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Abstract

Empirical studies have revealed that many minima in the loss landscape of deep learning
are connected and reside on a low-loss valley. We present a general framework for finding
continuous symmetries in the parameter space, which give rise to the low-loss valleys. We
introduce a novel set of nonlinear, data-dependent symmetries for neural networks. We
then show that conserved quantities associated with linear symmetries can be used to de-
fine coordinates along the minima. The distribution of conserved quantities reveals that
using common initialization methods, gradient flow only explores a small part of the global
minimum. By relating conserved quantities to convergence rate and sharpness of the min-
imum, we provide insights on how initialization impacts convergence and generalizability.
We also find the nonlinear action to be viable for ensemble building to improve robustness
under certain adversarial attacks.

Keywords: Symmetry, gradient flow, conserved quantity, Lie group, Lie algebra

1. Introduction

Training deep neural networks (DNN) is generally a highly non-convex problem. The loss
landscape of DNN is expected to be very rugged, with the number of local minima growing
rapidly with model size (Bray and Dean, 2007; Simsek et al., 2021). However, it has been
observed that many DNN loss landscapes contain approximately flat directions along which
the loss does not change significantly (Freeman and Bruna, 2017; Garipov et al., 2018).
The loss landscape is shaped by the model architecture and the dataset. Hence, a natural
question is: How are parameter space symmetries of the architecture related to flat minima?
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Intuitively, it is clear that a symmetry may lead
flat minima, as applying a symmetry does not change
the loss. However, finding such flat directions is
mostly done empirically (Freeman and Bruna, 2017;
Garipov et al., 2018; Draxler et al., 2018; Benton
et al., 2021; Izmailov et al., 2018). Theoretical re-
sults on the existence of such flat minima and how to
find them remain sparse. Kunin et al. (2021) shows
that some flat directions can be traced back to scal-
ing and shift symmetries of the loss landscape. We
discover a set of continuous symmetries which keep
nonlinear NN invariant under certain conditions.

We show that coordinates along flat minima can o )
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2. Continuous Symmetries in Deep Learning

Let G be a group. An action of G on the parameter space Param is a function - : G X
Param — Param, written as g - 0, that satisfies the unit and multiplication axioms of
the group, meaning I - @ = @ where [ is the identity of G, and g1 - (g2 - ) = (g192) - 0 for
all g1,g92 € G. The action G x Param — Param is a symmetry of £ if it leaves the loss
function invariant, that is:

L(g-0)=L(0), V6 € Param, g€ G. (1)

The groups we discuss below are all matrix Lie groups. Any smooth action of such a
group induces an action of the infinitesimal generators of the group, i.e., elements of its Lie
algebra. To describe this action, let g = Lie(G) = T7G be the Lie algebra, which can be
thought of as a certain subspace of matrices in gl,, = R"*", or equivalently, as the tangent
space at the identity I of G. Given an action of G on the parameter space, we have a vector
field for every element M of the Lie algebra g, known as the infinitesimal action of M:

— d
Mg := — (expys(t) - 0) V60 € Param. (2)
dt t—0

Proposition 1 (Infinitesimal symmetry) Let G be a matriz Lie group acting on pa-
rameter space and leaving the loss invariant. Then the gradient vector field is point-wise
orthogonal to the infinitesimal action vector field of any Lie algebra element M € g:

(VoL , Mg) =0 V0 € Param. (3)
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In the special case where G acts linearly on parameter space, the infinitesimal action
of the matrix M € g on Param is defined in terms of matrix multiplication: Mg =
M - 6. Examples of linear symmetries in homogeneous and radial neural networks have
been discussed in literatures, which we summarize in Appendix B.3. Below we show a more
interesting application of Proposition 1 in nonlinear neural networks.

Proposition 2 (Nonlinear symmetries) Consider the F(X) = Uo(V X) network for a
fized batch X € R™** Let G C GLu(R) be such that Vg € G, o(gVX) is full rank (rank
min(h, k). Consider the following nonlinear action of G on Param x Data

g- (U7‘/7X) = (Uﬂ'(gv‘/X)? gV? X) ﬂ-(gaZ) - J(Z)U(QZ)+ (4)

where ™ : G x R — GLL(R) is a nonlinear representation of G and AT is the the
pseudoinverse of A. Then, the action (4) is a symmetry of Param which keeps F(X)
invariant if h = k.

This result applies a pair of consecutive layers in arbitrary architectures and can easily
generalize to multilayer neural networks. One consequence of these continuous symmetries
is the existence of extended, flat minima (Appendix B.6). Next, we discuss how these
symmetries give rise to conserved quantities during gradient flow (GF) dynamics.

3. Conserved Quantities of Gradient Flow

Gradient descent can be regarded as a discrete approximation of a continuous gradient flow
process, where t € Ryg. In gradient flow, the parameters have the dynamics

O(t) = dé(t)/dt = —eVL(O(t)). (5)

A conserved quantity of GF is a function @) : Param — R such that for any two time
points s,t € Ry along a GF trajectory Q(0(s)) = Q(O(t)). In other words, we have
dQ(0(t))/dt = 0. A few conserved @ of GF have been discovered, most notably layer
imbalance in homogeneous feed-forward networks (Du et al., 2018). We generalize these
results to the symmetries discussed above.

Proposition 3 Suppose the action of G on Param is linear and leaves L invariant. For
any M € g, the function Qs : Param — R is a conserved quantity:

Qu(0) = (6, M - 6) (6)

The space of distinct conserved quantities of the form Qpr for M € g is in one-to-one
correspondence with the space of symmetric matrices in g.

The conserved Qjs are only nonzero for the symmetric part of M. For all M, the
flow lines satisfy the differential equation 0" Mo = 0, which has the form of an angular
momentum when M is anti-symmetric. More details and examples are in Appendix C.3.

In physics, Noether’s theorem (Noether, 1918) states that continuous symmetries give
rise to conserved quantities. Recently, Tanaka and Kunin (2021) showed that Noether’s
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theorem can also be applied to gradient descent by approximating it as a second order GF.
In the limit where the second order GF reduces to first order GF (23), results from Noether’s
theorem reduce to our conservation law <Mg, V[,> =0 (11) in Appendix C.4.

The conserved quantities we derived so far assumes continuous gradient flow. In gradient
descent, the values of these conserved quantities may change due to the time discretization.
However, the change in @ is expected to be small. For example, in two-layer linear networks,
the change of () is bounded by the square of learning rate. Appendix D contains derivations
and empirical observations of the magnitude of change in Q.

4. Applications and Future Work

Relation to convergence rate and generalizability Conserved quantities are deter-
mined at initialization and by definition unchanged during gradient flows. By relating the
values of conserved quantities to optimization and model generalizability, we know some
properties of the trajectory and the final model before the gradient flow even starts. This
knowledge allows us to choose good conserved quantity values at initialization, in order to
influence the convergence rate or the sharpness of the trained model. In Appendix F, we
derive the relation between conserved quantities and convergence rate for two optimization
examples. We show that initializing parameters with certain conserved quantity values
accelerates convergence. In Appendix G, we derive the relation between conserved quan-
tities and sharpness of solutions in a simple two-layer network, and show empirically that
conserved quantity values affect sharpness in larger networks.

