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Abstract

A crucial design decision for any robot learning pipeline is the choice of policy representa-
tion: what type of model should be used to generate the next set of robot actions? Owing to
the inherent multi-modal nature of many robotic tasks, combined with the recent successes
in generative modeling, researchers have turned to state-of-the-art probabilistic models such
as diffusion models for policy representation. In this work, we revisit the choice of energy-
based models (EBM) as a policy class. We show that the prevailing folklore—that energy
models in high dimensional continuous spaces are impractical to train—is false. We develop
a practical training objective and algorithm for energy models which combines several key
ingredients: (i) ranking noise contrastive estimation (R-NCE), (ii) learnable negative sam-
plers, and (iii) non-adversarial joint training. We prove that our proposed objective function
is asymptotically consistent and quantify its limiting variance. On the other hand, we show
that the Implicit Behavior Cloning (IBC) objective is actually biased even at the population
level, providing a mathematical explanation for the poor performance of IBC trained energy
policies in several independent follow-up works. We further extend our algorithm to learn
a continuous stochastic process that bridges noise and data, modeling this process with a
family of EBMs indexed by scale variable. In doing so, we demonstrate that the core idea
behind recent progress in generative modeling is actually compatible with EBMs. Alto-
gether, our proposed training algorithms enable us to train energy-based models as policies
which compete with—and even outperform—diffusion models and other state-of-the-art ap-
proaches in several challenging multi-modal benchmarks: obstacle avoidance path planning
and contact-rich block pushing.

1 Introduction

Many robotic tasks—e.g., grasping, manipulation, and trajectory planning—are inherently multi-modal: at
any point during task execution, there may be multiple actions which yield task-optimal behavior. Thus, a
fundamental question in policy design for robotics is how to capture such multi-modal behaviors, especially
when learning from optimal demonstrations. A natural starting point is to treat policy learning as a distri-
bution learning problem: instead of representing a policy as a deterministic map 7g(x), utilize a conditional
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generative model of the form pg(y | ) to model the entire distribution of actions conditioned on the current
robot state.

This approach of modeling the entire action distribution, while very powerful, leaves open a key design
question: which type of generative model should one use? Due to the recent advances in diffusion models
across a wide variety of domains (Dhariwal & Nichol, 2021; Blattmann et al., 2023; Kong et al., 2021; Saharia
et al., 2023; Song et al., 2022; Yang et al., 2022), it is natural to directly apply a diffusion model for the
policy representation (Chi et al., 2023; Janner et al., 2022; Reuss et al., 2023). In this work, however, we
revisit the use of energy-based models (EBMs) as policy representations (Florence et al., 2022). Energy-
based models have a number of appealing properties in the context of robotics. First, by modeling a scalar
potential field without any normalization constraints, EBMs yield compact representations; model size is
an important consideration in robotics due to real-time inference requirements. Second, action selection
for many robotics tasks (particularly with strict safety and performance considerations) can naturally be
expressed as finding a minimizing solution of a particular loss surface (Adams et al., 2022); this implicit
structure is succinctly captured through the sampling procedure of EBMs. Furthermore, reasoning in the
density space is more amenable to capturing prior task information in the model (Urain et al., 2022b), and
allows for straightforward composition which is not possible with score-based models (Du et al., 2023).

Unfortunately, while the advantages of EBMs are clear, EBMs for continuous, high-dimensional data can
be difficult to train due to the intractable computation of the partition function. Indeed, designing efficient
algorithms for training EBMs in general is still an active area of research (see e.g., Du & Mordatch (2019); Dai
et al. (2019); Song & Kingma (2021); Arbel et al. (2021)). Within the context of imitation learning, recent
work on implicit behavior cloning (IBC) (Florence et al., 2022) proposed the use of an InfoNCE (van den
Oord et al., 2018) inspired objective, which we refer to as the IBC objective. While IBC is considered state of
the art for EBM behavioral cloning, follow up works have found training with the IBC objective to be quite
unstable (Ta et al., 2022; Reuss et al., 2023; Chi et al., 2023; Pearce et al., 2023), and hence the practicality
of training and using EBMs as policies has remained an open question.

In this work we resolve this open question by designing and analyzing new algorithms based on ranking noise
constrastive estimation (R-NCE) (Ma & Collins, 2018), focusing on the behavioral cloning setting. Our main
theoretical and algorithmic contributions are summarized as follows:

e« The population level IBC objective is biased: We show that even in the limit of infinite
data, the population level solutions of the IBC objective are in general not correct. This provides
a mathematical explanation as to why policies learned using the IBC objective often exhibit poor
performance (Ta et al., 2022).

o Ranking noise contrastive estimation with a learned sampler is consistent: We utilize
the ranking noise contrastive estimation (R-NCE) objective of Ma & Collins (2018) to address the
shortcomings of the IBC objective. We further show that jointly learning the negative sampling
distribution is compatible with R-NCE, preserving the asymptotic normality properties of R-NCE.
This joint training turns out to be quite necessary in practice, as without it the optimization land-
scape of noise contrastive estimation objectives can be quite ill-conditioned (Liu et al., 2022; Lee
et al., 2023).

o« EBMs are compatible with multiple noise resolutions: A key observation behind recent gen-
erative models such as diffusion (Ho et al., 2020; Song et al., 2021b) and stochastic interpolants (Al-
bergo et al., 2023; Lipman et al., 2023; Liu et al., 2023) is that learning the data distribution at
multiple noise scales is critical. We show that this concept is actually compatible with EBMs and
contrastive training, by introducing a framework that models a continuum of EBMs which we term
interpolating EBMs, trained jointly using R-NCE. We believe this contribution to be of independent
interest to the generative modeling community.

o« EBMs trained with R-INCE yield high quality policies: We show empirically on several multi-
modal benchmarks, including an obstacle avoidance path planning benchmark and a contact-rich
block pushing task, that EBMs trained with R-NCE are competitive with—and can even outper-
form—IBC and diffusion-based policies. To the best of our knowledge, this is the first result in the
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literature which shows that EBMs provide a viable alternative to other state-of-the-art generative
models for robot policy learning, and can be stably trained even with modern transformer-based
backbones.

2 Related work

Generative Models for Controls and RL. Recent advances in generative modeling have inspired many
applications in reinforcement learning (RL) (Heess et al., 2013; Haarnoja et al., 2017; 2018; Levine, 2018;
Liu et al., 2021; Ho & Ermon, 2016), trajectory planning (Du et al., 2020; Urain et al., 2022b; Ajay et al.,
2022; Janner et al., 2022), robotic policy design (Florence et al., 2022; Pearce et al., 2023; Chi et al.,
2023; Reuss et al., 2023), and robotic grasp and motion generation (Urain et al., 2022a). In this paper,
we focus specifically on generative policies trained with behavior cloning, although many of our technical
contributions apply more broadly to learning energy-based models. Most related to our work is the influential
implicit behavior cloning (IBC) work of Florence et al. (2022), which advocates for using a noise contrastive
estimation objective (which we refer to as the IBC objective) based on InfoNCE (van den Oord et al., 2018)
in order to train energy-based policies. As discussed previously, many works (Ta et al., 2022; Reuss et al.,
2023; Chi et al., 2023; Pearce et al., 2023) have independently found that the IBC objective is numerically
unstable and does not consistently yield high quality policies. One of our main contributions is a theoretical
explanation of the limitations of the IBC objective, and an alternative training procedure based on ranking
noise contrastive estimation. Another closely related work is Chi et al. (2023), which shows that score-based
diffusion models (Sohl-Dickstein et al., 2015; Ho et al., 2020; Song et al., 2020; 2021b) yield state-of-the-
art generative policies for many multi-modal robotics tasks. In light of this work and the poor empirical
performance of the IBC objective, it is natural to conclude that score-based diffusion methods are now the
de facto standard for learning generative policies to solve complex robotics tasks. One of our contributions
is to show that this conclusion is false; energy-based policies trained via our proposed R-NCE algorithms
are actually competitive with diffusion-based policies in terms of performance.

We focus the rest of the related work discussion on the training of EBMs, as this is where most of our technical
contributions apply. Given the considerable scope of this topic and the extensive literature (see e.g., Song
& Kingma (2021); Lecun et al. (2006) for thorough literature reviews), we concentrate our discussion on
the two most common frameworks: maximum likelihood estimation (MLE) and noise contrastive estimation

(NCE).

Training EBMs via Maximum Likelihood. A key challenge in training EBMs via MLE is in computing
the gradient of the MLE objective, which involves an expectation of the gradient of the energy function w.r.t.
samples drawn from the EBM itself (cf. Section 3). This necessitates the use of expensive Markov Chain
Monte Carlo (MCMC) techniques to estimate the gradient, resulting in potentially significant truncation
bias that can cause training instability. A common heuristic involves using persistent chains (Tieleman,
2008; Du & Mordatch, 2019; Du et al., 2021) over the course of training to better improve the quality
of the MCMC samples. However, such techniques cannot be straightforwardly applied to the conditional
distribution setting, as one would require storing context-conditioned chains, which becomes infeasible when
the context space is continuous.

Another common technique for scalable MLE optimization is to approximate the EBM model’s samples
using an additional learned generative model that easier to sample from. Re-writing the partition function in
the MLE objective using a change-of-measure argument and applying Jensen’s inequality yields a variational
lower bound and thus, a max-min optimization problem where the sampler is optimized to tighten the bound
while the EBM is optimized to maximize likelihood (Dai et al., 2019; Grathwohl et al., 2021). For example,
Dai et al. (2019) propose to learn a base distribution followed by using a finite number of Hamiltonian Monte
Carlo (HMC) leapfrog integration steps to sample from the EBM. Grathwohl et al. (2021) use a Gaussian
sampler with a learnable mean function along with variational approximations for the inner optimization.
More examples of this max-min optimization approach can be found in e.g., Song & Kingma (2021); Bond-
Taylor et al. (2022). Unfortunately, adversarial optimization is notoriously challenging and requires several
stabilization tricks to prevent mode-collapse (Kumar et al., 2019).
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Alternatively, one may instead leverage an EBM to correct a backbone latent variable-based generative model,
commonly referred to as ezponential tilting. For instance, this has been accomplished by using VAEs (Xiao
et al., 2021) and normalizing flows (Arbel et al., 2021; Nijkamp et al., 2022) as the backbone. Leveraging the
inverse of this model, one may perform MCMC sampling within the latent space, using the pullback of the
exponentially tilted distribution. Ideally, this pullback distribution is more unimodal, thereby allowing faster
mixing for MCMC. Pushing forward the samples from the latent space via the backbone model yields the
necessary samples for defining the MLE objective. Thus, the EBM acts as an implicit “generative correction"
of the backbone model, as opposed to a standalone generative model. The challenge however is that the
overall energy function that needs to be differentiated for MCMC sampling now involves the transport map
as well, which, for non-trivial backbone models (e.g., continuous normalizing flows (Chen et al., 2018)) yields
a non-negligible computational overhead.

We next outline NCE as a form of “discriminative correction”, drawing a natural analogy with Generative
Adversarial Networks (GANSs).

Training EBMs via Noise Contrastive Estimation. Instead of directly trying to maximize the like-
lihood of the observed samples, NCE leverages contrastive learning (Le-Khac et al., 2020) and thus, is
composed of two primary parts: (i) the contrastive sample generator, and (ii) the classification-based critic,
where the latter serves as the optimization objective. The general formulation was introduced by Gutmann
& Hyvérinen (2012) for unconditional generative models, whereby for each data sample, one samples K
“contrast" (also referred to as “negative") examples from the noise distribution, and formulates a binary
classification problem based upon the posterior probability of distinguishing the true sample from the syn-
thesized contrast samples.

For conditional distributions, Ma & Collins (2018) found that the binary classification approach is severely
limited: consistency requires the EBM model class to be self-normalized. Instead, they advocate for the
ranking NCE (R-NCE) variant (Jozefowicz et al., 2016). R-NCE posits a multi-class classification objective
as the critic, and overcomes the consistency issues with the binary classification objective in the conditional
setting (Ma & Collins, 2018), at least for discrete probability spaces. In this work, we focus on the R-NCE
formulation, and extend the analysis of Ma & Collins (2018) to include jointly optimized noise distribution
models over arbitrary probability spaces (i.e., beyond the discrete setting). In particular we study various
properties such as: (i) asymptotic convergence, (ii) the pitfalls of weak contrastive distributions, (iii) jointly
training the contrastive generative model, either via an independent objective or adversarially, (iv) extension
to a multiple noise scale framework by defining a suitable time-indexed family of models and contrastive
losses, and (v) sampling from the combined contrastive generative model and EBM.

Despite leveraging a similar classification-based objective to GANs, NCE does not need adversarial training
in order to guarantee convergence. In particular, the contrastive model in NCE is not the primary genera-
tive model being learned; it is merely used to provide the counterexamples needed to score the EBM-based
classifier. Furthermore, our asymptotic analysis shows that a fixed noise distribution suffices for consistency
and asymptotic normality. In practice, however, the design of the noise distribution is the most critical
factor in the success of NCE methods (Gutmann & Hirayama, 2011). An overly simple fixed noise distri-
bution will lead to a trivial classification problem, which is problematic from an optimization perspective
due to exponentially flat loss landscapes (Liu et al., 2022; Lee et al., 2023). Thus, a key part of our al-
gorithmic contributions is in how the negative sampler is learned. We propose simultaneously training a
simpler normalizing flow model as the sampler, jointly with the EBM. This is in contrast with adversarial
approaches (Gao et al., 2020; Bose et al., 2018) which require max-min training.! Without a need for ad-
versarial optimization, our joint training algorithm is numerically stable and yields a pair of complementary
generative models, whereby the more expressive model (EBM) bootstraps off the simpler model (normalizing
flow) for both training and inference-time sampling.

1Gao et al. (2020) actually consider a similar approach in the binary NCE setting, but ultimately dismiss it in favor of
adversarial training. We delve further by analyzing the statistical properties of adversarial training and question its necessity
in regards to the R-NCE objective.
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3 Ranking Noise Contrastive Estimation

3.1 Notation

Let the context space (X, pux ) and event space (Y, uy ) be compact measure spaces (for simplicity, we assume
that the event space is not a function of the context). Equip the product space X x Y with a probability
measure Py y = Px X Py|x, and assume that this probability measure is absolutely continuous w.r.t. the
base product measure px X py. Suppose furthermore that the conditional distribution Py |x is regular.
Let p(x,y), p(x), and p(y | x) denote the joint density, the marginal density, and the conditional density,
respectively (all densities are with respect to the their respective base measures).

Let © be a compact subset of Euclidean space, and consider the function class of conditional energy models:
T ={&(z,y): XxY >R |0 €O} (3.1)

This family of energy functions induces conditional densities in the following way:2

poly | o) = S - 7,00 = [ exptato) an-

Next, let = also be a compact subset of Euclidean space, and consider the parametric class of conditional
densities for the contrastive model:

Fn = A{pe(y | =) | £ € E} (3-2)

While our theory will be written for general parametric density classes, for our proposed algorithm to
be practical we require that both computing and sampling from pe(y | ) is efficient. Some examples of
models which satisfy these requirements include normalizing flows (Grathwohl et al., 2019) and stochastic
interpolants (Albergo & Vanden-Eijnden, 2023; Albergo et al., 2023).

We globally fix a positive integer K € N,.. For a given z, let PK| denote the product conditional sampling

distribution over Y* where y ~ PK ¢ denotes a random vector y = (yp) K, € YK with yg ~ pe(- | z) for

k=1,...,K. Now, for a given (x ,y) ~Pxy,y~PE _ and parameters § € ©, £ € =, we define:

MEH

exp(&o(7,y) — logpe(y | )
2yefyuy P (. y') —logpe(y' | x))

loe(z,y|y) = log (3.3)

With this notation, the Ranking Noise Contrastive Estimation (R-NCE) population mazimization objective

L(6,¢) is:

L(ea €) = E(I,y)NP)gy]EyNP;(‘I;EKQ,ﬁ(I7 ) | y) (34)
For notational brevity, we will write this as:
L(9,§) := Eyjze oe(z,y|y),

where the length K of the vector y is implied from context.

Intuition. Let us build some intuition for the ranking objective (3.3). For any (x,y) ~ Pxy andy ~ Py|a: £

let y :={y}Uy = (y])K'H € YE+L Let the random variable D € {1,..., K + 1} denote the index of the
true sample y within y. We will construct a Bayes classifier for D using the EBM. In particular, leveraging
the EBM as the generative model for the true distribution Py |y, we can define the “class-conditional”
distribution over y as:
K+1
Poc¥ |z, D=k =po(yr | 2) [ pely;| ).
J=1,5#k

2While an EBM would traditionally be represented as pg(y | =) o exp(—Ep(x,y)) (see e.g., Lecun et al. (2006)), we utilize the
non-negated version for notational convenience and consistency with referenced works such as Gutmann & Hyvérinen (2012);
Ma & Collins (2018), upon which we base our theoretical development.
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Then, the posterior p(D =k | z,¥) £ gp¢(k | 7,¥) may be derived via Bayes rule as:

_ Poc(y |2, D =Fk)p(D=k]|x)
qG,{(k ‘ l',y) = K+1§_ _ R . .
>t Poe(y |z, D=j)p(D=j|x)

Now, it remains to specify a prior distribution p(D = k | ). A simple, yet natural, choice reflecting the
desire that no index is to be preferred over any other indices is to choose the uniform prior distribution
p(D=k|x)=1/(K+1)forall k € {1,..., K+ 1}. With this prior, the posterior probability simplifies as:

Po(yk | ) [ e (y; | @)

Wk | 2,y) = (3.5)
52501 Po(y; | 2) Tiy pe(on | 2)
__ polyr | 2)/pe(yn | )
= =kt . (3.6)
>j=1 Poly; | 2)/pely; | =)
Substituting pg(y | =) = exp(Ey(z,y))/Zo(x), and noting that the partition function Zy cancels:
_ exp(&y(z, —lo T
doc(k | 2,5) = P(&o(x, yr) — logpe(yr | =)) (3.7)

> yey exp(o(w,y) —logpe(y | x))

Thus, the objective in (3.3) denotes the posterior log-probability (conditioned on both the data (x,y) and
the contrastive samples y) that the sample y is drawn from the energy model & and the remaining samples
K samples in y are all drawn iid from p¢(- | ). Based on this interpretation, we adopt the terminology that
y is the positive example, y contains the negative examples, and pe (- | z) is the negative proposal distribution.

Given this posterior log-probability interpretation, it will prove useful to re-state the R-NCE objective as
follows. For k € {1,..., K +1}, let Py|;.¢ ;, denote the true “class-conditional” distribution over YE+1 That

is, for a given y = (yj)JK:"{l ~ Pg|zie. ks we have y, ~ p(- | ) and y; ~ pe(- | ) for j # k. When the index k is
omitted, this refers to the setting of k = 1: ﬁy‘x;f = |53—,‘x;571. By symmetry then, for any k € {1,..., K + 1},
the population objective in (3.4) can be equivalently written as:

L(0,€) :== EonpyEg 5 . Jogaoe(k | z,y). (3.8)
For notational brevity, we will write this as:
L(aa g) = EmEy\x;f,k IOg qe,é(k | z, S’)

This notation will prove useful for subsequent analysis.

