In-Context Learning by Linear Attention:
Exact Asymptotics and Experiments

Yue M. Lu®, Mary Letey®, Jacob Zavatone-Veth”“*  Anindita Maiti?*, Cengiz Pehlevan®’¢

“The John A. Paulson School of Engineering and Applied Sciences, Harvard University
®Center for Brain Science, Harvard University “Society of Fellows, Harvard University
4Perimeter Institute for Theoretical Physics
®The Kempner Institute for the Study of Natural and Artificial Intelligence, Harvard University
yuelu@seas.harvard.edu, maryletey@fas.harvard.edu, jzavatoneveth@fas.harvard.edu,
amaiti@perimeterinstitute.ca, cpehlevan@seas.harvard.edu

Abstract

Transformers have a remarkable ability to learn and execute tasks based on exam-
ples provided within the input itself, without explicit prior training. It has been
argued that this capability, known as in-context learning (ICL), is a cornerstone
of Transformers’ success, yet questions about the necessary sample complexity
and pretraining task diversity for successful ICL remain unresolved. In this work,
we provide precise answers to these questions using a solvable model of ICL for a
linear regression task with linear attention. We derive asymptotics for the learning
curve in a regime where token dimension, context length, and pretraining diversity
scale proportionally, and pretraining examples scale quadratically. Our analysis
reveals a double-descent learning curve and a learning transition between low and
high task diversity, which is empirically validated with experiments on realistic
Transformer architectures.

1 Introduction

Since their introduction by Vaswani et al. in 2017 [1], Transformers have become a cornerstone of
modern artificial intelligence (AI). Transformers achieve state-of-the art performance across many
domains, even those that are not inherently sequential [2] as originally intended. Strikingly, they
underpin breakthroughs achieved by large language models (LLLMs) such as BERT [3], LLaMA
[4], and the GPT series [5-8]. The advancements enabled by Transformers have inspired much
research aimed at understanding their working principles. One key observation is that LLMs gain
new behaviors and skills as their number of parameters and the size of their training datasets grow
[7,9—11]. A particularly important emergent skill is in-context learning (ICL), which describes the
model’s ability to learn and execute tasks based on the context provided within the input itself, without
the need for explicit prior training on those specific tasks. ICL enables language models to perform
new, specialized tasks without retraining, which is arguably a key reason for their general-purpose
abilities.

Despite many recent studies on understanding ICL, important questions about how and when ICL
emerges in LLMs are still mostly open. LLMs are trained (or pretrained) with a next token prediction
objective. How do the different algorithmic and hyperparameter choices that go into the pretraining
procedure affect ICL performance? What algorithms do Transformers implement for ICL? How
many pretraining examples are required for ICL to emerge? How many examples should be provided
within the input for the model to be able to solve an in-context task? How diverse should the tasks
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in the training dataset be for in-context learning of truly new tasks not encountered in the training
dataset? We address these questions by investigating a simplified model of a Transformer that captures
its key architectural motif: the linear self-attention module [12—17]. Linear attention includes the
quadratic pairwise interactions between inputs that lie at the heart of softmax attention, but it omits the
normalization steps and fully connected layers. This simplification makes the model more amenable
to theoretical analysis. Our main result is a sharp asymptotic analysis of ICL for linear regression
using linear attention, leading to a more precisely predictive theory than previous population risk
analyses or finite-sample bounds [13, 16]. The main contributions of our paper are structured as
follows:

We begin in §2 by developing a simplified parameterization of linear self-attention that allows
pretraining on the ICL linear regression task to be performed using ridge regression. Within this
simplified model, we identify a phenomenologically rich scaling limit in which the ICL performance
can be analyzed (§3). In this joint limit, we compute sharp asymptotics for ICL performance using
random matrix theory. Our theoretical results reveal several interesting phenomena (§4). First, we
observe double-descent in the model’s ICL generalization performance as a function of pretraining
dataset size, reflecting our assumption that it is pretrained to interpolation. Second, we uncover a
transition to in-context learning as the pretraining task diversity increases. This transition recapitulates
and builds on the empirical findings of [18] in full Transformer models. We further show through
numerical experiments that these insights from our theory transfer to full Transformer models with
softmax self-attention.

Understanding the mechanistic underpinnings of ICL of well-controlled synthetic tasks in solvable
models is an important prerequisite to understanding how it emerges from pretraining on natural data
[19].

2 Problem formulation

ICL of linear regression. In an ICL task, the model takes as input a sequence of tokens
{z1,y1,%2,Y2,--.,%e, Yo, Tet+1}, and outputs a prediction of y,1. We will often refer to an in-
put sequence as a context. We will refer to ¢ as the context length. We focus on an approximately
linear mapping between x; € R< and y; = (25, w) + €; € R where ¢; is a Gaussian noise with mean
zero and variance p, and w € R? is referred to as a task vector. We note that the task vector w is
fixed within a context, but can change between different contexts. The model has to learn w from the
¢ pairs presented within the context, and use it to predict yy1 from x4 ;.

Linear self-attention. The model that we will analytically study is the linear self-attention block
[20]. Linear self-attention takes as input an embedding matrix Z, whose columns hold the sequence
tokens. The choice of embedding matrix for a sequence is not unique; here, following the convention

in [15, 16, 20], we will embed the input sequence {x1,y1, T2, Y2, - - . , Te, Yo, To41 | AS:
_ | T T2 ... Tg Tegd c R(dﬂ)x(ul)7 1)
vioy2 ... ye O

where 0 in the lower-right corner is a token that prompts the missing value ¥, to be predicted. For
appropriately-sized key, query, and value matrices K, (), V, the output of a linear-attention block
[20-22] is given by

A=7+ %VZ(KZ)T(QZ). ()

The output A is a matrix while our goal is to predict a scalar, 3, 1. Following the choice of positional
encoding in (1), we will take A411 ¢+1, the element of A corresponding to the 0 prompt, as the
prediction for Y41, namely § := Agy1 041

Pretraining data. The model is pretrained on n sample sequences, where the uth sample is a

collection of £ + 1 vector-scalar pairs {z!' € R, y! € R}fi% related by the approximate linear
mapping y!' = (2!, wh) + €. Here, w* denotes the task vector associated with the pth sample. We
make the following assumptions; we denote a sample from this distribution by (Z, y¢+1) ~ Ptrain-

* z!" are d-dimensional random vectors, sampled i.i.d. over both 7 and x from N'(0, I;/d).



* At the start of training, construct a finite set of k elements, written Qj, = {wy,ws,...,w}. The
elements of this set are independently drawn once from w; ~;;q4. N(0,I). For 1 < p < n, the
task vector w* associated with the uth sample context is uniformly sampled from 2. Note that
the variable k controls the task diversity in the pretraining dataset. Importantly, k& can be less than
n, in which case the same task vector from 2 may be repeated multiple times.

* The noise terms €' are i.i.d. over both ¢ and 1, and drawn from A/ (0, p).

Parameter reduction. Before specifying a training procedure, we examine the prediction mecha-
nism of the linear attention module for the ICL task. We start by rewriting the output of the linear
attention module § = A441 ¢41 in an alternative form. Following [16], we define

Vit e Miy mqo T
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where Vi1 € RdXd, V12,V21 € Rd, vos € R, My, € RdXd, mio, Mo € Rd, and moy € R.
Expanding (2), one can check that, where (-, -) stands for the standard inner product, we have
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This expression reveals an interesting point. The first term %vgleTl Zle y;x; offers a hint about
how the linear attention module might be solving the task. The sum % > i< YiTi is a noisy esti-
mate of E[zx " ]w for that context. Hence, if the parameters of the model are such that vge M|
is approximately E[z2 T]~!, this term alone makes a good prediction for the output. Motivated
by this observation, and a more detailed argument presented in Section SI-6 of the Supplementary
Information, we study the linear attention module with the constraint vo; = 0. In this case, we have
the model

g=(I',Hz). (%)
for parameter matrix I' € R4*(¢+1) and input features H, € R4 (¢*+1) given by
I =gy [My}/d moi], Hz = xp1 [% dice iz %Zigg y?|. (6)

Model pretraining. The parameters of the linear attention module are learned from n samples of
input sequences {zf, 4y, ...,z 1, ¥, } for p = 1,...,n. We estimate model parameters using
ridge regression, giving

n

. . 2 n
P = arg min 3 (ufy — (0. Hze) -+ AT ™
pn=1
-1
vec(I™) = DAL+ E:Vtac(HZu)vec(qu)T Zy}fﬂvec(HZu)7 (8)
d pn=1 p=1 ‘

where A\ > 0 is a regularization parameter, H z. refers to the input matrix (6) populated with the yth
sample sequence, and vec(-) denotes the row-major vectorization operation.

