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Abstract

Transformers have a remarkable ability to learn and execute tasks based on exam-
ples provided within the input itself, without explicit prior training. It has been
argued that this capability, known as in-context learning (ICL), is a cornerstone of
Transformers’ success, yet questions about the necessary sample complexity, pre-
training task diversity, and context length for successful ICL remain unresolved. In
this work, we provide precise answers to these questions using a solvable model of
ICL for a linear regression task with linear attention. We derive asymptotics for the
learning curve in a regime where token dimension, context length, and pretraining
diversity scale proportionally, and pretraining examples scale quadratically. Our
analysis reveals a double-descent learning curve and a transition between low and
high task diversity, which is empirically validated with experiments on realistic
Transformer architectures.

1 Introduction

Since their introduction by Vaswani et al. in 2017 [1], Transformers have become a cornerstone of
modern artificial intelligence (AI). Transformers achieve state-of-the art performance across many
domains, even those that are not inherently sequential [2] as originally intended. Strikingly, they
underpin breakthroughs achieved by large language models (LLMs) such as BERT [3], LLaMA
[4], and the GPT series [5—8]. The advancements enabled by Transformers have inspired much
research aimed at understanding their working principles. One key observation is that LLMs gain
new behaviors and skills as their number of parameters and the size of their training datasets grow
[7, 9—11]. A particularly important emergent skill is in-context learning (ICL), which describes the
model’s ability to learn and execute tasks based on the context provided within the input itself, without
the need for explicit prior training on those specific tasks. ICL enables language models to perform
new, specialized tasks without retraining, which is arguably a key reason for their general-purpose
abilities.

Despite many recent studies on understanding ICL, important questions about how and when ICL
emerges in LLMs are still mostly open. LLMs are trained (or pretrained) with a next token prediction
objective. How do the different algorithmic and hyperparameter choices that go into the pretraining
procedure affect ICL performance? What algorithms do Transformers implement for ICL? How
many pretraining examples are required for ICL to emerge? How many examples should be provided
within the input for the model to be able to solve an in-context task? How diverse should the tasks
in the training dataset be for in-context learning of truly new tasks not encountered in the training
dataset? We address these questions by investigating a simplified model of a Transformer that captures
its key architectural motif: the linear self-attention module [12—17]. Linear attention includes the
quadratic pairwise interactions between inputs that lie at the heart of softmax attention, but it omits the
normalization steps and fully connected layers. This simplification makes the model more amenable
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to theoretical analysis. Our main result is a sharp asymptotic analysis of ICL for linear regression
using linear attention, leading to a more precisely predictive theory than previous population risk
analyses or finite-sample bounds [13, 16]. The main contributions of our paper are structured as
follows:

We begin in §2 by developing a simplified parameterization of linear self-attention that allows
pretraining on the ICL linear regression task to be performed using ridge regression. Within this
simplified model, we identify a phenomenologically rich scaling limit in which the ICL performance
can be analyzed (§3). In this joint limit, we compute sharp asymptotics for ICL performance
using random matrix theory. Our theoretical results reveal several interesting phenomena (§4).
First, we observe double-descent in the model’s ICL generalization performance as a function of
pretraining dataset size, reflecting our assumption that it is pretrained to interpolation. Second, we
uncover a transition to in-context learning as the pretraining task diversity increases. This transition
recapitulates the empirical findings of [18] in full Transformer models. We further show through
numerical experiments that these insights from our theory transfer to full Transformer models with
softmax self-attention.

Understanding the mechanistic underpinnings of ICL of well-controlled synthetic tasks in solvable
models is an important prerequisite to understanding how it emerges from pretraining on natural data
[19].

2 Problem formulation

ICL of linear regression In an ICL task, the model takes as input a sequence of tokens
{z1,y1,T2,Y2,...,%e,Ye, Te+1}, and outputs a prediction of yy11. We will often refer to an in-
put sequence as a context. We will refer to £ as the context length. We focus on an approximately
linear mapping between z; € R? and y; € R:

Yi = (@i, w) + €, (D

where ¢; is a Gaussian noise with mean zero and variance p, and w € R4 is referred to as a rask
vector. We note that the task vector w is fixed within a context, but can change between different
contexts. The model has to learn w from the £ pairs presented within the context, and use it to predict

Yo+1 from xpqq.

Linear self-attention The model that we will analytically study is the linear self-attention block
[20]. Linear self-attention takes as input an embedding matrix Z, whose columns hold the sequence
tokens. The choice of embedding matrix for a sequence is not unique; here, following the convention

in [15, 16, 20], we will embed the input sequence {1, y1, T2, Y2, - - -, L¢, Yo, Tot1} aS:
_ 1 T2 ... Ty xé+1 c R(d+1)><(€+1) (2)
yioy2 ... ye 0 ’

where 0 in the lower-right corner is a token that prompts the missing value 41 to be predicted. For
appropriately-sized key, query, and value matrices K, @), V, the output of a linear-attention block
[20-22] is given by

A=7+ %VZ(KZ)T(QZ). 3)

