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Abstract

The goal in thinning is to summarize a dataset
using a small set of representative points. Re-
markably, sub-Gaussian thinning algorithms can
match the quality of uniform subsampling while
substantially reducing the number of summary
points. However, existing guarantees cover only
a restricted range of distributions and kernel-
based quality measures and suffer from pes-
simistic dimension dependence. To address these
deficiencies, we introduce a new low-rank anal-
ysis of sub-Gaussian thinning that applies to any
distribution and any kernel, guaranteeing high-
quality compression whenever the kernel or data
matrix is approximately low-rank. To demon-
strate the broad applicability of the techniques,
we design practical sub-Gaussian thinning ap-
proaches that improve upon the best known guar-
antees for approximating attention in transform-
ers.

1. Introduction

This work is about thinning, finding a small set of repre-
sentative points to summarize a larger dataset. State-of-
the-art thinning techniques provably improve upon uniform
subsampling but only for restricted classes of kernel-based
quality measures and with pessimistic dependence on the
data dimension (see, e.g., Harvey & Samadi, 2014; Phillips
& Tai, 2020; Alweiss et al., 2021; Dwivedi & Mackey,
2024; 2022; Shetty et al., 2022; Li et al., 2024). We intro-
duce a new analysis for sub-Gaussian thinning algorithms
that applies to any kernel and shows that one can efficiently
identify a better-than-uniform set of representative points
whenever the kernel or data matrix is nearly low-rank. This
opens the door to a variety of impactful applications, in-
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cluding approximate dot-product attention in transformers.

Notation. For each n € N and a,b € R, we define
[n] £ {1,...,n},aAb = min(a,b), and aVb = max(a, b).
We let ||Allop, ||Allmax, and ||A||2,0c respectively repre-
sent the maximum singular value, absolute entry, and row
Euclidean norm of a matrix A. We also define the Eu-
clidean norm balls B™ £ {u € R™ : ||ullz < 1} and
B™(R) £ RB™ for each m € Nand R > 0. For an
event £ and an integrable random variable~X , we define
Ee[X] £ E[X - 1[€]]. We write a, < O(b,,) to mean
an < by, polylog(n).

2. Sub-Gaussian Thinning

Consider a fixed collection of n;, input points Xj, belong-
ing to a potentially larger universe of datapoints X =
{x1,...,x,}. The aim of a thinning algorithm is to se-
lect noy points from Aj, that together accurately summa-
rize Xj,. This is formalized by the following definition.

Definition 1 (Thinning algorithms). A thinning algorithm
ALG takes as input X, and returns a possibly random
subset Xy of size now. We denote the input and out-
put empirical distributions by Py, = n%“ Y ome X, 0, and
P = L ZweXom 0, and define the induced probability

Tout

vectors Py, Poue € An—1 over the indices [n] by

Dini = 1[93;17?‘2{] and poy; = Lzi€Xou] forall i € [n].

Tlout

When X C R?, we use X 2 [x4,...
denote the input point matrix so that

,xn]T € R g0

]EwNPin [:B} = XTpin and EmNPOUI [1:] = XTpoul'

We will use the following measure of summarization qual-
ity.

Definition 2 (Kernel max seminorm). Given two distribu-
tions p, v and a reproducing kernel k (Steinwart & Christ-
mann, 2008, Def. 4.18), and any indices T C [n], we fur-
ther define the kernel max seminorm (KMS)

||K(pm - pout)HI £ max;cr ‘eiTK(pin - pout)|' (1)

A common strategy for bounding the error of a thinning
algorithm is to establish its sub-Gaussianity.



Table 1: Examples of (K, v, §)-sub-Gaussian thinning algorithms. For input size n;,, output size ny > /T, and
||IK||max = 1 we report each sub-Gaussian parameter v and runtime up to constants independent of (ni,, noy, 6, K).

. SUBSAMPLING KH(0) KH-COMPRESS(0) GS-THIN GS-COMPRESS
Algorithm
Prop. B.1 Prop. B.2 Prop. B.5 Prop. B.6 Prop. B.10
Sub-Gaussian 1 V10g(nou/8)  \/log(nou) log(nou/d) 1 /10g(nou)
par ameter v V/ Tout Thout Tout Tout Tout
; 2 2 3 3
Runtime Nout ni, Nout ni, Nout

Definition 3 (Sub-Gaussian thinning algorithm). We
write ALG € G, 5(K) and say ALG is (K,v,d)-sub-
Gaussian, if ALG is a thinning algorithm, K is a symmetric
positive semidefinite (SPSD) matrix, v > 0, 6 € [0,1), and
there exists an event € with probability at least 1 —0 /2 such
that, the input and output probability vectors satisfy

2

Eglexp({(u, K(Piy, — Pour)))] < exp (%uTKu),Vu c R"™.

Here, the sub-Gaussian parameter v controls the summa-
rization quality of the thinning algorithm, and we see from
Tab. 1 that a variety of practical thinning algorithms are
(K, v, §)-sub-Gaussian for varying levels of v.

2.1. Examples of sub-Gaussian thinning algorithms

Perhaps the simplest sub-Gaussian thinning algorithm is
uniform subsampling: by Prop. B.1, selecting ngy: points
from Aj, uniformly at random (without replacement) is
(K, v,0)-sub-Gaussian with v = /[|K||max/+/Tou- Un-
fortunately, uniform subsampling suffers from relatively
poor summarization quality. As we prove in App. B.1.1,
its KMS is ©(1/4/Tou) meaning that ne, = 10000 points
are needed to achieve 1% relative error.

Proposition 1 (Quality of uniform subsampling). For
any T C [n], a uniformly subsampled thinning satisfies

2 -
E[HK(pin - pout)”I] > LM maX;er C1KeieiTK

— Tout Min—
for any SPSD K with Cx = 37| pi, Kii — P Kpyy.

Fortunately, uniform subsampling is not the only sub-
Gaussian thinning algorithm available.  For example,
the Kernel Halving (KH(J)) algorithm of Dwivedi &
Mackey (2024) provides a substantially smaller sub-
Gaussian parameter, v = O(y/10g(nou/d)/Nou), at the
cost of nZ runtime, while the KH-COMPRESS(4) al-
gorithm of Shetty et al. (2022, Ex. 3) delivers v =
O(+/10g(nou) 10g(1ou /3) /Tiout) in only n2, time. We de-
rive simplified versions of these algorithms with identical
sub-Gaussian constants in Apps. B.2 and B.5 and a linear-
kernel variant (LKH(9)) with n,d runtime in App. B.3. To
round out our set of examples, we show in App. B.6.1 that

two new thinning algorithms based on the Gram-Schmidt
walk of Bansal et al. (2018) yield even smaller v at the
cost of increased runtime. We call these algorithms Gram-
Schmidt Thinning (GS-THIN) and GS-COMPRESS.

3. Low-rank Sub-Gaussian Thinning

One might hope that the improved sub-Gaussian constants
of Tab. 1 would also translate into improved quality met-
rics. Our main result, proved in App. C, shows that this is
indeed the case if the inputs are approximately low-rank.

Theorem 1 (Low-rank sub-Gaussian thinning). Fix any
8 €(0,1), r <n,and T C [n]. If ALG € G, s(K), then,
with probability at least 1 — §/2 — §':

1K (P — Pou)llz < vDzy/2l0g(3E). (@)

A
for DI = maX;c7z \/Kii~

Suppose that, in addition, X C R? and |K; — Kji| <
Lk||x; — ;|2 for some Lx > 0 and all i,j € I and
I € supp(py, ). Then, with probability at least 1 — /2 — &/,

1K (Pin = Pou)llz < vDzv/21log(4/6)(1 + Z2)
+vDz 32, /3 rank(Xz) log( G t5) - 3)

D%/\(RILK)

for Rr & max;cr lz;l|2 and Xz £ [mJZTeI

Let us unpack the two components of this result. First,
Thm. 1 provides a high-probability O(v+/log(|Z|)) bound
(2) on the KMS for any kernel and any sub-Gaussian thin-
ning algorithm on any space. In particular, the non-uniform
algorithms of Tab. 1 all enjoy O(log(nou)v/10g(|Z])/7out)
KMS, a significant improvement over the €(1/y/Tou)
KMS of uniform subsampling. Second, Thm. 1 provides a
refined O(v+/rank(Xz)log(RzLk)) bound (3) on KMS
for datapoints in R?. For bounded data, this trades an ex-
plicit dependence on the number of query points |Z| for a
rank factor that is never larger (and sometimes significantly
smaller) than d. We will make use of these results when ap-
proximating dot-product attention in Sec. 4.




4. Approximating Attention

Dot-product attention lies at the heart of the transformer
neural network architecture that has revolutionized natural
language processing, computer vision, and speech recog-
nition over the last decade (Vaswani et al., 2017; Dosovit-
skiy et al., 2021; Dong et al., 2018). Given a collection
of query, key, and value vectors (g;, k;,v;), each in R?,
dot-product attention computes the softmax matrix

D 'AV 4
for A;; = exp(<qz’fj>) D = diag(A1l,), and V;; = v;;.