Comparison to Maximum Likelihood Estimation. Let us take a moment to compare the R-NCE
objective to the standard maximum likelihood estimation (MLE) objective:

Lmle(g) = Ew,y 10gp9(y | .13) (39)

Letting y = {y} Uy, and taking the gradient of both L;.(0) and L(6,&) (assume for now the validity of
exchanging the order of expectation and derivative),

VoLmie(0) = Eay Volo(x,y) — EaEyrpy(.12) Voo (2, '), (MLE)
K41

V9L(07 f) = Em,yvege(xa y) - EzEﬂx;{ Z q0,£(i | z, y)v959(x7 yl) . (R'NCE)
i—1

Comparing the two expressions, the main difference is in the gradient correction term on the right. For
MLE, this gradient computation requires sampling from the energy model py(y | x), which is prohibitively
expensive during training. On the other hand, the R-NCE gradient is computationally efficient to compute,
provided the negative sampler is efficient to both sample from and compute log-probabilities.
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Algorithm 1: Ranking noise-contrastive estimation with learnable negative sampler

Data: Dataset D = {(x;, y;)}!;, number of outer steps Tyyuter, number of sampler steps per outer step
Tsamp, number of R-NCE steps per outer step Tince, number of negative samples K.
Result: Energy model parameters 6, negative sampler parameters &.

Initialize # and &.
Set Lime(&;B) = — Z(zi,yi)elﬁ logpé(yi | ).
Set Lince(0,&8) = =34, yi e Lo (@i yi | yi)-
for Tyuier iterations do
for Tyamp iterations do
B + batch of D.
¢ < minimize using Vgﬁmle(ﬁ;[j’). // Or use auxiliary loss, see Remark 3.1.
end
for Typce iterations do
B < batch of D.
// Augment batch with negative samples.
B <+ {(zi,vi,¥:) | (x4,y:) € B}, with y; ~ me;g‘
6 < minimize using V@ﬁmce(& & B).
end
return (6,¢)
end

Algorithm 2: Sample from py(y | ) for Euclidean Y

Data: Context x € X, energy model parameters 6, negative sampler parameters £, Langevin steps
Theme, Langevin step size 7.
Result: Sample y ~ py(y | z).

Set yo ~ pe(y | ).
// Run Langevin sampling, could alternatively run HMC sampling.

fort=0,...,Theme — 1 do
‘ Set yr1 =y + va59($7yt) + v/ 2nwe, with wy ~ N(Ov I).
end
return yr
3.2 Algorithm

Our main proposed R-NCE algorithm with a learnable negative sampler is presented in Algorithm 1. We
remark that one could alternatively pre-train the negative sampler distribution pe (i.e., move Lines 5-8 after
Line 3 and set Tgamp large enough so that the negative sampler converges), as opposed to jointly training
the negative sampler concurrently with the energy model. Using a pre-trained negative sampler distribution
was previously explored in Gao et al. (2020), where it was empirically shown to be an ineffective idea for
binary NCE. We will also revisit this choice within our experiments.

Remark 3.1. As mentioned earlier, any family of densities F, suffices in Algorithm 1. For specific families
such as stochastic interpolants (Albergo & Vanden-Eijnden, 2023) where an auziliary loss is used instead of
negative log-likelihood, Algorithm 1, Line 7 is replaced with the corresponding auziliary loss.

Remark 3.2. Note that in Algorithm 1, the proposal model is optimized independently of the EBM; the
latter is optimized purely via the R-NCE objective. Crucially, the negative samples y do not depend upon
the EBM’s parameters 6. Hence, no re-parameterization tricks are required since the batch augmentation
in Line 11 does not introduce any gradient dependencies on 0 for the optimization step in Line 12.

Algorithm 2 outlines how to sample from the combined proposal ps and EBM pg models. In particular,
we leverage p¢ to generate an initial sample in Line 1 and warm-start a finite-step MCMC chain with the
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EBM in Lines 2-4. We outline the simplest possible MCMC implementation (Langevin sampling), however
one may leverage any additional variations and tricks, including Hamiltonian Monte Carlo (HMC) and
Metropolis-Hastings adjustments.

4 Analysis

We now present our analysis of ranking noise contrastive estimation. First, we will require the following
regularity assumptions:

Assumption 4.1 (Continuity). Assume the following assumptions are satisfied:

1. For a.e. (x,y), the map 0 — Ey(x,y) is continuous, and for all 0, the map (z,y) — Ep(x,y) is
measurable.

2. For a.e. (x,y), the map & — pe(y | ) is continuous, and for all €, the map (z,y) — pe(y | z) s
measurable.

We additionally require the following boundedness assumption:

Assumption 4.2 (Uniform Integrability). Assume that:

300,60 € O x E st EyyEyjpe esu(l)) o c(x,y|y)—Logeo(z,y|y)| < oo
€0,

EEE

Furthermore, define the random variable 67975 (z,y), measurable on X x Y:

Zg’g(.’lﬁ,y) = Ey\z;& f@}f(.’lﬁ,y | y)'

Then, by the continuity of (6,£) +— lg¢(x,y | y) for a.e. (z,y,y) and the Lebesgue Dominated Convergence
theorem, it follows that: (i) for a.e. (x,y), the map (6,£) — {gp¢(z,y) is continuous, and (ii) the map
(0,€) — L(6,¢) is continuous. For all results in this section, the proofs are provided in Appendix C.

4.1 Optimality

The first step in analyzing the R-NCE objective is to characterize the set of optimal solutions. To do so, we
introduce the following key definition:

Definition 4.3 (Realizability). We say that .F is realizable if there exists a 0, € © such that for almost
every (z,y):

_ exp(&p, (z,y))
po, (y | z) = W

We let ©, denote the set of 0, € O such that the above condition (4.1) holds. If ©, is a singleton, we say
that F is identifiable.

=p(y|z). (4.1)

Realizability stipulates that the energy model & is sufficiently expressive to capture the true underlying
distribution. We now establish the following optimality result:

Theorem 4.4 (Optimality). Suppose that F is realizable. Then, for any & € E, we have that:

©, = argmax L(6,§). (4.2)
0cO

We note that the proof of Theorem 4.4 mostly follows that of Ma & Collins (2018, Theorem 4.1), but includes
the measure-theoretic arguments necessary to extend it to our more general setting.

Remark 4.5. Notice that the optimality of O, is independent of the negative proposal distribution, thereby
allowing us to use any generative model for negative samples y, provided it is easily samplable and the
computation of logpe(- | ) is tractable. The question of which negative proposal distribution to use is
addressed in Section 4.3.
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4.1.1 Comparison to the IBC Objective

In Florence et al. (2022), the following implicit behavior cloning (IBC) objective is proposed:

exp(&p(z,y)) . (4.3)

Lipc 07 =Bz yEyaic ]
be(0,€) iy |z 108 X yeiyiuy xp(a(2,y))

The IBC objective can be seen as a special case of the R-NCE objective, with the particular choice of
negative sampling distribution pe(y | =) as the uniform distribution on Y for a.e. z € X. Note that the
uniform distribution is the only choice which renders the objective unbiased (this observation was also made
in Ta et al. (2022)). Figure 1 illustrates a toy one dimensional setting with a Gaussian proposal distribution,
illustrating the bias inherent in the population objective when a non-uniform proposal distribution is used.
Shortly, we will characterize the optimizers of the IBC objective, quantifying the bias.

0<
_l<
_2<
v 73]
2
o
J
_5<
IBC (K = 10)
_61 IBC (K =100)
R-NCE (K = 10)
7] R-NCE (K = 100)
MLE
-8 — Hx
3 P -1 0 1 2 3 4 5

u

Figure 1: The population objective landscape for the IBC objective (4.3) versus the R-NCE objective (3.4), for
K € {10,100}. The true distribution p(y | z) is a N(1,1) distribution (for simplicity, the context x is not relevant),
and the proposal distribution is N (0,1). The energy model function class is comprised of unit variance Gaussians,
ie, ZF ={(z,y) = —5(y—n)® | n € R}. Note that for ease of comparison, all objectives have been shifted so that the
maximum values are zero. Furthermore, the maximum likelihood objective (3.9) has also been plotted for reference.

The fact that the IBC objective forces the use of a uniform proposal distribution substantially limits its
applicability in high dimension. Indeed, in Section 4.3 we will see that a proposal distribution which is
non-informative causes the gradient to vanish, and hence training to stall. This issue has been empirically
observed in many follow up works (Ta et al., 2022; Reuss et al., 2023; Chi et al., 2023; Pearce et al., 2023).

Optimizers of the IBC Objective. The optimizers of the IBC objective can be studied using the
optimality of the R-NCE objective (Theorem 4.4) in conjunction with a change of variables. We first
introduce the notion of &-realizability, which posits that the density ratio p(y | z)/pe(y | z) is representable
by the function class ..

Definition 4.6 (¢-realizability). Let £ € 2. We say that F is {-realizable if there exists 0, € © such that
for a.e. (z,y):

exp(&y, (,9)) _ plylz)
Jy exp(&, (z,y))pe(y | ©)dpy  pely | o)

We let ©¢ denote the subset of © such that the above condition holds.
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With this definition, we can now characterize the optimizers of the IBC objective.

Proposition 4.7. Let £ € =, and suppose that F is {-realizable (Definition 4.6). We have:
O¢ = argmax Lipc(6, §).
0O
Proof. The proof follows immediately from Theorem 4.4 after a simple transformation. In particular, we

note that:

exp(Eo(z,y) +logpe(y | ) —logpe(y | x))

Line(0,€) = By yEyppe |
be(6:8) = BusByiac 08 | 5 b (Eo ) + logpe( | 2) — logpe(s | 2))

This is equivalent to the R-NCE objective over the shifted function class:
Fe = {E(x,y) +logpe(y | z) | 0 € O}.

Note that realizability of .#¢ (Definition 4.3) is equivalent to &-realizability of .%# (Definition 4.6), from which
the claim now follows by Theorem 4.4. O

Proposition 4.7 illustrates that optimizing the IBC objective results in an energy model which represents
the density ratio p(y | «)/pe(y | «), explaining the bias in the IBC objective when the negative sampling
distribution is non-uniform. The reason for this is because the IBC objective is based on an incorrect
application of InfoNCE (van den Oord et al., 2018), which is designed to maximize a lower bound on
mutual information between contexts x and events y, rather than extract an energy model & (x,y) to model
p(y | x) (Ta et al., 2022).

4.2 Asymptotic Convergence

In this section, we study the asymptotics of the R-NCE joint optimization algorithm. We begin by defining
the finite-sample version of the R-NCE population objective:

. _ 1 < —
Ln(eug) = Ez,y g@,f(l‘ay) = E ZEQ,E(xivyi)- (44)
=1

We consider a sequence of arbitrary negative sampler parameters {én} C = which are random variables
depending on the corresponding prefix of data points {(x;,y;)}. From these negative sampler parameters,
we select energy model parameters via the optimization:

0, € argmax L, (0,&,). (4.5)
0cO

We note that the definition of 6, in (4.5) is a stylized version of Algorithm 1, where the training procedure
(e.g., gradient-based optimization) is assumed to succeed. We now establish consistency of the sequence of

estimators {én} to the set ©,. Let d(z,.A4) denote the set distance function between the set A and the point
o 3
z, ie.,

— _
d(z,A) := ZI/IEI&HZ 2.

Theorem 4.8 (General Consistency). Suppose that F is realizable, ©, is contained in the interior of ©, and

Assumptions 4.1 and 4.2 hold. Let 0, argmaXycq Ln(ﬁ,fn) denote an arbitrary empirical risk mazximizer
n—oo

from n samples. Then, d(én,@*) — 0 almost surely.

3Throughout this work, | - || denotes the ¢2-norm.

10
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The proof of Theorem 4.8 requires some care to deal with the fact that even for a fixed 6, the empirical
objective L, (0, fn) is not an unbiased estimate of the population objective L(8, fn), since the negative sampler
parameters fn in general depend on the data points {(x;, y;)}?_ ;. The key, however, lies in Theorem 4.4, which
states that for any &, the map 6 — L(0, ) has the same set of maximizers ©,. With this observation, we show
that it suffices to establish uniform convergence jointly over © x Z, i.e., suppeg ¢cz [Ln(0,§) — L(0,£)] — 0
a.s. as n — 0o.

As with the optimality result in Theorem 4.4, the asymptotic consistency of the R-NCE estimator is indepen-
dent of the sequence of noise distributions, parameterized by {én} In Section 4.3, we study the algorithmic
implications of the design of the noise distribution and its concurrent optimization. We now characterize
the asymptotic normality of 0,,, under certain regularity assumptions:

Assumption 4.9 (C?-Continuity). Assume the following conditions are satisfied:

1. For a.e. (z,y), the maps 0 — Ep(x,y) and & — pe(y | ) are C2-continuous.
2. For a.e. (z,y) and all (0,£) € © x 24

Je >0 s.t. Ey|$;£ sup HV%97£)€9/,5/ (z,y | Y)”op < o0. (4.6)
10" =0ll<e.]1&" —€lI<e

Then, by the Lebesque Dominated Convergence theorem, the map (0, &) — 67975 (x,y) is C*-continuous for a.e.
(z,y). Additionally, assume that for all (0,£) € © x =:

de>0 st Eyy sup ||V%07£)l79/75,(x,y)||0p < 00. (4.7
6" —0lI<e,ll¢' —€ll<e

It follows then that the map (0,&) w— L(0,&) is C2-continuous.

We are now ready to formalize the asymptotic distribution of 0,,.

Theorem 4.10 (Asymptotic Normality). Suppose that F is realizable and Assumptions 4.1, 4.2, and 4.9
hold. Let {0,} be a sequence of optimizers as defined via (4.5). Denote the joint parameter v := (0,€) and
joint r.v. z := (x,y), and assume the following properties hold:

1. The negative proposal distribution parameters {,} are y/n-consistent about a fixed point &, i.e.,
\/ﬁ(fn - f*) = Op(l)-

2. The set ©, = {0,} is a singleton, and v, := (0x,&) lies in the interior of © x Z.

3. The Hessian of A is Lipschitz-continuous, i.e.,

IV22,,(2) = V2 s (2)llop < M)l —72ll, Ex [M(2)] < 00, ¥y1,72 € © x .

4. The (0,8) block of the Hessian V%L(ﬂ*,f*), denoted V3L(0,, &), satisfies VEL(0y, &) < 0.

Then, /n(0, — 6,) ~ N(0,Vy), where
Vo = —V3L(0,, &) 7" = —E. [V3l.(2)] .

A few remarks are in order regarding this result. First, note that the fixed point for the negative distribution
parameters &, need not be optimal in any sense, as long as it is approached by the sequence én sufficiently
fast. Second, the proof itself begins by using the standard machinery for proving asymptotic normality of
M-estimators for the joint set of parameters v := (0,) (see e.g. Ferguson, 2017). In order to extract the
marginal asymptotics for én, while employing minimal assumptions regarding the convergence of én, again
the key step is to leverage Theorem 4.4, which states that 6, is optimal for the population objective L(-,£)
for any & € =. This implies that the joint Hessian V%L(H*,f*) is block-diagonal, yielding the necessary
simplification. Finally, we remark that the result in Ma & Collins (2018, Theorem 4.6) is a special case of
Theorem 4.10 where (i) the negative distribution is held fixed, i.e., én = ¢, for all n, and (ii) the event spaces
X and Y are finite.

4The matrix norm ||-||op in this work refers to the induced ¢2 +— £ operator norm, i.e., the largest singular value.

11
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4.3 Learning the Proposal Distribution

Given that the consistency and asymptotic normality for the R-NCE estimator are guaranteed under the
very mild condition that the negative proposal distribution parameters converge to a fixed point (cf. Theo-
rem 4.10), there is considerable algorithmic flexibility in generating the sequence of proposal models, indexed
by {én} We begin our discussion with first establishing the importance of having a learnable proposal dis-
tribution. Using the posterior probability notation (3.7), we can write the R-NCE gradient as:

K41
VoL(0,8) = E; yVo&o(z,y) — ExEg)ae Z qo.¢(i | 2, ¥)Vo&o(z,ys)

i=1

Further examination gives us the following key intuition about training: the proposal distribution pe(y | )
should not be significantly less informative than the energy model £(x,y). If pe(y | x) is uninformative, then
training will stall. This is because the posterior distribution gg¢(- | z,¥) will concentrate nearly all its mass
on the positive example, as the energy of the true sample will be significantly higher than the energy of the
negative samples. As a consequence, the R-NCE gradient approximately vanishes without necessarily having
E(x,y) xlogp(y | ©), stalling the training procedure. We term this phenomenon posterior collapse. Indeed,
this is consistent with the findings in Liu et al. (2022); Lee et al. (2023) in the context of binary NCE, and
motivates having a learnable (cf. Algorithm 1) negative sampling distribution pe(y | ) during training, to
avoid early gradient collapses that result in a sub-optimal energy model. We next attempt to characterize
the properties of an “optimal" negative sampler.

4.3.1 Nearly Asymptotically Efficient Negative Sampler

In principle, the asymptotic normality result Theorem 4.10 gives us a recipe to characterize an optimal
proposal model: simply select the distribution p; which minimizes the trace of the asymptotic variance matrix
Ve (which itself is a function of p¢). However, this is an intractable optimization problem in general (see
e.g., Gutmann & Hyvérinen, 2012, Section 2.4). Nevertheless, we will show that considerable insight may
be gained by setting the negative distribution pe(y | ) equal to the conditional data distribution p(y | ).

To begin, we first define the conditional Fisher information matrix, which generalizes the classical Fisher
information matrix from asymptotic statistics.

Definition 4.11 (Fisher information matrix). The conditional Fisher information matriz of a conditional
density pe(y | ) at a point x € X is defined as:

1(0] %) = Eyp, (1) [Vologpa(y | 2)Velogpe(y | z)].
Note that for our parameterization %, we have:

1(9 ‘ 1') = Ey~p9(~\x) [Vggg (x, y)v959 (:E, y)T} - IEyfvzr)e(~|ar:) [ng@ (:L’, y)]EyNPe('Ix) [VWSG (xv y)T]

Under suitable conditions similar to those in Theorem 4.10, it is well known that the inverse Fisher infor-
mation matrix governs the asymptotic behavior of the maximum likelihood estimator:

. . 1 —
V(O™ —0,) ~ N(0,E,[I(0, | 2)]7'), where 6™° € argmax — Z log po(y; | ).
bco N

Our next result shows that by selecting pe(y | ) = p(y | ), the R-NCE estimator has similar asymptotic
efficiency as the MLE.

Theorem 4.12. Consider the setting of Theorem 4.10, and suppose that pe, (y | ©) = p(y | «). Then, the
asymptotic variance matrix Vy is:

V) = (1 + ;{) B, [1(0, | 2)]".

12
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Theorem 4.12 extends a similar result for binary NCE in Gutmann & Hyvérinen (2012, Corollary 7) to the
ranking NCE setting. As an aside, we note that p¢(y | ) = p(y | ) is actually not the optimal choice for
minimizing asymptotic variance (Chehab et al., 2022). Nevertheless, even for reasonable values of K, the
sub-optimality factor is fairly well controlled.

We now compare Theorem 4.12 to Ma & Collins (2018, Theorem 4.6). In Ma & Collins (2018, Theorem 4.6),
it is shown that regardless of the (fixed) proposal distribution pe, one has that ||Vy — E,[I(0, | 2)]7|op <
O(1/VK), where the O(-) hides constants depending on the proposal distribution pe. These hidden constants
are not made explicit, and are likely quite pessimistic. On the other hand, in Theorem 4.12; we show that
under the idealized setting when pe(y | ) = p(y | ), we have a sharper multiplicative bound w.r.t. the
maximum likelihood estimator. Furthermore, since our analysis and algorithm allows for learnable proposal
distributions, pe(y | ) = p(y | ) is much more of a reasonable assumption for theoretical analysis.

The near-asymptotically efficient result of Theorem 4.12 strongly motivates a learnable proposal model,
but still leaves undetermined the algorithm by which such a result can be attained. We next investigate
adversarial training for partial clues.