The output A is a matrix while our goal is to predict a scalar, y,1. Following the choice of positional
encoding in (2), we will take A4 ¢41, the element of A corresponding to the 0 prompt, as the
prediction for y,y 1, namely § = Agi1 041-

Pretraining data The model is pretrained on n sample sequences, where the pth sample is a
collection of ¢ + 1 vector-scalar pairs {z!" € R, yl e R fi% related by the approximate linear
mapping in (1): y!' = (2!, wH) + €. Here, w* denotes the task vector associated with the uth

sample. We make the following statistical assumptions:

* z!' are d-dimensional random vectors, sampled i.i.d. over both 7 and x from N'(0, I;/d).
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* At the start of training, construct a finite set of k elements, written Qj, = {wy,ws,...,w}. The
elements of this set are independently drawn once from w; ~;;q4. N(0,I). For 1 < p < n, the
task vector w* associated with the uth sample context is uniformly sampled from 2. Note that
the variable k controls the task diversity in the pretraining dataset. Importantly, k& can be less than
n, in which case the same task vector from 2 may be repeated multiple times.

* The noise terms €.’ are i.i.d. over both ¢ and g, and drawn from N(0, p).

We denote a sample from this distribution by (Z, ys+1) ~ Pirain-

Parameter reduction Before specifying a training procedure, we examine the prediction mecha-
nism of the linear attention module for the ICL task. This is a fruitful exercise, shedding light on
critical questions: Can linear self-attention learn linear regression in-context? If so, what information
do model parameters learn from data in solving this ICL problem?

We start by rewriting the output of the linear attention module § = Ag11 ¢+1 in an alternative form.
Following [16], we define

Vit vie My mao T
V = , M = =K R 4
|: ’U;l V22 :| |: m;l ™Moo :| Q ( )

where Vi1 € RdXd, V12,V21 € Rd, vos € R, My, € RdXd, mio, Mo € Rd, and moy € R.
Expanding (3), one can check that

¢ ¢ 041 ¢
1
y=7 <$e+1,v22M1T1 Zym + v22ma1 Zy? + M Z%‘%‘TUm + may ZyixiTU21> e

i=1 i=1 i=1 i=1
where (-, -) stands for the standard inner product.

This expression reveals several interesting points. First, not all parameters in (4) contribute to the
output: we can discard all the parameters except for the last row of V' and the first d columns of M.
Second, the first term

14
1
Z,UQQMlTl ;yﬁl’i (6)

offers a hint about how the linear attention module might be solving the task. The sum % D <o Yii

is a noisy estimate of E[zx " ]Jw for that context. Hence, if the parameters of the model are such
that vao M| is approximately E[z2 "] ™1, this term alone makes a good prediction for the output.
Motivated by this observation, and a more detailed argument presented in Section SI-6 of the
Supplementary Information, we study the linear attention module with the constraint v9; = 0. In this
case, we have the model

§=(I',Hz). 7)

for
Parameter matrix ' := vgy [M/d mo1] € REx(d+1) ®)
Inputdata Hz = zp41 [% Zigz vz, % Zige y?| e RAX(@+1) 9)

The 1/d scaling of M1 in T is chosen so that the columns of H scale similarly; it does not affect
the final predictor .

Model pretraining The parameters of the linear attention module are learned from n samples of
input sequences {z/', 9, ...,z 1, y;, .} for p = 1,...,n. We estimate model parameters using
ridge regression, giving

v 2 n
I = arg min ) (1 = (T Hz)) AT (10)
pn=1

where A > 0 is a regularization parameter, and Hz. refers to the input matrix (9) populated with the
uth sample sequence. The factor n/d in front of A makes sure that, when we take the d — oo or



112 n — oo limits later, there is still a meaningful ridge regularization when A > 0. The solution to the
113 optimization problem in (10) can be expressed explicitly as
-1
vec(T*) = %)\IJr ZVGC(HZ#)VCC(HZ#)T nyﬂvec(qu), (11)

p=1 p=1

114 where vec(-) denotes the row-major vectorization operation.

115 Evaluation For a given set of parameters I', the model’s generalization error is defined as

(D) =Ep,., |(yes1 — (0. Hz))?]. (12)

116 where (Z,yp11) ~ Phest 1S @ new sample drawn from the probability distribution of the test dataset.
117 At test time, x; and ¢; are i.i.d. Gaussians as in the pretraining case. However, for each 1 < y < n,
118 the task vector w* associated with the uth input sequence is drawn independently from N(0, I;). We
119 will denote the test error under this setting by '“(T").

120 This ICL task evaluates the true in-context learning performance of the linear attention module. The
121 task vectors in the test set differ from those seen in training, requiring the model to infer them from
122 context. High performance on the ICL task indicates that the model can learn task vectors from the
123 provided context.

124 To understand the performance of our model on this task, we will need to evaluate these expressions
125 for the pretrained attention matrix I'* given in (11). An asymptotically precise prediction of e!“%(T'*)
126 will be a main result of this work. We then verify through simulations that the primary insights gained
127 from our theoretical analysis extend to more realistic nonlinear Transformers.

