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Revisiting Vanilla Bayesian Optimization in High-Dimensional
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Abstract
Recent work on high-dimensional Bayesian op-
timization (BO) suggests that well-configured
“vanilla” Gaussian-process BO can be surprisingly
competitive in continuous domains. We revisit
this claim in a different regime: high-dimensional
permutation spaces under limited black-box evalu-
ation budgets. In this setting, the factorial growth
of the search space, distance concentration, and
rugged local structure make full-space global ker-
nels weakly discriminative, so acquisition opti-
mization becomes unreliable. We study this fail-
ure mode empirically and propose VaPBO, a sub-
space BO framework that combines stochastic
active-item selection, Merge-kernel modeling on
the induced sub-permutation, and structure-aware
completion of inactive items. Our revised exper-
iments separate the roles of variable selection,
surrogate guidance, and local search. They show
that strong local search is an important driver, but
subspace modeling and acquisition guidance fur-
ther improve performance: on high-dimensional
tasks, VaPBO-GLS obtains the best average rank
among fourteen baselines and ablations. These re-
sults refine, rather than contradict, the continuous-
space vanilla BO narrative: vanilla ingredients
remain useful, but high-dimensional permutation
optimization benefits from subspace structure and
careful search attribution.

1. Introduction
Bayesian optimization (BO) is a standard framework for op-
timizing expensive black-box functions when gradients are
unavailable and evaluations are costly (Shahriari et al., 2015;
Frazier, 2018; Garnett, 2023). Classical BO with Gaussian
processes (GPs) (Rasmussen & Williams, 2006) often strug-
gles as dimensionality increases (Binois & Wycoff, 2022).
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To address this issue, high-dimensional BO has traditionally
used structural assumptions such as additive decomposi-
tions (Kandasamy et al., 2015; Rolland et al., 2018; Mutný
& Krause, 2018), low-dimensional embeddings (Wang et al.,
2016; Letham et al., 2020; Papenmeier et al., 2022), and
axis-aligned variable selection (Li et al., 2017; Eriksson &
Jankowiak, 2021; Song et al., 2022).

This conventional view has recently been challenged in
continuous domains. Several studies show that standard
GPs, when equipped with robust initialization, dimension-
aware length-scale scaling, and reasonable acquisition op-
timization, can match or outperform more complex high-
dimensional BO methods (Hvarfner et al., 2024; Xu et al.,
2025; Papenmeier et al., 2025). This “vanilla BO” narra-
tive, however, is primarily established for continuous search
spaces with standard kernels such as RBF or Matern kernels.
It does not automatically transfer to permutation spaces,
where the search domain grows factorially and where kernel
similarity is governed by discrete order structure rather than
Euclidean distance.

We therefore revisit vanilla BO in high-dimensional per-
mutation spaces. A permutation space Sn has size n!, and
random permutations become nearly equidistant as n grows.
This distance concentration weakens global permutation ker-
nels because most unobserved candidates look similarly far
from the design set. In addition, local edits in permutations
often induce rugged objective changes, making acquisition
optimization difficult. These properties create a regime
in which full-space global-kernel BO can remain poorly
discriminative even when continuous-domain vanilla BO
heuristics are applied.

To study this regime, we propose VaPBO, a variable-
selection framework for permutation BO. VaPBO repeatedly
selects an active subset of items, fits a Merge-kernel GP on
the induced sub-permutation, optimizes the acquisition func-
tion in this lower-dimensional subspace, and reconstructs
a full permutation through a structure-aware Best-K fill-in
rule. The method is intentionally simple: random active-
set selection is not meant to assume independence among
permutation variables, but to provide a stochastic projec-
tion that reduces distance collapse under a fixed evaluation
budget.
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Our revised empirical study focuses not only on final perfor-
mance but also on attribution. We compare against Random
Search, Vanilla BO with continuous relaxation, TuRBO with
continuous relaxation, BOPS, Merge-BO, Vanilla Merge-
BO, and local-search-only variants. We also separate the
contribution of variable selection, local search, and GP-
based acquisition guidance. The results show that vari-
able selection plus greedy local search is already strong,
but surrogate-guided VaPBO-GLS provides the best over-
all high-dimensional rank. Thus, our conclusion is condi-
tional rather than absolute: in high-dimensional permutation
spaces with limited evaluations, subspace structure is often
needed to make BO effective, while strong local search
remains a major part of the optimization engine.

Our contributions are summarized as follows:

• Diagnosis: We identify distance concentration and rugged
local structure as high-dimensional pathologies that make
full-space permutation kernels weakly discriminative un-
der limited budgets.

• Methodology: We propose VaPBO, a simple subspace
BO protocol that combines stochastic active-item selec-
tion, subspace Merge-kernel modeling, acquisition opti-
mization, and Best-K completion.

• Attribution: We add matched-budget ablations that dis-
entangle local search, variable selection, and surrogate
guidance, clarifying where the gains come from and where
GP guidance has limited marginal effect.

• Evaluation: We evaluate on combinatorial and real-world
EDA / AI-for-Science tasks, adding stronger baselines,
low-dimensional boundary tests, corrected statistical com-
parisons, and behavior-level OTSD analyses.

2. Background
This section formalizes Bayesian optimization in permu-
tation spaces, reviews permutation kernels, and positions
our study relative to continuous high-dimensional BO and
discrete BO baselines.

2.1. Bayesian Optimization in Permutation Spaces

Let [n] = {1, . . . , n} denote n items. A permutation can
be represented as a ranking vector π ∈ Sn, where π(i) is
the position of item i. The search space is the symmetric
group Sn with cardinality |Sn| = n!. We consider expensive
black-box functions over permutations f : Sn → R.