Is Adversarial Training the Answer? Recently, several papers which study the binary version of the
NCE objective have advocated for an adversarial “GAN-like” approach where ¢ is optimized via concurrently
minimizing the NCE objective (Gao et al., 2020; Bose et al., 2018). This approach is justified from the
viewpoint of “hard negative" sampling when, similar to our earlier discussion on posterior collapse, the
proposal distribution is easily distinguishable by a sub-optimal EBM. The following result establishes a close
connection between the near-optimal asymptotic variance in Theorem 4.12 and adversarial optimization,
under a realizability assumption for the set of proposal distributions.

Proposition 4.13. Suppose that F is realizable, and furthermore, the family of proposal distributions Fy
is realizable. That is, there exists some non-empty Z, C Z s.t. for every & € =, pe, (v | ) = p(y | x) for
a.e. (x,y). Then:

1
ogcanin £(6,6) = £06..6) =1og (757 ) (45)

where (04,&) € O, X E,.

Recall from Theorem 4.12 that if the fixed point for the proposal distribution pe, (- | ) equals p(- | ), the

asymptotic variance for 0, equals a 1 4 1/K multiplicative factor of the Cramér-Rao optimal variance. The

result above corresponds precisely to such a scenario: given a realizable family of proposal distributions,

the adversarial saddle-point for R-NCE is characterized by the equalities py, (- | ) = pe, (- | ) = p(- | z).

Thus, when a sufficiently rich family of proposal distributions (i.e., .%, is realizable) is paired with a tractable
n—oo

convergent algorithm that ensures al(ém Z,) — 0, there is no additional benefit to using adversarial R-NCE:
the asymptotic distribution of 6,, is unaffected.

Notwithstanding, our preferred setup assumes, for both computational and conceptual reasons, that %, is
not realizable. This is motivated by the fact that the proposal distribution is used both for sampling and
likelihood evaluation within the R-NCE objective, and is thus a significantly simpler model for computa-
tional reasons. In the following, we investigate the asymptotic properties of adversarial R-NCE under such
conditions.

4.3.2 Equilibria and Convergence for Adversarial R-NCE

Let us define the finite-sample maxmin objective as follows:

max rgrgg L,(0,8) :=E;y loe(z,y) (4.9)

In order to study the statistical properties of this game, we first define two families of solutions: Nash and
Stackelberg equilibria.

13



Published in Transactions on Machine Learning Research (09/2024)

Definition 4.14 (Maxmin Nash equilibria). Let f : ©xE — R. A pair (0+,&x) € ©XE is a Nash equilibrium
w.r.t. fif:

f(0,6) < f(0,,6) < f(0,,6) Y(0,6) €O xE.

A Nash equilibrium is characterized as follows: taking the other “player” as fixed, each player has no
incentive to change their “action”. It is straightforward to verify from the proof of Proposition 4.13 that
any pair (64,&) € O, x Z, is in fact a Nash equilibrium w.r.t. the population objective L. However, for
general nonconcave-nonconvex objectives, e.g., the finite-sample game defined in (4.9), the existence of a
global or local Nash equilibrium is not guaranteed (Jin et al., 2020). Thus, we need an alternative definition
of optimality, which comes from considering games as sequential.

Definition 4.15 (Maxmin Stackelberg equilibria). Let f : © xZ — R. A pair (6,€) € © x Z is a Stackelberg
equilibrium w.r.t. f if:

gi,réfgf(iﬁ') < f(0,6) < f(6,6) V(0,6) €O xE.

That is, £ minimizes f(6, -), whereas § maximizes 6 — inferes £(6,€'). In contrast to global Nash equilibrium,
global Stackelberg equilibrium points are guaranteed to exist provided continuity of f and compactness of
O x = (Jin et al., 2020).

For what follows, we will study the finite-sample Stackelberg equilibrium points (émén)

inf Lo(0,€) < Ln(Bn,6n) < La(0n,€) VO €O,6 €2, (4.10)

Prior to proving a consistency statement about the convergence of (én, én), we first establish some basic facts
regarding Stackelberg optimal pairs for the population game.

Proposition 4.16. For any Stackelberg optimal pair (6,€) to the population game (4.8), it holds that 6co,.
Conversely, for any 0, € O, there exists an £ € E such that (04,€) is Stackelberg optimal for the population
game (4.8).

We now establish convergence of the finite-sample Stackelberg optimal pairs (én, én) to a Stackelberg optimal
pair for the population objective.

Theorem 4.17 (Adversarial Consistency). Suppose that Assumption 4.1 and Assumption 4.2 hold. Let
(én,fn) € © X E be a sequence of Stackelberg optimal pairs, as defined in (4.10), for the finite sample
game (4.9). Then, the following results hold:

7l—>OO

1. Suppose that O, is contained in the interior of ©. We have that d(én, 0,) — 0 a.s.

2. Suppose furthermore that Assumption 4.9 holds. Let E := {£ € 2 | L(64,€) = infercz L(04,&)} for
an arbitrary choice of 0, € ©, (the set definition is independent of this choice), and suppose = is

contained in the interior of Z. We have that d(én,é) "0 a.s

We note that part (1 ) of the consistency result is perhaps not surprising in light of Theorem 4.8, which
merely assumed that 6,, maximizes the finite-sample objective L, for any particular §n In particular, no
assumptions are placed upon the negative distribution parameter sequence {fn} Under a mild regularity
assumption however, we are additionally able to show convergence of the noise distribution parameters to a
population Stackelberg adversary. In the setting where the family of proposal distributions .%, is realizable,
the set Z is indeed the Nash optimal set =,, as defined in Proposition 4.13. Next, we characterize the
asymptotic normality of the sequence of finite-sample Stackelberg-optimal pairs (én, én)

Theorem 4.18 (Adversarial Normality). Suppose that F is realizable and Assumptions 4.1, 4.2, and 4.9
hold. Let %y, := (0n,&n) € © X E be a sequence of Stackelberg optimal pairs, as defined in (4.10), for the
finite sample game (4.9), and define Z as in Theorem 4.17. Assume then that the following properties hold:

14
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1. The sets ©,,= are singletons, i.c., O, = {0,}, and = = {£}, and 7, := (04,€) lies in the interior of
O x E.

2. The Hessian of l@ is Lipschitz-continuous, i.e.,

V305, (2) = Vilys (2)llop < M(2)ll71 = 2ll,  Ez [M(2)] < 00, Yy1,72 € © x E.

3. The (0,0) block of the Hessic_m V%L(H*,f), denot_ed VE)L(QMQ, satisfies ng(e*,é) < 0, and the
(&,€) block, denoted VEL(H*,@, satisfies VEL(G*,S) = 0.

Then, \/n(n — %) ~ N(0, V), where

Ve =, [V2Z,.(2)] " Var, [V, ()] E. [V22,.(2)] . (4.11)

A particularly important corollary of this result is as follows:
Corollary 4.19 (Marginal Normality). Under the assumptions of Theorem 4.18, the parameters {0,,} satisfy

Vn(0n — 0,) ~ N(O, V'), where _
Vi = -VaL(9,,&) !

The variance Vj* is similar to Vy in Theorem 4.10, with the difference being the specification of a particular
fixed-point for the proposal distribution parameters: the Stackelberg adversary of 6,. In the special case
when the family of proposal distributions is realizable, since the fixed-point involves the Nash adversary
& (cf. Proposition 4.13), these two variances coincide. However, when we lack realizability of the proposal
distributions, we are left to compare the asymptotic variance Vy from Theorem 4.10 with the new asymptotic
variance V'. Given the quite non-trivial relationship between the proposal parameters that a non-adversarial
negative sampler converges to versus the Stackelberg adversary, it is not clear that a general statement can
be made comparing these two variances. Therefore, the theoretical benefits of adversarial training are quite
unclear.

Furthermore, actually finding Stackelberg solutions comes with its own set of challenges in practice. Com-
putationally, differentiating the R-NCE objective with respect to the negative proposal parameters would
involve differentiating both the negative samples y as well as the likelihoods log p¢(- | ), a non-trivial com-
putational bottleneck. In contrast, differentiating the negative samples y with respect to the proposal model
parameters £ is not required in the non-adversarial setting (cf. Remark 3.2). For this work, we assume that
the independent optimization of £ via a suitable objective for the generative model p; is sufficient to optimize
the EBM, without assuming realizability for .%,,. We leave the explicit minimization of some function of Vj
to future work.

Finally, we conclude by noting that the proofs of Theorem 4.17 (adversarial consistency) and Theorem 4.18
(adversarial normality) are based off of ideas from Biau et al. (2020), who study the asymptotics of GAN
training. The main difference is that we are able to exploit specific properties of the R-NCE objective to
derive simpler expressions for the resulting asymptotic variances.

4.4 Typical Training Profiles

The results of Section 4.2 and Section 4.3 focus on the asymptotic properties of R-NCE training, and do not
consider the optimization aspects of the problem. Here, in Figure 2, we characterize typical training curves
that one can expect when jointly training an EBM and negative proposal distribution with Algorithm 1.

4.5 Convergence of Divergences

To conclude this section, we translate asymptotic normality in the parameter space to convergence of both
KL-divergence and relative Fisher information. For two measures p and v over the same measure space, the
KL-divergence and the relative Fisher information of p w.r.t. v are defined as:

KL(u || v) = E, [log (“)} ., Fl(u| v) =E, [HVlog (g) HQ] .

14

15



Published in Transactions on Machine Learning Research (09/2024)
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-

Iterations

Figure 2: An illustration of the different qualitative behaviors that R-NCE training curves can exhibit. The
curve illustrates an example of posterior collapse, where the negative sampler is completely un-informative, leading
to a trivial classification problem. Both the I and " curves illustrate a phase transition in the training: at first the
EBM learns quicker relative to the negative sampler (and hence the classification accuracy increases), but then the
negative sampler catches up in learning, resulting in a drop in the R-NCE objective. The main difference between
the I8 and ' curves is the final value each curve converges towards. The [l curve tends toward — log(K + 1), which
indicates that both the EBM and negative sampler have sufficient capacity to represent the true distribution p(y | x)
(cf. Equation (3.6) in the case where pg, (- | ) = pe, (- | ) = p(- | )). On the other hand, the I curve tends towards
a final value larger than —log(K + 1) but bounded away from zero, indicating that the EBM capacity exceeds that
of the negative sampler. The remaining ' and [ curves represent when the negative sampler learns faster than the
EBM; this occurs when, for example, a pre-trained negative sampler is used. Here, the training curve approaches
its final value from below. As before, the difference between the final value of both the and curves is due
to negative sampler model capacity, with the © curve denoting when the EBM has much larger capacity than the
negative sampler, and the [ curve denoting when the model capacities are relatively balanced.

Here, we have (a) overloaded the same notation for measures and densities, and (b) in the definition of
relative Fisher information we have assumed smoothness of the densities. The following propositions are
straightforward applications of the second-order delta method.

Proposition 4.20. Suppose that 0, € O, and that {én} is a sequence of estimators satisfying \/ﬁ(én—ﬂ*) ~
N(0,%,). Then:

nELKLG( | 2) | 2, (] )]~ 51217, 2 ~ N, B, (16, | 0)]5))

Hence, in the setting of Theorem 4.10, if pe, (y | ) = p(y | #) and if © C RP, then we have:

w B KLy | 2) s, | 2] = 5 (14 ) 00 (1.12)

where x%(p) is a Chi-squared distribution with p degrees of freedom. Now turning to the relative Fisher
information, we have the following result.
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Proposition 4.21. Suppose that 0, € O, and that {én} is a sequence of estimators satisfying \/ﬁ(én—ﬁ*) ~
N(0,%,). Then:

n-Ea[FI(p(y | 2) || g, (y | 2))] ~ 1ZI2 Z ~ N(0, 2 Eu[J (0, | 2)2V),
where J(9 | 1‘) = Ey,\,pe(.‘w)[agvygg(m, y)Tﬁgvygg(QS,y)].

The asymptotic variance from Proposition 4.21 is more difficult to interpret than the corresponding asymp-
totic variance from Proposition 4.20. Unfortunately in general, there is no relationship between the two,
as we will see shortly. In order to aid our interpretation, suppose the energy model follows the form of an
exponential family, i.e., &(x,y) = (¥(x,y),0), for some fixed sufficient statistic 1. Then, a straightforward
computation yields the following:

1(9 | ‘T) = Covpe(y|w) (QZJ(I’,y)), ‘](0 | ‘T) = Epg(ylz) [5111/1(95, y)ay¢(xa y)T]'

Hence, assuming as in (4.12) that pe, (y | ) = p(y | ), then the asymptotic variance is determined by the
variance of the smoothness of the sufficient statistic (in the event variable y) relative to the covariance of
the sufficient statistic itself. Let us now consider a specific example. Suppose that pe(y | ) = N (i, 0?)
(so the context variable z is not used). Here, the sufficient statistic is ¢ (z,y) = (y,y?). A straightforward

computation yields that:

3 42

tr(EL[1(0 | )] 'E,[J(0 | 2)]) = = + I

Thus, depending on the specific values of the parameters (u,0?), the asymptotic variance quantity above
can be either much smaller or much larger than 2.

5 Interpolating EBMs

Recent methods such as diffusion models (Sohl-Dickstein et al., 2015; Ho et al., 2020; Song et al., 2020;
2021b) and stochastic interpolants (Albergo & Vanden-Eijnden, 2023; Albergo et al., 2023) advocate for
modeling a family of distributions with a single shared network, indexed by a single scale parameter lying in
a fixed interval. At one end of this interval, the distribution corresponds to standard Gaussian noise, while
the other end models the true data distribution. Sampling from this generative model begins with sampling
a “latent” vector z € Y from the base Gaussian distribution, and then propagating this sample through a
sequence of pushforwards over the interval. This propagation can either refer to a fixed discrete sequence
of Gaussian models, or solving a continuous-time SDE or ODE. The strength of such a framework has been
attributed to an implicit annealing of the data distribution over the interval (Song & Ermon, 2019), easing
the generative process by stepping through a sequence of distributions instead of jumping directly from pure
noise to the data.

5.1 Stochastic Interpolants

A useful instantiation of this framework that subsequently allows generalizing all other interval-based models
as special cases, corresponds to the stochastic interpolants formulation (Albergo & Vanden-Eijnden, 2023).
In this setup, a continuous stochastic process over the interval [0, 1] is implicitly constructed by defining an
interpolant function Iy : Y x Y = Y, t € [0,1], where Ip(z,y) = z and I1(z,y) = y. For a given z, define the
continuous-time stochastic process Y; | x as:

Yt ‘x:It(Zay)7 ZNN(OaI)a yNPY|x7 zLly.

By construction, the law of Y; | 2 at ¢t = 1 is exactly Py|,. An example interpolant function from Albergo
& Vanden-Eijnden (2023) is given as Iy(z,y) := cos(3mt)z + sin(37t)y. The first key result from Albergo
& Vanden-Eijnden (2023) is that law of the process Y; | z, denoted as Py,|, with associated time-varying
density p(y; | ), satisfies the following continuity equation:

op" + divy (vep') = 0, (5.1)
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where vy : [0,1] x X XY — RIMY) is a particular time-varying velocity field (described subsequently),
yielding the following continuous normalizing flow (CNF') generative model:

dy%z(z) = 'Ut(x7yt\w(2)), yt:0|z(z) =z~ N(O,I) (52)

The distribution of the samples from this model at ¢ = 1 correspond to the desired distribution Py,. One
can now parameterize any function approximator 9; ¢ to approximate this vector field.

While CNFs as a generative modeling framework are certainly not new, their training has previously relied
on leveraging the associated log-probability ODE (Chen et al., 2018; Grathwohl et al., 2019) (cf. Section 6),
corresponding to the change-of-variables formula, and using maximum likelihood estimation as the opti-
mization objective. Unfortunately, solving this ODE involves computing the Jacobian of the parameterized
vector field 9, ¢ with respect to y;; gradients of the objective w.r.t. £ therefore require 2nd_order gradients of
Ut ¢. As a result of these computational bottlenecks, CNFs have been largely overtaken as a framework for
generative models. However, the second key result from Albergo & Vanden-Eijnden (2023) is that the true
vector field v; is given as the minimum of a simple quadratic objective:

vg(,-) == argmin = E.E . p, (10e(2, L(2,9))|* — 20e L (2, y) - 0 (z, L (2,y))]  Va,t.

oy ()

This now enables the use of expressive models for ¥y ¢, paired with the following population optimization
objective:

mgin E(x,y)NPXVY]EtNA]Ez “|@t,§(x;It(zvy))H2 - 28t-[t(zay) ' ’f)t,f(xa-[t(zvy))] ) (53)
where A is a fixed distribution over the interval [0,1] (e.g., uniform).

5.2 Building Interpolating EBMs

A natural way of using the Interpolant-CNF model described previously is to use the pushforward distribution
at t = 1 as the proposal generative model p¢(y | ), with a relatively simple parameterized vector field 0y ¢.
Paired with a parameterized energy function £y(z,y), one can now proceed with optimizing both models as
outlined in Algorithm 1.

However, by truncating the flow at any intermediate time ¢ € (0,1), the CNF gives an approximation
pé (y¢ | z) of the distribution p’(y; | #). Thus, we can define a time-indexed EBM &y(x,y,t) to approximate
this same distribution as:

P (e | z) o< exp(Eg(x, ye, 1))

We refer to the above model as an Interpolating-EBM (I-EBM). Notice that a single shared network & is
used to represent the distribution across all ¢ € [0, 1].

By pairing the EBM at time ¢ with the truncated CNF at time ¢ as the proposal model, we can straightfor-
wardly define a time-indexed R-NCE objective; see Figure 3 for an illustration.
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Yi—o =z ~ N(0,1) yi =Tz, y) ~ pl(- | 2) Yi—1 =y ~p(- | x)
9

Interpolant Bridge

Approx CNF
dy = 0y ¢(, y)dt ye ~ pi(- | @)

-EBM o

Yt ~ pﬁ,(ﬂ | z) ox Eglx, -, 1)

Figure 3: An illustration of the Interpolating-EBM (I-EBM) framework applied to a motion planning problem.
Here, the event space corresponds to the waypoint trajectory (green circles) of the robot in the obstacle environment.
The interpolant function I, defines a continuous time stochastic bridge process over ¢ € [0,1] between Gaussian
noise at ¢ = 0 and the true conditional distribution at ¢ = 1; the time-varying density of this process is notated as
p'(- | #). The CNF with (a relatively simply parameterized) vector field 9 ¢ is an approximation of this continuous-
time process, and is independently trained using (5.3); the truncation of the flow of the CNF at time ¢ yields samples
from the distribution pf(- | ). The I-EBM defines a family of (more expressively parameterized) EBMs pj(- | z),
indexed by t, to better approximate p’. At a given time ¢, we pair K contrastive samples from the CNF and a true
sample from the interpolant bridge to define a time-indexed R-NCE objective for &.

In particular, let K € N, the number of negative samples defining the R-NCE objective be fixed as before.

For a given z, let Pfi st denote the product conditional sampling distribution over Y¥ where y, ~ P}{i |3
denotes a random vector y; = (ys, )i—y € Y™ with gz, ~ pi(- | 2) for k=1,..., K.

