε
√
β2vt−1 + ε(

√
β2vt−1 + ε+

√
vt + ε)

∥∥∥∥∥
≤

∥∥∥∥∥ (1− β2)∆2
t√

vt + ε
√
β2vt−1 + ε

√
1− β2∆t

∥∥∥∥∥
≤
√

1− β2
ε

‖∆t‖, (F.2)

where the forth equation holds by the update rule of vt,i.e, vt = β2vt−1 + (1 − β2)∆2
t ,and the

first inequality holds due
√

vt + ε ≥ √vt ≥
√

1− β2∆tand
√
β2vt−1 + ε ≥ 0.This concludes the

proof.

Lemma F.3. For the variance difference sequence V̂
−1/2
t−1 − V̂

−1/2
t ,then

T∑
t=1

∥∥∥V̂−1/2t−1 − V̂
−1/2
t

∥∥∥
1
≤ d√

ε
,

T∑
t=1

∥∥∥V̂−1/2t−1 − V̂
−1/2
t

∥∥∥2 ≤ d

ε
. (F.3)

Proof. By the definition of variance matrix V̂t, and the non-decreasing update of FedCAMS, i.e.,
v̂t−1 ≤ v̂t = max(v̂t−1,vt, ε),then

T∑
t=1

∥∥∥V̂−1/2t−1 − V̂
−1/2
t

∥∥∥
1

=

T∑
t=1

∥∥∥∥∥ 1√
v̂t−1

− 1√
v̂t

∥∥∥∥∥
1

=

T∑
t=1

[∥∥∥∥∥ 1√
v̂t−1

∥∥∥∥∥
1

−
∥∥∥∥ 1√

v̂t

∥∥∥∥
1

]

=

∥∥∥∥ 1√
v̂0

∥∥∥∥
1

−
∥∥∥∥ 1√

v̂T

∥∥∥∥
1

≤ d√
ε
, (F.4)

where the inequality holds by the definition of v̂t ∈ Rd: For the sum of the variance difference under
`2 norm, then

T∑
t=1

∥∥∥V̂−1/2t−1 − V̂
−1/2
t

∥∥∥2 =

T∑
t=1

∥∥∥∥∥ 1√
v̂t−1

− 1√
v̂t

∥∥∥∥∥
2

=

T∑
t=1

(
1√
v̂t−1

− 1√
v̂t

)2

≤
T∑
t=1

(
1

v̂t−1
− 1

v̂t

)
≤ 1

v̂0
− 1

v̂T

≤ d

ε
, (F.5)
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where the first inequality holds by the element-wise operation: ∀x,y ∈ Rd,0 ≤ y ≤ x, we have
(x− y)2 ≤ (x− y)(x + y)) = x2 − y2.It concludes the proof.

Lemma F.4. The compression error has the following absolute bound

‖eit‖2 ≤
4q2

(1− q2)2
η2lK

2G2, ‖et‖2 ≤
4q2

(1− q2)2
η2lK

2G2. (F.6)

Proof. For all t ∈ [T ], by Assumption 3.4 and Young’s inequality, then if i /∈Mt

‖eit+1‖2 = ‖∆i
t + eit − C(∆i

t + eit)‖2

≤ q2‖∆i
t + eit‖2

≤ q2(1 + ρ)‖eit‖2 + q2
(

1 +
1

ρ

)
‖∆i

t‖2

≤ 1 + q2

2
‖eit‖2 +

2q2

1− q2
‖∆i

t‖2,

if i ∈Mt

‖eit+1‖2 = ‖∆i
t + eit − C(∆i

t−1 + eit−1)‖2

= ‖∆i
t + eit − C(∆i

t + eit) + C(∆i
t + eit)− C(∆i

t−1 + eit−1)‖2

≤ 2q2‖∆i
t + eit‖2 + 2‖C(∆i

t + eit)− C(∆i
t−1 + eit−1)‖2

≤ 2q2(1 + ρ)‖eit‖2 +

(
2q2(1 +

1

ρ
) +

2C2

α2m2

)
‖∆i

t‖2

≤ 2(1 + q2)

2
‖eit‖2 + (

4q2

1− q2
+

2C2

α2m2
)‖∆i

t‖2,

where the last inequality holds by choosing ρ = 1−q2
2q2 .

