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Abstract

Understanding the contribution of individ-
ual features to a model’s prediction is crit-
ical in applications such as medicine. While
feature importance methods aim to quantify
how much a feature contributes to a model’s
accuracy, they often overlook heterogeneous
patterns in the data and suffer from lim-
ited robustness. We propose ¢-MCR, a lo-
cal feature importance method that identifies
meaningful neighborhoods around a point of
interest, regions where the model or data
behavior is locally stable and interpretable.
Within these neighborhoods, we estimate fea-
ture importance using Model Class Reliance
(MCR), which offers robustness by consider-
ing the full set of near-optimal models. We
also provide a consistency proof for reliably
detecting such neighborhoods. Experiments
on both synthetic and real-world datasets
demonstrate that /-MCR captures localized
feature importance patterns that global ap-
proaches fail to detect.

1 INTRODUCTION

Explainable AT (XAI) methods have become increas-
ingly used to develop insights into real-world phenom-
ena in a variety of fields |Novakovsky et al.| (2023)); [Re-
ichstein et al.| (2019); |Chaddad et al| (2023)). In par-
ticular, feature importance methods can be used to
understand the latent data generating process (DGP)
for a set of observed samples (Freiesleben et al.| [2024;
Chen et al., |2020]).
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One popular approach is to train a high-performing
prediction model to approximate the DGP then use
the model as a surrogate to understand the underly-
ing phenomenon. Modern prediction models can often
be nonlinear and complex in order to model heteroge-
neous patterns in the data; local feature importance
methods capture the heterogeneity by approximating
the prediction model in a local neighborhood around
a given sample (Guidotti et al.l |2018; Molnar| [2020).
This property allows users to infer feature importance
for different subpopulations or samples in the data.
However, existing local methods can lack robustness
(Agarwal et al.l [2022; |Fel et al.l |2022; |Alvarez-Melis
and Jaakkolal 2018} |[Khan et al.| [2024)), especially with
respect to understanding explaining underlying phe-
nomenon (Woerl et al., 2023; |[Fel et al. [2022; |[Ye and
Farnial |2025). In addition, local methods are calcu-
lated on a defined neighborhood around the given sam-
ple, yet generally do not provide information regarding
the region or locality of the resulting feature impor-
tance values (Watson, 2022} |Hill et al., [2025), nor take
into account the local goodness-of-fit with respect to
the prediction model.

Alternatively, rather than considering a single surro-
gate prediction model for the DGP, one can consider
the entire set of well-performing models, known as the
Rashomon Set (Breiman, 2001). This approach ac-
knowledges that there may be many models that can
explain the observed data equally well, and therefore
we should not rely on a single model to approximate
the DGP. Feature importance methods based on the
Rashomon set characterize the level of feature impor-
tance within the set of models, also known as Model
Class Reliance (MCR) (Fisher et al.;[2019). MCR pro-
vides a more robust measure of feature importance
by returning a range of model reliance values, rep-
resenting how important the feature is to the entire
class of models. While recent works have extended
the MCR framework to other model classes (Zhong
et al., [2023; | Xin et al.l 2022 Smith et al., 2020)), they
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only focus on classes of global prediction modes. Deriv-
ing feature importance from sets of global models can
mask local heterogeneity in the data (Figure[1]), some-
times referred to as aggregation bias (Mehrabi et al.|
, which limits its applicability in many real-world
datasets.
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Figure 1: Conceptual comparison of £-MCR and global
MCR. While global MCR suggests equal importance
across features, ¢-MCR identifies smaller neighbor-
hoods where feature contributions differ significantly,
revealing local patterns that are masked at the global
level.

In this work we propose -MCR, a feature importance
method that combines the benefits of local feature im-
portance methods with improved robustness and un-
certainty quantification of capturing the Rashomon set
of potential models. In particular, we define a princi-
pled method to identify local neighborhoods around a
given sample with well-performing Rashomon sets of
linear models. Specifically, we find the largest neigh-
borhood around the point such that further enlarg-
ing the neighborhood would degrade model perfor-
mance beyond a prespecified threshold. We then find
the model class reliance for the local Rashomon set,
which provides a robust measure of feature impor-
tance. This approach offers three key advantages: (1)
it maintains the ability to capture heterogeneous pat-
terns across different subpopulations, (2) it provides
robustness guarantees by considering multiple well-
performing models rather than a single surrogate, and
(3) it explicitly defines the region of validity for each
explanation, addressing a critical limitation of exist-
ing local methods. Therefore, ¢-MCR, improves the
ability for practitioners to understand and infer fea-
ture importance values for complex DGPs and highly
heterogeneous data.

In summary, we have the following main contributions:

e We define /-MCR, which evaluates the Rashomon
set of linear models on local neighborhoods of a given
sample.

e We prove the empirical estimator of ¢-MCR is a
consistent estimator, enabling reliable estimation of
model validity regions from finite samples.

e Empirical results on tabular and synthetic datasets
validate the ability of .-MCR to capture robust, lo-
cally linear explanations to better understand vari-
able importance.

2 RELATED WORKS

Rashomon Sets. Rashomon sets 2001))

have been adapted for a variety of machine learning
tasks and problems (Marx et al.l [2020-07-13/2020-07-|
18} [Hsu and Calmon| 2022} [Tulabandhula and Rudin|
2014; Nguyen et all [2025)). In particular, Rashomon
sets have been used to improve feature importance.
[Fisher et al| (2019) propose Model Class Reliance,
which was extended to include General Additive Mod-
els (Zhong et all [2023) and tree models (Xin et al.
2022; Smith et al., [2020)). |[Laberge et al.| (2023)
combine feature attribution rankings over Rashomon
sets using partial orders. Donnelly et al. (2023) im-
prove the variable importance stability over sampled
Rashomon sets.