T £ ATTENTION((q;)™ 1,(k:j,vj)] )=

While attention has enjoyed unprecedented success in cap-
turing long-range dependencies amongst datapoints, its
computation is expensive, requiring ©(d n?) time to con-
struct and multiply the matrix A. This bottleneck has in-
spired many practical approximate attention mechanisms
(e.g., Kitaev et al., 2020; Choromanski et al., 2021; Chen
et al., 2021), but, to our knowledge, only two guarantee
accurate reconstruction of the softmax matrix T (Zandieh
et al., 2023; Han et al., 2024). In this section, we design
a new fast attention approximation based on sub-Gaussian
thinning and derive guarantees that improve upon prior art.

4.1. Thinning attention in theory

Algorithm 1: Thinformer

Input: Queries, keys, and values (g,, ki, v;)j—1 in R, nou
// Define key-value attention kernel

kit (R, ), (K, ")) £ exp ((k, k) (8, )
// Thin augmented key-value pairs using Katt

= 1
Umax — nel[a')](H'UzHoo, (Ki, Di)i=y < (ki/dT, (Vi, Umax))iz1
1 n

Xowt < KH-COMPRESS(0.5)(Xin = (Ki, 0:)11, Katt, ou)
// Return exact attention on selected key-value subset

return T £ ATTENTION ((g;)11, {(k, v) : (K, D) € Xou})

Alg. 1 summarizes our new Thinformer module. At its
heart is a new key-value attention kernel k. that mim-
ics the special structure of the softmax matrix T. Alg. 1
uses the attention kernel and a high-quality thinning algo-
rithm, KH-COMPRESS(0.5), to subselect key-value pairs
and then computes exact attention (4) for the key-value
subset. In total, this requires only O(dn2,) time to
run KH-COMPRESS(0.5) and O(d n 1y ) time to compute
ATTENTION with n queries and ng, key-value pairs. In
contrast, computing the exact softmax matrix T with stan-
dard matrix multiplication requires ©(d n?) time. Our next
result, proved in App. D, shows that Alg. 1 also admits a
strong quality guarantee for approximating T.

Theorem 2 (Quality of Thinformer). With probability at

Table 2: Practical approximations with guarantees. For
each approximation T € R"*? to the softmax matrix T
(4), we report, up to a constant factor, the best worst-case
error guarantee for ||T T||imax given O(dn'*%) running
time and ~y-bounded (5) queries and keys. Here, the ratio
[Vlop/IIV]l2,00 lies in [1,/n] and 7 = 0.173 + o(1).

Approximation Guarantee
) 27 /d1og(n||V|max) log n
Thinformer 8 TJL LA Ly ['VI[2,00
2y+5(1+3)
n 2 2
KDEformer /2 “IVllop
 (logn) &
. n ogmn
HyperAttention e [ Vllop

least % Thinformer (Alg. 1) yields

2
(25 [V |2,00 4 /log (now) 10g (120 log, 72

Tout

)

HT - THmaX <

Tout

for ¢ £ 128

(d+ 1) 1og(3¢2(£2 +2)||V]|max) +

log(8)(4 + 1¢2§) and R & max;e(y) maX(sz-llz, 1gill2)-

To put this result into context, let us compare with the exist-
ing guarantees for practical attention approximation, sum-
marized in Tab. 2. Under the y-boundedness assumption,

max;e(, max(||k: |13, lg;|13) < yvdlogn,  (5)

the KDEformer approximation ’f‘kde (Zandieh et al., 2023,
Cor. 3.6) with 7 = 0.173 + o(1), the HyperAttention ap-
proximation ’f‘hyp (Han et al., 2024, Thm. 1) with no mask-
ing, and the Thinformer approximation ’i‘thin guarantee

2v+5(1+3)

||r/fkde - T”max S O(nW : HV”Op)
- 17y 1
HThyp - T”max S O(%# ||VH0P)

27/ dlog(n]|V||max) log n

ne

||Tthin - T”max S O(n

)

with O(dn'*®) runtime and probability at least 5. The
Thinformer guarantee exhibits four improvements over its
predecessors. First, it establishes a significantly faster er-
ror decay rate (n~% versus n~%2 or n=%/%) for a given
subquadratic runtime nlte, Second, it reduces the depen-
dence on the error inflation factor . Third, like the Hy-
perAttention guarantee, it eliminates all dependence on the
KDEformer penalty parameter 7. Finally, it reduces depen-

Ve ¢ [1, )

Put otherwise, with bounded || V|2, o0, Tthm can provide

consistent (i.e., ||’i‘thin — T|lmax — 0 as n — oo) sub-
quadratic estimation whenever + is bounded away from 1,/2

dence on the value matrix by a factor of %



Table 3: Quality of T2T-ViT attention approximations on ImageNet. We report mean Top-1 accuracy 41 standard
deviation across five random seeds and mean forward pass runtime +1 standard deviation across 50 batches of 64 images.

Attention Algorithm Top-1 Accuracy (%)

Layer 1 Runtime (ms)

Layer 2 Runtime (ms)

18.48 +0.12 1.40 £ 0.01
2.54+£0.01 0.60 = 0.01
7.84 £ 0.03 1.53+0.01
5.39+0.03 2.28 £0.03
6.86 = 0.02 1.55 £0.03
2.06 £ 0.01 0.54 £ 0.00

Exact 82.55+0.00
Performer 80.56 £ 0.30
Reformer 81.47 £ 0.06

KDEformer 82.00 + 0.07
Scatterbrain 82.05 £ 0.08
Thinformer (Ours) 82.18 £ 0.05

Table 4: Quality of BigGAN attention approximations for image generation. We report Frechet Inception Distance
(FID) with the ImageNet validation set, Inception Scores (IS), and forward pass runtime for computing the approximate
softmax matrix (4) on an NVIDIA A100 GPU. A lower FID or higher IS indicates better image generation quality.

Method FID () IS (1) Runtime (ms)
Exact 23.86  50.30 & 3.94 5.61
Reformer 75.19 13.14 £ 1.66 7.98
Performer 29.68 29.30 £ 2.18 1.58
KDEformer 21.86  48.82 £ 3.85 6.87
Thinformer (Ours) 21.70  48.96 + 3.65 2.37

and guarantee, for example, O(ﬁ) error in O(dn2127)

time. In contrast, the dee and ’f‘hyp bounds require
quadratic runtime to guarantee O(ﬁ) error in the best
case (|| Vl]lop = O(1)) and cannot guarantee consistent sub-
quadratic estimation in the worst case (||V||op = Q(y/n)).

4.2. Thinning attention in practice

To gauge the practical effectiveness of Alg. 1, we recre-
ate the benchmark Tokens-To-Token Vision Transformer
(T2T-ViT) and BigGAN image generation experiments of
Zandieh et al. (2023). In the T2T-ViT experiment, attention
approximations are scored on their ImageNet classification
accuracy and computational expense when used as drop-in
replacements for the two most expensive attention layers in
a pretrained T2T-ViT neural network (Yuan et al., 2021).
In the BigGAN experiment, approximations are scored on
their computational expense and two popular measures of
image generation quality, the Frechet Inception Distance
(FID, Heusel et al., 2017) and Inception Score (IS, Sali-
mans et al., 2016). Using the exact implementations and
settings provided by Zandieh et al. (2023), we benchmark
our PyTorch implementation of Thinformer against exact
attention and four leading attention approximations: Per-
former (Choromanski et al., 2021), Reformer (Kitaev et al.,
2020), ScatterBrain (Chen et al., 2021), and KDEformer.

In Tab. 3, we find that Thinformer provides the highest
Top-1 accuracy on the ImageNet 2012 validation set (Rus-

sakovsky et al., 2015), while running faster than all of the
alternatives. In Tab. 4, Thinformer (g = 2) yields better
FID and IS than all of the alternatives while running signif-
icantly faster than exact, KDEformer, and Reformer. Per-
former runs faster still but at the expense of substantially
worse FID and IS. The final attention call of Thinformer
can also be combined with optimized attention implemen-
tations like FlashAttention (Dao et al., 2022; Dao, 2024) to
further reduce the time and memory footprint. See supple-
mentary experiment details in App. E.

5. Conclusion

This work introduced a new analysis of thinning algo-
rithms that adapts to low-rank structures. We exploited
this adaptivity to design fast algorithms with strong qual-
ity guarantees for dot-product attention in Transformers.
More broadly, our techniques provide a general framework
for reducing computational resource use in machine learn-
ing. Such tools have the potential to reduce energy costs
and environmental harms from model training, inference,
and evaluation and to improve accessibility in resource-
constrained settings, all while provably maintaining high
quality.
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A. Appendix Notation and Definitions

We often use the shorthand (a), £ max(a,0) as well as the shorthand k(X', X') to represent the matrix (k(a;, xi))i i1
In addition, for each kernel k, we let Hy and ||-||x represent the associated reproducing kernel Hilbert space (RKHS) and
RKHS norm, so that By = {f € Hx : || f|lx < 1} and define

(Pin - IP>0ut)k £ nim Za:EXm k(:c, ) - ﬁ erXOU‘ k(a:, )
We also relate our definition of a sub-Gaussian thinning algorithm (Def. 3) to several useful notions of sub-Gaussianity.