Bayesian Optimization on Sn. BO over permutations fol-
lows the standard BO loop, but replaces Euclidean kernels
with permutation-aware similarities. Given observations
Dt = {(πi, yi)}ti=1 with yi = f(πi) + ϵi, a GP surrogate

GP(µ0,K(π, π′)) is fitted to obtain a posterior mean µt(π)
and uncertainty σt(π). An acquisition function αt(π) such
as expected improvement (EI) (Mockus, 1994; Jones et al.,
1998) is then maximized over Sn to propose the next evalu-
ation point. Continuous relaxation (CR) provides a simple
alternative by optimizing in a continuous box and mapping
continuous vectors to permutations via sorting, but this rep-
resentation can discard algebraic order structure.

• Mallows kernel. Mallows kernel adapts the RBF frame-
work to the symmetric group via the Kendall-tau distance
dKT (Jiao & Vert, 2015; Deshwal et al., 2022). This dis-
tance counts discordant pairs between two rankings. It
can be written through an implicit pairwise-comparison
feature map ΦMal(π) ∈ {0, 1}n(n−1)/2:

KMallows(π, π
′) = exp

(
−λdKT(π, π

′)
)

= exp

(
−∥ΦMal(π)− ΦMal(π

′)∥22
2ℓ2

)
.

While mathematically robust, the Mallows kernel has
O(n2) feature dimensionality, which becomes costly in
high-dimensional regimes.

• Merge kernel. The Merge kernel (Xie & Chen, 2025)
uses the fixed comparison path of merge sort to produce
a structured representation ΦMer(π) ∈ {0, 1}Θ(n logn).
This compact representation is attractive for high-
dimensional permutation BO and is the kernel backbone
used in this work. Details are provided in Appendix A.2.

2.2. Related Work and Scope

Continuous high-dimensional BO and the vanilla
paradigm. High-dimensional BO traditionally relies on
structural priors, including additive models (Kandasamy
et al., 2015; Rolland et al., 2018; Mutný & Krause, 2018),
embeddings (Wang et al., 2016; Letham et al., 2020; Papen-
meier et al., 2022), and variable selection (Li et al., 2017;
Eriksson & Jankowiak, 2021; Song et al., 2022). Recent
continuous-domain studies argue that standard GPs can be
much stronger than expected when length scales, priors, and
acquisition optimization are configured carefully (Hvarfner
et al., 2024; Xu et al., 2025; Papenmeier et al., 2025). Our
study does not refute these continuous-space results. Instead,
it asks whether the same intuition remains sufficient after
changing both the search geometry and the kernel family to
high-dimensional permutations.

Discrete and permutation BO. Discrete BO covers a
broad range of spaces, including binary, categorical, se-
quence, graph, and permutation domains (Gonz
’alez-Duque et al., 2024). Methods such as ComBO (Oh
et al., 2019) exploit graph Cartesian products, while
BOPS (Deshwal et al., 2022) and Merge-BO (Xie & Chen,
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Figure 1. Empirical diagnosis of geometric collapse and concentra-
tion of measure in permutation spaces. (Left) At a representative
dimension of d = 50, the normalized distance distribution between
random pairs in Sn (red) is significantly more concentrated around
the mean than in Gaussian (blue) or Uniform (green) continuous
spaces. This concentration phenomenon renders global kernels
uninformative, as most candidates appear nearly equidistant to
the observed data. (Right) The 95% percentile interval width of
normalized distances exhibits a sharp, factorial-rate decay as di-
mensionality n increases. This “Geometric Collapse” indicates
that standard kernels fail to maintain discriminative power in high
dimensions, providing the fundamental motivation for the struc-
tural dimensionality reduction.

2025) specialize in permutation spaces. TuRBO (Eriksson
et al., 2019) is a strong continuous local BO method and can
be combined with continuous relaxation for permutation
tasks. We include these methods or their fair CR variants
in the revised comparisons. Our contribution is comple-
mentary: we focus on the geometry of high-dimensional
permutations, subspace surrogate modeling, and attribution
between local search and BO guidance.

Scope of the claim. Our central claim is conditional.
We study high-dimensional permutation spaces under lim-
ited black-box evaluation budgets. In this regime, full-
space global-kernel BO can be weakly discriminative be-
cause distances concentrate and acquisition landscapes are
rugged. Low-dimensional permutation tasks and longer-
budget regimes may behave differently; we therefore report
low-dimensional boundary results and budget sensitivity in
the appendix.

3. Principle-Driven Approach for
High-Dimensional Permutation Spaces

We first present an empirical diagnosis in Section 3.1, iden-
tifying two fundamental pathologies, i.e., geometric con-
centration of measure and topological ruggedness, which
cause standard GP surrogates to fail as dimensionality in-
creases. Motivated by these failures, Section 3.2 intro-
duces VaPBO, a principle-driven framework that restores
kernel informativeness. We detail how VaPBO leverages
sub-permutation variable selection to restore variance and
employs a structure-aware fill-in strategy to navigate the
permutation spaces effectively.

3.1. Analyzing the Properties of High-Dimensional
Permutation Spaces

Recent studies in continuous domains suggest that Vanilla
BO can achieve state-of-the-art performance in high di-
mensions without subspace techniques. In this section, we
investigate whether this “Vanilla Hypothesis” holds for the
permutation space Sn. Through the empirical analysis, we
identify two fundamental pathologies, i.e., geometric con-
centration and topological ruggedness, that render global
permutation kernels uninformative as n increases.

The Curse of Dimensionality: Geometric Collapse of
the Permutation Space. Unlike continuous search spaces
where the volume grows polynomially as cd, the cardinality
of the symmetric group Sn scales factorially (n! ≫ cd),
creating a fundamentally more sparse and complex opti-
mization landscape. In high-dimensional regimes, this com-
plexity is further compounded by the Concentration of Mea-
sure phenomenon, which dictates that the distances between
randomly sampled permutations converge tightly around a
central mean with vanishing variance as n increases. This
phenomenon is empirically diagnosed in Figure 1. At a
relatively low dimension of d = 50 (Left), the normal-
ized distance distribution for permutations is significantly
more peaked than its continuous counterparts (Uniform or
Gaussian), indicating that the vast majority of the space
resides at a nearly constant distance from any reference
point. More critically, as shown in the right sub-figure, the
95% percentile interval width of these distances exhibits a
sharp, factorial-rate decay, which is a pathology we define
as geometric collapse. This collapse implies that in high
dimensions, any unobserved candidate π∗ appears nearly
equidistant to all previously observed points in the dataset.