K

velie and parameters
;

Now, for a given x ~ Px, t € (0, 1], positive sample y; ~ Py, ,, negative samples y; ~ P
0 €0, e =, define:

eXp((‘:g(II?, Yt t) - logpé(yt | 1'))

Loc(,ye,t | ye) :=log 5.4
oyt |ye) S o, D Es (1) — Togpk(y [ )) 54
as the R-NCE loss at time ¢t. We can thus define the overall population objective as:

L(6,§) = EtNAEwprEytNPyt‘I]Eytwpfftlm;g Coc(x,ye,t | ye)l- (5.5)

Notice that this is simply an expectation of a time-indexed population R-NCE objective. We refer to the
objective above as the Interpolating-R-NCE (I-R-NCE) objective. Provided that the function class of time-
indexed conditional energy models:

Fr = {&(x,y,t) : XxY >R |6 €0},

is realizable (cf. Definition 4.3) for all ¢ € (0, 1], i.e., there exists a 0, € © s.t. for all ¢t € (0,1] and a.e. (z, y;):

=p'(y | @),

t e (2 y0.t)
Py, (ye | @) : Jy exp(o, (2, y,1)) duy

then the population objective in (5.5) is maximized by 6, for each t.

5.2.1 Training

The adjustment to Algorithm 1 for training is straightforward for I-EBMs. In particular, for each (z;,y;) € B,
we sample m values of ¢, i.e., {t;;}72; ~ A, latents {2;;}72; ~ N(0,I), and negative-sample sets {y;;}7~,
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where y;; ~ P)I’(t‘,-h?i;g. The net R-NCE loss for (x;,y;) is then defined as the average of the R-NCE loss

over {(zi,Yij, tij, ¥ij)}j=1, where yi; = Iy, (2i5,9:). The training pseudocode is presented in Algorithm 3,
with the modifications to Algorithm 1 highlighted in teal. We note that choosing values of m > 1 serves as
variance reduction, and we also apply a similar variance reduction trick to the stochastic interpolant loss in
Line 8.

Algorithm 3: Interpolating-R-NCE with learnable negative sampler

Data: Dataset D = {(x;, y;)}1,, number of outer steps Touter, number of sampler steps per outer step
Tsamp, number of R-NCE steps per outer step Tince, number of negative samples K,
interpolating time distribution A, number of interpolating times m € N> ;.

Result: Energy model parameters 6, negative sampler parameters &.

1 Initialize 6 and &.
2 Set byre(x,2,9,1) = |lveg(@, L(2,9)I” — 20 1:(2,y) - vee(x, Ie(2, y))-

Set Linterp(&; B) = Z(Ii,yi,{(zu,tij)};nrzl)eg s gy Lot g (s 2ig s Yis ig)-
7 LR 1 m )
Set Lirnce (8, € 8) = = 2, (iy tisoyin) ) eB m 2aj=1 L0.6(Ti Yigs tij [ ¥ij)-

5 for Tyuier iterations do

10
11
12

13

14
15
16
17

for Tyomp iterations do
B < batch of D.
// Augment batch with latent variables and times.
B« {(-Ti7yi; {(Zij,tij) ;nzl) ‘ (l‘“yz) S B}, with tij ~ A, Zij ~ /\/(O,I)
¢ <+ minimize using Vgimterp(g : B).

end

for T;,cc iterations do
B < batch of D.
// Convert batch to time-indexed positive and negative samples.
B {(wi, {(yij tijs ¥ig) Y1) | (i, yi) € BY, with ti5 ~ A, 25 ~ N(0, 1), yij = It (2i5,Yi),

Yii ~ Py, e

6 < minimize using VglAlir.“(.,e(H, & B).

end

return (0,¢)

end

Remark 5.1. A naive implementation of variance reduction for the R-NCE loss in Algorithm 3 would
generate m independent sets of K mnegative samples, i.e., {yij}}”zl, corresponding to the m intermediate
times {t;;}7,. To make this more efficient, we allow the negative sample sets to be correlated across
time by generating a single set of K trajectories, spanning the interval (0,max; t;;], and sub-sampling these
trajectories at m intermediate times.

5.2.2 Sampling
In follow-up work (Albergo et al., 2023), the stochastic equivalent of the transport PDE (5.1) is derived using

the Fokker-Planck equation, which yields the following, equivalent in law, SDE-based generative model:

dyrja(2) = | vel@, e (2) + 0V log ' (yy1a(2) | @) |t + v/ 20dWs,  yimoa(2) = 2 ~ N(0,1),  (5.6)

=0 (Y112 (2))

where 1 > 0 and W; is the standard Wiener process. Given the simplicity of the former ODE-based model
in (5.2), a natural question is: why is the SDE-based model necessary? The answer lies in studying the
divergence between the true conditional distribution p(y | ) and the approximate distribution pgzl(y | z)
induced by the learned vector field 9, ¢. In particular, from Albergo et al. (2023, Lemma 2.19), for a CNF
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parameterized by the approximate vector field 0y ¢:
KL(p(y | ) || o~ (y | 2)) =

/0 / (V, logpk(y | ) — V, log gt (y | 2)) - (dre() — ve(z,9)) p'(y | ) dpaydt.

It follows that control over the vector field error, i.e., the objective minimized in (5.3), does not provide
any direct control over the Fisher divergence, i.e., error in the learned score function V, log pg (y | x), thus
preventing any control over the target KL divergence.

In contrast, let 9} (z,y) be an approximation of the drift term v} (z,y) in (5.6). Define the following approx-
imate generative model and associated Fokker-Planck transport PDE for the induced density pt(y; | z):

dyt|m( z) = ’5 (m, yt|;ﬂ ) dt + v 2ndWr, yt|w(z) =z N(OJ) (5.7)
Op" + divy (9)p") = nAp'.

Then, Albergo et al. (2023, Lemma 2.20) states that:

KL 1) 1970 10) < o [ [ Ioda) - 605 | o) et

Thus, if one can control the net approximation error of the SDE drift, then the SDE-based generative model
should yield samples which are closer to the target distribution in KL. While error in the velocity field
|lvg — Dy || is controllable via the minimization of (5.3), the I-EBM framework gives us a handle on the other
component to the SDE drift: an approximation of the time-varying score function,® i.e., V,&(x, ys,t) =~
Vylogp'(y: | ). Indeed, from Proposition 4.21, convergence to the global maximizer 6, yields controllable
convergence (in distribution) on the relative Fisher information between p*(y; | «) and pj_(y; | x). Algorithm 4
outlines a three-stage procedure for sampling with I-EBM.

Algorithm 4: I-EBM: Sample from py(y | ) for Euclidean Y

Data: Context € X, energy model parameters 6, negative sampler &, initial sample time ¢ € (0, 1),
MCMC steps Tmeme, MCMC step size .

Result: Sample y ~ py(y | x).

Set yy ~ p%( | ).

// Leverage the SDE in (5.7) to tramsport y, from t=1 to t=1.

y — SDESOlve(vt ( ay) - ﬁt,i(xa y) + vage(% Y, t)’ [L 1]; yﬁ)‘

// Finite-step MCMC with &y(z,y,1) starting at y’ (cf. Algorithm 2).

3 y + MCMC(Tmemes M, Y )-

return y

Notice in Line 1, we use the CNF parameterized by vector field ¥y ¢, with the flow truncated at time ¢ to form
the initial sample. This is reasonable since for ¢t < 1, the proposal model pg becomes more accurate with
the true process Y; | x tending towards an isotropic Gaussian, dispelling the need for an EBM. In Line 2,
we leverage the SDE generative model from (5.7) to transport the sample to ¢ = 1, making use of both the
proposal model vector field 9; ¢ and the I-EBM’s score function V,& to form the approximation of the drift
term. Finally, in Line 3, we run Tiyeme steps of MCMC (either Langevin or HMC, cf. Algorithm 2) at a fixed
(or annealed) step-size of n with the EBM at ¢ = 1 to generate the final sample.

5We note that in Albergo et al. (2023), the authors introduce a stochastic extension to the interpolant framework from Albergo
& Vanden-Eijnden (2023) which elicits a quadratic loss function for the time-varying score function, similar in spirit to the
canonical denoising loss used for training diffusion models. Our framework however, is agnostic to the type of bridge created
between the base distribution and true data. Notably, I-EBMs and the associated I-R-NCE objective are well-defined for any
type of interpolating/diffusion bridge.
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5.2.3 Advantages

With the I-EBM framework in place, we now describe the key advantages behind the formulation compared
with other state-of-the-art generative models. As we will soon show experimentally (Section 7), it is im-
portant for generative policies to be able to both generate and score samples efficiently. I-EBMs meet both
requirements in ways that many other state-of-the-art models cannot, as we discuss below.

Comparison to stochastic interpolants: As a stochastic interpolant model is as its core a continuous normal-
izing flow, computing sample likelihoods require solving the standard log-probability ODE (cf. Section 6),
which is computationally bottlenecked by vector-Jacobian products. While we do employ various tricks to
speed this procedure up (as discussed in Section 6), LEBMs completely avoid this ODE computation for
likelihood computation, and only require one forward pass through the network & (z,y,1).

Comparison to diffusion models: A similar computation issue arises when scoring samples with ODE-based
diffusion models (Song et al., 2021b; Karras et al., 2022) as with interpolant models. This is because de-
noiser models are typically parameterized as unconstrained vector-valued functions, and hence cannot be
analytically integrated. Therefore, the most straightforward way to compute log-probability is to treat a
diffusion model as a normalizing flow and use the log-probability ODE, inheriting the associated computa-
tional bottlenecks. An alternative to the log-probability ODE is to use Girsanov’s theorem to derive a lower
bound on the log-likelihood, which can then be estimated via Monte-Carlo sampling (Song et al., 2021a).
A similar sampling-based approach to likelihood computation also applies to DDPM-style diffusion mod-
els (Sohl-Dickstein et al., 2015; Ho et al., 2020), where Monte-Carlo sampling of the evidence lower bound
can be used to estimate a lower bound on the log-likelihood. However, in addition to introducing an extra
hyperparameter (the number of Monte-Carlo samplings used) which is necessary to tune the best trade-off
between accurancy and performance, comparing ELBO scores across samples is actually quite problematic
as described next.

Comparison to conditional VAFE models: Conditional variational autoencoders (CVAE) (Doersch, 2016) have
been recently proposed by several authors (Zhao et al., 2023; Gomez-Gonzalez et al., 2020; Ivanovic et al.,
2021) as a model for generative policies. Unfortunately, the ELBO loss which CVAEs optimize is insufficient
to support ranking samples. To see this, first recall that CVAEs utilize the following decomposition of the
log-probability (Doersch, 2016):

logp(y | ) — KL(q(2 | z,y) | p(2 | %,9)) = Eong( |z llogp(y | =, 2)] = KL(q(2 | z,y) [ p(z | ).  (5.9)

The RHS of (5.9) lower bounds the log-probability log p(y | ), and is the ELBO loss used during training;
it only references the encoder ¢(z | z,y), the decoder p(y | z,z), and the prior p(z | x), and is therefore
possible to optimize over. The LHS of (5.9) contains the desired logp(y | z), plus an extra error term
d(x,y) := —KL(¢(z | z,y) || p(z | z,y)), which cannot be computed due to its dependence on the true
posterior p(z | z,y). From this decomposition, we see that for a given shared context x and a set of samples
Y1,-- -, Yk, the RHS of (5.9) cannot serve as a reliable ranking score function, since the unknown error terms
¢(x,y;) for i = 1,...,k are in general all different and not comparable. Note that this issue persists even in
the limit of infinite samples used to compute the RHS of (5.9).

Efficient sampling from I-EBMs: We have thus far focused on the advantages of I-EBMs over other generative
models when it comes to likelihood computation. We now discuss the sampling advantages of I-EBMs.
Combining the vector field and energy function within the SDE sampling step (cf. Line 2 in Algorithm 4)
significantly reduces the burden of MCMC-based sampling, which can be difficult to converge when starting
far from the stationary distribution of the EBM. In this respect, -EBMs bring the advantages of learning
over multiple noise resolutions/annealed sampling to EBMs.

6 Efficient Log-Probability Computation

In this section, we discuss efficient computation of log-probability for continuous normalizing flows. We first
discuss the generic setup, and then describe where the setup is instantiated in our work.
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Setup. Let v (x, z) denote a vector field, and consider the following continuous flow:

L) = vl 2(1)), 2(0) ~ ol | 2) (61)

For any T > 0, a standard computation (Grathwohl et al., 2019; Chen et al., 2018) shows that the random
variable z(T') has log-probability given by the following formula:

T
log p(2(T) | 2) = log po(2(0) | ) */O div. (ve(x, 2(t))) dt. (6.2)

Recall that for a vector field f : R% s R?, we have div(f) = tr(df) = 20, 21

i=1 Ox; *

Applications. We make use of the computation described in (6.2) in several key places for our work. First,
we use this formula to compute logpe(y | =) inside the R-NCE objective (cf. (3.3)). Second, we use this
formula to compute logpg(y | =) for a diffusion model where the denoiser is directly parameterized (instead
of indirectly via the gradient of a scalar function); for diffusion models, this log-probability calculation is
necessary for ranking samples in next action selection (cf. Section 7.3). Here, we apply (6.2) by interpreting
the reverse probability flow ODE as a continuous normalizing flow of the form (6.1).

Efficient Computation. The main bottleneck of (6.2) is in computing the integrand, which involves
computing the divergence of the vector field v (x, z) w.r.t. the flow variable z. Assuming the flow variable
z € R?, the computational complexity of a single divergence computation scales quadratically in d, i.e., O(d?).
The quadratic scaling arises due to the fact that for exact divergence computation, one needs to separately
materialize each column of the Jacobian, and hence O(d) computation is repeated d times.® The typical
presentation of CNFs advocates solving an augmented ODE which simultaneously performs sampling and
log-probability computation:

1o 0= i) 0~ 10, w0 = om0 )

This augmented ODE suffers from one key drawback: it forces both the sample variable z and the log-
probability variable v to be integrated at the same resolution. Due to the quadratic complexity of computing
the divergence, this integration becomes prohibitively slow for fine time resolutions. However, high sample
quality depends on having a relatively small discretization error.

We resolve this issue by using a two time-scale approach. In our implementation, we separately integrate
the sample variable z and the log-probability variable ). We first integrate z at a fine resolution. However,
instead of computing the divergence of v at every integration timestep, we compute and save the divergence
values at a much coarser subset of timesteps. Then, once the sample variable is finished integrating, we
finish off the computation by integrating the ¢ variable with one-dimensional trapezoidal integration (e.g.,
using numpy .trapz). Splitting the computation in this way allows one to decouple sample quality from log-
probability accuracy; empirically, we have found that using at most 64 log-probability steps suffices even for
the most challenging tasks we consider. A reference implementation is provided in Appendix A, Figure 5.

7 Experiments

In this section, we present experimental validation of R-NCE as a competitive model for generative policies.
We implement our models in the jax (Bradbury et al., 2018) ecosystem, using flax (Heek et al., 2023) for
training neural networks and diffrax (Kidger, 2021) for numerical integration. All models are trained using
the Adam (Kingma & Ba, 2015) optimizer from optax (Babuschkin et al., 2020).

6Randomized methods such as the standard Hutchinson trace estimator are not applicable here, since we need to be able
to compare and rank log-probabilities across a small batch of samples. Generically, unless the Hutchinson trace estimator is
applied Q(d) times (thus negating the computational benefits), the variance of the estimator will overwhelm the signal needed
for ranking samples; this is a consequence of the Hanson-Wright inequality (Meyer et al., 2021).
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7.1 Models Under Evaluation and Overview of Results

Here, we collect the types of generative models which we evaluate in our experiments. Note that the more
complex experiments only evaluate a subset of these models, as not all of the following models work well for
high dimensional problems.

o NF (normalizing flow): a CNF (Grathwohl et al., 2019), where for computational efficiency the vector
field parameterizing the flow ODE is learned via the stochastic interpolant framework (Albergo et al.,
2023) instead of maximum likelihood; see Section 5.1. The flow ODE is integrated with Heun. During
training, we sample interpolant times from the push-forward measure of the uniform distribution on
[0, 1] transformed with the function ¢ — t'/@ where « is a hyperparameter.

o IBC (implicit behavior cloning): the InfoNCE (van den Oord et al., 2018) inspired IBC objective
of Florence et al. (2022), defined in (4.3), for training EBMs. Langevin sampling (cf. Algorithm 2)
is used to produce samples.

e« R-NCE and I-R-NCE (ranking noise contrastive estimation): the learning algorithm presented in
Algorithm 1 for training EBMs, and its interpolating variation, Algorithm 3, presented in Section 5.2
for training I-EBMs; both leveraging the stochastic interpolant CNF as the learnable negative sam-
pler. Sampling is performed using either Algorithm 2 for EBM or Algorithm 4 for I-EBM.

e Diffusion-EDM: A standard score-based diffusion model. We base our implementation heavily
off the specific parameterization described in Karras et al. (2022), including the use of the reverse
probability flow ODE for sampling in lieu of the reverse SDE, which we integrate via the Heun
integrator. We also treat the reverse probability flow ODE as a CNF for the purposes of log-
probability computation (cf. Section 6).

e Diffusion-EDM-¢: Same as Diffusion-EDM, except instead of directly parameterizing the denoiser
function, we represent the denoiser as the gradient of a parameterized energy model (Salimans & Ho,
2021; Du et al., 2023). This allows us to use identical architectures for models as IBC, R-NCE, and
I-R-NCE. More details regarding recovering the relative likelihood model from the parameterization
of Karras et al. (2022) are available in Appendix B.1. We note that this model has an extra
hyperparameter, o), which indicates the noise level at which to utilize the energy model ¢ for
relative likelihood scores.”

“

Note for both diffusion models, for brevity we often drop the “-EDM” label when it is clear from context
that we are referring to this particular parameterization of diffusion models.

Basic Principles for Model Comparisons. As this list represents a wide variety of different methodolo-
gies for generative modeling, some care is necessary in order to conduct a fair comparison. Here, we outline
some basic principles which we utilize throughout our experiments to ensure the fairest comparisons:

(a) Comparable parameter counts: We keep the parameter counts between different models in similar
ranges, regardless of whether or not a particular model parameterizes vector fields (NF, Diffusion)
or energy models (IBC, R-NCE, I-R-NCE, Diffusion-¢). Furthermore, for R-NCE and I-R-NCE, we
count the total number of parameters between both the negative sampler and the energy model.

(b) Comparable functions evaluations for sampling: We keep the number of function evaluations made
to either vector fields or energy models in similar ranges regardless of the model, so that inference
times are comparable.

(¢) Awoiding excessive hyperparameter tuning: In order to limit the scope for comparison, we omit
exploring many hyperparameter settings which apply equally to all models, but may give some

7"We find that, much akin to how the diffusion reverse process for sampling is typically terminated at a small but non-zero
time, this is also necessary for the numerical stability of the relative likelihood computation (cf. Appendix B.1, Equation (B.1)).
Furthermore, we find that the best stopping time for the latter is typically an order of magnitude higher than the former. We
leave further investigation into this for future work.
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marginal performance increases. A few examples of the types of optimizations we omit include peri-
odic activation functions (Sitzmann et al., 2020), pre vs. post normalization for self-attention (Xiong
et al., 2020), and exponential moving average parameter updates (Yazia et al., 2019; Song & Er-
mon, 2020). While these types of optimizations have been reported in the literature to non-trivially
improve performance, since they apply equally to all models, we omit them in the interest of limiting
the scope of comparison.

Overview of Results. We provide a brief overview of the results to be presented. First, we consider
synthetic two-dimensional conditional distributions (Section 7.2) as a basic sanity check. In these two-
dimensional examples, we see that all models perform comparably except for IBC, which has visually worse
sample quality. The next two examples feature robotic tasks where we learn policies that predict multiple
actions into the future. This multistep horizon prediction is motivated by arguments given by Chi et al.
(2023, Section IV.C), namely temporal consistency, robustness to idle actions, and eliciting multimodal
behaviors.