Definition A.1 (Sub-Gaussian vector). We say that a random vector w € R" is (K, v)-sub-Gaussian on an event & if K
is SPSD and v > 0 satisfies

2

Ee[exp(u' Kw)] < exp(% -u'Ku) forall ueR" (6)

If, in addition, the event has probability 1, we say that w is (K, v)-sub-Gaussian.

Notably, a thinning algorithm is (K, v, §)-sub-Gaussian if and only if its associated vector p;, — P,y is (K, v)-sub-Gaussian
on an event £ of probability at least 1 — §/2.

Definition A.2 (Sub-Gaussian function). For a kernel k, we say that a random function ¢ € Hy is (k, v)-sub-Gaussian
on an event & if v > 0 satisfies

Eelexp((f, o))] < exp(% - || f|2) forall f e Hy. (7)



If, in addition, the event has probability 1, we say that ¢ is (k, v)-sub-Gaussian.

Our next two lemmas show that for finitely-supported signed measures like P, — Py, this notion of functional sub-
Gaussianity is equivalent to the prior notion of vector sub-Gaussianity, allowing us to use the two notions interchangeably.
Hereafter, we say that k generates a SPSD matrix K if k(X, X) = K.

Lemma A.1 (Functional sub-Gaussianity implies vector sub-Gaussianity). In the notation of Def. 3, if (P, — Poy )k is
(k, v)-sub-Gaussian on an event £ and k generates K, then the vector p;, — Doy is (K, v)-sub-Gaussian on E.

Proof. Suppose (P, — Poy )k is (k, v)-sub-Gaussian on an event &, fix a vector u € R, and define the function
fu 230 wik(-,2;) € Hy.
By the reproducing property,
T K(Piy — Pow) = (fu: (Pin — Pouk)i  and || full§g = v Ku. ®)

Invoking the representations (8) and the functional sub-Gaussianity condition (7) we therefore obtain

Ee [exp(u” K(piy — Pou)] = Eelexp((fu, (Pin = Poudk)ic)] < exp([fullf - %) = exp(uKu - 4),

so that p;, — P, is (K, v)-sub-Gaussian on the event £ as claimed. O

M)

Lemma A.2 (Vector sub-Gaussianity implies functional sub-Gaussianity). In the notation of Def. 3, if p;, — Pou IS
(K, v)-sub-Gaussian on an event £ and k generates K, then (P, — Poy )k is (k, v)-sub-Gaussian on E.

Proof. Suppose p;,, — Doy 18 (K, )-sub-Gaussian on an event &, fix a function f € Hy, and consider the set

{fu S5 wk(hx) i u € R"}.

Since L is a closed linear subspace of Hy, we can decompose f as f = f,, + f1, where u € R™ and f, is orthogonal to
L (Rudin, 1991, Theorem 12.4), so that

15 = I fulle + LI and [Ifullk = v Ku. C)

Invoking the orthogonality of f, and (P, — Poy)k € L, the reproducing property representations (8), and the vector
sub-Gaussianity condition (6), we find that

Eglexp((f, (Pin — Pou)k)k)] = Eglexp({fu + f1, (Pin — Pou)k)x)] = Ee [GXP(UTK(Pm - Pout)])
(C)]
< exp(uKu-5) < exp(|f[} - %),
so that (Py, — Pou )k is (k, v/)-sub-Gaussian on the event & as claimed. O
We end our discussion about the versions of sub-Gaussianity considered above by presenting the standard fact about the

additivity of sub-Gaussianity parameters under summation of independent sub-Gaussian random vectors, adapted to our
setting.

Lemma A 3 (Vector sub-Gaussian addltwlty) Suppose that, for each j € (m], A; € R™ is (K, v;) on an event £; given
Aroy 2 (A1, ,Aj) and E<j1 & 5 Then 3700, Ajis (K, (307, Vf)l/Q)-sub-Gaussian on E<p,.

Proof. LetE<s =] ;=1 &j for each s € [m]. We prove the result for Z; = 37 1 Aj by induction on s € [m]. The result
holds for the base case of s = 1 by assumption. For the inductive case, suppose the result holds for s € [m — 1]. Fixing
u € R”, we may apply the tower property, our conditional sub-Gaussianity assumption, and our inductive hypothesis in
turn to conclude

E [exp((u, K Y251 A1 [E<ot]| = E[exp((u, K T, Aj)LE< Elexp((w, A1) 1 o] | Av, ]|
2 s+l 2

< E[exp((u, K>, Aﬁ)l[é’gs]} exp(% : uTKu) < exp (@ ‘u'Ku).

Hence, Z,. 1 is (K, (Z;Jr} v2)!/2)-sub-Gaussian on €<, 1, and the proof is complete. O
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B. Proof of Tab. 1: Sub-Gaussian Thinning Examples

This section provides supplementary details for each of the sub-Gaussian thinning algorithms of Tab. 1.

B.1. SUBSAMPLING
B.1.1. PROOF OF PROP. 1: QUALITY OF UNIFORM SUBSAMPLING

We begin by computing the first and second moments of p,,: E[p,,] = p;, and

: in(Mou—1 : in— Thout in (Tour—1
E[poutpllt] = %Oul dlag(pin) mﬁ(pmpm - i dla’g(pin)) = (u) dla‘g(pm) mﬁpmpl

Tlout

Hence,

E[MMDg (Piy, Pou)] = Py KPin — 2P0 KE[poy] + E[pyKPou] = tr(KE[po,poul) — P Kpi,
= (Mo (tr(K diag(py,)) — P Kpy) = 0 (M) Ok (10)

Thout

To derive the second advertised result, we note that

E[”K(pm - pout)”%] Z maXiGIE[(e;rK(pin - pout)) ] maXZGIE[MMDKe e (plmpout)]

and invoke the initial result (10) to conclude.

B.1.2. SUB-GAUSSIANITY OF SUBSAMPLING

Proposition B.1 (Sub-Gaussianity of uniform subsampling). For any SPSD K € R"™*™, uniform subsampling (without
replacement) is a (K, v, 0)-sub-Gaussian thinning algorithm with

v FANRY ”K”max

- 1/ Mout .
Proof. Fix any vector w € R™, and let Jy, ..., J,, be the random indices in [n] selected by uniform subsampling. Since
w ' K(py — Pow) = — Yoi uK(p,, — ey,) is an average of mean-centered scalars drawn without replacement and

Tlout

satisfying

lu'Key,| < Vu'Kuy/e] Kej, < VI K[[maxVuTKu  with probability 1
by Cauchy-Schwarz, Thm. 4 and equations (1.8) and (4.16) of Hoeffding (1994) imply that
Elexp(u K (P, — Pou))] < exp(15 2 uTKu).

B.2. KH(5)

In this section, we analyze KH(d) (Alg. B.1), a variant of the Kernel Halving algorithm (Dwivedi & Mackey, 2024, Alg. 2)
with simplified swapping thresholds. Prop. B.2, proved in App. B.2.1, establishes the sub-Gaussianity of KH(J) and its

intermediate iterates.
Proposition B.2 (Sub-Gaussianity of KH(d)). Suppose ny, > 2. In the notation of Alg. B.1, on a common event £ of

probability at least 1 — 6/2, for all i € [nin/2], %%’ is (k, v;)-sub-Gaussian with

log(2nin/8) log(2ni, /6 \/log(2ni, /6
v, = bmax i \/ g2 /9) \/ g(Qi /%) maXx;e4) MMDk(éwzjfuéﬂ&j) < # max;eyq) MMDk(éfBZj—l’(stj)

<= log(%'"/é 2 min(maxzex, Vk(x, ), maxgex, MMDy (05, Pin)).

Prop. B.2 and the triangle inequality imply that (Pi, — Pou)k = —=,,, /2 is (k, v)-sub-Gaussian on € with

V = Bmax,nin/2 V108 (2rn /) < Vlog(2nn /) 2min(maxgex, VK(z, ), maxgex, MMDg (0, Pin)).

Min Min

By Lem. A.1, we thus have that the KH(d) output p;, — p, 18 (K, v/)-sub-Gaussian on £ for K generated by k and that
KH(J) € G, 5(K).