Thus obtain the absolute bound for the error terms

‖eit‖2 ≤
4q2

(1− q2)2
η2lK

2G2

or

‖eit‖2 ≤ (
8q2

(1− q2)2
+

2C2

α2m2

1− q2

2q2
)η2lK

2G2,

then

‖et‖2 =

∥∥∥∥∥ 1

m

m∑
i=1

eit

∥∥∥∥∥
2

≤ 1

m

m∑
i=1

‖∆i
t + eit − C(∆i

t + eit)‖2 +
1

Mt

∑
i∈Mt

‖∆i
t + eit − C(∆i

t−1 + eit−1)‖2

≤ 4q2

(1− q2)2
η2lK

2G2 + (
8q2

(1− q2)2
+

2C2

α2m2

1− q2

2q2
)η2lK

2G2. (F.7)

In the case of partial participation, suppose that client i has the participated time set Ti, and we
rewrite the Ti = {t0, t1, ..., tpi}, where t0 < t1 < · · · < tpi .Since when client i are not selected to
participate local training, the error stay unchanged. Then for ts ∈ Ti
thus by the similar recursive approach, since eit0 = 0,

E[‖eits+1
‖2] ≤ 2q2

1− q2
s∑

τ=1

(
1 + q2

2

)s−τ
E[‖∆i

tτ ‖
2].

Thus obtain the absolute bound for the error terms,
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‖eit‖2 ≤
4q2

(1− q2)2
η2lK

2G2

or

‖eit‖2 ≤ (
8q2

(1− q2)2
+

2C2

α2m2

1− q2

2q2
)η2lK

2G2,

‖et‖2 =

∥∥∥∥∥ 1

m

m∑
i=1

eit

∥∥∥∥∥
2

≤ 1

m

m∑
i=1

‖∆i
t + eit − C(∆i

t + eit)‖2 +
1

Mt

∑
i∈Mt

‖∆i
t + eit − C(∆i

t−1 + eit−1)‖2

≤ 4q2

(1− q2)2
η2lK

2G2 + (
8q2

(1− q2)2
+

2C2

α2m2

1− q2

2q2
)η2lK

2G2. (F.8)

This is the end of the proof.

Lemma F.5. Under Assumptions 3.2 and 3.4, for FedAMS, we have ‖∇f(θ)‖ ≤ G,‖∆̃t‖ ≤
ηlKG,‖mt‖ ≤ ηtKG and ‖vt‖ ≤ η2tK

2G2.For FedCAMS,we have ‖∇Fi(θ)‖ ≤ G,‖∆̂t‖2 ≤
4(1+q2)3

(1−q2)2 η
2
lK

2G2 ‖∇f(θ)‖ ≤ G,‖∆̂t‖2 ≤ 4(1+q2)3

(1−q2)2 η
2
lK

2G2,‖m′t‖ ≤ ηlKG and ‖vt‖ ≤
4(1+q2)3

(1−q2)2 η
2
lK

2G2,where m′t = β1m
′
t−1 + (1− β1)∆̃t.

Proof. Since f has G-bounded stochastic gradients, for any θ and ξ, we have ‖∇f(θ, ξ)‖ ≤ G, that

‖∇f(θ)‖ = ‖Eξ∇f(θ, ξ)‖ ≤ Eξ‖∇f(θ, ξ)‖ ≤ G.

For Fed, the model difference ∆̃i
t, by definition, has the following formula,

therefore,

∆̃i
t = θit,K − θt = −η

∑K
k=1 git,k or ∆̃i

t = θit−1,K − θt−1 = −η
∑K
k=1 git−1,k,

‖∆̃t‖ ≤
1

|St|
∑
i∈St

‖∆̃i
t‖ ≤ ηlKG.

Thus the bound for momentum mt and variance vt has the formula of

‖mt‖ = (1− β1)

t∑
τ=1

βt−τ1 ‖∆̃t‖ ≤ ηlKG,

‖vt‖ = (1− β2)

t∑
τ=1

βt−τ2 ‖∆̃t‖2 ≤ η2lK2G2.

For the compressed version, FedCAMS,

∆i
t = θit,K − θt = −η

∑K
k=1 git,k ,

‖∆t‖ ≤
1

m

m∑
i=1

‖∆i
t‖ ≤ ηlKG.

Thus the bound for momentum mt and variance vt has the formula of

‖mt‖ = (1− β1)

t∑
τ=1

βt−τ1 ‖∆t‖ ≤ ηlKG,

‖vt‖ = (1− β2)

t∑
τ=1

βt−τ2 ‖∆t‖2 ≤ η2lK2G2.