The first robotic task is a high dimensional obstacle avoidance path planning problem (Section 7.3). Here,
we see again that IBC yields policies with non-trivially higher collision rates and costs than the other models.
More importantly, we start to see a separation between the other methods, with R-NCE ultimately yielding
both the lowest collision rate and cost. The next and final task is our most challenging benchmark: a
contact-rich block pushing task (Section 7.4). For this block pushing task, we utilize the full power of the
interpolating EBM framework (cf. Section 5.2). Our experiments show that I-R-NCE yields the policy with
the highest final goal coverage. Thus, the key takeaway from our experimental evaluation is that training
EBMs with R-NCE does indeed yield high quality generative policies which are competitive with, and even
outperform, diffusion and stochastic interpolant based policies.

7.2 Synthetic Two-Dimensional Examples

We first evaluate R-NCE and various baselines on several conditional two-dimensional problems, Pinwheel
and Spiral.

o Pinwheel: The context space is a uniform distribution over X = {4, 5,6, 7}, denoting the number of
spokes of a planar pinwheel. We apply a 10 dimensional sinusoidal positional embedding to embed X
into R'0. The event space Y = R2, denoting the planar coordinates of the sample. The distribution
is visualized in the upper left row of Table 1, with only « € {4,5,6} visualized for clarity.

o Spiral: The context space is a uniform distribution over X = [400,800], denoting the length of a
parametric curve representing a planar spiral. This range is normalized to the interval [—1, 1] before
being passed into the models. The event space Y = R?, again denoting the planar coordinates of the
sample. The distribution is visualized in the upper right row of Table 1, with only = € {400, 500, 600}
visualized for clarity.

The performance of the models listed in Section 7.1 is shown in Table 1 (samples) and Table 2 (KDE
plots). The specific details of model architectures, training details, and hyperparameter values are given in
Appendix B.2. For all models, we restrict the parameter count of models to not exceed ~22k; for R-NCE,
this number is a limit on the sum of the NF+EBM parameters. We report the Bhattacharyya coefficient
(BC) between the sampling distribution and the true distribution, computed as follows. First, recall that
the BC between true conditional distribution p(y | ) and a learned conditional distribution pg(y | x) is:

BC(p(y | =), po(y | 2)) = / Vo [ Dpely [2)duy Vo€ X. (7.1)

Note that the BC lies between [0, 1], with a value of one indicating that p(y | ) = pe(y | ). We estimate
both p(y | ) and py(y | z) via the following procedure, which we apply for each context x that we evaluate
separately. First, we compute a Gaussian KDE using 8,192 samples with scipy.stats.gaussian_kde,
invoked with the default parameters. Next, we discretize the square [—4,4] x [—4,4] into 256 x 256 grid
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Table 1: A two-dimensional histogram plot of the samples generated by each of the models listed in Section 7.1.
The samples are binned at a resolution of 64 bins per coordinate. Each column represents a different context value z;
see Section 7.2 for the specific values for each problem. The Bhattacharyya coeflicient (BC) is computed as described
in Section 7.2.

Model Pinwheel
Actual
BC=0.991
NF . .
BC=0.540
i
IBC
&
R-NCE .
Diffusion .
BC=0.994
.
Diffusion-¢

points, and compute (7.1) via numerical integration using the KDE estimates of the density. Finally, we
report the minimum of the BC estimate over all & values that we consider.

The main findings in Table 1 and Table 2 are that the highest quality samples are generated by the R-NCE,
Diffusion, and NF models, between which the quality is indistinguishable, followed by a noticeable drop off
in quality for IBC. Note that for IBC we use a uniform noise distribution to generate negative samples.
While relatively simple, this example is sufficient to validate our implementations, albeit still illustrating the
limitations of IBC.

7.3 Path Planning
We next turn to a higher dimensional problem, one of optimal path planning around a set of obstacles.

We study this task due to its inherent multi-modality. The environment is a planar environment with 10
randomly sampled spherical obstacles, a random goal location, and a random starting point. The objective
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Table 2: A Gaussian KDE estimate generated via 8,192 samples for each of the models listed in Section 7.1. The
KDE is computed via scipy.stats.gaussian_kde with default values for the bw_method and weights parameters.
Each column represents a different context value x; see Section 7.2 for the specific values for each problem. The
Bhattacharyya coefficient (BC) is computed as described in Section 7.2.

Model Pinwheel Spiral
Actual H . . .
BC=0.996 BC=0.991
H .
NF
BC=0.540
IBC ' . . .
BC=0.996 BC=0.993
R-NCE
BC=0.998 BC=0.993
H -' .
Diffusion
BC=0.998 BC=0.994
- . ’ .
)
Diffusion-¢

is to learn an autoregressive navigation policy which, when conditioned on the scene (i.e., obstacles and goal)
and the last N positions of the agent, models the distribution over the next Np..q positions.

Dataset Generation. In order to generate the demonstration optimal trajectories, we use the stochastic
Gaussian process motion planner (StochGPMP) of Urain et al. (2022b), in which we optimize samples
generated from an endpoints conditioned Gaussian process (GP) prior with an obstacle avoidance cost. The
GP prior captures dynamic feasibility (without considering the obstacles) and the following key properties:
(i) closeness to the specified start-state with weight o5 > 0, (ii) closeness to the specified goal-state with
weight o, > 0, and (iii) trajectory smoothness with weight o, > 0; see Urain et al. (2022b); Mukadam
et al. (2018); Barfoot et al. (2014) for details on the computation of the prior. Roughly speaking, given a

trajectory {y[i]})Y,, a start location s, and a goal location g, the primary components of the effective “cost

27



Published in Transactions on Machine Learning Research (09/2024)

function" associated with the GP prior scale as:

N—
1 1
§||y[1]—s||2+?||y[ ] —gl* + 7 E yli + 1] — y[d]||>.
S g U i=1

In generating optimal trajectories from StochGPMP, we set the trajectory length to N = 50. The obstacle
cost cobs 18 parameterized by the obstacle set O = {(cg, rk)}}co:l, where ¢, € R? and rj, € R are the centers
and radii of the spherical obstacles, respectively:

N—-1 10

cobs({y[i]} 121, 0 ZZ\/ — dist (e, (y[d], yli + 1]))1{dist(cx, ([, y[i +1])) < re}.

=1 k=1

The contribution to the StochGPMP planner from the obstacle cost scales as cops/02. Following the gener-
ation of global trajectories with the planner, we recursively split the trajectories into (Neix + Npred)-length
snippets, and refine these snippets further with the StochGPMP planner, using the endpoints of the snip-
pets as the “start" and “goal" locations. The collection of these snippets form the training and evaluation
datasets.

Policy and Rollouts. The autoregressive policy is then defined as the following conditional distribution:

p(y[l+ ]-}v”'vy[i""Npred] | y[z]avy[z _thx + 1]7970)

For simplicity, we assume perfect state observation and perform this modeling in position space, i.e., y[i] € R?
denotes the planar coordinates of the trajectory at time ¢. Furthermore, we assume perfect knowledge of
the goal g and obstacles O. We leave relaxations of these assumptions to future work. We set Neyx = 3
and Npreq = 10, yielding a 20-dimensional event space. In order to generate a full length trajectory, we
autoregressively sample and rollout the policy. Given a prediction horizon of Npr.q = 10 and a total episode
length of N = 50 steps, we sample the policy 5 times over the course of an episode. In order to encourage more
optimal trajectories from sampling, for each context/policy-step we sample 48 future prediction snippets,
and take the one with the highest (relative) log-likelihood. For R-NCE and Diffusion-¢, this computation
is a straightforward forward pass through the energy model. On the other hand, for NF and Diffusion, this
computation relies on the differential form of the evolution of log-probability described in Section 6.

Evaluation. For evaluation, we compute the cost of the entire trajectory resulting from the autoregressive
rollout as the summation of three terms: (i) goal-reaching, (ii) smoothness, and (iii) obstacle collision cost.
To appropriately scale these costs in a manner consistent with the demonstration data, the evaluation cost
is modeled after the primary cost terms in the GP cost plus the obstacle avoidance cost, used to generate
the data:

. 1 1 .
Obj(y,9,0) = —5 [y[N] - gl + gcobs({yh] i=1,0 Z lyli] — yli — 1]|I>. (7.2)
g o

Here, 64, 0,5, and &, are derived by normalizing the corresponding Welghts from the StochGPMP planner.

Architecture and Training. For both energy models and vector fields, we design architectures based on
encoder-only transformers (Vaswani et al., 2017). Specifically, we lift all conditioning and event inputs to a
common embedding space, apply a positional embedding to the lifted tokens, pass the tokens through multiple
transformer encoder layers, and conclude with a final dense accumulation MLP. However, as previously
discussed in Section 4.3.1, for computational reasons we make the vector field parameterizing the proposal
model for R-NCE a dense MLP, which is significantly simpler compared to the EBM. Indeed, the proposal
CNF on its own is insufficient to solve this task, but is powerful enough as a negative sampler. More specific
architecture, training, and hyperparameter tuning details are found in Appendix B.3. Note that for IBC, we
do not use a fixed proposal distribution, as doing so results in poor quality energy models. Instead, we use
the same NF proposal distribution as used for R-NCE, trained jointly as outlined in Algorithm 1.

For all models considered, we limit the parameter count to a maximum of ~500k (for IBC/R-NCE, this is a
limit on the EBM+NF parameters). Finally, for all models, during training, we perturbed the context and

28



Published in Transactions on Machine Learning Research (09/2024)

prediction snippet, i.e., {y[i — Netx +1],...,y[i + Nprea]}, using Gaussian noise with variance o3, where
Opert is annealed starting from 0.01 down to 0.005 over half the training steps, and held fixed thereafter. We
found that this technique significantly boosted the performance of all models, and provide some intuition in
the discussion of the results.

NF (Col=0.054 = 0.005, Cost=0.220 + 0.009) Diffusion-¢ (Col=0.039 = 0.004, Cost=0.237 = 0.006)
R-NCE (Col=0.030 +0.003, Cost=0.194 = 0.009) IBC (Col=0.107 = 0.006, Cost=0.855 +0.215)
Diffusion (Col=0.056 + 0.005, Cost=0.286 + 0.008)
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Figure 4: A bar plot comparing the collision rates amongst different models, for each of the 25 test environments.
For each environment, a (environment conditioned) 95% confidence interval for the collision rate is computed via the
Clopper-Pearson method and shown via an error bar. Furthermore, a symmetric 95% confidence interval for both the
collision rate and the cost is shown for each model in the legend, computed via the standard normal approximation.
Each color corresponds to a different model, with the color legend shown in the top plot. Note that for several of
the environments, the collision rate extends beyond the limits of the displayed plots. For all models, Environments
1 and 24 are particularly challenging; we illustrate the qualitative behavior of this failure case in Table 3.

Results. We focus our evaluation on two metrics: (a) collision rate, and (b) the objective cost (7.2). Our
main finding is that R-NCE yields the sampler with both the lowest collision rate and the lowest obstacle
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Table 3: Sampled trajectories for three separate path planning test environments (out of 25). The specific envi-
ronments are shown to highlight multi-modal solutions. Each environment contains 384 trajectories sampled autore-
gressively, 10 obstacles, and one goal location indicated by the orange marker. The collision rate and cost values
are shown for each environment, along with a symmetric 95% confidence interval computed via a standard normal
approximation. The “Env 1” column highlights the failure cases for the best performing models (cf. Figure 4), where
collisions arise due to the models generating trajectories which attempt to pass through narrow passageways.

Model Env 1 Env 10 Env 18
col =0.440 +£0.050, cost=0.287 = 0.080 col=0.010+0.010, cost=0.216 = 0.050 col =0.047 £0.021, cost=0.244 £ 0.033
NF
IBC
R-NCE
col =0.479 = 0.050, cost=0.265 +0.026 col =0.062 +0.024, cost=0.250+0.038 col=0.023 +£0.015, cost=0.372 £ 0.062
Diffusion
col =0.417 +0.049, cost =0.243 £ 0.025 col =0.005 *+ 0.005, cost=0.217 £ 0.023 col =0.005 * 0.005, cost =0.248 £ 0.025
Diffusion-¢
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cost. Figure 4 provides a quantitative evaluation, showing the collision rates for each model on all 25
test environments. Furthermore, in Table 3, we show the performance of the various models on three test
environments. Observe that in Figure 4, there are two environments (specifically Environments 1 and 24) for
which the collision rate exceeds 10% on every model. Example trajectories from Environment 1 are shown
in Table 3 to illustrate this failure scenario (note that Environment 24 exhibits similar behavior). Here,
the failures arise from the policy attempting to aggressively cut through a very narrow slot between two
obstacles.

For R-NCE, we additionally experimented with leveraging a pre-trained proposal model; all other relevant
training hyperparameters were held the same as joint training, other than holding oper fixed at 0.005.
The resulting model’s performance yielded an average collision rate of 5.8% and cost 0.24, notably worse
that the joint training equivalent. We hypothesize that data noising improves the conditioning of the
generative learning problem. Indeed, the trajectories in the training dataset arguably live on a much smaller
sub-manifold of the ambient event space. By annealing the perturbation noise, we are able to guide the
convergence of the learned distributions towards this sub-manifold. This is not possible, however, if the
proposal model is pre-trained and the perturbation noise is annealed during EBM training.

In Table 4, we additionally ablated the number of negative samples K within the R-NCE objective. While
higher K yields better overall closed-loop performance, likely due to better generative models, the drop-off
in performance is relatively mild for this problem.

Table 4: Ablation over the number of negative samples K within the R-NCE objective. Increasing K yields higher
quality policies w.r.t. closed-loop collision rate and cost. However, the drop-off in performance is mild, suggesting
some inherent robustness in the learning problem.

K Col Cost

7 0.061 +£0.005 0.20 &= 0.009
31 0.052+0.004 0.2124+0.01
63 0.03+£0.003 0.194 £ 0.009

Finally, in Table 5, we show that generating multiple (¢ = 48) samples per step and selecting the one with
highest log-probability has a non-trivial effect on the quality of the resulting trajectories, thus demonstrating
the importance of ranking samplings.

Table 5: A study to illustrate the necessity of generating multiple samples per timestep, and selecting the sample
with the highest score. Here, we let the variable ¢ denote the number of samples which are generated at every
timestep. Symmetric 95% confidence interval for both the collision rate and the cost are computed via the standard
normal approximation. Uniformly across all models, both the collision rate and trajectory cost rise significantly going
from ¢ = 48 samples per step down to £ = 1. Recall that for Diffusion, the log-probability is computed by treating
the model as a CNF (cf. Section 6).

Model Col (¢ = 48) Col (¢ =1) Cost (£ =48) Cost (£ =1)
NF 0.054 £0.005 0.101 £0.006 0.220 +0.009 0.500 £ 0.016
R-NCE 0.030 £0.003 0.116 = 0.006 0.194 £0.009 2.287 £ 1.089
Diffusion 0.056 + 0.005 0.099 +0.006 0.286 £0.008 0.569 £+ 0.017
Diffusion-¢  0.039 +0.004 0.087 +0.006 0.237 £0.006 0.489 + 0.015
IBC 0.107 £ 0.006 0.203 & 0.008 0.855 +£0.215 8.734 +1.677

7.4 Contact-Rich Block Pushing (Push-T)

Our final task features contact-rich multi-modal planar manipulation which involves using a circular end
effector to push a T-shaped block into a goal configuration (Chi et al., 2023; Florence et al., 2022). In this
environment, the initial pose of the T-shaped block is randomized. The agent receives both an RGB image
observation of the environment (which also contains a rendering of the target pose) and its current end
effector position, and is tasked with outputting a sequence of position coordinates for the end effector. The
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target position coordinates are then tracked via a PD controller. This task is the most challenging of the
tasks we study, due to (a) contact-rich behavior and (b) reliance on visual feedback. Indeed, we find that
successfully solving this task with R-NCE requires the I-R-NCE machinery introduced in Section 5.2.

Our specific simulation environment and training data comes from Chi et al. (2023), which uses the pygame®
physics engine for contact simulation, and provides a dataset of 136 expert human teleoperated demonstra-
tions.

Policy and Rollouts. Similar to path planning (cf. Section 7.3), we use an autoregressive policy to perform
rollouts:

p(y[i + 1}7 B '7y[i + Npred] | y[iLO[i]v ce 7y[i - thx + 1]70[i - thx - 1]) (7'3)

Here, y[i] denotes the end effector position at timestep 4, and o[i] denotes the corresponding RGB image
observation. Following Chi et al. (2023), we set Npreqa = 16 and Neyx = 2, yielding a 32-dimensional event
space. Furthermore, during policy execution, even though we predict Np,eq = 16 positions into the future,
we only play the first 8 predictions in open loop, followed by replanning using (7.3); Chi et al. (2023, Figure
6) showed that this ratio of prediction to action horizon yielded the optimal performance on this task. As
with the path planning example, for each policy step, we sample 8 predictions and execute the sequence with
the highest (relative) log-likelihood.

Evaluation. FEach rollout is scored with the following protocol. At each timestep 4, the score of the current
configuration is determined by first computing the ratio r[i] of the area of the intersection between the current
block pose and the target pose to the area of the block. The score s[i] is then set to s[i] = min(r[i]/0.95,1).
The episode terminates when either (a) the score s[i] = 1, or (b) 200 timesteps have elapsed. The final score
assigned to the episode is the maximum score over all the episode timesteps. Our final evaluation is done
by sampling 256 random seeds (i.e., randomized initial configurations), and rolling out each policy 32 times
within each environment (with different policy sampling randomness seeds).

Architecture and Training. We design two-stage architectures, which first encode the visual observations
{0[i],...,0[i = Netx + 1]} into latent representations via a convolutional ResNet, with coordinates appended
to the channel dimension of the input (Liu et al., 2018), and spatial softmax layers at the end (Levine et al.,
2016). To further improve the parameter efficiency of R-NCE and I-R-NCE, both the EBM and NF models
share this visual encoder. Updates to the encoder are then allowed to be propagated by either the EBM or
the NF optimization step through an appropriate stop-gradient operator. For the EBM, the spatial features
are flattened and combined with both the agent positions and time index ¢ (the time index of the generative
model, not the trajectory timestep index ), and passed through encoder-only transformers similar to the
architectures used in path planning (cf. Section 7.3). For the interpolant NF which forms the negative
sampler for I-R-NCE, special care is needed to design an architecture which is simultaneously expressive
and computationally efficient; a dense MLP as used in path planning for the proposal distribution led to
posterior collapse during training (cf. Section 4.3). We detail our design in Appendix B.4, in addition to
various training and hyperparameter tuning details. For all models, we limit the parameter count to ~3.3M
(for I-R-NCE, this limit applies to the sum of the NF+EBM parameters).? Finally, similar to the training
procedure for path planning, we employed the same annealed data perturbation schedule to guide training,
with noise applied only to the sequence of end effector positions.

Results. We show our results in Table 6 and Table 7. Note that we do not evaluate IBC here due to its
previous poor performance both in path planning, and poor performance shown for this task in Chi et al.
(2023). Table 6 contains, for each model, visualizations of policy trajectories in four different evaluation
environments. In Table 7, we show the final evaluation score achieved by each of the models; we additionally
include results for I-R-NCE paired with the simpler two-stage sampling method from Algorithm 2, and
the simpler non-interpolating R-NCE (Algorithm 1). We note that the best performance is achieved by

8Package website: https://github.com/pygame/pygame
9We find that models which are several orders of magnitude smaller than the models used in Chi et al. (2023) suffice.
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Table 6: A visualization of the policy trajectories of each model in four different initial conditions. The trajectory
is color coded using time, with the beginning of the trajectory represented using the lightest shade =, and the end
of the trajectory with the darkest shade ll. The desired goal configuration is show in the green color Bl. Above each
environment, the score assigned to the rollout is shown (see the evaluation paragraph in Section 7.4 for the definition
of the score).