Algorithm B.1: KH(9): Kernel Halving with simplified swapping thresholds and failure probability /2

Min

Input: point sequence X, = (z;);"; with even ni,, kernel k

SM 8@ {}; 1/10 < 0 € Hy /Initialize empty coresets: S*, S@ have size i after round i
bmax,i < 0 / Max function norm so far

fori=1,2,...,nn/2do

/I Construct kernel difference function using next two points

(z,2') « (201, ®2); fi ¢ k(®2i—1,-) —k(®24,"); 1 + —1

// Compute swapping threshold a;

b? = Hf’b HIQ( :k(mv ac)+k(:c’, (B,) —2k($, x/); bmax,i = max(bi, bmax’ifl)

a; — bibmax,i(% + log(znlﬂ/5))

// Compute RKHS inner product <1Zi_1, fi>k, which has a simple form
ai = 75 k(@) — k(zg,2') =23, csm (k(z, ) — k(z,2))

/I Assign one point to each coreset after probabilistic swapping
(z,2') + (¢',2) and n; « 1 with probability min(1, 3(1 — S5)+)

SW .append(z); S@ .append(a’); ¥i ¢ Vi1 +nifi N =3 csok(@, )=, csmk(z,")

end
2 g i —
return X, = S, coreset of size nouw = nin/2

B.2.1. PROOF OF PROP. B.2: SUB-GAUSSIANITY OF KH(J)

We begin by studying the sub-Gaussian properties of a related algorithm, the self-balancing Hilbert walk (SBHW) of
Dwivedi & Mackey (2024, Alg. 3). By Dwivedi & Mackey (2024, Thm. 3(i)), when the SBHW is run on the RKHS Hy
with the same f; and a; sequences employed in KH(¢), the output ¢; of each round is (k, o;)-sub-Gaussian for

o2 .
320 and o? 207+ [HIR(+ZF (AR - 20), Vi>1, (an

The following lemma bounds the growth of the sub-Gaussian constants ¢; in terms of the swapping thresholds a;.

Lemma B.1 (Growth of SBHW sub-Gaussian constants). For each i, the SBHW sub-Gaussian constants (11) satisfy

a? a?

2ai4bf = 2ai_b1’bmax,i.

o} <c¢ for ¢ = maxjep max(b?,7;) and 7 =
Proof. We will prove the result by induction on .
Base case. o2 = b? < ¢ as desired.

Inductive case. Suppose 02 ; < ¢;_1. Then 07 = g(02_,) for g(x) = x + bZ(1 — z/r;). Note that the slope of g is
1—b2/r;forz <r;and1forz >r;. If1— bf/rz > 0, then g is increasing and its maximum value over [0, ¢;] is at ¢;. If,
on the other hand, 1 — b? /ri < 0, then ¢ first decreases and then increases so its maximum value over [0, ¢;] is either at 0
or at ¢. Since ¢; > max(r;, ¢;—1), 02 < max(g(0), g(c;)) = max(b?,¢;) = ¢;. The proof is complete. O

Invoking Lem. B.1, the assumption n;, > 2, and the fact that § — %2(/25/)6) is increasing on (0, 1], we find that

10g(2nm/5)M < bfnax ;log(2nin/9). (12)

1Og(2nm/5)M < p2 T

0 < by 2(log(2nin/9))? max,i

max, [

The first inequality in (12) and the definition (11) further imply that

a; = bibmax’i(% +1og(2nin/6)) > 0:b;1/210g(2nin /) > 0;—1b;+/210g(2n4/9).

Hence, by Dwivedi & Mackey (2024, Thm. 3(iii)), for each i € [ni,/2], the vector Jl of KH(0) coincides with the vector
¥; of SBHW on a common event & of probability at least 1 — §/2. Therefore, each 3-v; is (k, 5-0;)-sub-Gaussian on &,
implying the result.

10



Algorithm B.2: LKH(J): Kernel Halving with linear kernel and failure probability 6/2

Min

Input: point sequence Xin = (x;)7", with even nj, and ; € R?

SW S « {}; o+ 0€cR? // Initialize empty coresets: SV, S® have size 7 after round i
o0+ 0 /I Keep track of sub-Gaussian constant
fori=1,2,...,nn/2do
/I Consider two points
(m,m') < (:1:21-_1,:1:21-); i < —1
/I Compute swapping threshold a;
2 / /. _ )
bi = (-’ @ —a'); 0= gugm, 0
(ai,04) + get_swap_params (0;—1, b;, §;)
// Compute inner product
ai + (Yi1,® — ')
/I Assign one point to each coreset after probabilistic swapping
(w, ') < («',x) and n; <~ 1 with probability min(1, (1 — 21))
SW . append(z); S@ .append(z’); i e i1 + nifi

end

return X, =

SM | coreset of size now = Nin/2

function get _swap_params (o, b,9) :

a <+ max(bav/2log(2/5), b%)
0% + o2 +b%(1+ (6% —2a)0?/a?) 1
return (a,0);

B.3. LKH(5)

In this section, we analyze LKH(9) (Alg. B.2), the Kernel Halving algorithm of (Dwivedi & Mackey, 2024, Alg. 2) with
a linear kernel, k(z,y) = (zx,y), on R? and failure probability §/2. Notably, Alg. B.2 can be carried out in only O(nd)
time thanks to the linear kernel structure. Prop. B.3, proved in App. B.3.1, establishes the sub-Gaussianity of LKH(0) and
its intermediate iterates.

Proposition B.3 (Sub-Gaussianity of LKH(9)). Suppose ni, > 2. In the notation of Alg. B.2, on a common event £ of
probability at least 1 — 6/2, for all i € [nin/2], %1;1 is (k, v;)-sub-Gaussian with k(x,y) = (x,y) and

o \/log(Zni“(log(nin/2)+1)/5)

Vi 50 max;e( [[T2j—1 — T2
log (2 (log (nn/2)+1)/3 . _ _
< V/1og(2nin Oggn“/ )+)/ )Qmm(maxme;(m Viell2, maxgex, | — Z||2) for &= n% ZweXin 0.

Prop. B.3 and the triangle inequality imply that (P, — Poy )k = n%nqﬁnm /2 is (k, v)-sub-Gaussian on £ with

- \/log(2ni,.(log(nm/2)+1)/5) m

Min

AXjemy/2) 1T2i-1 — 25l

< \/log(Qni"(log.(nm/2)+1)/6)Qmin(maxmex}" 2], maxec,

Tin

x —x|2) for i:ﬁZweXme'

By Lem. A.1, we thus have that the LKH(4) output p;, — Py is (K, v/)-sub-Gaussian on £ for K generated by k and that
LKH(S) € G, 5(K).
B.3.1. PROOF OF PROP. B.3: SUB-GAUSSIANITY OF LKH(0)

We begin by studying the sub-Gaussian properties of a related algorithm, the self-balancing Hilbert walk (SBHW) of
Dwivedi & Mackey (2024, Alg. 3). By Dwivedi & Mackey (2024, Thm. 3(i)), when the SBHW is run on the RKHS Hx
with the same f; and a; sequences employed in LKH(J), the output ¢); of each round is (k, o;)-sub-Gaussian. Moreover,
since

a; > 0;,-1b;4/210g(2/6;) foreach i€ [ni/2],
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Dwivedi & Mackey (2024, Thm. 3(iii)) implies that, for each i € [niy/2], the vector ¢; of LKH(8) coincides with the
vector 1); of SBHW on a common event & of probability at least 1 — 6/2. Therefore, each %1/% is (k, %ai)—sub—Gaussian
on £. Finally, Dwivedi & Mackey (2024, (46)) shows that o; < v; for each i € [n;,/2], yielding the result.

B.4. RKH(5)

Algorithm B.3: RKH(¢): Repeated KH ()

Input: point sequence X, = (x;);"

1=

1> kernel k, output size nou € Nin/ oN

/I Repeatedly divide coreset size in half
m < 10gs (Nin/Mout)
for{=1,2,...,mdo X, < KH(5/m)(Xin, k) ;

return X, = Xin, coreset of size now = Nin /2™

In this section, we analyze repeated KH(d) (RKH(d), Alg. B.3), a variant of the KT-SPLIT algorithm (Dwivedi & Mackey,
2024, Alg. 1a) with simplified swapping thresholds. Our next result, proved in App. B.4.1, establishes the sub-Gaussianity
of RKH(9).

Proposition B.4 (Sub-Gaussianity of RKH(6)). If noy € nin/2" then RKH(6) (Alg. B.3) is (k, v)-sub-Gaussian with

v = -2 flog( P sl ten) ) min(mace v, /K(@, @), maxpe v, MMDye(8. Fin))

on an event £ of probability at least 1 — § /2.

By Lem. A.1, we thus have that the RKH(J) output p;,, — P,y is (K, v/)-sub-Gaussian on € for K generated by k and that
RKH(5) € G, 5(K). Finally, v = O(Y2"/)) yhen noy > +/mim.

Tout

B.4.1. PROOF OF PROP. B.4: SUB-GAUSSIANITY OF RKH(0)

Let ¢ = 2min(maxgex, /k(®, ), maxgex, MMDy (84, Pin)), and, for each ¢ € [m], let ¥(©) represent the vector
Yp,,/2¢ produced at the end of the /-th call to KH(J). By the proof of Prop. B.2 and the union bound, on an event £ of

2871

probability at least 1 — §/2, (J(e))ge[m] = (w(e))ge[m], where each me“) is (k, v(¥))-sub-Gaussian given (w(j))jg[g_l]
for

0 _ . log(2ninm/(2’5*15))_

(
v njp /2671

Hence, on &, the weighted sum

22—1

~ £—1
(Pin - ]Pout)k = Zee[m] Ton UJ(@ = Zze[m] %1//(2)

is (K, /2 repm) (v(©))2)-sub-Gaussian by Dwivedi & Mackey (2024, Lem. 14). Finally, by Dwivedi & Mackey (2024,
Eq. (63)), 1/nge[m](u(e))Q <.