Evaluation. For a given set of parameters I', the model’s generalization error is defined as
2
e(F) = ]Eptest |:(yf+1 - <F7 HZ>) :| ) )

where (Z, ys+1) ~ Prest is a new sample drawn from the probability distribution of the test dataset.
We consider two different test data distributions Pjegt:

1. ICL task: z; and ¢; are i.i.d. Gaussians as above. However, each task vector w'" is drawn
independently from A(0, I;). We will denote the test error under this setting by e!“%(T").

2. In-distribution generalization (IDG) task: Here take Piest = Pirain- In particular, the set of
unique task vectors {wy, ..., wy} is identical to that used in the pretraining data. We will denote
the test error under this setting by e'®S(T"). This task can also be referred to as in-weight learning.



High performance on the IDG task but low performance on the ICL task indicates that the model
memorizes the training task vectors. Conversely, high performance on the ICL task suggests that the
model can learn genuinely new task vectors from the provided context. To understand the performance
of our model on both ICL and IDG tasks, we will need to evaluate these expressions for the pretrained
attention matrix I'* given in (8). An asymptotically precise prediction of e!“™(I'*) and !P%(I"*)
will be a main result of this work.

3 Theoretical results

Joint asymptotic limit. We have now defined both the structure of the training data as well as
the parameters to be optimized. For our theoretical analysis, we consider a joint asymptotic limit in
which the input dimension d, the pretraining dataset size n, the context length ¢, and the number of
task vectors in the training set k, go to infinity together such that

l)d:=a=0(1), k/d=r=0(1), n/d>=1=0(1). (10)

Identification of these scalings constitutes one of the main results of our paper. As we will see, the
linear attention module exhibits rich learning phenomena in this limit.

ICL and IDG learning curves. Our theoretical analysis, explained in detail in the Supplementary
Information, leads to an asymptotically precise expression for the generalization error under the ICL
and IDG test distributions being studied. The exact expressions of can be found in Section SI-13.2
and Section SI-13.3 of the SI. For simplicity, we only present in what follows the ridgeless limit (i.e.,
A — 07) of the asymptotic generalization errors.

Result 1 (ICL generalization error in the ridgeless limit). Let
¢ = (1+ p)/a , o mt =M (qY), pt=gMey(q), (11
where M,;(+) is defined in (177) and M (-) is the derivative of M,;(q) with respect to q. Then

lim " A 12
Jim e (1,0, K, p, A) (12)
O [1— 71— p*)? + ¥ (p/g* — 1)]=2r(1 = i) + (1 + p) T<1
= * *\2,  * *
(¢"+1) (1= 20"m" = (") M (q") + LI 91— grmt) + (14 ) 7> 1

Result 2 (IDG generalization error in the ridgeless limit). Let ¢*, m*, and p* be the scalars defined
in (11). We have

1 (ptd 24" (1-7)(¢* /& +1) w*(q*+€*)2>
lim 6IDG(T,a7I€7p, )\) _ 1—r ( 1I—p~(1—7) + q* T<1

,  (3)
A—0F Tl +q (1 —qg'm")] T>1

—)g* * —2y—1

where £* = % and p* = (1 —KJ(% +1) 7).

We derive this result using techniques from random matrix theory. The full setup and technical
details are presented in the Supplementary Information in Section SI-9 through Section SI-13. The
computations involve analysis of the properties of the finite-sample optimal parameter matrix ['*. We
will now discuss various implications of these equations in the following sections.

4 Observed Phenomena

This section discusses two key results that are mathematically evident from our theoretical characteri-
sation of ICL and IDG error, namely a double descent in 7 and a learning transition in x. We show
how these phenomena follow directly from the theory, and further, remain present in realistic (non-
linear) transformer architectures. A detailed exposition of nonlinear architecture setup and training
procedures is given in Section SI-7 in the Supplementary Info. Specific parameter configurations and
more detailed descriptions of the figures are available in Section SI-8 in the Supplementary Info.
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Figure 1: Verification of theory in linear transformer (1a) and qualitative predictions for nonlinear
models (1b,1c). Figure 1a shows theory (solid lines) vs simulations (dots). 1b shows error curves
against 7 for various architectures, consistent across token dimension d = 20,40,80. Double-
descent phenomena is confirmed: increasing n will increase error until an interpolation threshold is
reached. Coloured dashed lines indicate experimental interpolation threshold for that architecture
and d configuration. Figure 1c shows that the location of the interpolation threshold occurs for n
proportional to d? for a range of architectures, as predicted by the linear theory. Dots are experimental
interpolation thresholds for various architectures, and dashed lines are best fit curves correspond to
fitting log(n) = alog(d) + b, each with a ~ 2.
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Figure 2: Plot of g = €' — ePC against &, illustrating sharp transition in performance as

pretraining diversity increases, compared with the AMMSE estimator. Figure 2a (loglog scale)
shows LT theory (solid lines) vs simulations (dots). Figure 2b shows gpsk against < (loglinear
scale) for the nonlinear architecture given in Figure b, demonstrating both consistency of « scaling
across increasing dimension choices d = 20,40, 80, as well as a similar sharp transition in task
generalisation familiar from the linear theory.

Double-descent in pretraining samples. How large should n, the pretraining dataset size, be for
the linear attention to succesfully learn the task in-context? In Figure 1a, we plot our theoretical
predictions for ICL error as a function of 7 = n/d? and verify them with numerical simulations.
Our results demonstrate that the quadratic scaling of sample size with input dimensions is indeed an
appropriate regime where nontrivial learning phenomena can be observed.

As apparent in Figure 1a, we find that the generalization error for the ICL task is not monotonic in
the number of samples. In the ridgeless limit, ICL error diverges at 7 = 1, with the leading order
behavior proportional to (7 — 1)*1. This leads to a “double-descent” behavior [23, 24] in the number
of samples. As in other models exhibiting double-descent [23—25], the location of the divergence is
at the interpolation threshold: the number of parameters of the model (elements of I') is, to leading
order in d, equal to d2, which matches the number of pretraining samples at 7 = 1. Figure 1 confirms
this phenomenon in a selection of nonlinear models. We recover a peak in error at the interpolation
threshold (given by n), and tracking the location of the interpolation threshold as d increases recovers
the quadratic scaling n ~ d?.

Learning transition with increasing pretraining task diversity. It’s important to quantify if and
when a given model is actually learning in-context, that is, solving a new regression problem by



adapting to the specific structure of the task rather than relying solely on memorized training task
vectors. We refer to this phenomenon as task generalization.

We posit that a model achieves task generalization when its performance on the ICL test distribution
matches its performance on the IDG test distribution. We will thus study the difference between
model errors on these two tasks, namely the quantity gpg = €'t — €Y for a given model or
estimator. This difference being large implies the model, performing better on training tasks, has
not learned the true task distribution and is not generalising in task. Conversely, a small difference
between ICL error and IDG error suggests that the model is leveraging the underlying structure of the
task distribution rather than overfitting to and interpolating specific task instances seen in training.