Ensemble models While the set of possible values for a conserved quantity is often
unbounded, common initialization methods such as Xavier initialization (Glorot and Bengio,
2010) limit the values of @ to a small range (Appendix E). As a result, only a small part
of the minimum is reachable by the models. Applying the group actions allow us to obtain
an ensemble without any retraining or searching. We show that even with stochasticity in
the data, the loss is approximately unchanged under the group action. The ensemble has
the potential to improve robustness under adversarial attacks (Appendix H).
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Figure 2: Overview of empirical observations with more details in Appendix F, G, and H.
(a) In a two-layer neural network, the convergence rate depends on the conserved quantity
Q. (b) The distribution of the eigenvalues of the Hessian at the minimum is related to Q.
(c) The ensemble created by group actions has similar loss values when ¢ is small. (d) The
ensemble model improves robustness against fast gradient sign method attacks.
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Appendix A. Related Work

Continuous symmetry in parameter space Overparametrization in neural networks
leads to symmetries in the parameter space Gluch and Urbanke (2021). Continuous sym-
metry has been identified in fully-connected linear networks (Tarmoun et al., 2021), ho-
mogeneous neural networks (Badrinarayanan et al., 2015; Du et al., 2018), radial neural
networks (Ganev et al., 2022), and softmax and batchnorm functions (Kunin et al., 2021).

Conserved quantities The imbalance between layers in linear or homogeneous networks
is known to be invariant during gradient flow and related to convergence rate (Saxe et al.,
2014; Du et al., 2018; Arora et al., 2018a,b; Tarmoun et al., 2021; Min et al., 2021). Huh
(2020) discovered similar conservation laws in natural gradient descents. Kunin et al. (2021)
develop a more general approach for finding conserved quantities for certain one-parameter
symmetry groups. In physics, Noether’s theorem gives a conserved quantity for every con-
tinuous symmetry Noether (1918). However, while symmetry of the loss function may be
known, the kinetic energy makes it difficult to find symmetry of the Lagrangian that de-
scribes the learning dynamics. Tanaka and Kunin (2021) takes a different route by studying
the dynamics of the conserved quantity caused by this kinetic symmetry breaking.
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Topology of minimum The global minimum of overparametrized neural networks are
connected spaces instead of isolated points. Cooper (2018) proves that the global minima
is usually a manifold with dimension equal to the number of parameters subtracted by the
number of data points. Simsek et al. (2021) study permutation symmetry and show that in
certain overparametrized networks, the minimum related by permutations are connected.
Entezari et al. (2021) hypothesize that SGD solutions can be permuted to points on the same
connected minima. Ainsworth et al. (2022) develop algorithms that find such permutations.

Appendix B. Continuous symmetries in deep learning

In this section, we first summarize our notation for basic neural network constructions.
Then we consider group actions on the parameter space that leave the loss invariant. We
prove that, in the case of such an action, the gradient vector field is orthogonal to the
infinitesimal action vector field corresponding to any Lie algebra element.

B.1. The parameter space and loss function

The parameters of a neural network consist of a choice of weight matrix' for each layer.
In symbols, one has W; € R™*™i for each layer i, where n; and m; are the layer output
and input dimensions, respectively. For feedforward networks, successive input and output
dimensions match: m; = n;_;. We group the widths into a tuple n = (ng,...,n1,n0),
and the parameter space becomes?: Param(n) = R"ZX"i-1 x ... x R™*"0_ We denote an
element therein as a tuple of matrices @ = (W; € R%*"i-1)L_ . The activation of the i-th
layer is a piecewise differentiable function o; : R™ — R™ which can be pointwise, as is
conventionally the case, but is not necessarily so.

Fix parameter values § € Param. For any input vector x € R™, we set Hg,(x), or
simply H;(z), to be the feature vector in the i-th layer, before the activation is applied.
Hence we have the recursion H;11 = Wj41 % 0(H;), where x denotes the matrix product,
convolution, or other ways that the weights may act on the input features. For simplicity,
we largely focus on the case of multilayer perceptrons (MLPs), when % denotes matrix
multiplication. The feedforward function Fy : R™ — R™ corresponding to parameters
0 € Param is then defined as Fy(x) = o(Hg,1(z)).

The “loss function” L of our model is defined as:

L : Param x Data — R, L£(0,(x,y)) = Cost(y, Fg(z)). (7)

where Data = R"° xR"L is the space of possible training data pairs, and Cost : R"Z x R"Z —
R is a differentiable cost function, such as mean square error or cross-entropy. This loss
function generalizes to multiple samples, where the data consists of matrices X € R™0*F
and Y € R"** whose columns are the k samples. (We use capital letters for matrix data
and small letters for individual samples, but retain the same notation for the feedforward
function, i.e., Fp : R™>*k — R"2XF ) In the results appearing below, we prove properties
of £ that hold for any training data. Hence, unless specified otherwise, we take a fixed
batch of training data {(z;,v;)}*_; C Data, and consider the loss to be a function of the
parameters only.

1. For the purposes of exposition, we suppress the bias vectors.
2. When clear from context, we omit n and write just Param.
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Example 1 (Two-layer network with MSE) Consider a network with n = (n,h,m),
the identity output activation, and no biases. The parameter space is Param(n) = R™" x
R"™™ gnd we denote an element as @ = (U, V). Taking the mean square error cost function,
the loss function for data (X,Y) € R™* x R™F takes the form L(6,(X,Y)) = 1||Y —
Uo(VX)|?.

B.2. Action of continuous groups and infinitesimal symmetries

Let G be a group. An action of G on the parameter space Param is a function - : G x
Param — Param, written as g - 8, that satisfies the unit and multiplication axioms of the
group, meaning I - @ = 0 where I is the identity of G, and g1 - (g2 - 0) = (g1g2) - 0 for all
g1, 92 S G .

Definition 4 (Parameter space symmetry) We say that the action G x Param —
Param is a symmetry of L if it leaves the loss function invariant, that is:

L(g-0)=L(O), V0 € Param, g€ G (8)

The groups we discuss below are all matrix Lie groups, that is, continuous subgroups
G C GL,(R) of the general linear group of invertible n x n real matrices, for some n.
Any smooth action of such a group induces an action of the infinitesimal generators of the
group, i.e., elements of its Lie algebra. To describe this action, let g = Lie(G) = T7G be
the Lie algebra, which can be thought of as a certain subspace of matrices in gl,, = R"*",
or (equivalently) as the tangent space at the identity I of G. With the former realization
in mind, for every matrix M € g, we have an exponential map exp;; : R — G valued in the
group, defined as expy,(t) = > roq (H}fi,)k Given an action of G on the parameter space,
we have a vector field for every element M of the Lie algebra g, known as the infinitesimal
action of M:

— d
Infinitesimal action of M vector field: Mg = — (expy(t) - 0) VO € Param.

dt t—0
(9)

In the case of a parameter space symmetry, the invariance of £ translates into the following
orthogonality condition, where the inner product (,) : Param x Param — R is calculated
by contracting all indices, e.g. (A, B) = Zz]k Aiji.. Biji....