B.5. KH-COMPRESS(0)
In this section, we analyze KH-COMPRESS(J) (Alg. B.4), a variant of the KT-SPLIT-COMPRESS algorithm (Shetty et al.,
2022, Ex. 3) with simplified swapping thresholds.

Proposition B.5 (Sub-Gaussianity of KH-COMPRESS(5)). If oy € /Tin 2" then KH-COMPRESS(6) (Alg. B.4) is
(k, v)-sub-Gaussian with

v=->1 \/logZ(nom)log(%m“/w)maxmex k(z, )

Tout mn

on an event & of probability at least 1 — /2.
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Algorithm B.4: KH-COMPRESS(d): Compress with KH halving and failure probability §

Input: point sequence Xin = (x;)}",, kernel K, nou € y/Tin - 27
g  logs (Mout/+/Min) // identify compression level

function compress (S) :

if |S| = 4° then return S
Partition S into four arbitrary subsequences {S; }i—; each of size |S|/4
fori=1,2,3,4do
‘ Si + compress (S;) // return coresets of size 29 - %
end
S <+ CONCATENATE(S1, S2,83,84); £+ 2-29-,/|S| [/l coreset of size £
2 ~ .
return KH (mé) (S,k) // coreset of size 2°/|S]|
return compress (Xji,) /I coreset of size now = 2%\/Min

Proof. Since the original Kernel Halving algorithm of Dwivedi & Mackey (2024, Alg. 2) is equal to the KT-SPLIT al-
gorithm of Dwivedi & Mackey (2024, Alg. 1a) with m = 1 halving round, KH-COMPRESS(0) is simply the KT-SPLIT-
COMPRESS algorithm of (Shetty et al., 2022, Ex. 3) with KH(d) of Alg. B.1 substituted for KT-SPLIT(d,m = 1). The
result now follows immediately from the KH(J) sub-Gaussian constant of Prop. B.2 and the argument of Shetty et al.
(2022, Rem. 2, Ex. 3). O

Now fix any SPSD K and any kernel k that generates K. By Lem. A.1, we have that p;, — p,, is (K, v)-sub-Gaussian
on & and hence that KH-COMPRESS(4) € G, s(K). In addition, v = O( log(""‘")log(n"“‘/é)) when noy > y/Nip. Fur-

Thout

thermore, Shetty et al. (2022, Rem. 1) implies that KH-COMPRESS(§) has a runtime less than 49+ 1n;, (log, (ny,) — g) =
4n2  10gs (Nin /Mow) = O(n?2,) when noy > /M.

B.6. GS-THIN

The section introduces and analyzes the Gram-Schmidt Thinning algorithm (GS-THIN, Alg. B.5). GS-THIN repeatedly
divides an input sequence in half using, GS-HALVE (Alg. B.6), a symmetrized and kernelized version of the Gram-
Schmidt (GS) Walk of Bansal et al. (2018). We will present two different implementations of GS-HALVE: a quartic-time
implementation (Alg. B.6) based on the GS Walk description of Bansal et al. (2018) and a cubic-time implementation
based on local updates to the matrix inverse (Alg. B.7). While both the algorithms lead to the same output given the same
source of randomness, we present the original implementation! for conceptual clarity and the optimized implementation
for improved runtime. Throughout, for a matrix Q and vector u, we use the notation Qzx 7 and uz to represent the
submatrix (Q;;)iez,jes and subvector (u;)icz.

Algorithm B.5: GS-THIN: Gram-Schmidt Thinning

Input: point sequence X, = (x;)",, kernel k, output size now € 1in /2", HALVE € {GS-HALVE, GS-HALVE-CUBIC}

/I Repeatedly divide coreset size in half
m < log, (Nin/Mout)
for(=1,2,...,mdo Xy < HALVE(Xp, k) ;

A - 2
return X, = X, coreset of size nou = Min/2™

Our first result, proved in App. B.6.1, shows that GS-THIN is a sub-Gaussian thinning algorithm.

Proposition B.6 (GS-THIN sub-Gaussianity). For K generated by k, GS-THIN (Alg. B.5) is a (K, v,0)-sub-Gaussian
thinning algorithm with parameter

A 2V 1K || max

! Towards making this equivalence clear, Alg. B.6 has been expressed with the same variables that Alg. B.7 uses. Alg. B.6 can be
slightly simplified if it were to be considered independently.

13



Algorithm B.6: GS-HALVE: Gram-Schmidt Halving

Min

Input: point sequence X, = (x;); ", with even ni,, kernel k

Xow < {} //Initialize empty coreset

/I Select one point to keep from each consecutive pair using kernelized GS Walk
z < kernel _gs_walk (Xp)
fori=1,...,nin/2do
if z; = 1 then
| AXow.append(za2i—1)
else
| AXow.append(za;)
end
end
return X, coreset of size nin/2

function kernel_gs_walk ((@;);™) -

t+1; z¢ < (0,0,...,0) € R"n/2 // Initialize fractional assignment vector
A <+ [nin/2] // Initialize set of active coordinates
p~A /I Select a pivot uniformly at random

while z; ¢ {+1}""/% do
A" A\ {min ({i € [nin/2] : |2es| = 13\ ([rin/2] \ A)) }
/I Update set of active coordinates by removing smallest index set to £1
if p ¢ A’ then

| p’ ~ Unif(A’) // Select a new pivot from A’ uniformly at random
else

| P
end
/Il Compute step direction in which to update fractional assignment vector
Uy < argming,  pan,, /2 u ' Qu subject to u,s = 1 and u; = 0 foralli ¢ A',

where Q S R(ni"/Q)X(ni“/Q) has entries Qij £ k(.’EQi_l, Izj_l) + k(.’EQi, :EQJ') — k(l}gi_l, .’IJQJ') — k(mzi, xzj_l)

§t + |max Al and §~ « |min A|, where A = {(5 €ER:z¢ + du € [—1, +1]"i“/2} /1 Select candidate step sizes

§; < & with probability 6~ /(6 + 87 ); otherwise §; < —&~ // Choose step size and sign at random
Zig1 — Z¢ + Sruy /I Update fractional assignments
t+t+1;, A+ A5 pyp

end
return z,, sign vector in {£1}"n/2
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Algorithm B.7: GS-HALVE-CUBIC: Gram-Schmidt Halving with cubic runtime

Min

Input: point sequence X, = (z;) ", with even ni,, kernel k with positive definite k(X, Xin)

Xow < {} //Initialize empty coreset

/I Select one point to keep from each consecutive pair using kernelized GS Walk
z < kernel _gs_walk_cubic (Xj)
fori=1,...,nin/2do
if z; = 1 then
| Xow.append(zai—1)
else
| AXow.append(za;)
end
end
return X, coreset of size nin/2

function kernel_gs_walk_cubic ((x;)"™):

i=1
t+1; z¢ < (0,0,...,0) € R"n/2 // Initialize fractional assignment vector
A+ [nin/2] // Initialize set of active coordinates

p~A /I Select pivot uniformly at random

Q < (k(xzifh x’zjfl) + k(x2i7 1‘2]‘) — k(l‘zifh CUzj) — k(x‘zi, 1'2j71))2?421 // Form paired difference kernel matrix
C «— (Qavpyxavipy)
while z; ¢ {+1}""/? do
A A\ {min ({i € [min/2] < [z0] = 13\ ([min/2)\ A)) }
/I Update set of active coordinates by removing smallest index set to £1
if p ¢ A’ then
| p' ~ Unif(A") // Select a new pivot from A’ uniformly at random
else
| e
end
Ar A\ {p}
Az = A\ {p'}.
© < A1\ Az // Choose i as the (unique) index that was removed from the active coordinates
/I Compute (Q4,x.4,) " using block matrix inversion and the Sherman-Morrison formula
D+ Ca,xa4,

DQuay x (i} iy x4, P
C«<D Qii+Qi}x A, PQA, x {4}

// Compute step direction in which to update fractional assignment vector
Compute w; as (w) a4, = —CQua,x{p/} » Uty = 1, and uy; = 0 fors ¢ A’

dt + |max Al and §~ « |min A|, where A = {(5 ER: 2z + duy € [—1, +1]"i“/2} /I Select candidate step sizes

§; < & with probability 6~ /(6 4 §7); otherwise d; <~ —6~  // Choose step size and sign at random
Zi+1 < z¢ + 0wy // Update fractional assignments
tet+1; A+ A; peyp

end
return z;, sign vector in {£1}"n/2
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Our second result, proved in App. B.6.2, shows that GS-THIN with the GS-HALVE implementation has O(n{. ) runtime.

Proposition B.7 (Runtime of GS-THIN with GS-HALVE). The runtime of GS-THIN with implementation GS-HALVE
(Alg. B.6) is O(n?).

Our third result, proved in App. B.6.3, establishes the equivalence between GS-HALVE and GS-HALVE-CUBIC. More
precisely, we show that the sequence of partial assignment vectors generated by kernel _gs_walk (-) of Alg. B.6 and
kernel_gs_walk_cubic (-) of Alg. B.7 are identical given identical inputs, an invertible induced kernel matrix, and an
identical source of randomness.

