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ABSTRACT

Single-cell gene expression evolves dynamically along cell division histories.
However, most existing single-cell methods treat cells as static snapshots, neglect-
ing the rich information encoded in their underlying lineage structures. Recent
advances in single-cell lineage tracing now enable the reconstruction of high-
resolution lineage phylogenies, providing a natural framework pinpoint exactly
when and where transcriptional changes occur. This capability is fundamental
to decoding the dynamics of development, differentiation, and disease progres-
sion. To fully leverage this lineage information, we present VOUS (Variational
Ornstein-Uhlenbeck Stochastics), a flexible probabilistic framework that models
stochastic single-cell gene expression over inferred cell lineage trees. By ground-
ing gene expression analysis in explicit cell lineage phylogenies with topology and
branch lengths, VOUS enables the inference of continuous expression dynamics,
despite the high sparsity and low coverage of sequencing data. We applied VOUS
to scRNA-seq data from metastatic lung cancers, identifying gene programs asso-
ciated with metastasis and potential therapeutic targets. By providing a rigorous
foundation for modeling sparse count data on latent tree structures, VOUS estab-
lishes a generalizable framework that naturally extends to multi-gene programs,
lineage uncertainty, and multi-modal integration, paving the way for a compre-
hensive atlas of single-cell stochastic dynamics.

1 INTRODUCTION

Understanding the precise history of cellular decision-making is fundamental to solving major chal-
lenges in biology, from deciphering the origins of chemoresistance in cancer metastasis to mapping
the exact branching points of organ development. While single-cell transcriptomics has provided a
high-resolution atlas of cell states, it captures only a static snapshot, often obscuring the historical
context of dynamic cellular changes. Recent advances in CRISPR/Cas9-based barcoding technol-
ogy now enable high-resolution single-cell lineage tracing (Wagner & Klein, 2020). Notably, these
systems introduce heritable edits to barcodes continuously during cell growth in vivo (Salvador-
Martinez et al., 2019). Some of these barcodes are transcribed, yielding simultaneous readouts of
lineage and gene expression profiles (Raj et al.|[2018). Unlike pseudotime trajectories inferred from
transcriptomes alone, these genetically recorded trees provide an independent, ground-truth scaffold
defined by explicit topology and branch lengths that reflect the actual cell division history. This
offers a unique, yet largely unexploited, opportunity to study cell state changes within specific lin-
eages, providing insights into cancer evolution and cell development (Chan et al.,|2019; |Quinn et al.}
20215 Simeonov et al.| 2021} [Yang et al., [2022; [Schiffman et al., 2024)).

Following recent progress in lineage tracing, various computational methods have been developed
to reconstruct high-resolution cell lineage trees from CRISPR barcodes (Jones et al., [2020; (Chu
et al., 2025} [Staklinski et al., 2025} Siepel et al., 2025). However, integrating these phylogenies with
single-cell gene expression remains a significant challenge. Most current approaches rely on statis-
tical tests restricted to endpoint data measured at the leaves of the tree, neglecting the continuous
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temporal dynamics embedded in the lineage history. To fully exploit the biological insights within
these lineages, we require full generative models that treat gene expression as a dynamic trait evolv-
ing continuously from the root to the leaves, giving rise to the sparse, overdispersed read counts
observed in single-cell sequencing. In contrast to testing differences at the leaves, this generative
perspective enables the integration of evolutionary history, allowing for probabilistic inference of
state changes and cellular dynamics.