Proposition 5 (Infinitesimal symmetry) Let G be a matriz Lie group acting parame-
ter space and leaving the loss function invariant. Then the gradient vector field is point-wise
orthogonal to the infinitesimal action vector field of any Lie algebra element M € g:

(VoL , Mg) =0 V60 € Param (10)

Proof The gradient is the transpose of the Jacobian, so the left-hand-side becomes
dLy (%‘0 (expy(t) - 0)), which is equal to %}Oﬁ(expM(t) - @) by the chain rule. The in-
variance of £ implies that L(exp,,(t) - @) = £(0) for any t. The result follows. [ ]
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In the special case where G acts linearly on parameter space, we have the following
reformulation. The general linear group GL(Param) consists of all invertible linear trans-
formations® of the parameter space. Suppose G is a subgroup of GL(Param), with the
resulting linear action on Param. Then its Lie algebra g is a Lie subalgebra of gl; = R%*¢
where d = dim(Param), and the infinitesimal action of the matrix M € g on Param is
defined in terms of matrix multiplication: Mg = M - 6. A corollary of Proposition 5 is:

Corollary 6 Suppose G acts linearly on the parameter space leaving the loss function
invariant. Then the gradient of the loss function and the multiplication action of any M € g
are orthogonal:

(VoL , M -0)=0 V6 € Param (11)

B.3. Examples of linear symmetries

We now describe a linear group action on the parameter space with a cancellation property
on successive layers. Such an action exists for a vast swath of different architectures. Before
discussing the general case, however, we first analyze two-layer networks, hence illustrating
the main ideas in as simple a way as possible. To this end, consider a two-layer network
with dimension vector (m,h,n), so that the parameter space consists of pairs of matrices
(U, V) € R xR, Let o = 01 be the hidden layer activation and assume (for simplicity)
that there is no output activation. The feedforward function is therefore F'(z) = Uo(Vx)
for x € R". Let G C GLj(R) be a subgroup, and let 7 : G — GLj(R) a representation; the
simplest example is when 7(g) = g. Define the action of G on Param as follows:

g-U=Un(g), g V=gV (12)

Proposition 7 (Equivariant activation) Suppose o(gz) = 7w(g)o(z) for all z € R".
Then the action given in 12 is a symmetry of the parameter space.

Proof The loss depends on the parameters only through the feedforward function, so it
suffices to show that (U,V) and g - (U,V) give the same feedforward function. The key
computation is: (g-U)o((g-V)z) = Un(g )o(gVx) = Us(Vx), where 2 € R" is any input
vector. |

To describe the infinitesimal action, note that the representation 7 : G — GLj, induces a
representation dm : g — gl, of the Lie algebra, defined by dn(M) = %|07r(expM(t)). Using
the fact that exp_,;(t) = exp,,(t)~!, the infinitesimal action of the Lie algebra g induced
by 12 is given by:

M-U=-Udr(M), M-V=MV (13)
The infinitesimal version of o(gz) = 7(g)o(z) is

(Mz,do,) =dr(M)o(z) (14)

3. Concretely, let d = dim(Param) be the dimension of the parameter space; in terms of the widths, we
have d = Zle nini—1. Then Param ~ R? and parameters can be ‘flattened’ into d-vectors. One
can identify GL(Param) with the group GL4(R) of invertible d x d matrices, and its Lie algebra with

dxd
gl, =R**%

10
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where do, € RP*P ig the Jacobian matrix of o : R* — R at z € R". When the activation
is elementwise, we have Mz ® ¢/(z) = dr(M)o(z) (® denotes elementwise multiplication) *

Example 2 (Linear networks) The simplest example of Proposition 7 is that of linear
networks, where o(x) = x. One can take w(g) = g and G = GLj(R).

Example 3 (Homogeneous activations) Suppose the activation o : R" — R" is homo-
geneous, so that o is applied pointwise in the standard basis, and there exists o > 0 such
that o(cz) = c®a(z) for all ¢ € Rsg and z € R". Define the positive scaling group G to
be the subgroup of GLj consisting of diagonal matrices with positive diagonal entries. We
show that, for any g € G, and any z € R, we have 0(gz) = g“c(z). Indeed, let g be
an element of the positive rescaling group, so g = diag(c) is a diagonal matriz, where the
diagonal entries ¢ = (c1,...,cp) satisfy ¢; € Rsag. For z = (z1,...,2,) € R", we have:
o(gz) =22, 0(cjzj) = >, cfo(zj) = g°0(z), as desired. Hence, we set w(g) = g*. We have
dm(M) = aM and so the infinitesimal version of rescaling invariance of homogeneous o
becomes Mz ® o'(2) = aMa(z).

Example 4 (LeakyReLU) A special type of homoegeneous activation is LeakyReLU (in-
cluding ReLU), defined as o(z) = max(z,0) — smin(z,0), where s is positive real number.
We have that o = 1, and take w(g) = g. Since o(z) = z0'(2), infinitesimal equivariance
becomes Mz ® o'(z) = Mo(z).

Example 5 (Radial rescaling activations) A less trivial example of continuous sym-
metries is the case of a radial rescaling activation (Ganev et al., 2022) where for x € R"\{0},
o(x) = f(||z]])x for some function f. Radial rescaling activations are is equivariant under
rotations of the input: for any orthogonal transformation g € O(h) (that is, g*g = I) we
have 0(gz) = go(z) for all z € R". Indeed, o(gz) = f(llgzl)(92) = g(f(l|z])2) = go(2),
where we use the fact that ||gz|| = 21 g7 g2z = 212 = ||z|| for g € O(h). Hence, Proposition
7 is satisfied with w(g) = g.

B.4. Nonlinear Symmetries

So far we assumed the group action g-0 is linear. We now introduce a set of nonlinear group
actions that can keep the the loss invariant. Consider the equivariance 7(g)o(z) = o(gz)
from Prop. 7. Consider our example subnetwork F'(z) = Uco(V z) with dimensions (n, h, m).
Most o may not be equivariant under the linear action of the full GLj(R) group. However,
if we generalize Prop. 7 and allow 7 to act nonlinearly, it is possible to make many o
equivariant under the full GLy,(R).

Let Hj' denote entry in row a and column b of a batch of inputs X ¢ R™*k - Assume o
acts independently on each sample a (column), o(X), = 0(X,). We can define the following
nonlinear symmetry for a fixed input:

Proposition 8 (Nonlinear symmetries) Consider the F(X) = Uo(V X) network for a
fized batch X € R™*F. Let G C GL,(R) be such that Yg € G, o(gV X) is full rank (rank

4. The general case is do, - (Mz) = dr(M) - 0(2), where do, € R"™" is the Jacobian matrix of o : R" — R”"
at z € R", and - denotes matrix multiplication.

11
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min(h, k). Consider the following nonlinear action of G on Param x Data
g- (U> MX) = (U’iT(g, VX)? gV? X) W(gv Z) = G(Z)U(QZ)+ (15)

where ™ : G x R"™F — GLL(R) is a nonlinear representation of G and AT is the the
pseudoinverse of A. Then, the action (15) is a symmetry of Param which keeps F(X)
invariant if h = k.

Proof We can check that the group axioms are satisfied when & < h. For brevity, let
Z = VX sothat g- (U, Z) = (Un(g,%Z),9Z). Setting g = I, we see that the identity
action holds when o(Z)*o(Z) = I, which requires k < h. For the group multiplication,
for g1,92 € G we have

92-91- (U, Z) =g2- (Un(g1,2),912)
= (Un(g1, 2)7(92: 1 Z), 9291 Z)
(91, 2)7(92, 12) = 0(Z)o (91 2) o (91 2)0 (921 2) "
=0(2)0(92012)" = 7(g9291, Z)
= 9291 (U,2) = [g201] - (U, Z) (16)
Setting g2 = g7 L (16) shows the inverse axiom also holds. Lastly, in order for this action to

be a symmetry, the identity action should yield - (U, V, X) = (U,V, X ), meaning (I, Z) =
o(Z)o(Z)*t = Ij. This only holds if h > k. As a result, (15) is a symmetry if h = k. [ |

g

g

Note that the nonlinear symmetry above is restricted to a given input X € R"*" (setting
h = h to have a symmetry). This means that a transformed set of parameters (U’,V”)
defined by (U, V', X) = g - (U,V,X) will not yield the same output as (U, V) when used
on a different input X* because (¢!, VX)o(gVX*) # o(VX*). We cannot use it to
define transformed parameters (U’, V') = ¢g(U, V)one batch X to transform parameters to
(U, V") = (Ur(g,VX),gV), while U'c(V'X) = Uo(VX), for different batch X’ € R*"
using 7(g, VX) may not keep F(VX)

B.5. Linear symmetries: multilayer case

We now state a more general version of the results of the previous section by combining
equivariances across all layers of a multilayer network. Specifically, consider a feedforward
fully-connected neural network with widths n = (ng,...,nz), so that the parameters space
consists of tuples of matrices 8 = (W; € R™*"i~ 1)L For each layer 1 < i < L, let G; be a
subgroup of GL,,, and let m; : G; — GL,, (R) be a representation (in many cases, we take
7i(g) = g). Define an action of G = G; X --- x G, on Param via

Vg =(91,--.,91) € G, 9-W; = giraWimi(g; ) (17)

For each i, the representation m; induces a Lie algebra representation d(m;) : g; — gl,,,, as
described above. The infinitesimal action of the Lie algebra g = g1 X - -+ X gy, induced by
17 is given by:

VM = (My,...,Mp) € g, g M; = M; 1 W; — Wid(m;)(M;) (18)
The proof of the first part of the following Proposition proceeds by induction, where the

key computation is that of from Proposition 7. The second part relies on Corollary 6.