Model Examples
r=1.000 r=0.972 r=0.964 r=0.572
NF

r=0.954 r=1.000 r=0.992 r=0.988
I-R-NCE

r=1.000 r=0.958 r=0.907 r=1.000
Diffusion

r=0.967 r=0.240 r=1.000 r=0.955

Diffusion-¢

I-R-NCE, paired with the three-stage sampling method from Algorithm 4. This is closely followed by I-
R-NCE with the two-stage sampling method from Algorithm 2; both I-R-NCE results notably outperform
non-interpolating R-NCE. This suggests that training via [-R-NCE yields significantly superior models, even
when the EBM is only used at ¢t = 1 during sampling. A reasonable hypothesis would be that training via
I-R-NCE yields multi-scale variance reduction whereby the shared network £ benefits from learning across
all times within (0, 1], similar to the benefits attributed to time-varying score modeling. We anticipate that
the gap between the two- and three-stage sampling algorithms should widen with even more challenging

33



Published in Transactions on Machine Learning Research (09/2024)

distributions. Meanwhile, the non-interpolating variant of R-NCE does not inherit any multi-scale learning
benefits. Finally, as with path planning, I-R-NCE (with or without the SDE sampling stage) outperforms
the NF, Diffusion, and Diffusion-¢ models.

Table 7: The final evaluation score across 256 randomly sampled initial configurations, and 32 rollouts within each
environment configuration. The reported score is a scalar between [0, 1] which describes the maximum coverage of
the target achieved by the policy; the precise definition is given in the evaluation paragraph of Section 7.4. A 95%
symmetric confidence interval computed via a normal approximation is shown for each score. Here, we see that the
model trained with I-R-NCE outperforms the other models. The difference between I-R-NCE and I-R-NCE (Alg. 2)
corresponds to the use of Algorithm 4 for the former and Algorithm 2 for the latter during sampling.

NF R-NCE I-R-NCE (Alg. 2) I-R-NCE Diffusion Diffusion-¢
0.866 + 0.006  0.824 + 0.006 0.880 £ 0.005 0.884 +0.005 0.864+0.006 0.860 £ 0.006

8 Conclusion

We showed that in the context of policy representation, energy-based models are a competitive alternative
to other state-of-the-art generative models such as diffusion models and stochastic interpolants. This was
done through several key ideas: (i) optimizing the ranking NCE objective in lieu of the InfoNCE objective
proposed in the IBC work (Florence et al., 2022), (ii) employing a learnable negative sampler which is jointly,
but non-adversarially, trained with the energy model, and (iii) training a family of energy models indexed by
a scale variable to learn a stochastic process that forms a continuous bridge between the data distribution
and latent noise.

This work naturally raises several broader points for further investigation. First, while we focused on theo-
retical foundations in addition to a comprehensive evaluation of R-NCE trained EBMs compared with other
generative models, in future work we plan to deploy these EBMs on real hardware platforms. Second, this
work investigated the use of R-NCE for training EBMs in the supervised setting, i.e., behavioral cloning. A
promising future direction would be to adapt our R-NCE algorithm and insights for training EBM policies via
reinforcement learning (Levine, 2018). Finally, despite our motivations being targeted towards robotic ap-
plications, many of our technical contributions actually apply to generative modeling more broadly. Another
direction for future research is to apply our techniques to other domains such as text-to-image generation,
super-resolution, and inverse problems in medical imaging, and see if the benefits transfer over to other
domains.
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A Reference Two Time-Scale Implementation of Joint Sample and Log-Probability
Computation

Figure 5 provides a simple reference implementation of the two time-scale approach to jointly sampling and
computing log-probability described in Section 6.

from typing import Callable

import jax

import jax.numpy as jnp
import jax.scipy as jsp
import diffrax as dfx

Array, KeyArray = jax.Array, jax.Array
Time, Context, Event = float, Array, Array

VectorField = Callable[[Time, Event, Context], Event]
EVENT_DIM = ...

def latent_sample_and_log_prob(key: KeyArray) -> tuple[Event, float]:
# Isotropic Gaussian base distribution for simplicity.
z0 = jax.random.normal (key, shape=(EVENT_DIM,))
return z0, jnp.sum(jsp.stats.norm.logpdf(z0))

def sample_and_log_prob(
vf: VectorField, key: KeyArray, ctx: Context, ode_ts: Array, lp_ts: Array
) —> tuple[Event, float]:
def d_dt_psi(t, z, x):
fn = lambda z: vif(t, z, x)
_, vjp_fn = jax.vjp(fn, z)
(dfdz,) = jax.vmap(vjp_fn) (jnp.eye(EVENT_DIM))
return -jnp.trace(dfdz)
traj_subsaveat = dfx.SubSaveAt(ts=1lp_ts, fn=d_dt_psi)

z0, psi0 = latent_sample_and_log_prob(key)

(z,), d_dt_psis = dfx.diffeqgsolve(
dfx.0DETerm(vf), solver=dfx.Heun(), tO=ode_ts[0], tl=ode_ts[-1],
dtO=None, y0=z0, args=ctx, stepsize_controller=dfx.StepTo(ode_ts),
saveat=dfx.SaveAt (subs=[dfx.SubSaveAt (t1=True), traj_subsaveat]))

return z, psiO + jnp.trapz(d_dt_psis, lp_ts)

Figure 5: A reference implementation of the two time-scale approach described in Section 6 for jointly computing
samples and log-probabilities from a continuous normalizing flow.

B Experimental Details

B.1 Recovering the Energy Model in Diffusion-¢

The score function Vlegp(y | z,t) in the Diffusion-EDM parameterization (Karras et al., 2022) is not
represented directly by a neural network, but rather indirectly through a sequence of affine transformations.
In order to recover (up to a constant) the corresponding function ¢(z,y,t) = logp(y | x,t), we need to
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integrate the score across the affine transformations. Specifically, letting f(x,y,t) denote the raw vector-
valued network, Diffusion-EDM parameterizes the score as (Karras et al., 2022, Eq. 3 and Eq. 7):

Viegp(y | z,t) = (d(z,y,0(t)) —y)/o(t)*,
d({l?7 Y, t) = Cskip(t)y + Cout (t)f(cin (t)ya Cnoise (t))

Now, if the network f(x,y,t) has special gradient structure f(x,y,t) = Vy¢(z,y,t), then a straightforward
computation yields:

—~

logp(y | z,t) = r(z,y,t) + const(z, ),
Cout(t)

t2¢in (t)

=

(eskip(t) = Dllyl* +

r(x? y? t) = (z)(x7 Cln(t)y’ CnOiSC (t))' (B'l)

[\
)

t

where const(z,t) is a function that is unknown, but only depends on x and ¢. Hence, for a fixed € X and
events {y;} C Y, we can compute the relative likelihoods {r(z,y:, <)}, where € is a value close to zero (but
not equal to zero as (B.1) becomes degenerate at ¢ = 0). These relative likelihood values can be used to
compare the likelihood of samples for a given context, and can be hence used to perform fast action selection.

B.2 Synthetic Two-Dimensional Examples

For each problem (i.e., pinwheel and spiral), the training data consists of 50,000 samples from the joint
distribution Px y.

Architectures and EBM Sampling. For all energy models (IBC, Diffusion-¢, and R-NCE-EBM, as we
do not use the interpolating variant of R-NCE for this benchmark), we model the energy function &(z,y)
by first concatenating (z,y) and then passing through 8 dense layers with residual connections. Similarly
for the NF vector field and Diffusion denoiser, which is also a vector-valued map v;(x,y), we first embed
the time argument through 2 fully connected MLP layers of width 10, and then pass the concatenated
arguments (x,y, MLP(¢)) into 8 dense layers of width 64 with residual connections. Finally for parameter
efficiency reasons, the R-NCE-NF vector field first concatenates z = (z,y) and then passes the inputs (z,t)
into 2 ConcatSquash'® layers. Both here and throughout our experiments, we utilize the swish activation
function (Ramachandran et al., 2017). EBM sampling (i.e., for IBC and R-NCE) is done using Algorithm 2
with Langevin MCMC. Table 8 and Table 9 contains the hyperparameters we search over.

Table 8: List of hyperparameters for the EBMs. LR denotes learning rate, WD denotes weight decay, Tmemc refers
to the number of Langevin steps taken, n refers to the Langevin step size, and K denotes the number of negative
examples. Note that K is odd here since it was more computationally efficient to sample K + 1 negative samples and
replace one with the positive sample. Note that all models considered have at most ~11k NF+EBM parameters in
total.

Model [ Width LR WD Tmeme n K
IBC {64,128} {10-3,5-10-*} {0,10~%}  {250,500,750,1000} {10~3,5-10-%} {9,63,127,255}
R-NCE-EBM 64 {10=3,5-10-%}  {0,10~%} _3 4
R-NCE-NF {32,64} {1073,5-107*} {0,107%} {500,1000} {107%,5- 107} 0

Training. We use a constant learning rate for all models, a batch size of 128 examples, and train the models
for 20,000 total batch steps. For R-NCE, 20,000 R-NCE batch steps are taken, but the negative sampler varies
between 20,000 or 50,000 interpolant loss batch steps depending on the specific hyperparameter setting. In
particular, we tune both the number of negative sampler updates (Tgamp in Algorithm 1, Line 5) in addition
to the R-NCE updates (Tince in Algorithm 1, Line 9) in the main loop. Specifically, recalling that Touter
denotes the total number of outer loop iterations (Algorithm 1, Line 4), we search over the grid:

{(Toutcr:40007 Tsamp:5a Trncc:5)7 (Toutcrzlooooa Tsamp:5a Trncc:2)}~

Ohttps://docs.kidger.site/diffrax/examples/continuous_normalising_flow/
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Table 9: List of hyperparameters for diffusion and NF models. The parameter « is described in Section 7.1, and the
remaining parameters 0data; Omax, Omin, and p refer to various Diffusion-EDM parameters from Karras et al. (2022,
Table 1). All models considered have at most ~22k parameters. For sampling, all models use 768 Heun steps (1,024
total function evaluations).

Model [ Width LR ‘WD Odata Omax Omin p o
Diffusion
Diffusion-¢ | {64,128} {1073,5-1074} {0,104} {0.5,1} {60,80}  0.002  {7,9} )
NF - - - - {2,3,4}

B.3 Path Planning

Architectures and EBM Sampling. As discussed in Section 7.3, we train architectures based on
encoder-only transformers. Here, we give a more detailed description. The inputs to our energy models and
vector fields are interpolation/noise-scale time!! ¢ € R, obstacles o = R0*3a goal location g € R?, previous
positions 7_ = (y[i — Netx + 1], ..., y[i]) € RNex*2and future positions 7 = (y[i + 1], ..., y[i + Npred]) €
RNereaX2 - We fix an embedding dimension depp,, and denote the combined past and future snippets as
7 = (17—, 74+). The architecture is depicted in Figure 6, where doyt is equal to the dimensionality of the event
space (2Npreq for path planning) for vector fields and is equal to one for energy models.

><N])
t —— I\ILP('ld(‘nlb? dcmb) @ -
g ——— I\ILP('ld(‘nlb? dcmb) @ - MH S A
O ——» COIlVld(L dellll)) @ -
T — Convld(L demb) @ — @ — - I\'ILP(deml),demba dout)

Figure 6: The encoder-only transformer architecture we utilize for path planning models. Here, @ refers to the
swish activation function (which is also the activation function used inside the MLP blocks), @ is the standard
sinusoidal positional embedding, and the first argument to Conv1d denotes the filter size. MH-SA denotes a standard
Multi-Head Self-Attention encoder block (Vaswani et al., 2017); we use 4 self-attention heads in each block. The T
tokens after the terminal block are flattened and passed through the output MLP.

In addition, we also consider architectures which utilize a convolutional “prior” which operates only on the
trajectory T tokens. Namely, after 7 is embedded into R%m> and positionally encoded, we pass the resulting
trajectory tokens through the following two blocks:

Conv1d(3, demp) — GroupNorm(8) — o — Dense(demp) — 0 (First block) (B.2a)
Conv1d(3, demb) — GroupNorm(8) — o — Dense(doys) — o (Second block). (B.2b)

The output of the second block is then summed along the temporal axis, to produce the output of the prior.
This is then added to the output of the final MLP, shown in Figure 6.

Furthermore, we remark that for computational and parameter efficiency, both IBC-NF and R-NCE-NF do
not use the transformer encoder architecture described in Figure 6. Instead, all obstacle, goal, and trajectory
inputs are concatenated together and fed into several ConcatSquash layers. While this produces a proposal
distribution which is nowhere near optimal, it turns out to be a sufficiently powerful negative sampler for
this problem. Sampling during inference from the EBM models is done using Algorithm 2 with Langevin
sampling for the MCMC stage.

Training. We use a train batch size of 128. For both IBC and R-NCE, we use Tyuter = 250,000 main loop
steps; each loop consists of either Tyamp € {2,4} negative sampler batch steps, and 2 IBC/R-NCE updates

1 For the IBC-EBM and R-NCE-EBM models, ¢ is fixed to a constant value of 1 as we do not use the I'-EBM formulation
here.
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Table 10: List of hyperparameters for the IBC and R-NCE path planning models. Width denotes the width of the
ConcatSquash layers, demb and Ny, are described in Figure 6, Tieme refers to the number of Langevin steps taken, and
7 refers to the Langevin step size. The number of ConcatSquash layers for IBC-NF and R-NCE-NF is set equal to the
number of self-attention blocks Ny, within the EBM; the constant « for the proposal NFs was fixed at 2. Note that
in our hyperparameter sweeps, we exclude combinations of Width and Ny, which yield total (NF + EBM) parameter
accounts exceeding ~500k.

Model [ Width demb Ny, LR WD Tieme 0
IBC-EBM - 64 3,4,5} 5-10~% _ _
IBC-NF {64,128, 256} - ¢ - I 10-3 {0,107} {500,750} 107*
R-NCE-EBM - 64 3,4,5} 5-10~% _ _
R-NCE-NF | {64,128,256} - { - J 103 {0,107%} {500,750} ~107*

steps. The IBC-NF/R-NCE-NF optimizers use a cosine decay learning rate without warmup, whereas the
IBC-EBM/R-NCE-EBM optimizers use a warmup cosine decay rate with 5,000 warmup steps. For both IBC
and R-NCE, we use a fixed K = 63 negative samples. More hyperparameters are listed in Table 10. On
the other hand, for Diffusion, Diffusion-¢, and NF, we train our models for 500,000 batch steps and use a
warmup cosine decay learning rate schedule,'? with 5,000 warmup steps. The remaining hyperparameters
are listed in Table 11.

Table 11: List of hyperparameters for diffusion and NF path planning models. Note that in our hyperparameter
sweeps, we exclude combinations of demb and N, which yield parameter accounts exceeding ~500k. For sampling, all
models use 375 Heun steps (750 total function evaluations), and 64 log-probability ODE steps (cf. Section 6).

Model [ demb Ny LR WD OJdata Omax Omin Orel P
Diffusion _3 —4 -
Diffusion-¢ {64,80}  {3,4,5} {1073,.0005} {0,10—*} {.5,1} {60,80}  .002 (01,.02,.03} {7,9}
Model [ demp Ny, LR WD a
NF [ {64,80} {3,4,5} {1073,.0005} {0,100~ %} {2,3}
B.4 Push-T

Architectures and EBM Sampling. For all models, we use a similar encoder-only transformer architec-
ture as for path planning. The inputs to the energy models and vector fields consist of: interpolation/noise-
scale time ¢ € R,'® past image observations o € RNewxX96x96X3 " nagt agent positions 7_ = (y[i — Negx +
1],...,yli]) € RNex*2 and future positions 7 = (y[i + 1], ..., y[i + Nprea]) € RNpreax2,

The image observations are first featurized into a sequence of embeddings RMetx*de via a convolutional

ResNet, with coordinates appended to the channel dimension of the images (Liu et al., 2018), and spatial
softmax layers at the end (Levine et al., 2016). We use a 4-layer ResNet, with width d,es, and 4 spatial-
softmax output filters, giving d, = 8. The rest of the architecture resembles the self-attention architecture
from Appendix B.3 (see Figure 7 for completeness). As before, we choose an embedding dimension depp; the
output dimension dqy; is equal to the dimensionality of the event space, 2Npyeq, for vector fields, and is equal
to one for energy models. As with path planning, we also add the output from a convolution prior, defined
in (B.2), which operates only on the prediction tokens 74 post positional embedding. The dimensions d,es
and demp, were held fixed at 64 and 128 respectively, for all models.

The negative sampler NF model’s architecture for I-R-NCE needed to be designed differently since the
self-attention layers in Figure 7 were computationally prohibitive for negative sampling and log-probability
computations, both of which are necessary for defining the I-R-NCE objective. As a result, we devised
a novel ConvlD-Multi-Head-FiLM (CMHF) block, inspired from Perez et al. (2018), which, while inferior
to the general self-attention block, was sufficiently powerful for training via I-R-NCE and computationally
cheaper. The overall EBM+NF architecture and CMHF block are shown in Figures 8 and 9, respectively.
Finally, drawing inspiration from the pre-conditioning function c,eise(t) presented in Karras et al. (2022), we

2https://optax.readthedocs.io/en/latest/api.html#optax.warmup_cosine_decay_schedule
13Note that interpolation time ¢ € [0, 1] is also an input to the EBM as we use the I-R-NCE formulation.
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Context Tokenization
: ? C‘/?
/ N x N
- _’MLP(‘ldembv demb) @ D b
r= MLP(4dcmba dcmb) @ l_’ MH_SA

MLP <4domb ) domb) @
MLP <4dombr dcmb) @

T+

%_’ - 1\"H-‘P@demb: demp,s dﬂllt)

Figure 7: The encoder-only transformer architecture for Push-T. The 7 tokens after the terminal block are flattened
and passed through the output MLP. Each MH-SA block used 4 attention heads.

applied the non-linear transform ¢ — —log(1.1 — t) on the interpolation time ¢ used within I-R-NCE-EBM
and I-R-NCE-NF. The advantage of this transform is to counteract the effect of the decreasing step-sizes
from the transform ¢ — ¢/ defined in Section 7.1.

q
? / \ ><Nb
T4 — MLP(d @_. — — MLP(2dy,dy, dout)
t — MLP(d Conv1D
MH-FiLM
_ —=MLP(d
Context Tokenization N, o]
o N
- '_’MLP('/ldcmb? domb) @ ]
( ><Nh
= MLP (4depyp, demb) @ i
®— | MH-SA
t MLP(4demb: deml)) @
T+ MLP (4dernp; demb) @ — MLP(2denpys demps 1)

%“;/

Figure 8: Combined NF (top) + EBM (bottom) architecture for I-R-NCE. To eliminate parameter redundancy,
both models share the context tokenizer. However, only the sampler (cf. Algorithm 3, Line 9) or the EBM (cf. Algo-
rithm 3, Line 14) is allowed to update the context tokenizer; we swept over both choices. Post context tokenization,
the NF blocks use a smaller feature embedding, df = demb/2 = 64. The design of the ConvlD-Multi-Head-FiLM
block is shown in Figure 9. We use 4 heads within the EBMs self-attention blocks and 2 heads within the NFs CMHF
blocks. The additional input q to the CMHF blocks is explained in Figure 9.