Indeed g5k provides a benchmark to determine whether the model’s adaptation capabilities exceed
memorization, but it’s not the whole story. There is a crucial dependence on the parameter k = k/d
that controls the diversity of the training task vectors. We will quantify the rate at which g, for a
given model decreases as x increases for two inference models: (1) the linear transformer considered
thus far, and (2) a memorization prior called the discrete minimum mean squared error (AMMSE)
estimator as in [18].

Linear transformer. Consider the linear transformer (LT) model § = (I'*, H;) with ICL and IDG
errors given by result | and result 2 respectively. How quickly does gLl limit to 0 as £ — oo? By
expanding '™ — €Y in x we have g, = O (k7).

dMMSE estimator. We consider the performance of the following estimator, as considered in [18]:
k k
2 2
wIMMSE . — ijefflp i (vimw] e Z e~ % Zimi (vimwiwi)” (14)
j=1 j=1

The form of w™MSE only depends on the training set tasks and so can be called a ‘perfect memorizer’

or a ‘memorization prior. In Section SI-14 we argue, for large «, g®MMSE = O(x=2/4).

We conclude that the linear transformer model is a markedly more e/ﬁciem task generalizer than the
memorization-prior w™™MSE_ The 1/ decay in gL%, vs the ~ 1/x2/? decay of gi™MMSE suggests that
the linear transformer guickly learns an inference algorithm that generalizes in-context rather than
interpolates between training tasks. Simulations are shown in Figure 2a for our linear transformer
with theory lines for comparison, and in Figure 2b for a nonlinear transformer model. In both cases
we recover the prediction that the transformer architectures are implementing an internal algorithm
that can generalise in task much faster than a memorisation prior over the training tasks.

5 Conclusions

In this work, we compute sharp asymptotics for the in-context learning (ICL) performance in a
simplified model of ICL for linear regression using linear attention. This exactly solvable model
demonstrates a transition in the generalizing capability of the model as the diversity of pretraining
tasks increases, echoing empirical findings in full Transformers [18]. Additionally, we observe a
sample-wise double descent as the amount of pretraining data increases. Our numerical experiments
show that full, nonlinear Transformers exhibit similar behavior in the scaling regime relevant to our
solvable model. Our work represents a first step towards a detailed theoretical understanding of the
conditions required for ICL to emerge [19].

Finally, our results have some bearing on the broad question of what architectural features are required
for ICL [7, 11, 19]. Our work shows that a full Transformer—or indeed even full linear attention—is
not required for ICL of linear regression. However, our simplified model retains the structured
quadratic pairwise interaction between inputs that is at the heart of the attention mechanism. It is this
quadratic interaction that allows the model to solve the ICL regression task, which it does essentially
by reversing the data correlation. One would therefore hypothesize that our model is minimal in the
sense that further simplifications within this model class would impair its ability to solve this ICL
task. In the specific context of regression with isotropic data, a simple point of comparison would
be to fix I' = Iz, which gives a pretraining-free model that should perform well when the context
length is very long. However, this further-reduced model would perform poorly if the covariates
of the in-context task are anisotropic. More generally, it would be interesting to investigate when
models lacking this precisely-engineered quadratic interaction can learn linear regression in-context,
and if they are less sample-efficient than the attention-based models considered here.
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Supplementary Information

SI-6 Parameter Reduction

Recall that we can express the output of the linear attention mechanism (with full K, Q), V' parameters)
as

¢ ¢ 0+1 ¢
.1
Y= Z<$€+17 V22 My Z YiTi + va2ma Z yi + M) Z i Va1 + Moy Z yir va1), (15)
i=1 i=1 i=1 i=1

where (-, -) stands for the standard inner product. We previously argued that the term

0
1
7U2 MYy (16)

=1

makes a good prediction for the output. Further, the third term does not depend on outputs y, and
thus does not directly contribute to the ICL task that relies on the relationship between x and y.
Finally, the last term only considers a one dimensional projection of x onto vy;. Because the task
vectors w and x are isotropic in the statistical models that we consider, there are no special directions
in the problem. Consequently, we expect the optimal v2; to be approximately zero by symmetry
considerations.

We note that Zhang et al. [16] provide an analysis of population risk (whereas we focus on empirical
risk) for a related reduced model in which they set vo; = 0 and ms; = 0. Consequently, the
predictors they study differ from ours (5) by an additive term. They justify this choice through an
optimization argument: if these parameters are initialized to zero, they remain zero under gradient
descent optimization of the population risk, given certain conditions.

SI-7 Experimental Details

Our experiments” are done with a standard Transformer architecture, where each sample context
initially takes the form given by (1). The fully-parameterised linear transformer and softmax-
only transformer (which appear in fig. 1c) do not use MLPs. If MLPs are used (e.g. fig. 1b and
fig. 1c), the architecture consists of blocks with: (1) a single-head softmax self-attention with
K,Q,V € R1xd+1 matrices, followed by (2) a two-layer dense MLP with GELU activation and
hidden layer of size d + 1 [1]. Residual connections are used between the input tokens (padded
from dimension d to d + 1), the pre-MLP output, and the MLP output. We use a variable number of
attention+MLP blocks before returning the final logit corresponding to the (d + 1, ¢ + 1)th element
in the original embedding structure given by (1). The loss function is the mean squared error (MSE)
between the predicted label (the output of the model for a given sample Z) and the true value y; 1.
We train the model in an offline setting with n total samples Z1, - - - , Z,,, divided into 10 batches,
using the Adam optimizer [26] with a learning rate 10~ until the training error converges, typically
requiring 10000 epochs®. The structure of the pretraining and test distributions exactly follows the
setup for the ICL task described in Section 2.

SI-8 Figure Details

Figure 1 Figure la: Simulated errors are calculated by evaluating the corresponding test error on
the corresponding optimised I'*. Parameters: d = 100, p = 0.01 k = 0.5 Averages and standard
deviations are computed over 10 runs.

Figure 1b, Figure Ic: Interpolation thresholds shown in fig. I1c were computed empirically by
searching for location in 7 of sharp increase in value and variance of training error at a fixed number

2Code to reproduce all experiments available on github.

3Note that larger d models are often trained for less epochs than smaller d models due to early stopping; that
said, whether or not early stopping is used in training does not affect either the alignment of error curves in
d-scaling nor the qualitative behaviour (double descent in 7 and transition in ).


https://github.com/Pehlevan-Group/incontext-asymptotics-experiments

of gradient steps. The log-log plot demostrating quadratic scaling of n in d was best-fit on the data
points plotted. Explicitly, the exponents of d are agyj jinear = 1-87, Gsoftmax = 1.66, @2 plocks = 2.13,
a3 blocks = 2.08. Theory predicts a = 2.

Parameters: o = 1,k = 00,p = 0.01. For 1b variance shown comes from model trained over
different samples of pretraining data; lines show averages over 10 runs and shaded region shows
standard deviation.

Figure 3 Parameters for fig. 2a: d = 100, p = 0.01. Simulations deviate from theory curve at low
r due to finite size effects. Averages and standard deviations for linear model are computed over 100
runs; dAMMSE error is computed numerically over 1000-5000 runs.

Parameters for fig. 2b: 7 = 10, = 1, p = 0.01. Variance shown comes from 10 models trained
over different samples of pretraining data.

SI-9 Notation

Our derivations will frequently use the vectorization operation, denoted by vec(+). Note that we shall
adopt the row-major convention, and thus the rows of A are stacked together to form vec(A). We
also recall the standard identity:

vec(Ey EaFs) = (Fy ® By ) vec(Es), (17)

where ® denotes the matrix Kronecker product, and F+, F», F/3 are matrices whose dimensions are
compatible for the multiplication operation. For any square matrix A € R(ADX (41D ywe introduce
the notation

[M]\ € REXE (18)
to denote the principal minor of M after removing its first row and column.
Stochastic order notation: In our analysis, we use a concept of high-probability bounds known as

stochastic domination. This notion, first introduced in [27, 28], provides a convenient way to account
for low-probability exceptional events where some bounds may not hold.