Impact on GP Modeling From a modeling perspective,
geometric collapse poses a catastrophic challenge for global
permutation kernels. When distances concentrate, the result-
ing Gram matrix tends toward an identity or a constant ma-
trix, effectively stripping the GP of its ability to distinguish
between near and far regions. Consequently, the surrogate
model fails to propagate information from the training data
to unobserved regions, causing the posterior mean to remain
flat and the acquisition function to become uninformative.

Topological Ruggedness and Surrogate Fragility. The
issues of geometric collapse induce significant topological
ruggedness, thereby posing a formidable challenge for GP
regression when applying BO to high-dimensional permu-
tation tasks. To evaluate model performance, we utilize
Negative Log-Likelihood (NLL) as the primary metric, as it
accounts for both predictive accuracy and uncertainty quan-
tification (Deshwal et al., 2022; Papenmeier et al., 2025),
which is a crucial balance for effective exploration and ex-
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Table 1. Comparison of Negative Log-Likelihood (NLL) results
for different methods after 200 iterations. Lower values indicate
better model calibration and uncertainty estimation. ID denotes
the results for the in-distribution test set, while OOD represents
the results for out-of-distribution points with better actual quality.

Metric CR Mallows Merge

Chip Placement (ID) 0.72 1.52 1.51
Biodiversity (ID) 0.54 1.51 1.51
Chip Placement (OOD) 1015.7 221.78 840.08
Biodiversity (OOD) 1251.32 854.67 1035.9

ploitation in BO. To further comprehensively assess the sur-
rogate models’ capacity to capture the underlying structure
of high-dimensional permutation spaces, we evaluate their
performance on two distinct test sets: an In-Distribution
(ID) set, mirroring the training data distribution, and an Out-
of-Distribution (OOD) set comprising points with superior
objective quality. This experimental design, a standard prac-
tice in offline model-based optimization (Kim et al., 2025;
Trabucco et al., 2022), is crucial for measuring a model’s
predictive ability on unseen, high-performing candidates.

The results in Table 1 reveal that while Continuous Relax-
ation (CR) achieves the lowest NLL on ID data, it has the
worst NLL on OOD data. The low ID-NLL of CR is a
deceptive indicator of performance, as it originates from
overfitting to structured noise rather than capturing the un-
derlying combinatorial topology. In contrast, permutation-
aware Mallows and Merge kernels exhibit superior OOD
robustness. They provide a compact and structure-aware
representation, effectively avoiding the structural inconsis-
tencies of continuous relaxation and achieving superior op-
timization performance. Despite these specialized kernels’
improvements, the overall high NLL values across all meth-
ods underscore the persistent challenges of fitting accurate
surrogates in high-dimensional permutation spaces.

Kernel Selection in High-Dimensional Permutation
Spaces. In high-dimensional permutation spaces, the
choice of kernel is governed by a critical trade-off between
the ability to capture global structural invariance and the
search efficiency driven by the compactness of the feature
space. While the Mallows (Jiao & Vert, 2015; Deshwal
et al., 2022) kernels offer robust distance metrics, their
O(n2) feature dimensionality leads to significant computa-
tional and statistical redundancy as the number of objects
n grows, severely limiting their sample efficiency in high-
dimensional regimes. In this work, the recently proposed
Merge kernel (Xie & Chen, 2025) is chosen because it lever-
ages the divide-and-conquer logic of merge sort to produce
a structured representation that matches the information-
theoretic lower bound of Θ(n logn) for lossless permuta-
tion encoding (Knuth, 1998). The construction of the Merge
kernel provides a scalable approach and significantly out-

performs both Mallows kernels and continuous relaxation
methods in both final regret and convergence speed.

Discussions on the Loss of Right-Invariance of Merge
Kernel. Although the Merge kernel offers compact fea-
ture dimensions and computational efficiency, it sacrifices
a crucial feature of traditional permutation kernels, i.e., the
right-invariance. A kernel K on Sn is right-invariant if
K(π, π′) = K(π ◦ σ, π′ ◦ σ) for any σ ∈ Sn, meaning that
the similarity depends only on the relative ordering (i.e.,
relabeling items does not change distances). This property
is desirable for classical permutation optimization where
the objective is defined purely over pairwise order relations,
where traditional distance-based kernels such as Mallows
satisfy it (Jiao & Vert, 2015). However, we argue that right
invariance is not a necessary property for practical problems.
In many physical and scientific domains, the absolute index
of a permutation element carries intrinsic semantic weight
that purely relative metrics fail to resolve. Take, for instance,
the biodiversity optimization task from AI-for-Science. In
this regime, a permutation π ∈ S2n represents the true tem-
poral sequence of global biological events, such as the first
and last appearance datums of various species. In such con-
texts, right-invariance is not a virtue but a limitation, as
it treats all positions as Sn-equivalent. The Merge kernel,
by anchoring its feature map to a fixed merge-sort path,
implicitly captures these absolute positional sensitivities.

3.2. Restoring Informative GP via Dimensionality
Reduction

As illustrated in the right sub-figure of Figure 1, the chang-
ing rate of concentration in permutation spaces is signifi-
cantly steeper than that in continuous spaces, suggesting
that dimensionality reduction is potentially more effective
for permutations. To mitigate the pathologies identified in
Section 3.1, i.e., the concentration of distance measures and
topological ruggedness, we propose VaPBO (Variable Se-
lection of Permutation with Bayesian Optimization). We
argue that applying recent vanilla techniques directly to
the full permutation space yields limited improvements, as
they cannot fundamentally counteract the intrinsic concen-
tration of measure. Therefore, to restore the discriminative
power of the GP, it is imperative to actively project the high-
dimensional Sn onto a lower-dimensional subspace where
the kernel’s distance distribution regains sufficient variance.

