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Abstract

This paper considers federated learning (FL) with constraints where the central server and all local
clients collectively minimize a sum of local objective functions subject to inequality constraints.
To train the model without moving local data at clients to the central server, we propose an FL
framework that each local client performs multiple updates using the local objective and local
constraints, while the central server handles the global constraints and performs aggregation based
on the updated local models. In particular, we develop a proximal augmented Lagrangian (AL)
based algorithm, where the subproblems are solved by an inexact alternating direction method
of multipliers (ADMM) in a federated fashion. Under mild assumptions, we establish the worst-
case complexity bounds of the proposed algorithm. Our numerical experiments demonstrate the
practical advantages of our algorithm in solving linearly constrained quadratic programming and
performing Neyman-Pearson classification in the context of FL.

1. Introduction

Federated learning (FL) has emerged as a prominent distributed machine learning paradigm, finding
extensive application across diverse domains. While FL has gained extensive adoption, there have
been few developments on FL algorithms capable of handling constraints that incorporate desired
properties and prior knowledge. This is despite the frequent occurrence of constrained optimization
problems in modern learning tasks (e.g., see [39]). In particular, Neyman-Pearson classification
[66] and learning with fairness constraints [2, 13, 49] are two important examples of constrained
machine learning problems. We defer a review of constrained optimization problems in modern
machine learning to the Appendix B, and associated algorithms in Appendix A.

In the FL literature, many efforts have been devoted to mitigating class imbalance [65] and
improving model fairness [15, 18, 19] through the application of constrained optimization mod-
els. Nevertheless, these algorithms are often specialized to particular use cases and suffer from a
lack of computational complexity guarantees for achieving consensus, optimality, and feasibility in
their solutions. The main goals of this paper are twofold: (1) to investigate a general optimization
problem with convex constraints in an FL setting; (2) to develop an FL algorithm with complex-
ity guarantees for finding its solution. Specifically, we consider the following general optimization
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formulation of FL problems with convex global and local constraints '

mui}n {z": fi(w) + h(w)} s.t. c(w) <0, ¢(w) <0, 1<i<n, (1)
i=1

TV
global constraint local constraints

where the functions f; : R? — R, 1 < i < n, and the mappings ¢; : R? — R™ 0 <4¢<n,are
convex and continuously differentiable, and h : R? — (—o0, 00| is a simple closed convex function.
The convexity assumption is necessary for our initial theoretical exploration of FL. with constraints.
We also explore the applicability of our FL algorithm to classification tasks with nonconvex fairness
constraints in Appendix F.3.

The global constraint in (1), namely co(w) < 0, refers to a constraint that can be directly
accessed by the central server. The local constraints in (1), namely ¢;(w) < 0 for 1 < i < n, refer
to constraints that depend on the local data that clients used for training the model. Throughout this
paper, we assume that

for each 1 < i < n, the local objective f; and local constraint c; are handled solely by the local
client i, and the central server has access to the global constraint c.

This assumption generalizes the one commonly imposed for unconstrained FL, where each local
objective function is solely handled by one local client. In addition, our model (1) is tailored for
scenarios where local clients have enough amount of reliable data points to establish their own
local constraints. Meanwhile, to enhance generalization property, the central server forms a global
constraint by incorporating certain public or external data points. Additionally, it is noteworthy
that solving an FL problem with n local constraints, such as ¢;(w) < r, 1 < ¢ < n, can yield
a feasible solution for the coupled constraints involving data points from all local clients, such as
1/n30 ci(w) <.

Due to the sophistication of the constraints in problem (1), existing FL algorithms face chal-
lenges when attempting to apply or extend them directly to solve (1). For example, a natural
approach for this problem is to adopt existing FL algorithms to minimize the quadratic penalty
function associated with (1). However, to ensure global convergence to a solution for (1), it is often
necessary to minimize a sequence of penalty functions with sufficiently large penalty parameters,
rendering the solution process highly unstable and inefficient (e.g., see [54]). Moreover, in the cen-
tralized setting, Lagrangian methods are frequently employed for constrained optimization in deep
learning (e.g., see [16]). However, these methods often require careful tuning of initial multipliers
and step-sizes for the multipliers. In contrast, we propose an FL algorithm grounded in the proximal
augmented Lagrangian (AL) method. This algorithm efficiently and robustly finds an (€7, €2)-KKT
solution of (1) for its definition). At each iteration of this algorithm, a fixed penalty parameter is
employed, and an approximate solution to a proximal AL subproblem associated with (1) is com-
puted by an inexact alternating direction method of multipliers (ADMM) in a federated manner.
We study the worst-case complexity of this algorithm under a locally Lipschitz assumption on V f;,
1 <i < n,and Vg;, 0 <7 < n. Our main contributions are highlighted below.

* We propose a proximal AL based FL algorithm (Algorithm 1) for seeking an approximate
KKT solution of problem (1). The proposed algorithm naturally generalizes the current FL al-
gorithms designed for unconstrained finite-sum optimization (see problem (6) below). Under

1. Distributed optimization with global and local constraints has been studied before in the literature (e.g., see Nedic
et al. [53], Zhu and Martinez [78]).
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a locally Lipschitz condition and mild assumptions, we establish the worst-case complexity
for finding an (€7, €2)-KKT solution of problem (1). To the best of our knowledge, the pro-
posed algorithm is the first one for FL. with global and local constraints, and its complexity
results are entirely new in the literature.

* We conduct numerical experiments by comparing our proximal AL based FL algorithm with
existing FL algorithms on several real-world constrained learning tasks including binary clas-
sification with specified recall and classification with nonconvex fairness constraints. Our
numerical results validate that our FL algorithm can achieve solution quality comparable to
the centralized algorithm.

* We propose an inexact ADMM based FL algorithm (Algorithm 2) for solving an uncon-
strained finite-sum optimization problem (see problem (5) below). Equipped with a newly
introduced verifiable termination criterion, Algorithm 2 serves as a subproblem solver for
Algorithm 1. We establish a global linear convergence rate for this algorithm under the as-
sumptions of strongly convex local objectives and locally Lipschitz continuous gradients.

2. A proximal AL based FL algorithm for solving problem (1)

In this section we propose a proximal AL based FL algorithm for solving (1). This algorithm follows
a similar framework to a proximal AL method. At each iteration, it applies the inexact ADMM
(Algorithm 2) to find an approximate solution w**! to the proximal AL subproblem associated
with problem (1):

qp{&wwz}:ﬁ@0+mw%Q;}:Wﬁ4ﬂ@wﬂAP—Mmﬂ+iﬂw—wﬂﬂnQ)
1=1 =0

where []; denotes the nonnegative part of a vector. The multiplier estimates are updated according
to the classical scheme: ¥ = [u¥ + Be;(w* )] foreach 0 < i < n.

i

Algorithm 1: A proximal AL algorithm for FL. with constraints

Data: tolerances €1, €2 € (0,1), w® € dom(h), M? >0for0<i<mn,s>0,and 5 > 0;

Result: A primal-dual solution pair (w**+1, zF+1);

for k=0,1,2,...do

Set 7, = 5/(k +1)%

Call the inexact ADMM with (7, @°) = (73, w¥) to find an approximate solution w**! to
(3) in a federated manner such that disto, (0, 9 (w*+1)) < 7.

Server update: The central server updates pi ™ = [uff + Beo(wF+1)]5;

Communication (broadcast): Each local client i receives w**! from the server.