128 3 Theoretical results

129 Joint asymptotic limit We have now defined both the structure of the training data as well as the
130 parameters to be optimized. For our theoretical analysis, we consider a joint asymptotic limit in
131 which the input dimension d, the pretraining dataset size n, the context length ¢, and the number of
132 task vectors in the training set k, go to infinity together such that

14 k n
7= a=0(1), 7= k= 0(1), BETE o(1). (13)

133 Identification of these scalings constitutes one of the main results of our paper. As we will see, the
134 linear attention module exhibits rich learning phenomena in this limit.

135 The intuition for these scaling parameters can be seen as follows. Standard results in linear regression
136 [23-25] show that to estimate a d-dimensional task vector w from the ¢ samples within a context,
137 one needs at least £ = O(d). The number of unique task vectors that must be seen to estimate the
138 covariance matrix of the true d-dimensional task distribution NV (0, I;) should also scale with d, i.e.
139k = O(d). Finally, we see from (8) that the number of linear attention parameters to be learned is
120 ©(d?). This suggests that the number of individual contexts the model sees during pretraining should
141 scale similarly, i.e., n = ©(d?).

142 Learning curves for ICL of linear regression by a linear attention module Our theoretical
143 analysis, explained in detail in the Supplementary Information, leads to an asymptotically precise
144 expression for the generalization error under the ICL test distribution being studied. The exact
145 expressions of this function functions can be found in Section SI-13.2 of the SI. For simplicity, we
146 only present in what follows the ridgeless limit (i.e., A — 0T) of the asymptotic generalization errors.

147 Result 1 (ICL generalization error in the ridgeless limit). Let

= Jv m = Mka (q )7 no=q MR/T(q )7 (14)
148 where M, (+) is defined in (181) and M!_(-) is the derivative of M. (q) with respect to q. Then
Cridgeless = lim, €' “H(7,0, 5, p,0) (15)
O [1— 71— p*)? + p(p/g* — 1)] =27 (1 — p*) + (1 + p) T<1

* £\2 *
(¢* +1) (1 —2¢*m* — (¢")2M(¢*) + W) —2(1—g*m*)+ (14+p) 7>1
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We derive this result using techniques from random matrix theory. The full setup and technical
details are presented in the Supplementary Information in Section SI-9 through Section SI-13. The
computations involve analysis of the properties of the finite-sample optimal parameter matrix I'*.

4 Observed Phenomena

This section discusses two key results that are mathematically evident from our theoretical characteri-
sation of ICL error, namely a double descent in 7 and a learning transition in x. We show how these
phenomena follow directly from the theory, and further, remain present in realistic (nonlinear) trans-
former architectures. A detailed exposition of nonlinear architecture setup and training procedures is
given in Section SI-7 in the Supplementary Info. Specific parameter configurations and more detailed
descriptions of the figures are available in Section SI-8 in the Supplementary Info.

Double-descent in pretraining samples How large should n, the pretraining dataset size, be for
the linear attention to succesfully learn the task in-context? In Figure 1, we plot our theoretical
predictions for ICL error as a function of 7 = n/d? and verify them with numerical simulations.
Our results demonstrate that the quadratic scaling of sample size with input dimensions is indeed an
appropriate regime where nontrivial learning phenomena can be observed.

As apparent in Figure 1, we find that the generalization error for the ICL task is not monotonic in
the number of samples. In the ridgeless limit, ICL error diverges at 7 = 1, with the leading order
behavior proportional to (7 — 1)~L. This leads to a “double-descent” behavior [25, 26] in the number
of samples. As in other models exhibiting double-descent [25-27], the location of the divergence is
at the interpolation threshold: the number of parameters of the model (elements of I') is, to leading
order in d, equal to d, which matches the number of pretraining samples at 7 = 1. Further, we can
investigate the effect of ridge regularisation on the steepness of the double descent, as illustrated
in Figure 1b for the ICL task. As we would expect from other models exhibiting double-descent
[25-27], increasing the regularization strength suppresses the peak in error around the interpolation
threshold.

Figure 2 confirms this phenomenon in a selection of nonlinear models. We recover a peak in error at
the interpolation threshold (given by n), and tracking the location of the interpolation threshold as d
increases recovers the quadratic scaling n ~ d?.

Learning transition with increasing pretraining task diversity Recall that the parameter k = k/d
controls the diversity of the training task vectors. How large should it be for ICL to emerge? Figure 3
shows a transition in the performance of a transformer on the ICL task. We see that as  increases
beyond « = 1, the ICL error converges rapidly. We interpret this as, in the £ > 1 regime, the
model generalizes to task vectors beyond its pretraining dataset, behaving as if it has learned the true
distribution on the task vectors despite having only seen a finite subset in the pretraining dataset. The
dependence on « arises since, as « increases, the model achieves even better estimates of the task
vector for a single context, allowing it to achieve a better estimate of the true task distribution after

0.0 0.5 1.0 2.0 2.5 0 1 3 4

1.5 2
T=n/d? T=n/d?