However, performing such a reduction on permutation struc-
tures is non-trivial and necessitates specialized architectural
designs. Unlike continuous domains where axes are inde-
pendent, dimensionality reduction in permutation spaces is
non-trivial due to the strict combinatorial constraints (i.e.,
the bijectivity of the permutation). VaPBO addresses this via
a dropout-style variable selection approach (Li et al., 2017)
tailored for Sn, integrated with a Structure-Aware Fill-in
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strategy to handle inactive dimensions. Detailed algorithm
flow of VaPBO is provided in Appendix A.3.

Permutation Subspace Definition. We define the vari-
able selection mechanism on the ranking representation. Let
π ∈ Sn be the permutation vector where π(i) denotes the
position of item i. In each BO iteration, we randomly select
a subset of active items I ⊂ {1, . . . , n} with cardinality
|I| = na < n. The optimization is then performed on the
subspace configuration z ∈ {1, . . . , n}na , which represents
the positions of the active items:

z = {π(i) | i ∈ I}.

Crucially, while standard variable selection in Euclidean
space fixes inactive dimensions to a seen value, fixing vari-
ables in Sn is constrained by the mutual exclusion of ranks.
The positions assigned to I dictate the available slots for the
inactive set Ic, creating a dependency that must be managed
by the fill-in strategy.

Subspace Modeling with Merge Kernel. To enable
sample-efficient learning, we construct the surrogate model
strictly over the active subspace. For any two permuta-
tions π, π′, their similarity is computed based solely on
the active items I. We employ the Merge Kernel on the
sub-permutation features:

Ksub(π, π
′; I) = KMerge(Φ(π)I ,Φ(π

′)I),

where Φ(·)I extracts the merge-sort comparison features rel-
evant only to the items in I. By restricting the kernel to na

dimensions, we artificially inject variance into the distance
distribution, preventing the Gram matrix from collapsing
to the identity, which is a necessary condition for effective
posterior inference in high-dimensional settings.

Structure-Aware Fill-in Strategies. A core challenge in
dimensionality reduction-based permutation BO is deter-
mining the configuration of the inactive items Ic. Since the
objective function f(π) requires a full permutation for eval-
uation, we employ a fill-in strategy Ψ that maps a subspace
configuration z to a valid full permutation π = Ψ(z;Ht),
potentially utilizing historyHt. A naive approach is to as-
sign the items in Ic to the remaining available positions uni-
formly at random. While this ensures unbiased exploration,
it disregards the high degree of conditional dependence
between variables. To combat landscape ruggedness and ex-
ploit known high-quality substructures, we introduce a Best-
k Position fill-in strategy. We maintain a set of the top-k
best solutions found so far, denoted as P∗

k = {π∗
1 , . . . , π

∗
k}.

For a candidate subspace configuration z (defining positions
for items I), we select a reference template πref ∈ P∗

k that
minimizes the positional distance in the active subspace:

πref = argmin
π∈P∗

k

∑
i∈I

(π(i)− zi)
2.

The full permutation is constructed by fixing the active items
according to z and filling the remaining positions using
the relative ordering of Ic found in πref . This acts as a
data-driven soft trust region, stabilizing the optimization by
ensuring that unoptimized dimensions adhere to structures
known to yield low objective values.

Acquisition Optimization. Optimizing α(π) over a re-
duced but still combinatorial subspace remains challenging.
We therefore study several acquisition/search operators un-
der a common evaluation protocol.

• Local Search (LS) explores the neighborhood of a candi-
date through swap operations. In VaPBO-LS, each neigh-
bor is evaluated by projecting it onto the active subspace
I and querying the subspace GP acquisition function.

• Greedy Local Search (GLS) allocates more
neighborhood-search effort around the current in-
cumbent rather than relying mainly on repeated random
restarts. This stronger exploitative operator is especially
useful in rugged permutation landscapes. Our revised
main variant, VaPBO-GLS, combines GLS with the
VaPBO subspace surrogate.

• Evolutionary Algorithm (EA) maintains a population
of sub-permutations and uses structured recombination to
explore disjoint acquisition regions.

• Gradient-Based Optimization (Grad) uses gradients in
the Merge feature space as a proxy search direction. We
also evaluate a LogEI version in Appendix B.2.

For attribution, we distinguish VaP variants, which use vari-
able selection and fill-in without GP acquisition guidance,
from VaPBO variants, which rank candidates using the sub-
space GP acquisition function. This distinction separates
gains from variable selection/local search from gains due to
surrogate guidance.

4. Experiments
We evaluate whether subspace modeling restores useful opti-
mization behavior in high-dimensional permutation spaces,
and we explicitly attribute gains to variable selection, surro-
gate guidance, and local search.

4.1. Settings and Tasks

Compared methods. We compare VaPBO with full-space
BO methods, continuous-relaxation baselines, local-search-
only variants, and no-surrogate VaP ablations.

• Unstructured and continuous-relaxation baselines:
Random Search samples full permutations uniformly;
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Figure 2. Best-so-far regret curves on high-dimensional tasks. The revised comparison includes Random Search, continuous-relaxation
BO baselines, permutation BO baselines, local-search-only baselines, VaP ablations, and VaPBO variants. VaPBO-GLS is strongest
overall, but VaP-GLS is also competitive, showing that variable selection and greedy local search account for a large part of the gain.

Vanilla BO (CR) applies standard BO in a continuous
relaxation and maps candidates back to permutations;
TuRBO (CR) applies TuRBO (Eriksson et al., 2019) un-
der the same CR protocol.

• Permutation BO baselines: BOPS (Deshwal et al., 2022),
Merge-BO (Xie & Chen, 2025), and Vanilla Merge-BO,
which augments Merge-BO with recent vanilla GP prac-
tices (Xu et al., 2025; Papenmeier et al., 2025).

• Local-search baselines: LS and GLS use the same
neighborhood-search families as our inner optimizers but
do not use VaPBO’s subspace GP guidance.

