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Abstract

We study online control for continuous-time linear systems with finite sampling
rates, where the objective is to design an online procedure that learns under non-
stochastic noise and performs comparably to a fixed optimal linear controller. We
present a novel two-level online algorithm, by integrating a higher-level learning
strategy and a lower-level feedback control strategy. This method offers a practical
and robust solution for online control, which achieves sublinear regret. Our work
provides the first nonasymptotic results for controlling continuous-time linear
systems with finite number of interactions with the system. Moreover, we examine
how to train an agent in domain randomization environments from a non-stochastic
control perspective. By applying our method to the SAC (Soft Actor-Critic)
algorithm, we achieved improved results in multiple reinforcement learning tasks
within domain randomization environments. Our work provides new insights into
non-asymptotic analyses of controlling continuous-time systems. Furthermore,
our work brings practical intuition into controller learning under non-stochastic
environments.

1 Introduction

A major challenge in robotics is to deploy simulated controllers into real-world. This process,
known as sim-to-real transfer, can be difficult due to misspecified dynamics, unanticipated real-world
perturbations, and non-stationary environments. Various strategies have been proposed to address
these issues, including domain randomization, meta-learning, and domain adaptation [20, 10, [21]].
Although they have shown great effectiveness in experimental results, training agents within these
setups poses a significant challenge. To accommodate different environments, the strategies developed
by agents tend to be overly conservative [26, 4] or lead to suboptimal outcomes [43} 27]].

In this work, we provide an analysis of the sim-to-real transfer problem from an online control
perspective. Online control focuses on iteratively updating the controller after deployment (i.e.,
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online) based on collected trajectories. Significant progress has been made in this field by applying
insights from online learning to linear control problems [12, [1, 12} 19,11} I8} 6} [16]].

Following this line of work, we approach the sim-to-real transfer issue for continuous-time linear
systems as a non-stochastic control problem, as explored in previous works [19}[11} 8]]. These studies
provide regret bounds for an online controller that lacks prior knowledge of system perturbations.
However, a gap remains as no previous analysis has specifically investigated continuous-time systems,
but real world systems often evolve continuously in time.

Existing literature on online continuous control is limited [42} 22} [13} 32]. Most continuous control
research emphasizes the development of model-free algorithms, such as policy iteration, under the
assumption of noise absence. Recently, [8] examined online continuous-time linear quadratic control
problem and achieves sublinear regret. However, it relies on the assumption of standard Brownian
noise instead of non-stochastic noise that may not always hold true in real-world applications. This
leads us to the crucial question:

Is it possible to design an online non-stochastic control algorithm
in a continuous-time setting that achieves sublinear regret?

Our work addresses this question by proposing a two-level online controller. The higher-level
controller symbolizes the policy learning process and updates the policy at a low frequency to
minimize regret. Conversely, the lower-level controller delivers high-frequency feedback control
input to reduce discretization error. Our proposed algorithm results in regret bounds for continuous-
time linear control in the face of non-stochastic disturbances.

Furthermore, we implement the ideas from our theoretical analysis and test them in several experi-
ments. Note that the key difference between our algorithm and traditional online policy optimization
is that we utilize information from past states with some skips to enable faster adaptation to en-
vironmental changes. Although the aforementioned concepts are often adopted experimentally as
frame stacking and frame skipping, there is relatively little known about the appropriate scenarios
for applying these techniques. Our analysis and experiments demonstrate that these techniques are
particularly effective in developing adaptive policies for uncertain environments. We choose the task
of training agents in a domain randomization environment to evaluate our method, and the results
confirm that these techniques substantially improve the agents’ performance.

2 Related Works

The control theory of linear dynamical systems under disturbances has been thoroughly examined
in various contexts, such as linear quadratic stochastic control [7]], robust control [37} [23]], system
identification [17, 24,19, 25]. However, most of these problems are investigated in non-robust settings,
with robust control being the sole exception where adversarial perturbations in the dynamic are
permitted. In this scenario, the controller solves for the optimal linear controller in the presence of
worst-case noise. Nonetheless, the algorithms designed in this context can be overly conservative as
they optimize over the worst-case noise, a scenario that is rare in real-world applications. We will
elaborate on the difference between robust control and online non-stochastic control in Section 3.

Online Control There has been a recent surge of interest in online control, as demonstrate by
studies such as [2} 1, 12]]. In online control, the player interacts with the environment and updates
the policy in each round aiming to achieve sublinear regret. In scenarios with stochastic Gaussian
noise, [12] provides the first efficient algorithm with an O(\/T) regret bound. However, in real-world
applications, the assumption of Gaussian distribution is often unfulfilled.

[3] pioneers research on non-stochastic online control, where the noises can be adversarial. Under
general convex costs, they introduce the Disturbance-Action Policy Class. Using an online convex
optimization (OCO) algorithm with memory, they achieve an O(+/T) regret bound. Subsequent
studies extend this approach to other scenarios, such as quadratic costs [8], partial observations [36,
35]] or unknown dynamical systems [19, [11]]. Other works yield varying theoretical guarantees like
online competitive ratio [[15 [33].

Online Continuous Control Compared to online control, there has been relatively little research on
model-based continuous-time control. Most continuous control works focus on developing model-free



algorithms such as policy iteration (e.g. [42} 22} [32]), typically assuming zero-noise. This is because
analyzing the system when transition dynamics are represented by differential equations, rather than
recurrence formulas, poses a significant challenge.

Recently, [8] studies online continuous-time linear quadratic control with standard Brownian noise
and unknown system dynamics. They propose an algorithm based on the least-square method, which
estimates the system’s coefficients and solves the corresponding Riccati equation. The papers [34}[14]
also focus on online control setups with continuous-time stochastic linear systems and unknown
dynamics. They achieve O(v/T log T) regret by different approaches. [34] uses the Thompson
sampling algorithm to learn optimal actions. [14] takes a randomized-estimates policy to balance
exploration and exploitation. The main difference between [8, 134, [14] and our paper is that they
consider stochastic noise of Brownian motion which can be quite stringent and may fail in real-world
applications, while the noise in our setup is non-stochastic. This makes our analysis completely
different from theirs.

Domain Randomization Domain randomization, which is proposed by [39], is a commonly used
technique for training agents to adapt to different (real) environments by training in randomized
simulated environments. From the empirical perspective, many previous works focus on designing
efficient algorithms for learning in a randomized simulated environment (by randomizing environmen-
tal settings, such as friction coefficient) such that the algorithm can adapt well in a new environment,
[29, 144} 26| 28| [30]. Other works study how to effectively randomize the simulated environment
so that the trained algorithm would generalize well in other environments [43] 27, 38]. However,
prior research has not explored how to apply certain theoretical analysis ideas to train agents in
domain-randomized environments. Limited previous works, such as [[10] and [21], concentrate on
theoretically analyzing the sim-to-real gap within specific domain randomization models but they do
not test their algorithms in real domain randomization environments.

3 Problem Setting

In this paper, we consider the online non-stochastic control for continuous-time linear systems.
Therefore, we provide a brief overview below and define our notations.

3.1 Continuous-time Linear Systems

The Linear Dynamical System can be considered a specific case of a continuous Markov decision
process with linear transition dynamics. The state transitions are governed by the following equation:

abt:Axt—l—But—&—wt,

where x, is the state at time ¢, u; is the action taken by the controller at time ¢, and w, represents
the disturbance at time ¢. Follow the setup of [3]], we assume xy = 0. We do not make any strong
assumptions about the distribution of w;, and we also assume that the distribution of w; is unknown
to the learner beforehand. This implies that the disturbance sequence w; can be selected adversarially.