We also use the notation X ~ Y to indicate that two families of random variables X,Y are
asymptotically equivalent. Precisely, X ~ Y, if there exists € > 0 such that for every D > 0 we have

P[IX-Y|>d ] <d? (19)
for all sufficiently large d > dy(e, D).

SI-10 Moment Calculations and Generalization Errors

For a given set of parameters I', its generalization error is defined as

(1) = ... | (yes — ([, H2))"]. 20)

where (Z,yp+1) ~ Phest is @ new sample drawn from the distribution of the test data set. Recall that
Z is the input embedding matrix defined in (1) in the main text, and y,4; denotes the missing value
to be predicted. The goal of this section is to derive an expression for the generalization error e(T").

Note that the test distribution Pes; crucially depends on the probability distribution of the task vector
w used in the linear model. Recall our discussions about Evaluation in 2. For the ICL test task,
and for the purposes of analytical tractability, we take w ~ Unif(S?~'(1/d)). In high dimensions,
the characterization of ICL error using w ~ Unif(S%'(+v/d)) will be identical to using the original
w ~ N(0,T) used in the main paper body. For the ICL test task, we thus have w ~ Unif(S*~*(v/d)),
the uniform distribution on the sphere . In what follows, we slightly abuse the notation by writing
w ~ Phest to indicate that w is sampled from the task vector distribution associated with Pyegs.

Let w be the task vector used in the input matrix Z. Throughout the paper, we use E,, [-] to denote
the conditional expectation with respect to the randomness in the data vectors {z;}, cle+1] and the
noise {¢;}, cle+1)° with the task vector w kept fixed. We have the following expressions for the first
two conditional moments of (Hz, ye4+1).
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Lemma 1 (Conditional moments). Let the task vector w € be fixed. We have

Ey [ye+1] =0, and E,[Hz]=0. (21
Moreover, )
Ey [yer1Hz] = P [w, 1+ p] (22)
and
1 (1+p) A+ 1+ 01+ p)tww” (1+ 207 YHw
Bu |vee(Hz) vee(Hz) } =g fa® (1420w’ (1+20-H(1+ p)
(23)

Proof. Using the equivalent representations in (169) and (170), it is straightforward to verify the
estimates of the first (conditional) moments in (21). To show (22), we note that

Hyz = (d/0)zaz (24)
where
s M h
Za — Mw |:’U,:| and Zp = l(gwa/ﬁ+95)2/ﬂ+ 92/\/&] . (25)
Using the representation in (170), we have
Eu [yes1 Hzl = (/0 [yes12a B ] 26)

Computing the expectations E,, [ys+12,] and E,, [sz } then gives us (22). Next, we show (23). Since
z, and zp are independent,

E VeC(Hz)VeC(Hz)T] = (d/0)*E [zaz(;r} ®FE {zbzﬂ . 27
The first expectation on the right-hand side is easy to compute. Since M, is an orthonormal matrix,
E, [zazj } — I (28)

To obtain the second expectation on the right-hand side of the above expression, we can first verify
that

E, [MwhhTMw] - % {(1 + o)+ (le)wwr} . (29)
Moreover,
E., [Mwh ((a/\/3+ 0.)2/Vd+ 93/%&)} = Ww (30)
nd
' E. {((a/\/g-l-eef/\/a-l-eg/\/a)j :W. (31)

Combining (29), (30), and (31), we have

1 _ WA +p) [+ 1+ 0 +p) lww” (1420w
E {Z”Zb } - d (1420 YYw' (14201 (1 + p) 32)
Substituting (28) and (32) into (23), we reach the formula in (23). O]

Proposition 1 (Generalization error). For a given weight matrix T, the generalization error of the
linear transformer is

_ 1+p %Id+(1+€_1)(1+p)_1Rtest (1+2£_1)btest T
e(l)=——tr|T (142071, (201 +p)| "
(33)
2 Rtest :|
“Zu(r +1+p,
d g < {(1 + P)biost P
where

btest = EwNPtest [w} and  Riest = E’LUNPtest [ww—r} : (34)
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Remark 1. We use w ~ Piest to indicate that w is sampled from the task vector distribution
associated with Pyest. It is then straightforward to check that we want

(ICL) . btest =0 and Rtest = Id. (35)
Proof. Recall the definition of the generalization error in (20). We start by writing

e(T) = vec(I‘)T]E vec(Hy) Vec(HZ)T] vec(T') — 2vec(F)T vec(E [yn+1Hz]) + E [y,a_l} ,
(36)

where H 7 is a matrix in the form of (6) and H 7 is independent of I'. Since y,11 = x;_Hw + €, with
e ~ N (0, p) denoting the noise, it is straightforward to check that

E[s#] =1+ (37)
Using the moment estimate (23) in Lemma | and the identity (17), we have

vec(I)'E |vec(Hy) vec(HZ)T} vec(T)

Lo ([ )00 R (42 b || Y
d (1+207N)b o (1+20H(1+p)
Moreover, by (22),
vec(T') " vec (E [yes1Hz]) = 1tr r [ RteSt-r } : (39)
d (1 + p)btcst
O
Corollary 1. For a given set of parameters I, its generalization error can be written as
1 2
(D) = S tr (FBtestFT) - St (FAtTest> +(1+p) +€, (40)
where
Atest = [Rtest (]- + p)btest] B (41)
L4 p)ly+ Riese (14 p)b
B st = | @ est P)Vtest ; 42
= [ @
and Ryest, biest are as defined in (34). Moreover, € denotes an “error” term such that
2
Capmax {| Recst lop s tcscll 1} (ITIZ /)
€] < , (43)
d
where C., , is some constant that only depends on o and p.
Proof. Let
d —1 -1
= 1+p)1d+ (1 +/ )Rtest (1 + 2¢ )(1 +p)btest
A= o — Bhest- 44
(12014 pbiy (L2014 p)2 |~ Drest @9
It is straightforward to check that
1 T
£=tr (mr ) (45)
1
== vec(T) T (I; ® A) vec(T') (46)
IT Iz
S ||A||op d ‘ (47)

The bound in (43) follows from the estimate that[|A[|,; < Cy,, max {”thst llop llbtest [l 1} /d. O
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Remark 2. Consider the optimal weight matrix T'* obtained by solving the ridge regression problem
in (7). Since I'* is the optimal solution of (7), we must have

n *
e < D7 (), (48)
KE[n]

where the right-hand side is the value of the objective function of (7) when we choose T to be the
all-zero matrix. It follows that

12 2

I lE o e (Vi)

d — An '
By the law of large numbers, w — 1+ pasn — oo. Thus, Hl"*|| /d is asymptotically
bounded by the constant (1 + p)/ . Furthermore, it is easy to check that ||Rtest|| = O() and
|btest|| = O(1) for the ICL task [see (35)]. It then follows from Corollary 1 that the generalization
error associated with the optimal parameters I'* is asymptotically determined by the first three terms
on the right-hand side of (40).

(49)

SI-11 Analysis of Ridge Regression: Extended Resolvent Matrices

We see from Corollary 1 and Remark 2 that the two key quantities in determining the generalization

error e(T"*) are
1 1

y tr(l*Als,)  and y tr(T* Brest (T™) 1), (50)
where Aycsy and Bieg are the matrices defined in (41) and (42), respectively. In this section, we
show that the two quantities in (50) can be obtained by studying a parameterized family of extended
resolvent matrices.

To start, we observe that the ridge regression problem in (5) admits the following closed-form
solution:

vee(T*) = G (Zue[n] Yy vec(Hu)) /d, (51
where G is a resolvent matrix defined as
-1
G = (Z#em vec(H,,) vec(H,)T /d + T)x[) . (52)

For our later analysis of the generalization error, we need to consider a more general, “parameterized”
version of (7, defined as

G(m) = (e vee(Hy) vec(H,) T /d+ 71 + 7T ) - (53)

2 2.4 - . . . . . . .
where IT € R(4"+@)x(d°+d) j5 3 symmetric positive-semidefinite matrix and 7 is a nonnegative scalar.
The original resolvent G in (52) is a special case, corresponding to 7w = 0.