• VaP ablations: VaP-LS and VaP-GLS use stochastic ac-
tive sets and Best-K fill-in but remove GP acquisition
ranking. They isolate the effect of variable selection plus
local search.

• VaPBO variants: VaPBO-LS, VaPBO-GLS, VaPBO-EA,
and VaPBO-Grad combine subspace variable selection

with GP acquisition guidance and different acquisition
optimizers. Unless otherwise stated, na is set to 50% of
the total dimension and K = 3 for fill-in.

Evaluation protocol. All methods use matched initializa-
tion and matched black-box evaluation budgets within each
task. Following the high-dimensional permutation evalua-
tion regime of Merge-BO, combinatorial optimization tasks
use 50 evaluations. The EDA and biodiversity tasks use 80
evaluations because they are higher-cost application tasks,
while Appendix B.3 reports a unified-budget check at 50
evaluations. Each result is averaged over five independent
random seeds. We report mean ± standard deviation and
use Wilcoxon rank-sum tests with two-stage Benjamini-
Hochberg correction (TSBH) to control the false discovery
rate at 0.05 across task-wise comparisons.

Tasks. We evaluate on permutation BO benchmarks span-
ning controlled combinatorial problems and large-scale real
applications (Deshwal et al., 2022; Xie & Chen, 2025). The
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Figure 3. Average rank comparison on high-dimensional tasks.
Lower is better. VaPBO-GLS obtains the best average rank
(1.88/14). The gap between GLS (10.62/14), VaP-GLS (3.50/14),
and VaPBO-GLS (1.88/14) separates the contributions of local
search, variable selection, and surrogate-guided acquisition.

combinatorial suite includes traveling salesperson (TSP),
quadratic assignment (QAP), and traveling thief (TTP)
tasks. The application suite includes chip placement from
electronic design automation (Mirhoseini et al., 2021) and
biodiversity history reconstruction from quantitative pale-
obiology (Fan et al., 2020; Tang et al., 2024; Lu et al.,
2026). These tasks cover dimensions up to 318 and include
cases where permutation variables have strong coupling
constraints.

4.2. Main Results

Is full-space vanilla BO sufficient? The high-
dimensional results in Figures 2–3 and Table 2 suggest a
conditional answer: full-space vanilla BO is not sufficient
in the high-dimensional permutation regime considered
here. Vanilla BO (CR), Merge-BO, and Vanilla Merge-BO
improve on some tasks, but they do not close the gap to
the best subspace variants. This supports the claim that
continuous-space vanilla BO ingredients remain useful but
need additional subspace structure in permutation spaces.

Where do the gains come from? The attribution pattern
is more nuanced than a surrogate-only explanation. Lo-
cal search alone is weak in the high-dimensional compari-
son: GLS and LS rank 10.62/14 and 12.62/14, respectively.
Adding VaP-style variable selection and fill-in substantially
improves the same search shell, with VaP-GLS improving
over GLS from 10.62/14 to 3.50/14. Finally, GP-guided
acquisition adds a smaller but consistent improvement on
top of this strong shell, with VaPBO-GLS improving over
VaP-GLS from 3.50/14 to 1.88/14. Thus, the strongest per-
formance comes from combining subspace variable selec-
tion, surrogate-guided candidate ranking, and greedy local
exploitation; the surrogate is helpful, but not the sole source
of improvement.

Figure 4. OTSD analysis with VaP-GLS included. VaP-GLS
removes surrogate guidance while preserving the VaP subspace and
GLS search shell. The comparison separates trajectory geometry
from final optimization performance.

Calibration versus online gain. Table 3 shows that
reduced-space modeling improves ID/OOD NLL relative to
full-space baselines. However, better predictive calibration
does not necessarily translate one-to-one into large final
regret gains in rugged discrete landscapes, especially when
GLS already captures many immediate local improvements.
We therefore interpret the surrogate contribution as incre-
mental guidance for ranking and uncertainty-aware proposal
selection rather than as the only optimization driver.

Search behavior through OTSD. Figure 4 compares
OTSD trajectories for VaPBO variants and the VaP-GLS
ablation. OTSD measures the geometry of evaluated trajec-
tories, not the usefulness of acquisition ranking. VaP-GLS
without surrogate is the most exploitation-oriented variant,
while VaPBO-GLS shows a more balanced trajectory and
achieves the best average rank. This distinction explains
why similar or exploitative geometric traces do not imply
equivalence to random search.

Low-dimensional boundary. Our claim is not that di-
mensionality reduction is unconditionally necessary. In
low-dimensional tasks, BOPS and VaPBO-GLS are com-
parable, and BOPS can be strong. Appendix B.1 reports
low-dimensional rankings and ComBO comparisons. This
boundary result supports the scope of our claim: subspace
reduction is most useful in high-dimensional permutation
regimes under tight budgets.

5. Limitations and Scope
VaPBO uses random active-item selection. This simple de-
sign helps expose the distance-collapse bottleneck, but it
does not exploit objective-informed dependencies among
permutation variables. Dependence-aware active selection
is an important direction for future work. The results also
show that strong greedy local search explains a large frac-
tion of the performance gain; the GP surrogate provides
additional guidance, but its marginal contribution can be
compressed when the local-search shell is already strong.
In addition, improved OOD NLL should be interpreted as

7



385
386
387
388
389
390
391
392
393
394
395
396
397
398
399
400
401
402
403
404
405
406
407
408
409
410
411
412
413
414
415
416
417
418
419
420
421
422
423
424
425
426
427
428
429
430
431
432
433
434
435
436
437
438
439

Revisiting Vanilla Bayesian Optimization in High-Dimensional Permutation Spaces

Table 2. High-dimensional regret results. Each entry is mean ± standard deviation over five independent runs. The symbols −, +, and ≈
indicate whether the method is significantly worse, better, or comparable to VaPBO-GLS under a Wilcoxon rank-sum test with TSBH
correction at FDR 0.05.