Sampling during inference from the EBM models is done via Algorithm 4 with HMC sampling for the MCMC
stage. We split the net amount of evaluations of V,&(z,y,t) between the SDE and MCMC stages using the
interpolation time lower-bound ¢; in particular, |t - Tiemc| evaluations are dedicated to the MCMC stage,
while | (1—1)-Tmemc| evaluations are given to the SDE stage. This allows us to control the net inference-time
computational fidelity.
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t
MLP(d)
ConcatHeads

MH
FiLM

< LayerNorm

|
ConvlD(3,dy)

T

T+

Figure 9: The ConvlD-MH-FiLM block. The input X is the combined set of context tokens from o,7_, and t.
Each block has its own independent set of set of query tokens q € R™*%/ | treated as learnable parameters, that
cross-attend (MH-CA) to the composite context tokens X to produce FiLM weights {(v:, 3:)}.-,, where ;, 3; € R%.
The number of queries in each CMHF block ng was set to the number of heads (2). Each set of FiLM weights (s, 5i)
are broadcasted across the temporal dimension of the prediction tokens 74+ and affinely transform the prediction
tokens (see Perez et al. (2018)) to yield n, copies of transformed prediction tokens. These are then concatenated
(similar to a multi-head attention block) along the head-dimension, and projected back down to yield a set of output
prediction tokens 74. Separately, the composite context tokens x are propagated through a standard MH-SA block.

Table 12: List of hyperparameters for I-R-NCE. The constant Ny, is described in Figure 8. Tmcmce refers to the
total number of V& evaluations, split between the SDE sampler and HMC leapfrog integrator steps, and 7 refers
to both the SDE noise-scale (see (5.7)) and HMC leapfrog integrator step size; we used 50 leapfrog steps per HMC
momentum sampling step. The value t is the initial CNF sample time; see Algorithm 4. The constant « for the
proposal NFs was fixed at 2.5. Note that in our sweeps, we exclude combinations of Ny, for the EBM and NF which
yield total parameter accounts exceeding ~3.3M.

Model [ M LR WD Tmcme n t
I-R-NCE-EBM | {6,8} 2-10-%* {107°,5-10-%,10~6}  {750,1000,1250} {5-10-%10-3} {0.45,0.5}
I-R-NCE-NF | {3,4} 10-3 10~ - - -

Training. We use a train batch size of 128 for the diffusion, NF, and [-R-NCE-NF models, and 64 for
I-R-NCE-EBM. For Diffusion, Diffusion-¢, and NF, we train our models for 200,000 batch steps and use a
warmup cosine decay learning rate schedule with 5,000 warmup steps. For I-R-NCE, we use Tyuter = 100,000
main loop steps; each loop consists of Tsamp = 4 negative sampler batch steps, and Tipce = 2 R-NCE batch
steps. Both models used a cosine decay learning rate schedule with a warmup of 1,500 main loop steps. We
fix the number of negative samples for I-R-NCE to K = 31 and the number of interpolating times m = 5. For
I-R-NCE, we also leveraged the computation trick from Section 6 by relying on 150 time-steps with a Heun
integrator for sampling from the proposal model, and sub-sampling at only 15 time-steps for computing the
log probability via trapezoidal integration. The remaining set of hyperparameters for I-R-NCE are outlined
in Table 12.

Finally, we conclude by discussing the remaining set of hyperparameters for NF, Diffusion, and Diffusion-
¢. For all three models we hold the following hyperparameters fixed: (a) WD = 107, (b) the number of
sampling ODE steps equals 512 (so 1024 total number of function evaluations), and (c¢) the number of log
probability ODE steps equal to 48 (cf. Section 6). For Diffusion and Diffusion-¢, we use the default settings
of Gdata, Omin, Omax, and p from Karras et al. (2022). We also fix oy, = 0.02 for Diffusion-¢. Finally, for
NF, we fix @ = 2. The remaining hyperparameter values we sweep over are listed in Table 13.
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Table 13: List of hyperparameters for NF, Diffusion, and Diffusion-¢. The constant N, is described in Figure 7.
The parameter opert governs the data noising, as discussed in the main text. All models considered have parameter
counts not exceeding ~3.3M.

Model [ Ny LR Opert
NF
Diffusion | {4,6,8} {1074,2.1074,5.104} {0,0.01}
Diffusion-¢

C Proofs

C.1 Optimality

Before we proceed, we state the following claim which will be used in the proof of Theorem 4.4.

Claim C.1. Let (v;)%, be a strictly positive vector in R, and let Sq_1 denote the (d — 1)-dimensional
simplex on RY. The function F(q) = Z?zl vilog q; is uniquely mazimized over Sq—1 by ¢ =/ Z?Zl Y-

Proof. Follows from a standard Lagrange multiplier argument combined with the strict concavity of log x on
the positive reals. O

We now re-state and prove Theorem 4.4.

Theorem 4.4 (Optimality). Suppose that F is realizable. Then, for any &£ € E, we have that:

©, = argmax L(6,£). (4.2)
0co

Proof. As noted in Section 4.1, the proof strategy follows Ma & Collins (2018, Theorem 4.1), but includes
the measure-theoretic arguments necessary in our setting. First, we note our assumptions ensure that L(6, )
is finite for every 6,£ € © x Z. Second, since the index k& does not affect the value in (3.8), we can take the
average

| K

L(9,¢) = K+l Z E;Egjz:er loggee(k | z,¥).
k=1

We now use the existence of regular conditional densities to perform a change of measure argument as

follows: 14

1 K+1
L(0,¢) = ik > Egpeer loggoe(k | x,.V)l
Lk=1
1 K—‘rl
:K+1]Ew Z/logqogk\xy (ur | @) Hp5y3|$dy1K+1
L J#k
ks plur | ) T
:K+1]EI Z/bgqeﬁk‘xy) ( B Jl_[lpéyjlw)dleJrl
1 - Py | 2)
= 7]E$E ~ K+1 lqug k|lx Y k . C.1
K+1 y~P [; ek | )pg(yk|x) (C.1)

As a reminder, the notation y ~ Pf/(\j:_}é

on z) from the K + 1 product distribution of pe(- | ). Now, the term in the brackets is the (negative,

indicates that the K + 1 samples in y are drawn (conditionally

M Note that in the integral expressions that follow, we slightly abuse the measure-theoretic notation to imply the equivalence

dy1.x4+1 = ,uY(K+1)(dy1 K+1), where ,uX(K+1) is the product measure.
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un-normalized) cross entropy between the following distributions over {1,..., K + 1}: the (un-normalized)

distribution {% Kb and the distribution {gg¢(k | 2,y)} 1

Let 6, € O,. By the definition of realizability, we have for a.e. (z,y):
p(yr | =) /pe(yk | )

klx,y)= 1
0.k | z,) Zj:; p(y; | ©)/pe(y; | )

Vke{l,... K +1}.

Thus, we see by Claim C.1 that the choice of 6, € ©, pointwise maximizes the cross-entropy term in the
brackets in (C.1), and hence O, C argmaxycq L(6,&).

Now, suppose that 6 € argmaxgeg L(6,€). Let 0, € O, be arbitrary. Since L(0,¢) = L(6,,€) and since 6,
pointwise maximizes (C.1), by Claim C.1 we must have that for a.e. (z,y):

age(k |2, 5)=qo, ¢k |2,y) Vke{l,...,K+1}. (C.2)
Note that when (C.2) holds, we have:

exp(&5(z, yr)) > yey exp(&g(x,y) — logpe(y | z))
exp(&o, (z,91)) X ey exp(&o. (z,y) —logpe(y | x))

Vke{1,...,K+1}.

Because the expression on the RHS above is independent of &, then:
exp(Eq(x, yi) — E5(x,ye)) = exp(&p, (x,yx) — Eo, (z,ye)) VEk,Le{1,...,K +1}. (C.3)
Thus, defining the set A := {(x,¥) | (C.3) holds}, we have:
(o x iy ) () = 1. (C4)
We now define the following set on X x Y?2:
B:={(z,y,9') | exp(&g(x,y) — E5(x,y)) # exp(&o, (z,y) — o, (2,9))}-

Notice that (z,y,y') € B if and only if (z,y,y") |JYX ™1 € A°. Thus, letting c = [du™ ! (here we use the
finiteness of the measure space), it follows from Tonelli’s theorem and (C.4):

(hx x 12)(B) = / 1{(, 11, 2) € B} d(px x 12
- C_l/ Ul{(%yl,yg) € By d(ux x pi?)| duyp™ Y
. / 1{(z,y1,10) € BYd(ux x u )

= / 1{(z,y) € A} d(px x p3 ") =0.

Next, we have that pux X gy measure of the set
B’ :={(x,y) | the cross-section B"(x,y) := {y’ | (x,y,vy') € B} is not py-null}

is also zero, due to the fact that if 1 and vy are measures, then cross-sections of 11 x v null sets (holding
the first variable fixed) are v5 null sets, v; almost everywhere (see e.g. Folland, 1999, Ch. 2, Ex. 49). Hence
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for any (z,y) € (B')":

_ exp(&;(2, y))
[ exp(&(z, ")) py (dy')
1
— [exp(Ela,y) — E5(x,y)) py (dy')
1
B fB”(a:,y)C exp(é’é(x7 y/) - 5@(1’, y)) Hy (dyl)
1

 ptaye 0o (@, y) — Eo. (x,y)) py (dy')

1
~ Jexp(&. (x.y') — Eo. (@, y)) py (dy)
=pe, (y | ).

Py | )

This shows that pz(y | #) = pe, (y | ) holds ux x py almost everywhere, and hence 6 € ©,.

C.2 Asymptotic Convergence

C.2.1 Consistency

In order to prove Theorem 4.8, we require the following technical lemma.

Lemma C.2. Let Bo(r) denote the closed FEuclidean ball centered at the origin with radius r; the dimension
will be implicit from context. Let © be a compact set, and let f : © — R be a continuous function. Denote
the maximization set
0, = {9 €0 f(f) = sup f(@')}.
0'co
Suppose that O, is contained in the interior of ©. There exists a €9 > 0 such that for all 0 < & < g,

sup f(0) < f* = sup f(0),

Occl(O\(0++Ba2(c))) 0ce

where cl(-) denotes the closure of a set.

Proof. For € > 0, define ©° := cl(© \ (6, + Bz(g))). Since O, is assumed to be in the interior of O, there
exists an €9 > 0 such that for all 0 < ¢ < g9, ©F is non-empty. It is also compact by boundedness of
©. Let {0}r be a sequence within ©° such that f(0;) — supgee- f(6). Suppose for a contradiction that
supgee- f(0) = f*. By compactness of ©F, there exists a convergent subsequence {fy,}; with limit §° € ©°.
By continuity, f(0°) = f*, and thus 6° € ©,. But, this means that ©°NO, is non-empty, a contradiction. [

We now restate and prove Theorem 4.8.

Theorem 4.8 (General Consistency). Suppose that F is realizable, ©, is contained in the interior of ©, and

Assumptions 4.1 and 4.2 hold. Let 6, € argmaXgcg Ln(9,£n) denote an arbitrary empirical risk mazximizer
n—oo

from n samples. Then, d(0,,0,) "=3° 0 almost surely.

Proof. Let 0, € ©, be arbitrary. For 6 € ©, define the function g(6) as:

g9(0) == ?elg [L(6,€) — L(6x,6)]-

By the continuity of L and the envelope theorem, g(#) is continuous. Also, we have:

sup g(0) = supsup [L(6,&) — L(6x,§)] = supsup [L(0,€) — L(0,&)] = 0,
6co 0cO cc= £€Z0€O

49



Published in Transactions on Machine Learning Research (09/2024)

by Theorem 4.4. By Lemma C.2, since ©, is contained in the interior of O, there exists £y > 0 such that for
all 0 < e <eq:

0 €cl(©\ (O, + Ba(e))) = g(6) < 0.

Next, by optimality of 6, Ln(én,fn) > Ln(Q*,én). Thus,

L(e*vén) - (9n7§n) = (9*7571) - L’ﬂ( nagn) + Ln<éna§n) - L(é»,“fn)
< L(0x,60) = Lu(0xs 60) + Ly (0, 0) — L0, 61)
<2 sup |L(6,§) — L,(0,9)|.

[ASISRISS)

Therefore, we obtain the implication:

d(0,,0,) >e = g(0,) <0
= L(énaén) - L(e*aén) <0
=2 sup |L(0,§) — Ln(0,€)] > 0.
0€0,£€E

Now let (69,&p) be as indicated in Assumption 4.2, and define U(6,&) := L(6,&) — L(0y,&p) and similarly
Un(0,6) :=L,(0,¢) — L,(00,&). By triangle 1nequahty

sup  |Ly(60,€) — L(6,)| < sup  [Un(0,€) —U(0,8)] + |Ln (0o, &) — L(bo, o).

[SCRISS [ISCRISS

Hence, we have the following event inclusion:

{hm supd(6,,0,) > 8}

n—oo

c{nmsup sup Unw,s)U<9,s>>0}U{hmsup|Ln<eo,fo>L<eo,5o>>o}.

n—oo 0€O,£cE
By the compactness of © x Z; continuity of (4,&) — gg’g (z,y), and Assumption 4.2, the first event on the
RHS has measure zero by the uniform converge result of Ferguson (2017, Theorem 16(a)).

On the other, the second event on the RHS also has measure zero by the strong law of large num-
bers (SLLN), which simply requires the measurability of g and the existence of (6y,&p). Hence,

{lim SUP,, 00 d(én,@*) > s} is a measure zero set for every ¢ > 0 sufficiently small, establishing the re-
sult. O

C.2.2 Asymptotic Normality

The following technical lemma will be necessary for what follows.

Lemma C.3 (Symmetrization lemma, (cf. Ma & Collins, 2018, Lemma B.4)). Let M (x,y) be a measurable
function. For any k € {1,..., K + 1}, define:

K+1
Zk[M](97£) = Ex]Eﬂr;f,k Z q@,ﬁ(i | .’E,y)M({E,yl)

i=1

For any 0, € ©, and £ € Z, we have:
Zk[M](0x,8) = Ey o [M (2, )]

50



Published in Transactions on Machine Learning Research (09/2024)

Proof. Wlog we can take k = 1. By symmetry:

K+1
1 +

K+1ZZ’“ 16.€)

K+1 K+1 ( |:ZZ)
K+1Z Byt [(qug |, 9)M(a, >>”]

Z,[M](0,8) =

pe(yr | )
1 K+1 K+1 pur | 2
=—E,E 1 . .
K+1 y~PK+ queg | 2, y)M (z,y;) <k1p5yk|x>‘|
For any 0 € O,:
i v P | x)/pe\Yi | T
G, c(i | 2,5) = — 20 [ D/pelvi [2)
Zk 1 p(yk | 2)/pe(yr | )
Hence:
Z[M](0.,€) = ——E,E S b,y 21 2)
S T R 1 v Py | & " ey [ @)
K+1
K+1 Z EoBy, op(1o) [M (2, 95)]

We prove Theorem 4.10 in two parts, starting with the following proposition.
Proposition C.4. Let 6, € O, and &, € E. Put v, := (04,&). We have that:

Var, [Vol,, (2)] = =ViL(0,, &)

Proof. We first observe that since ]EZ[V(;E% (z)] = 0 by optimality, the following identity holds:
Var, [Vol,, (2)] = E. [Vol,, (2)Val,, (Z)T] :
Now, define the following shorthand notation (with arguments = and y implicit):

gk ‘= Vege*(x7yk)7 qk ‘= qe*,f*(k ‘ .'17,}_’)7 ke {17 N 7K+ 1}

we have by symmetry and the definition of gy:

K+1 K+1 K41 oo | )
o
Sy | 3wl = ey 3B |3 w2 @]
K+1 K+1 K+1 p y
NIy T
K+ 1 Z N Z G 9i R U Z
1 KA M p(y; | 7) K41 K41
= —_— E.E_ A e
e e 2203 nglgqu]
K+1 K+1
- K+ 1 Z ErEglae. Z quingg
i=1,k=1
K+1 K+1 ®2
=EzEg26, .k Z 49939, | = BaBylzc, (Z qlgl> ,
i=1,j=1

o1
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where v®2 = vvT denotes the outer product of a vector v. With this calculation, we have that:

Var,, [V@E% (z)}

K41 ®2
= E:Egja.e, k (Vege* (7, yx) — Z 0, (i | ,5)Vo&o, (xayi)>
i=1
K+1 ®2
=E, ,[Ve&o, (z,9)Ve&o, (,y)"] — EoEgia.c, & (Z 0,6, (i | ,5)VoEo, (x,yi)) . (C.5)
i1

It remains to show that the expression (C.5) is equal to —V2L(6,&,), from which we conclude the result.
To do this, we next recall the following identity:

VGCIO,g(k’ | xuy) = QG,g(k | ZC,S’)V@ IOg qe,f(k | xuy)
Hence for any k € {1,..., K + 1}, letting Jg(-) denote the Jacobian of the argument,

00(qo.c(k | 2, 5)VoEo(x,yr))
=qoe(k | 2,¥5) [Vio(z,yi) + Vo&o(z,yr)Vologgoe(k | 2, 7))

K+1
=qoe(k | 2,¥) |Vico(,ur) + Voo(w, yr)Volo(z,yx)" — Y o.e(i| 177Y)V959(17,yk)vege(%yi)T] :

i=1

Recalling the following expression for the gradient Vo L(6,£):

K+1
VoL(6,€) = Ba y Volo(x,y) — EaBgiue | Y ao.c(i | xvi’)vege(%yi)] :

i=1

we have that the Hessian V2L(0,¢) is:

ViL(0,€) = BBy

K+1
Viol(z,yr) — Z a0.¢(i | 2,¥) {V5&a(z, yi) + Voo (x,y:) Vo (z, yi)T}]

=1
K+1K+1
+ EoEyjoe [Z > a0eli| 2,9)g0.6(0 | I,Y)Va«ge(z,yi)vefe(%yi/)T]
=1 =1
K+1
=E.Eye |Va&o(z,yp) — Z Go.¢(i | ,¥) {V5&o(z,yi) + Voo (x,y:) Voo (z, yi)T}]
=1
K+1 ®2
+ ExEylwvg <Z qe,f(l ‘ €z, y)VQSG(‘T7 y1)>
=1

Let us now simplify this by evaluating the Hessian at (6,&) = (6, &,). Applying the symmetrization lemma
(Lemma C.3) and the identity (C.5), we have:

K+1

®2
VgL(Q*,g*) = _Ewﬂ/[ve‘g@* (x7y)V959* (%y)T] + EZD]Eﬂz;&* <Z qo, &, (’L | xaf’)vege* (m7y1)> (CG)

i=1

= —Var, [Vgl,,(2)] .

We now proceed to restate and prove Theorem 4.10.
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Theorem 4.10 (Asymptotic Normality). Suppose that & is realizable and Assumptions 4.1, 4.2, and 4.9
hold. Let {60,} be a sequence of optimizers as defined via (4.5). Denote the joint parameter v := (0,€) and
joint r.v. z := (z,y), and assume the following properties hold:

1. The negative proposal distribution parameters {£,} are \/n-consistent about a fized point &, i.e.,
\/ﬁ(gn - f*) = O;D(l)'
2. The set ©, = {0, } is a singleton, and v, := (04, &) lies in the interior of © x E.

3. The Hessian of z@ is Lipschitz-continuous, i.e.,

1922, (2) = P22y (2)llop < M(2) | —20ll,  Ex [M(2)] < 00, 1,792 € © X E.
4. The (0,8) block of the Hessian V%L(G*,f*), denoted V3L(0,,&,), satisfies VEL(0,,&,) < 0

Then, /n(0, — 0,) ~ N(0,Vy), where
-1

Vo = —V3L(0,,&) " = —E. [V3l,, (2)]

Proof. We first require the following remainder version of the mean-value theorem, which is a consequence
of Taylor’s theorem.

Claim C.5. By the C?> smoothness and Lipschitz Hessian properties of v +— E,Y(z), for any z € X x Y, and
Y1,72 € © X Z, it holds:

Voly,(2) = Voly, (2) + V2L, (2)(v2 — 1) + R(y2 = M),

where R is a remainder matriz dependent upon z,71,72, and satisfies: ||R|lop < 3M(2)||72 — ml|.