Client update (local): Each local client i updates z ™' = [uf + Be;(wh 1))

Termination: Output (w**!, u**+1) and terminate the algorithm if

[k — wh g + By < Ber, [ — 1]l < e

end
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Pip(w) == fiw) + ;Brr[uf T Bei(w)) 2 +

Notice that the subproblem (2) can be rewritten as

min {Ek(w) => Piglw)+ h(w)} , (3)
i=0
where P; i, 0 < 7 < n, are defined as

Big(w) = fi(w) + 215[!![11? + Bei(w)] 4 l* = [l 1) + lw —w®|?, Vi > 0. (4

2(n+1)p
When Algorithm 2 is applied to solve problem (3), the local merit function P, constructed from
the local objective f; and local constraint ¢;, is handled by the respective local client ¢, while the
merit function P j, is handled by the central server. Hence, Algorithm 2 is well-suited for the FL.
framework that the local objective f; and local constraint ¢; are handled by the local client ¢, and
the central server performs aggregation and handles the global constraint cg.

We now make the following assumptions: (a) The proximal operator for i and the projection
onto R can be exactly evaluated; (b) The functions f;, 1 < i < n, and mappings ¢;, 0 < i < n,
are continuously differentiable, and Vf;, 1 < ¢ < n, and V¢;, 0 < ¢ < n, are locally Lipschitz
continuous on R?; (c) The strong duality holds for problems (1) and its dual problem

supinf {/(w) +h{w) + (. e(w))}-

The following theorem states the worst-case complexity results of Algorithm 1, whose proof is
relegated to Appendix D.4.

Theorem 1 The number of outer iteration of Algorithm I is at most O(max{e; %, 5 2}), and the
total number of inner iterations of Algorithm 1 is at most O(max{e; 2, e;2}). In each iteration,
Algorithm 1 requires one communication round.

3. Aninexact ADMM for FL

In this section we propose an inexact ADMM based FL algorithm for solving a class of finite-
sum optimization problems. This algorithm is used as a subproblem solver for the proximal AL
based FL algorithm proposed in Algorithm 1. In particular, we consider the following regularized
unconstrained finite-sum optimization problem:

n
min{Fh(w) =Y Fi(w) —|—h(w)}. ©)
v i=0
where F; : R — R, 0 € ¢ < n, are continuously differentiable and convex functions. We
now make the following additional assumptions on problem (5) throughout this section: (a) The
functions F;, 0 < i < n, are continuously differentiable, and moreover, VF;, 0 < ¢ < n, are locally
Lipschitz continuous on R%: (b) The functions Fj;, 0 < ¢ < n, are strongly convex on R?, that is,
there exists some o > 0 such that (VF;(u) — VF;(v),u —v) > o|lu — v||> Vu,v € R, 0 < i < n.
The iteration complexity of Algorithm 2 is established in the following theorem, whose proof is
relegated to Appendix C.3.
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Theorem 2 Algorithm 2 terminates in at most O(|log 7|) iterations. Also, Algorithm 2 requires
one communication round at each iteration.

Algorithm 2: An inexact ADMM for finite-sum optimization
Data: tolerance 7 € (0,1], ¢ € (0,1), @" € dom(h), and p; > 0 for 1 < i < n;
Result: A solution wit!;
Set w? = @Y, and (uf, \?, @)) = (@°, ~VEF;(@°),w° — VE;(@°)/p;) for 1 < i < n.
fort=0,1,2,...do
Server update: The central server finds an approximate solution w*! to

Hgn {SOO,t(U)) = Fo(w) + h(w) + Z [%Hﬂf - w”z} } .
i=1

Communication (broadcast): Each local client i receives w'*! from the server.
Client update (local): Each local client ¢ finds an approximate solution uﬁ“ to

min {(Pi,t(ui) = Fi(w;) + AL uy —w'™) + %Huz' _ wt+1||2} 7

and then updates \iT! = A\t + p; (ul ™ — wi*h), @it = ot 4 N/, and
Eipr1 = [Vir(w™) — pi(w™! — uf) | oo

Communication: Each local client 7 sends (222“, €it+1) back to the central server.
Termination: Output w't! and terminate this algorithm if €441 + 2?21 Eit41 < T.

end

4. Numerical experiments

Linear equality constrained quadratic programming A description of the experiment setup is
deferred to Appendix F.1. The computational results of Algorithm 1 and the centralized proximal
AL method (abbreviated as cProx-AL) for solving the randomly generated instances are presented
in Table 1. One observes that: 1) both Algorithm 1 and the centralized proximal AL method are
capable of finding a solution of similar quality in terms of objective value and constraint violation; 2)
Algorithm 1 is as efficient as centralized proximal AL methods as measured by the number of outer
iterations; 3) Algorithm 1 can scale-up to a varied number of clients and constraints. To account for
all factors, the proposed methods can approximate high-quality solutions as the centralized method.

Neyman-Pearson classification A description of the experiment setup is relegated to Appendix F.2.
One can see from Table 2 that: 1) Algorithm 1 yields solutions with comparable quality to cProx-
AL, both concerning loss for class 0 and class 1, similar to what we observed in the previous
experiment. 2) when solving the Neyman-Pearson classification, we can effectively regulate the
loss value for the minority class (class 1) to remain below a predefined threshold across all local
clients, demonstrating the practical utility of applications such as detecting rare diseases where the
performance of minority class is critical. To provide further insights into the optimization progress,
we plot the feasibility violation (i.e., loss for class 0) of Algorithm 1 over its outer iterations in
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Table 1: Numerical results for linear equality constrained quadratic programming

objective value feasibility violation (x 10~%) #outer iterations
d n m | Algorithm 1 cProx-AL | Algorithm 1  cProx-AL Algorithm 1 cProx-AL
100 1 1 || -6.1982 -6.1982 1.1986 3.0593 5.6 5.0
100 1 || -5.4337 -5.4348 5.5226 7.6943 6.0 6.8
100 10 1 || -0.8998 -0.9021 7.7720 6.9185 8.5 13.0
500 1 5 || -33.0971 -33.0971 7.5226 0.9430 5.9 5.0
500 5 5 || -30.8218 -30.8220 4.4055 4.5350 4.0 4.0
500 10 5 || -24.7565 -24.7583 4.4589 6.8591 5.0 5.1
Table 2: Numerical results for Neyman-Pearson classification.
loss for class 0 loss for class 1 (< 0.2)
dataset #class 1/classO | m | n | Algorithm 1 cProx-AL Unconstr ours cProx-AL Unconstr
mean max mean max mean max
1 [ 04340 04343 0.1388 | 0.2088 02088 02088 02088 03266 0.3266
breast-cancer-wise 40455 5o | 5| 06840 0.6846  0.1393 | 0.1826 0.2030 0.1825 0.2030 03280 0.4052
10 || 0.6481 0.6484  0.1409 | 0.1811 02067 0.1811 02067 03276 0.5337
20 || 0.7630 07633 0.1436 | 0.1647 02057 0.1647 02057 03256 0.5404
1 |/ 0.8677 08643 02135 | 0.1991 0.1991 0.1991 0.1991 0.7886 0.7886
5 | 0.8475 0.8544 02136 | 0.1977 02019 0.1975 02018 0.7887 0.8178
adult TBAM2ATIS ) 21110 | 0 8656 08668 02136 | 0.1914 02003 0.1905 0.1991 0.7885 0.8325
20 || 0.8688 0.8768 02137 | 0.1878 0.2028 0.1876 02025 0.7882 0.8418
1 [ 17794 17821 05332 | 0.1966 0.1966 0.1966 0.1966 0.6508 0.6508
ol 275075 5y | 5| 18229 18278 05313 | 0.1909 02013 0.1908 02009 0.6516 0.7207
onks 10 || 1.8457 1.8484 05297 || 0.1834 02059 0.1836 02064 0.6480 0.8964
20 || 2.0595 20743 05364 | 01560 02004 0.1551 02005 0.6461 09358