Stochastic processes provide a natural framework for modeling lineage-based gene expression evo-
lution (Brawand et al.l 2011} |Chen et al., [2019). In particular, Brownian motion captures the ac-
cumulation of small, random transcriptional fluctuations driven by a Wiener process as cells divide
along the lineage tree, serving as a principled baseline model for neutral drift of gene expression:

dZt = O'th (1)

However, Brownian motion alone is insufficient to capture complex biological processes, particu-
larly when cell evolution is subject to adaptive selection driven by environmental signals, treatment
pressures, or functional constraints. To address this, the Ornstein-Uhlenbeck (OU) process incor-
porates a mean-reversion property by modeling a biological restoring force that pulls expression
toward an optimal state 6 with strength o

dz = ol — z¢)dt + odWy 2)

Based on these stochastic principles, here we introduce VOUS (Variational Ornstein-Uhlenbeck
Stochastics), a flexible modeling framework for single-cell dynamics on lineage trees. Unlike most
existing scRNA-seq methods that treat cells independently, VOUS explicitly models latent expres-
sion dynamics on lineage phylogenies, grounding inference in precise lineage structures provided by
advanced lineage tracing technologies. In this work, we focus on a particularly challenging aspect of
single-cell data: extreme sparsity, low read counts, and overdispersion. We address this by coupling
tree-based OU dynamics with a Negative Binomial observation model and scalable variational infer-
ence. As a result, VOUS establishes a rigorous generative framework for lineage-based modeling,
laying the foundation for future extensions, such as multi-gene regulation, lineage uncertainty, and
multi-modal integration (Baysoy et al., 2023).

2 RELATED WORK

2.1 MODELING EXPRESSION READ COUNTS FOLLOWING THE LINEAGE

Inspired by previous tree-based models for species evolution, |Pal et al.|(2023) developed EvoGeneX
that integrates stochastic models with additional Gaussian observation models at tree leaves. This
was initially used to model tissue gene expression in Drosophila species, in which Gaussian obser-
vation models capture variance across biological replicates from each tissue. This work establishes
a precedent for integrating observation models into tree-based stochastic frameworks.

More recently, Hirsch et al.| (2025) applied EvoGeneX to single-cell data sampled from cancer
clones. While this tree-based stochastic model exhibits higher specificity than differential expres-
sion analysis, several limitations hinder its application to general scRNA-seq datasets. For example,
the study utilized a dataset with single cells sampled from individual clones. While this ensures
that sequencing samples from each clone exhibit relatively similar gene expression patterns, typical
tumors are highly heterogeneous, leading to greater variance across samples. This setting also re-
stricts the phylogenetic resolution to the clonal level, whereas standard high-throughput scRNA-seq
datasets typically contain 10* — 10° cells, with hundreds to thousands of cells in each lineage tree.
In addition, this study uses full-length scRNA-seq data from Smart-seq2, which provides a higher
sequencing depth with fewer cells. Notably, the discrete count distribution converges to a Gaussian
distribution with sufficient sequencing depth, justifying the use of a conjugated Gaussian as the ob-
servation model in EvoGeneX. However, typical scRNA-seq data from high-throughput sequencing
exhibit high sparsity and skewness consistent with a Negative Binomial distribution, rendering the
Gaussian assumption inappropriate (Sarkar & Stephens, [2021).

2.2  SMOOTHING READ COUNT VARIANCE ACROSS THE LINEAGE

During the preparation of this work, |Stuart & McKenna| (2025) presented SCOUT, another tree-
based stochastic framework for single cells. Instead of using an explicit observation model for
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single-cell read counts, SCOUT applies a smoothing preprocessing step to the expression data based
on the phylogenetic distances on the lineage tree, yielding improved performance relative to a simple
log-normal transformation.

However, SCOUT relies on several restrictive assumptions. First, it assumes that phylogenetically
adjacent cells share similar transcriptional profiles. However, cells separated by short phylogenetic
distances can exhibit divergent states, whereas the smoothing risks conflating distinct cell states and
obscuring rapid expression shifts. Moreover, it assumes Gaussian distributions for preprocessed
read counts, without explicitly modeling the empirical count distribution. Given the sparsity and
overdispersion of scRNA-seq data, gene expression in single cells does not always follow these
assumptions, underscoring the necessity for a more rigorous observation model.