(a) Ridgeless ICL error against 7 (b) Finite ridge ICL error against 7

Figure 1: ICL performance as a function of 7: theory (solid lines) vs simulations (dots). Plots show

1CL - ICL : :
€ridgeless (1,0, Kk, p) in laand e “~ (7, a, k, p, A) in 1b against 7.
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(a) Error curve in 7 for full K, Q,V linear transformer (b) Error curve in 7 for softmax attention transformer

— Theory, nim n=d?
@ Linear attel , full K, Q,V

Softmax attention
® (Softmax + MLP) x 2
® (Softmax + MLP) x 3

-
L3

Number of samples n =t x d?
"
5

-
53

0 2 4 6 10 12 14

8 20 40
T=n/d? Token dimension d

(c) Error curve in 7 for transformer w/ two blocks of (d) Interpolation threshold follows predicted quadratic
softmax attention and 1-layer MLP n o d? scaling for a range of architectures.

Figure 2: Experimental verification in full linear attention 2a nonlinear models 2b, 2c of both scaling
definition for 7 and double descent behaviour in n. Figures 2a, 2b, 2c show error curves against 7 for
various architectures, consistent across token dimension d = 20, 40, 80. Double-descent phenomena
is confirmed: increasing n will increase error until an interpolation threshold is reached. Coloured
dashed lines indicate experimental interpolation threshold for that architecture and d configuration.
Figure 2d shows that the location of the interpolation threshold occurs for n proportional to d2, as
predicted by the linear theory. Dots are experimental interpolation thresholds for various architectures,
and dashed lines are best fit curves correspond to fitting log(n) = alog(d) + b, each with a = 2.

— a=10

— d=20
30 d=40
— d=80

"‘M
0.0

100 107! 10° 10t

10
Kk =k/d K=k/d

(a) €£1CdI§e1ess against  for various o and 7 := 0.2 (b) ICL error in non-linear transformer against x

Figure 3: Plot of transformer generalization error against «, illustrating sharp transition in performance
as pretraining diversity increases. Figure 3a has theory (solid lines) vs simulations (dots). Figure 3b
shows ICL performance against « for the nonlinear architecture given in Figure 2c. This demonstrates
consistency of x scaling across increasing dimension choices d = 20, 40, 80, and a similar sharp
transition in learning familiar from the linear theory.

seeing multiple contexts with enough task diversity (v > 1). Crucially, this learning transition is
persistent in nonlinear architectures; an example is seen in Figure 3b.
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To explicitly understand the role of x in the solution learned by the linear attention mechanism,
consider the regime where 7, « — oo with 7/a = ¢* kept fixed. Under this setting, we have

) p+(1—k (1+Lc*) k<1
Jim efzeress = SEAR : (16)
a—o0 P k>1

This change in analytical behavior indicates a phase transition at £ = 1. Further, the x > 1 branch
approaches p, the information-theoretical error limit for this problem. The smooth learning transitions
observed in Figure 3 stem from this phase transition; this behaviour is increasingly obvious for larger
«, as can be seen by contrasting the various « curves in Figure 3a.

5 Conclusions

In this work, we compute sharp asymptotics for the in-context learning (ICL) performance in a
simplified model of ICL for linear regression using linear attention. This exactly solvable model
demonstrates a transition in the generalizing capability of the model as the diversity of pretraining
tasks increases, echoing empirical findings in full Transformers [18]. Additionally, we observe a
sample-wise double descent as the amount of pretraining data increases. Our numerical experiments
show that full, nonlinear Transformers exhibit similar behavior in the scaling regime relevant to our
solvable model. Our work represents a first step towards a detailed theoretical understanding of the
conditions required for ICL to emerge [19].

In our analysis, we have assumed that the model is trained to interpolation on a fixed dataset. This
allows us to cast our simplified form of linear attention pretraining as a ridge regression problem,
which in turn enables our random matrix analysis. In contrast, Transformer-based large language
models are usually trained in a nearly-online setting, where each gradient update is estimated using
fresh examples with no repeating data [28]. Some of our findings, such as double-descent in the
learning curve as a function of the number of pretraining examples, are unlikely to generalize to the
fully-online setting. It will be interesting to probe these potential differences in future work.

Finally, our results have some bearing on the broad question of what architectural features are required
for ICL [7, 11, 19]. Our work shows that a full Transformer—or indeed even full linear attention—is
not required for ICL of linear regression. However, our simplified model retains the structured
quadratic pairwise interaction between inputs that is at the heart of the attention mechanism. It is this
quadratic interaction that allows the model to solve the ICL regression task, which it does essentially
by reversing the data correlation. One would therefore hypothesize that our model is minimal in the
sense that further simplifications within this model class would impair its ability to solve this ICL
task. In the specific context of regression with isotropic data, a simple point of comparison would
be to fix I' = I;, which gives a pretraining-free model that should perform well when the context
length is very long. However, this further-reduced model would perform poorly if the covariates
of the in-context task are anisotropic. More generally, it would be interesting to investigate when
models lacking this precisely-engineered quadratic interaction can learn linear regression in-context,
and if they are less sample-efficient than the attention-based models considered here.
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Supplementary Information

SI-6 Parameter Reduction

Recall that we can express the output of the linear attention mechanism (with full K, @), V parameters)
as

¢ ¢ 041 ¢

. 1

y= Z<$e+17U22M1T1 E YiTi + v2amay E yi + My E 2w v21 + Moy E yixg va1), (17)
i=1 i=1 i=1 i=1

where (-, -) stands for the standard inner product. We previously argued that the term

0
1
Fv MYy (18)

=1

makes a good prediction for the output. Further, the third term does not depend on outputs y, and
thus does not directly contribute to the ICL task that relies on the relationship between x and y.
Finally, the last term only considers a one dimensional projection of x onto v21. Because the task
vectors w and x are isotropic in the statistical models that we consider, there are no special directions
in the problem. Consequently, we expect the optimal v2; to be approximately zero by symmetry
considerations.