12
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Proposition 9 Suppose that, for each i = 1,..., L, the activation o; intertwines the two
actions of G, that is, 0;(g;z;) = mi(gi)o(z) for all g; € G;, z; € R™. Then:

1. (Combined equivariance of activations) The action of G = Gy x --- x G defined in
17 is a symmetry of the parameter space.

2. (Infinitesimal equivariant action) The action of g = g1 X - -- X g1 defined in 18 satisfies
(VoL, M -6) for all € Param and all M € g.

Next, we discuss the effects of continuous symmetry on the loss landscape.

B.6. Linear symmetries lead to extended, flat minima

In this section, we show that, in the case of a linear group action, applying the action of
any element of the group to a local minimum yields another local minimum. This fact is a
corollary of a more general result; in order to describe it and remove ambiguity, we include
the following clarifications. Let G be a matrix Lie group acting as a linear symmetry.
Fix a basis (0,...,04) of the parameter space. The gradient VgL of the loss £ at a
point @ € Param in the parameter space as another vector in Param ~ R? whose i-th

coordinate is the partial derivative gTEi‘e' Hence, it makes sense to apply the group action

to the gradient: g - VgL. We regard vectors in Param ~ R? as column vectors with d
rows. Thus, the transpose of any vector is a row vector with d columns. In the case of the
gradient, its transpose at 6 matches the Jacobian dCe € R'? of L, that is: dLe = (VoL)T.
Alternative notation for the Jacobian is dLg, = g—g! 00’ where we now use 0 as a dummy
variable and @y € Param as a specific value. As noted above, we are interested in matrix
Lie groups G C GLg4(R) = GL(Param), and assume that the matrix transpose g belongs
to G for any g € G. These assumptions hold in all examples of interest.

Proposition 10 Suppose the action of G on the parameter space is linear and leaves the
loss invariant. Then the gradients of L at any g and g - 8y are related as follows:

gl Vg.0,L = Vo, L Vg € G, Y0y € Param (19)

Proof Let T, : Param — Param be the transformation corresponding to g € GG. The the
Jacobian dLg, is given by:

oL
a9

oT,

B d(Lo Tg) Ty
460 00

T

_oc

Lo, = -
° o, 00

=dLge, 0T,
6o

where we have used the definition of the Jacobian, the invariance of the loss (£ o Ty = L),
the chain rule, the linearity of the action. The result follows from applying 7T;-1 on the
right to both sides, and using the fact that the gradient is the transpose of the Jacobian. B

Now suppose 0% is a critical point of £ so that Vg=£ = 0. Then Proposition 10 implies
that g - 0" is another critical point: Vg.g+ = (g7)"'Vg+L = 0. If the group G is connected
(as the case in most applications), then continuity implies that critical points that are local
minima are sent to other local minimum. We summarize this discussion in the following
corollary:

13
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Corollary 11 Suppose G is connected. If 8" is a critical point (resp. local minimum) of
L, then so is g - 0*.

Hence, if 8" is a critical point, then the set {g-0 | g € G} belongs to the critical locus.
This set is known as the orbit of 8 under the action of G, and is isomorphic to the quotient
G /Stabg(0), where Stabg(0) = {g € G | g- 0 = 6} is the stabilizer subgroup of 8 in G.
In the case of a linear action, the orbit is a smooth manifold. While the corollary above
implies that the critical locus is a union of G-orbits, it does not imply, in general, that the
critical locus is a single G-orbit. It also does not rule out the case that the stabilizer is a
somewhat ‘large’ subgroup of GG, in which case the orbit would have low dimension.

Example 6 (Running example) Recall that the parameter space of a two-layer network
is Param = R™*" xR " where the dimension vector is (m, h,n), and we write elements as
(U, V). Pick such an element in which U and V' have full rank (this is a generic condition).

e Linear case. The GLy-orbit has dimension h? — max(0, h — n) max(0, h — m).
e Homogeneous case. The orbit of the positive rescaling group has dimension min(h, max(n,m)).

e Radial rescaling case. The orbit of the orthogonal group has dimension (g) if

h < max(n,m) and dimension (g) — (hfma;(m’n)) otherwise.
To summarize:

Linear case dim = h% — max(0, h — n) max(0, h — m) (20)
Homogeneous case dim = min(h, max(n,m)) (21)

h .

fh<
Radial rescaling case dim = (i) h—max(m.n) = I'nax(n, m) (22)
(5) — ("Tmetm) - otherwise

Next, we discuss how these symmetries give rise to conserved quantities during “gradient
flow” (GF) dynamics (continuous version of gradient descent (GD)).

Appendix C. Conserved quantities of gradient flow

Thus far, we discussed a class of continuous symmetries of the loss in neural networks and
how it may lead to extended loss minima, which we will call “valleys”. Symmetries can
move us along a loss valley. The questions that arises are: How do we distinguish between
different minima along a valley? Can we parametrize points along a loss valley? Does
training using SGD typically end up in a specific part of these valleys? We will show now
that these questions can be addressed using conserved quantities.

In brief, we show that certain quantities remain constant during gradient flow (GF)
(continuous version of gradient descent (GD)). We will denote these conserved quantities
by Q. The value of @) is fixed by the initialization and remains constant during GF. As
we show, common initialization schemes, such as Xavier, lead to a narrow distribution of
values for ). As a result, if stochasticity is not too high, SGD will only converge to and
explore a small portion of a loss valley. Our goal is to provide a systematic way to explore
the rest of the valley. By applying symmetries we can change the value of () and thereby
explore parts of loss valleys which SGD seldom converges to.

14
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C.1. Gradient flow (GF)

The update rule for GD is 0,41 = 0; — eVL(0;) where ¢ is the learning rate, which in
general can be a symmetric matrix. GD can be regarded as a discrete approximation of a
continuous GF process, where t € R+g. In GF, the parameters have the dynamics

O(t) = do(t)/dt = —eVL(O(1)). (23)

At time ¢ = 0, initializing at 6(0) € Param, GF defines a “trajectory” 6(t) € Param for
t € Ryp.

C.2. Conserved quantities

A conserved quantity of GF is a function @ : Param — R such that for any two time
points s,t € Ryg along a GF trajectory Q(0(s)) = Q(O(t)). In other words, we have
dQ(0(t))/dt = 0. A few conserved @ of GF have been discovered, most notably layer
imbalance Qi = ||[Wil|?> — [Wi_1]|?> (Du et al., 2018) for each pair of feedforward linear
(o(z) = z) layers i — 1,4, and its full matrix version Q; = WIW; — W;_;WTI . It is known
that imbalance and certain other conserved @ can be related to symmetries (Huh, 2020;
Kunin et al., 2021). We generalize these results to the symmetries discussed above. Using
chain rule and the GF equation we have

do(t)

dQ _ /0@ dbt)
e(t)’ dt

dt 00

> =—(VQ,eVL) =0 (24)

which also equals — (eVQ, VL) = 0 because ¢ = £7. Note that, if f : R — R is any function,
and @ is a conserved quantity, the f o () is also a conserved quantity. Additionally, any
linear combination of conserved quantities is again a conserved quantity.