Local Interpretability Methods. Many works
have been proposed for deriving local feature impor-
tance values with respect to a given prediction model
(Guidotti et all 2018} Molnar}, [2020). In particu-
lar, we focus on local surrogate models
land Leel [2017; Ribeiro et al., 2016b)), which train a
simpler model to approximate the prediction model.
[Plumb et al.| (2018) trains local linear models as sur-
rogates, combined with Random Forest to determine
the surrogate neighborhood. Gradient-based meth-
ods (Shrikumar et al., 2016, 2017; Simonyan et al.l
2014; Sundararajan et al., 2017) can also be seen as
local linearizations for the prediction model.
show equivalency between gradient-
based methods and perturbation-based methods such
as LIME (Ribeiro et al. 2016b)). Recent works have
also incorporated sets of explanations to improve ro-
bustness or provide uncertainty estimates.
takes a convex combination of explana-
tions to improve explanation faithfulness. Bayesian
approaches (Slack et all 2021} |Zhao et al., [2021} Hill
et al. 2024; Chau et al., [2024)) consider distributions of
explanations using priors. Gradient smoothing meth-
ods (Smilkov et al.l 2017} Torop et al.,|2024) have been
shown to improve explanation generalization and ro-

bustness (Agarwal et al., |2021; [Ye and Farnial, [2025)
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Regional Explanations. Regional explanations pro-
vide explanations that generalize over a defined neigh-
borhood or region in the feature space. Some methods
have combined local explanations through averaging
(Yoon et al.; |2019; [Masoomi et al., |2022)) or clustering
(Lundberg et al., |2020; |(Gramegna and Giudici, [2020)
to generate regional or global explanations. [Ribeiro
et al.|(2018) provides bounds on where its rule-based
explanations are valid. Several methods partition the
feature space using tree-based models (Hu et al.| 2020;
Molnar et al., 2024)), or by identifying regions that
minimize feature interactions (Laberge et al.| [2024;
Herbinger et al., 2022, 2024); After partitioning, the
individual regions can be explained using simpler sur-
rogate models.

In contrast with existing local or regional explanations,
¢-MCR defines a local neighborhood by considering the
entire set of locally-performant linear models which
could plausibly have generated the data; this allows
for a more robust explanation of the underlying data
generating process.

3 BACKGROUND

In this section we provide a background for Rashomon
Sets (Breiman, 2001)) and Model Class Reliance
(Fisher et al., [2019). We first establish some prelimi-
nary notation. Let Z = (X,Y) be a random variable
with outcome Y and covariates X. Let X C R? be the
support of X. We separate the features into two ran-
dom variables: X7 € A is the set of features we are in-
terested in measuring the importance of, and X5 € X,
are the remaining features. X; and Xy together form
all of the features X = (X;1,X3) € X. We specify
the set F C {f | f : X — Y}, as the class of func-
tions we are investigating with respect to X;. In order
to compare the performance of models within this set,
we refer to a non-negative loss function L as a function
that takes a dataset or a random variable and a pre-
diction model f as input, evaluates the performance
of f on the dataset, and return a non-negative value
as the loss.

3.1 Rashomon Set and Model Class Reliance

The Rashomon set R consists all near-optimal models
for a given model class F while evaluating the per-
formance on a given data distribution Z. The term
“near optimal” is defined by allowing a maximum ex-
pected loss . Analogously, the empirical Rashomon
set R can be defined as the set of all near-optimal
models with respect to the best-performing reference
model and the observed samples. Here, instead of the
expected loss, we evaluate the average sample loss to
decide to include a model in the empirical Rashomon

set or not:

R(e. F,2)={f e F|Ez[L(f,Z)] <} (1)

Rashomon Set

k
REFZ) ={feF|TYULZ) <) @)

Empirical Rashomon Set

Note that R(e,F,Z) still includes all of the well-
performing models, but the performance of the models
is evaluated on the observed samples rather than the
distribution. Model reliance for a given set of fea-
tures can be quantified in several ways. The goal
is to measure the effect of a pre-specified set of fea-
tures, X7, on the performance of a model. We fol-
low the definition in |Fisher et al.| (2019), as the ex-
pected loss of the model when noise is added to X3
in such a way that X; becomes completely uninfor-
mative of y. Assume that we have two independent
random variables Z(® = ((X;(@, X,(®)) y(@) and
Z® = (X, ®, X,®)), 4 ®) that share the same distri-
bution as Z. We define switch error as the expected
loss of the model when we use y and X5 from Z (b), but
switch the actual value of Xl(b) with Xl(a). The empir-
ical version can be defined as the empirical mean of
the same random variable:

Eswiteh () = m Z > L(f (Xaf], Xald), yli])
i=1 jAi
(3)

As reference, we also need to calculate the expected
error on the original data distribution. For the em-
pirical version we follow the same path as before by
changing the expected value to the empirical expected
value.

n

bori(F) = = SO LU (Xalil Xali), 1) (4)

=1

Finally, the model reliance can be defined as the ratio
of switch error to the original error. If the reliance
of a model f for a set of features X; is high, it indi-
cates that switching X; has a high negative effect on
the performance of f in predicting y. Conversely, low
model reliance indicates that, even after switching Xy
values, the performance of f does not change signif-
icantly, and therefore X; is not important for f for
predicting y. We can define empirical model reliance

as follows: A
° €switch (f )

MA(f) = 5)

