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Abstract

The modelling framework of neural algorithmic reasoning (Veličković & Blundell, 2021) pos-
tulates that a continuous neural network may learn to emulate the discrete reasoning steps
of a symbolic algorithm. We investigate the underlying hypothesis in the most simple con-
ceivable scenario – the addition of real numbers. Our results show that two layer neural
networks fail to learn the structure of the task, despite containing multiple solutions of the
true function within their hypothesis class. Growing the network’s width leads to highly
complex error regions in the input space. Moreover, we find that the network fails to gener-
alise with increasing severity i) in the training domain, ii) outside of the training domain but
within its convex hull, and iii) outside the training domain’s convex hull. This behaviour can
be emulated with Gaussian process regressors that use radial basis function kernels of de-
creasing length scale. Classical results establish an equivalence between Gaussian processes
and infinitely wide neural networks. We demonstrate a tight linkage between the scaling
of a network weights’ standard deviation and its effective length scale on a sinusoidal re-
gression problem, suggesting simple modifications to control the length scale of the function
learned by a neural network and, thus, its smoothness. This has important applications for
the different generalisation scenarios suggested above, but it also suggests a partial remedy
to the brittleness of neural network predictions as exposed by adversarial examples. We
demonstrate the gains in adversarial robustness that our modification achieves on simple
image classification problems. In conclusion, this work shows inherent problems of neural
networks even for the simplest algorithmic tasks which, however, may be partially remedied
through links to Gaussian processes.

1 Introduction

The two most prominent paradigms in artificial intelligence research are discrete, symbolic algorithms on
the one side, and continuous, neural information processing systems on the other (Fodor & Pylyshyn, 1988;
Natarajan, 1989; Marcus, 2003). While systems of the latter kind have caused a revolutionary transformation
of the field, they are often plagued by hard challenges, such as robustness to changes in the input distributions,
for which algorithmic approaches can provide worst-case performance guarantees. Crucially, we know that
both approaches are deployed by humans, akin to Kahneman’s 1 and 2 reasoning systems (Kahneman, 2011),
and that, therefore, algorithms must be implemented in biological neural networks in the human brain (Zador
et al., 2022). For instance, observing a scene in the world, we know that it is represented and processed in
the distributed representation of neural activity in visual cortex. However, the same scene is also represented
when we describe it with the use of symbols and the syntax of our language (Yildirim et al., 2020). Thus,
one of the most mysterious questions in neuroscience as well as in artificial intelligence research is: where
and how do these two representation systems interact?

The concept of neural algorithmic reasoning (Veličković & Blundell, 2021) is a recent proposal for a modeling
framework at the intersection between symbol processing algorithms and continuous distributed information
processing systems (see also Smolensky, 1990; Bear et al., 2020; Sabour et al., 2017). As an illustrative
example of this hybrid approach, we can think of a robot equipped with a neural network that processes
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input images to extract, e.g., its position in space (visual encoder); this is coupled with a planning algorithm
(e.g., Dijkstra ) that computes the shortest path from the current location to the target; that output is then
fed into another neural network (motor controller) which translates the symbolic action plan into continuous
motor control outputs. The obvious question is how such a hybrid architecture may be trained, since we
usually require di�erentiability of the whole system for end-to-end training. To solve this, Veli£kovi¢ &
Blundell (2021) propose training a neural network to approximate the output of the algorithm in the middle
of the model. This di�erentiable approximation would then allowing gradient �ow from motor controller to
visual encoder for e�ective end-to-end training.

The purpose of our work is to investigate the feasibility of neural algorithmic reasoning in one of the most
simple conceivable settings: the addition of real numbers. Integer calculus and �oating-point arithmetic in
binary (symbolic) representations have previously received more attention (Nogueira et al., 2021; Talmor
et al., 2020; Jiang et al., 2019; Thawani et al., 2021; Zhou et al., 2022; Hendrycks et al., 2021; Bansal et al.,
2022). By contrast, we want to know if a simple multilayer perceptron (MLP, (Rosenblatt, 1958)), i.e. the
basic building block of most neural networks, can learn to add real-valued numbers on a compact domain
such as the unit disc. Speci�cally, we look at two layer MLPs which are particularly interesting because:
i) they contain a parameter subspace that perfectly solves the task (see below), ii) they can provide an
approximation of unlimited precision in the in�nite width limit (Hornik et al., 1989), iii) they reveal an
interesting failure case that prompts further study of neural network functions.

In summary, in this paper we �nd that arti�cial neural networks are unable to learn the simple function
of adding real numbers, even if abundant training data is available, leaving nonlinear, uneven regions of
error within the training domain and struggling to extrapolate beyond. A comparison to Gaussian processes
suggests a simple partial remedy, exploiting classic results (Neal, 1996) about the equivalence between
these two model classes, based on a correct adjustment of the smoothness of the learned function. We
show that these modi�cations also translate to increased adversarial robustness on handwritten character
image recognition (Goodfellow et al., 2014). This has important implications for real world applications,
such as self-driving car vision controllers that need to be robust to shifting input statistics, where smooth,
generalisable model functions are required. It also aligns with the motivation behind neural algorithmic
reasoning to build di�erentiable models that generalise as broadly as classical algorithms with worst case
analytical performance guarantees. Finally, we are interested in this minimal setting where seeing how a
neural network fails to learn the correct algorithm reveals an interesting phenomenon that advances our
basic understanding of the functions learned by neural networks and how to control their smoothness.