2.3 RECONSTRUCTING ANCESTRAL CELL STATES ON THE LINEAGE

In addition to the above approaches that model and identify gene expression evolution based on cell
lineage, other lineage-based methods focus on gene expression correlations (DeTomaso & Yosef,
2021)), trajectory inference (Forrow & Schiebinger, 2021), and ancestral reconstruction (Ouardini
et al.| [2021). Notably, TreeVAE reconstructs ancestral cell states using a variational autoencoder
(VAE). It models the latent cell states as Brownian motion along the tree and approximates the latent
posterior from the observation model using mean-field variational inference, offering a precedent for
applying variational inference to phylogenetic stochastic modeling. However, reconstructing cell
states from lineage history is effective primarily when gene expression is tightly coupled to the tree
structure, whereas expression patterns are often intrinsically stochastic and are highly affected by
environmental noise, and ancestral signatures may have faded from contemporary observations.

Given the above limitations of current models, here we present VOUS, which employs a Negative Bi-
nomial observation model through variational inference, avoiding Gaussian assumptions or heuristic
preprocessing. We focus on hypothesis testing for lineage-specific gene expression changes rather
than the reconstruction of specific ancestral states. This modeling framework provides a strong
foundation for lineage-based single-cell analyses with applications to critical biological questions.

3 METHODS

3.1 MODEL OVERVIEW

VOUS models single-cell gene expression in three parts (Figure [I)):

i. A Gaussian prior modeled by an OU process along the lineage tree 7

z~0U(T,,0,0) 3)
ii. A softplus transformation mapping latent states z to expected expression values X at the leaves:
A = ((z) =log(1 + exp(z)) S

iii. An observation model generating overdispersed single-cell gene expression read counts « fol-
lowing a Negative Binomial likelihood:

x ~ NegativeBinomial(, r) ®)

Finally, the log-likelihood of the observed scRNA-seq read counts is approximated by the evidence
lower bound (ELBO) using mean-field variational inference at the leaves:

logp(x) = L, + Dxw(qllp) > L, (6)

3.2 MODELING STOCHASTIC GENE EXPRESSION ALONG LINEAGE TREES

We model the evolution of latent cell states along a cell lineage tree using the OU stochastic process.
Given a rooted lineage tree 7 inferred from cellular markers such as CRISPR barcodes, each leaf
i of T represents a cell ¢; € C with specific meta information n;. Notably, the total number of
nodes exceeds the number of leaves due to the presence of ancestral cells at the internal nodes of 7.
Therefore, the total cells C = C; U Cy,, where C; and Cy, are cells at internal nodes and leaves of 7,
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Figure 1: Overview of VOUS. (A) Input data for the model. (B) Model design with hypothesis
testing. Variable names are discussed in the main text. (C) Applications of the model.

respectively. If tumor cells in Cj, are labeled by tissues from which they are sampled, the ancestral
cell labels for C; can be inferred using the Fitch-Hartigan algorithm retrospectively on 7 (Jones
et al.} |2020). Cells that are located along adjacent tree branches and have the same labels n form a
regime 7. Cells from 7 share a common 6,, € 6, which represents the optimal expression level of
tumor cells in tissue n. For simplicity, here we consider a uniform variance o and selective strength
a across 7 in the OU model, and assign a free 6,, to each tissue n to model tissue-specific tumor
gene expressions (Sanghvi et al.| |[2024).

To model the latent cell state z at each node along 7, we start with the initial cell ¢q at the root. By
default, we assume that c( has reached the optimal expression 6 of the initial regime. Alternatively,
a Gaussian prior N (2g; 6, s?) can be used for cg, where s? depends on the observed read counts. If
¢; € C is the direct child of ¢g, and the branch connecting ¢q and ¢; has a length of ¢;, then the latent
state of ¢; is sampled from a Gaussian according to OU(«, 8, o) from Equation

i 0—72 . —2at;
zilzo ~ N 90,2a(1 e ) @)

where the mean is unchanged, and the variance is approaching the ratio of o and 2, indicating a
stabilizing selection around 6. The same sampling approach can be repeated as long as the cells are
still within the same regime. If a cell ¢; € C falls into a different regime than its immediate parent
¢; € Cr, and the branch connecting c¢; and c; is of length ¢;, then the latent state of ¢; is sampled as:

2
il ~ 7 (014 (5= e, 21— ) ®)

where the mean depends on the parent state z; and is driven towards the new optimum 6; at the
new regime, indicating an adaptive selection. The same sampling approach can be repeated along
T until reaching leaves Cr. As a result, the latent cell states at Cy, follow a multivariate Gaussian
distribution N'(z; W0, 3), where the mean is the weighted sum of 8 according to regimes along 7,
and the covariance matrix 3 is defined by the location of the most recent common ancestor (MRCA)
on T between each pair of cells in Cr,. This gives the OU likelihood for latent states at leaves:

1

—ex
V(2m)" det X P

P(z|T,a,0%8) =

- %(z —-Wo)'S (2~ WO)] ©)
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Specifically, the weight matrix W determines the latent state z; at each leaf ¢; € Cr, by weighting
the optimal expression 6,, € 8 of each regime 7 from the root ¢y to the leaf ¢; along 7. Each row of
W corresponds to a leaf ¢;, and each column corresponds to a ,,. For each element W ,,, two sets
of binary indicators determine the contribution of 6,, to ¢;. The root activator -y, indicates whether
6,, is active at the root regime, with y,, = 1if 6,, is active and 0 otherwise. ¢ defines the total branch
lengths from the root cg to leaf ¢;, and e~*!~,, describes the exponential decay of the root value zo.
The regime activator 3], indicates whether 6, is active for ¢; in regime 7, with 8], = 1if 0,
active and 0 otherwise. ¢ defines the total branch lengths from the root ¢, to the last cell of the
regime 7 along the path of ¢o to ¢;. The difference of exponential decays after 7 and 7 — 1 describes
the mean-reversion towards 6,, within the regime 7:

Win=e Yy, + Z (e‘a(t_tz) — e_o‘(t_trl)> i (10)

The covariance matrix X models the correlation structure between leaves of 7, which accounts
for the shared variance accumulated up to the MRCA and the subsequent independent drift. Each
element of 3; ; defines a pair of leaves ¢;, c; € C,, with ¢; as the total sum of branch lengths from
the root ¢ to leaf ¢;, and s;; as the total shared branch lengths between ¢; and ¢; (root to MRCA):

Yo 02 —o(ti+t;—2s45) 1 —2as;; 11
o= (1 — et an

3.3 MODELING SINGLE-CELL READ COUNTS WITH OBSERVATION MODELS

The latent cell states z from the tree-based OU process are transformed to A € (0, 0o) by a softplus
function (Equation ). To model single-cell read counts in scRNA-seq, we present two observation
models. The Poisson observation model describes the discrete, sparse read counts across L leaves:

L yai -
Pl | A) = [ 28 (12)

z;!
i=1 v

By default, we use the Negative Binomial model, which better represents single-cell overdispersion

. . . . . . 2
with an additional parameter r, with a smaller 7 corresponding to a larger variance A + ’\7 > \. For
simplicity, we assume a uniform r across all leaves:

pea- M () () o

3.4 APPROXIMATING FULL LIKELIHOOD WITH VARIATIONAL INFERENCE

The likelihood of observed gene expression read counts given the full VOUS model is:
P(e|¢.7) = [ Pl | Ar)P(= | @)dz (14)

where ¢ = (T,a,0,0) contains the tree and the OU parameters. However, this integral is in-
tractable due to unknown latent values z at leaves. Therefore, we applied mean-field variational
inference to approximate the latent posterior with a factorized Gaussian distribution:

=[] ac(ze) = [TV Ge | g 02) (15)

ceC ceC

where p, and o, are chosen to minimize the Kullback—Leibler (KL) divergence to the true posterior:

Dy ((2) [P, (2 | @) = Ey[10ga(2) ~ log ps.r(z | @) (16)

Replacing the true posterior with Bayes theorem:

Por(z| )= (17)
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Figure 2: Simulations and validations. (A) Lineage simulation. Red shows metastatic lineage. (B)
Examples of negative and positive gene expression simulations (« = 3,0 = 1,7 = 0.5,0p =
0,607 = Oor1l). t, normalized branch length along trees. (C) Precision-recall curves of methods
across simulations. (D) Simulation of 6y = 0,6; = 1 using parameters inferred by VOUS (o =
18,0 = 11,7 = 3). (E) All parameters inferred by VOUS.

gives the ELBO for Equation [6}
Ly.r(q) = Eq[log pp(2)] + Eq[log pr(z | A)] — Ey[log ¢(2)] (18)

We use this ELBO to approximate the lower bound of the log-likelihood given a model, and update
the model parameters to maximize the log-likelihood of the observed scRNA-seq data. By fitting two
hypothetical models with a uniform regime or distinct regimes (Figure[IB), we perform a likelihood
ratio test for each gene to identify differentially expressed genes in the selected regime:

Arr = 2[logp(z | 61,71) — log p(z|do, 7o)] (19)

4 RESULTS

4.1 VALIDATING VOUS ON SIMULATION DATA

Tools that jointly simulate single-cell lineage and gene expression profiles typically lack precise
control over expression shifts across specific regimes on the tree (Zhang et al 2019} [Pan et all}
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2022). Therefore, we simulated a lineage tree from an agent-based cancer cell model, and generated
differential and non-differential gene expression patterns using VOUS with various parameters.

First, we simulated cancer cell growth and metastasis using the agent-based TTP model adapted
from MACHINA (EI-Kebir et al.,|2018). We sampled 30% of the cells from each simulated clone,
yielding a sample cell lineage with 197 cells at the leaves and a single metastasis that forms a new

regime (Figure 2A).

Then, we followed the VOUS framework for gene expression simulation, including an OU model
along the tree, a softplus transformation to map latent states to positive rates at the leaves, and a
Negative Binomial model to generate read counts in single cells. While previous studies typically
sweep « and o to evaluate the model performance (Hirsch et al.| [2025; |Stuart & McKennal, [2025)),
here we selected moderate parameters considering the tree length (¢« = 3,0 = 1), and focused
on a grid search of € and r. 0 is biologically meaningful for tissue-specific expression levels, and
r is particularly indicative of overdispersion in scRNA-seq, with a smaller r indicating a larger
variance. Using these parameters, we simulated 500 negative genes following a uniform regime
with 6 across the tree, and another 500 positive genes with a different §; # 6, in the metastatic
regime (Figure[2]B). We tested current models for detecting differentially expressed genes, including
VOUS, EvoGeneX (Hirsch et al., [2025), and the tree-free Wilcoxon rank-sum test.

According to the areas under precision-recall curves (AUPRC), all methods perform the best under
large expression shifts (p = 0,0; = 3) and low overdispersions (r = 0.5), when the expres-
sion signals are strong and clear (Figure 2[C). Although improvements are modest, VOUS better
distinguishes true differentially expressed genes from random drift under a small r, reflecting an
extremely high variance in single-cell read counts. Specifically, both VOUS and EvoGeneX work
well with a lower classification threshold, suggesting that the integration of cell lineages helps detect
the true expression changes. However, EvoGeneX exhibits a performance drop at the high classifi-
cation threshold, indicating that the overdispersion of single-cell read counts violates its Gaussian
observation assumption, resulting in false positive genes due to high sequencing variances.