Figure 1. We can see that our proposed methods can converge to a feasible solution within a few
outer iterations, effectively enforcing consistency across all the clients.

breast-cancer-wisc (n=5) monks-1 (n=>5) adult (n=5)
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Figure 1: Progression of feasibility violation over iterations on brease-cancer-wisc and monks-1
datasets. Each client’s feasibility violation progression is represented by a distinct color.
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Appendix A. Related works

FL algorithms for unconstrained optimization: Federated learning has emerged as a cornerstone
technique for privacy-preserved distributed learning since Google proposed the seminal work [48].
Unlike traditional centralized learning methods, FL enables the training of models with distributed
edge clients, ranging from small mobile devices like phones [50] to large data providers such as
hospitals and banks [42]. This inherent property of privacy preservation aligns seamlessly with
the principles upheld by various critical domains, including healthcare [58, 59, 62], finance [42],
IoT [50], and transportation [41], where safeguarding data privacy is essential.

FedAvg, introduced by [48], is the first and also the most widely applied FL algorithm. It was
proposed for solving the unconstrained finite-sum optimization problem:

min f(w) = 3 fi(w). ©)
=1

Since then, many variants have been proposed to tackle various practical issues, such as data het-
erogeneity [30, 37, 76], system heterogeneity [20, 35, 70], fairness [36], efficiency [31, 64], and
incentives [67]. For example, [35] proposed FedProx by adding a proximal term in the local ob-
jective to handle clients with different computation capabilities. [30] proposed Scallfold to address
the issue of date heterogeneity where local data is non-independent and identically distributed (non-
iid). Additionally, ADMM based FL algorithms have been proposed in [1, 20, 69, 76, 77], and these
methods have been shown to be inherently resilient to heterogeneity. [61] extended FedAvg by in-
troducing adaptive optimizers for server aggregation, significantly reducing communication costs
and improving FL scalability. [36] proposed Ditto, a personalized FL framework that demonstrates
improved client fairness and robustness. More variants of FL algorithms and their applications can
be found in the survey [34]. Despite the numerous FL algorithms proposed previously, they pri-
marily focus on unconstrained FL problems, leaving a gap between constrained optimization and
FL.

Centralized algorithms for constrained optimization: Recent years have witnessed fruit-
ful algorithmic developments for constrained optimization in the centralized setting. In particular,
there has been a rich literature on inexact AL methods for solving convex constrained optimiza-
tion problems (e.g., see Aybat and Iyengar [6], Lan and Monteiro [33], Lu and Mei [45], Lu and
Zhou [46], Necoara et al. [52], Patrascu et al. [57], Xu [73]). In addition, AL methods and variants
have also been extended to solve nonconvex constrained optimization problems (e.g., see Birgin and
Martinez [7], Grapiglia and Yuan [22], He et al. [26, 27], Hong et al. [28], Kong et al. [32], Li et al.
[38], Lu [43]). Moreover, sequential quadratic programming methods [8, 17], trust-region methods
[9, 60], interior point method [68], and extra-point method [29] have also been proposed for solving
constrained optimization problems. Furthermore, there have been many recent works on algorithms
for finding second-order stationary points of nonconvex constrained optimization problems (e.g.,
see [3, 10-12, 23, 25-27, 44, 51, 55, 56, 72]).

Distributed algorithms for constrained optimization: In another line of research, many algo-
rithms have been developed for distributed optimization with global and local constraints. An early
work [53] introduced a distributed projected subgradient algorithm for distributed optimization with
local constraints. This work has been extended to handle scenarios involving time-varying directed
graphs in [40, 71]. Yet, these methods require each node to compute a projection on the local con-
straint set, which is applicable only to relatively simple constraints. To address more complicated
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constraints, distributed primal-dual algorithms were developed in [4, 5] for distributed convex opti-
mization with conic constraints. In addition, primal-dual projected subgradient algorithms [75, 78]
have been developed for distributed optimization with global and local constraints. For an overview
of algorithmic developments in distributed optimization with constraints, we refer to [74]. We
emphasize that the existing algorithms for constrained distributed optimization do not follow the
common FL framework where clients perform multiple local updates before aggregating the global
model. The algorithm development in this paper follows a distinct trajectory compared to them.

FL algorithms for constrained learning problems: Some studies have combined constrained
optimization techniques with FL algorithms to tackle complex learning tasks, such as addressing
label imbalances and promoting model fairness. For example, [65] proposes an FL algorithm aimed
at handling class imbalances, using primal-dual updates through the Lagrangian function. Simi-
larly, [15, 18] propose FL algorithms designed for fairness-constrained learning, also incorporating
primal-dual updates using the Lagrangian function. In addition, [19] proposes an FL algorithm for
fairness-constrained learning, implementing primal-dual updates with the augmented Lagrangian
function. Nonetheless, these studies are tailored to specific applications and do not establish con-
vergence guarantees regarding constraint feasibility, stationarity, or consensus.

Appendix B. Constrained optimization problems in modern machine learning

In recent years, there has been a growing prominence in solving constrained optimization problems
arising in machine learning. Especially, when moving to trustworthy Al and efficient Al, we can see
an overwhelming number of problems where explicit constraints have to be enforced and computed
during the learning process. For example, robustness evaluation [21], learning with fairness [2, 13,
49], learning with label imbalance [63], neural architecture search [79], topology optimization [14],
knowledge-aware machine learning [47] can be formulated as optimization problems with hard
constraints. We next present Neyman-Pearson classification and learning with fairness:

Neyman-Pearson classification: Consider a binary classification problem, where one is more
concerned with the risk of misclassifying one specific class than the other one, as often occurs in
medical diagnosis. To address this problem, Neyman-Pearson classification model is proposed as
follows (e.g., see [66]):

1 &
- I —— 1) < 7
H}jnnozww zzO S nlg()@(w?z%l)—h )

where w is the weight parameter, ¢ is a loss function, {z;0};; and {z; 1}, are the training data
from two separate classes 0 and 1, respectively, and r > 0 controls the training error for class 1. The
Neyman-Pearson classification model (7) is introduced as a statistical learning model for handling
asymmetric training error priorities.

Learning with fairness: Incorporating fairness constraints into the training of machine learning
models is widely recognized as an important approach to ensure the models’ trustworthiness [2, 13,
49]. Training a model with fairness constraints is usually formulated as follows:

mmwaw ) st min piw,{zi}ily) > p max pi(w, {zi}in), ®)

where w is the weight parameter, ¢ is a loss function, p;, 1 < j < k, are performance metrics,
p € [0, 1] is the targeted fairness level, and {z; } is the training data set.
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Appendix C. Proof of Theorem 2

We first derive the following equivalent consensus reformulation of problem (5):

mln{ZF (u;) + Fo(w )—l—h(w)} s.t. w=w, 1<i<mn, )

w,u;
=1

Throughout this section, we let (w*, u*) be the optimal solution of (9), and \* be the associated
Lagrangian multiplier. Recall from the definition of 4! in Algorithm 2 that

if = uf + M/pi, V1<i<nt>0. (10)

C.1. Output of Algorithm 2

Theorem 3 If Algorithm 2 terminates at iteration t, its output w'*! satisfies
distos (0, OF), (wit)) < 7.