We note that Zhang et al. [16] provide an analysis of population risk (whereas we focus on empirical
risk) for a related reduced model in which they set vo; = 0 and me; = 0. Consequently, the
predictors they study differ from ours (7) by an additive term. They justify this choice through an
optimization argument: if these parameters are initialized to zero, they remain zero under gradient
descent optimization of the population risk, given certain conditions.

SI-7 Experimental Details

Our experiments1 are done with a standard Transformer architecture, where each sample context
initially takes the form given by (2). The fully-parameterised linear transformer (fig. 2a) and softmax-
only transformer (fig. 2b) do not use MLPs. If MLPs are used (e.g. fig. 2c and fig. 2d), the architecture
consists of blocks with: (1) a single-head softmax self-attention with K, Q,V € R¥1Xd+1 matrices,
followed by (2) a two-layer dense MLP with GELU activation and hidden layer of size d 4+ 1 [1].
Residual connections are used between the input tokens (padded from dimension d to d + 1), the
pre-MLP output, and the MLP output. We use a variable number of attention+MLP blocks before
returning the final logit corresponding to the (d + 1, ¢ + 1)th element in the original embedding
structure given by (2). The loss function is the mean squared error (MSE) between the predicted label
(the output of the model for a given sample Z) and the true value y,4;. We train the model in an
offline setting with n total samples Z1, - - - , Z,, divided into 10 batches, using the Adam optimizer
[29] with a learning rate 10~* until the training error converges, typically requiring 10000 epochs’.
The structure of the pretraining and test distributions exactly follows the setup for the ICL task
described in Section 2.

SI-8 Figure Details

Figure 1 Simulated errors are calculated by evaluating the corresponding test error on the cor-
responding optimised I'*. Parameters: d = 100, p = 0.01 for all; for la k = 0.5 and for 1b
a = 10, Kk = oo. Averages and standard deviations are computed over 10 runs.

!Code to reproduce all experiments will be made available upon acceptance.

2Note that larger d models are often trained for less epochs than smaller d models due to early stopping; that
said, whether or not early stopping is used in training does not affect either the alignment of error curves in
d-scaling nor the qualitative behaviour (double descent in 7 and transition in ).
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Figure 2 Interpolation thresholds shown in fig. 2d were computed empirically by searching for
location in 7 of sharp increase in value and variance of training error at a fixed number of gradient
steps. The log-log plot demostrating quadratic scaling of n in d was best-fit on the data points plotted.
Explicitly, the exponents of d are gy finear = 1-87, @softmax = 166, @2 plocks = 2-13, @3 blocks = 2.08.
Theory predicts a = 2.

Parameters: a = 1,k = oo, p = 0.01. For fig. 2a, 2b, and 2c: variance shown comes from model
trained over different samples of pretraining data; lines show averages over 10 runs and shaded region
shows standard deviation.

Figure 3 Parameters for fig. 3a: d = 100, 7 = 100. Simulations deviate from theory curve at low
K due to finite size effects. Averages and standard deviations for linear model are computed over 100
runs.

Parameters for fig. 3b: 7 = 10, = 1, p = 0.01. Variance shown comes from 10 models trained
over different samples of pretraining data.

A note on the subsequent computations

A key technical component of our analysis involves characterizing the spectral properties of the
sample covariance matrix of n = ©(d?) i.i.d. random vectors in dimension ©(d?). Each of these
vectors is constructed as the vectorized version of the matrix in (9). Related but simpler versions of
this type of random matrices involving the tensor product of i.i.d. random vectors have been studied
in recent work [30]. Some of our derivations are based on non-rigorous yet technically plausible
heuristics. We support these predictions with numerical simulations in the main document and discuss
below the steps required to achieve a fully rigorous proof.

Finally, it’s worthwhile to comment that this paper and computations therein fall inside a broader
program of research that seeks sharp asymptotic characterizations of the performance of machine
learning algorithms. This program has a long history in statistical physics [27, 31, 32], and has in
recent years attracted substantial attention in machine learning [25, 27, 33-38]. For simplicity, we
have assumed that the covariates in the in-context regression problem are drawn from an isotropic
Gaussian. However, our technical approach could be extended to anisotropic covariates, and, perhaps
more interestingly, to featurized linear attention models in which the inputs are passed through some
feature map before linear attention is applied [21, 22]. This extension would be possible thanks to an
appropriate form of Gaussian universality: for certain classes of regression problems, the asymptotic
error coincides with that of a model where the true features are replaced with Gaussian features of
matched mean and covariance [25, 30, 33-37, 39]. This would allow for a theoretical characterization
of ICL for realistic data structure in a closer approximation of full softmax attention, yielding more
precise predictions of how performance scales in real Transformers.

