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Abstract

Although they were introduced to approximate complex distributions defined up
to normalization, Generative Flow Networks (GFlowNets) only provide strong
guarantees once idealized conditions are matched. However, these conditions
are never satisfied exactly in practice when they are trained using gradient-based
methods. In this paper, we prove that minimizing the Trajectory Balance loss, a
popular GFlowNet objective, does lead to an induced distribution getting closer
to the target distribution of interest, confirming theoretically this long-standing
intuition from the GFlowNet literature. We ultimately show that the KL divergence
between both distributions is upper-bounded by the quantity being minimized, and
we further verify this theoretical statement on a simple sampling task.

1 Introduction

Unlike more standard variational methods that minimize some divergence between an approximation
and the target distribution of interest (typically, the reverse KL-divergence [Jordan et al., 1999]),
Generative Flow Networks [GFlowNets; Bengio et al., 2021, 2023] instead minimize an objective
quantifying “inconsistencies” with some conditions which, if they were to be satisfied, would ensure
that we can sample from the target distribution. This provides strong guarantees in the idealized
setting where those conditions are fully satisfied, but those are never met in practice since models are
inevitably bound by their finite capacity and optimization. In this paper, we show that the divergence
between the distribution induced by the GFlowNet and the target distribution can be theoretically
bounded, confirming the intuition in this community that minimizing losses derived from the ideal
conditions does yield better approximations. This sheds light on the behavior of GFlowNets in those
inexact settings encountered in practice. We also validate these theoretical results empirically on
some basic generative tasks.

2 Background

We first recall some basic notions of Generative Flow Networks (GFlowNets), and refer readers
to [Bengio et al., 2023] for a more comprehensive treatment. GFlowNets were introduced as a
framework for sampling from complex distributions over combinatorial objects [Bengio et al., 2021],
where the sample space is often so large that computing the normalizing constant (partition function)
is intractable. They cast the generation process as a sequential decision-making problem in a directed
acyclic graph (DAG) of states S = S U L, starting from a unique source sq and always terminating
at a designated sink . The objects of interest are the terminating states z € X’ C S, defined as the
states encountered immediately before reaching L.

A GFlowNet is parameterized by forward transition probabilities Pr(s’ | s), which specify how
states are chosen along trajectories from sg to L. This induces a distribution over terminating states,
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called the rerminating state distribution:

T,
Pp(z) £ Z Pr(r) = Z HPF(St+1 | st), 1

T:S0~>T T:SQ~MT t=0

where sy ~» = denotes all the trajectories terminating at , with s, = x and sz, 1 = L. Moreover,
we also define a positive reward function R(x), quantifying a notion of preference over terminating
states x. The objective of a GFlowNet is to find a forward transition probability such that PFT (x)
matches the target distribution:
R(x
Z(*) : 2)
Among the various conditions introduced in the GFlowNet literature to characterize this Pr [Bengio
etal., 2021, 2023, Madan et al., 2023, Zhang et al., 2023], the Trajectory Balance (TB) conditions
[Malkin et al., 2022] stand out as being the most widely used in practice. It states that if there exists a
positive scalar Z > 0 and a backward transition probability Pp (i.e., Pp(- | s) is a distribution over
the parents of s) such that for all trajectories 7 = (so, $1,-- -, ST, L),

P*(z) =

=

ZH PF(5t+1 | St) = R(ST)

t=0 t

Pp(si—1 | s¢), 3)

1

then the terminating state distribution P, (z) < R(z), and Z = Z*. To learn this forward transition
probability, the TB loss has been introduced as a way to quantify the “mismatch” in these conditions.
It is a non-linear least-square objective of the form L1p (¢, ¥) = LB, [A%5(7; 8)]. where m, is an
arbitrary distribution over trajectories 7, and the residual is

Zy 1o Pp(sien | s0)
(s7) TTi_, Ph(si—1 | s¢)

where Z4 and Pg are learned alongside the forward transition probability Pl‘ff. It is clear that if this

A 10) =1 4
TB(T; @) 8 - “

loss reaches its global minimum (leaving aside discussions of expressivity of PI?), then the residuals
are all zeros and (3) are satisfied, leading to the guarantees about Pﬁf T (x).

Related to our work, Malkin et al. [2023] showed that the KL divergence between PI‘?T (z) and the
target distribution can be bounded using the following data processing inequality [Zhang et al., 2019]

KL(P§' (z) | P*(z)) < KL(PR(7) || P§(r)), (5)

with appropriately defined distributions over trajectories Pﬁ (1) and PE(T). However, the latter still
remains intractable, since it depends on P*(z) itself.