62



3348
3349
3350
3351
3352
3353
3354
3355
3356
3357
3358
3359
3360
3361
3362
3363
3364
3365
3366
3367
3368
3369
3370
3371
3372
3373
3374
3375
3376
3377
3378
3379
3380
3381
3382
3383
3384
3385
3386
3387
3388
3389
3390
3391
3392
3393
3394
3395
3396
3397
3398
3399
3400
3401

Under review as a conference paper at ICLR 2025

‖∆̂i
t‖2 ≤ ‖C(∆i

t + eit)‖2

≤ ‖C(∆i
t + eit)− (∆i

t + eit) + (∆i
t + eit)‖2

≤ 2(q2 + 1)‖∆i
t + eit‖2

≤ 4(q2 + 1)[‖∆i
t‖2 + ‖eit‖2],

if i /∈Mt,‖∆̂i
t‖2 ≤

4(1+q2)3

(1−q2)2 η
2
lK

2G2. if i ∈Mt,‖∆̂i
t‖2 ≤ ( 8(1+q2)3

(1−q2)2 + 4(1−q2)(q2+1)C2

α2m2 )η2lK
2G2.

then

‖∆̂t‖2 =

∥∥∥∥∥ 1

m

m∑
i=1

∆̂i
t

∥∥∥∥∥
2

≤ 4(1 + q2)3

(1− q2)2
η2K2G2 + (

8(1 + q2)3

(1− q2)2
+

4(1− q2)(q2 + 1)C2

α2m2
)η2lK

2G2

where the third inequality holds due to Assumption 3.4,and the last inequality holds due to LemmaF.4
e virtual momentum sequence ‖m′t‖ has the same bound as mt of FedAMS. For the variance
sequence of FedCAMS, we have

‖vt‖ = (1− β2)

t∑
τ=1

βt−τ2 ‖∆̂t‖2 ≤
4(1 + q2)3

(1− q2)2
η2lK

2G2.

This concludes the proof.

Lemma F.6. The global model difference ∆t =
∑m
i=1 ∆̃i

t in full participation cases satisfy

E[‖∆̃t‖2] ≤ Kη2l
m

σ2
l +

η2l
m2

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

+
1

m2
E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

. (F.9)

Proof. For E[‖∆̃t‖2] in full participation case, then

E[‖∆̃t‖2] = E

∥∥∥∥∥ 1

m

m∑
i=1

K−1∑
k=0

ηlg
i
t,k −

1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2


=
η2l
m2

E
[∥∥∥∥ m∑

i=1

K−1∑
k=0

git,k −
1

ηlMc

∑
i∈Mc

qit

∥∥∥∥2]

=
η2l
m2

E
[ ∥∥∥∥∥

m∑
i=1

K−1∑
k=0

(git,k −∇Fi(θit,k))

∥∥∥∥∥
2 ]

+
η2l
m2

E
[ ∥∥∥∥∥

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)− 1

ηlMt

∑
i∈Mt

qit

∥∥∥∥∥
2 ]

≤ Kη2l
m

σ2
l +

2η2l
m2

E∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

+ E

∥∥∥∥∥ 1

ηlMt

∑
i∈Mt

qit

∥∥∥∥∥
2


=
Kη2l
m

σ2
l +

2η2l
m2

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

+
2

m2
E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

,

where the inequality holds by Assumption 3.2.The end of the proof.
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Lemma F.7. The global model difference ∆t =
∑m
i=1 ∆i

t in full participation cases satisfy

E[‖∆t‖2] ≤ Kη2l
m

σ2
l +

η2l
m2

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

.

Proof. For E[‖∆t‖2] in full participation case, then

E[‖∆t‖2] = E

∥∥∥∥∥ 1

m

m∑
i=1

K−1∑
k=0

ηlg
i
t,k

∥∥∥∥∥
2


=
η2l
m2

E
[∥∥∥∥ m∑

i=1

K−1∑
k=0

git,k

∥∥∥∥2]

=
η2l
m2

E
[ ∥∥∥∥∥

m∑
i=1

K−1∑
k=0

(git,k −∇Fi(θit,k))

∥∥∥∥∥
2 ]

+
η2l
m2

E
[ ∥∥∥∥∥

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2 ]

≤ Kη2l
m

σ2
l +

η2l
m2

E∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2


=
Kη2l
m

σ2
l +

η2l
m2

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

, (F.10)

where the inequality holds by Assumption 3.2.The end of the proof.