SI-9 Notation

Sets, vectors and matrices: Foreachn € N, [n] := {1,2,...,n}. The sphere in R? with radius v/d is
expressed as S?~1(v/d). For a vector v € R?, its £ norm is denoted by||v||. For a matrix A € R**?,
| Al and [|Al| denote the operator (spectral) norm and the Frobenius norm of A, respectively.
Additionally, || A|| ., = max; je[n)|A(i, j)| denotes the entry-wise £, norm. We use e; to denote the

first natural basis vector (1,0,...,0), and I is an identity matrix. Their dimensions can be inferred
from the context. The trace of A is written as tr(A).

Our derivations will frequently use the vectorization operation, denoted by vec(+). It maps a dy X da
matrix A € R4%% to a vector v4 = vec(A) in R4, Note that we shall adopt the row-major
convention, and thus the rows of A are stacked together to form v4. We also recall the standard
identity:

vec(E EyF3) = (B ® EJ ) vec(Ey), (19)
where ® denotes the matrix Kronecker product, and E+, F», F/3 are matrices whose dimensions are
compatible for the multiplication operation. For any square matrix A € R(AD*(E41D) ywe introduce

the notation
[M]\ € REXE (20)
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to denote the principal minor of M after removing its first row and column.

Stochastic order notation: In our analysis, we use a concept of high-probability bounds known as
stochastic domination. This notion, first introduced in [40, 41], provides a convenient way to account
for low-probability exceptional events where some bounds may not hold. Consider two families of
nonnegative random variables:

X=XYu):deNuecU?), Y=¥Dwu):deNuecU?),

where U(?) is a possibly d-dependent parameter set. We say that X is stochastically dominated by Y,
uniformly in u, if for every (small) € > 0 and (large) D > 0 we have

sup PIXD(u) > YD (u)] <dP
ueU(d)

for sufficiently large d > do(e, D). If X is stochastically dominated by Y, uniformly in u, we use
the notation X < Y. Moreover, if for some family X we have| X | < Y, we also write X = O (Y)).
We also use the notation X ~ Y to indicate that two families of random variables X,Y are
asymptotically equivalent. Precisely, X ~ Y, if there exists € > 0 such that for every D > 0 we have

P[IX-Y|>d ] <d” 21

for all sufficiently large d > do(e, D).

SI-10 Moment Calculations and Generalization Errors

For a given set of parameters I', its generalization error is defined as

e(T) = Ep,,, [(yul — (T, HZ>)2} ; (22)

where (Z,yp1+1) ~ Phest is @ new sample drawn from the distribution of the test data set. Recall that
Z is the input embedding matrix defined in (2) in the main text, and yy, denotes the missing value
to be predicted. The goal of this section is to derive an expression for the generalization error e(T").
Note that the test distribution Pkt crucially depends on the probability distribution of the task vector

w used in the linear model in (1). For the ICL test task, we have w ~ Unif(S%!(+/d)), the uniform
distribution on the sphere . In what follows, we slightly abuse the notation by writing w ~ Pegt to
indicate that w is sampled from the task vector distribution associated with Piegt.

Let w be the task vector used in the input matrix Z. Throughout the paper, we use E,, [-] to denote
the conditional expectation with respect to the randomness in the data vectors {;},. [6+1] and the
noise {¢;}, cle+1)° with the task vector w kept fixed. We have the following expressions for the first
two conditional moments of (Hz, yst1).

Lemma 1 (Conditional moments). Let the task vector w € be fixed. We have

Ey [Ye+1] =0, and E,[Hz]=0. (23)
Moreover,
1
Eu lyer1 Hz] = Zw [w', 14 p] (24)
and
o 04p), NHa+ A+ +p) rww” (1420w
Bu |vec(Hz) vee(Hz) } =g fa® (1420w (1+20-H(1+ p)
(25)

Proof. Using the equivalent representations in (162) and (163), it is straightforward to verify the
estimates of the first (conditional) moments in (23). To show (24), we note that

Hy = (d/0)zazy (26)
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where

s M, h
Zq = Mw |:u:| and zZp = l(ewa/ﬁ+ 96)2/\/a+ 93/\/&] . (27)
Using the representation in (163), we have
Ew [yes1Hzl = (d/0By ezl B [2]] 8)

Computing the expectations E,, [y¢412,] and E,, [z, | then gives us (24). Next, we show (25). Since
zq and z; are independent,

E [vec(Hy) vec(HZ)T] — (d/0)°E [zazaT } D E [zbz,j ] . (29)
The first expectation on the right-hand side is easy to compute. Since M, is an orthonormal matrix,
E, [zazﬂ ~ I (30)

To obtain the second expectation on the right-hand side of the above expression, we can first verify
that