Finally, we tested whether VOUS can infer model parameters that capture cellular dynamics. Over-
all, we observed inflated estimates of « and o from VOUS across most simulation conditions (Fig-
ure ), indicating the need for an L2 regularization. However, the ratio o2 /(2cr) remains small, and
the estimated 6s agree well with the ground truth, suggesting that the given data can be explained by
different parameter combinations. We further re-simulated 8y = 0, 6; = 1 expression using median
parameters inferred by VOUS (o = 18,0 = 11,7 = 3) from the #; = 1,r = 0.5 simulation condi-
tion (Figure 2D). Although using larger parameter values, this re-simulation yielded a similar read
count distribution, suggesting that VOUS makes reasonable inferences on model parameters and
cellular dynamics given the observed data. Intriguingly, 7 is sometimes overestimated, reflecting a
lower variance in the Negative Binomial model (Figure [2JE). In this case, the data variance may in-
stead be described by the inflated o of the OU process, indicating non-identifiability or “cross-talk”
between model parameters and the complexity of systems dynamics.

4.2 APPLYING VOUS TO METASTATIC LUNG CANCER

Previous studies have provided a few scRNA-seq datasets with paired cancer cell lineages from
CRISPR barcodes (Quinn et al.l 20215 Simeonov et al.| [2021}; [Yang et al., 2022)). Here we apply
VOUS to one of the largest datasets of metastatic lung cancer from |Yang et al.|(2022). This dataset
comprises 9 tumor clones with metastatic events, which are critical for our differential gene ex-
pression analysis. We selected the largest metastatic clone as an example, which contains 20,992
cells from three tissues: lung (primary tumor), liver (metastatic tumor), and soft tissue (metastatic
tumor). Notably, only 950 cells from this clone have unique barcodes, whereas more than 90% of
cells share the same barcodes, rendering their precise lineage relationships unresolvable. Therefore,
we preprocessed the cells by selecting a single representative cell per unique barcode, based on a
custom score computed for transcriptome qualities.

As a result, we collected 1,453 cells with unique CRISPR barcodes and high-quality transcriptional
profiles. We reconstructed a maximum likelihood cell lineage tree for these cells using LAML (Chu
et al., 2025)), which provides more reliable tree topology and branch lengths compared to the par-
simony tree reported in the original paper. The original study selected 4,000 highly variable genes
from the scRNA-seq dataset. We removed genes present in fewer than 1% of representative cells
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Figure 3: VOUS results on metastatic lung cancer. (A) Differentially expressed genes in metastatic
tumors identified by VOUS. (B) GO enrichment analysis of significant genes.

and provided 691 genes as final candidates. We also provided a scaling factor for each cell based on
the library size, thereby reducing technical bias arising from sequencing depth.

We applied VOUS to this curated dataset and tested for differentially expressed genes in metastatic
tumors relative to the primary tumor. Three genes, Malat1, Sftpc, and S100a6, failed to converge in
VOUS, possibly due to high expression and variance. Among the remaining 688 genes, 284 were
detected with significant differential expression in the metastatic tumors (g-values < 0.05), of which
129 were upregulated and 155 were downregulated. 91 significant genes have log2 fold changes
larger than 1 using the softplus transformed 6 inferred from VOUS (Figure[3A). The top significant
genes include markers of epithelial-mesenchymal transition (EMT), such as Spp! that remodels the
immune microenvironment to favor tumor seeding (Xie et al., [2024), HI9 and Igf2 regulated by
the imprinting center (Matouk et al.,2015)), and Scgblal associated with other cancer types (Wang
et al.,[2024])). Strikingly, more than half of these genes were not detected by the Wilcoxon rank-sum
test, including Epcam and Cldn7 for cell adhesion (Huang et al., 2018} |[Philip et al.| 2014), Tspanl
for tissue invasion (Zhou et al., [2023), and Ly75 for immune response (Bigioni et al.,|2017), many
of which are validated therapeutic targets.

Finally, we conducted GO enrichment analysis on all significant genes identified by VOUS (Fig-
ure[3B). In particular, the term “regulation of epithelial cell differentiation” is enriched among these
genes, supporting EMT for tumor metastasis. This demonstrates that VOUS provides biological in-
sights into cancer metastasis by integrating the lineage information and modeling single-cell stochas-
tics. This framework is broadly applicable to other scRNA-seq datasets with paired cell lineages.