When the action u; is applied to the state x;, a cost ¢;(x, us) is incurred. Here, we assume that the
cost function ¢; is convex. However, this cost is not known in advance and is only revealed after
the action u; is implemented at time ¢. In the system described above, an online policy 7 is defined
as a function that maps known states to actions, i.e., uy = m({z¢|¢ € [0,t]}). Our goal, then, is to
design an algorithm that determines such an online policy to minimize the cumulative cost incurred.
Specifically, for any algorithm .A, the cost incurred over a time horizon T’ is:

T
JT(A) = /0 Ct(fEt, ’I,Lt)dt .

In scenarios where the policy is linear (i.e., a linear controller), such that u; = — Kz, we use J(K)
to denote the cost of a policy K € K from a certain class K.

3.2 Difference between Robust and Online Non-stochastic Control

While both robust and online non-stochastic control models incorporate adversarial noise, it’s crucial
to understand that their objectives differ significantly.



The objective function for robust control, as seen in [37, 23], is defined as:

min max min . .. min max Jr(A),
Uy wi:r U2 Ut wr

Meanwhile, the objective function for online non-stochastic control, as discussed in [3]], is:
min max(Jr(A) — min Jp(K)).
A wi.T ( T ( ) KeK T ( ) )

Note that the robust control approach seeks to directly minimize the cost function, while online
non-stochastic control targets the minimization of regret, which is the discrepancy between the actual
cost and the cost associated with a baseline policy. Additionally, in robust control, the noise at each
step can depend on the preceding policy, whereas in online non-stochastic control, all the noise is
predetermined (though unknown to the player).

3.3 Assumptions

We operate under the following assumptions throughout this paper. To be concise, we denote || - || as
the Lo operator norm of the vector and matrix. Firstly, we make assumptions concerning the system
dynamics and noise:

Assumption 1. The matrices that govern the dynamics are bounded, meaning ||A| < x4 and
|B|| < kg, where k 4 and K are constants. Moreover, the perturbation and its derivative are both
continuous and bounded: [|w.||, ||| < W, with W being a constant.

These assumptions ensure that we can bound the states and actions, as well as their first and second-
order derivatives. Next, we make assumptions regarding the cost function:
Assumption 2. The costs ¢;(z,u) are convex in z and u. Additionally, if there exists a constant

D such that ||z||,|lu]| < D, then we have the following inequalities of the costs: |c;(z,u)| <
BD?, [Vacr(z, )|, [IVuec(z, w)l| < GD, |er, (2, u) = cr, (2, u)| < Lty — 12| D?,

where 3,G and L are constants corresponding to the cost function. This assumption implies that if
the differences between states and actions are small, then the error in their cost will also be relatively
small.

3.4 Strongly Stable Policy

We next describe our baseline policy class introduced in [12]. Note that the continuous system and
the discrete system are different. If we consider the approximation over a relatively small interval h,
we get

t+h t+h
Tiph = Ty + / T.ds =x; + Azxg + Bug + wsds
s=t s=t

~xy + h(Axy + Buy +wy) = (I + hA)x, + hBuy + hw, .
Therefore, if we copsider the tran§ition of a discrete system x;41 = flxi + Bui + w;, we get
the approximation A ~ I + hA, B =~ hB. Hence, we extend the definition of a strongly stable
policy [12} 3] in the discrete system to the continuous system as follows:

Definition 1. A linear policy K is (k, 7)-strongly stable if, for any i > 0 that is sufficiently small,
there exist matrices Ly,, P such that I + h(A — BK) = PL; P!, with the following two conditions:

1. The norm of Ly, is strictly smaller than unity and dependent on h, i.e., ||[Lp| < 1 — h~.

2. The controller and transforming matrices are bounded, i.c., || K[| < s and | P||, ||P7}|| < k.

The above definition ensures the system can be stabilized by a linear controller K.

3.5 Regret Formulation

To evaluate the designed algorithm, we follow the setup in [12} 3] and use regret, which is defined
as the cumulative difference between the cost incurred by the policy of our algorithm and the cost
incurred by the best policy in hindsight. Let XU denotes the class of strongly stable linear policies, i.e.
K ={K : K is (s, v)-strongly stable}. Then we try to minimize the regret of algorithm:

min max Regret(A) = min Iiﬁf?;((JT(.A) — mmin Jr(K)).



4 Algorithm Design

In this section, we outline the design of our algorithm and formally define the concepts involved in
deriving our main theorem. We summarize our algorithm design as follows:

First, we discretize the total time period 7" into smaller intervals of length 4. We use the information at
each point x,, Top, . . . and up, uap, . . . to approximate the actual cost of each time interval, leveraging
the continuity assumption. This process does introduce some discretization errors.

Next, we employ the Disturbance-Action policy (DAC) [3]]. This policy selects the action based on
the current time step and the estimations of disturbances from several past steps. This policy can
approximate the optimal linear policy in hindsight when we choose suitable parameters. However,
the optimal policy K* is unknown, so we cannot directly acquire the optimal choice. To overcome
this, we employ the OCO with memory framework [5] to iteratively adjust the DAC policy parameter
M, to approximate the optimal solution M *.

After that, we introduce the concept of the ideal state y; and ideal action v; that approximate the
actual state x; and action u;. Note that both the state and policy depend on all DAC policy parameters
My, My, ..., M,;. Yet, the OCO with memory framework only considers the previous H steps.
Therefore, we need to consider ideal state and action. y; and v; represent the state the system would
reached if it had followed the DAC policy {M;_g, ..., M;} at all time steps from ¢ — H to ¢, under
the assumption that the state x;_ i was 0.

From all the analysis above, we can decompose the regret as three parts: the discretization error Ry,
the regret of the OCO with memory >, and the approximation error between the ideal cost and the
actual cost Rs.

Then we will formally introduce out method and define all the concepts. In the subsequent discussion,
we use shorthand notation to denote the cost, state, control, and disturbance variables c;;,, T;n, Uin,
and w;y, as ¢;, x;, u;, and w;, respectively.

First, we need to define the Disturbance-Action Policy Class(DAC) for continuous systems:
Definition 2. The Disturbance-Action Policy Class(DAC) is defined as:
l
up = — Kz + Z Midy_;,

i=1
where K is a fixed strongly stable policy, [ is a parameter that signifies the dimension of the policy
class, M; = {M}, ..., M!} is the weighting parameter of the disturbance at step ¢, and 0 is the
estimated disturbance:

. Ti41 — T — h(AZL't -+ But)
t — .
h

We note that this definition differs from the DAC policy in discrete systems [3]] as we utilize the
estimation of disturbance over an interval [¢, ¢ + h] instead of only the noise in time ¢. It counteracts
the second-order residue term of the Taylor expansion of x; and is also an online policy as it only
requires information from the previous state.

ey

Our higher-level controller adopts the OCO with memory framework. A technical challenge lies in
balancing the approximation error and OCO regret. To achieve a low approximation error, we desire
the policy update interval H to be inversely proportional to the sampling distance h. However, this
relationship may lead to large OCO regret. To mitigate this issue, we introduce a new parameter
m = @(%), representing the lookahead window. We update the parameter M; only once every m
iterations, further reducing the OCO regret without negatively impacting the approximation error:

Moo — Ip (My —nVge(M)) iftmodm==0,
A M, otherwise .

Where g is a function corresponding to the loss function ¢, and we will introduce later in Algorithm|T]
For notational convenience and to avoid redundancy, we denote M(;/,,,) = M;. We can then define
the ideal state and action. Due to the properties of the OCO with memory structure, we need to
consider only the previous Hm states and actions, rather than all states. As a result, we introduce
the definition of the ideal state and action. During the interval ¢ € [im, (i + 1)m — 1], the learning
policy remains unchanged, so we could define the ideal state and action follow the definition in [3]]:



Definition 3. The ideal state y; and action v; at time ¢ € [im, (i + 1)m — 1] are defined as

l
yr = xe(Mi—p, ..., M;),ve = =Ky, + ZMijwtﬂ' .

j=1
where the notation indicates that we assume the state z;_ g is 0 and that we apply the DAC policy
(Mi,H, . ,]\Zfi) at all time steps from¢t — Hm to t.