Lemma F.8. The global model difference ∆̃t =
∑
i∈St ∆̃i

t in partial participation cases satisfy

E[‖∆̃t‖2] =
Kη2l
n

σ2
l +

η2l (m− n)

mn(m− 1)
[15mK3L3η2l (σ2

l + 6Kσ2
g) + 90mK4L2η2l + 3mK2‖∇f(θt)‖2

+3mK2σ2
g

]
+

η2l (n− 1)

mn(m− 1)
E
[∥∥∥ m∑

i=1

K−1∑
k=0

∇Fi(θit,k)− 1

Mt

∑
i∈Mt

qit

∥∥∥2].
Proof. Then

E[‖∆̃t‖2] = E

∥∥∥∥∥ 1

n

∑
i∈St

∆̃i
t

∥∥∥∥∥
2


=
1

n2
E

∥∥∥∥∥
m∑
i=1

I{i ∈ St}∆̃i
t

∥∥∥∥∥
2


=
1

n2
E

∥∥∥∥∥η2l
m∑
i=1

I{i ∈ St}
K−1∑
k=0

[git,k −∇Fi(θit,k)

∥∥∥∥∥
2

+

∥∥∥∥∥η2l
m∑
i=1

I{i ∈ St}
K−1∑
k=0

∇Fi(θit,k)− 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2


=
1

n2
E

∥∥∥∥∥η2l
m∑
i=1

P{i ∈ St}
K−1∑
k=0

[git,k −∇Fi(θit,k)]

∥∥∥∥∥
2

+

∥∥∥∥∥η2l
m∑
i=1

P{i ∈ St}
K−1∑
k=0

∇Fi(θit,k)− 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2


=
η2l
mn

E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

[git,k −∇Fi(θit,k)]

∥∥∥∥∥
2
+

1

n2
E

∥∥∥∥∥η2l
m∑
i=1

P{i ∈ St}
K−1∑
k=0

∇Fi(θit,k)− 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2


≤ Kη2l
n

σ2
l +

2η2l
n2

E

∥∥∥∥∥
m∑
i=1

P{i ∈ St}
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

+
2

n2
E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

, (F.11)
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where the fifth equation holds due to P{i ∈ St} = n
m .Note that∥∥∥∥∥

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

=

m∑
i=1

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

+
∑
i 6=j

〈
K−1∑
k=0

∇Fi(θit,k),

K−1∑
k=0

∇Fj(θjt,k)

〉

=

m∑
i=1

m

∥∥∥∥K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥2 − 1

2

∑
i 6=j

∥∥∥∥K−1∑
k=0

∇Fi(θit,k)−
K−1∑
k=0

∇Fj(θjt,k)

∥∥∥∥2,
(F.12)

where the second equation holds due to ‖
∑m
i=1 θi‖2 =

∑m
i=1m‖θi‖2 −

1
2

∑
i 6=j ‖θi − θj‖2.By the

sampling strategy (without replacement), P{i ∈ St} = n
m andP{i, j ∈ St} = n(n−1)

m(m−1) , thus

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

P{i ∈ St}∇Fi(θit,k)

∥∥∥∥∥
2

=
m∑
i=1

P{i ∈ St}
∥∥∥∥K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥2 +
∑
i 6=j

P{i, j ∈ St}
〈K−1∑

k=0

∇Fi(θit,k),
K−1∑
k=0

∇Fj(θjt,k)

〉

=
n

m

m∑
i=1

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

+
n(n− 1)

m(m− 1)

∑
i 6=j

〈
K−1∑
k=0

∇Fi(θit,k),

K−1∑
k=0

∇Fj(θjt,k)

〉

=
n2

m

m∑
i=1

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

− n(n− 1)

2m(m− 1)

∑
i 6=j

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)−
K−1∑
k=0

∇Fj(θjt,k)

∥∥∥∥∥
2

=
n(m− n)

m(m− 1)

m∑
i=1

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

+
n(n− 1)

m(m− 1)

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

, (F.13)

where the third equation holds due to 〈x,y〉 = 1
2 [‖x2 + y2‖ −‖x− y‖2] and the last equation holds

due to 1
2

∑
i6=j ‖θi− θj‖2 =

∑m
i=1m‖θi‖2 − ‖

∑m
i=1 θi‖2. Therefore, for the last term in F.11, then

E[‖∆̃t‖2] =
Kη2l
n

σ2
l +

2η2l (m− n)

mn(m− 1)

m∑
i=1

E

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2


+
2η2l (n− 1)

mn(m− 1)
E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
+

2

n2
E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

.