The objects in (51) and (53) are the submatrices of an extended resolvent matrix, which we construct
as follows. For each p € [n], let
_ yu/ d
= Lee(H#W&] GY
be an (d? + d + 1)-dimensional vector. Let
0
He = l: H:| ; (55)

where IT is the (d? + d) x (d? + d) matrix in (53). Define an extended resolvent matrix
1

Ge(m) = . 56
(m) > et 2nz + Al + AL (56)
By block-matrix inversion, it is straightforward to check that
_ T
Ge(my = |_ A7) dma (1) 57)

—c(m)q(m)  G(m)+c(m)q(m)q" ()]
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where

1
4(m) = =5 Gm) (3 eq) Y veol H,.)) (58)
is a vector in R¥%+1) and ¢(rr) is a scalar such that
1 1 1
o == Z yz +TA— B Z Yy vec(H,) T G(r) vec(H,). (59)
HE[n] H,v€E([n]

By comparing (58) with (51), we see that
vec(T™) = Vd q(0). (60)

Moreover, as shown in the following lemma, the two key quantities in (50) can also be obtained from
the extended resolvent G (7).

Lemma 2. For any matrix A € R4x(d+1),
-1

lr*T:
(4’ c(0)Vd

d

[0 vec(A)T] Ge(0)eq, (61)
where ey denotes the first natural basis vector in RY+4+1 Moreover, for any symmetric and positive
semidefinite matrix B € RUTDX(A+1) ifye ser

=B (62)
in (55), then
(63)

LB = £ (é))

=0

Proof. The identity (61) follows immediately from the block form of G (7) in (57) and the observa-
tion in (60). To show (63), we take the derivative of 1/¢(7) with respect to 7. From (59), and using
the identity

d
EG(W) = —G(m)IIG(n), (64)
we have
d (1 1 -
ar \em =3 Z YpYy vec(H,) G(m)IIG(m) vec(H,) (65)
w,vE[n]
=g (m)lg(r). (66)
Thus, by (60),
d 1 1
= (C(W)> =2 (vee(I™)) " Mvec(I™) (67)
=0
1
=2 (vee(T*)) " (I ® B) vec(T™*). (68)
Applying the identity in (17) to the right-hand side of the above equation, we reach (63). O

Remark 3. To lighten the notation, we will often write G.(w) [resp. G(7)] as G, [resp. G], leaving
their dependence on the parameter 7 implicit.

Remark 4. In light of (62) and (63), we will always choose
II= Id & Btest7 (69)

where Biest is the matrix defined in (42).
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SI-12  An Asymptotic Equivalent of the Extended Resolvent Matrix

In this section, we derive an asymptotic equivalent of the extended resolvent G defined in (56).
From this equivalent version, we can then obtain the asymptotic limits of the right-hand sides of (61)
and (63). Our analysis relies on non-rigorous but technically sound heuristic arguments from random
matrix theory. Therefore, we refer to our theoretical predictions as results rather than propositions.

Recall that there are & unique task vectors {w;}, ek in the training set. Let
1 1
by == z Z w; and Ry, = Z Z wiw;r (70)
i€[k] i€[k]
denote the empirical mean and correlation matrix of these k regression vectors, respectively. Define
Atr = [Rtr (1 + p)btr} . (71)

and

) 1+ Ry (14 p)b
By = | o fd7T it p)our 72
T Gl (42 72

Definition 1. Consider the extended resolvent G () in (56), with I1, chosen in the forms of (55)

and (69). Let G. be another matrix of the same size as G (m). We say that G. and G, (7) are
asymptotically equivalent, if the following conditions hold.

2
(1) For any two deterministic and unit-norm vectors u,v € R% +d+1,
u' Go(m)v ~u' Gev, (73)
where ~ is the asymptotic equivalent notation defined in (19).

(2) Let Ayy = [Rie (14 p)by:]. For any deterministic, unit-norm vector v € RE +d+1
L0 vee(Aw)T] Gulm)o ~ =
Vd Vd

(3) Recall the notation introduced in (18). We have

[0 vec(Aw)T] Gev. (74)

L. ([Ge(ﬂ)]\o e Et,]) = % tr <[é] ol Etr]> oL, (75)

a2
where [Ge(m)] \0 and [Ge()] \0 denote the principal minors of G () and G.(7), respec-
tively.
Result 3. Let x . denote the unique positive solution to the equation
1 T -1
Xn =7 tr (mEn + 7 Btest + ATId) Ei. |, (76)

where Bicgs is the positive-semidefinite matrix in (42), with biest, Riest chosen according to (35). The
extended resolvent G () in (56) is asymptotically equivalent to

-
T 1+p % vec ([Rtr (1+ p)btrD

T + 7wl + 7M1
+ Xr % vec ([Rtr (1 + p)bt,]) Id & Etr

Ge (ﬂ') =

(17
in the sense of Definition 1. In the above expression, 11, is the matrix in (55) with Il = I ® Biest.

In what follows, we present the steps in reaching the asymptotic equivalent G, () given in (77). To
start, let G[e“ | to denote a “leave-one-out” version of GG, defined as

1
G = : 78
€ >y vzy + e +TAI (78)
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By (56), we have
Go (Spem 2l + 71l +7AT) = T (79)
Applying the Woodbury matrix identity then gives us

1
761[@”]2 ZT—i—Ge(?THe‘FT)\I) =1. (80)
/g[;ﬂ L+21Glz, o

To proceed, we study the quadratic form zJ GL” | z,,. Let w, denotes the task vector associated with

2. Conditioned on w,, and G¥, the quadratic form ZIG[E”’] z,, concentrates around its conditional
expectation with respect to the remaining randomness in z,,. Specifically,

2y Gz, = XM (w,) + O (d7?), 81)
where 1
W (w,) = =t (G2 - [1© Blw,)]) (82)
and
P wwT (14 p)w
PO e (pp )
Substituting zJG[e”] 2, in (80) by x*(w,,), we get
1
> GWaz] 4 Ge(rTl + TAI) =T+ Ay, (84)

nE(n] 1+ x“(wu)

where »
T
= i Xu(wu[) Gz (85)
pnen] (1+ X“(wﬂ))(l + Z;Ge# Z#)

is a matrix that captures the approximation error of the above substitution.

Next, we replace z#z;— on the left-hand side of (84) by its conditional expectation E,,, {z# ZT] ,
conditioned on the task vector w,,. This allows us to rewrite (84) as

1
(1] T =
> O, [zﬂzu} F Go(rll, +7A) =T + A + Ao, (86)
HE[n]
where )
— (1] T _ T
Ay = ,;e [n:] TR (Ewu (22| = 202 ) (87)

captures the corresponding approximation error. Recall the definition of z,, in (54). Using the moment
estimates in Lemma 1, we have

B 1+4p ﬁw;—@[wl 1+p} )
E. {zz}:— +[ }7 (83)
L T3 @ Lufp} 1y ® E(w,) | la®&
where E(w),,) is the matrix defined in (83) and
1 w,w,! 21+ p)w
En= - Y Ml 89
P20+ pw, 201+ p)? (89)

Replacing the conditional expectation E,,, [zuzﬂ in (86) by the main (i.e. the first) term on the
right-hand side of (88), we can transform (86) to
1+p in@){wT 1+p}
1 Vd B M
T Z el )G[eu] X w, +G o (T A+TA) = T+A1+A0+As,
e XH(wy, FWn ® [1 _|_ p} I; ® E(w,)

(90)
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where we recall 7 = n/d?, and we use A3 to capture the approximation error associated with &,,.