Proof By the definition of Fj, in (5), one has that
OF,(w™) = VF (™) + oh(w't). (11)
In addition, notice from (2), (2), and (10) that

a@o,t(wt—’—l) t+1 _|_ Zp t+1 +ah( t+1)

—VF t+1 +Zpl t+1 t )\t]+8h( H—l)

Veir(w™) = VE (™) + Aﬁ, Vi<i<n.

Combining these with (11), we obtain that
n
OF,(w') = o (™) + > [Veir(w'™) — pi(w'™ —ub)),
i=1
which together with disto (0, 9o ¢ (wt1)) < 11 (see Algorithm 2) implies that

distos (0, 0F} (w'1)) < diste (0, dpo (W) + Y | Veie(w™) — pi(w™ —uf) oo
=1

n
<erp1t Y Gt
i=1

Using this and the termination criterion, we obtain that dist. (0, dF},(w**1)) < 7 holds as desired.
|

15



FEDERATED LEARNING WITH CONVEX GLOBAL AND LOCAL CONSTRAINTS

C.2. Bounded iterates of Algorithm 2

Lemma4 Let {Ufﬂ}lgign,te’r and {w'1} e be all the iterates generated by Algorithm 2, where
T is a subset of consecutive nonnegative integers starting from 0. Then we have w't' € Q and
u?_l € Qforalll <i<nandt €T, where

n

~* n+1 1 —x -
Q- { o =0 < oy + o 3 (wlla” = a1 + 197 >—VFi<w°>||2)}
(12)

Proof [Proof of Lemma 4]

Recall from that F}, 0 < i < n, are strongly convex with modulus o > (. In addition, by
(10) and the fact that disteo (0, g ¢(w!™)) < &441, one can obtain that there exist some hit! €
Oh(w'*1) and ||ef™ ||oo < €441 such that

et = VF(wi™h) + b1+ Z'O t+1 _ @) Y Fy(wh ) + BT 4 Z Wl ) — Al
= VFy(w'™) + i+t + Z[p,-(uf+1 —ub) = A1, (13)
i=1
Using the fact that | Vg; t( )Hoo < €411, one can see that there exists HetJr lloo < e14+1 such that

e = Vi o (u ) D VE ) + A+ pr(ul ! — 0ty = VR W) + AL v <i<n,

(14)
Recall that w* and u* are the optimal solution of (9), and \* € R™ is the associated Lagrangian
multiplier. Then there exists h* € Oh(w*) such that

VEi(ul)+ X =0, VEy(0*)+h* — Z)\*_O wf =%, V1<i<n. (15)

In view of this, (14), and the strong convexity of F;, one can deduce that

olluttt = @ < (it = @7, VR = VE@) = (it =, A4 A+ el
~ ~ 1
< (=, A A + Dl - a4 el R,

where the equality is due to w* = ), VFj(u}) = A}, and (14), and the last inequality follows from
(a,b) < t/2||a||® + 1/(2t)||b||? for all a,b € R? and ¢t > 0. By (13), (15), and the strong convexity
of Fj, one has that

0_Hwt+1 _ u~)*||2 < <wt+1 _ U~)*, VFO(,wt—l—l) + ht+1 _ VF()(’[[)*) _ h*>
n
= (' =, ST X it = )] 4 e,
=1
- o
< <wt+1 _ ’UNJ*, Z[X;—&-l Xk ( t+1 ut)]> + §”wt+1 _ 71)*”2 H t+1H2’

= %
i=1
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where the first inequality is due to the strong convexity of F( and the convexity of h, the equality is
due to (13) and the second relation in (15), and the last inequality follows from (a, b) < t/2||a||* +
1/(2t)||b|? for all a,b € R% and ¢ > 0. Summing up these inequalities and rearranging the terms,
we obtain that

n
g ~ ~
STUCA N W AR
=1

n

n
t+1 *7Z>‘t+1 A\ ( i+1 u;ﬁ)D Het+1||2_|_Z(<ulit+1_w*7_)\§+1+)\;<>+
=1 L
n n+1
sZ LX) Y e - - ) 4
i—1 i=1
. t N1 i1 % Lo gt gt n+1,
:Z (AL = AN A —I—Zp uj —ui )+ = e, (16)

where the second inequality is due to |lef™| < &441 forall 0 < i < nand t > 0. Notice that the
following well-known identities hold:

1
(™ = =) = (= T = e = g et = g = ot - w ),
)
* 1 * *
N = AT = A0) = AT = NP = A = X = A = ). (18)
These along with (16) imply that
- n+1
(Ilw - w|? +Z ™ — @) + Z et = wf]” - 5 St
(16 ¢~ 1 t t+1 yt+1 - tHL kgt t+1 - Piy 141 )2
< DML D + Y i uf =y + 30wttt —
=1 Pi i=1 =
(17) n 1 ¢ t+1 yt4+1 - [ o t 2 ~ % t+12 t+1 t+12
<D AT +Z ill” = 0" =+ o™ =)
i=1 Pi i=
=D = AT AN D I = NP Y S — P o — )
i=1 Pi i=1 “Pi i=1
n
(1 ) 1 * * Pi ~* ~ % 1
= 2 o (I = il = A7 = X +Z (0" = uil® = (1o — it
i=1 pi i=1
- Di 1 Di 1
= D LG8 —wdll* + I = NI = (0™ = ™ o 5= IAF = AP (19)
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Summing up this inequality over t = 0, ..., ¢, we obtain that
! o n—i—l
2 1 2
5[5 (hottt - e Sot - a4 3 e 2
t=0
<37 (Ll — P+ 5% = NIP) = (S — R A = AR |
_Z:1 2 7 2pl (3 1 2 1 2[)7{ 7 7

(20)

Recall from Algorithm 2 that g,11 = ¢%, u{ = @°, and \) = —V F;(@°). Also, notice from (15)
that w* = u} and A} = —V F;(u]). By these and (20), one can deduce that

o - - n+1 . 1
2 —w*u2+2uu§“ ) < Z 2t+2 (1" = o812+ I = A01P)
. 1
7’L—|—1 ~ % *
+Z( " — p.Mi—A?u?)
1

n+1 P 1 - -
_ +Z( — a0+ 5 V() - va<w°>u2) .

In view of this and the definition of Q in (12), we can observe that wttt € Q and uf“ € Q for all
t € T and 1 < ¢ < n. Hence, the conclusion of this lemma holds as desired. |

C.3. Proof of Theorem 2

Lemma 5 Assume that r,c > 0 and q € (0,1). Let {at }+>0 be a sequence satisfying

(1+r)ars1 < ag +cg®t, Vt>0. 21
Then we have
1 )t B
aty1 gmax{q,m} <a0+ 1—q> , Vt>0. 22)
Proof It follows from (21) that
a1 < _:’l_rat + 5 i rcqzt < (1427,)2%—1 + (Cfi(tr; fftr

)

1 cq® 1 q .
< ]l R B S
< S gt L T @ et e e

1 1oyt i
§7(1+r)t+1ao+cmax q,71+r Zq
i=0

_ 1 N c 1 t+1< 1 t+1 N ¢
S A+ O T T = Ty 0TIy

where the fifth inequality is due to ¢* < max{q,1/(1+7)} and 1/(1 + 7)"**~% < max{q, 1/(1 +
r)}t“*i. Hence, the relation (22) holds as desired. |
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Lemma 6 Let Q be defined in (12). Then there exists some Ly g > 0 such that
|VF;(u) — VE;(v)|| < Lypllu —v|, Vu,ve€ Q,0<i<n. (23)