Method TSP127 TSP318 QAP256 TTP280 CP1 CP2 Bio1 Bio2 Avg. rank

Random 8.36±2.50− 4.88±1.30− 632.43±51.01 ≈ 291.09±0.00− 55.80±7.99 ≈ 37.58±10.72− 1.27±0.15 ≈ 0.18±0.02 ≈ 9.88
LS 9.36±3.27− 6.71±2.45− 677.75±35.28− 290.95±5.95− 79.02±17.29 ≈ 44.49±11.49− 1.34±0.20− 0.19±0.03− 12.62
GLS 6.27±3.89 ≈ 7.47±2.11− 672.70±46.58− 284.80±6.29− 63.65±24.31 ≈ 29.12±9.74− 1.35±0.35 ≈ 0.18±0.06 ≈ 10.62
Vanilla BO (CR) 8.53±2.05− 4.89±1.79− 671.49±43.25− 108.22±12.58− 23.04±13.44 ≈ 18.74±8.89 ≈ 1.04±0.29 ≈ 0.15±0.03 ≈ 6.62
TuRBO (CR) 5.73±2.93 ≈ 3.00±1.11 ≈ 584.88±44.84 ≈ 286.44±4.20 ≈ 23.22±10.65 ≈ 9.29±4.71 ≈ 1.02±0.21 ≈ 0.15±0.03 ≈ 4.62
BOPS 7.39±2.90 ≈ 4.69±0.00− 634.93±51.81 ≈ 289.65±6.21− 59.79±16.29 ≈ 28.75±6.78− 0.83±0.12 ≈ 0.22±0.01 ≈ 8.88
Merge 7.72±2.67 ≈ 6.27±1.00− 666.78±38.21− 247.33±4.77− 56.74±10.50 ≈ 26.95±4.58− 1.22±0.17− 0.17±0.03 ≈ 9.38
Vanilla Merge 7.19±2.25 ≈ 5.22±1.88− 678.21±34.49− 174.35±141.78 ≈ 52.74±7.72 ≈ 25.43±3.79− 1.13±0.27 ≈ 0.19±0.02 ≈ 9.12
VaP-LS 7.30±2.16− 5.93±1.07− 710.54±33.62− 292.58±4.51− 85.80±15.30 ≈ 47.49±9.35− 1.43±0.18− 0.17±0.02 ≈ 12.25
VaP-GLS 4.75±3.11 ≈ 3.46±0.96 ≈ 582.57±34.42 ≈ 276.71±5.21− 26.42±15.70 ≈ 22.34±11.21 ≈ 0.54±0.23 ≈ 0.07±0.05 ≈ 3.50
VaPBO-Grad 5.25±1.69 ≈ 1.08±0.92 ≈ 646.96±17.00− 127.25±8.74− 54.22±10.57 ≈ 31.26±6.02− 1.10±0.18− 0.14±0.05 ≈ 5.75
VaPBO-EA 5.46±2.64 ≈ 3.99±1.26− 675.94±20.47− 86.63±34.54 ≈ 34.83±10.48 ≈ 18.20±11.98 ≈ 1.00±0.08 ≈ 0.16±0.01 ≈ 5.38
VaPBO-LS 6.53±1.94 ≈ 3.93±1.38− 647.01±55.04 ≈ 99.77±12.30− 41.89±21.02 ≈ 17.69±8.07 ≈ 0.75±0.14 ≈ 0.13±0.03 ≈ 4.50
VaPBO-GLS 3.90±1.87 1.64±1.31 579.68±24.42 64.40±7.57 50.64±28.78 7.30±6.86 0.43±0.36 0.11±0.07 1.88

Table 3. Reduced-space NLL results. Lower values indicate better
model calibration. Compared with the full-space results in Table 1,
VaPBO substantially improves OOD calibration on the application
tasks.

Metric Merge Vanilla Merge VaPBO

Chip Placement (ID) 1.51 52.45 1.30
Biodiversity (ID) 1.51 77.21 1.30
Chip Placement (OOD) 840.08 40.08 5.06
Biodiversity (OOD) 1035.9 52.87 11.03

better calibration rather than a guarantee of equally large
online optimization gains. Finally, the Merge kernel is not
right-invariant. This trade-off is acceptable for our applica-
tion tasks, where absolute item identities and positions can
carry semantic information, but kernels with stronger invari-
ance may be preferable for objectives whose symmetries
demand them. Our statistical analysis uses five independent
runs with corrected tests; this improves reliability but does
not eliminate all uncertainty under expensive evaluation
budgets.

6. Conclusion
We revisited vanilla BO in high-dimensional permutation
spaces and showed that conclusions from continuous do-
mains do not transfer automatically. Full-space global ker-
nels can become weakly discriminative because permuta-
tion distances concentrate and acquisition landscapes are
rugged. VaPBO addresses this regime through stochastic
subspace selection, Merge-kernel modeling, and structure-
aware completion. The revised experiments clarify the attri-
bution: variable selection and strong local search are major
drivers, while surrogate-guided acquisition provides addi-
tional improvements and the best overall high-dimensional
rank. These findings position VaPBO as a practical sub-
space BO framework and, more broadly, suggest that high-
dimensional permutation BO requires joint attention to ge-
ometry, surrogate calibration, and search operators.
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Impact Statement
This paper presents work whose goal is to advance the field
of Bayesian optimization in high-dimensional permutation
spaces. There are many potential societal consequences
of our work, none of which we feel must be specifically
highlighted here.
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A. Details of methods.
A.1. Distances on Sn.

A key ingredient for modeling permutations is a notion of
similarity/distance. Following standard practice in permuta-
tion BO (Deshwal et al., 2022; Oh et al., 2022; Xie & Chen,
2025), we highlight two widely used distances:

(i) Kendall distance counts the number of discordant pairs

dKT(π, π
′) = nd(π, π

′)

=
∑

1≤i<j≤n

I
[
(π(i)− π(j))

· (π′(i)− π′(j)) < 0

]
.

(ii) Position-based distances measure absolute position
discrepancies, e.g., the Spearman footrule

dpos(π, π
′) =

n∑
i=1

∣∣π(i)− π′(i)
∣∣.