C.3. Conserved quantities from symmetries

For simplicity, set the learning rate to identity, ¢ = I. Notice the similarity of dQ/dt = 0
(24) with infinitesimal group action (11) (M -0, VL) = 0. We can associate a conserved )
to a symmetry by finding solutions to VQ(6) = M - 8 (or more generally to f(0)VQ(0) =
M - 0, with f: Param — R). Alternatively, we can use the GF equation to write (11) as
Qu = <0, M - 0,> = 0. Matrices in the Lie algebra g give rise to conserved quantities for
the gradient flow, as explained in the following proposition:

Proposition 12 Suppose the action of G on Param is linear” and leaves L invariant. For
any M € g, the function @y : Param — R is a conserved quantity:

Qu(0)=(6,M -0) (25)

The space of distinct conserved quantities of the form Qur for M € g is in one-to-one
correspondence with the space of symmetric matrices in g.

5. For simplicity, we also assume that G is closed under taking transposes, and that G acts faithfully .
These assumptions generally hold in practice.

15
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Proof Flattening 0 into a d = [[n dimensional vector, we get M € R¥*d  Assuming,
MT € g, let M»™ = L(M+MT) € g. Using GF 6 = —V L, we have Qs = 07 MO = Q pysym

andQM:<é,M.0>+<9,M.9>=—<vc,Msym-9>:o m

The conserved @y = Qg above are only nonzero for the symmetric part of M. If M
is an anti-symmetric matrix in g, then Qs = 0, so we do not obtain meaningful conserved
quantities. Instead, we can only conclude that flow lines satisfy the differential equation

AT . . . .
0 M6 = 0. Selecting coordinates eq, ..., eq for the parameter space Param, this equation
becomes:

> Mriidij =0 (26)

1<j

where (7;;, ¢ij) are the polar coordinates for the point (6;,0;) € R%. In summary, we find:

Meg ‘ M symmetric ‘ M anti-symmetric
differential equation conserved quantity differential equation
67O =0 Qu(0) =0T Mo D i mijTiidij =0

Example 7 (Imbalance in linear layers) Let 0,(z) = z in an L layer feedforward NN
(i < L). L is invariant under Gy = GL,,(R). Let M € gl,,, be symmetric. The correspond-
g Qur 1s given by

Qu =Tr [WZTMZWJ —Tr [W¢+1MW£1] (27)

Using the one-hot matrices Ey; (only component k,l is 1, rest are 0) and setting M =
E(y = B + Eig, we get Qu = [WiWiT - WTHWZ‘H]M' This shows that each component

)

kl of the whole matriz Q = ‘/Vz‘W;T — WEFIWZ-H s conserved in linear layers.

Example 8 (Equivariant o) Let o be equivariant under a linear action of g € G C
GLxp(R) with w(g)o(z) = o(gz). Let F(z) = Uo(Vz) be two layers in an NN with loss
invariant under the above G. For symmetric M € g, and using the infinitesimal action
(13), the following Qs is conserved

Qu = Tr [Udn(M)UT] = Tx [VTMV]. (28)

Example 9 (Homogeneous activation under scaling) For g € G = R (positive
scaling group) we have o(gz) = g“o(z) and dn(M) = oM, which yields the conserved
Qu = aTr [UMUT] — Tr [VTMV]. Note, for scaling all M are diagonal and hence
symmetric. Using the basis M = Eyi, we see that the set of all conserved Qp; becomes
Q = diag [aUTU - VVT] (here, diag[A] is the leading diagonal). Special cases of this are
LeakyReLU and ReLU with oo = 1.

Example 10 (Radial rescaling activation) Consider the F'(z) = Uo(V z) network with

dimensions (n,h,m) and let o(z) = f(||z||)z be the radial rescaling activation. As in sec.
B.3, G = O(h) commutes with o, making it a symmetry of L. The Lie algebra g consists
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only of anti-symmetric matrices M = —M?", and so from (25) yields Qp = 0 and no
nontrivial Qar can be found this way. However, M € g still satisfies

0T MO = —Tr [UMUT} Ty [VTMV} —0, (29)

and (26). Using the canonical basis of Eyy € g = o(h) given by Eyy = Ep — Ey ([Kl]
meaning anti-symmetrized indices), (29) becomes

0" By = (U Ul — VV gy = D 15500 — D 1w (Gyr s =0 (30)

s=1 s=1

(rus, du,s) and (ryz 4, ¢yr ;) are the polar coordinates of row Us and column V* = VI in
the 2D plane with basis (e¥,e') . This is analogous to the “angular momentum” in 2D
A& = r2p. Intuitively, (30) states that in every 2D plane (k,1), the angular momenta
of rows of U and columns of V' are equal. This result trivially generalizes to multi-layer
networks, with U = W; and V = W,;_1.

C.4. Relation to Noether’s theorem

We now show how the approach in (Tanaka and Kunin, 2021) relates to our conservation
law dQ/dt = <9,M¢9> = 0. Assuming a small time-step 7 < 1, we can write GD as

0(t+71)—0(t) = —€VL(O(t)). Expanding the Lh.s to second order in 7 and discarding
O(73) terms defines the 2nd order GF equation

a6 Td*0
2nd order GF: T + Sz = —eVL. (31)
Here ¢ = /7. To use Noether’s theorem, the dynamics (i.e. GF) must be a variational
(Euler-Lagrange (EL)) equation derived from an “action” S(@) (objective function), which

for (31) is the time integral of Bregman Lagrangian L (Wibisono and Wilson, 2015)

5(9)=/dtL(0(t),é(t);t):/

~

dtet!™ E <(9, 5_19> - c(a)} (32)

where 6 : R — Param is a trajectory (flow path) in Param, parametrized by t. The
variational EL equations find the paths v* which minimize the action, meaning 95, /07|+ =
0.

Noether’s theorem states that if M € g is a symmetry of the action S(6) (32) (not just
the loss £(0)), then the Noether current Jy; is conserved
Noether current:  Jp; = <Mg, ZG> = ell™ <Mg,6_10> = et/TJOM,

- dJ M dJ
Conservation: d—?/[ = et/ [TJOM + d(;M

] =0, = Jou(t) = Jope /7 (33)

6. The polar coordinate are found by setting Us; = rv,s cos ¢pu,s and Usp = ru,s sin ¢u,s (same for VT).
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Tanaka and Kunin (2021) also derived the Noether current (33), but concludes that because
L(6,0) # L£(8), the symmetries are “broken” and therefore doesn’t derive conserved charges
for the types of symmetries we discussed above. However, while Tanaka and Kunin (2021)
focuses on 2nd order GF, we note that our conserved () were derived for first order GF,
which is found from the 7 — 0 limit of 2nd oder GF. In this limit L — e!/7£ and thus
symmetries of L also becomes symmetries of £. When 7 — 0, 2nd order GF reduces to
719 = —VL the conserved charge goes to

lim Jors = (Mg, VL) = Joar(0) lim e /7 = 0, (34)
7—0 7—0

which means that we recover the invariance under infinitesimal action (11). In fact, for
linear symmetries and symmetric M € g, Joar = dQpr/dt = 0.

Appendix D. Gradient descent and drifting conserved quantities

Due to the non-infinitesimal time steps, conserved quantities in gradient flow are no longer
conserved in gradient descent. However, with small learning rate, we expect the change in
the conserved quantities to be small. In this section, we first prove that the change of @ is
bounded by the square of learning rate for two layer linear networks, then show empirically
that the change @ is small for nonlinear networks.