Applying Claim C.5 with (y1,72) = (s, 9n ), Where 4y, := (0, &,), we obtain:

]
Vol () = Vol () 4 V3, ()0, = 62) + Vil ()6 — €0+ | 30| B3 =),

where I and Oy are the identity and zero matrices of dimensions d x d respectively. Now, since 0,, converges
to 0, a.s., for n sufficiently large, the optimizer 6, € argmaxgycg E E(e £ )( z) also lies in the interior of O,

and thus, V@IEZE%( z) = 0. Applying the empirical expectation on all terms above yields:

0= vf)]]::zg’yn(z)
= B.[Voly, (2)] + E.[V3E,, (2)] (B — 0,) + E.[V3L, ()] (6 — &)
+ BTEZ [R(’?n, Voo Z)](;y" - ,-Y*)

Now, notice that:

n

%ZR(’YM’Y*,

i=1

- (R (3, Yo 2)]llop = ZIIR Ay s 29 lop

op

I 1 P
<= SMED) [An — il = 0p(1).
=1
250

S IR M (%)
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~ A

Then, the remainder term takes the form o0,(1)(6, — 64) + 0p(1)(§n — &,). Thus,

~

0= B.[Vols. (2)] + (Bo[V30, (2)] + 0,(1)) (B = 0.) + (B=[V3cL, (2)] + 0p(1)) (én — &)
= B[Vl (2)] + (B:[V3E. ()] + (B2 — E)[VEE, (2)] +0,(1)) (B - 6.)
+ (Ea[VEelo. ()] + (B —E) Vil (2)] + 0p(1)) (€ — £0)-

By the SLLN, (E. — E.)[V3(,, (2)] 22 0 and (E. — E.)[VZ./,, (2)] =2+ 0, and thus are both o,(1). Fur-
thermore, notice from Theorem 4.4 that since ¢, maximizes 6 +— L(0,§) for any fixed &, it follows that
Ve L (s, &) = E=[V5cl,, (2)] = 0. Thus,
_IAEZ[VGZV* (2)] = (]EZ[Vng (2)] + Op(l)) (én —0.)+ Op(l)(én — &)
= —VnE.[Vol,, (2)] = Vn (EZ[Vgew (2)] 4+ 0p,(1)) (B = 05) + V- 0,(1) (& — &)
Now, from Theorem 4.4 and Assumption 4.9, we have that E,[Vgl, (2)] = 0. Thus, by the CLT,
VIR, [Vel,, (2)] ~ N(0,Var, [Vol,,(2)]). Next, by the hypothesis (1) that /n( ¢, — &) is Op(1), the
last term above is 0,(1). Finally, by hypothesis (4), for sufficiently large n, E.[V2/,, (2)] +0,(1) is invertible.
Thus, applying Slutsky’s theorem yields /n(6,, — 6,) ~» N(0, Vy), where:
~ -1 - - -1
Vo =E, [ng%(z)] Var, [VM% (z)] E, [Vg&h(z)] .
Applying Proposition C.4 gives the desired result.

C.3 Learning the Proposal Distribution

We now restate and prove Theorem 4.12.

Theorem 4.12. Consider the setting of Theorem 4.10, and suppose that pe (y | ) = p(y | ). Then, the
asymptotic variance matrix Vy is:

Vo = (1 + ;{.) E,[1(0, | z)) "

Proof. From (C.6) in the proof of Proposition C.4, we have the identity:

K41 ®2
ViL(0s,6) = —Eu y[Vo&o, (z,9) V&, (2, 9)T] + ErEgjae, (Z qo,.¢, (i | 2,¥)Ve&, (337%)) - (C7)

i=1

With the assumption that 6, € O, and pe, (y | ) = p(y | ), we make two observations:

1. P

ylzi€e =

2. qo, ¢ (i|2,y) = 54 forallie {1,... K +1}.

p(- | 2)®K+1 and

Hence, we have the simplifications:

K+1 ®2

. _ 1

EuEyae, [(Z Go,.¢. (1| 2,5) Voo, (xvyi)> ] = g1 Bl (0« [ )] + Eay [Vo&s, (z,))%2.
=1

From this, we conclude that:

1 1
2 _ _ R
VL6 = B0, 2) ~ El10. [ 0] = - (1 - g ) Eulres o)
From Theorem 4.10, the asymptotic variance is Vyp = —[V2L(04,&,)] ™!, from which the claim follows. O
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C.3.1 Adversarial R-NCE

To prove Proposition 4.13, we require the following technical lemma.
Lemma C.6 (Saddle Optimality). Fiz an integer d € Ny and k € {1,...,d}. Define the function Fy, :

Rio — R as:
Fy(n) :=log (<<77na’€1k:>>> (1, ex).

The function Fy is convex on the domain R‘éo.

Proof. A straightforward computation shows that:

vir = e (s~ ) (e - <n,11>>T'

Since n € R%O, we have (1, ex) > 0 and hence V2Fy(n) 3= 0. O

We now restate and prove Proposition 4.13.

Proposition 4.13. Suppose that % is realizable, and furthermore, the family of proposal distributions
is realizable. That is, there exists some non-empty =, C = s.t. for every &, € Z,, pe, (y | ) = p(y | ) for
a.e. (x,y). Then:

. 1
max min L(0,§) = L(0, &) = log (K+1> ; (4.8)

where (04,&x) € O, X Ey.

Proof. Fix k € {1,..., K + 1}. From the proof of Theorem 4.4, we can write:

L0 6) — BB, s |tog [ 20 (el2)/pe(unl) ) N x}
o N[ g(Zﬁlmxyﬂx)/pg(yﬂx) po- () o)

Define the mapping 7 : (z,y) — R;{OH as N = po, (Yr|x)/pe(yr|x). Notice that
EIES’NP;Iénk(%y) - EIE?N?&\m;s,km =1

Thus, by Lemma C.6 and Jensen’s inequality:
_ 1
L(0..,§) = EzEy~pﬁ+l1£Fk(n(x7y)) > Fi(1) = log <> :

On the other hand, since pg, (y|z) = pe, (y|z) = p(ylx), L(b,,&) = log (ﬁ) So, we have the following

chain of inequalities:

1 1
— = = mi < i < - — — ).
log (K n 1) L(0, &) = min L(0s, €) < maxmin L(0, £) < max L(0,&,) = L(0, &) = log (K n 1)

The last inequality above is a consequence of Theorem 4.4. Thus, we conclude that O, x =, is a saddle-set
of the game:

in L(6,€).
max min (0.€)

O

Proposition 4.16. For any Stackelberg optimal pair (é, é) to the population game (4.8), it holds that 6co,.
Conwersely, for any 0, € O, there exists an & € Z such that (04, ) is Stackelberg optimal for the population
game (4.8).
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Proof. We first prove the forward direction. By definition of Stackelberg optimality, it holds that:

inf L(,¢)> inf L(#,&) VO cO.
Jnf L(0,£) > Inf L(0,8) V0 €
Suppose that 6 ¢ ©,. By Theorem 4.4, L(6,,£) > L(f,£) for all ¢ € Z. Taking the infimum on both sides,
we have that:

inf L(6,,€) > inf L(6,&),
inf L(6..6) > int L(,6)
where the strict inequality is preserved since Z is compact and £ — L(6,€) is continuous for every 6 € ©, so
the infimums are attained. But this contradicts the Stackelberg optimality of 6.

Now for the backwards direction. Consider the chain of inequalities for any 6 € ©:

inf L(0,¢') < sup inf L(0,¢') < sup L(¢,€) = L(6,,€) VE € E,
§'eE 0'co §'€EE 0'€©

where the last inequality follows from optimality of 0, for any £, as per Theorem 4.4. Now, again by continuity
of & = L(64,&) and compactness of =, there exists an & such that infeez L(0,,§) = L(64,&). Hence, for any
(0,6) e ©® x

dnf L(0,€) < L(6.,8) < L(0..€).

which shows that (6,, &) is Stackleberg optimal for (4.8). O

Theorem 4.17 (Adversarial Consistency). Suppose that Assumption 4.1 and Assumption 4.2 hold. Let
(On,&n) € © X E be a sequence of Stackelberg optimal pairs, as defined in (4.10), for the finite sample
game (4.9). Then, the following results hold:

n—oo

1. Suppose that O, is contained in the interior of ©. We have that d(én, 0,) — 0 a.s.

2. Suppose furthermore that Assumption 4.9 holds. Let = := {¢ € Z | L(64,¢) = infe = L(0.,&")} for
an arbitrary choice of 0, € ©, (the set definition is independent of this choice), and suppose = is
contained in the interior of 2. We have that d(£,,Z) =3 0 a.s.

Proof. Part (1). We prove convergence of én to a maxmin Stackelberg optimal point for the population
game, i.e., a global maximizer of the function LY, defined as 6 infees L(6,£). From Proposition 4.16,
this is necessarily the set ©,. By our assumptions, we have that L(6, &) is continuous. Since = is compact,
by classic envelope theorems, we have that L? is continuous. By Lemma C.2, since O, is contained in the
interior of ©, there exists ¢y > 0 such that for all 0 < & < g¢:

0 €cl(O\ (0,4 By(e)) = LY < L* :=sup L°.
0cO

Put L? as the function  ~ infeez L,,(0,€). Since (0n,€n) is a Stackleberg equilibrium, we have that
supgeo LY = LO. Now, observe that if §,, € © \ (6, + Ba(e)):

<=L~ L0+ L0 — L9 >0
<= sup inf L(0,€&) — sup inf L, (6, +inanén, —infLén, > 0.
sup inf L(0,€) = sup inf L,(0.) + inf L (9. 8) — inf L(0,.9)

Note that for any two real-valued functions f(z), g(z) and domain Z, it holds that:

sup f(z) —sup g(z)| < sup [f(2) — g(2)|.
zEZ z2€EZ zEZ
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Thus,
sup inf L, (6,£) — sup inf L(6, < sup |inf L,(0,€) — inf L(6,
sup i £,(0.) ~ sup nf £(6,6)| < sup 0t £.(6,€) ~ f L(5.€)
= sup sup[fL(G,f)] - Sup[Ln(Gvg)]|
9co |ce= ce=
[ASCRIS)
Similarly,

inf L, (0, &) — inf L(én,g)’ =

sup[—L (05, )] — sup[—Ln (0, 6)]‘

ges €= ces e
< sup |Lia(61,€) = L(00, €)|
EE
< sup |Ln(ea€) - L(0,£)|
0€O,€E

This yields the implication:

d(0,,0,) > = sup |L,(0,&)—L(6,&)|>0.
0cO,cE

Following the proof of Theorem 4.8, the conclusion of part (1) is now straightforward.

Part (2). Let 6, € ©, be arbitrary. The function ¢ — L(6,,£) is continuous, so by Lemma C.2, since Z is
assumed to be in the interior of =, there exists €9 > 0 such that for 0 < & < g¢:

E€c(E\ (E+ Ba(e))) = L(6,,&) > L* := ggé L(6,,€). (C.9)
Let 6. > 0 denote this gap:

5. = inf L(6,,6) — L*.
gEcl(E\(E+Ba2(2)))

By Assumption 4.9, we have that L is C! on © x Z. Hence, the following constant By, is well defined and
finite:

Br = sup [[VoL(0,8)].
0€O,(ec=

Next, let 0, € O, satisfy |0, — 0,| < d(0,,,0.,) + 2‘;1, and let £ € Z be arbitrary. Consider the following
chain of inequalities:

IL(8.,&,) — L(B,,€)| <
<

L(éhén) - L(énuén” + |L(én7én) - Ln(én7é’n)| + |Ln(é’mén) - L(é*ﬂ )‘

Sup|L(é*7£) _L(én7£)|+ sSup |L(035) _Ln(0a£)|
(eE 0€0,£€E

+ |Ln(énaén) - L(é*,fﬂ
= T1 + Tg + T3. (CIO)

We first control 77 by uniform Lipschitz continuity; in particular, by boundedness of VgL and the mean-value
theorem:

R R I . R 5.
T =sup|L(0,,€) = L(0n, )l < sup _[[VoL(0, )0« — bnll = B0 — Onll < Brd(0n, 0:) + -
£eE 0€0,(€E
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Next, we control T3. Since (én, fn) is Stackelberg optimal for the finite sample game, we have Ly, (én, én) =
Supgcg infeez Ly (0,€). Furthermore, by Proposition 4.16, the pair (6,,&) is Stackelberg optimal for the
population game, and hence L(é*,g) = SUpycp infecz L(6,€). By (C.8),

Ts = |Ln(0n, &) — L(0., )| = |sup inf L, (0,€) — sup inf L(0, )
e EEE 0co §€EE

g sup |L(01£) _Ln(0a£)| :T2~
0cO,cE

Combining the bounds on T} and T3 with (C.10):
PN A A ]
1001, €) ~ LBs, ) < 2T + Brd(B,, ©,) + 5.
This bound with (C.9) yields the implication:
d(én, E) > e = 6. < L(6,,&,) — L*
o O
= . < 21> + Brd(0,,0,) + 5
— 0. < 4T, + 2Brd(6,,0,).
Hence, we have:
{limsupd(émE) > 5} C {limsup sup |L(0,&) — L,(0,8)| > 0} U {limsupd(én, 0,) > 0} .
n—o00 n—oo 6€0.,£€E n—oo

Part (2) now follows, since both events on the RHS were established in part (1) as measure zero events, and
since € > 0 is arbitrarily small. O

Theorem 4.18 (Adversarial Normality). Suppose that F is realizable and Assumptions 4.1, 4.2, and 4.9
hold. Let %y, = (0n,&n) € © X E be a sequence of Stackelberg optimal pairs, as defined in (4.10), for the
finite sample game (4.9), and define Z as in Theorem 4.17. Assume then that the following properties hold:

1. The sets ©,,Z are singletons, i.e., O, = {0}, and E = {£}, and v, := (0, &) lies in the interior of
O x =.
2. The Hessian of l@ is Lipschitz-continuous, i.e.,
[9204(2) = V20 (2)lop < Ml — 2]l Ex [M(2)] < 00, ¥a,72 € © X E.

3. The (6,0) block of the Hessian V%L(H*f), denoted V2L(04,€), satisfies V2L(0,,€) < 0, and the
(&, &) block, denoted VEL(H*,E), satisfies ng(e*,g) = 0.

Then, /n(fn — v+) ~» N(0, V), where

Ve =E. [V22,.(2)] " Var, [V, (2)] E. [V22,.(2)] . (4.11)

Proof. Note first that as a consequence of Theorem 4.17, 4,, "—3 =, almost surely. We now proceed in a

manner similar to the proof for Theorem 4.10, with the following identity:
V'YZ% (2) = V'YZ’Y* (2) + V?yg’y* (2) (G — 1) + B(An — 7+,

where R is a remainder matrix dependent upon z,7s,4n, and satisfies: ||Rlop < $M(2)||% — - Ap-
plying the empirical expectation on all terms, and as in the proof for Theorem 4.10, upper-bounding
IE. R(Yx, A, 2)|lop by an o0,(1) matrix by leveraging the fact that ||4, — v.|| “3 0, yields:

EZ [vvg‘vn (2)] = EZ [V’Ye’v* (2)] + (Ez [vigw ()] + Op(l)) (Fn — %)

IAEZ [V'yé_w* ()] + (Ez [nge_’v* (2)] + (Ez - EZ)[Vgg'V* (2)] + Op(l)) (n = 7)-

o8
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By SLLN, (E. — E.)[V2/,,(2)] 3 0, and thus:
sz [V“/Z% (2)] = EZ [VVZ% (2)] + (Ez [nggw (2)] + Op(l)) (A = 7x)-

To complete the result, we need only establish the following: (i) E.[V,£, (2)] = 0, (ii) E.[V,£,, ()] = 0, and
(iii) E, [V%Zm (2)] is invertible. The result then follows by applying CLT to /nkE.[V.£,, (2)] and Slutsky’s
theorem (see for instance, the proof for Theorem 4.10). We show (ii) and (iii) first.

For (ii), notice that by the definition of Stackelberg optimality, £ minimizes & — L(f,,£) over Z and by
assumption, is contained within the interior of Z. Thus, VgL(H*,E) = 0. Further, by Theorem 4.4, 6,
maximizes 6 — L(6,£) over © for any £ € E, and is also assumed to be within the interior of ©. Thus,
VoL(0,,€) = 0. Leveraging C'-regularity, we conclude that E,[V. ., (z)] = 0.

To prove (iii), notice that the Hessian V,QYL(Q*,E) is block-diagonal, since by optimality of 0, for any &, it
follows that V. L(6x, €) = 0. Further, the blocks V2L(0,,¢) and VZL(0x, €) are assumed invertible.

Finally, to prove stationarity for the finite-sample objective at 4,,, we first require the following additional
result.

Claim C.7. V3 Ln (0, &) = VAL(0:. E)llop =5 0 as.

Proof. Let d := dim(f) + dim(¢), and let SY~! denote the unit-sphere in R?. We first claim that:

sup ||[V2Ly(0,€) — VZL(0,&)]lop =3 0 as. (C.11)
0€O, =

To see this, by the variational representation of the operator norm (Rudin, 2008, Theorem 4.4), the empirical
process above is:

sup  v] (V2Ln(0,€) — VZL(6,€))vs
96@76657
V1,02 €S -1

Assumption 4.9 combined with Ferguson (2017, Theorem 16(a)) yields (C.11).

Next, by C*-regularity, V2L(0,&) = ]EZV?YEY (2), and therefore by Jensen’s inequality and the Hessian Lips-
chitz assumption:

IV3 L, €n) = VA0, ) lop = B2V 45, (2) = E2V3Ey, (2)]lop
<E. V345, (2) = V2L, (2)lop
SE.M@E)|% - v*||~
Finally, then

V2L (0, n) = VEL(Os, )llop < V2L (0, n) = VEL(On, &) llop + IVZL(On, &) — VEL(04, €)llop

<
< pp IV3 L0 (6,6) = VEL(0,8)lop + E= M (2)[[4n — yall-

n—oo .
O

Then, (C.11) along with 4,, — 7, a.s. proves the stated claim.

Returning now to (i), since we only assume that (6,, &, ) is a Stackelberg optimal point, it may not satisfy the
stationarity condition E.[V 45, (2)] = 0 (Jin et al., 2020). However, since &, globally minimizes { — Ly, (6, &)
and &, — € a.s., which is at an interior point, for large enough n we have VgLn(én, &) =0.

Furthermore, by Claim C.7 and the assumption that VEL(G*,@ is non-singular, for large enough n we

have that VgLn (én, én) is also non-singular. By the implicit function theorem, there exists a Continuously

differentiable function G,, : 6 € © — = =, defined for # in an open local neighborhood of 0,,st. G, ( ) = fn
and V¢ L, (0,Gn(0)) = 0. Then, since 6, is a global interior maximum (for large enough n, since 0, — 0,
a.s.) of @ — infecz L,(6,€), which in turn equals L, (6, G,,(6)) for 6 near 6, stationarity dlctates that
VoLn(0,,Gn(6,)) = 0. It follows then by the chain rule that VgL, (6,,&,) = 0. O
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Corollary 4.19 (Marginal Normality). Under the assumptions of Theorem 4.18, the parameters {0, } satisfy
Vn(b, —0,) ~ N(0, V"), where B
Vit = —ViL(0., €)™

Proof. From the proof of Theorem 4.18, the Hessian V%L(O*,f) is block-diagonal since the cross-term

Vi L(64,€) = 0. Thus, the (6,6) block for V.* in (4.11) reduces to:
EZ [v%g% (2)] _1Varz [VGZA/* (Z)]EZ [vgg"/* (Z)} ! .

Applying Proposition C.4 gives the desired result. O
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