Proof Notice from (12) that the set Q is convex and compact. By this and the local Lipschitz
continuity of VF; on R?, one can verify that there exists some constant Ly r > 0 such that (23)
holds (see also Lemma 1 in [45]). |

Lemma 7 Let {w'™'}cr and {U?_l}lgign,teﬁr be all the iterates generated by Algorithm 2, where
T is defined in Lemma 4. Then we have

n

1 n+1
E t > 24
S0 1—q< 1p12+2L2 >]’ viz0, 24

Sy <4t

where o and Ly are given in the assumptions in Section 3 and Lemma 6, respectively, q and p;,
1 <@ < n, are inputs of Algorithm 2, and

1 : opi
T 1[0 - S o072 (° 2
q max {q 1+7’} r lréniléln{p?—i-QLQVF} (25)
n
1 *
Si=) ( lo* = uf]|* + o1~ A§|2> , V>0 (26)
=1 %

Proof Recall from (19) that

n

Pi | ~x tn2 1 * t)2
— ut —|INF — A\
22(2Hw il + 5 I zu>

i=1

n
it 1 . pi o - % n+1
2 3 (B30 g A Gt ) ¢ G - - P

n
pit+o . 1., n+1
22( > |rw*—u§“r?+2m|w—Aﬁ“ﬂ?)— St &)
=1

Also, notice from (14), (15), and (23) that

4) (23) »
IAF = AP (IIVF( ) = VE@Y + e )? < 2LGplla* — ul ™ + 2¢7,4,

which implies that

- 2p; Di 1 ~ 1 2?2
x2S i it — w12 g — A2 ) 1 e
0 = > 2 (B0 —uf P AR - o
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By this, the definition of S} in (26), and (27), one has that

n+1 o
st+< +z e >q
n n
=Z(;uw u§||2+2pirwx§u2>+< + e )+
i=1

1p1

27 &

n
Pi )~ 12 Los 12 o ~x 12 o 2
N e L e )+22uw SO st
] =1 i=1 "t

(28) 2

g Pip ~x 412 1 * t+12
> E: I L — ! — AT =X
p%+2L%F><2 I g N A ”)
> (1+r)St+1.

When t = 0, (24) holds clearly When ¢t > 1, by the above inequality, (25), and Lemma 5 with
(at,c) = (Sp, B+ 30, 2+2L2 ), we obtain that

1 )¢ 1 (n+1 &
Sy < S
t_max{q,1+T} +1—q< 20 Z 2—i—2L )

Hence, the conclusion of this lemma holds as des1red. [ |

Proof [Proof of Theorem 2] By the definition of ¢; ; in (2), one has that for each 1 <1 < n,

where the second inequality is due to (23) and the fact that witl e Q9 and u 1 e Q for all
1 <i < n (see Lemma 4). By the above inequality and the fact that ||V ;¢ (ul ™ )||Oo < g1 (see
Algorithm 2), one can obtain that

n n
eer1t Y G =1+ 3 I[Ven(w™) = pi(w™ — )]0
=1 i=1

n n n
<errr+ ) IVeie(uf ) oo + ) IVeie (™) = Via(uf )l + ) pillw'™ —

i=1 i=1 =1
n n
< (n+ Ve + Yy (Lyr + p) o™ = ul T+ pillw™ —afll,  (29)
=1 =

where the first inequality is due to ||u]|so < ||u|| for all u € R and the triangle inequality. Also, by
(19), (24), and (26), one can see that

%Hwt t+1H2 %”wt-i-l o ,J)*HQ

g ~ % (19) - Pi | ~x 1 *
+ ol =P <Y (Sl = P+ s lIA = A1)
2 i=1 2 2pi

n+1 e
Sot+ 1= q( Z 2+2L )

20

(24)
@) ¢ % g

(30)

Sl

Vit (w ™) =V e (uy ™| < [VE(™)=VE (™) | +pillw™ —ui | < (Lyr + pi) "™ —u ],
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Using again (19), (24), and (26), we obtain that

n

1 — - T
§(§ pillw'™ = ul])? E pi)( E Bt — w2 E pi) E _U§H2+72p.H)‘i_>‘§H2)
i=1 !

i=1

1 (n+1 <
S
O+1—q<20 Z;prrQL )]

€2y

where the first inequality is due to the Cauchy-Schwarz inequality. Combining (29) with (30) and
(31), we obtain that

Et41 + 5 i+l

=1
5 1/2
1) (L b2,
_(n+ q + \/EZZ; VF+pz Z;plg_'_QLg ) q,
(32)
Recall from Algorithm 2 and (15) that (u?, \?) = (@°, =V F;(@")) and \; = —VF;(@*). By these
and (26), one has
_ prx =012 (T (25012
So—;<2||w — P+ 5 VA - TR (33)
For convenience, denote
2 n
b= | —7=) (Lvr+pi)+
n n 1/2
Pijj~x  ~0)2 1 - N 1 n+1 o
Za* — —||VF; —~VF; :
x[;(2||w WP+ o VE(@) - V(o >||)+1_q< o 2 AT

Using this, (32), and (33), we obtain that

£t+1+252t+1<(n+ 1)¢ —|—bqt/2 < (n+1+b)g, t/2,
=1

where the last inequality is due to ¢ < ¢, < 1. This along with the termination criterion implies
that the number of iterations of Algorithm 2 is bounded above by

{210g(7’/(n +1+0b))
log gr

—‘ +1=0(]logT|). (34)
Hence, the conclusion of this theorem holds as desired. [ |

We observe from the proof of Theorem 2 that the number of iterations of Algorithm 2 is bounded
by the quantity in (34).
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Appendix D. Proof of Theorem 1

We define the Lagrangian function associated with problem (1) as

f(w) + h(w) + (i, c(w)) if w € dom(h) and p > 0,
l(w,p) =< —o0 if w € dom(h) and p 2 0,
00 if w ¢ dom(h),

Then one can verify that (e.g., see equation (17) in Lu and Zhou [46])

Vf(w) 4+ Oh(w) + Ve(w)p

Al(w, p) = ( c(w) — Ny (1) ) if w € dom(h) and p > 0,

(35)

0 otherwise.

We also define the set-valued operator associated with problems (1) as
To: (w,p) = {(u,v) € RTXR™ : (u, —v) € Ol(w,p)}, Y(w,p) € RYxR™. (36)

In view of (35), (36), and the definition of KKT solution, we observe that finding an KKT solution
of problems (1) is equivalent to solving the inclusion problem (see ([46])):

Find (w,p) € RExR™  suchthat (0,0) € T(w, ). (37)
Let fo(w) = 0 throughout this section. From Lemma 1 in [46], one can observe that

1

VP, (w) =V fiw) + Vei(w)[uf + Bei(w)] 4 +

D.1. Local Lipschitz continuity of VP, ;.