D.1. Change in ) in gradient descent (linear layers)

Proposition 13 Consider the two layer linear network, where U € R™*" vV € RP*™ are
the only parameters, and the loss function L is a function of UV . In gradient descent with
learning rate n, the change in the conserved quantity @ = Tr [UTU — VVT} at step t s
bounded by

dL(t)

« (35)

_ < n2
|Qt+1 Qt|_77 dt

Proof Let U; and V; be the value of U and V at time ¢ in a gradient descent. The update
rule is

oL oL
5 Vit ZVZ—UW

Consider the two layer linear reparametrization W = UV
Q= Tr (UL U, — VT
Qi1 = Tr [UL U1 — Vir1 Vi)
LU \" OL(UL) OL(VL) oLV,
— — — — Vi — 7
<Ut778Ut Ur =15 Ve—n—p7 tnavt()

Expanding Q;+1 and subtracting by @;, we have

Ut+1 - Ut (36)

=Tr

Qiy1 — Qi =Tr

ou,) ou,  "\ou, tou, T ov, \ov,
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Note that
or\" oL
V T T
<8Ut> U, = (VevhHTu, = vivelu, = v, ( aw) : (39)
and similarly
oL oL
T T
- = 4
tou, oVt (40)

Therefore, 38 simplifies to

oc\T oz  oc [foc\T
J— f— 2 _ R — [
Qi1 —Qr=n"Tr <8Ut> au, v, <8V})

aL\" oL aL\" oL
”(r ou,) ou, | T |\avi) avi| )’ )
and the variation of Q in each step is bounded by the convergence rate:
ac\" oc aL\" oL
— — 2 JE— JE— J— —
Qe -l =1 | (55) 5 () 2
el [(2e )" o oc\"oc
=7 6Ut 6Ut 8‘/% 8‘/;5
ar
— 2|2
|

D.2. Empirical observations

In gradient flow, the conserved quantity () is constant by definition. In gradient descent,
(Q varies with time. In order to see how applicable our theoretical results are in gradient
descent, we investigate the amount of variation in @ in gradient descent using two-layer
neural networks.

Since @ is the difference between the two terms fi(U) = 1Tr[UTU] and fo(V) =

Yo a fx “ dx 2 ,( ), we normalize @) by the initial value of f1(U) and fa(V), i.e

Vi a
S THUTU) = 5, o

‘2 Ty UTUO ‘ + ‘E VOa dx ’((x)

Q=

and denote the amount of change in Q as
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We run gradient descent on two-layer networks with whitened input with the following
objective

argming, {L(U,V) = [Y = Uo(VT)| 1} (44)

where ¢ is the identity function, ReLU, sigmoid, or tanh. Y € R>10 7 € R3*%0 and
V € R19%50 have random Gaussian initialization with zero mean. We repeat the gradient
descent with learning rate 0.1, 0.01, and 0.001.

The variation AQ(t) and loss is shown in Fig.3. The amount of change in Q is small
relative to the magnitude of f1(U) and f2(V'), indicating that conserved quantities in gra-
dient flow are approximately conserved in gradient descent. The error in () grows with step
size, as AQ(t) is larger with the largest learning rate we used, although it has the same
magnitude as those of smaller learning rates. We also observe that @) stays constant after
loss converges.
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Figure 3: Dynamics of conserved quantities in GD. The amount of change in ) is small
relative to its magnitude, and () converges when loss converges.

Appendix E. Distribution of () under Xavier initialization

We first consider a linear two-layer neural network UV X, where U € R™*" V € RP*" and
X € R™*._ We choose the following form of the conserved quantity:
1

Q:iﬁw%hwvﬁ (45)
Xavier initialization keeps the variance of each layer’s output the same as the variance of the
input. Under Xavier initialization (Glorot and Bengio, 2010), each element in a given layer
is initialized independently, with mean 0 and variance equal to the inverse of the layer’s
input dimension:

1 1
U = 0, — Vij = 0, — 46
= (03) =¥ (03) <>
The expected value of @ is
E[Q] = Var(U;;) x m x h+ Var(Vij) x h x n=m — h. (47)

Figure 4 shows the distribution of @) for 2-layer linear NN with different layer dimensions.
For each dimension tuples (m,h,n), we constructed 1000 sets of parameters using Xavier
initialization. The centers of the distributions of @ match Eq. (47).
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Figure 4: Distribution of @ for 2-layer linear NN with different layer dimensions.

Next, we consider the nonlinear two-layer neural network Uo(V X), where 0 : R — R
is an element-wise activation function. For simplicity, we assume whitened input (X = I).
We choose the following form of the conserved quantity:

_ Yot - Vas xa(l‘)
Q= T[U"U] z;/o d (@) (48)

Figure 5 shows the distribution of ) for 2-layer linear NN with different nonlinearities,
each with 1000 sets of parameters created under Xavier initialization. The shapes of the
distributions are similar to that of linear networks. The value of @) is usually concentrated
around a small range of values. Since the range of @) is unbounded, the Xavier initialization
limits the model to a small part of the global minimum.
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(a) ReLU (b) tanh (c) sigmoid

Figure 5: Distribution of @ for 2-layer linear NN with different nonlinearities, with param-
eter dimensions m = h = n = 100.

Appendix F. Conserved quantity and convergence rate

The values of conserved quantities are unchanged throughout the gradient flow. Since
the conserved quantities parameterize trajectories, initializing parameters with certain con-
served quantity values accelerates convergence. We derive the relation between conserved
quantities and convergence rate for two example optimization problems and provide numer-
ical evidence that initializing parameters with optimal conserved quantity values accelerates
convergence.
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F.1. Example 1: ellipse

We first show that the convergence rate is related to the conserved quantity in a toy opti-
mization problem. Consider the following loss function with a € R:

L(w1, ws) = w} + aws

VL = (2w, 2aws)

Assuming gradient flow,

dw, dwo
W = —leﬁ = _2w1 H = —vaE = —2aw2
Then wy,ws are governed by the following differential equations:

2t 2at

wi(t) = wige” wa(t) = wo e

where wy,, wy, are initial values of w; and wye. We can find conserved quantities by using
an ansatz Q = f(w{w%) and solving VQ - VL = 0 for i, k. Below we use the following form
of conserved quantity:

2a 2a

Q _ wl _ wlO
- 2 2
w3 wy,

To show the effect of @ on the convergence rate, we fix L(0) and derive how @ affects
L(t). Let L(0) = w}, + aw3, = Lo. Let wy, continue to be an independent variable. Then
w%o =Ly — aw%o. Substitute in w%o, the loss at time ¢ is

L(t) = UJ1(t)2 + awg(t)2 = (Lo — awgo)e_4t + aw%oe_4at

and ) becomes

Q- w%g 7 (Lo — awgo)a
Cwi w3
20 20

The derivative of L in the direction of @ is

_dL(t) dws,  dL(t) { dQ \
DoL(t) = dwy, dQ — dws, <dw20>

= (—2@111206741‘/ + 2aws, e 1

— -1
,4at) (a(LO - a’w%o)a 1(_2aw20)w%0 - 2w20 (LO - a’wgo)a>
W

0

(—2awa e~ + 2awy, e~ 4t) wélo
a(Lo — aw3 )~ (—2awsq, )wj — 2wa, (Lo — aw3, )
—4at __ e—4t)

B 2aw§’0 (e
N 2ws, (Lo — aw%o)“—l (—ango — (Lo — awgo))

In general, 0gL(t) # 0, meaning that the loss at time ¢ depends on Q. Since we have
fixed the initial loss, the convergence rate L(t)—L(0) also depends on Q). Special cases where
OgL(t) = 0 include a = 1 (circle), a = 0 (collapsed dimension), and certain initializations
such as wg, = 0 (local maximum of gradient magnitude).
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F.2. Example 2: radial activation functions

In this example, we find the conserved quantities and their relation with convergence rate
for two-layer reparametrization with radial activation functions under spectral initialization.
Define radial function g : R™*™ — R™*™ ag

g(W)i; = h (IWi]) Wi, (49)

1
where |W;| = (3, W3)? is the norm of the i row of W, and h : R — R outputs a scalar.
Consider the following objective:

. 1
argming, {£(U, V) = 5[V = Ug(V') |17} (50)
with spectral initializations
Uy = Uy, Vy = ¥V,

where ®, ¥ come from the singular value decomposition ¥ = ®Xy W7, and Uy, Vy are
random diagonal matrices.