3 Convergence guarantees of GFlowNets

The approximation of (3) by minimizing the TB loss inevitably leads to errors, the source of which is

typically two-fold: (1) due to the choice of the variational family to parametrize P?. which may not
be expressive enough, and (2) due to the finite nature of optimization. In those cases, that are always

encountered in practice, we have no guarantee as to what PI?T (z) could be, or how close to the target
distribution P*(z) it is. The objective of this section is to build towards establishing a connection
between the mismatch quantified by (4) and the divergence between these two distributions. All the
proofs of the propositions in this section are available in Appendix A.

3.1 Estimation of the partition function

One advantage of TB compared to other GFlowNets conditions is that it provides an approximation
of the partition function with the learned scalar Z, in addition to an approximate sampler for P*.
However, it has been shown empirically that Z4 alone may yield an unreliable estimation of the
partition function [Malkin et al., 2022], which may be detrimental if used for model comparison.
The following proposition offers a more precise relation between the true partition function Z*, its
learned counterpart Zy, and the residuals (4).
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Proposition 1 (Estimation of the partition function). The log-partition function log Z* of the target
distribution (2) is related to log Z 4 via

log Z* = log Z, + log (Eprﬁ [ exp(—Argp(T; ¢))]> (6)

This result is reminiscent of the estimation of the log-marginal likelihood via a variational lower-
bound in [Zhou et al., 2024], which can be obtained by applying Jensen’s inequality to (6). This
proposition plays a key role in proving the results of the next section.

3.2 Convergence of the terminating state distribution

Using a similar argument as the one used to proved Proposition 1, we can show that the difference
between the log-terminating state probability log PI‘?T (z) and the target log-probability log P*(x)
is also directly controlled by the residual (4) being minimized. This is the first evidence supporting
the general wisdom in the GFlowNet literature that minimizing the TB loss leads to a more accurate
approximation at a particular x.

Proposition 2. For any x € X, the error between the log-terminating state probability associated
with ng and the target log-probability is bounded by

| log ngT(z) —log P*(z)| < rTnea%( AT (T;0)| + T.rgloag(x |Arg(7; ®)|. @)

We used 7 to denote the set of all trajectories. As an immediate consequence of this proposition, we
can get a simpler (albeit looser, because it becomes independent of the terminating state x) bound

|log P () — log P*(2)| < 2max |Arp(7: 6). ®)

The first term in the bound of Proposition 2, which is independent of x, has an intuitive interpretation.
We could allocate all our training capacity to learn parameters ¢ so that the TB conditions match
almost perfectly for all the trajectories leading to a certain terminating state x only (e.g., using a
behavior policy that focuses almost exclusively on those trajectories). In that case, we would have
maXr.so~qz |ATs(7; ¢)| = 0. However, that does not mean that we perfectly recovered log P*(x),
because we have to take into account all the other terminating states as well in the computation of its
normalization constant; this is precisely what max, 7 |Arg(7; ¢)| controls for.

Instead of considering what happens at the level of a single terminating state x, we can also get
more global guarantees on the divergence between these two distributions, similar to what typical
variational methods would minimize. The following proposition gives a bound on their KL-divergence
that still depends exclusively on At (7; ).

Proposition 3. Let ¢ be the parameters of the forward transition probabilities P2, the backward
transition probabilities P2, and the total flow Zy in the trajectory balance loss (4). The KL-divergence

between the terminating state probability distribution associated with Plf‘;s and the target distribution
P* is bounded by

KL (PI‘?T (z) ] P* (x)) < ExNPI?T [ max Arg(T; (b)} — 1;%12 Arp(T; ). 9)

T:S0~>T

We should emphasize that since the bounds of Propositions 2 & 3 both involve the maximum error
being incurred for any complete trajectory, they are often impractical for quantifying how close the
distribution induced by the GFlowNet is to the target. Indeed, the number of trajectories is often
much larger than the number of states, which itself is already combinatorially large. Another caveat is

that the KL divergence in (9) does not measure if PI?T misses some of the modes of P*, potentially
only giving a partial view on the accuracy of the approximation.