Lemma 8 The gradients VP, 0 < i < n, are locally Lipschitz continuous on R<,
Proof Fix an arbitrary w € R? and a bounded open set ,, containing w. We suppose that V f; is
Ly, 1-Lipschitz continuous on U,,, and V¢; is Ly, 2-Lipschitz continuous on U,,. Also, let Uy, 1 =

SUPyey,, llci(w)| and Uy 2 = sup,,ey, [|Vei(w)||. By (4), and (38) one has foreach 0 < i < n
and u, v € Uy, that

(38)
VP (u) = VP (v)]] < IV fi(w) = Vi)l + [ Vei(w) = Vei ()| [1f + Bes(w))+|

1
+ [ + Bei(w)]y = [uf + Bei() [ Vei(v)|| + ml!u — |
< Ly llu = ol + (1581 + BUw1) Luzllu = o]
1
+ Bllci(u) = ci()[[IVei(v) ]| + ml!u — |
1
< | Lua + (1F] + BUw1) Lz + BUZ 5 + g el

Therefore, V P, j,(u) is locally Lipschitz continuous on R¢, and the conclusion holds as desired. W
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D.2. Output of Algorithm 1

Theorem 9 If Algorithm 1 successfully terminates, its output (w ', u**1) is an (e1, €2)-KKT
solution of problem (1).

Proof Notice from (2) that
1
2

f(w) = Flw) + hlw) + o= [[u* + Be(w)d = 16*]7] + “I1%.

2
By this, (35), and the fact that p**! = TIjc+ (¥ + Be(wF*1)), one has

|lw —w

Oy (wht) - ;M“ — w) = VH) + Oh(wht) + Ve(wh ) [k + Be(w)]s

— Vf(wk—l-l) + ah(wk—i-l) + VC(wk+1),lLk+1 — awl(wkH,,ukH).

(39
Using similar arguments as for the second relation of equation (52) in [46], we obtain that
1

In view of this and (39), one can see that

(39) 1 1
disteo (0, Dyl (W, pF 1)) < distoo (0, D (W) + = || — wh||o<mi + BHwk+1 — w0 <e1,

B

1
distee (0,0 (0 W) 5 I = i o
These along with (35) imply that (w**1, u**+1) is an (ey, €2)-KKT solution of problem (1), which
proves this theorem as desired. |

D.3. Bounded iterates of Algorithm 1

Lemma 10 (Bounded iterates of Algorithm 1) Let {w"}cx be all the iterates generated by Al-
gorithm 1, where K is a subset of consecutive nonnegative integers starting from 0. Then we have
wk € Qy forall k € K, where

Qi ={weR": [lw—w| <ro+258}, 1o = [(w’ 1) — (w*, 1), (41)
and w°, 1°, 5, and B are inputs of Algorithm 1.
We define K —1 = {k — 1: k € K}, and for any 0 < k € K—1, define

wh = argmin b (w), i =T (" + Be(wl)). (42)

The following lemma shows that the update from (w*, ;%) to (w**1, u**1) can be viewed as ap-

plying an inexact proximal point algorithm (PPA) to the inclusion problem (37). Its proof can be
found in Lemma 5 in [46].

23



FEDERATED LEARNING WITH CONVEX GLOBAL AND LOCAL CONSTRAINTS

Lemma 11 Let {(w", i*)}r.cx be generated by Algorithm 1. Then for any k € KK, we have
(™ w1 = T p(w®, b < B,
where J 5 = (Z+BT1)™Y, I is the identity mapping, and T is defined in (36).

The following lemma establishes some properties of (w*, 1*) and (w¥, 1u¥). Tts proof can be
found in Lemma 14 in [45].

Lemma 12 Let {(w”, u*)}rcx be generated by Algorithm 1, where K is defined in Lemma 10. Let
(wk, 1i¥) be defined in (42) for all 0 < k < K —1. Then the following relations hold.

(w®, 1) = (0, N+ 1wl 1) = (w0, )P < (@, 1) = (™, 1), Y0 <k <K -1,

-1
1w, 1) = (w*, )| < (@ 1) = (w*, )|+ B8 7, VO<keK.
i=0

Notice from Algorithm 1 that 7, = 3/(k + 1)? for all k > 0. Therefore, one has > 20T <25 In
view of this and Lemma 12, we observe that

lw* —w*| <ro+258, |IuF —p*| <ro+258, VO<keEK, (43)

|w® —wk|| <ro+258, |wF—w| <ro+256, VO<keK-1. (44)
where ¢ is defined in (41), and /3 and § are inputs of Algorithm 1. The first relation in (43) leads to
the conclusion that w* € Q for all k € K, which immediately implies that Lemma 10 holds.

D.4. Proof of Theorem 1

We provide a technical lemma concerning the convergence rate of an inexact PPA applied to a
monotone inclusion problem. Its proof can be found in Lemma 3 in [46].

Lemma 13 Let 7 : RP = RY be a maximally monotone operator and z* € RP such that 0 €
T (2*). Let {z*} be a sequence generated by an inexact PPA, starting with 2° and obtaining z*+"
be approximately evaluating J 5(2*) such that

125 = Ta(") < e

for some 8 > 0 and e, > 0, where J g = (Z+0 T)~Y and T is the identity operator. Then, for any
K > 1, we have

V2 (1120 = ) + 258 e
min |25t — 2F|| < .
K<k<2K K+1
Recall from (41) that Q; is a compact set. We let
Uyy = SUD Inax IVfi(w)ll, Uve= sup max [[Ve;j(w)||, U.= sup max [[c;(w)].

weQ; 1<i<n we; 0<i<n weQ; 0<i<n
(45)
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Lemma 14 Let {wk’tﬂ}tem and {uf’tﬂ}lgigmem be all the iterates generated by Algorithm 2
for solving the subproblem (3) at the kth iteration of Algorithm 1, where Ty, is a consecutive non-
negative integers starting from 0. Then we have w1 € Q, and uf’tH € Qs forallt € Ty and
1 <1 <n, where

322 n
0, = { o=l < U k08 [t 42582+ 02| e Ql} ,
i=1 !

(46)
2(7’0 + 25,3)
(n+1)3

Proof By (38) and the definition of P; j, in (4), one has for all w € Q; and 1 < i < n that

Uvp = Uygys + + Uve (|| 5|l + 7o + 255 + BU,) . 47)

(38 1

9Pl 2 19 5iw) + Vsl ok + ) + o = )|
1
< |V fi(w) || + 1V es(w) [T (1 + Bes(w))|| + mﬂw Al
(45) 1
< Uy + Usellpf || + lluf = pi |l + BU) + m(ﬂw — w*|| + [ — w*[])

(41)(43) . _ 2(ro + 2508) (47
< Uvy+Uge (||| + 7o+ 258 + BU:) + M D Uep. (48)

Recall that Algorithm 2 with (:°, 7) = (w*,7}) is applicable to the subproblem (3). In addition,
recall that the subproblem (3) has an optimal solution w” (see (42)), P; i, 0 <@ < n, are strongly
convex with modulus 1/[(n + 1)3]. By Lemma 4 with (F}, @*, 9, 0) = (P, w", wk, 1/[(n +
1)5]), we obtain that wht+l € Q and uf’”l € Qforallt € Ty and 1 < ¢ < n, where

302
Q=<w: Hv—waQSM
(1-4¢?)
(49)
Notice from (44) that ||w® —w¥|| < ro+4-2583. It follows from (41), (43), and (44) that w*, w* € Q;.
By these, (48), and (49), one has that

(n+1)*p?

Sc { o —whl? < T

+(n+1)8> [m(ro +258)% + ;U%p] } :

i=1

This along with (46) and the fact that w* € Q; implies that the conclusion of this lemma holds as
desired. |

Let Ly be the Lipschitz constant of Vf;, 1 < ¢ < n, on O, and Ly be the Lipschitz
constant of V¢;, 0 < ¢ < n, on Q5. Also, we let

Uver = sup max [Vei(w)l, Uez = sup max fle;(w). (50)

25

r 1
NS (piuw,’f P TP (uh) - vww’“m?)
i=1 ¢
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We define

Lypa = Lyga + (|6 + 7o + 258 + BUc2) Lves + BUg o + (51)

1
(n+1)8
By the local Lipschitz continuity of Vf;, 1 < ¢ < n, and V¢;, 0 < i < n, and a similar argument
as in the proof of Lemma 6, one can observe that Ly 2, Ly 2, and Ly p are well-defined.