Proposition 14 Under the gradient flow U = —VyL and V = —Vy L, the following
quantity s an mvariant:

e A ()
Q=5 U] E;L;(f¢@> (51)

Proof Since g is a radial function on rows and U7 is an orthogonal matrix, g(VT\I/T) =

g(VT)\I’T. With spectral initialization, the loss function can be reduced to only involving
diagonal matrices:

E:;w—vmWW%
- %qu\ﬂ — eUg[(¥V)"]|1%
- %qu\ﬂ —oUy(V w73
_ %H@ (2= Ta(")) w73
= I8 - Uo7l (52)

Since V is a diagonal matrix, g is now an element wise function on V. Let W = Ug(VT).

The gradients for U and V are
oL —

U VWEQ(V)T
oL S
57 = Vi LU @ ¢ (V) (53)
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where ¢'(x) = dg(x)/dz is the derivative of the nonlinearity. Additionally, since £ does not
depend on ® and ¥,

oL oL
2% =90 (54)
Since the rows of ®, ¥ are orthogonal,
&C . 8£ T - AT +T
8£ o 3E T - T3+ 2 T
Fa W\l} = (VgL'Uod (V) v (55)

i i 0Q _ 0Q T 0Q _ 9Q T
® and ¥ are not changed in gradient flow, so 55 = aU(I) and 5% = aV\IJ . Define

U
inner product on matrices as (X,Y) = Tr[XTY]. For @ to be a conserved quantity, we need
(VL,VQ) = 0:

oL 0Q. 0L 0Q
_ P o P
= (ViLg(V)T @7, ;U;)qﬂ + (Vi L'T 0 g(V)) o7, agxﬂ)
. 9
= (VipLg(T), 22) + (VT 0 g (7)), 52
— Ty [8UTQVWEQ(V)T + T Vi L0y Q © g'(V))} =0 (56)

Following the same procedure as for elementwise functions, to have a () which satisfies (56)
it is sufficient to have

| 0Q , o o
s o7, ¢ Vi = =1 UV)g(V)os SO V) ER (57)

For simplicity, let f(U,V) = 1. Then, (57) is satisfied by

1 T — Vi xg(x)
Q=5 TU"0] Z/xo dr ) (58)

Tarmoun et al. (2021) shows that the conserved quantity ) appears as a term in the
convergence rate of the matrix factorization gradient low. We observe a similar relationship
between () and convergence rate when the loss function is augmented with a radial activation
function, as shown in the following proposition.

Proposition 15 Consider the objective function and spectral initialization defined in Propo-
sition 14. Let h (|W;]) = |W;|72, and X = Ug(VT) = ®XxWUT. Then, the eigencomponent
of X approaches the corresponding eigencomponent of Y at a rate of

X = i(a.Y—a.X)(aiXQH)?, (59)

where o = diag(Xx)i, o) =

; diag(Xy )i, and A\; = Ufi + ‘713 are conserved quantities.
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Proof Similar to Tarmoun et al. (2021), components can be decoupled, and we have a set
of differential equations on scalars:

w; = [0} —wg(v;))9(v;)
d (@z)

_ Y — —\— a9
i = oy —uig(v) [ ui——— 60
e (60)
We also have
dg dv; v (dg(v;) 2
_ _[5Y _ 7 N7 1
9(v:) v, dt o uzg(”l)]“l( ) (61)

= [O-zy — u;9(v;)] [g(vi)z + T2 (%) ] ) (62)

Since V is a diagonal matrix, g is now an element wise function on V. Specifically, g(v;) = %
According to Proposition 14, the following quantity is invariant:
Lo / glz) 1, / v 1, 1,
—u; — [ dx =-u; — | dv—— = =u; + =7; 63
2 (3 g/(l') 2 ) —6;2 2 (3 2 ) ( )
Since any function of the invariant is also invariant, we will use the following form:
Q=U'T+V'V, (64)
and define
Ai = Qi = u? + 'UZ2 (65)
Using the g that we defined,
o7 =ug(v;) =uv; . (66)

In order to relate X and Q, we first write %; and 7; as functions of O’Z»X ad @ using (65)
and (66):

X2
_9 Aio i _9 Ai

= 2=t 67
R R (67)
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Then, substitute u;, v;, g(v;), and % into (62), and we have

, o o o (dg(@i)\?
67 = [oi —uig(v7)] [Lq(vz’)%rvn2 (dm) ]

= [0 - wg(w)] [(1)1)2 +a? (—%‘2)2]

1

= [0 —mg(ei)) (@) +w(e]) ]

- [UY—U‘-X} o _1+ Ao A -
! E 0X2+1 02+ 1 \oX2+1

[0X2 +1 U-XZ(J;XQ—}—l)]

3
Y * i
v X} _05(44—205(2—1-1
i

1 _
= L0 =)o 4 1) (63)

Proposition 15 relates the rate of change in parameters d;x and the conserved quantity
Ai. To get a more explicit expression of how \; affects convergence rate, we will derive a
bound for |0} — 07X|, which describes the distance between trainable parameters to their
desired value.

Proposition 16 The difference between the singular values of Ug(VT) and Y is bounded

by
0¥ — oY | < |0 (0) — o Je . (69)
Proof Note that
R R AR SVES Oy (70)

Consider the following two differential equations, with same initialization a(0) = b(0):

) 1
a= X(O’ —a)(a® +1)?
1

b= X(O’ —b) (71)
In these equations, both a and b moves from a(0) = b(0) to o monotonically. Since @ > b at
every a = b, a will always bet closer to o than b does. We can explicitly solve for b, whicih
yields b(t) = 0+ (b(0) —o)e™x. Then the distance between b and ¢ is |b—o| = [b(0) —o|e™x.
Using |b — 0|, we can bound |a — o|:

la—o| < |b—o| = |b(0) — ole* (72)
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Therefore,

o — o) | <o (0) — o) |e ™ (73)

Since A is a conserved quantity, its value set at initialization remains unchanged through-
out the gradient flow. Therefore, we are able to optimize the convergence rate by choosing
a favorable value for A at initialization. In this example, smaller \;’s lead to faster conver-
gence.

F.3. Experiments

We compare the convergence rate of two-layer networks initialized with different @) values.
We run gradient descent on two-layer networks with whitened input with the following
objective

argmingy {L(U, V) = [[Y = Uo(VT)|[7} (74)

where o is the identity function, ReLU, sigmoid, or tanh. Y € R>10 7 ¢ R3*%0 and
V € R19%50 have random Gaussian initialization with zero mean. We repeat the gradient
descent with learning rate 0.1, 0.01, and 0.001. The learning rate is set to 1073, as we do
not observe significant changes in the shape of learning curves at smaller learning rates.
U and V are initialized with different variance, which leads to different initial values of
@. As shown in Fig.6, the number of steps required for the loss curves to drop to near
convergence level is correlated with () in both linear and element-wise nonlinear networks.
This result provides empirical evidence that initializing parameters with optimal values for
@ accelerates convergence.