Proposition B.8 (Agreement of GS-HALVE and GS-HALVE-CUBIC). Let z1,z2,... be the fractional assignment
sequence generated by kernel_gs_walk ((z;)/™) in Alg. B.6 and 2, 2}, ... be the fractional assignment sequence

Min

generated by kernel_gs_walk_cubic ((x;);") in Alg. B.7 with an identical source of randomness. If the pairwise
difference matrix

Q £ (k($2i—1,$2j71) + k(x%»fCQj) - k($2i71»m2j) - k(invajfl))i,je[nm/ﬂ
is positive definite, then z; = z} for all t.
Our fourth result, proved in App. B.6.4, shows that GS-THIN with the GS-HALVE-CUBIC implementation has O(n3)

runtime.

Proposition B.9 (Runtime of GS-THIN with GS-HALVE-CUBIC). The runtime of GS-THIN with implementation GS-
HALVE-CUBIC (Alg. B.7) is O(n3).

B.6.1. PROOF OF PROP. B.6: GS-THIN SUB-GAUSSIANITY

Our first lemma bounds the sub-Gaussian constant of GS-HALVE (Alg. B.6).
Lemma B.2 (GS-HALVE sub-Gaussianity). /n the notation of Def. 1, consider the input and output vectors pi,, Pour € R”
of GS-HALVE (Alg. B.6) for X O Xy, with |X| = n > ny. If K = k(X , X), then p;, — Doyt i (K, v)-sub-Gaussian with

1/2 1/2
2 2K KL

v

Proof. Since K is SPSD, there exists a matrix ® € R"*? such that K = ®® . Let B € R?*("n/2) pe the matrix with
entries
B;,; £ D91 —Po;; for i€ [nin/2] and je€l[d.
Note that, for each i € [n;,/2],
Zje[d] Bii =Koi—12i-1 + Koo — Koi—1,2 — Koi2i-1 < 4| K||max-

Hence, by Harshaw et al. (2024, Thm. 6.6), --Bz is (I, v)-sub-Gaussian where I is the identity matrix in R**,

in

Now fix any u € R%. Since Bz = —& (p, — p,,,) by construction,

in

2

E[exp(u K (P — Pou))] < E|exp(—(@u, L B2))| < exp(5 - [@Tul3) = exp( - uTKu).
O

Now, for £ € [m], let p, € R™ denote the output probability vector produced by the ¢-th call to GS-HALVE. Defining
Dy £ DPin and Dout £ P> WE have

Pin — Pout = Z;ll Aia for Al £ D1 —DP; for i€ [m]

1/
By Lem. B.2, each p,_; — p, is (K M)—sub-GauSSian conditional on (Aq,...,A,;_1). Applying Lem. A.3 to the

9’ nin/2171
i ,» we find that p;, — p,, is (K, v)-sub-Gaussian with parameter

1/2 1/2 3 1/2 1/2
K 2||K m K
v = (E :7” 4[| K || max ) _ 2| “max (E i1 4]) < I Hmax %47}7

sequence (A;)

j=1 (nm/2j_ 1 )2 Min Min

Simplifying the above using the fact that nyy = ni,/2™ yields our desired result (13).
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B.6.2. PROOF OF PROP. B.7: RUNTIME OF GS-THIN WITH GS-HALVE

We essentially reproduce the argument from Bansal et al. (2018) for the runtime of the GS-HALVE algorithm in our
kernelized context.

The main computational cost of GS-HALVE is the execution of the kernel_gs_walk (-) subroutine in Alg. B.6. The
number of iterations in while loop for z; is at most n;,/2. This is due to the fact that in each iteration, at least one new
variable is set to {£1}. Further, in each iteration, the main computational cost is the computation of

Uy ¢ argming, cpn;,/2 u' Qu

under the constraints that u, = 1 and w; = 0 for all i ¢ A. Since this can be implemented in O(n3,) time using standard
convex optimization techniques, GS-HALVE has total runtime

ru(f) < C4

for an input sequence of size ¢ and a constant C' independent of £. Now, note that GS-THIN calls GS-HALVE iteratively
on inputs of size n;,2 % fori = 0,1,...,m — 1 where m = logy (nin/Nou ). Thus, GS-THIN has runtime

S (i /2°) < T Cnin /29t = O(nd).

B.6.3. PROOF OF PROP. B.8: AGREEMENT OF GS-HALVE AND GS-HALVE-CUBIC

We want to reason that any round of partial coloring leads to the same output across the two algorithms. Fix any fractional
assignment update round. Recall that 4; = A\{p} and Ay = A’\ {p'}. These represent the active set coordinates without
the pivot before and after the update respectively.

The main difference between Algs. B.6 and B.7 is in the computation of the step direction w,, which is the solution of the
program

Uy < argmingcp. v Qu subjectto wu,y =1 and w; =0 forall i¢ A’
u; has a closed form with entries
(wr)ay = —(Quazxas) ™ Quayxpr}-
Note that the invertibility of Q 4, x 4, follows from the positive-definiteness of Q, as, for any w € Rl
W' Quyxa,w =W Qi >0

for a second vector w with w 4, = w and all other entries equal to zero. Therefore, to compute u;, it suffices to keep track
of the inverse of Q_4,x 4, as A’ across iterations.

Let i be the unique element in .4, \Az. Writing Q 4, x 4, in block form, we have

QA xA, Q.A2><{i}:| .
Qfiyxa, Qi

By block matrix inversion (see, e.g., Saadetoglu & Dinsev, 2023, Thm. 2), the leading size |As| % |.A3| principal submatrix
of (Qa, xa,) ! equals

Q.Al ><.A1 =

IN Quayx i} Qi ) F
D2 (- gins)

Thus, by the Sherman-Morrison formula (Sherman & Morrison, 1950),

—1
-1 _ 1, Quox{i}Qi}xa, 1 DQuayx{i} Qiyxa, D
(QA2XA2) - (D + Qii ) =D QiitQiyx A, DQuayx (i} (14)

Hence, if we already have access to a matrix C = (Q4, x.4,) !, we can compute D by dropping the row and column
of C corresponding to i and then compute (Q_4,x.4,) ' using (14). Since in Alg. B.7 we begin by explicitly computing
the inverse of Q 4’ 4/, the update step in Alg. B.7 maintains the required inverse and thus its partial assignment updates
match those of Alg. B.6.
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Algorithm B.8: GS-COMPRESS: Compress with GS-HALVE-CUBIC halving

Input: point sequence Xin = (x;);",, kernel K, nou € \/Tin - oN
g + logs (Tout/\/Min) // identify compression level

function compress (S) :

if |S| = 4° then return S
Partition S into four arbitrary subsequences {S; }i—; each of size |S|/4
fori=1,2,3,4do
Si + compress (S;) // return coresets of size 29 - \/%
end
S < CONCATENATE(S1, S82,83,84); £+ 2-2%.,/|S| // coreset of size £
return GS-HALVE-CUBIC(S, k) /I coreset of size 2¢4/|S]|
return compress (Xi) // coreset of size nou = 2%\/Tin

B.6.4. PROOF OF PROP. B.9: RUNTIME OF GS-THIN WITH GS-HALVE-CUBIC

We begin by establishing the runtime of kernel_gs_walk_cubic(-).

Lemma B.3 (Running time of kernel _gs_walk_cubic (-) ). The routine kernel_gs_walk_cubic (-) runs in
O(¢3) time given a point sequence of size (.

Proof. First, the initialization of C costs O(£3) time using standard matrix inversion algorithms. Second, the number of
iterations in the while loop is at most £/2 since, in each iteration, at least one new variable is assigned a permanent sign
in {£1}. In each while loop iteration, the main computational costs are the update of C and the computation of the step
direction u;, both of which cost O(¢?) time using standard matrix-vector multiplication. Hence, together, all while loop
iterations cost O(¢3) time. O

Given the above lemma, we have that GS-HALVE-CUBIC, on input of size ¢, has a running time
ru(f) < O3
for some C' independent of £. When used in GS-THIN this yields the runtime
Y (i /21) = I Clnin/2)? = O(n3).

B.7. GS-COMPRESS

This section introduces and analyzes the new GS-COMPRESS algorithm (Alg. B.8) which combines the COMPRESS meta-
algorithm of Shetty et al. (2022) with the GS-HALVE-CUBIC halving algorithm (Alg. B.7). The following result bounds
the sub-Gaussian constant and runtime of GS-COMPRESS.

Proposition B.10 (GS-COMPRESS sub-Gaussianity and runtime). [If K is generated by k, then GS-COMPRESS is
(K, v, 0)-sub-Gaussian with

v 2 L\ /logs (now) [ Kl[max-

Moreover, GS-COMPRESS has an O(n3,,) runtime.