These distances induce different invariances and inductive
biases; see Jiao & Vert (2015); Zaefferer et al. (2014) for a
systematic discussion.

A.2. Details of the Merge Kernel (Xie & Chen, 2025)

To mitigate the pathologies of geometric collapse and dis-
tance concentration in high-dimensional permutation spaces,
VaPBO utilizes the Merge Kernel as its primary surrogate
component. This section formalizes the construction of the
merge-sort-inspired feature mapping ΦMer(·) and discusses
the structural modifications required to ensure its validity
for GP inference, as shown in Algorithm 1.

Theoretical Motivation: Sorting as Feature Generation
The fundamental insight behind the Merge Kernel is that
any comparison-based sorting algorithm defines a unique
mapping from a permutation π ∈ Sn to a sequence of bi-
nary outcomes. By recording these outcomes (i.e., whether
a swap or a specific relative ordering was observed), we
can generate a feature vector that losslessly encodes the
structural information of the permutation.

However, a critical requirement for a kernel function is that
the feature mapping must be deterministic and reside in a
fixed-dimensional Hilbert space. While standard sorting
algorithms are often adaptive (with data-dependent execu-
tion paths), the Merge Kernel framework introduces a fixed
comparison path. This ensures that for any input, the algo-
rithm traverses a predetermined sequence of comparisons,
making the resulting feature vector ΦMer(π) compatible
with standard RBF kernels.

Algorithm and Implementation The mapping ΦMer(π)
is constructed via a recursive divide-and-conquer procedure.

Unlike vanilla merge sort, which terminates merging once
a sub-list is exhausted, our implementation employs Fixed-
Length Padding. This structural constraint ensures that
the feature dimensionality remains constant at Θ(n logn),
which corresponds to the information-theoretic lower bound
for lossless permutation encoding.

Algorithm 1 Merge Feature Mapping with Fixed Compari-
son Path

1: Function MERGEFEATURE(π, n):
2: Input: Permutation π ∈ Sn, dimension n
3: Output: Binary feature vector V
4: if n = 1 then
5: Return: [] // Base case: single element
6: end if
7: if n = 2 then
8: Return: [I(π[0] > π[1])] // Base case: single com-

parison
9: end if

10: mid← ⌊n/2⌋
11: VL ← MergeFeature(π[0 : mid],mid) // Recursive

split
12: VR ← MergeFeature(π[mid : n], n−mid)
13: // Track merge path using sorted sub-sequences
14: π̂l ← Sort(π[0 : mid]), π̂r ← Sort(π[mid : n])
15: VMerge ← [], i← 0, j ← 0
16: while i < length(π̂l) and j < length(π̂r) do
17: if π̂l[i] > π̂r[j] then
18: VMerge.append(1); j ← j + 1
19: else
20: VMerge.append(0); i← i+ 1
21: end if
22: end while
23: Apply fixed padding to VMerge to ensure length n− 1
24: Return: VL ⊕ VR ⊕ VMerge // Concatenate features

A.3. Detailed flow of VaPBO

This section provides a detailed procedural walkthrough of
the Variable Selection for Permutation Bayesian Optimiza-
tion (VaPBO) framework as formalized in Algorithm 2.

Stage 1: Dynamic Variable Selection. The algorithm be-
gins by identifying a subset of active items I ⊂ {1, . . . , n}
with cardinality na, where na < n. This selection is up-
dated periodically every Nupdate iterations to ensure that the
optimizer does not become trapped in a stagnant subspace.
By focusing only on na elements, we effectively project the
factorial search space onto a lower-dimensional manifold
where the distance distribution retains sufficient variance for
effective modeling. Note that our selection of dropout stems
from its simplicity, as it avoids introducing complex algo-
rithmic components. It functions as the simplest variable
selection algorithm, and in practice, any variable selection

11
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algorithm can replace it.

Stage 2: Subspace Projection and Modeling. Once the
active set is defined, all previously observed permutations
in the dataset Dt−1 are projected into their subspace repre-
sentations Z1:t−1. The GP surrogate is then fitted strictly
over this active subspace using the Merge Kernel. This
construction ensures that the kernel similarity is computed
based solely on the structural comparison features relevant
to the items in I, thereby preventing the Gram matrix from
collapsing into an uninformative identity matrix.

Stage 3: Acquisition Optimization. The acquisition func-
tion αt is maximized exclusively within the combinato-
rial subspace z ∈ {1, . . . , n}na . Although the underlying
search space remains discrete, the reduced dimensionality al-
lows for more intensive search strategies. While local search
serves as the default optimizer, VaPBO can be extended to
utilize evolutionary algorithms or gradient-assisted solvers
in the feature space to escape local optima and navigate the
rugged acquisition landscape.

Stage 4: Structure-Aware Reconstruction. To evaluate
the proposed candidate z∗t in the objective function f , it
must be mapped back to a valid full permutation πt ∈ Sn.
VaPBO employs the Best-k Position fill-in strategy, which
identifies a reference template from the top-k historical so-
lutions. By fixing the active items according to z∗t and
filling the remaining slots using the relative ordering found
in the template, the algorithm creates a data-driven soft trust
region that stabilizes the optimization against landscape
ruggedness.