Nevertheless, the goal of these results is to confirm the intuition that the approximation found by the
GFlowNet gets better as the TB loss is minimized, which was missing in the community as little was
known about the behavior of an “inexact” GFlowNet that doesn’t satisfy the TB conditions exactly.
In Appendix C, we show that this is not limited to the TB loss, and a similar bound can be derived for
another GFlowNet objective called the Detailed Balance (DB) loss [Bengio et al., 2023].
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Figure 1: Empirical validation of Proposition 3 on the 8 x 8 x 8 x 8 hypergrid, with varying difficulty
(controlled by Ry), during training. The true KL(PJ}?>T (z) || P*(x)) eventually decreases to 0, and
always fall in the confidence interval given by estimates of (10) (shaded area). The confidence interval
is obtained with bootstrapping. See Figure 2 for similar results on the 64 x 64 hypergrid.

12 4 Empirical validation

113 The bounds established in Propositions 2 & 3 both depend on the maximum error across all complete
114 trajectories 7 € T. This dependence on worst-case trajectories makes them less practical for
115 accurately assessing how closely the terminating state distribution approximates the target, even in
116 relatively simple generative tasks. Instead, these results serve primarily to confirm the intuition that
117 minimizing the TB loss moves the learned distribution closer to the target.

118 To provide a more practical validation of the theoretical results from the previous section, we turn to
119 the following equality derived in the proof of Proposition 3, which connects the KL divergence to the
120 residuals (the proposition being simply an upper bound of the RHS):

KL(PE (2) | P*(2)) = log (E, _ps [exp(~Arn(r:4))]

+ E:rNPI?T {log (ETNPg(.|m) [exp(ATB(T; ¢))]>} . (10

121 Here, 7 ~ P‘g (- | ) denotes trajectories sampled according to the backward transition probability

122 Pg, starting from the terminating state x. To corroborate the theoretical result of Proposition 3, we
123 monitor whether the true KL divergence computed throughout training falls within the confidence
124 interval induced by Monte Carlo estimates of (10) (see Algorithm 1 for details), in cases where both

125 PI‘?T(x) and P*(x) can be computed analytically.

126 We consider the hypergrid task introduced by Bengio et al. [2021], which is a simple and widely
127 studied environment in the GFlowNet literature. In this environment, the state space is organized
128 as an N-dimensional grid where all the states are terminating. The initial state is (0,...,0), and
129 transitions correspond to incrementing one of the coordinates by one, up to a maximum size H. The
130 reward function in defined is such a way that it peaks around the corners of the hypergrid, with valleys
131 in between controlled by a parameter Ry determining the relative difficulty of finding all the modes
132 of the target distribution (hence, the difficulty of approximating it); see Appendix B for details. Both

133 P*(z) and P}?T (z) can be evaluated in closed form here (the former by exhaustive enumeration of
134 the terminating states and their rewards, the latter using dynamic programming [Malkin et al., 2023]).

135 In Figure 1, we show the evolution of KL(PI?T(:E) || P*(x)) throughout training on a 4-dimensional
136 grid of size 8, with varying levels of difficulty, along with the confidence intervals derived from esti-
137 mating (10). We observe that the true KL divergence goes down to 0, showing that the approximation
138 found by the GFlowNet gets better, and this divergence stays steadily within the confidence interval
139 during training, confirming our theoretical result in Proposition 3. Note that even on this small task,
140 enumerating exhaustively all the trajectories in 7 is infeasible, making the exact evaluation of the
141 bound (9) impossible.
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Appendix

A Proofs of the convergence guarantees for the TB loss

Before proving the proposition from the main text, we will first state a lemma that will be useful in
the proofs later

Lemma 1 (Bound on log-expectation-exp). Let p = (p1,...,pn) be a vector of probabilities
(i.e,p; >0and ), p; =1), and x = (x1,...,xy,) be an arbitrary vector. Then

log Zpi exp(z;)

i=1

< max |z (11)

Proof. For any vector y = (y1,...,Yn), and since p; > 0, we have the following inequalities

Zpi(mjinyj) < pii < Zpi(mjaxyj)- (12)
=1 =1 =1

Since ), p; = 1, both sides of these inequalities can be further simplified, only involving the
minimum and maximum of y. We can apply these inequalities to y; = exp(x;), and observe that
min; exp(z;) = exp(min; x;) (and similarly for the max), because the exponential is a monotoni-
cally increasing function

exp (mmx]) sz exp(x;) < exp (maxacj>. (13)
J

Taking the logarithm of the inequalities above, and again using the fact that log is monotonically

increasing
n

m1na:7 <log Zpl exp(x;) < maxxj (14)
i=1
Another way to write (14) is

n

Ingpi exp(z;) < max z; < max || (15)
i—1 1 1
n
—logZpi exp(x;) < —minz; < max |z, (16)
i1 1 1
which concludes the proof. O