‘We can also define the ideal cost in this interval follow the definition in [3]]:

Definition 4. The ideal cost function during the interval ¢ € [im, (i + 1)m — 1] is defined as follows:

(i+1)m—1

B (e 0) =S e (o (Vs 38 o (3 0E))
t=im

With all the concepts presented above, we are now prepared to introduce our algorithm:

Algorithm 1 Continuous two-level online control algorithm

Input: step size 7, sample distance h, policy update parameters H, m, parameters «, vy, T'.
Define sample numbers n = [T'/h], OCO policy update times p = [n/m].
Define DAC policy update class M = {M = {Ml . MHm} : H]\;ﬁ < 2hk3(1 — w)i_l}.
Initialize My € M arbitrarily.
fork=0,...,p—1do
fors=0,...,m—1do
Denote the discretization time r = km + s.
Use the action u; = — Kz, + h Y1 Mjitb,_; during the time period ¢ € [rh, (r + 1)h].
Observe the new state 1 at time (r 4+ 1)h and record @, according to Equation ().
end for
Define the function g, (M) = fi(M, ..., M).

Update OCO policy M1 = Iy (Mk — Vag(My )).
end for

5 Main Result

In this section, we present the primary theorem of online continuous control regret analysis:

Theorem 1. Under Assumption a step size of 1 = ©(y/ 7, ), and a DAC policy update frequency
m = O(3), Algorithm attains a regret bound of

Jr(A) — min Jr(K) < O(nh(1 - hy) ") + O(vVnh) + O(Th).

With the sampling distance h = @(ﬁ

Algorithm[I|achieves a regret bound of

), and the OCO policy update parameter H = ©(log(T)),

Jr(A) = min Jr(K) < O (ﬁ log (T)) .

Theorem[I]demonstrates a regret that matches the regret of a discrete system [3]]. Despite the analysis
of a continuous system differing from that of a discrete system, we can balance discretization error,
approximation error, and OCO with memory regret by selecting an appropriate update frequency for
the policy. Here, O(-) and ©(+) are abbreviations for the polynomial factors of universal constants in
the assumption.

While we defer the detailed proof to the appendix, we outline the key ideas and highlight them below.



Challenge and Proof Sketch We first explain why
we cannot directly apply the methods for discrete
nonstochastic control from [3]] to our work. To utilize
Assumption[2] it is necessary first to establish a union
bound over the states. In a discrete-time system, it
can be easily proved by applying the dynamics in-
equality ||z¢41]| < allx¢|| + b (where a < 1) and the
induction method presented in [3]. However, for a
continuous-time system, a different approach is nec-  Figure 1: Bounding the states and their derivatives
essary because we only have the differential equation  gseparately. We employ Gronwall’s inequality with
instead of the state recurrence formula. the induction method to bound the states.

The bound of derivative
near the current state

The bound of derivative
for the previous states

Current state

The bound of the
previous states

To overcome this challenge, we employ Gronwall’s

inequality to bound the first and second-order derivatives in the neighborhood of the current state.
We then use these bounded properties, in conjunction with an estimation of previous noise, to bound
the distance to the next state. Through an iterative application of this method, we can argue that all
states and actions are bounded.

Another challenge is that we need to discretize the system but we must overcome the curse of
dimensionality caused by discretization. In continuous-time systems, the number of states is inversely
proportional to the discretization parameter h, which also determines the size of the OCO memory
buffer. Our regret is primarily composed of three components: the error caused by discretization R,
the regret of OCO with memory R5 and the difference between the actual cost and the approximate
cost R3. The discretization error Ry is O(hT), therefore if we achieve O(v/T) regret, we must
choose h no more than O(%)

If we update the OCO with memory parameter at each timestep follow the method in [3]], we will

incur the regret of OCO with memory Ry = g{H 25\/T). The difference between the actual cost
and the approximate cost Ry = O(T(1 — h~) To achieve subhnear regret for the third term,

we must choose H = O( 1OgT) but since h is no more than O( =), H will be larger than o(VT),
therefore the second term Ry will definitely exceed O(v/T).

Therefore, we adjust the frequency of updating the OCO parameters by introducing a new parameter
m, using a two-level approach and update the OCO parameters once in every m steps. This will incur
the third term Rz = O(T'(1 — hy)™™) but keep the OCO with memory regret Ry = O(H?5v/T), so
we can choose H = O(IO%T) and m = O(4#). Then the term of Ry is O(v/T'log T) and we achieve
the same regret compare with the discrete system.

6 Experiments

In this section, we apply our theoretical analysis to the practical training of agents. First we highlight
the key difference between our algorithm and traditional online policy optimization.

1. Stack: While standard online policy optimization learns the optimal policy from the current
state u; = ¢(x), an optimal non-stochastic controller employs the DAC policy as outlined
in Definition 2] Leveraging information from past states aids the agent in adapting to
dynamic environments.

2. Skip: Different from the analysis in [3]], in a continuous-time system we update the state
information every few steps, rather than updating it at every step. This solves the curse of
dimensionality caused by discretization in continuous-time system.

The above inspires us with an intuitive strategy for training agents by stacking past observations
with some observations to skip. We denote this as Stack & skip for convenience. Stack & skip is
frequently used as a heuristic in reinforcement learning, yet little was known about when and why
such a technique could boost agent performance.

How should we evaluate our algorithm in a non-stochastic environment? We opt for learning
an optimal policy within a domain randomization environment. In this context, each model’s
parameters are randomly sampled from a predetermined task distribution. We train policies to
optimize performance across various simulated models [41}29].



We observe that learning in Do-

main Randomization (DR) sig-
nificantly differs from stochas- 1
tic or robust learning problems.
In DR, sampling from environ-
mental variables occurs at the be-
ginning of each episode, rather
than at every step, distinguish-
ing it from stochastic learning
where randomness is step-wise
independent and identically dis-
tributed. This episodic sampling
approach allows agents in DR to
exploit environmental conditions
and adapt to episodic changes
within an episode. On the other hand, robust learning focuses on worst-case scenarios depend-
ing on an agent’s policy. DR, in contrast, is concerned with the distribution of conditions aimed at
broad applicability rather than worst-case perturbations.

&5
&9

Randomized Environment

Q
e-EE

Observation

Replay Buffer

Stack & Skip

Observation Augmentation Module

Figure 2: Leverage past observation of states with some skip.

In the context of non-stochastic control, the disturbance, while not disclosed to the learner beforehand,
remains fixed throughout the episode and does not adaptively respond to the control policy. This
setup in non-stochastic control shows a clear parallel to domain randomization: fixed yet unknown
disturbances in non-stochastic control mirror the unknown training environments in DR. As the agent
continually interacts with these environments, it progressively adapts, mirroring the adaptive process
observed in domain randomization. Therefore, we propose evaluating our algorithm within a domain
randomization training task. Subsequently, we introduce the details of our experimental setup:

Environment Setting We conduct

experiments on the hopper, half- Environment | Parameters | DR distribution
cheetah, and walker2d benchmarks us- Joint damping [0.5, 1.5]
ing the MuJoCo simulator [40]. The Foot friction [1, 3]
randomized parameters include envi- Hopper Height of head [1.2,1.7]
ronmental physical parameters such Torso size [0.025, 0.075]
as damping and friction, as well as Joint damping [0.005, 0.015]
the agent properties such as torso size. Half-Cheetah Foot friction [3,7]

We set the range of our domain ran- Torso size [0.04, 0.06]
domization to follow a distribution Joint damping [0.05, 0.15]
with default parameters as the mean Walker2D Density [500 ’1 500]
value, shown in Table[T] When train- Torso size [().025’, 0.075]

ing in the domain randomization en-
vironment, the parameter is uniformly
sampled from this distribution. To an-

Table 1: The DR distributions of environment.

alyze the result of generalization, we only change one of the parameters and keep the other parameters
as the mean of its distribution in each test environment. We conducted experiments using NVIDIA
A40 graphics card.