We then demonstrate the effect of conserved quantity values on the convergence rate of
radial neural networks. Fig.7 shows the training curve for loss function defined in Propo-
sition 15. We initialize parameters U € R>*5 and V € R!9%® with 4 different values of Q
and the learning rate is set to 107°. As predicted in Eq. 69, convergence is faster when

Q = Tr[UTU + VTV] is small.

102 102

—— Q=0.00309
Q=0.309

— Q=309

10°

Loss
Loss
Loss

1072

0 2e+05 4e+05 0 2e+05 4e+05 0 2e+05 4e+05 0 4e+05 8e+05
Training steps Training steps Training steps Training steps

(a) linear (b) ReLU (c¢) tanh (d) sigmoid

Figure 6: Training curves of two-layer networks initialized with different Q. The value of
@ affects convergence rate.
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10*1,
10744 —— Q=0.00206
Q=0.206
@ — Q=206
S 10771 —— Q=2.06e+03
10—10,
02 0.4 0.6 08 1.0
Training steps 1e6

Figure 7: Training curve for the loss function defined in Proposition 15. Smaller value of
Q = Tr[UTU + VTV] at initialization leads to faster convergence.

Appendix G. Conserved quantity and generalization ability

Conserved quantities parameterize the minimum of neural networks and are related to the
eigenvalues of the Hessian at minimum. Recent theory and empirical studies suggest that
sharp minimum do not generalize well (Hochreiter and Schmidhuber, 1997; Keskar et al.,
2017; Petzka et al., 2021). Explicitly searching for flat minimum has been shown to improve
generalization bounds and model performance (Chaudhari et al., 2017; Foret et al., 2020;
Kim et al., 2022). We derive their relationship for the simplest two-layer network, and
show empircally that conserved quantity values affect sharpness. Like convergence rate, a
systematic study of the relationship between conserved quantity and generalization ability
of the solution is an interesting future direction.

G.1. Example: two-layer linear network with 1D parameters

We again consider the two-layer linear network with loss £ = £(|Y —UV X 2. For simplicity,
we work with one dimensional parameters U, V' € R and assume X = Y = 1 in this example.
We show that at the point to which the gradient flow converges, the eigenvalues of the
Hessian are related to the value of the conserved quantity.

The gradients and Hessian of £ are

—(Y —UVX)VX
—(Y - UVX)UX]

At the minima, U,V are related by UVX = Y. Recall that Q = U? — V2 is a conserved
quantity. From the above two equations, we can write U,V as functions of (). Taking the

solution U = \/%(Q +/Q?+4),V = \/%(—Q +1/Q? + 4) and substitute in X =Y =1,

VL= [ (75)

24— [ Vix? -YX+ 2UVX2]

~YX +2UVX? U2x2

we have
g [2-Q+ V@ +4) 1 (76)
1 LQ+ @2+ )|’
and the eigenvalues of H are
A1 =0, Ao =2/ Q% + 4. (77)
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We have shown that @ is related the eigenvalues of the Hessian at the minimum. Since
the eigenvalues determines the curvature, ) also determines the sharpness of the minimum,
which is believed to related to model’s generalization ability. The result in this example
can also be observed in Figure 1, where the minimum of the Q = 0 trajectory lies at the
least sharp point of the loss valley.

G.2. Experiments: two-layer networks

The goal of this section is to explore the relation between () and the sharpness of the trained
model. We measure sharpness by the magnitude of the eigenvalues of the Hessian, which
are related to the curvature at the minima. We use the same loss function (74) in Section
F.3. The parameters are U € R!?*%0 and V € R5*°0 each initialized with zero mean
and various standard deviations that lead to different )’s. We first train the models using
gradient descent. We then use the vectorized parameters in the trained model to compute
the eigenvalues of the Hessian.

The linear model extends the example in Section G.1 to higher dimension parameter
spaces. 700 out of the 750 eigenvalues are around 0 (with magnitude < 1073). After
removing the small eigenvalues, the center of the eigenvalue distribution correlates positively
with the value of @ (Figure 8(a)). In models with nonlinear activations, @ is still related
to eigenvalue distributions, although the relations seem to be more complicated.
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Figure 8: Eigenvalues of the Hessian from trained models initialized with different conserved
quantity values (@). The distribution of the eigenvalues and the value of @) appear to be
related.

Appendix H. Ensemble models

In neural networks, the optima of the loss functions are connected by curves or volumes,
on which the loss is almost constant (Freeman and Bruna, 2017; Garipov et al., 2018;
Draxler et al., 2018; Benton et al., 2021; Izmailov et al., 2018). Various algorithms have
been proposed to find these low-cost curves, which provides a low-cost way to create an
ensemble of models from a single trained model. Using our group actions, we propose a new
way of constructing models with similar loss values. We show that even with stochasticity
in the data, the loss is approximately unchanged under the group action (Appendix H).
This provides an efficient alternative to build ensemble models, since the transformation
only requires random elements in the symmetry group, without any searching or additional
optimization.
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We implement our group actions by modifying the activation function between two
consecutive layers. Let H = VX be the output of the previous layer. The group action on
the weights U,V is

where 7(g, H) = o(H)o(gH)'. The new activation implements the symmetry group action
Uo(H) — Un(g, H)o(gH) (79)

by wrapping the transformations around an activation function o’(xz) = w(g,x)o(gx), so
that Uo'(H) = Un(g,H)o(gH).

We test the group action on CIFAR-10. The model contains a convolution layer with
kernel size 3, followed by a max pooling, a fully connected layer, a leaky ReL.U activation,
and another fully connected layer. The group action is on the last two fully connected
layers. After training a single model, we create transformed models using g = I +eM,
where M € R32*32 is a random matrix and € controls the magnitude of movement in the
parameter space. We then use the mode of the transformed models’ prediction as the final
output.

We compare the ensemble formed by group actions to four ensembles formed by various
random transformation. Let g = I + ¢M. The random baselines are:

e ‘group” (U,V)— (Un(g,H),gV). This is the model created by group actions.
o ‘gl (U, V)= (Ug™t,gV).
e ‘random’: (U,V) — (Ug',gV), where ¢ = I +eD and D is a random diagonal matrix.

e ‘shuffle’: (U,V)w— (Un'(g,H),gV), where 7'(g, H) is constructed by randomly shuf-
fling 7 (g, H).

I+§(I+S))—1 I+§(I+S)V)

e ‘interpolated permute’ or ’perm_interp’: (U, V) +— (U( jee s

where S € R32%32 is a random permutation matrix.

accuracy (group - original) accuracy (interpolated permute - original) —l. i accuracy (random - original) accuracy (shuffle - original) 0.4
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Figure 9: Change in accuracy compared to the original single model when using the ensemble
model and 4 baselines. The red color indicates degradation in model performance. The
ensemble created by group actions has similar loss values when ¢ is small.
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Figure 10: Adversarial attacks on the original model and the ensemble models with various
strengths. In FGSM, the group ensemble model improves robustness. In PGD, the ensemble
has negligible effects on robustness.

Figure 9 shows the accuracy of the ensembles compared to single models. The ensemble
formed by group actions preserves the model accuracy for small ¢ and has smaller accu-
racy drop at larger €. The ensemble model also improves robustness against Fast Gradient
Signed Method (FGSM) attacks (Figure 10). Under FGSM attacks with various strength,
the ensemble model created using group actions consistently performs better than the base-
lines with random transformations. However, the same improvement is not observed under
Projected Gradient Descent (PGD) attacks.
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