Next, we replace the “leave-one-out” terms G and x*(w,,) in (90) by their “full” versions. Specifi-
cally, we replace G¥ by G, and x*(w,) by

x(wy,) = %tr <[Ge]\0 . [I@E(wu)}) . 91)

It is important to note the difference between (82) and (91): the former uses G¥ and the latter G..
After these replacements and using A4 to capture the approximation errors, we have

14p iuﬁ@[uﬁ 1+p

1 dm p

G.| - > T | ” Vi talle+7AL | =1+> A,
nue[n] +X(wu) ﬁwu® |:1+p:| Id®E(U1M) i<t

92)

Recall that there are & unique task vectors {w; }, -, in the training set consisting of 7 input samples.
Each sample is associated with one of these task vectors, sampled uniformly from the set {w; }, ., .
In our analysis, we shall assume that & divides n and that each unique task vector is associated with
exactly n/k input samples. (We note that this assumption merely serves to simplify the notation. The
asymptotic characterization of the random matrix GG, remains the same even without this assumption.)
Observe that there are only k unique terms in the sum on the left-hand side of (92). Thus,

- ) 1+p ﬁw?@[w: 1+ p]
Ge| 72D ~—— | w; 7l + 7ML [ =143 A
k bl 1+ x(wi) ﬁwl ® 14+ p I;® E(wz) i<t
(93)

So far, we have been treating the k task vectors {w; } ick] A8 fixed vectors, only using the random-
ness in the input samples that are associated with the data vectors {:cf } To further simplify our
asymptotic characterization, we take advantage of the fact that {w; }, c[k] are independently sampled

from Unif(S?~'(v/d)). To that end, we can first show that x(w;) in (91) concentrates around its
expectation. Specifically,

w) = | gt (16l - [1 9 B )| + 007 o4
By symmetry, we must have
1 1
E [d2 tr ([Ge]\o e E(wi)])} =E Ll? tr ([Ge]\o e E(wj)])} 95)

forany 1 <i < j < k. It follows that | (w;) — x(w;)| = O< (d='/2), and thus, by a union bound,

max X (wk,) = Rave| = O<(d"/?), (96)
i€[k]
where .
SC\ave = % Z X(wz) (97)
i€ [k]

Upon substituting (91) into (97), it is straightforward to verify the following characterization of Y aye:

1
Rave = =5 b1 ([Gely - [T © B ©98)

The estimate in (96) prompts us to replace the terms x(w;) in the right-hand side of (93) by the
common value Yave. As before, we introduce a matrix Ay to capture the approximation error
associated with this step. Using the newly introduced notation Fy,, by, and Ry, in (72) and (70), we
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can then simplify (93) as

T
1
1 1
e 1% Lte va e <[Rtr (1+ p>btr]) +mlle + 7AI
+ Xave ﬁ vec ([Rtr (1 + p)btr}) 1; ® Ey,
=1+ > A,
1<5<5
99)
Define
1 R 1 b '
~ 1+ —= r + r
ge(ﬂ') = 1% P \/Evec([ ' ( p) t}) +7TH€+TAI
+ Xave ﬁ vec ([Rtr (1 + p)btr]) Iy ® Eyy
(100)
Then ~ ~
Ge = Ge(m) + Ge(m) (A1 + As + Ay + Ay + A). (101)

approximation errors

Remark 5. We claim that Q\g is asymptotically equivalent to G, in the sense of Definition 1. Given
(101), proving this claim requires showing that, for j = 1,2,...,5,

T (gAe(w)Aj) v 0, (102a)
% [0 vec(Aw)T] (ée(w)Aj) v 0, (102b)

and
% tr <[§e(7r)AJ} ole Etr]> ~0, (102¢)

for any deterministic and unit-norm vectors u, v and for Ay, = [Rtr (1+ p)btr].

We note the equivalent matrix QAG (m) still involves one scalar Yayve that depends on the original
resolvent G (7). Next, we show that X.ve can be replaced by ., the unique positive solution to

(76). To that end, we recall the characterization in (98). Using the claim that G (7) and QAe(ﬂ) are
asymptotically equivalent (in particular, in the sense of (75)), we have

- 1 -
Rave = 75 11 ([ge(w)} ole Etr]) . (103)

To compute the first term on the right-hand side of the above estimate, we directly invert the block

matrix 36(77) in (100). Recall that IT is chosen in the forms of (55) and (62). It is then straightforward
to verify that

= ¢ —cq’
G = {Eq I ®FE(>2avqe) + aﬁf] ’ (1o
where Fg(x) is a matrix valued function such that
- -1
Fr(x) = (mEtr + 7B+ ATIdH) : (105)
_ T b -
q= m vec ([Rtr (1+ p)by] FE’(Xave)) ) (106)
and
o= T e T (R (1 o] Fe(Rne) [Be (14 )] 7).
14 Xave (14 Xave)*d bo)
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Using (104), we can now write the equation (103) as

~ 1 ~
Xave = E tr (FE(Xave)Etr)

=2

cT ,
_— T 1 T Aave r Aave r 1 . .
T U w2 ([Rt (1 + p)bix] Fr(Xave) B Fr(Xave) [Rer (1 + p)bes] )
(108)
The second term on the right-hand side of (108) is negligible. Indeed,
% < T
tr ([Rtr (1 + p)btr} FE‘ (XaVC)EtrFE(XavC) [Rtr (1 + p)btr] ) (109)

<P (Rave) Bix P (Rave) [l o (1 Rexllf + (1 + 9)*[lber ).

By construction, || Fg (Xave) ||0p < (A7), Moreover, since the task vectors {wi};e ) are indepen-

dent vectors sampled from Unif(S4~'(1/d)), it is easy to verify that

||Etr||op = O<(1)7 HRtrHF = O<(\/g) and ||btr||2 = O-<(1) (110)
Finally, since ¢ is an element of C?e, we must have|¢| < ’ Q\e < (7A)~L. Combining these estimates
op
gives us
ETQ ~ ~ T _92
1 L= \273 tr ([Rtr (1 + p)btr] FE(Xave)EtrFE(Xave) [Rtr (]- + p)btr} ) - O< (d )7
(1 + Xave) d
(111)
and thus we can simplify (108) as
1 T -1
Qave ~ = tr <7AEr+7rB+)\TI) Eul. 112
X p [ TT v d t ] (112)

Observe that (112) is a small perturbation of the self-consistent equation in (76). By the stability of
the equation (76), we then have

X\ave :XTKW (113)
where X is the unique positive solution to (76).

Recall the definitions of G, () and G.(7) in (100) and (77), respectively. By the standard resolvent
identity,

é\e (W) - ge(”)
T
T[SC\ave - Xﬂ'] "e( 1+p ﬁ vec ([Rtr (1 + p)btr}>

——Ge(m)
[T+ Xx][1 + Xave] % vec ([Rtr 1+ p)btr]) 1; ® By,

Ge(m).

(114)

Ge(m)|| < 1/(r\) and||Ge(m)||, < 1/(7A). Moreover, || Ey[|,, < 1 and
P

By construction,

O]

1
H\/& vec ([Rtr (1+ p)btr]) H <1 (115)
It then follows from (113) and (114) that
|Gem) = Ge(m)

If G. () satisfies the equivalent conditions (73), (74) and (75) (as claimed in our analysis above),
then the estimate in (116) allows us to easily check that G, () also satisfies (73), (74) and (75). Thus,
we claim that G. () is asymptotically equivalent to the extended resolvent matrix G, (7) in the sense
of Definition 1.

~ (. (116)

op

SI-13 Asymptotic Limits of the Generalization Errors

In this section, we use the characterization in Result 3 to derive the asymptotic limits of the general-
ization errors of associated with the set of parameters I'* learned from ridge regression.
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SI-13.1 Asymptotic Limits of the Linear and Quadratic Terms

From Corollary 1 and the discussions in Remark 2, characterizing the test error e(I'*) boils down to
computing the linear term % tr (I'* A/, ) and the quadratic term  tr (I Byest (I'*) T ), where Ageg
and Byt are the matrices defined in (41) and (42), respectively.