Proof. By Lem. B.2 and Prop. B.8, GS-HALVE-CUBIC is (K, vi1(¢))-sub-Gaussian for an input point sequence of size ¢
and vy (£) = 24/ || K||max/¥- Hence, by Lem. A.2, GS-HALVE-CUBIC is also v (¢) f-sub-Gaussian in the sense of Shetty
et al. (2022, Def. 2) for each f € Hy. By Shetty et al. (2022, Rmk. 2), GS-COMPRESS is therefore f-sub-Gaussian with
parameter

% /i HKIIi./fx
v S 10g2 (nm/nout VH 27/Lout 10g2 nout Toout

for each f € Hy. Hence, Lem. A.1 implies that GS-COMPRESS is a (K, v, 0)-sub-Gaussian thinning algorithm.
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Furthermore, Shetty et al. (2022, Thm. 1) implies that GS-COMPRESS has a runtime of
IR/ ) 4y (1 277),

where the GS-HALVE-CUBIC runtime ri(¢) < Cf¢2 for C independent of the input size ¢ by Lem. B.3. Therefore, the
GS-COMPRESS runtime is bounded by

logs (nin/ (210u i —3i
ST e 41 (2w )27 = O(ny).

O

Remark 1 (COMPRESS with GS-HALVE). If the GS-HALVE implementation were used in place of GS-HALVE-CUBIC,
parallel reasoning would yield an O(n,) runtime for GS-COMPRESS.

C. Proof of Thm. 1: Low-rank sub-Gaussian thinning

We establish the first kernel max seminorm bound (2) in App. C.1 and the Lipschitz kernel max seminorm bound (3) in
App. C.2. Throughout, we use the notation Pg(E') £ P(E, £’) for events (€, &’).

C.1. Proof of kernel max seminorm bound (2)

We begin by establishing a general bound on the maximum discrepancy between input and output expectations over a
collection of test functions admitting a finite cover.

Lemma C.1 (Discrepancy cover bound). Fix any kernel k, subset F C Hy, and scalars € > 0 and ' € (0,1). Define

aZsupser||flc and Br 2 {f € Hi:|flx < a},

and let C. r be a set of minimum cardinality satisfying

fl@) - f(®)| <e (15)

Cer CBr and SUPfeF minf/ece,}. MaXye X,

If (Pin — Pow)k is (k, v)-sub-Gaussian on an event & (Def. A.2), then, on &,
IPin — Poutl| = £ sup pe 7 (Pin — Pou) f < 2€ + vay/21og(|Ce #[/0")  with probability at least 1 — ¢'.

Proof. The triangle inequality and the covering property (15) together imply that, with probability 1,

(]Pin - ]P)out)f S minf’ECﬁ]:(]P)in - ]Pout)f/ + |(]Pin - Pout)(f - f/)|
< Pin = Poulle, . +mingec, » [Pin(f — f) + [Pou(f — f')]
< ||Pin - Pout”cg,f + Qminf’ece,f maXgex;, |f($) - f/(w)|

< ||Pin - Poul”cé’]T + 2e (16)

for each f € F. Since s +— e!* is increasing, the bound (16), the assumed sub-Gaussianity (Def. A.2), and the fact that
C.,r belongs to B imply that

Ee[exp(t]|Pin — Poull 7)] < e**Eg [exp(t[|Pin — IP)ouchE,F)
< Ef/ecef e R [exp(t(Pin — Pou) f)]
2

$2,2) #7112 2,
<Y jrec, , exp(F e 4 ote) < |C r|exp(Y

o 4 2te).
Now, by Markov’s inequality (Markov, 1884), for any o > 0,
Pe(sup ez (Pin — Pou) f > a + 2¢) < infys0 Eelexp(t[|Pin — Poul £)]/ exp(t(a + 2¢))
< |Ce,7|infis0 exp(tzl’z2612 —ta) = |Ce, 7| exp(%).

Finally, choosing o = vay/21og(|Ce, #|/0") yields the desired claim. O
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Now fix any € > 0, ¢’ € (0,1), and kernel k that generates K, and consider the subset F = {£k(x;, ) : ¢ € Z}. Since
IK(Pin — Pou)llz = IPin — Poutl| 7 and sup ¢¢ 7 || f[[x = Dz, Lem. C.1 implies that, on the event &,

IK(pin — Pow) |l < 2€ +vD1y/210g(|Cc,7|/0") with probability at least 1 — 4.

Since P(£€) < §/2 and |F| < 2|Z|, we use the estimate |[Co | < 2|Z| with € = 0 to obtain the advertised bound (2).

C.2. Proof of Lipschitz kernel max seminorm bound (3)

Introduce the query point set Z = {x; : i € Z}, fix any &’ € (0,1) and z¢ € Z, and define the symmetrized seminorm
[(Pin — Pou )kl 2 z = 5D, ez |(Pin — Pou)k(2) — (Pin — Pou)k(2")]-

By the triangle inequality and the derivation of App. C.1, we have, on the event &,

||K(pm - pout)”I < ||(]Pln - POUt)kHZ,Z + |(Pin - Pout)k(z0)|
< |[(Pin — Pow)k|| 7z + vv/k(20, 20)1/210g(4/6")  with probability at least 1 — &' /2. 17)

Since P(£°) < §/2, it only remains to upper bound ||(Pin — Pou)k|| on £ with probability at least 1 — ¢'/2.
To this end, we first establish that (P, — Pou)k(2))zcz is a sub-Gaussian process on £ with respect to a particular
bounded-Holder metric p.

Definition C.1 (Sub-Gaussian process on an event). We say an indexed collection of random variables (Xg)oco is a
sub-Gaussian process with respect to p on an event & if p is a metric on © and

Eg[exp (%)] <2 forall 0,0 €0O.

Lemma C.2 (Bounded-Hélder sub-Gaussian process). Consider a kernel k on X = R? satisfying |k(z,x) — k(2/,z)| <
Ly|lz — 2|2 forall z,2' € Z C X and x € Xy. If (Pin — Pow )k is (k, v)-sub-Gaussian on an event £ (Def. A.2), then
((Pin — Pow)k(2)) 2e 2 is a sub-Gaussian process on € with respect to the metric

p(z,2') £ v/8/3min(2sup,cz Vk(2, 2), 2Lk z — 2/[|2). (18)

The proof of Lem. C.2 can be found in App. C.3. Our next lemma, a slight modification of Wainwright (2019, Thm. 5.36),
bounds the suprema of symmetrized sub-Gaussian processes on an event in terms of covering numbers.

Lemma C.3 (Sub-Gaussian process tails). Suppose (Xy)oco is a sub-Gaussian process with respect to p on an event &,
and define the diameter diam (0, p) £ supy grco P(0,0"), the covering number

N(u; 0, p) £ min{|Cy| : C.. € O, maxgee mingrec, p(6,0') <u} forallu >0,

and the entropy integral J (0, p) & fodiam(@’p) V1og(L + N (u; ©, p)) du. Then,
Pe(supg gree | Xo — Xo/| > 8(T (0, p) + 1)) < 2exp(—t?/ diam(©, p)?) forall > 0.

Proof. Since \/log(1+2y) < /log((1 +z)(1 +y)) < /log(l +z) + /log(1 +y) for all z,y > 0, the proof is
identical to that of Wainwright (2019, Thm. 5.36) with ¢; = 8 and (E¢, P¢) substituted for (E, P). O

Our final lemma bounds the diameter, covering numbers, and entropy integral of Z using the metric p.

Lemma C.4 (Covering properties of bounded-Holder metric). Consider the bounded-Hélder metric p (18) for a kernel k
on X = R and a finite set Z C X. If Z is a matrix with one row corresponding to each element of Z, v = rank(Z), and
R = max,¢cz ||z||2, then, in the notation of Lem. C.3,

N(w; Z,p) < 1+ 2/u?)" for cEv\/2RLx andall u>0, (19)
diam(Z, p) < D £ min(c, v/ % max,cz \/Kk(z,2)), and (20)

J(Z,p) < Dy/2rlog(v3ec/D).
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Proof. The diameter bound (20) follows directly from the definition of p (18) and the fact max, ,cz ||z — 2|2 < 2R.

To establish the covering number bound (19), we let USV T be a compact singular value decomposition of Z so that
VeERY  Z=ZVV'T and max,cz ||V 2|2 = max.ez|z]2 = R.
Fix any € > 0, and let C and Cey be a sets of minimum cardinality satisfying

C C B"(R), mMaX,cpr () Milyce [V — vz < €2/2,

Coxt CBY(R), and max,czmingec, |2’ — 2|2 < €2/2. (21)

ext

Since V' z € B"(R) for each z € Z and Vv’ € B? for each v’ € B", we have
max,ez Miny e |[VU' — 2|l = max,ez mingec [|[V(v' — VT2)|2
= maxX, ¢z Mingec [V — VT z|]z < €2/2,

so that VC satisfies the criteria of (21). Since |[VC| < |C] < (1 + 4R/e?)” by Wainwright (2019, Lem. 5.2), we must also
have |Cext| < (1 + 4R/€?)".

Now, since Cex; has minimum cardinality amongst sets satisfying (21), for each 2’ € Cey, there is some z € Z satisfying
|2’ — z||2 < €2/2 (or else 2’ would be superfluous). Hence, there exists a set Ciye C Z satisfying

Cint| < [Cexi| < (14+4R/€*)" and max ez mingee, |2/ — z[2 < €.