To proceed, we next show that VP; ;, 0 < 7 < n, are Ly po-Lipschitz continuous on Q. By
the definitions of Ly s and Ly, 2, (4), (38), (43), (50), and (51), one has that for all u,v € Q2 and
0<i:<nm,

(38)
VP (u) = VP (v)]] < IV fi(u) =V fi()|| + [ll1f + Bes(w)]+[|[[Vei(u) = Vei (o)

1
+Mﬁ+BMWM—Uﬁ+&AWMMV%mW+@¢3EM—M!
(50) » & .
< Lygalu— ol + (il + 115 = w571l + BUc2) Lvez|lu — ||
1
U2ollu—v]| + ———fu—
B0 eallu = vl + oy le =

(43) ) ) 1
< [LVf,2 + ([[*]| + 70 +258 + BUc2)Lyea + /BU%cg + Wl)ﬁ} J[u — |

(5) w—vl. (52)

Lypa|

Proof [Proof of Theorem 1] We first derive an upper bound for the number of outer iterations of
Algorithm 1. Recall that Z?io 7j = 25. It follows from Lemmas 11 and 13 that

V2 (10 4) — (w1l + 28520 )

S I TS By e kook
- — <
cmin () - () < TR
_ V2 (Il p%) = (w*, )| +458) _ v/2(ro + 458)
- BVEK +1 BVK +1
which then implies that
. Lol ok } 5 V2 (rg + 438) V2 (rg +438) 1
min T + —||w —w < + <[5+ ,
K<k<2K{k ﬁ” oo ~ (K +1)2 VK +1 5 K+1
S T TR V2 (ro + 450)
min | = b < ST
<k<2K [3 BVK +1

We see from these and the termination criterion that the number of outer iterations of Algorithm 1
is at most

V2(ro + 438

2
Keep =2 [5 + 3 )] max{el_2, 62_2} = (’)(max{el_Q, 62_2})'

We next derive an upper bound for the total number of inner iterations of Algorithm 1. Recall
from (4) that P; 5., 0 < ¢ < n, are strongly convex with modulus 1/[(n + 1)/]. In addition, notice
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from Lemma 8 that P; ,, 0 < ¢ < n, are locally Lipschitz continuous on R?. Therefore, Algorithm 2
is applicable to the subproblem (3).

From Lemma 14, we see that all iterates generated by Algorithm 2 for solving (3) lie in Qs.
Also, in view of (52), we see that VP, ;, 1 < ¢ < n, are Lypa-Lipschitz continuous on Q.
Therefore, by Theorem 2 with (7, F;, o, Ly p, w*, @°) = (1x, Pix, 1/[(n+1)8], Ly p2, w¥, w*) and
the discussion at the end of Appendix C.3, one can see that the number of iterations of Algorithm 2
for solving (3) is no more than

T, — [210g(7’;€/(n +1+ bk))—‘ 41 (53)

log Gr

=1
n
Piy k B2 4 2 1 (n+1)8
X —lw, —w VP (w VP (w ) +
[;}(2H P+ IV Pistad) — VP h?) + 1 () n+15§;pﬂ+ﬂwp2
Recall from (43), (44), and the definitions of Q1 and Q5 that w’,f, wk € Q1 C Q,. It then follows
that
4 (52) p2 + L (44) p2 + L2 )
Pk kW+—wvak<> VP (b2 < R TR ke LT
2 2p; 2p;

Then one has b, < b, where

b= 2MZ(LVP,2 + pi) +
=1

Q(Z pi)
i=1

n p2+L2 1 (n+1)25 1/2
% VP2 — 2
8 [Z 2p 0+ 25) +1—q< 2 n+1 52 +2LVP2>]

i=1
By by, <b, 7. = 5/(k + 1)%, k < K, ,, and (53), one has that

2log((n + 1+ b)(Ke, e, +1)2/5)
log (g ') -‘ h

Tkﬁ’V

Therefore, by K, ., = O(max{e;?, e;2}), one can see that the total number of inner iterations of
Algorithm 1 is at most

S 210g((n + 1+ )(Fey ey +1)°/5) S g2 2
Z Tk S (Kel,ez + 1) 1 : + 1] = (’)(max{el ) })
k=0 log(gr ")

This completes the proof as desired. |
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Appendix E. A centralized proximal AL method

In this part, we present a centralized proximal AL method (see Algorithm 2 in [46]) for solving the
convex constrained optimization problem:

mui]n f(w)+ h(w) s.t. c(w) <0, (54)

where the function f : R? — R and the mapping ¢ : RY — R™ are continuous differentiable and
convex.

Algorithm 3: A centralized proximal AL method for solving problem (54)

Input: tolerances €1, ex € (0,1), w® € dom(h), u® > 0,and 8 > 0. for k = 0,1,2,...do
Find an approximate solution w**! to the proximal AL subproblem:

min { () = £(0) + 0w) + 55 (N + Bewl P = H1P) + gl = 1}

such that
disteo (0, DLy (w*Th)) < 7.

Update the Lagrangian multiplier:
P = [ 4 Be(wh )]
Output (w**1, y*+1) and terminate the algorithm if

[wh T — w¥|| o + B71 < Ber, |15 = oo < Bea.

end

Appendix F. Experiment description
F.1. Linear equality constrained quadratic programming

In this subsection we consider the linear equality constrained quadratic programming problem:
(1
mm§:<uﬁ&w+£@> s.t. Cow+d;=0, 0<i<n, (55)
R 2

where 4; € R4 1 < < n, are positive semidefinite, b, € R%, 1 < i < n, C; € R™*,
0<i<m,andd; € R™, 0<i<n.

For each (d, n,m), we randomly generate 10 instances of problem (55). In particular, for each
1 < i < n, we first randomly generate matrix A; by letting A; = UiD,-UiT , Wwhere D, € R4 g
a diagonal matrix, whose diagonal entries are randomly generated according to the uniform distri-
bution over [5,10] and U; € R%*? is a randomly generated orthogonal matrix. We then randomly
generate b;, 1 <i <n,C;,0<i<n,andd;, 0 < ¢ < n, with all entries chosen from the standard
normal distribution.
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The computational results of Algorithm 1 and the centralized proximal AL method (abbreviated
as cProx-AL) for solving the randomly generated instances are presented in Table 1. Our aim is
to apply Algorithm 1 and a centralized proximal AL method to find a (10~3, 10~3)-KKT solution
of problem (55), and compare their performances. In particular, we solve the convex quadratic
programming subproblems (2) and (2) arising in Algorithm 1 by seeking a root to the linear equation
derived from equating the gradient to zero. In addition, the centralized proximal AL method follows
the same framework as Algorithm 1 except that the w**! is obtained by directly seeking a root to the
linear equation derived from equating the gradient of (3) to zero. We set parameters for Algorithm 1
and the centralized proximal AL method as w® = (1,...,1)T, u? = (0,...,0)T V0 < i < n,
§=0.0land 5 = 1. We also set p; = 1 V1 < ¢ < n for Algorithm 2.