Model class reliance indicates the range of possible
model reliances for a certain class of models. It is
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an interval showing the minimum and maximum value
of MR for the models in the Rashomon set. If both
the lower and upper bound of model class reliance are
low, we can conclude that none of the well performing
models in F rely on X;. When both lower and up-
per bound of MCR, this indicates that all of the well
performing model heavily rely on X;. A large range
between upper and lower bounds indicates that there
are well performing models in F that rely on X; and
also there models in F that can predict y with a high
performance even when X; becomes uninformative of

Y.
MCR(e, F,Z) = [M@R_, M@R@

MR(f), MR(f)| (6)

max
fER(e,F.Z)

= min
fER(e,F,Z)

4 MODEL RELIANCE FOR LOCAL
LINEAR MODELS

In this section, we introduce our method, ¢-MCR,
which jointly identifies a neighborhood around a point
of interest and estimates feature importance within
that neighborhood. Unlike traditional global feature
importance techniques, our approach focuses on identi-
fying an appropriate locality where the model’s behav-
ior can be reliably analyzed. Specifically, we estimate
local feature importance by finding the largest neigh-
borhood around the point such that further enlarging
the neighborhood would degrade model performance
beyond a prespecified threshold. This enables /-MCR
to detect the regions where the data distribution or
model behavior changes significantly, while still lever-
aging the advantages of Model Class Reliance (MCR),
which estimates feature importance by considering a
set of near-optimal models rather than relying on a
single model. Since achieving high performance using
simple models on the full dataset is often infeasible,
our method seeks smaller, more stable regions where
the model is locally explainable. However, identifying
such regions is itself a key challenge. In Section 4.1}
we formally define the notion of neighborhood and
£-MCR. Section provides a proof that the em-
pirical maximum explainable radius converges to the
true maximum explainable radius as sample size in-
creases. Section [£.3] presents our algorithm for esti-
mating -MCR.

4.1 Defining the Local Neighborhood

Given a point of interest, ¢ € X', our goal is to esti-
mate the local feature importance in the vicinity of c.
Identifying a neighborhood where the data or model
behavior is sufficiently simple to be captured by an

interpretable model class, such as linear models, en-
ables us to uncover nuanced patterns and subtypes
that global feature importance methods often over-
look. Selecting the appropriate shape for neighbor-
hoods is critical for obtaining reliable and meaningful
results in spatial analysis and local feature attribution.
The optimal neighborhood structure often depends on
the specific characteristics of the data and the under-
lying task. First, we define neighborhoods as closed
r-balls centered at c:

Br(e) ={z e X[|z —cl, <r} (7)

Let Zp, (¢) denote the restriction of the distribution
Z to the domain B,(c), with corresponding covariates
XB,(¢) and outcomes Yp (). Thus, the density func-
tion of Xp () is given by:

fx(@) @€ B,(e)
0 otherwise.

fXBT(c) (z) ox { (8)

Such distribution can be constructed for any radius
r > 0. Among all these neighborhoods parameterized
by r, we are interested in finding r*, the largest ra-
dius with nonempty Rashomon set, such that for all
smaller neighborhoods the Rashomon set is nonempty
as well. In other words, we progressively enlarge the
neighborhood, starting from a small radius, and track
the point beyond which no model in our class can
achieve loss below a threshold. The value 7 identifies
the boundary beyond which the local interpretability
of the model breaks down. As long as there exists at
least one well-performing model in each smaller neigh-
borhood, we consider the locality stable and reliably
explainable. However, it is generally infeasible to cal-
culate the entire Rashomon set R(e, F, Zp, (¢)). The
following lemma formalizes the condition under which
the Rashomon set is nonempty:

Lemma 1. R(s,]—",ZBr(C)) # @ if and only if
minger Bzp, ) [L(f, Z8.)] <&

Proof details are provided in the supplementary ma-
terial. Lemma [I] tells us that the Rashomon set being
nonempty is equivalent to the existence of a model
in the class that performs within the error threshold.
This gives us a simple and intuitive stopping criterion
for neighborhood expansion, as many loss functions
and model classes admit efficient algorithms for find-
ing the model with minimal expected loss. The choice
of € directly influences the importance intervals. In
practice, this parameter can often be guided by do-
main knowledge. For instance, in healthcare, ¢ might
reflect a clinically acceptable margin of error for tasks
like disease detection.

Definition 1 (Maximum Explainable Radius 7).
Given a point of interest ¢ and a data distribution Z,
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define the set of explainable radii as:
R.={reR" |VseR" s<r:

win Bz,.,, (L. Za.0)] <} O
We define the mazimum explainable radius r} as the
largest radius corresponding to a neighborhood around
the point ¢ in which every smaller or equal neighbor-
hood admits at least one model from F that meets the
performance threshold e:

ri =sup R, (10)

This value, r}, characterizes the largest locality within
which accurate and interpretable modeling remains
feasible.

In addition we define the empirical maximum explain-
able radius, similarly but based on k i.i.d. samples
Z1, ..., Zy drawn from Zp ().