Algorithm Design and Baseline We design a practical meta-algorithm that converts any standard
deep RL algorithm into a domain-adaptive algorithm, shown in Figure [2] In this algorithm, we
augment the original state observation o¢'¢ at time ¢ with past observations, resulting in o}'*% =
08", 081, -+, 09"\, _1),,)- Here I is the number of past states we leverage and m is the number
of states we skip when we get each of the past states. For clarity in our results, we selected the
SAC algorithm for evaluation. We use a variant of Soft Actor-Critic (SAC) [31] and leverage past
states with some skip as our algorithm. We compare our algorithm with the standard SAC algorithm
training on domain randomization environments as our baseline.

Impact of Frame Stack and Frame Skip To understand the effects of the frame stack number h
and frame skip number m, we carried out experiments in the hopper environment with different A
and m. For each parameter we train with 3 random seeds and take the average. Figure[3|shows that
the performance increases significantly when the frame stack number is increased from 1 to 3, and



remains roughly unchanged when the frame stack number continues to climb up. Figure @] shows
that the optimal frame skip number is 3, while both too large or too small frame skip numbers result
in sub-optimal results. Therefore, in the following experiments we fix the parameter h = 3, m = 3.
We train our algorithm with this parameter and standard SAC on hopper and test the performance on
more environments. Figure [5]shows that our algorithm outperforms the baseline in all environments.

360 360 360 360

—— SAC —— SAC —— SAC with skip interval 1 —— SAC with skip interval 1
SAC with frame stack 2 SAC with frame stack 2 SAC with skip interval 3 SAC with skip interval 3
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Figure 3: Impact of frame stack number. Figure 4: Impact of frame skip number.
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Figure 5: Agents’ reward in various test environments of hopper.

Results on Other Environments Each algorithm was trained using three distinct random seeds in
the half-cheetah and walker2d domain randomization (DR) environments. Consistent with previous
experiments, we employed a frame stack number of h = 3 and frame skip number of m = 3.
The comparative performance of our algorithm and the baseline algorithm, across various domain
parameters, is presented in Figure[6] The result clearly demonstrates that our algorithm consistently
outperforms the baseline in all evaluated test environments.
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Figure 6: Performance in half-cheetah(Top) and walker2d(Bottom).



7 Conclusion, Limitations and Future Directions

In this paper, we propose a two-level online controller for continuous-time linear systems with adver-
sarial disturbances, aiming to achieve sublinear regret. This approach is grounded in our examination
of agent training in domain randomization environments from an online control perspective. At the
higher level, our controller employs the Online Convex Optimization (OCO) with memory framework
to update policies at a low frequency, thus reducing regret. The lower level uses the DAC policy to
align the system’s actual state more closely with the idealized setting.

In our empirical evaluation, applying our algorithm’s core principles to the SAC (Soft Actor-Critic)
algorithm led to significantly improved results in multiple reinforcement learning tasks within domain
randomization environments. This highlights the adaptability and effectiveness of our approach in
practical scenarios.

It is important to note that our theoretical analysis depends on the known dynamics of the system
and the assumption of convex costs. This reliance could represent a limitation to our method, as it
may not adequately address scenarios where these conditions do not hold or where system dynamics
are incompletely understood. For future research, there are several promising directions in online
non-stochastic control of continuous-time systems. These include extending our methods to systems
with unknown dynamics, exploring the impact of assuming strong convexity in cost functions, and
shifting the focus from regret to the competitive ratio. Further research can also explore how to
utilize historical information more effectively to enhance agent training in domain randomization
environments. This might involve employing time series analysis instead of simply incorporating
parameters into neural network training.
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In the appendix we define n as the smallest integer greater than or equal to %, and we use the
shorthand ¢;p,, T;n, Uin, and w;p, as c¢;, x;, u;, and w;, respectively. First we provide the proof of our

main theorem there.

A Proof of Theorem[]

Theorem 1. Under Assumptlon I a step size of 1 = ©(y/ 7, ), and a DAC policy update frequency

m=0(3+), Algorlthmlattams a regret bound of

Jr(A) — min Jp( W

min Jp(K) < O(nh(1 ~ )

With the sampling distance h = @(ﬁ
Algorithm[I|achieves a regret bound of

Jr(A) —

in J
R

K)<O (ﬁlog (T)) .

")+ O(Vnh) + O(Th).

), and the OCO policy update parameter H = O(log(T)),

Proof. We denote u; = K*x} as the optimal state and action that follows the policy specified by

K*, where K* = argmaxgex Jr(K).

We then discretize and decompose the regret as follows:

Jr(A)

KeK

T T
— min Jp(K) = / ce(y, ug)dt —/ ez, up)dt
0 0

n—1 .(i+1)h n—1 .(i+1)h
:z/ ct(xt,ut)dt—Z/
i—0 Jth ; ih

=0

n—1

ce(xy,uy)dt

=h (Z ci(i,w;) — Z ci(xf, uf )> + Ro,

=0 1=0

where Ry represents the discretization error.

We define p as the smallest integer greater than or equal to ;-, then the first term can be further

decomposed as

n—1 n—1
ci(wi,u;) — ci(xl,ul)
i=0 =0
pfl(H—l)m—l p—1 (i+1)m—1
== § (L'Z,UZ § § za z
=0 j=im j=im
p—1 [(i+1)m—1 (i+1)m—1 p—1 (i+1)m—1
= E & (xuuz) E yza'Uz + § E yzvvz
=0 j=im j=im Jj=im
p—1 [(i+1)m—1
= § ci(xi7uz) fz( i—Hsy- -+ i +§ fz i—Hs -+
i=0 j=im
p—1 p—1(i+1)m—1
— min M,. )+ mln
pin, 3O E:fz RO
i=

Jj=im

where the last equality is by the definition of the idealized cost function.
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p—1 (i+1)m—1
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Let us denote

p—1 [(i+1)m—1 ~ )
Ri=> | Y clwiw)—fiMiu,....,M)],

=0 Jj=im
p—1 _ _ p—1
Ry = izofi(Mi_H,...,Mi)ngxleiR/(;f,;(M,...,M),
p—1 p—1 (i+1)m—1
Rs = A%b;fi(M,...,M)—izo Py cilzl,ul).

Then we have the regret decomposition as

Regret(T) = h(Ry + Rz + R3) + O(hT) .

We then separately upper bound each of the four terms.

The term Ry represents the error caused by discretization, which decreases as the number of sampling
points increases and the sampling distance / decreases. This is because more sampling points make
our approximation of the continuous system more accurate. Using Lemma 3| we get the following
upper bound: Ry < O(hT).

The term R; represents the difference between the actual cost and the approximate cost. For a fixed
h, this error decreases as the number of sample points looked ahead m increases, while it increases
as the sampling distance h decreases. This is because the closer adjacent points are, the slower the
convergence after approximation. By Lemmawe can bound it as Ry < O(n(1 — hy)H™).

The term R» is incurred due to the regret of the OCO with memory algorithm. Note that this term is
determined by learning rate 7 and the policy update frequency m. Choosing suitable parameters and
using Lemma we can obtain the following upper bound: Ry < O(y/n/h).

The term Rj3 represents the difference between the ideal optimal cost and the actual optimal cost.
Since the accuracy of the DAC policy approximation of the optimal policy depends on its degree of
freedom [, a higher degree of freedom leads to a more accurate approximation of the optimal policy.
We use Lemma@and choose I = Hm to bound this error: Rz < O(n(1 — hy)H™).

By summing up these four terms and taking m = @(%), we get:

H
h

Regret(T) < O(nh(1 — hy) ™) + O(Vnh) + O(hT).