Proposition 1 (Estimation of the partition function). The log-partition function log Z* of the target
distribution (2) is related to log Z 4 via

log Z* = log Z,4 + log ( TPy [ exp(—Arg(T; ng))]) (6)

Proof. Based on (4), for some complete trajectory 7 = (so, 1, . . ., ST, L), we can find an expression
for the product of the reward at the terminating state sp and the backward probability of 7 as a
function of the residual Arg(7; @)

T

R(st)Py(t | s7) = R(sr HP sio1 | st) = Zyexp(—Arn(r;0)) [ [ Ph(sia [s0), (A7)
t=0

where we used the notation Pg (1] sr) = Hthl Pg(st_l | s¢). Since P§(~ | z) is a distribution
over the complete trajectories terminating at = [Bengio et al., 2023], the reward R(x) is given by

Z R(z)Ph(r | z) = Z4 Z Po(1) exp(—Arp(7; ¢)) (18)

TS0~ T T:80~T



186 By definition of the partition function Z, and using the fact that P}? induces a probability distribution
187 over all the complete trajectories [Bengio et al., 2023]

=Y R(z) (19)
TeEX
=24y > Ph(r)exp(~Ars(r9)) (20)
TEX T:So~T
=24y Pp(r) exp(~Arn(7: 9)) (21)
TET
= Z¢E Pd’ [exp( ATB (7‘; gf)))} . (22)
188 We can conclude by taking the log of the equality above. O

189 Proposition 2. For any x € X, the error between the log-terminating state probability associated
190 with Pg and the target log-probability is bounded by

[log P () —log P*(2)| < max |Arp(7;¢)| + max |Aqp(r;0)]. )

191 Proof. We can use (4) to find an expression for P% +(7) as a function of the residual Apg(7;¢):

HP St41 | st) = exp(Arp(7;0)) o (se—1 | St)- (23)
t=0
192 For any z € X, using the notation PE(T | ) = thl PB(st,l | s¢) (with sy = x), which is

193 a properly defined distribution over the complete trajectories terminating in z, and by (1) of the
194 terminating state probability distribution associated with P?, we get

Pil(z)= > HP;’ (St41 | 5¢) (24)

T:s0~x t=0
R

B Z(Z) T:§weXP(ATB(T;¢))P§(T|x) (25)
R(x) Z*

= B0 7B e [e(dan(rio)] 26)
A

= P*(x )Z¢ Twpg(.\x)[eXp(ATB(T;Qb))] 27

195 Although the normalization constant Z* of the target distribution is still unknown, we can fortunately
196 write it as a function of the residual as well thanks to Proposition 1. Combining it with (27), we
197 get an expression of the difference in log-probabilities as a function of ATg(7; ¢) only, where the

198 expectations over complete trajectories are respectively taken wrt. PI? and Pf; (-] )

log P?T (x)—log P*(z) = log (]ETNP¢ [exp(—Arg(T; ¢)D+log (ETNpg(,|m) [ exp(Arg(T; ¢))D

(28)
199 Using the triangle inequality, we can conclude by applying Lemma 1 to both terms of the RHS
108 (... pg [exp(~Arn(56))] )| < max|As(7; 9) 29)
108 (E, . pg (1) [exp(Arn(r: )] )| € max |As(rio). (30)
200 O

201 Proposition 3. Let ¢ be the parameters of the forward transition probabilities P2, the backward
202  transition probabilities P2, and the total flow Z in the trajectory balance loss (4). The KL-divergence

203 between the terminating state probability distribution associated with ng and the target distribution
204 P* is bounded by

KL(P' (@) | P*(@)) <E,_pgr | max Arp(ri9)| — minArp(ri6). ©)

T80~ T



KL divergence

Algorithm 1 KL-divergence estimation

1: form=1,...,M do

3:

2: Sample a trajectory 7,,, following P2, terminating at state x,,
Starting at z,,,, sample a trajectory 7, following Pg

4: Construct a Monte Carlo estimate of (10)