E, {MwhhTMw] - é {(1 + o)+ (62 waq . 31)
Moreover,
E, {Mu,h ((a/\/& +6.)%/Vd + 93/\@)} = Ww (32)
and
E, {((a/\/;i Y02 NVd+ 93/\/&)2] - W. (33)

Combining (31), (32), and (33), we have

1 AP +p) [+ A+ )4 p) T (1420
E {szb } - d (1+20YHw' 142 )1+p)| Y
Substituting (30) and (34) into (25), we reach the formula in (25). O]

Proposition 1 (Generalization error). For a given weight matrix U, the generalization error of the
linear transformer is

. 1+p %Id—‘r(l—Fé_l)(l—f—p)_lRtest (1+2€_1)btest T
e(l)=——tr|T (1420907, (1420711 +p) r
(35)
2 thst
——=tr| T 1
d r( [(Hp)b?estD e
where
btest = EmNPtcst [U}} and Rtest = EwNPtcst |:wa:| . (36)

Remark 1. We use w ~ Piest to indicate that w is sampled from the task vector distribution
associated with Pyest. Recall our discussions in Section 2. For the ICL test task, and for the purposes
of analytical tractibility, we take w ~ Unif(S®='(\/d)). In high dimensions, the characterisation
of ICL error using w ~ Unif(S*'(v/d)) will be identical to using w ~ N(0,1). It is then
straightforward to check that we want

(ICL) : btest =0 and Rtest = Id. (37)
Proof. Recall the definition of the generalization error in (22). We start by writing

e(T) = vec(l")T]E vec(Hz) vec(HZ)T] vec(T') — 2vec(I‘)T vec(E [yn+1Hz]) + E [yfﬂ} ,
(38)
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where H 7 is a matrix in the form of (9) and H 7 is independent of I'. Since y,41 = xzﬂw + €, with
e ~ N (0, p) denoting the noise, it is straightforward to check that

E [y? +1} =1+p. (39)
Using the moment estimate (25) in Lemma | and the identity (19), we have

vec(I)'E |vec(Hz) VeC(Hz)T:| vec(T)

_Ll+p o i+ 1+ (14 p) M Riest (14207 )biest T (40)
d (142071, (1+207H(1 + p)
Moreover, by (24),
vec(I) " vec (E [ye41Hz)) = Lot { Rte“T } : 41)
d (1 + p)btest
O
Corollary 1. For a given set of parameters I, its generalization error can be written as
1 2
(D) = = tr (FBtestFT) ~ St (rAjest) +(1+p) +&, (42)
where
Atest = [Rtest (1 + p)btest] s 43)
1+ p)Id + Rpest (1 + p)btest]
Biest == o , 44
wm [ @
and Ryest, biest are as defined in (36). Moreover, € denotes an “error” term such that
2
Coomax {| Rucst lop s tescl] 1} (I /)
€] < 7 ) (45)
where C., , is some constant that only depends on o and p.
Proof. Let
d -1
21+ p)[d + (1 + ¢~ )Rtest (1 + 2/ )(1 + p)btest
A= |7l — Biew. 46
(20t b (L2014 pp2 |7 Do o)
It is straightforward to check that
1
£=—tr (FAFT) (47)
1
= vec(T) T (Iy ® A) vec(T') (48)
r
<, e, 9)

The bound in (45) follows from the estimate that||AHOp < Cq,p max {”Rtest llop Ml Dtest| 1} /d. O

Remark 2. Consider the optimal weight matrix I'* obtained by solving the ridge regression problem
in (10). Since I'* is the optimal solution of (10), we must have

n
JITTIE< 3 Wia)?, (50)
neln]
where the right-hand side is the value of the objective function of (10) when we choose I to be the
all-zero matrix. It follows that
[l < 2 uein Wer)?
d - An '
Z/Le[n] yu

61y

By the law of large numbers, — 1+ pasn — oo. Thus, || /d is asymptotically
bounded by the constant (1 + p)/ . Furthermore, it is easy to check that ||Rtest|| = O(1) and
||btest || = O(1) for the ICL task [see (37)]. It then follows from Corollary 1 that the generalization
error associated with the optimal parameters I'* is asymptotically determined by the first three terms
on the right-hand side of (42).
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SI-11 Analysis of Ridge Regression: Extended Resolvent Matrices

We see from Corollary 1 and Remark 2 that the two key quantities in determining the generalization
error e(I'*) are

1 1
- tr(T* Al ) and - tr(I* Biest (I*) 1), (52)

where Aiest and Biegt are the matrices defined in (43) and (44), respectively. In this section, we
show that the two quantities in (52) can be obtained by studying a parameterized family of extended
resolvent matrices.

To start, we observe that the ridge regression problem in (7) admits the following closed-form
solution:

vee(I™) = G (3 epny Y vee(Hy) ) /d, (53)

where G is a resolvent matrix defined as
-1
G = (Z#em vec(H,) vec(H,)T /d + mz) . (54)

For our later analysis of the generalization error, we need to consider a more general, “parameterized”
version of (7, defined as

G(r) = (Zuem vec(H,,) vee(H,)T /d + =TI + T/\I) - (55)

2 2 . . . . . . .
where IT € R(@"+d)x(d"+d) j5 3 symmetric positive-semidefinite matrix and 7 is a nonnegative scalar.
The original resolvent G in (54) is a special case, corresponding to 7w = 0.