Finally, we choose h = © (%), m =0 (+), H=0(log(T)), the regret is bounded by

Regret(T) < O(VTlog(T)).

B Key Lemmas

In this section, we will primarily discuss the rationale behind the proof of our key lemmas. First, we
need to prove all the states and actions are bounded.

Lemma 2. Under Assumption (| and 2| choosing arbitrary h in the interval [0, hg) where hg is
a constant only depends on the parameters in the assumption, we have for any t and policy M;,
el lyells el lvell < D, &l < D, lwe = wells e — vell < &2+ w)(1 = hy) ™D, In
particular, taking all the M, = 0 and K = K*, we can also obtain the inequality of the optimal
solution: || z¥ |, [|ur] < D.

The proof of this Lemma mainly use the Gronwall inequality and the induction method. Then we
analyze the discretization error of the system.
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Lemma 3. Under Assumption|2| Algorithm|l|attains the following bound of Ry:

n (i+1) n—1
Ry=> (ce(we,up) = colwy,uf))dt — by (ei(wi, i) — ci(x},uf)) < (G + L)D?KT
i=0 /i i=0

This lemma indicates that the discretization error is directly proportional to the sample distance h. In
other words, increasing the number of sampling points leads to more accurate estimation of system.

Then we analysis the difference between ideal cost and actual cost. The following lemma describes
the upper bound of the error by approximating the ideal state and action:

Lemma 4. Under Assumption[I|and 2} Algorithm|[I]attains the following bound of Ry :

p—1 [(i+1)m—1
R, = Z Z ci(zi,ui) — fi (MFH, . ~7Mi) <nGD*k* (14 k) (1 — hey) ™t

i=0 j=im

From this lemma, it is evident that for a fixed sample distance h, the error diminishes as the number
of sample points looked ahead m increases. However, as the sampling distance h decreases, the
convergence rate of this term becomes slower. Therefore, it is not possible to select an arbitrarily
small value for & in order to minimize the discretization error Rj.

We need to demonstrate that the discrepancy between z; and v, as well as u; and v, is sufficiently
small, given assumption[I} This can be proven by analyzing the state evolution under the DAC policy.

By utilizing Assumption [2]and Lemma[2] we can deduce the following inequality:

|Ct (l“uut) —Ct (yt, Ut)| < \Ct (xtvut) —Ct (yt7ut)| + \Ct (ym Ut) —Ct (ytvvt)|
< GDlz; — yi|| + GDllug — v -

Summing over all the terms and use Lemma 2] we can derive an upper bound for R;.

Next, we analyze the regret of Online Convex Optimization (OCO) with a memory term. To analyze
OCO with a memory term, we provide an overview of the framework established by [5] in online
convex optimization. The framework considers a scenario where, at each time step ¢, an online player
selects a point x; from a set IC C R, At each time step, a loss function f; : K+! — R is revealed,
and the player incurs a loss of f; (x¢—p,...,z:). The objective is to minimize the policy regret,
which is defined as

zek

T
PolicyRegret = Z fi (xt—m,...,2¢) — min Z fi(x
—H

In this setup, the first term corresponds to the DAC policy we choose, while the second term is used
to approximate the optimal strongly stable linear policy.

Lemma 5. Under Assumptionand choosing m = % and n = O (7 ), Algortthmlattams the
following bound of Ry:

p—1
Zfz A i)—]\rlneijr\l/l;fi(M,...,M)
< 47a GDC’QHQ(HV—F D)Wokp (GDCI{Q(K,:— 1)Wokp N CQHBKBWOH2)%

To analyze this term, we can transform the problem into an online convex optimization with memory
and utilize existing results presented by [5] for it. By applying their results, we can derive the
following bound:

T
;Ift (Tt—m, .-, Tt gg}%th <O<D\/Gf Gf+LH2)T)
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Taking into account the bounds on the diameter, Lipschitz constant, and the gradient, we can ultimately
derive an upper bound for R,.

Lastly, we aim to establish a bound on the approximation error between the optimal DAC policy and
the unknown optimal linear policy.

Lemma 6. Under Assumption[l|and[2} Algorithm(I|attains the following bound of R3:

p—1 p—1(i+1)m—1
_ . . o ) * * o Hm 3
R3 = nin > filM, ..., M) ; Z ci(z],uy) <3n(l — hy)""GDWyk a(lhkp + 1).

i= j=im

The intuition behind this lemma is that the evolution of states leads to an approximation of the
optimal linear policy in hindsight, where uj = —K*x; if we choose M* = {M'}, where M* =
(K — K*)(I + h(A — BK*))". Although the optimal policy K* is unknown, such an upper bound
is attainable because the left-hand side represents the minimum of M € M.

C The evolution of the state

In this section we will prove that using the DAC policy, the states and actions are uniformly bounded.
The difference between ideal and actual states and the difference between ideal and actual action is
very small.

We begin with expressions of the state evolution using DAC policy:

Lemma 7. We have the evolution of the state and action:

2
i1 .
Tp1 = Q) e+ h E Wy iWe—g

i=0
2Hm
Yo =h Y Wy,
=0
Hm )
Vg = — Kyt +hZMtjd}t_J .
j=1

where W, ; represent the coefficients of Wy—;:

!
Ui =Qhlici+h Y QIBM{ 1 ey
=0

Proof. Define @, = I + h(A — BK). Using the Taylor expansion of x; and denoting r; as the
second-order residue term, we have

Ti41 = T + hl‘t + hg’rt =X + h(ALE't + B’Ltt + ’LUt) + hQTt .

Then we calculate the difference between w; and w;:

Ze11 — xp — h(Axs + Bug + wy)

A :hTt.

Wy — wy =

16



Using the definition of DAC policy and the difference between disturbance, we have

l
Ti41 = Ty + h (Al‘t + B (—Kﬂ?t + hZMtlwt—'L> + ﬁ)t - h’l"t> + h27"t

i=1

l
= (I +h(A—=BK))x, +h (Bh > My + wt>

i=1

l
= tht +h <th MtZU}f—z + u}t>

i=1

l l
= Qw1+ h (Qh <BhZM§_1wt_1_i + wH)) +h (BhZMfwt_i + wt>
1=1 1=1

2l
I+1 .
=Q) w+h E Uy s,

i=0
where the last equality is by recursion and W, ; represent the coefficients of w;_;.

Then we calculate the coefficients of w;_; and get the following result:
Vi =Qpli<t +h Z QnBM; i1, _jep -
§=0

By the ideal definition of y;4; and v;(only consider the effect of the past Hm steps while planning,
assume z;_ g1, = 0), taking | = Hm we have

2Hm

Yer1 = h Z Wy W—g,
=0
Hm ]
VUVt = —Kyt+hZMng}t_] ]
j=1

Then we prove the norm of the transition matrix is bounded.

Lemma 8. We have the following bound of the transition matrix:

|4l < a(lhrp + )% (1 — hy) L.

Proof. By the definition of strongly stable policy, we know
Qi = I(PLLP™Y) || = | P(Ly) P~ < I PIILalIIIP7H] < ar®(1 — hy)". ()

By the definition of ¥, ;, we have

!
[Weill = || @ Lici + B> QEBM; =11, jeny
=0
!
< KA1 —hy)' + ahz kpk2(1 —hy)? (1 — hy) 771
j=1
< K21 = hy) 4+ alhkpr®(1 — hy) 7! < a(lhkpg + 1)K%(1 — hy)™ 1,

where the first inequality is due to equation [2| assumption |l|and the condition of HM; || <a(l-
hry)i=L.

After that, we can uniformly bound the state z; and its first and second-order derivative.

17



Lemma9. Foranyt € [0, T, choosing arbitrary h in the interval [0, ho| where hg is a constant only
depends on the parameters in the assumption, we have ||z¢| < Dy, ||&¢|| < Da, ||@4|| < D3 and the
estimatation of disturbance is bounded by ||| < Wy. Moreover, D1, Dy, D3 are only depend on
the parameters in the assumption.