The second term in (F.13) is bounded partially following Reddi et al. (2020),
m∑
i=1

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

=

m∑
i=1

E
∥∥∥∥K−1∑
k=0

[
∇Fi(θit,k)−∇Fi(θt) +∇Fi(θt)−∇f(θt) +∇f(θt)

]∥∥∥∥2

≤ 3

m∑
i=1

E
∥∥∥∥K−1∑
k=0

[∇Fi(θit,k)−∇Fi(θt)]
∥∥∥∥2 + 3mK2σ2

g + 3mK2‖∇f(θt)‖2

≤ 3KL2
m∑
i=1

K−1∑
k=0

E[‖θit,k − θt‖2] + 3mK2σ2
g + 3mK2‖∇f(θt)‖2

≤ 15mK3L3η2l (σ2
l + 6Kσ2

g) + (90mK4L2η2l + 3mK2)‖∇f(θt)‖2 + 3mK2σ2
g

(F.14)

where the last inequality holds by applying Lemma C.9 (also follows from Reddi et al. (2020)).
Substituting (F.14) into (F.13), this concludes the proof.

65



3510
3511
3512
3513
3514
3515
3516
3517
3518
3519
3520
3521
3522
3523
3524
3525
3526
3527
3528
3529
3530
3531
3532
3533
3534
3535
3536
3537
3538
3539
3540
3541
3542
3543
3544
3545
3546
3547
3548
3549
3550
3551
3552
3553
3554
3555
3556
3557
3558
3559
3560
3561
3562
3563

Under review as a conference paper at ICLR 2025

Lemma F.9. The global model difference ∆t =
∑
i∈St ∆i

t in partial participation cases satisfy

E[‖∆t‖2] =
Kη2l
n

σ2
l +

η2l (m− n)

mn(m− 1)
[15mK3L3η2l (σ2

l + 6Kσ2
g) + 90mK4L2η2l + 3mK2‖∇f(θt)‖2

+3mK2σ2
g

]
+

η2l (n− 1)

mn(m− 1)
E
[∥∥∥ m∑

i=1

K−1∑
k=0

∇Fi(θit,k)
∥∥∥2].

Proof. we have

E[‖∆t‖2] = E

∥∥∥∥∥ 1

n

∑
i∈St

∆i
t

∥∥∥∥∥
2


=
1

n2
E

∥∥∥∥∥
m∑
i=1

I{i ∈ St}∆i
t

∥∥∥∥∥
2


=
1

n2
E

∥∥∥∥∥η2l
m∑
i=1

I{i ∈ St}
K−1∑
k=0

[git,k −∇Fi(θit,k)

∥∥∥∥∥
2

+

∥∥∥∥∥η2l
m∑
i=1

I{i ∈ St}
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2


=
1

n2
E

∥∥∥∥∥η2l
m∑
i=1

P{i ∈ St}
K−1∑
k=0

[git,k −∇Fi(θit,k)]

∥∥∥∥∥
2

+

∥∥∥∥∥η2l
m∑
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P{i ∈ St}
K−1∑
k=0
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∥∥∥∥∥
2


=
η2l
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E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

[git,k −∇Fi(θit,k)]

∥∥∥∥∥
2
+

1

n2
E

∥∥∥∥∥η2l
m∑
i=1

P{i ∈ St}
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2


≤ Kη2l
n

σ2
l +

2η2l
n2

E

∥∥∥∥∥
m∑
i=1

P{i ∈ St}
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

, (F.15)

where the fifth equation holds due to P{i ∈ St} = n
m .Note that∥∥∥∥∥

m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

=

m∑
i=1

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

+
∑
i 6=j

〈
K−1∑
k=0

∇Fi(θit,k),

K−1∑
k=0

∇Fj(θjt,k)

〉

=

m∑
i=1

m

∥∥∥∥K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥2 − 1

2

∑
i 6=j

∥∥∥∥K−1∑
k=0

∇Fi(θit,k)−
K−1∑
k=0

∇Fj(θjt,k)

∥∥∥∥2,
(F.16)

where the second equation holds due to ‖
∑m
i=1 θi‖2 =

∑m
i=1m‖θi‖2 −

1
2

∑
i 6=j ‖θi − θj‖2.By the

sampling strategy (without replacement), we have P{i ∈ St} = n
m andP{i, j ∈ St} = n(n−1)

m(m−1) , thus

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

P{i ∈ St}∇Fi(θit,k)