Definition 2 (Empirical Maximum Explainable Ra-
dius 7 ). Given a point of interest ¢ and a data distri-
bution Z, define the set of empirical explainable radii
as:

Rc,k:{T€R+|VS€R+,S§T’Z

1l
min o ;[L(f, Z) < 6} (11)
We define the empirical mazimum explainable radius
7. ) as the largest radius corresponding to a neigh-
borhood around the point ¢ in which every smaller or
equal neighborhood admits at least one model from F
that meets the performance threshold £ on the drawn
samples:

72:,1@ = SUPRC,k (12)

4.2 Consistency

In practice, we do not have access to the full data dis-
tribution Z and must rely on a finite sample drawn
from it. This raises a natural question: does the em-
pirical estimation converges to the true maximum ex-
plainable radius? Theorem [2| answers this question
when our class of models is linear and the loss function
is squared loss. There is an additional assumption:

Assumption 1.1. There exists a constant B € R such
that Vf € F we have 0 < L(f,z) < B for anyr > 0
and z € Zp (-

Assumption [1.1] states that the random variable cor-
responding to the error of any model on the neighbor-
hood distribution must be bounded. This assumption
is also used in prior MCR work [Fisher et al. (2019),
on the whole data distribution.

Theorem 2. Let G be the class of linear models and
let L(g,(X,Y)) = (g(X) — Y)? be the squared loss.
Let 77, denote the empirical estimate of the mazimum
emplaiﬁable radius, using k i.i.d. samples from Zp (),
and let v be the true maximum explainable radius.
Under Assumption 7. ) converges in probability to
rs as k — oo.

Proof details are presented in the supplementary ma-
terial. Theorem [2| proves that the empirical radius 77
indeed converges to the true radius 7.

4.3 (-MCR Approximation

In practice, it is generally infeasible to directly calcu-
late Eq. [10|since the Rashomon set is typically infinite.
In this section, we propose Algorithm [I} a practical
procedure for estimating the maximum explainable ra-
dius r} using a candidate set of radii Rcang. For each
radius, we empirically estimate the expected loss of
the best-performing model in the class using k i.i.d.
samples Z1, ..., Zj drawn from Zp ().

Algorithm 1 Best neighborhood search
1: Require: Point of interest ¢ € X, Threshold e,
List of radii Reanda = [1i]i_1
2: Return: An estimation of Maximum explainable
radius 7¢ k

3: T¢r = None
4: for r in Reang do
iid
5: L1y Ly~ ZBT(C)
~ . 1
6: I* =minger z Z?zl L(f, Z;)
7: if [* < ¢ then
8: Tek =T
9: else
10: break
11: end if
12: end for

13: return 7.

At each radius, we check whether the minimum empir-
ical loss of the best model in the class, remains below
the threshold ¢, as motivated by Lemma

Once this stable neighborhood has been identified, we
quantify the range of variable importance within the
local Rashomon Set. To do this, we propose to use
the Model Class Reliance metric constrained to the
identified neighborhood.

Definition 3 (-MCR). Given a center point ¢ and a
data distribution Z, local model class reliance can be
defined as follows:

(-MCR(e, F, Z,c) = MCR(e, F, Zp,. () (13)

Therefore, ¢-MCR, provides a robust, localized esti-
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mate of feature importance that respects both model
fidelity and locality.

5 EXPERIMENTS

In this section, we evaluate the effectiveness of /-MCR
in capturing local feature importance. We conduct
experiments on both synthetic datasets, designed for
interpretability, and real-world datasets. Our primary
goal is to assess whether the explanation intervals iden-
tified by /-MCR more reliably capture local attribution
methods, such as gradients, compared to traditional
MCR.

Section [5.1] outlines the shared experimental setup. In
Section we present an illustrative example where
applying ¢-MCR yields a significantly more informa-
tive explanation. Section [5.3] reports a quantitative
comparison between /-MCR and global MCR on a
structured synthetic dataset. Finally, in Section [5.4]
we demonstrate the application of /-MCR to a real-
world medical dataset. Moreover, we include eval-
uations on the COMPAS (Larson et al.| 2016 and
Breast Cancer datasets (Wolberg and Street, [1993),
both commonly studied in the context of Model Class
Reliance. The corresponding results are provided in
the supplementary material.

5.1 Experimental Setup

Our experiments focus on binary classification tasks
using linear models as the interpretable model class
and hinge loss as the loss function, except the COM-
PAS experiment which is a regression task. To eval-
uate our method, we first train a neural network on
the training data, then analyze ¢-MCR ’s behavior on
individual points from the test set. Since the gradient
of the neural network at a point provides the best local
linear approximation to its behavior, we treat this gra-
dient as a reference local explainer. We then evaluate
whether the MR associated with this linear approxi-
mation falls within the intervals produced ¢-MCR and
MCR. Similarly, we examine whether the MR of the
line suggested by LIME (Ribeiro et al.l [2016a)) is in-
cluded within these intervals. All experiments were
conducted on a machine with an Intel i7 CPU. The
implementation and code used in our experiments are
available in this repository.

5.2 Illustrative Example

In the simulated dataset, the labels are locally deter-
mined by a single feature, either X; or Xo depending
on the region of the input space. In other words, within
certain neighborhoods, the data is linearly separable
using either a horizontal or a vertical decision bound-

Figure 2: Comparison of local and global MCR in-
tervals on a synthetic binary classification task. The
plot on the leftmost shows the neighborhood selected
by ¢-MCR , where the MCR intervals reveal a clear
difference in the importance of the two features with
X5 playing a dominant role. The right plot shows
the global MCR intervals computed over the entire
dataset, which fail to distinguish between the features
due to dataset symmetry. Fine lines represent exam-
ples of model reliance scores from individual models
within the Rashomon set.

ary. This implies that locally, one feature is highly
informative while the other is irrelevant.

However, due to the symmetry of the dataset, this pat-
tern is obscured in the global analysis. As shown in
the rightmost plot of Figure 2| the global MCR in-
tervals for both features are nearly identical, offering
little insight. In contrast, the leftmost plot highlights
the results from a neighborhood selected by ¢-MCR .
In this local region, both upper an lower limits for MR,
obtained using -MCR for X5 are much higher than for
X7, indicating that Xs plays a significantly more im-
portant role in explaining the labels. This example
illustrates how ¢-MCR can detect and reveal locally
important features that global methods may miss.