Proof. We prove this lemma by induction. When ¢ = 0, it is clear that z satisfies this condition.
Suppose x; < D1, & < Do, &y < D3, wy < Wy for any t < ty, where tg = kh is the k-th
discretization point. Then for ¢ € [tg, to + h], we first prove that &:; < Do, &y < Ds.

By Assumption and our definition of u;, we know that for any ¢ € [to, to + h]. Thus, we have

2]l = [[Azs + Bug + wy]
l .
= |Azy + B(—Kxy, + h Y Mjabg_;) + wy|
=1
l .
< wallzdl| + kprllzgll + 2 (1= hy) " Wo + W
=1

W,
< tallze]l + kprDy + 70 +W,

where the first inequality is by the induction hypothesis 1w; < W, for any ¢t < ¢, and M} <
(1 — h7y)i~1, the second inequality is by the induction hypothesis z; < D; for any t < t.

For any ¢ € [to, to + h], because we choose the fixed policy us = uy,, so we have ; = 0 and

By the Newton-Leibniz formula, we have for any ¢ € [0, h],
. . C ..
Tpo¢ — Tty :/ Lyotede -
0
Then we have
¢
ool < Wil + [ Vel
. C .
< N+ [ (el el + W)de
0
. < .
= il + WG+ [ lngrelde.
0
By Gronwall inequality, we have
¢
[Eeo+¢ll < M2 || +WC +/ (4,1l + WE) exp(ra(C — £))de -
0

Then we have

¢
[0+l < Mo [l + W +/0 (2, [+ WC) exp(raC))de
= (o[l + WO (1 + Cexp(ral))

W,
< (KZA”.Iiton + rkpkDy + 70 + W+ Wh) (1+ hexp(kah))
Wo
< | (ka+kpr)D1 + ~ +W+Wh | (1+ hexp(kah))

W,
< ((/m + kpr)Dy + 70 + QW) (1+exp(ka)),
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where the first inequality is by the relation ¢ < (, the second inequality is by the relation ¢ < A and
the bounding property of first-order derivative, the third inequality is by the induction hypothesis and
the last inequality is due to h < 1.

By the relation ||Z|| < k4l/4:¢|| + W, we have
Et0+¢cll < KAD2 +W.
So we choose D3 = k4 Do + W. By the equation, we have

Tpy1 — ¢ — h(Axy + Bug + wy)

e — i)l = . |
. hy. . h € .
_ Typ1 — T — hay _ fo (fEt—s—{ - fUt)df _ fo fo xt+<d<d£
h h h
h .
_ Jo S lncllacde
- h

ShD37

where in the second line we use the Newton-Leibniz formula, the inequality is by the conclusion
[|#:|| < D3 which we have proved before. By Assumption|[I] we have

]| < W + hDs.
Choosing D3 = kpaDy + W, Wy =W + hD3 = W + h(ka D2 + W), we get

. W,
el < ({4 -+ mpm)Dy+ =0+ 2W)(1 -+ exp(sa)

W + h(kaDa+ W)

< ((ka + kpr)Dy + +2W)(1 + exp(ra))

(1+h+ 2’y)W>

< D, (h,’jf‘a T expw))) n (m T ReR)D + (1 + exp(r)))

Using the notation

1 = " (1t explia).

2(1+ ’y)W)

B2 = ((HA + Kkpr)D1 + (1 +exp(ka)).

When h < we have 51 < % Taking Dy = 235 we get
| Zeg4cll < B1D2+ P2 < Dy
&¢|| < Da, ||&¢|| < Ds,

Then we choose suitable Dy and prove that for any ¢ € [to, to + k|, ||z

__y
2k a(14exp(ka))’

So we have proved that for any ¢ € [tg, to + h],

| < Wo.
< D;.

Using Lemma([7} we have

t
Tiy1=h E Wy g -
i=0

By the induction hypothesis of bounded state and estimation noise in [0, to] together with Lemma
we have

t
2ol < B Y (hep + 1)K*(1 = hy) (W + hDs)
=0
< (Ihkpg + 1)k2(W + hD3) .
B Y
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Then, by the Taylor expansion and the inequality &; < D , we have for any ¢ € [0, k],
h
s = scll = | | ercdel < (= Dy < Dy,

Therefore we have
(Ihkp + 1)x2(W + hD3)

Y
2 2
_ (lhkp + D)*W (1 + h) WDy <(lhliB + 1)Kk 4 +1)

lzescll < l|zegal] +hD2 < + hDs

2 v
< (Ikp + 1)2x*W + hDy ((l/{B + 1D)r%ka N 1) .
v
In the last inequality we use A < 1.
By the relation Dy = f32/(1 — 1) and 3 < 3, we know that
2(1+v)W

Dy <2<(/§A+/£B/$)D1+ 5

) 1+ explna).

Using the notation
v1 =2h(ka + kpk)(1 +exp(ka)),

2 2
(lkp —|—’1)2/@ w N 4(1 +77)W(1 + exp(ia)) ((Z,%B —&-71),% 2 1) .

Y2 =

We have ||zy¢|| < v1D1 + 7o

From the equation of v; we know that when h <
choose Dy = 2, we finally get

1 1
aTrpr) (Femn) Ve have v; < 5- Then we

lzegell <vD1+v2 < Dy

Finally, set

= min 7 !
ho = {1’ ka(l+exp(ra)) 4(ka + rpr)(1 + exp(/iA))} ’

By the relationship Dy = 279, Dy = 285, D3 = ka4 Do + W, Wy =W + hDs3,

we can verify the induction hypothesis. Moreover, we know that Dy, D2, D3 are not depend on h.
Therefore we have proved the claim.

O

The last step is then to bound the action and the approximation errors of states and actions.

Lemma 2. Under Assumption (l|and 2| choosing arbitrary h in the interval [0, ho)] where hg is
a constant only depends on the parameters in the assumption, we have for any t and policy M,
el el el loell < D, ol < D, e — wall e — vell < £2(1 4+ £)(1 = hy)#7 LD, In
particular, taking all the M; = 0 and K = K*, we can also obtain the inequality of the optimal
solution: ||z}, ||ur] < D.

Proof. By Lemmal(8] we have
||l < a(lhrp + k21 — hy) L.

By Lemmal9] we know that for any  in [0, ho), where

= min 7 !
ho = {1’ ka(l+exp(ka)) 4(ka + rpr)(1 + exp(/iA))} ’
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we have ||x;|| < Ds.
By Lemma([7] Lemma§]and Lemma[9] we have

2Hm
lyerall = 17 Y We byl
1=0
2Hm .
<hWy Y a(lhep + 1)K*(1 — hy)' ™!
=0
< aWo(lhkp + 1)k?
- gl

=D;.

Via the definition of x;, y;, we have

lze = yell < £2(1 = hN) T 20| < K21 = hy) ™Dy

For the actions
Hm
Uy = — Kl't + hZMZ’LZJt_z y
i=1
Hm
v = — Ky + hZMZ@t% )
i=1

we can derive the bound

Hm Hm
i i aW,
el < N Ewell + 7> || M| < rllzell + Woh > a(l — hy)' ™' < kDy+ —2
=1 1=1
Hm Hm

, , . W
lvell < 1K yell + B || Mo || < 5 llgell + Woh > a(l — hy)™" < kDy + %

i=1 =1
lue = vell < MK e = gell < 651 = hy) ™ 1Dy

By Lemmal9} taking D = max{ D1, Da, Dy, nDl—&—%, mﬁﬁ—%}, we get the following inequality:
lzell, lyell, luells loell < D, f|2]| < D.

We also have

e =yell +lue —vel| < w2(1=hy) "Dy + 83 (1= hy) ™Dy < K214 R) (1= hy) " TID

In particular, the optimal policy can be recognized as taking the DAC policy with all the M; equal to
0 and the fixed strongly stable policy K = K*. So we also have ||z} ||, [|u;|| < D.