We consider test data distributions Pt as follows. From (35), the ICL task test setting we consider
corresponds to choosing

(ICL) : Atest = [Ia 0] and Byest = {( a (117)

(1+p)?|"

Result 4. Let T'* be the set of parameters learned from the ridge regression problem in (7). Let
Atest € R gnd Bioo € RETDXAHD) bo o matrices constructed as in (117). We have

1. 1 .
St AL ~ (Fqujest) : (118)
and
1 * * 1 * * Ce — —
yi tr(T* Bpest (I*) T) ~ yi tr (T Brest Tig) ") — i tr <Btest [(Etr + &) —€(By, +£I) QD .
(119)
In the above displays, I'Z | is an asymptotic equivalent of ', defined as
L= [Re (14p)bu] (By+&0)7, (120)
where £ is the unique positive solution to the self-consistent equation
1 A
EM, <ZP+§)T€1¢, (121)

and M (+) is the function defined in (177). Moreover, the scalar c. in (119) is defined as
pHv— 1P M (v) — €1 - 20 M, (v) — VPM (V)]

Ce 1= %M, (v) — @ML(v) — 7 : (122)
where
Ve %P +e (123)

To derive the asymptotic characterizations (118) and (119) in Result 4, we first use block-matrix
inversion to rewrite G.(7) in (77) as

) = C*(’]T) —C*(Tr) (q*(ﬂ_»r
Ge(m) = {_c*(ﬂ) () 1®Fr(x.) + C*(W)q*(ﬂ')(q*(ﬂ-))T:| , (124)

where F(+) is the matrix-valued function defined in (105), i.e.,

T —1

Fe(ys) = (WEH + 7 Biest + A Lag1) (125)

Moreover,

N _ T
(M = v e (B (o] Pren) (126)
and
1 7(1+4p) 72 T
e T T T ([Rtr (14 p)ber] Falxx) [Ree (14 p)bu] ) .

(127)

Observe that there is a one-to-one correspondence between the terms in (124) and those in (57).
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To derive the asymptotic characterization given in (118), we note that

1 1

Etr(I‘*AtTest) ~ Ova [0 vee(Agest)T] Ge(0)es (128)
“(0) 1

_ CC((O)) st ([Ba (U k] (B + A1+ x0)) M AL)  (129)

~ é i ([Ru (14 p)be] (B + A1+ x0)D) AL, (130)

In the above display, (128) follows from (61) and the asymptotic equivalence between G (0) and
G.(0). The equality in (129) is due to (124) and (126). To reach (130), we note that ¢(0) =
e] Ge(0)e; and ¢*(0) = ef G.(0)e;. Thus, ¢(0) ~ c*(0) due to the asymptotic equivalence between
G.(0) and G, (0). It can be shown that

AL+ x0) =&, (131)

where ¢ is the scalar defined in (121). The asymptotic characterization given in (118) then follows
from (130) and from the definition of I given in (120).

Next, we use (63) to derive the asymptotic characterization of the quadratic term in (119). Taking the
derivative of (127) gives us

i (#10)]."

= 8 tI’(F:thCSt(FZq)T)
0
_ X0 (14 2 (A (B + D) AT £ te( A (B + €1) Bun(Fe + €)1 AT)
(1+X0)2 d tr tr tr d tr tr tr tr tr
(132)

1 * * \ T TX6 1 * T 5 * * \ T
= & tr(FquteSt(Feq) ) — m <1 + P — g tr(Fqutr) — g tr(Feq(Feq) ) s (133)

where Ay, is the matrix defined in (71). In reaching the above expression, we have also used the
estimate in (131).

To further simplify our formula, we note that

14
Aw=S$ (Etr R G 5)Id+1) : (134)
where S'is a d x (d + 1) matrix obtained by removing the last row of ;1. Using this identity, we
can rewrite the matrix I'g, in (120) as

Fea=5 <I - (# +€) (B + 51)1> (135)
= [I —vFr(v) — a*(1 + p)?vFr(V)by b Fr(v) a*(1+ p)vFr(v)by], (136)

where Fr(-) is the function defined in (175), and v is the parameter given in (123). The second
equality (136) is obtained from the explicit formula for (Ey, + 1)~ in (179).

From (134) and (135), it is straightforward to check that

é tr(I AL) =1 — v+ u% tr(S(Ey +£1)71ST), (137)
and
g tr(Dr, (Ti) ") =€ |1 - 2% tr(S(Ey +&0)71ST) + V% tr(S(Ey + gI)%ﬂ . (138)
By using the asymptotic characterizations given in (182) and (183), we then have
étr(FZqAZ;) ~1— v+ 1M, (v), (139)
and
gtr(FZq(qu)T) ~el1—2wM(v) - VQM;(V)} . (140)
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Substituting (139), (140), and (184) into (133) yields
d 1 1 * « \T Ce -1 -2
i o) = g CaBues(Ti)) = G Bues [ (B + 607" — (B 607 )
(141)
where ¢, is the scalar defined in (122). The asymptotic characterization of the quadratic term in (119)
then follows from (63) and the claim that

=0

d 1 d 1
— [ — ~ (142)
dr \e(m) ) |,y dm \e*(7) /|0
SI-13.2 The Generalization Error of In-Context Learning
Result 5. Consider the test distribution Pies; associated with the ICL task. We have
e(I™) = ' (7, a, 5, p, M), (143)

where
1
eICL(Ta a, R, P, >‘) = (l_p + 1> (]— - 2VMI€(V) - VzM;(V) — Ce [MK(V) + gM:{(V)])
—2[1=vMu(v)] +1+p,
(144)
and c. is the constant given in (122).

Remark 6. Recall the definition of the asymptotic equivalence notation “~" introduced in Section SI-
9. The characterization given in (143) implies that, as d — oo, the generalization error e(I'*)
converges almost surely to the deterministic quantity €' (7, o, k, p, \).

To derive (143), our starting point is the estimate
1 2
(1) = = tr (I B (M) 7) = St (" Alue) + 140, (145)

which follows from Corollary 1 and the discussions in Remark 2. We consider the ICL task here, and
thus Atest and Biest are given in (117). The asymptotic limits of the first two terms on the right-hand
side of the above equation can be obtained by the characterizations given in Result 4.

Using (118) and the expressions in (136) and (117), we have

1 * 1 *
ST ALy) = St (T AL (146)
2
Fr(v)by
=1- gtr Fr(v) —a*(1+ p)%w (147)
~1—-vM,(v), (148)

where v is the constant defined in (123). To reach the last step, we have used the estimate given in
(182).

Next, we use (119) to characterize the first term on the right-hand side of (145). From the formulas
in (136) and (117), we can check that

1 . . 1+ 1 2
p tr (Fqutest(Feq)T) ~ (ap + 1) p tr (I — Z/F(y)) (149)
1
~ (er + 1) (1 — WM, (v) — VQM;(V)) , (150)
(0%
where the second step follows from (182) and (183). From (179),
1 14 1 1+
2 tr(Brest (B + €D Y =~ (L 4 1) S tr Fp(w) ~ [ 2 +1) M. (). (151)
d « d «
Similarly, we can check that
1 1 1 1
i tr(Brest (B + £1)72) =~ (Zp + 1) - tr F2(v) ~ — (Zp + 1) M (v). (152)
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Substituting (150), (151), and (152) into (119) gives us

%tr(I‘*B(F*)T) ~ (”p + 1> (1 - 20M(0) ~ P M) — e M) + EML ()] )

«
(153)
where c. is the constant given in (122). Combining (148), (153), and (145), we are done.

In what follows, we further simplify the characterizations in Result 5 by considering the ridgeless
limit, i.e., when A — 0.

Result 6. Let
=L = Me),  and =g Myl (d), (154)

where M () is the function defined in (177). Then

ICL : ICL
i = 1 y Ly Ty 7)\
erldgeless )\i)%l+ e (T a, K, p )
) [1 = (1 — ) + i (p/q" — 1)] =2 (1 — ) + (1 + p) r<1
* N2, kY, R
(¢* +1) (1 —2¢"m* — (¢")* M. (q") + w> —2(1—g'm* )+ (1+p) 7>1

(155)
where M!_(-) denotes the derivative of M, (x) with respect to x.