5.3 Synthetic Dataset

We evaluate -MCR on a synthetic dataset designed
with localized decision boundaries. The dataset is
two-dimensional, with both features uniformly dis-
tributed in the interval [—1,1]. It consists of two dis-
tinct regions, each with a different feature that gov-
erns the label. In the first region (X; < 0), labels
depend on X; (y = 1{X; > —0.5}), while in the sec-
ond region (X; > 0), labels are determined by X»
(y = 1{X35 > 0}). Therefore, the data is linearly sepa-
rable using X; and X5 in the first and second regions,
respectively . This setup ensures that different fea-
tures are locally important.

Owing to its structured nature, the dataset can be
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Figure 3: Four test points and their corresponding
neighborhoods, as identified by Algorithm[I] are shown
with dashed black circles. Blue and red points rep-
resent samples with y = 1 and y = 0, respectively,
while pale blue and pale red points lie outside the de-
tected neighborhoods. The experiments use € = 0.45
for .-MCR and ¢ = 1 for MCR. Subscripts indicate
the feature index for which model reliance is com-
puted. Colored dashed lines show the model reliance
of the gradient-based linear approximation and LIME
(h,1). While /-MCR successfully includes h within its
Rashomon set, the global MCR fails to do so. De-
spite choosing small kernel width, [ is still following
the global patterns of data.

easily learned by a neural network, resulting in accu-
rate gradient-based explanations across most points.
Moreover, its low dimensionality makes it easier to vi-
sualize and interpret the behavior of /-MCR . De-
tails of the data generation process and model archi-
tecture are provided in the supplementary material.
Let h(z) denote the neural network and let ¢ € R? be
the point of interest. The gradient-based linear ap-
proximation around ¢ is h(z) = h(c) + Vh(c)T (z — ¢).
LIME (Ribeiro et al 2016a) offers an alternative lo-
cal explanation method, constructing linear surrogates
[ of the black-box model around the point of interest.

For each point in the test set, we compute M R(ﬁ)
and MR(l), the model reliance of the local linear ap-
proximation, and check whether it falls within the in-
terval estimated by both /-MCR and Global MCR.
Figure [3] highlights four examples where the interval
produced by ¢-MCR contains the gradient-based esti-
mate MR(;L), but the corresponding global MCR in-
terval misses it. Table [1| reports the number of test
points where gradient-based feature importance lies
within the ¢-MCR intervals, and compares it against
the global MCR intervals.

To empirically validate the theoretical consistency re-
sult established in Theorem [2| we examine the conver-
gence behavior of the estimated maximum explainable
radius 77, as a function of sample size. For three rep-

Table 1: Comparison of /-MCR and MCR in terms of
how often the gradient-based model reliance, M R(h)
and M R(Z), are captured within their respective inter-
vals on the synthetic dataset.

Feature in (-MCR in MCR
MR(h), 47.0% 19.6%
MR({L)Q 43.3% 22.5%
MR(1), 8.1% 19.9 %
MR(l)s 36.6% 13.5%
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Figure 4: Empirical convergence of the estimated max-
imum explainable radius for three test points c cs, c3.
Top row: training data with the estimated neighbor-
hood at full sample size, where blue and red points
indicate the two classes. Bottom row: mean 7* across
10 independent subsample at each sample size k, with
the true radius r* shown as a dashed line.

resentative test points, we repeatedly subsample the
training data at increasing sizes. Figure [f] reports the
mean of 7} across 10 independent subsample at each
sample size. As the sample size grows, the estimates
converge toward the true radius, known from the data
generating process, consistent with the convergence in
probability guaranteed by Theorem [2]

5.4 Diabetes Dataset

To demonstrate the applicability of /~-MCR in health-
care, we apply it to the NHANES 2013-2014 dataset
[1973)), a large-scale health and nutrition sur-
vey. In medical domains, identifying subpopulations
of patients who respond similarly to certain features
is particularly valuable. /-MCR enables us to detect
such local patterns by isolating regions where data can
be explained using an interpretable class of models.

In this setting, our goal is to explore whether /-MCR,
can highlight patient subgroups where the model’s re-
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Figure 5: Six patients and their corresponding neigh-
borhoods as identified by Algorithidl] Blue and red
points represent patients with previous diabetes di-
agnosis or Fasting Glucose > 125 mg/dl, while pale-
colored points lie outside the detected neighborhoods.
Bold points indicate patients within each local neigh-
borhood. Note that although the boundary is circular
in feature space, it may not appear circular in the 2D
projection. Model reliance is computed with respect
to Waist Circumference.

liance on specific features, such as age or blood pres-
sure, significantly differs from global trends. This type
of analysis may reveal clinically relevant local behav-
iors that are masked in global feature importance sum-
maries.

In this experiment, we consider a binary classifica-
tion task with a richer set of features, including Waist
Circumference, HDL Cholesterol, Household Income,
Blood Urea Nitrogen, and Kcal Intake. The target
variable indicates whether a person has diabetes.

Unlike the synthetic case, our goal here is not to ex-
plain a high-performing model. In fact, the fitted neu-
ral network does not achieve high accuracy, and its
gradient-based explanations may not be reliable. In-
stead, we apply /-MCR directly to the data to identify
meaningful subpopulations. In this context, the value
of ¢-MCR lies in its ability to uncover local regions
where a specific feature drives model behavior, even
when global trends are unclear or uninformative.