O

Now we have finished the analysis of evolution of the states. It will be helpful to prove the key
lemmas in this paper.

D Proof of Lemma 3|

In this section we will prove the following lemma:

Lemma 3. Under Assumption[2] Algorithm||attains the following bound of Ry:

n—1 (i+1)h n—1
Ry = Z / (ce(ze,up) — ey, uy))dt — h Z (ci(zi,ug) — ci(zf,ul)) < (G + L)D*hT .
i=0 Jih i=0
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Proof. By Assumption [2] and Lemma [2] since we use the unchanged policy u, in the interval
t € [ih, (i + 1)h], we have

lec(@e, ue) — cin(@in, win)| < |ee(@e, ue) — ce(@in, win)| + |ce(Tin, win) — cin(@in, win)|
< max ||Vee(z, uw)|| ||ze — || + L(t — ih)D2
t
< GDH/ #qds|| + L(t — ih) D?
ih
< (G + L)D?(t —ih).

Therefore we have

n—1 (i+1)h n—1
|Z/ ct(xt,ut)dt—hZci(xi,uiﬂ

i=0 Y ih i=0
n—1 .(i+1)h

Y [ el )~ conCon wn)ie
i=0 7k

i+1)h 1 ) ) 1 )

n—1 (
<(G+0)p*Y /
i=0 7
A similar bound can easily be established by lemma 2] about the optimal state and policy:

n—1 (i+1)h n—1 1
\Z/ e up)dt =3 il uf)| < 5(G + L)D?KT .
i=0 7l i=0

Taking sum of the two terms we get Ry < (G + L)D?hT.

E Proof of Lemmald

In this section we will prove the following lemma:
Lemma 4. Under Assumption[l|and[2] Algorithm[Iattains the following bound of Ry :
p-1 [(i+1m-1
R1 = Z Z Ci<$i7ui) _fi (Mi,H,...7Mi) < nGDQFJQ(l—I—H)(l —h’y)Hm+1.

i=0 j=im

Proof. Using Lemma [2] and Assumption 2} have the approximation error between ideal cost and
actual cost bounded as,

\Ct ($t7ut) —Ct (yt,vtﬂ < \Ct (xhut) —Ct (yt,ut)\ + |Ct (yt, Ut) —Ct (Z/uUt)\
< GD||zy — yi|| + GDlJug — vy
< GD?k%(1 + K)(1 — hy)m+L

where the first inequality is by triangle inequality, the second inequality is by Assumption[2] Lemma
[2] and the third inequality is by Lemma 2]

With this, we have
p—1 [(i+1)m—1

Ri=> | > clwiuw)— fi(Mip, ..., M;)

i=0 j=im
p—1 [(i+1)m—1 (i+1)m—1

= E ci(@i,ui) — E ci(yi, vi)
=0 j=im j=im

p—1 (i+1)m—1
<Y Y GD*REA+ k) (1 - hy) T < nGD2RA (1 + K)(1 — hy) T

i=0 j=im
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F Proof of Lemmal[3

Before we start the proof of Lemmal[5] we first present an overview of the online convex optimization
(OCO) with memory framework. Consider the setting where, for every ¢, an online player chooses
some point ; € K C RY, aloss function f; : +! 1 R is revealed, and the learner suffers a loss
of fy (x¢+—m,...,xt). We assume a certain coordinate-wise Lipschitz regularity on f; of the form
such that, forany j € {1,...,H}, forany z1,...,zy,%; € K

|ft(3317-~~,1'j,-~~7xH)7ft(x17---7i'j;---,xH)|gL”Ij*ij“ .
In addition, we define f;(z) = fi(z,...,x), and we let
Gr= sw |IVi@)|, Dy= s fz—yll.
z,yeX

te{l,...,T},zeX

The resulting goal is to minimize the policy regret, which is defined as

T
Regret = th (Te—m, -y manft ,x) .
t=H

zek

Algorithm 2 Online Gradient Descent with Memory (OGD-M)

Input: Step size ), functions { ft}thm.

Initialize xq,...,zy_1 € K arbitrarily.
fort=H,...,T do
Play x;, suffer loss f: (xt—pr, ..., o).
Set Ti41 = H}C ((Et — ant(l’))
end for

To minimize this regret, a commonly used algorithm is the Online Gradient descent. By running the
Algorithm 2] we may bound the policy regret by the following lemma:

Lemma 10. Let { ft};[:l be Lipschitz continuous loss functions with memory such that ft are convex.
Then by runnning algorithm|2|itgenerates a sequence {xt}le such that

T T D2
Z fe(@e—m, ... zy) —gnei)rclz fi(z,...,z) < Tf +TG?77+LH277GfT.
t=

Furthermore, setting n = \/ﬁ implies that
#(Gy

PolicyRegret < 2Dy \/Gf (Gy+LH?)T

Proof. By the standard OGD analysis [18]], we know that

T
th () mlHth +TG2
i—H

In addition, we know by the Lipschitz property, for any t > H, we have

|fe (@em, o) = fe (2, |<LZ||It Tt~ J||<LZZ||% 141 — Te—]

j=11=1
H j B
< LYY || Vit )| < LG,
j=11=1

and so we have that

T T
Z ft (l't_H7...,l't) - th (xtv"'7xt) < TLH277G
t=H t=H




It follows that
2

- : a Df 2 2
th (xt_H,...,:Ut)—gél)rchft(x,...,x) < T—FTGJJ]—I—LH nGsT .
t=H t=H

O

In this setup, the first term corresponds to the DAC policy we make, and the second term is used to
approximate the optimal strongly stable linear policy. It is worth noting that the cost of OCO with
memory depends on the update frequency H. Therefore, we propose a two-level online controller.
The higher-level controller updates the policy with accumulated feedback at a low frequency to reduce
the regret, whereas a lower-level controller provides high-frequency updates of the DAC policy to
reduce the discretization error. In the following part, we define the update distance of the DAC policy
as | = Hm, where m is the ratio of frequency between the DAC policy update and OCO memory
policy update. Formally, we update the value of M, once every m transitions, where g, represents a
loss function.
Ip (My —nVge(M)) ift%m ==0

M = { M. .
¢ otherwise .

From now on, we denote Mt = My, for the convenience to remove the duplicate elements. By the
definition of ideal cost, we know that it is a well-defined definition.

By Lemma 7] we know that

2Hm
Yt+1 = h Z ‘I’t,z‘@t—z‘,
i=0
Hm )
vy =—Kyt + hZMtjwt—j ;
j=1

where
l

Ui =Qhlici+h Y QIBM{ 1 jepny.
§=0
So we know that y; and y; are linear combination of M;, therefore
(i+1)m—1
i (Mi—H7 . ~7Mi) = Z Ct (yt <Mi—H; . -7Mi) y Ut (Mi—H7~-~>Mi)> .

is convex in M;. So we can use the OCO with memory structure to solve this problem.

By Lemma 9] we know that y; and v; are bounded by D. Then we need to calculate the diameter,
Lipchitz constant, and gradient bound of this function f;. In the following, we choose the DAC policy
parameter [ = Hm.

Lemma 11. (Bounding the diameter) We have

2a

Dy= swp |[M;- M| <2

M;,M;eM Y

Proof. By the definition of M, taking [ = Hm we know that
Hm
sup |[M; = M| <> || Mf - M|
M;,M;eM k=1
Hm
<Y 2a(1—hy)F!

k=1
2a
< =
=y
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Lemma 12. (Bounding the Lipschitz Constant) Consider two policy sequences
{Mi_H - Mi_k - MZ} and {Mi_H e Mi_k - MZ} which differ in exactly one policy
played at a time step t — k for k € {0, ..., H}. Then we have that

fi(MifH~~Mifk~ ) fz( i—H - Mifk'uMi)

Hm

< R SN (7,
=0

where C' is a constant.