5 CONCLUSION

In this study, we developed VOUS, a probabilistic framework that redefines the analysis of single-
cell gene expression by explicitly grounding it in cellular history. While lineage tracing technologies
have successfully reconstructed the timing and topology of cell divisions, computational modeling
has largely lagged behind, often reducing these rich phylogenetic histories to simple endpoint com-
parisons. VOUS bridges this gap by modeling gene expression not as a static state, but as a con-
tinuous stochastic process evolving along the lineage tree. By coupling a latent OU process with
a Negative Binomial observation model, we provide a modeling framework that captures the evo-
lutionary forces driving cellular dynamics while respecting the discrete, sparse, and overdispersed
nature of single-cell data. By leveraging variational inference and GPU-accelerated optimization via
PyTorch, VOUS scales up to large datasets with thousands of genes and deep lineage trees.

Looking forward, VOUS establishes a robust modeling foundation that naturally extends to fu-
ture applications. For instance, VOUS supports joint inference across multiple lineage trees or
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pre-defined gene sets, amplifying statistical power by integrating information across sparse, noisy
sequencing data. Importance sampling can be implemented to move beyond variational approxi-
mations toward rigorous Bayes factor computation. Joint inference of lineage topology and gene
expression allows transcriptomic data to refine lineage reconstruction (Zafar et al., |2020; [Pan et al.,
2023). In addition, VOUS is extensible to other modalities, such as the stochastic modeling of
epigenetic landscapes and hypothesis testing across distinct spatial regions, opening new avenues
for multi-omics integration. Ultimately, by shifting the analytical paradigm from static snapshots
to dynamic evolutionary models, VOUS offers a powerful new lens for investigating fundamental
biological questions, from defining the precise developmental moments of cell fate commitment to
untangling the evolutionary drivers of cancer metastasis and therapeutic resistance.
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A OBJECTIVE FUNCTION

From Equation [T8] the ELBO is composed of expectations of the OU log-likelihood and the obser-
vation log-likelihood with respect to ¢(z), as well as the entropy of ¢(z).

A.1 KARUSH-KUHN-TUCKER CONDITION

From Equation [9] the log-likelihood of the latent expression z given the OU model is:
1 1
log py(z) = —§(z —-Wo)'S " (z-We) - 3 log det X + const. (20)

where const. denotes terms independent of the model parameters and ¢» = (T, «, 0, ) contains the
tree and the OU parameters. Therefore, the expectation of the OU log-likelihood with respect to

q(z) is:

1 1
Eqllogpe(2)] = —= [(pg — wWeo) = (u, —We) + Tr(E™ 'diag(oy))] ~3 log det X+const.

? 2D
which contains an additional trace term arising from the expectation of the quadratic form. To reduce
the number of free parameters and improve calculation efficiency, we apply the Karush-Kuhn-Tucker
(KKT) conditions adapted from [Pal et al.| (2023). When £, is maximized at an optimal solution

(6, &, 0), the partial derivatives of £, with respect to these parameters should be 0. By setting
0L,/00 = 0, we estimate 0 as:

6=wW'sSw)"twTs 1y, (22)
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where 3 = L 3. By setting 9L,/90 = 0, we estimate 6 as:

2L (1 = W0) TS (uy — W) + Te(S ding(r,)] (23)

n

By substituting Equation [23|into Equation |21} the new expectation becomes:
E,[logpe(z)] = (log det ¥ 4 nlog 62) + const. (24)

which essentially depends on ¢(z) and a.