5.5 Discussion

As Table suggests, /(-MCR effectively captures
the local linear model by accurately estimating the
Rashomon set. Figure[3]further illustrates how ¢-MCR
successfully identifies the underlying data-generating
process. Notably, in 78.9% of the cases for feature
1 and 81.3% cases for feature 2, where the gradient-
based model reliance was included in the ¢-MCR in-
terval, it was missed by MCR, indicating that local
patterns in the data were overlooked by MCR.

Table 2: Comparison of /-MCR and MCR in terms of
how often the gradient-based model reliance, M R(h),
is captured within their respective intervals on the
NHANES 2013-2014

Feature in /-MCR in MCR
Waist Circumference 23% 85%
HDL Cholesterol 18% 0%
Household Income 17% 45%
Blood Urea Nitrogen 18% 48%
Kcal Intake 18% 0%

LIME is designed to fit local linear surrogates around
a point of interest for a black-box model. In this set-
ting, we treat model explanations as proxies for data
explanations; in the toy example, since we have ac-
cess to a perfect model, such a proxy is justified. We
observed, however, that the surrogate lines produced
by LIME were similar across points, and the measured
MR fell within the global MCR more frequently than
with /-MCR for feature 1. While reducing the kernel
width can, in principle, enforce greater locality, this
causes the effective number of weighted perturbations
to shrink drastically, leading to degenerate regressions.
By contrast, our local MCR estimator produces inter-
vals that cover the gradient-based linearization in most
cases.

Note that the ¢ values used for /-MCR and for the
global MCR estimation differ. In the local case, a
smaller ¢ is intentionally chosen to identify neighbor-
hoods where the data distribution is especially sim-
ple, allowing models to achieve high accuracy. Using
such a strict threshold globally often leads to an empty
Rashomon set, as no simple model can perform well
across the entire dataset.

The results on the COMPAS dataset reveal that cau-
tion is needed when interpreting MCR outputs, since
the intervals can vary when the data is restricted to
certain subpopulations. On the other hand, the whole
Breast Cancer dataset can be classified with high ac-
curacy using a logistic regression model; therefore,
there’s no point in checking for smaller regions where
the data is simply interpretable. Further figures and
numbers for both experiments can be found in the sup-
plementary material.

6 LIMITATIONS AND
CONCLUSION

This work addresses a key limitation of global fea-
ture importance methods, namely their inability to
capture heterogeneous patterns in data. When sub-
populations exist with distinct relationships between
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features and outcomes, global methods may obscure
important local signals. By identifying local neigh-
borhoods where model behavior is stable and inter-
pretable, .-MCR provides a finer-grained understand-
ing of feature reliance. Application includes, targeting
data collection or model improvements toward regions
where specific features are critical. Another promis-
ing direction is fairness analysis, where one may wish
to examine whether feature importance varies across
demographic subgroups.

As discussed, our algorithm wuses the empirical
Rashomon set after finding the neighborhood. In the
linear regression case, |[Fisher et al| (2019) provide a
convex optimization formulation to recover the full
range of model reliance values. However, for other
cases, characterizing the full Rashomon set and com-
puting tight bounds on model reliance remains an open
challenge (Li et al., 2024)). Future work may also ex-
plore more principled ways of defining neighborhoods
in high-dimensional settings, where distance-based ap-
proaches become less effective due to data sparsity.
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7 PROOF OF THEOREMS

7.1 Proof of Lemma [l
Proof. Assume minge 7 E[L(f, Zp, ()] < €, then by definition of the Rashomon set we have :

. A 14
arg;rggéR(E,}? B.(c)) (14)

and therefore R(e, F, Zp, (¢)) # 2.

Now assume R(e, F, Zp,(¢)) # @, it means there exist a model f € F such that, E[L(f, Zp ()] < €. Since
E[L(f, ZB,(c))] = minE[L(f*, Zp, ()] for every f € F, we can conclude:

;rg;[/l(f, Zp.(e)] < ¢ (15)

O

7.2 Proof of Theorem [2]

The proof proceeds in several steps. We first introduce notation to handle sample and population quantities. Our
goal is to show that the empirical maximum explainable radius 7 , converges in probability to the true maximum
explainable radius 7. The main challenge is to control the supremum distance between the sample error Qg (r)
and the expected error E[Q(r)] uniformly over all radii 7. To do this, we establish a uniform convergence bound
in Lemma [3| which holds with high probability and gives us sup,~q [E[Q(r)] — Qx(r)| < &, where 0 — 0 as
k — oo. Using this bound, we construct a sandwich of sets in Lemma[d} the set of radii satisfying the empirical
constraint with margin ¢ — d;, is contained in the set of radii satisfying the population constraint with margin
¢, which in turn is contained in the set with margin € 4+ d;. Taking suprema yields bounds on r} in terms of
empirical quantities. In Lemma we establish that Qy(r) is piecewise constant and right-continuous in r, which
implies continuity properties of the supremum function in Lemmas [6] and [7] Finally, as & — oo and & — 0,
applying monotonicity of supremum and the squeeze theorem yields the result.