Proof. By the definition we have

2Hm Hm
lye = Gel = Ih Y Y- QLBOMZ] = M=) Li jequ,m) @i
=0 j=0
2Hm Hm
< h2/€2’€BWO Z Z ||Ml 7 ”11 JE[1,Hm]
=0 j5=0
Hm .
< PR kpWom » ||M7_, — M7, ||
j=0
— hOR2rpWo 3 N, — NI, |
j=0

Where the first inequality is by HQ% | < K2(1—hy)i~! < k2 and lemma|§|of bounded estimation
disturbance, the second inequality is by the fact that M;_; have taken m times, the last equality is by
m = % Furthermore, we have that

o=l = I~ K = 50| < WOt 3 [, — 022,
7=0
Therefore using Assumption 2} Lemma[9]and Lemma 2] we immediately get that

Hm
< C*PrpWo | M] =M ]|
7=0

fi(Mi—H---Mi—k~ ) f1( i—H - Mi—k~--Mi)

O

Lemma 13. (Bounding the Gradient) We have the following bound for the gradient:

GDCK*(k + 1)Wokp
v

IVafe(M ... M) p <

Proof. Since M is a matrix, the 5 norm of the gradient V ;; f; corresponds to the Frobenius norm of
the Vs f; matrix. So it will be sufficient to derive an absolute value bound on V M) fe(M, ..., M)

for all r,p,q. To this end, we consider the followmg calculation. Using lemma O] we get that
yo(M ... M),v,(M ... M) < D. Therefore, using Assumption 2] we have that

Ve ... M)| < GD <|

8yt(M) + 8'025 M. M
oMY} aMpTé
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We now bound the quantities on the right-hand side:

5y M M 2Hm Hm 8QJBMZ J] R
| A 5 2B e
5Mpaq =0 j=1 aMP’q
r+Hm i —
80" ’I‘BM['I”]
<n Z 9Q, "BMT & Wi
1=r aMPT;q
1 he?W,
< 2REWokp— = nrWofiB
hy ¥
Similarly,
(%t(M.[.]. M) <x Sy (M .[.]. M) < Hh“?zWOfiB < he3Wokp .
8M(pfq 5Mp7:q v v
Combining the above inequalities with
) ) (i+1)m—1 ) ) ) )
fi (Mi—H7---aMi): Z C¢ (yt (Mi—Ha---7Mi>aUt (Mi_H,...,Mi)) .
t=im

gives the bound that

GDCk?(k +1)Wokp
5 .

IVafe(M ... M)z <

Finally we prove Lemma 3}

Lemma 5. Under Assumpnonland l choosing m = % € andn = O(F), Algorlthmlattams the
following bound of Rs:

p—1
Zfz A i)—%a;w,...,m
2,2 2 1
< da GDC?k (K+1)W0/€B(GDCK (k + 1)Wokp -‘rCQHBKBWoHQ)%
Y Y o

Proof. By Lemma|[I0] we have

Ry <2D;\/Gy (Gy + LH?)p

By Lemma I T} Lemma|[I2] and Lemma[I3| we have

Ry < 2D\ /Gy (G + LH?)p

2 2
- 520 GDCK2(k 4+ 1)Wokp (GDCH (5 +1)Wokp n C’%%BWOH2)E
hy Y Y m
DC2 K2 1 DCk2(k+1
< da JGDOPHn + )WOKB(G Ol + 1)Woris +02f€3f<aBWoH2>%
Y Y v
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G Proof of Lemma

In this section, we will prove the approximation value of DAC policy and optimal policy is sufficiently
small. First, we introduce the following:

Lemma 14. For any two (k,~y)-strongly stable matrices K*, K, there exists M = (Ml, ey MHm)
where

M= (K —K*)(I+h(A—BK*)"",
such that

ce(xo(M),us(M)) — ¢y (2}, uf) < GDWorla(lhkp + 1)(1 — hy)H™.

Proof. Denote Qj,(K) = I+ h(A— BK), Q,(K*) = I + h(A— BK*). By Lemmal7]we have
t .
Tip = hZQZ(K*)wt—i-
=0

Consider the following calculation for i < Hm and M’ = (K — K*) (I + h(A — BK*))""":
Wi (M., M) = Q(K) +hY_ Q7 (K)BM’
j=1
= Qu(K) +h)_Q (K)B(K - K*) Q' (K")
j=1

= QLK) + 30 Q5 (B)(@n(K") — Qu(K))Q) ™ (K)
j=1
= Qu(K™),
where the final equality follows as the sum telescopes. Therefore, we have that
Hm t
ze1 (M) =h Z QLK™ )i +h Z W ie—i -
i=0 i=Hm+1

Then we obtain that

t

[2es1 (M) = 2| <R W D~ (1Wes (M) + QLK) -
i=Hm+1

Using Definition [Tjand Lemma 7] we finally get

|24 (M) = p || SBWO( D ((Ihep + Dar?(1— hy)'™") + k(1 = hy)")
i=Hm+1

< Wo(lhkp + 2)ar?(1 — hy)H™
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We also have

||“:—Ut(M)||=H—K*CU:+K$t hZMIU)t i

= (K = K*)a; + K (2,(M) — x7) hENWWLn

t—1

= (K = KRS QiKY + K (a,(M) — 27) hZMﬁwt i
=0

= | K(zt(M) = a7) = h Z (K — K*)Qy (K )iy
i=Hm+1
t—1

=[|Kh > (Ui —Qp (K™))iby—i — h Z (K — K*) Qi (K* )iy

i=Hm+1 i=Hm+1

S K@ i
i=Hm+1
Hm 2 Hm
< Wor((1 = hy)"™ + a(lhkp + 1)k“(1 — hy)™™)
= Wok(a(lhkp + 1)k2 +1)(1 — hy)A™),
where the inequality is by Definition[I]and Lemma|g]

Finally, we have
|ce (e (M), ue(M)) — ¢ (f, ug)|
<lew (@e(M), ue(M)) — cr (27, ue(M))| + [ee (27, ue(M)) — e (z7, uy)|
<GDlx (M) — x| + GDlur (M) — ug]|
<GDWyra(lhrp + 1)(1 — hy) ™
where the second inequality is by Assumption 2] O

Then we can prove our main lemma:
Lemma 6. Under Assumption[I|and 2} Algorithm[I|attains the following bound of Rs:

pP— p—1(i+1)m—1
R; = mi (M, ..., M) — ul) < 3n(1 — hy)ImGDW, lh 1
5 A%b;f( Z le;n z},u) < 3n(l—hy) or*a(lhkp +1) .

Proof. By choosing 4
M’ = (K — K*) (I +h(A— BK*))""
We know that
MY = || (K = K*) (I + h(A = BK*)"™" || < 25°(1 = 7).
Therefore choose a = 2+ we have M = {M*} in the DAC policy update class M.
Then we have the analysis of the regret:
p—1 (i+1)m—1

m—ﬁ%ZﬁM M) Z > o«

Jj=im
—1(i+1)m—1 —1(i+1)m—1
1 1 — hy)m+1iD
]5}2}42 J% Z J% ), up) + e (1+ k) (1= hy)

<3n(1 — ) I"GDWyk3a(lhkp + 1),
where the first inequality is by Lemma 2] and the second inequality is by Lemma|[T4]
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: We clarify our contributions and basic problem setups in both abstract and
introduction.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: We discuss the limitation of our paper in Section[7}
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: We provide the full set of assumptions and a complete proof.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: We disclose the experiment details in Section [6]

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer:

Justification: Our code is very simple, just use the traditional SAC algorithm with one line
implement. Our main contribution is the theoretical analysis.
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* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
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* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: We specify all the training and test details in[6]
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* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
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* The answer NA means that the paper does not include experiments.
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of the mean.
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of Normality of errors is not verified.
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