∥∥∥∥∥
2

=

m∑
i=1

P{i ∈ St}
∥∥∥∥K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥2 +
∑
i 6=j

P{i, j ∈ St}
〈K−1∑
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∇Fi(θit,k),

K−1∑
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∇Fj(θjt,k)

〉

=
n

m

m∑
i=1

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

+
n(n− 1)

m(m− 1)

∑
i6=j

〈
K−1∑
k=0

∇Fi(θit,k),

K−1∑
k=0

∇Fj(θjt,k)

〉
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=
n2

m

m∑
i=1

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

− n(n− 1)

2m(m− 1)

∑
i6=j

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)−
K−1∑
k=0

∇Fj(θjt,k)

∥∥∥∥∥
2

=
n(m− n)

m(m− 1)

m∑
i=1

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

+
n(n− 1)

m(m− 1)

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

,

where the third equation holds due to 〈x,y〉 = 1
2 [‖x2 + y2‖ −‖x− y‖2] and the last equation holds

due to 1
2

∑
i 6=j ‖θi− θj‖2 =

∑m
i=1m‖θi‖2−‖

∑m
i=1 θi‖2. Therefore, for the last term in F.15, then

E[‖∆t‖2] =
Kη2l
n

σ2
l +

η2l (m− n)

mn(m− 1)

m∑
i=1

E

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
+

η2l (n− 1)

mn(m− 1)
E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2
 .

(F.17)
The second term in (F.17) is bounded partially following (Reddi et al., 2020),

m∑
i=1

∥∥∥∥∥
K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

=

m∑
i=1

E
∥∥∥∥K−1∑
k=0

[
∇Fi(θit,k)−∇Fi(θt) +∇Fi(θt)−∇f(θt) +∇f(θt)

]∥∥∥∥2

≤ 3

m∑
i=1

E
∥∥∥∥K−1∑
k=0

[∇Fi(θit,k)−∇Fi(θt)]
∥∥∥∥2 + 3mK2σ2

g + 3mK2‖∇f(θt)‖2

≤ 3KL2
m∑
i=1

K−1∑
k=0

E[‖θit,k − θt‖2] + 3mK2σ2
g + 3mK2‖∇f(θt)‖2

≤ 15mK3L3η2l (σ2
l + 6Kσ2

g) + (90mK4L2η2l + 3mK2)‖∇f(θt)‖2 + 3mK2σ2
g ,

(F.18)

where the last inequality holds by applying Lemma C.9 (also follows from Reddi et al. (2020)).
Substituting F.18 into F.17, this concludes the proof.

Lemma F.10. Under Assumptions 3.1-3.4,for the momentum sequence mt = (1−β1)
∑t
r=1 β

t−τ
1 ∆̃τ

and accumulated error sequence Γt = (1− β1)
∑t
τ=1 β

t−τ
1 eτ in full participation settings, then

T∑
t=1

E[‖mt‖2] ≤ TKη2l
m

σ2
l +

2η2l
m2

T∑
t=1

E
[∥∥∥ m∑

i=1

K−1∑
k=0

∇Fi(θit,k)
]

+
2

m2

T∑
t=1

E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

and

T∑
t=1

E[‖Γt‖2] ≤ 4Tq2

(1− q2)2
Kη2i
m

σ2
l +

η2l
m2

4q2

(1− q2)2

T∑
t=1

E
∥∥∥ m∑
i=1

K−1∑
k=0

∇Fi(θit,k)
∥∥∥2+

1

m2

4q2

(1− q2)2

T∑
t=1

E
∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥2.

Proof. By the updating rule, we get
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E[‖mt‖2] = E
[
‖(1− β1)

t∑
τ=1

βt−τ1 ∆̃τ‖2
]

≤ (1− β1)2E
[( t∑

τ=1

βt−τ1 ∆̃τ,i

)2]

≤ (1− β1)2E
[( t∑

τ=1

βt−τ1

)( t∑
τ=1

βt−τ1 ∆̃2
τ,i

)]

≤ (1− β1)

t∑
τ=1

βt−τ1 E[‖∆̃τ‖2]

≤ Kη2l
m

σ2
l +

η2l
m2

(1− β1)

t∑
τ=1

βt−τ1 E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)− 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2


2η2l
m2

(1− β1)

t∑
τ=1

βt−τ1 E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

+
2

m2
(1− β1)

t∑
τ=1

βt−τ1 E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

,

where the second inequality holds by applying Cauchy-Schwarz inequality, and the third inequality
holds by summation of series. The last inequality holds by Lemma F.6. Hence summing over
t = 1, · · · , T , we get