Proof. G is the class of linear models:

G={9x)=w'x+b|weR’ beR} (16)

Let 9237.(0) € G be the linear model with the least residual variance and let Q(r) be the random variable corre-
sponding to the squared loss of gjij,r( o)

9B,(c) € A8 fgnelg Ezy o [(9(XB,.(0) = YB,())] (17)

Q(r) = (95,0 (X5.(9) = Y5,(0)? (18)
Given a center point ¢, in order to find the largest radius 7, for which, for all s <}, the Rashomon set is not
empty, we can rewrite Definition

R.(e) ={reR"|Vse R s<r: Ezg o 1Q(s)] < e} (19)

e =sup R (20)

Now, we define the empirical version of this variables. Since functions of independent random variables are
independent, by drawing k i.i.d. samples from Zp (,we can generate k i.i.d. samples, Qi(r),...,Qx(r). We
then define Q(r) as follow:
k
9 Zi:l Ql (T) (21)

Qulr) = ==Ll
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Similarly we can rewrite Definition

Rep(e) = {r e R* |Vs e RY, s <7 : Qu(s) < ¢} (22)

P2 = supRe (23)

Lemma 3. Under Assumption for any 6 > 0, there exits a constant C' such that with probability at least
1-4:

sup [E[Q(r)] — Qr(r)] < & (24)

[dIn®k +In
where 0, = CB nf—i—né‘

Proof. Given Assumption the function m,.(Z) = QL)

r > 0} denote the class of normalized loss functions indexed by radius r.

is always between zero and one. Let M = {m,(Z) :

We apply Theorem 3.6 from |Alon et al.| (1997) to the function class M. For any € > 0, the theorem provides a
bound on the probability that the supremum of the empirical deviation exceeds €. Specifically, setting ¢ = 0y, /B:

1< P 1 <& E[Q()]| &
PaﬁgAkggmxz»mmazn>>g> (ggﬁ%;;me =|> 5
—P(gy@mm—E@wM>aQ
<6 (25)

Taking the complement of this event, we obtain:

P (sup[Qu(r) ~ EIQE] <) 19 (26
Therefore, with probability at least 1 — 8, we have sup,q |E[Q(r)] — Qx(r)] < 6. O

The uniform convergence bound allows us to sandwich the population set R(¢) between empirical sets with
adjusted thresholds.

Lemma 4. Suppose the uniform convergence bound in Lemma @ holds, i.e., sup,>q |E[Q(r)] — Qr(r)| < 6.
Then: Re (e — 0x) € R(e) C Rei(e + 01)

Proof. Suppose r € R(e). By definition, we have :

Vs € 0,7, E[Q(s)] < € (27)
By [24) we get: B
Vs € [0,7], Qk(s) < E[Q(s)] + bk (28)
Therefore:
Vs € [0, 7], Qr(s) < E[Q(s)] + 0k < e+, (29)

which means r € Rcyk(e + k).
Now suppose r € qu(s — dx) By definition, we have :

Vs €[0,7], Qr(s) < e — 6 (30)
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By [24] we get:

Vs € 0,7, E[Q(s)] < Qu(s) + (31)
Therefore:
which means r € R(e). 0
Lemma 5. Let ry < ry < --- < rg denote the ordered distances from the samples to the center point c. Then

Qu(r) is right-continuous and piecewise constant with respect to r, with jump discontinuities occurring only at
Ty ..., Tk-

Proof. Let dj = ||z; —c||for j = 1,..., k denote the distances between the samples and the center. Let r1,..., 7
denote the order statistics of the distances, where r1 <ry <--- <. For r r;—1 <r <r; the set of included
samples does not change. Therefore Qk(r) remains constant on (r;_1,7;), establishing that Qg (r) is piecewise
constant.

Now assume 7,1 < r¢o < r;. For any r with 79 < r < r;, no additional samples exist in this range, so Qu(r)
remains constant and it is equal to Qr(ro). This shows that given any ¢ > 0, let § = r; — ro. Then for
ro <r <rg+ 9, we have |Qr(r) — Qkr(ro)| = 0 < &, establishing right-continuity at rg. O

The right-continuity of Q(r) implies that the supremum function sup, R x(¢) is also right-continuous in e.

Lemma 6. For any g > 0, the supremum function is right-continuous: lime_)ear sup, R x(€) = sup, Re r(co).

Proof. Lemma states that Q(r) is piecewise constant with jump points r; < 7y < --- < rp. Let g5 = Qr(r;)
for i =1,...,k. Now suppose ¢,_1 < g9 < &;, for some i > 1. For € € (g9,¢;) the set of eligible radii doesn’t
change, therefore the supremum remains constant, sup, Rc)k(so) = sup, Rc,k(a). In case €g = ¢;_1 then since
Qx(r) is right-continuous we have sup, R.x(c) = sup, Rex(c0) . We have shown for every > 0 there exists a

positive number 6 = ¢; — €g such that if g9 < e < g9 + J then |sup, Rc,k(€) —sup, R k(o) =0 < O

The supremum function is left-continuous almost everywhere, failing only at the countably many jump points of

Qk(r)

Lemma 7. For almost all eg > 0 (specifically, all except the countably many values e1,...,e corresponding to
the jump points), the supremum function is left-continuous:

lim__, - sup, Rex(e) = sup,. R x(e0) for almost all €.

Proof. Lemmastates that Qk (r) is piecewise constant with breaking points 11 < rg < -+ < rj. Let g; = Qk(ri)
fori=1,...,k. Now suppose ¢,_1 < &g < &;. For € € (gg,¢;) the set of eligible radii doesn’t change, therefore
the supremum remains constant, sup,. R 1(€o) = sup,. R.1(¢). Despite Lemma |6|in case g = &; the limit might
change since Qy () is not left-continues. Therefor, for every v > 0 there exists a positive number § = &; —¢( such

that if €9 < e < e+ d then |sup, R i(e) — sup, R r(co)| = 0 < v except for countable many values of g. O

We now complete the proof using the squeeze theorem. From Lemma[4] taking suprimum of both sides:

sup R 1.(e — 0) < sup R(e) < sup R 1.(¢ + %) (33)
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From Lemma As k — oo, we have § — 0. Therefore ¢ — 0 — ¢ from below and ¢ 4+ 0 — ¢ from above. By
Lemma [7 and Lemma [6t

klim sup Re (e — 0) = sup Rex () = ok (34)
hade el
kli_)m sup Re (e + ) = sup Rcyk(s) =Trk (35)

By the squeeze theorem, since rg is sandwiched between two quantities that both converge to 77 ;:

lim |7}, —7ri =0 (36)
k—oo ’

Since Lemma [3| holds with probability at least 1 — § for any § > 0, this entire argument holds with probability
at least 1 — 4, establishing convergence in probability.