We start with the case of 7 < 1. Examining the self-consistent equation in (121), we can see that
the parameter £ tends to a nonzero constant, denoted by £*, as A — 0. It follows that the original
equation in (121) reduces to

1
£ M, (Zp + f*) =1-7 (156)
Introduce a change of variables
1-—- 1
e D0 p) (157)

aTé*

By combining (156) and the characterization in (178), we can directly solve for x4 and get p* =
q* M- (q*) as given in (154). The characterization in (155) (for the case of 7 < 1) then directly
follows from (148), (153), and (4) after some lengthy calculations.

Next, we consider the case of 7 > 1. It is straightforward to verify from (121) that
T

€= T_l)\+(’)(>\2). (158)

Thus, when 7 > 1, £ — 0as A — 0. It follows that
1
lim v = lim (+p +§> =¢" and lim My(v) =m". (159)
A—=0t A—0Tt a A—0t
Substituting these estimates into (148), (153), and (4), we then reach the characterizations in (155)

for the case of 7 > 1.

SI-13.3 The Generalization Error of In-Distribution Generalization

In what follows, we derive the asymptotic limit of the generalization error for the IDG task.
Result 7. Consider the test distribution Piest, associated with the IDG task. We have
p+v—1v Mo (v) —E[1—20M,(v) — V2P M(v)]
T )
T — [1 —26M,(v) — §2M;(V)]

e(T*) ~ eP%(1, a, k, p, \) = (160)

where £ the unique positive solution to the self-consistent equation (121) and v is the constant given
in (123).
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Similar to our derivation of Result 5, we only need to use (118) and (119) to characterize the
asymptotic limits of the first and second terms on the right-hand side of (145). Note that, for the IDG
task, Atest = Ay, It follows from (118) and (139) that

1
Etr(F*AtTest) ~1—v+ 1AM, (v). (161)
Similarly, since Biest = Fitr, We can verify from (120) that
Str (Fqutest(Feq)T) = (Tl AL) = = (T (D) ) (162)
~1—v+ 1AM, (v) - ¢ [1—21/./\/1,.@(1/)—1/2./\/1;@) ) (163)
where the second step follows from (139) and (140). Moreover,
1
8 tr (Btest |:(Etr + 5.[)_1 — g(Etr + f[)_2]> =1- 2£MR(V) — §2M;(1/) (164)

Substituting (162) and (164) into (119), we have
1
- tr(T*B(T*) ")

o P +v—12M,(v) — £ [1 = 2vM,(v) — V2 M (V)]
- T — [1 — 26M,(v) —52./\/1;(1/)]

+2(1 —v+ 1M, (V) — (1 + p).

(165)
The final result in (160) then follows from combining the above expression with (161) and (145).

Finally, we derive the ridgeless limit of the characterization given in Result 7.
Result 8. Let g*, m*, and u* be the scalars defined in (154). We have

eia(g;eless = )\lirg_'_ eIDG (7'7 o, K, P, )\) (166)
r (pta*—2¢"(A-7)(¢* /& +1) | T (g"+&*)?
{1 ( 1-p*(1-7) + q* ) T<l1 , (167)
et (1 —q'm”)] T>1

where £* = % and p* = (1 — "5(% + 1)_2)_1'

The derivation of this result closely follows that of Result 6. We analyze the cases of 7 < 1 and
T > 1 separately. For 7 < 1, the equation in (121) simplifies to (156) as A — 0T. For 7 > 1, ¢
approaches zero as A — 0T. Substituting these estimates into (160) then yields (167) after some
detailed calculations.

SI-14 Asymptotics of dAMMSE Estimator

To study the slowness of the IMMSE estimator more explicitly, consider the o — oo limit. We
present an initial sketch for the rate at which gi,sx — 0 in this limit, by considering large k for d fixed.

The exponential weight terms in the estimator in this limit behave as
£ T 2 *
e~ Zim (vimw ey o= gp (Gllwt w7 +p) ,

and these weightings exponentially favor choosing w; that minimises ||w* — w;||? over the set of

k training tasks w;. It’s immediately clear that e$¥MSE = o in this limit as the minimal value of
lw* — w;||* when w* € {wy,- -, wy} is 0. Taking

West (W™, w;) = argmin, ¢y, [|w* — w;||?

we have

1

dMMSE dMMSE : 2

Grask = €1cL —pP= g]E’LU*NPum B, ~Prain [I,Ilfﬁ [[w* — w| ] (168)
7
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We exploit spherical symmetry in both w* and w; to simplify

|w* — wy||*> = 4d — 4db; ~ for b; ~ Beta (dl, dl).
2 2
A rate of convergence can then be derived by studying the asymptotic behaviour of the expected max-
imum of the Beta distribution. This is an ongoing computation, with results suggesting exponentially-
cursed decay in dimension. Specifically, heuristic arguments integrating over the PDF of max; b;
suggests O(k~2/?) decay.

A Auxiliary Results

Lemma 3. Let w be a given task vector with||w|| = v/d. Meanwhile, let a ~ N'(0,1), s ~ N(0, 1),
e ~ N(0,p) be three scalar normal random variables, and ¢ ~ N(0,1i_1), g ~ N(0,14-1),
u~N(0,14_1), and v. ~ N (0, pI;) be isotropic normal random vectors. Moreover, w and all of
the above random variables are mutually independent. We have the following equivalent statistical
representation of the pair (Hz, yo11):

d
i, (d/0M, m W7 M, (a/Vd+ 002V + 62V, (169)
and
d
Yo+1 @ s+ €. (170)
In the above displays, M., denotes a symmetric and orthonormal matrix such that
w
(My)er = —, (171)
! [[w]]
where e| denotes the first natural basis vector in R%; h € R? is a vector defined as
Oea a® 2
<L 4+ 4+ 0
B o= vd & d H P : (172)
(0 + a/V/d)> + 62" "g/Vd
and 0., 8, are scalars such that
O =llvel/Vd  and 0, =|lqll /Vd. (173)
We will also find it useful to note
XTw=M,, [Z] : (174)
Define the following resolvent
Fr(v) = (Ry +vIg) ™!, (175)

where R, is the sample covariance matrix of the task vectors as defined in (70) and v is a positive
scalar.

Note that the distribution of Ry, is asymptotically equivalent to that of a Wishart ensemble. By
standard random matrix results on the Stieltjes transforms of Wishart ensembles (see, e.g., [29]), we
have

1

gtrFR(z/) ~ M (v) (176)

as d, k — oo with k/d = k. Here,
2

M(v) = - (177)
v+1—1/k+ [(v+1—1/K)?+4v/K]
is the solution to the self-consistent equation
1 1
+v. (178)

M) 1+ M,.(v)/k
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(B +A1+x0)lgi1) "t = Fr(vo) + a*(1+ p)*Fr(v0)buby Fr(v0)  —a* (14 p)Fr(10)br

—a*(1 + p)bl . Fr(vo) a* ’
(179)
where Fr(-) is the function defined in (175),
1+
vy = Tp + (1 + x0) (180)
and 1
— = (149" + A1+ x0) = (1+ p)*bi, Fr(0)bur- (181)

ltr(EtrJrgI)*l ~ 1tns*(EtngI)*lsT ~ g (e +E) M, 1+p +&), (182)
d d d « o
and

1 1 1
tr S(By +£1) 72T ~ Etrf‘ﬂ (Z’O +€) ~ — M, (? —l—f) )

(183)

where S is a d x (d + 1) matrix obtained by removing the last row of Iz 1, and M, (-) is the function
defined in (177). Upon substitution have

™o 5t (Buest[(Bu + &)™ — E(Buw +£1)77)
L0 ™ 1 —oem, (L2 1¢) —e2pmy, (22 +6) -7

SHE

1
p tr(By +&1) 7% ~

(184)
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