A.2 REGULARIZATION

In experiments, we noticed that « tends to diverge without strictly improving the ELBO. Intuitively,
by considering Equatlon log det 2 from Equation[24{can be approximated as —n log 2«.. By con-
sidering Equations . 23|and [11] . nlog 62 from Equation 24| can be approximated as n log(2a/n) =
nlog2a + const. As a result, the two terms approximately cancel out, resulting in a flat loss land-
scape that promotes overfitting. Therefore, we add an L2 regularization for cv. This is equivalent to
a Gaussian prior N' ~ («; 0, 8), where § is controllable by the users.

A.3 APPROXIMATION

With the Poisson observation model from Equation[I2] the ELBO becomes:

L L
1 - . 1
L, = —i(log det 3 + nlog6?) + E {xiEq [log A\;] — E, [Az]} +3 E logo2; + const.  (25)

=1 i=1

Similarly, the Negative Binomial observation model from Equation [I3]gives the ELBO as:

L
1 -
L,=— §(logdet 3 +nlogé?) + Z [logl" (x; + 1) —logT'(r) + rlogr + x;E,[log A\;]
i=1

. (26)
1
— (z; + r)Eq[log(r + )\,')]} + 3 Z log o7; + const.
=1

where the expression A € (0, inf) was transformed from the latent z. We tested two transformations:
exponential A = e and softplus A = {(z) = log(1 + 7). Although the exponential transformation
simplifies analytic calculation, we observe a better performance with softplus due to a relatively
linear relationship for large z.

To approximate E,[\| = E4[((2)], Eq[log A\] = Eq[log {(2)], and Eq[log(r + X)] = E4[log(r +
¢(2))], we use Monte Carlo simulation by default. Alternatively, we tested Taylor series expansion.

For E,[¢(2)]:

E,[¢(2)] ~ {qu) + G (ug) (1 = olpg)) i Zq < 2 o
q q >

where o (p,) = (1 + e #a)~! denotes the sigmoid function. For E,[log ((2)]:

(1 —w)To+ wpyg if pg < 2,
76_ v 2 .
E,[log ¢(2)] = ¢ log(pg + e Ha) — %03 it 2 < py < 10, (28)
log 1iq if pg > 10

where w = (1 + 62(”‘7+2)) is a gating factor, and 7 is the Taylor expansion around z = 0:

pg o (og2—1)(uZ +07)
2log 2 8(log 2)2

To = log(log 2) + (29)
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B MODEL IMPLEMENTATION

We implemented the model using PyTorch, leveraging vectorized optimization to process multiple
genes in parallel batches, which significantly accelerates computation on GPU hardware.

We use the PyTorch Adam optimizer for gene-wise optimization. To assess model convergence,
we compute the relative decrease in loss for each gene within a window during iterations. Genes
with loss decreases within the tolerance are frozen and excluded from the subsequent optimization
iterations until all the genes are converged or iterations are above the maximum. Parameters such
as the learning rate, initial values, window size, tolerance, and maximal iterations are modifiable by
users. Loss trajectories during optimization can be monitored via Weights & Biases.

Furthermore, we implement an EM algorithm for model optimization. In the E step, the model
parameters are fixed, whereas the ¢(z) means p, and variances 0'3 from variational inference are
optimized. In the M step, the variational parameters are fixed, and the model parameters from OU
and Negative Binomial are optimized. By default, we optimize all parameters simultaneously, which
makes the convergence more efficient.

For likelihood ratio test, we test significance based on a x? distribution. The p-values are adjusted
by false discovery rate using the Benjamini-Hochberg procedure. We also provide options to sim-
ulate empirical null distributions using inferred model parameters from the null hypothesis. These
simulations can be performed either using gene-specific model parameters, or using sampled model
parameters from all genes. However, we did not observe obvious improvements using empirical null
distributions.

Finally, we extend the model to include multiple input files. For example, multiple tree files from
the same tumor and multiple gene expression files within the same gene set can be combined to an
average likelihood by the model for information integration.

Soft tissue

Figure S1: Lineage tree of the largest clone in the [Yang et al] (2022) dataset built with LAML.
Colors show tissue labels.
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