In detail, the value of d, n, and m is listed in the first three columns, respectively. For each triple
(d,n,m), the average objective value, the average feasibility violation, the average number of outer
iterations, and the average total number of iterations over 10 random instances are given in the rest
columns.

F.2. Neyman-pearson classification

We consider the Neyman-Pearson binary classification problem:
min 23" 6ws (o hgeme) st 0wl e Sre 1<i<n 6O
w 4 - » Wby 1<j<mio - L. ) Wby 1<j<m41) > Ty >t =",
1=

where {x§io)}1§ j<mi, and {$§i1)}1§ j<m,, are the sets of samples in client ¢ associated with labels
0 and 1, respectively, and ¢ is the binary logistic loss (see Section 4.4.1 in Hastie et al. [24])

Mys

is 1 is w x(,is)
$(w; {28 }1<j<m,,) = Z[—sw%§ ) flog(1+e"" % )|, se{0,1}.

mi
18 ,]:1

We consider three real-world datasets, namely ‘breast-cancer-wisc’, ‘adult’, and ‘monks-1’,
from the UCI repository. For each dataset, we conducted an imbalanced classification task that
minimizes the binary classification loss while ensuring the loss for class 1 (minority) less than a
threshold » = 0.2. To simulate the FL setting, we divided each dataset into n folds, mimicking
distributed clients each holding the same amount of data with equal imbalanced ratios. Each exper-
iment is repeated three times to account for randomness.

We compare Algorithm 1 for solving the Neyman-Pearson classification model (56) and Algo-
rithm 2 for directly minimizing the unconstrained binary classification model:

1 i i
min — Z; [éf)(w; {Jf§~ Micjcmio) + dlw; {3«“§~ D icicma)| - (57

In particular, we apply Algorithm 1 to find an (1072, 1072)-KKT solution of problem (56). In
addition, we apply Algorithm 2 to find an approximate solution of (57) such that the gradient of
the objective is less than 1072. We set the parameters for Algorithms 2 and 1 the same as the
experiments for linearly constrained quadratic programming.

The computational results for solving the Neyman-Pearson classification and unconstrained lo-
gistic regression using three real-world datasets are presented in Table 2. In detail, the first four
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columns of Table 2 represent the names of the dataset, numbers of samples in class 1 and 0, number
of features, and number of clients. In the last two columns, we present the losses for class 0 and
class 1, respectively, which include results computed from the Neyman-Pearson classification and
the unconstrained logistic regression. We include the mean and max loss values for class 1 among
all local clients.

F.3. Classification with fairness constraints

In this subsection we consider the classification with global and local fairness constraints:

IR 1 ¢ i) (i
min =" 3 d(ws (7, y)) (582)
i=1 " j=1
1 & () ~(i 1 NOWNG .
s. t. —rigﬁg qb(w;(:z:;),yﬁ)))—m' E ¢(w,(w§) ()))SH, 0<i<n. (58b)
vi=1 vi=1

where ¢ is the logistic loss defined as in (F.2), (= z; ),y]( )) e R? ><{0 1} 1 < j < my, are the

feature-label pairs at client 4. For each client 4, the local dataset {( z; ,y] )}1<]<ml is divided into

two sensitive groups {(Z g ), y] )}1<J<ml and {(&; @ g)jz )}1< ]<m1 The global dataset at the central

server also includes two sensitive groups of samples { ( g ), oy )}1<]<mo and {(z (0), gjj )}1<j<mO

We consider the real-world dataset named ‘adult-b> consisting of a training set and a testing set.”
Each sample in this dataset has 39 features and a binary label. We conducted a binary classification
task with fairness constraints that control the loss disparity between two sensitive groups of samples.
We allocate 22,654 samples from the training set to the local dataset at clients, and 5,659 samples
from the testing set to form the global dataset at the central server. To simulate an FL setting, we
partitioned each dataset into n folds, ensuring an equal number of samples at each client.

We apply Algorithm 1 and cProx-AL to find an (1073,1073)-KKT solution of problem (58).
cProx-AL is presented in Algorithm 3, where w**! is obtained by applying L-BFGS method built
in scipy.optimize.minimize to solve the subproblem. We run 10 trials of Algorithm 1 and cProx-
AL, where for each run, both algorithms have the same initial point w?, randomly chosen from the
unit Euclidean sphere. We set the other parameters for Algorithm 1 and the cProx-AL method as
) =(0,...,007'v0 < i < n, 5 =0.001and 3 = 10. We also set p; = 10® V1 < i < n for
Algorithm 2.

The computational results for solving problems (58) are presented in Table 3. In detail, the first
column of Table 3 represents the number of clients. In the last two columns, we present the classi-
fication loss and loss disparity, respectively, which include results computed from the classification
model with fairness constraints in (58). By computing the average of 10 random trials, we include
the relative difference of the objective value between Algorithm 1 and cProx-AL, and also the mean
and max loss disparity (absolute difference of losses for two sensitive groups) among all clients
and the central server. The respective standard deviations are listed in parentheses. Comparing the
classification loss and loss disparity of Algorithm 1 and cProx-AL in Table 3 reveals that both Al-
gorithm 1 and cProx-AL can yield solutions of similar quality. Given the small standard deviation,

2. This dataset can be found in https://github.com/heyaudace/ml-bias-fairness/tree/master/
data/adult.
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Table 3: Numerical results for problem (58).

n

Algorithm 1

objective value
cProx-AL

relative difference

mean

Algorithm 1

loss disparity (< 0.1)

cProx-AL
mean

max

0.37 (9.83e-05)
0.37 (3.99¢-03)
0.37 (6.39¢-03)
0.38 (9.46e-03)

0.37 (4.14e-05)
0.37 (4.05e-03)
0.37 (6.52e-03)
0.37 (9.86e-03)

1.97e-03 (2.53e-04)
1.86e-03 (4.69e-04)
2.39e-03 (8.40e-04)
4.61e-03 (2.43e-03)

0.10 (1.14e-04)
0.09 (5.34e-05)
0.08 (1.68e-04)
0.08 (9.75e-05)

0.10 (1.36e-04)
0.10 (7.51e-05)
0.10 (2.15e-05)
0.10 (1.01e-04)

0.10 (3.69e-06)
0.09 (3.68e-05)
0.08 (1.52e-04)
0.08 (4.90e-05)

0.10 (5.38¢-06)
0.10 (4.36e-06)
0.10 (6.56e-06)
0.10 (6.06e-06)

we observe that the convergence behavior of Algorithm 1 remains stable across 10 trial runs. These
observations demonstrate the ability of Algorithm 1 to solve the problem in an FL framework stably
without compromising solution quality, and it also implies the potential of our algorithm in solving
FL problems with particular nonconvex constraints.

adult-b (n=5) adult-b (n=10) adult-b (n=20)
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Figure 2: Convergence behavior of loss disparity and classification loss across all local clients in
one random trial, over the outer iterations of Algorithm 1 on the adult dataset. The solid
blue and brown lines indicate the convergence behavior of the average loss disparity and
classification loss over all clients, respectively. The blue and brown shaded areas indicate
thregions between the maximum value and minimum value of loss disparity and classifi-
cation loss over all clients, respectively. The blue dashdot line indicates the convergence
behavior of the global loss disparity in the central server.

Figure 2 shows the convergence behavior of loss disparity and classification loss across all local
clients in one random trial, over the outer iterations of Algorithm 1. From this figure, we see that our
proposed method consistently relegates the loss disparities (local/global constraints) on all clients
and the central server to a level below a threshold (< 0.1) while also consistently minimizing the
classification losses (local objectives) on all local clients.
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