Moreover, by our metric definition (18),

max. ez miny e, p(2,2") < Q\ﬁ maxzez mingec,, /|2 — 2’[l2 < Qf

N(uw; Z,p) < |Cint| < (1 + ¢?/u?)". Since € > 0 was arbitrary, we have established (19).

p— CE
Hence, for u = SVE

Finally, we bound the entropy integral using the inequality 1 < ¢2/u? for u € [0, D], the concavity of the square-root
function, and Jensen’s inequality:

J(Z,p) <f0 Viog(L+ (1 + c2/u?)" du<f0 V1og((3¢2/u?)" dU*fO \/ 2r log(v/3c/u) du
< D\/% fo 2rlog(v/3c/u) du = Dy/2rlog(v/3ec/D).

Together, Lems. C.2, C.3, and C.4 imply that, in the notation of Lem. C.4,

(P — out)ng 2 < 8D\/2r10g(\fec/D ) + 8D+ /log(4/6")

on & with probability at least 1 — §’ /2. Combining this bound with the inequality (17) yields the result.

C.3. Proof of Lem. C.2: Bounded-Holder sub-Gaussian process

Define X, = (P, — Pow)k(2) for each z € Z, and fix any z, 2’ € Z. Our sub-Gaussianity assumption implies
Eglexp(M( X, — X»)] < exp(LQ’\Z)Hk(z, ) —k(2,)[2) forall XeR.

Moreover, by our Lipschitz assumption,

lk(z,) —k(2,)|z = k(z,2) — k(z,2') + k(2/,2") — k(2/,2) < min(4dmax,cz k(z, 2),2Lx||z — 2’||2).

Finally, Lem. C.5 shows that E¢ [exp(%] < 2o that (X,).cz is a sub-Gaussian process on £ with respect to p.

Lemma C.5 (Squared exponential moment bound). If E¢[exp(AX)] < exp( ) forall \ € R, then Eglexp (3%, )] <2

812 =

Proof. The proof is identical to that in Wainwright (2019, Sec. 2.4) with E¢ substituted for E. O
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D. Proof of Thm. 2: Quality of Thinformer

Throughout we will make use of the convenient representation

T =D AV for T 2 {i € [n] : (k;, ;) € Xou}, A2 (exp({2%)1[j € Tou])},_,, and D £ AL,. (22)

Our proof makes use of three lemmas. The first, proved in App. D.1, bounds the approximation error for the attention
matrix T in terms of the approximation error for AV and A1,,.

Lemma D.1 (Decomposing attention approximation error). In the notation of Alg. I and (22),

DAV — DAV max < min ([(5D) 7 maxs [(D) ™ lmax) (5 [AV = AV [[max + 1ALy — ALy [loo [V [[max)-

The second, proved in App. D.2, bounds the approximation error for AV and A1, in terms of the KMS (1) for a specific
choice of attention kernel matrix.

Lemma D.2 (KMS bound on attention approximation error). Instantiate the notation of Alg. 1 and (22) and define the
query set

L @iy 2 (@5 €]"") i€ [n],j € [d+1]} where §; 2 q;/d}

and ed+1 is the j-th standard basis vector in R¥TY, If Ko 2 Koy (X, X) for X 2 X' U X, then

max( H(A A)VHmaXa 1 ||(A A)l nHooHV”rmx) = ||Katt (P, — pout)”I for £ [n(d—|— 1)]

Our third lemma, proved in App. D.3, bounds the size of key parameters of the thinned attention problem.

Lemma D.3 (Thinned attention problem parameters). Instantiate the notation of Lem. D.2, and define R =
max; e, max(||q, ||z, |kill2). Then, forall i, j € T and | € supp(py,),

2
[(2D) " s < exp(55),  mage, /K@, 2) < DL IVIB oo + 1V

2
Rz £ max;er [|zi]|2 < \/ \% +1, Dz % maxier \/Kast,ii < exp( 13/3)7

rank(Xz) <d+1 for Xz 2 [w]l;, and

Kttt = Kajtl < Licoe @i = @5lla for Licy, 2 exp(2) /22 4 2]V s

Now instantiate the notation of Lem. D.2, and define the coefficient

Together, Lem. D.3, the KMS quality bound of Thm. 1, and the KH-COMPRESS(0.5) sub-Gaussian constant v of Prop. B.5
imply that, with probability at least %,

085 (Tlout) 10g (8nu log ‘23
||Katt(pin _poul)”I 2\[ exp \/HV”Q ) + ||VHmax\/ 2\ 7%ou — out 2 nou

Hence, by Lems. D.1 and D.2, with probability at least L

Min )

Tout

\/log2 (nout) log(8noy log,

Tlout

IDAV = DAV < 5 exp(22) /I VI3 + 1V [

\/logz (now) log(8nou log 2 )

TMout

< cexp(2L))|

22



D.1. Proof of Lem. D.1: Decomposing attention approximation error

By the triangle inequality, we have
ID'AV = DAV oy < [D'AV = DAV || jpax + DAV — DAV s

We bound the first term on the right-hand side using the submultiplicativity of the max norm under diagonal rescaling:

ID"'AV — DAV |lax < D~ finaxl|AV = AV [ = [(2D) ™ max s [AV = AV [l
n n

To bound the second term we use the same submultiplicativity property and the fact that each entry of D~1AV is the
average of values in V:

DAV — D7 AV s = [D7H(D = D)D'AV mae < D" [lmax [P = Dl [D AV
= [ GD) ™l AT = Al oo [V s

An identical argument reversing the roles of (D, A) and (D, A) yields the second bound.

D.2. Proof of Lem. D.2: KMS bound on attention approximation error
Define the augmented value matrix V= [V, [|V]lmax1s] € R¥TL. By the definition of K, and A,
[Kate (Pin — Pou) |7 = maxicpn] jefar] | X rep) AieVes (Pin — Poudel = 5 [(A = A)Vef oo = 5 (A = A)V]|max.

D.3. Proof of Lem. D.3: Thinned attention problem parameters

First, by the Cauchy-Schwarz inequality and the nonnegativity of D = A1,, we have

_ 2
H(%D) 1”max = 11 — < - —— < ! —Hqi\leij) < eXp(%)'

Minseln] 3 Xjern) Ais min;e (n],je(n) exp(%) min;e(n),jen] €xp( Nz

Second, the maxzex, v/Katt (2, ) inequality follows as

Kate ((Ki, 85), (i, 0:)) = exp( 15 )(||vz||2 + V) < exp(E2) IV o + 1V [E)-

Third, the Rz inequality follows as

(@ ef ™)l = Vll@l3 +1< /22 +1 forall ie[n],jed+1]

Fourth, the D7 inequality follows as

12 2
max;er Kagt, i = maxX;en] exp( ‘ %2) < eXP(%)-

Fifth, the rank inequality follows as =; € R¥*! for i € Z. Finally, the Lipschitz inequality follows as, for any i, k, [ € [n]
and j,m € [d+ 1],

|exp({L0) (e, o) — exp({L2e ) (el an)

Vd Vd
< exp({2) (55 — By + | exp({L5L) — exp ({8520 ) |33,
< eXp(%)”ed"ﬂ ﬁj_l‘b% +eXp(mﬂX(I\qub%kHz)szHz)|(qr\;lg,kz>||,‘~)lm|
< exp(Z)llef ! — el Puptel 4 exp(£2) lagileRyp, |
< exp(L2)]|ef ™! — e |aV2] Vlmax + exp( L) [9=teleB v,
< exp(25) /22 + 2|V [lmax | @5, €5 ) = (@5 €2

by the triangle inequality, multiple applications of Cauchy-Schwarz, and the mean-value theorem applied to = — e”.
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E. Supplementary Experiment Details

The T2T-ViT experiment of Sec. 4.2 was carried out using Python 3.12.9, PyTorch 2.8.0.dev20250407+cul28 (Paszke
et al., 2019), and an Ubuntu 22.04.5 LTS server with an AMD EPYC 7V 13 64-Core Processor, 220 GB RAM, and a
single NVIDIA A100 GPU (80 GB memory, CUDA 12.8, driver version 570.124.04). For reference, attention layer 1
has (n,d) = (3136, 64) and attention layer 2 has (n,d) = (784,64). For each layer and each of the first 50 ImageNet
2012 validation set batches of size 64, we measured the time required to complete a forward pass through the layer using
CUDA events following 10 warm-up batches to initialize the GPU. Tab. E.1 provides the hyperparameter settings for each
attention approximation in Tab. 3. The settings and implementations for all methods other than Thinformer were provided
by Zandieh et al. (2023), and our experiment code builds on their open-source repository https://github.com/
majid-daliri/kdeformer.

Table E.1: Configurations for the attention approximation methods of Tab. 3.

Attention Algorithm Layer 1 Configuration Layer 2 Configuration

Performer num_features=49 num_features=12
Reformer bucket_size=49 bucket_size=12
n_hashes=2 n_hashes=2
. local_context=49 local_context=12
ScatterBrain
num_features=48 num_features=6
sample_size=64 sample_size=56
KDEformer
bucket_size=32 bucket_size=32
Thinformer (Ours) g=2 g=4
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