T∑
t=1

E[‖mt‖2] ≤ TKη2l
m

σ2
l +

2η2l
m2

T∑
t=1

E
[∥∥∥ m∑

i=1

K−1∑
k=0

∇Fi(θit,k)
]

+
2

m2

T∑
t=1

E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

Lemma F.11. Under Assumptions 3.1-3.4,for the momentum sequence mt = (1−β1)
∑t
r=1 β

t−τ
1 ∆τ

and accumulated error sequence Γt = (1− β1)
∑t
τ=1 β

t−τ
1 eτ in full participation settings, we have

T∑
t=1

E[‖mt‖2] ≤ TKη2l
m

σ2
l +

η2l
m2

T∑
t=1

E
[∥∥∥ m∑

i=1

K−1∑
k=0

∇Fi(θit,k)
]

and
T∑
t=1

E[‖Γt‖2] ≤ 4Tq2

(1− q2)2
Kη2i
m

σ2
l +

η2l
m2

4q2

(1− q2)2

T∑
t=1

E
∥∥∥ m∑
i=1

K−1∑
k=0

∇Fi(θit,k)
∥∥∥2.

Proof. By the updating rule, we get

E[‖mt‖2] = E
[
‖(1− β1)

t∑
τ=1

βt−τ1 ∆τ‖2
]

≤ (1− β1)2E
[( t∑

τ=1

βt−τ1 ∆τ,i

)2]

≤ (1− β1)2E
[( t∑

τ=1

βt−τ1

)( t∑
τ=1

βt−τ1 ∆2
τ,i

)]

≤ (1− β1)

t∑
τ=1

βt−τ1 E[‖∆τ‖2]
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≤ Kη2l
m

σ2
l +

η2l
m2

(1− β1)

t∑
τ=1

βt−τ1 E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2


η2l
m2

(1− β1)

t∑
τ=1

βt−τ1 E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θit,k)

∥∥∥∥∥
2

,

where the second inequality holds by applying Cauchy-Schwarz inequality, and the third inequality
holds by summation of series. The last inequality holds by Lemma F.7. Hence summing over
t = 1, · · · , T , we have

T∑
t=1

E[‖mt‖2] ≤ TKη2l
m

σ2
l +

η2l
m2

T∑
t=1

E
[∥∥∥ m∑

i=1

K−1∑
k=0

∇Fi(θit,k)
]
.

For the compress error et,by Assumption3.4-C.1, then

‖et+1‖ =

∥∥∥∥∥ 1

m

m∑
i=1

eit+1

∥∥∥∥∥
=

∥∥∥∥∥ 1

m

m∑
i=1

[∆i
t + eit]−

1

m

m∑
i=1

C(∆i
t + eit) +

1

Mt

∑
i∈Mt

C(qit)

∥∥∥∥∥
≤

∥∥∥∥∥ 1

m

m∑
i=1

[∆i
t + eit]− C

(
1

m

m∑
i=1

[∆i
t + eit]

)∥∥∥∥∥+

∥∥∥∥∥C
(

1

m

m∑
i=1

[∆i
t + eit]

)
− 1

m

m∑
i=1

C(∆i
t + eit)

∥∥∥∥∥+

∥∥∥∥∥ 1

Mt

∑
i∈Mt

C(qit)

∥∥∥∥∥
≤ q
∥∥∥∥ 1

m

m∑
i=1

[∆i
t + eit]

∥∥∥∥+ γ

∥∥∥∥ 1

m

m∑
i=1

∆i
t

∥∥∥∥+
C

αm

∥∥∥∥ 1

Mt

∑
i∈Mt

∆i
t

∥∥∥∥
≤ q‖∆t‖+ q‖et‖+ γ‖∆t‖+

λC

αm
‖∆t‖

= q‖et‖+ (q + γ +
λC

αm
)‖∆t‖,

where the first equation holds by the definition for error et+1, and the second one holds by the update
rule for eit+1. The first inequality holds by ‖a + b‖ ≤ ‖a‖ + ‖b‖, and the second one holds by
Assumption 3.4-C.1. Thus by Young’s inequality, then