2 Background

Simple mathematical reasoning (Saxton et al., 2019; Charton, 2021) and, speci�cally, the addition of real
numbers is a particularly interesting setting because it is so simple, while still elucidating important functional
complexity of neural networks (Hendrycks & Dietterich, 2019) (Fig. 1) and clearly exposing the di�cult
inductive inference from an in�nite look-up table to the proper representation of an algorithm (Henderson,
2022). Moreover, we know that the hypothesis class of neural networks with recti�ed linear unit (ReLU)
activation functions trivially contains a parameter subspace with the correct solution, i.e., given inputs
x 2 R2, the following set of functions

f (x) := W2 max(0; W1x + b1) + b2; W1 :=
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with �; 
 2 R> 0, �; � 2 R< 0 and b1; b2 := 0 are a subspace of the network parameters that correspond to a
perfect representation of the desired outputy = x1 + x2.

Given input and output training pairs, a neural network can learn to approximate this function. However,
it is an open question how accurate the approximation will be within the compact domain of the training
data; possibly in the limit of in�nite data and a model that is a universal function approximator (Hornik
et al., 1989). Secondly, it is unclear how the model will generalise outside the domain of the training data.
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Ideally, the concept of addition should only require a limited amount of training examples to understand the
underlying algorithm for producing the correct answer on any pair of inputs.

A crucial di�erence between algorithms and neural network solutions is the way they generalise to di�erent
inputs (Marcus, 2003; Veli£kovi¢ & Blundell, 2021; Zador et al., 2022). Addition is de�ned on all numbers
in R, but the approximation learned by a NN can only observe a subset of those inputs in its training data
(i.e., i.i.d. � independent identically distributed). Recent discussions have investigated this from the point
of view of interpolation versus extrapolation (Nakkiran et al., 2021; Schott et al., 2021). Overparameterised
NN exhibit a double descentphenomenon, which is thought to improve their generalisation performance
by interpolating between training points (Chatterji et al., 2021) � although see (Balestriero et al., 2021).
Going beyond the convex hull of the training data would, by contrast, require the ability to extrapolate to
a new domain (o.o.d. � out of distribution). This is one of the key motivations behind neural algorithmic
reasoning and it has recently been explored with transformers (Nogueira et al., 2021; Kim et al., 2021; Anil
et al., 2022; Zhou et al., 2022; Charton, 2021; Zhang et al., 2021) and recurrent neural networks Bansal et al.
(2022); Linsley et al. (2018); Schwarzschild et al. (2021). Apart from extensions of the compact training data
domain, we also study robustness to speci�c distribution shifts such as added Gaussian noise (Hendrycks
& Dietterich, 2019; Rusak et al., 2020). We also study adversarial robustness (Goodfellow et al., 2014),
which can be thought of as worst-case distribution shifts, this has recently been studied in two layer MLPs
(Dohmatob & Bietti, 2022) and is speci�cally interesting as it relates to Lipschitz constants (Virmaux &
Scaman, 2018) and a neural networks smoothness (see section 3.5).

An important caveat is that the point of this study is not to �nd a tailored solution to the problem of adding
real numbers. There are many handcrafted �xes to the speci�c experimental setup in this paper, which i)
reduce the size of the network down to the exact required dimensions (i.e.,4, see equation 1), ii) encourage
sparsity to switch o� all super�uous units, or iii) use more involved transformer-based models (Vaswani et al.,
2017; Zhou et al., 2022) to solve the task. However, none of these settings are of interest for the present
research question: i) and ii) provide solutions only to this speci�c problem without any transferable insights
into neural network functions as we obtain in this paper (section 3.3); and iii) obscures the simple failure
cases of MLPs, which are the minimal building blocks to study if we want to understand neural networks
(Wang et al., 2020; Dohmatob & Bietti, 2022).

3 Results

3.1 Neural Networks and Gaussian Processes Learning Addition

We �rst investigate learning addition of real numbers in two dimensions. For this, we uniformly draw D = 128
points on the unit disc (see also Fig. 6)

D := f x j x 2 R2; jj xjj2 � 1g: (2)

We train a two layer neural network with ReLU nonlinearities after the �rst layer to solve the addition task
using a simple squared loss function (for additional experimental details see Appendix section A.1)

L MSE (f; x ) = ( f (x) � (x1 + x2))2: (3)

Across the top row of Fig. 1 we change the number of hidden unitsN (i.e., the width) of the network
and observe the e�ect on the learned solution. With few units (N = 16), the model exhibits the recently
proposed polytope structure of neural network approximated functions (Balestriero et al., 2018). With more
units we are entering theinterpolation regime (i.e., zero training error), where recent work on double descent
might suggest better performance (Nakkiran et al., 2021). While the performance does increase (Appendix
A.2.1), we can see that the model uses the additional capacity to cut up the input space into increasingly
complex, uneven regions. Interestingly, the network learns intricate, nonlinear ridges of good performance
on which the training data lies. These ridges appear to be connected on continuous paths � an intriguing
observation for future NN research. Importantly, these patterns suggest that larger ReLU networks learn
sieve-like solutions of increasing complexity (see also Fig. 12), but they do not enter a qualitatively di�erent
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