Algorithm 2 VaPBO: Variable Selection of Permutation
with Bayesian Optimization

1: Input: Black-box function f : Sn → R, dimension n,
active dimension na, update frequency nupdate, fill-in
strategy Ψ

2: Initialize: Data D0 ← InitialDesign(), history H0 ←
D0

3: for t = 1, . . . , T do
4: // Variable Selection
5: if t (mod nupdate) == 0 then
6: Sample active index set It ⊂ {1, . . . , n} with

|It| = na uniformly at random
7: else
8: Keep previous active set It ← It−1

9: end if
10: // Subspace Projection & Modeling
11: Project observed permutations: Z1:t−1 ← {π(It) |

(π, y) ∈ Dt−1}
12: Fit GP surrogate Mt using Ksub(z, z

′) =
KMerge(Φ(z),Φ(z

′))
13: // Acquisition Optimization (in Subspace)
14: Find candidate: z∗t ← argmaxz αt(z | Mt) via

local search
15: // Structure-Aware Fill-in
16: Construct full permutation πt ← Ψ(z∗t ;Ht−1) //

Note: Ψ fixes It items and fills Ict using historical
bests

17: // Evaluation & Update
18: Evaluate yt ← f(πt) and update Dt ← Dt−1 ∪

{(πt, yt)}
19: Update history/strategy state (e.g., update Top-K list

in Ψ)
20: end for
21: Return: Best solution found πbest

B. Additional Results
B.1. Low-dimensional comparisons

Low-dimensional experiments provide a boundary condi-
tion for our main claim. Figure 5 summarizes the average-
rank comparison in these smaller settings, where BOPS
and VaPBO-GLS are comparable and BOPS can be highly
competitive. Figure 6 further compares against ComBO
on representative low-dimensional tasks. Together, these
results confirm that subspace reduction is not uncondition-
ally necessary; its advantage becomes clearer in the high-
dimensional regime.

B.2. Additional ablations and robustness

Best-K fill-in sensitivity. Figure 7 evaluates different val-
ues of K in the Best-K completion strategy. The effect
is generally moderate, and K = 3 provides a practical
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Table 4. Low-dimensional regret results. Each result is mean ± standard deviation over five independent runs. Symbols are defined as in
Table 2.

Method TSP10 QAP15 Floor Planning30 Cell Placement30 Avg. rank

Random 3.82±1.28− 14707.60±5128.01 ≈ 43.20±5.78− 71.80±3.71− 12.50
LS 1.01±1.33 ≈ 8040.80±2078.41 ≈ 36.80±11.79− 59.80±19.64− 7.75
GLS 0.28±0.25 ≈ 5136.00±1780.90+ 38.00±15.18− 32.80±8.73− 6.75
Vanilla BO (CR) 1.34±1.13 ≈ 11897.60±908.88 ≈ 30.20±10.48 ≈ 17.60±8.36− 7.25
TuRBO (CR) 3.40±2.49− 23452.00±5848.59− 37.00±15.07− 29.80±13.17− 10.50
BOPS 0.05±0.10+ 5053.60±3575.96 ≈ 37.00±17.89 ≈ 8.00±0.89 ≈ 3.75
Merge 0.13±0.20 ≈ 15536.00±4144.56 ≈ 37.20±10.01− 6.80±2.14 ≈ 7.50
Vanilla Merge 0.05±0.06+ 14934.00±3937.79 ≈ 39.40±11.09− 6.40±1.20 ≈ 6.25
VaP-LS 4.20±4.04− 10492.40±5213.00 ≈ 28.00±3.03− 52.40±32.89− 9.00
VaP-GLS 0.13±0.00+ 8210.40±3611.51 ≈ 11.60±11.76 ≈ 6.40±7.74 ≈ 2.75
VaPBO-Grad 0.52±0.34 ≈ 17500.80±1189.08− 26.60±13.97− 48.80±4.35− 8.75
VaPBO-EA 2.17±1.03− 15248.80±5784.04 ≈ 39.40±9.58− 44.20±10.55− 11.00
VaPBO-LS 2.09±1.85− 13924.40±2607.40 ≈ 19.00±6.87 ≈ 8.80±3.25 ≈ 6.75
VaPBO-GLS 0.36±0.25 10990.40±3278.00 15.80±5.53 5.80±3.12 3.75

Figure 5. Average rank comparison on low-dimensional tasks.
BOPS and VaPBO-GLS are comparable, indicating that special-
ized full-space permutation methods can remain strong when di-
mensionality is modest.

Figure 6. Low-dimensional comparison with ComBO. The plot
contrasts ComBO with the main low-dimensional baselines and
VaPBO variants, showing that ComBO is competitive in some
small problems. We therefore treat ComBO as an important
boundary-case baseline, while focusing the main benchmark on
high-dimensional settings where scalability becomes challenging.

Figure 7. Sensitivity to the Best-K fill-in parameter. The figure
compares VaPBO behavior under different numbers of historical
templates used for structure-aware completion, showing that a
moderate value such as K = 3 gives a stable trade-off between
exploiting strong incumbents and avoiding overdependence on a
single template.

trade-off between exploiting strong historical templates and
avoiding excessive dependence on a single incumbent.

LogEI for VaPBO-Grad. Figure 8 compares EI and Lo-
gEI for VaPBO-Grad. LogEI slightly improves stability
on several tasks, consistent with prior observations about
numerical stability in acquisition optimization.

B.3. Unified-budget sensitivity

Figure 9 reports a unified 50-evaluation comparison across
high-dimensional tasks. The relative ranking remains stable,
supporting that the main conclusions are not an artifact of
the 50/80 default split.
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Revisiting Vanilla Bayesian Optimization in High-Dimensional Permutation Spaces

Figure 8. EI versus LogEI for VaPBO-Grad. The comparison
isolates the acquisition objective used by the gradient-based variant
and shows that LogEI can improve numerical stability and final
performance on several tasks without changing the underlying
subspace modeling protocol.

Figure 9. Average rank comparison on high-dimensional tasks
under a unified 50-evaluation budget. This control removes the
default 50/80-budget split between combinatorial and application
tasks, and the stable ranking indicates that the main conclusion is
not an artifact of using larger budgets for EDA and biodiversity
tasks.

B.4. Original active-dimension and OTSD analyses

The active-ratio sensitivity in Figure B.4 shows that very
large active subsets can reintroduce distance concentration,
while moderate reduction is more reliable. The updated
OTSD analysis in the main text supersedes the original
appendix-only OTSD plot and clarifies that trajectory geom-
etry alone does not determine whether surrogate ranking is
useful.

Figure 10. Sensitivity of the active dimension ratio na/n. The plot
varies the fraction of active permutation elements used by VaPBO,
illustrating that overly large active subsets can reintroduce distance
concentration, while moderate reduction keeps the subspace more
informative.
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