O

8 EXPERIMENT DETAILS

8.1 Synthetic Dataset

We generated 4000 points using the rule mentioned in Section [5.3] To introduce some level of noise, we flipped
the labels of 1% of the points at random.

The neural network used for computing gradient-based explanations is a simple multi-layer perceptron (MLP)
with the following architecture:

e Input layer with dimensionality equal to the number of features.
e Two hidden layers, each with 64 units, followed by ReLU activations and Batch Normalization.
e Qutput layer with a single neuron and a Sigmoid activation to perform binary classification.

We used 75% of the dataset for training and trained the model for 50 epochs. For all binary classification
tasks, we used the publicly available implementation of empirical Rashomon sets [Fisher et al.|(2019), with minor
modifications.

8.2 Diabetes Dataset

NHANES (National Health and Nutrition Examination Survey) is a dataset derived from an annual survey
that includes various health and demographic features for 3,329 patients. For our analysis, we used the fol-
lowing features: Waist Circumference, HDL Cholesterol, Household Income, Blood Urea Nitrogen, and Kcal
Intake. In this setting, we did not focus on the inclusion of gradient-based model reliance within the ¢-MCR
interval, since obtaining accurate gradient estimates is not feasible. We ran /-MCR on 403 test points us-
ing ¢ = 0.2 for /-MCR and € = 0.5 for MCR. The list of candidate radii for the neighborhood was set to
Reand = [0.1,0.53,0.97,1.4,1.8,2.2,2.7,3.13, 3.57,4.0]

9 ADDITIONAL RESULTS

9.1 COMPAS dataset

COMPAS (Correctional Offender Management Profiling for Alternative Sanctions) is an algorithm used to predict
the probability of reofending crime, based on covariates such as age, sex, race and priors count. For this
experiment we used: age, race, sex, priors count and the COMPAS score as the label. Therefore each data-point
is of the form (x,y) where X = [Zrace; Tsex, Lage; Lpriors count). Sex and race are binary variables, age and priors
count are discrete numerical variables. Similar to Fisher et al(Fisher et all |2019), we filtered the COMPAS
violent scores. We filtered race to keep only the African-American and Caucasian cases due to the lack of enough
samples for other races. On top of that, we applied the filters used in COMPAS analysis by [Larson et al.| (2016]).
We ended up with n = 3377 samples.
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Table 3: Empirical MCR for different features in COMPAS dataset.

Feature MCR
Sex [1.01, 1.03]
Race [1.01, 1.04]
Age [2.17, 2.36]
Priors Count [1.17, 1.24]
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Figure 6: Different neighborhoods on COMPAS dataset. The neighborhood grows until the best model in the
neighborhood can not meet the € criteria. In neighborhoods larger than N*, even the best model predicts the
score with MSE more than 2.5, which means that the error is more than 1.6 COMPAS score.

Table Bl shows the MCR intervals on different features of COMPAS dataset. The results indicate that the
COMPAS algorithm does not rely on sex and race, but it relies on age heavily, and on priors count to some
extent. To be more precise, all of the well performing models agree that perturbing sex and race does not effect
their performance.

In order to apply the -MCR analysis we need to first define our neighborhood. Given a radius for age and a
radius for priors count, we can define the neighborhood for this experiment as follow:

N(07 Tagearpriors) = {Z[l]ll <i<mn, ”X[i]age - X;ge” < Tage)

”X[ﬂpriors - X;riors” S Tpriors (37)

Xlilsex = Xgexs
Xlilrace = Xace }

Using € = 2.5 and F to be the class of linear models and the loss function is mean squared error (MSE). Figure
|§| depicts the result for ¢ = [1,1,50,4]7, which means an African-American male at age 50 with 4 priors and
forming the list of neighborhoods A based on list of (7age, Tpriors) Pairs [(2,2), (9.5, 10), (17, 18), (24.5, 26), (32, 34)]

The output of .-MCR for age is [0.99, 1.01], and for priors count is [1.20, 1.63], which means that in cases similar
to African-American male at age 50 with 4 priors, age loses it’s importance as a feature in comparison to the
global MCR.
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Figure 7: Six patients and their corresponding neighborhoods as identified by Algorithnfl] Blue and red points
represent patients with and without breast cancer. pale-colored points lie outside the detected neighborhoods.
Bold points indicate patients within each local neighborhood. Model reliance is computed with respect to
texture_worst.

9.2 Breast Cancer Dataset

The Breast Cancer dataset is a classic binary classification benchmark frequently used in the context of MCR.
We selected the top five features based on permutation importance from a Random Forest model: texture_worst,
radius_worst, texture_mean, perimeter_worst, and area_worst. Using these five features, a logistic regression
model achieves approximately 96% accuracy, indicating that the dataset is already highly linearly separable. As
a result, there is limited benefit in analyzing smaller local regions for improved performance. Figure []]illustrates
the results of applying /-MCR and MCR to a few representative test points.
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