M
=log< Zexp —Arp(Tm; ¢) ) Z B(Th; )
5: return the estimate KL
Ro=0.001 Ro=0.01 Ro=0.1
10! . ~
o - KL divergence
107 4 MC estimate
107
1072 +
0 -
-1072 - .
-1071 - .
0 2000 4000 6000 0 2000 4000 6000 0 2000 4000 6000
iteration iteration iteration
Figure 2: Empirical validation of Proposition 3 on the 64 x 64 hypergrid, with varying difficulty
(controlled by Ry), during training. The true KL(P];{>T (x) || P*(x)) eventually decreases to 0, and
always fall in the confidence interval given by estimates of (10) (shaded area). The confidence interval
is obtained with bootstrapping.
205 Proof. This is a direct consequence of (28) in the proof of Proposition 2 above:
KL(Pp' (2) || P*(x)) = B, _pst [log PR’ (x) — log P* ()] (€29)
= log ( Py [ exp(—Arp(T; (Z)))]) + E:ENPZ:T [log (ET~P§(~\x) [exp(Ars(T; (b))]ﬂ
(32)
[max —Arg(T; (Z))} E,_peT [ max Arg(T; qb)} (33)
F TS0~
=E, py7 | max Arp(r;@)| - min Arp(ri9), (34)
F T:S0~T T€T
206 where the inequality in (33) is a consequence of (14) in the proof of Lemma 1. ]
207 B Details of the empirical evaluation
208 The reward function of the hypergrid environment is defined as
R(z) = Ro+ = 1 0.25,0.5] | +2 1 0.3,0.4
e I (oo eomon) o T (2 -0ef < 0200)
(35
209 In Algorithm 1 we describe a way to obtain a Monte Carlo estimate of the KL divergence using (10).
210 In Figure 2, we show a similar experiment on the 2-dimensional hypergrid of size 64; the conclusions

211

we made in the main text largely hold in this new setting.



22 C  Proofs of the convergence guarantees for the DB loss

213 Bengio et al. [2023] showed that if Pr, Pg, and a “flow” function F'(s) defined over the all the states
214 in the state space satisfy the following Detailed Balance (DB) conditions at every transition s — s’
215 where s’ # L

F(s)Pp(s' | s) = F(s")Pp(s | &), (36)

216 with the boundary condition F'(x) Pr(L | ) = R(w) at any terminating state x € X', then P ()
217 R(z). Taking inspiration from Section 2, we can convert this condition into a loss that can be
218 minimized of the form Lpp(¢) = 1Er, [A% (s, s; ¢)], where

Fy(s)P(s' | 5)

Fy(2)Pp(L | z)
Fy(s')Pi(s | 8")

Apg(s,s’;¢) = log R(z)

Apg(z, L;¢) = log 37

219 Throughout this section, for a trajectory 7 = (sg, 1, - . ., ST, L), we will use the notations s741 = L,
220  so that we can write Apg(s7, s741; ¢). The following proposition is the counterpart of Proposition 2
221 in the case of Detailed Balance.

222 Proposition 4. For any x € X, the error between the log-terminating state probability associated
223 with Pg and the target log-probability is bounded by

T.

Z ApB(St, Si41:0)

t=0

T.

Z ADB(Su St+1; éf’)‘ . (38)

t=0

“+ max

T:SQ~>T

|log P;?T(x) —log P*(2)| < max
TE

224  Proof. The proof is similar to the proof of Proposition 2. From (37), we can derive that

F¢<S/

~—

Pg(s/ | S) = PE(S | S/) F¢(S) exp(ADB(S) Sla(b)) (39)
R
Pi(s, L) = F;(“?) exp(Aps(z, L; ¢)) (40)
225 For some trajectory 7 = (sg, $1, ..., 87, L),
T T—1
Pp(r) =[] PéCsesr [ se) = PR(L | s7) [] PhCsesn | 50) (41)
t=0 t=0
1 Tt Fy(se41)
_ . ¢ t+ .
= R(ST)F¢(ST) exp(Apg(z, L; ¢)) g) Pp(se | se41) Fo(s0) exp(Apg(st, 1415 ¢))
42)
R(sr) -
= F¢(STO) exp Lz:% Apg(st,814150) | Po(7 | s7) 43)

226 We can also prove a similar result as Proposition 1, and show that we can write the true partition
227 function Z* as a function of F(so) and the residuals:

T,
7% = Z R(z) = Fy(s0)E, _ps lexp l— Z ApB(St, St41; ¢)H (44)
T t=0
228 Using (43) & (44), we can write the terminating state distribution as
R(z) -
PﬁT(x) = Z F¢(so)Pg(T | ) exp ZADB(st, St41; (b)} 45)
T:SQ~>T t=0
R(z) Z* I
= mETNPf?('Iw) [eXp LZ_; ADB(8t7St+1;¢)H (46)



229

230

Writing this in terms of the difference of log-probabilities, we obtain

T,
log PI‘?T(JU) —log P*(z) = log (Empg(,lx) [exp [Z ApB (s, St41; ¢)] ] )

t=0

T,
+ log <E7~P§ [exp [— Aps(St, St+1; qb)l ] > (47)

t=0

We can conclude using Lemma 1. O

10
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