‖et+1‖2 ≤
(
q‖et‖+ (q + γ +

λC

αm
)‖∆t‖

)2

≤ q2(1 + ρ)‖et‖2 + (q + γ +
λC

αm
)2(1 + ρ−1)‖∆t‖2

=
1 + q2

2
‖et‖2 +

(q + γ + λC
αm )2

1− q2
‖∆t‖2, (F.19)

where the equation holds by letting ρ = 1−q2
2q2 , and 1 + ρ−1 = 1+q2

1−q2 ≤
2

1−q2 ,then by the similar
recursive approach in the proof of Lemma F.3, we have

E[‖et+1‖2] ≤
2(q + γ + λC

αm )2

1− q2
t∑

τ=1

(
1 + q2

2

)t−τ
E[‖∆τ‖2]

≤
4(q + γ + λC

αm )2

(1− q2)2
Kη2l
m

σ2
l +

η2l
m2

2(q + γ + λC
αm )2

1− q2
t∑

τ=1

(
1 + q2

2

)t−τ
E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(xiτ,k)

∥∥∥∥∥
2
 .
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For the sequence Γt,similar as the previous analysis, we have

E[‖Γ`‖2] = E
[∥∥∥∥(1− β1)

t∑
τ=1

βt−τ1 eτ

∥∥∥∥2]

≤ (1− β1)

t∑
τ=1

βt−τ1 E[‖eτ‖2]

≤
4(q + γ + λC

αm )2

(1− q2)2
Kη2l
m

σ2
l +

η2l
m2

2(q + γ + λC
αm )2(1− β1)

1− q2
t∑

τ=1

βt−τ1

τ∑
j=1

(
1 + q2

2

)τ−j
E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θij,k)

∥∥∥∥∥
2


Summing over t = 1, · · · , T ,then

T∑
t=1

E[‖Γt‖2] ≤
4T (q + γ + λC

αm )2

(1− q2)2
Kη2i
m

σ2
i +

η2l
m2

2(q + γ + λC
αm )2

1− q2
T∑
t=1

t∑
τ=1

(
1 + q2

2

)t−τ
E

∥∥∥∥∥
m∑
i=1

K−1∑
k=0

∇Fi(θiτ,k)

∥∥∥∥∥
2


+
η2l
m2

2(q + γ + λC
αm )2(1− β1)

1− q2
t∑

τ=1

βt−τ1

τ∑
j=1

(
1 + q2

2

)τ−j
E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

≤
4T (q + γ + λC

αm )2

(1− q2)2
Kη2l
m

σ2
l +

η2l
m2

4(q + γ + λC
αm )2

(1− q2)2

T∑
t=1

E
[∥∥∥ m∑

i=1

K−1∑
k=0

∇Fi(θit,k)
∥∥∥2].

The end of the proof.

Lemma F.12. Under Assumptions 3.1-3.4,for the momentum sequence mt = (1−β1)
∑t
τ=1 β

t−τ
1 ∆̃τ

inpartialparticipationsettings, we have

T∑
t=1

E[‖mt‖2] ≤ KTη2l
n

σ2
l +

2η2l
n2

T∑
t=1

E
[∥∥∥∑

i∈St

K−1∑
k=0

∇Fi(xit,k)
∥∥∥2]+

2

n2
E

∥∥∥∥∥ 1

Mt

∑
i∈Mt

qit

∥∥∥∥∥
2

.

Proof. The proof outline is the same as the proof of Lemma F.10, the main difference is E[‖∆̃t‖2]
has changed, so we need to apply Lemma F.8 instead of Lemma F.6 during the proof.

Lemma F.13. Under Assumptions 3.1-3.4,for the momentum sequence mt = (1−β1)
∑t
τ=1 β

t−τ
1 ∆τ

in partial participation settings,then

T∑
t=1

E[‖mt‖2] ≤ KTη2l
n

σ2
l +

η2l
n2

T∑
t=1

E
[∥∥∥∑

i∈St

K−1∑
k=0

∇Fi(xit,k)
∥∥∥2].

Proof. The proof outline is the same as the proof of Lemma F.11, the main difference is E[‖∆t‖2]
has changed, so we need to apply Lemma F.9 instead of Lemma F.7 during the proof.

Lemma F.14. (This lemma directly follows from Lemma 3 in Reddi et al. (2020)). For local
learning rate which satisfying ηl ≤ 1

8KL ,the local model difference after k (∀k ∈ {0, 1, ...,K −
1}) steps local updates satisfies,

1

m

m∑
i=1

E[‖xit,k − xt‖2] ≤ 5Kη2l (σ2
l + 6Kσ2

g) + 30K2η2l E[‖∇f(xt)‖2].

Proof. The proof of Lemma F.14 is exactly same as the proof of Lemma 3 in (Reddi et al. (2020)).
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