The objects in (53) and (55) are the submatrices of an extended resolvent matrix, which we construct
as follows. For each p € [n], let

_ Yu/d
Z” - |:VGC(H#)/\/(3:| (56)
be an (d? + d + 1)-dimensional vector. Let
_ |0
I = { H} ) (537
where IT is the (d? + d) x (d? + d) matrix in (55). Define an extended resolvent matrix
1
Ge(m) = (58)

Doein) Az e + TAL

By block-matrix inversion, it is straightforward to check that

o) = e(m) —c(m)q" (m)
Ge( ) - |:_C(7T)q(ﬂ') G(Tf) + C(’ﬂ')q(ﬂ')q—r('fr)] ’ 59)

where )
a(m) = =5 G ) (X iy Yo veo(H,)) (60)
is a vector in R¥%+1) and ¢(r) is a scalar such that
1 1 1
o) =% Z Yo+ TA— B Z Yuyy vec(H,) T G(r) vec(H,). (61)
HE[n] w,vEn]

By comparing (60) with (53), we see that
vec(I'™) = Vd q(0). (62)

Moreover, as shown in the following lemma, the two key quantities in (52) can also be obtained from
the extended resolvent G (7).
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Lemma 2. For any matrix A € R (d+1),
-1
c(0)Vd

. . 2 . ..
where e, denotes the first natural basis vector in R® T4+ Moreover, for any symmetric and positive
semidefinite matrix B € RUATDX(A+1) gy ser

N=I,®B (64)

%tr(I‘*AT) = [0 vec(A)T] Ge(0)eq, (63)

in (57), then

1oty d (1
Etr(f‘ B(IT")") = o (C(W)) (65)

Proof. The identity (63) follows immediately from the block form of G (7) in (59) and the observa-
tion in (62). To show (65), we take the derivative of 1/¢(m) with respect to 7. From (61), and using
the identity

=0

d
aG(ﬂ') = —-G(mUG (), (66)
we have
d 1 1 T
ar \ et =5 Z YuYy vec(H,) G(m)IIG(m) vec(H,) (67)
w,vE([n]
=g (m)Hg(r). (68)
Thus, by (62),
d 1 1
= (dﬂ)) =~ (vee(I™)) ' Mvee(I™) (69)
=0
1
=2 (vee(T*)) " (I ® B) vec(T™*). (70)
Applying the identity in (19) to the right-hand side of the above equation, we reach (65). O

Remark 3. 7o lighten the notation, we will often write G.() [resp. G(m)] as G, [resp. G], leaving
their dependence on the parameter 7 implicit.

Remark 4. In light of (64) and (65), we will always choose
IT = Iy ® Btest, (71)

where Biest is the matrix defined in (44).

SI-12  An Asymptotic Equivalent of the Extended Resolvent Matrix

In this section, we derive an asymptotic equivalent of the extended resolvent G. defined in (58).
From this equivalent version, we can then obtain the asymptotic limits of the right-hand sides of (63)
and (65). Our analysis relies on non-rigorous but technically sound heuristic arguments from random
matrix theory. Therefore, we refer to our theoretical predictions as results rather than propositions.

Recall that there are & unique task vectors {w;}, c(x) 1 the training set. Let

. 1 e 1 T
[ z Z w; and Ry = % Z W;W; (72)

i€ (k] i€ (k]
denote the empirical mean and correlation matrix of these k regression vectors, respectively. Define
Ay = [Ree (14 p)by] . (73)

and

) 1+ Ry (14 p)b
E L= o d tr P )0tr . 74
WL U eh (1) 7

17
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560
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563

564
565

566

Definition 1. Consider the extended resolvent G () in (58), with I1, chosen in the forms of (57)

and (71). Let G. be another matrix of the same size as G (). We say that G, and G.(r) are
asymptotically equivalent, if the following conditions hold.

. . . . 2
(1) For any two deterministic and unit-norm vectors u,v € R4 +d+1

u' Ge(m)v ~u' Gev,

where =~ is the asymptotic equivalent notation defined in (21).

(75)

(2) Let Aye = [Rie (14 p)by:]. For any deterministic, unit-norm vector v € RE +d+1

1
7 [0 vec(Ay) "] Ge(m)v ~

1 [O vec(Atr)T] éev.

Sl

(3) Recall the notation introduced in (20). We have

1
ﬁtr

(76)

([Gem@)y - [1© Bul) = 1 ([é] Jlre m) O, )

where [Ge(r)] \0 and [Ge()] \0 denote the principal minors of G () and G.(m), respec-

tively.

Result 2. Let . denote the unique positive solution to the equation

X

1 T -1
= E tr |:(1_~_><7TEtr + ’/TBtest + )\TId) Etr:| 5

(78)

where Biest is the positive-semidefinite matrix in (44), with byest, Riest chosen according to (37). The
extended resolvent G.(m) in (58) is asymptotically equivalent to

T

Ge (71') = W

1

.
1+4+p ﬁ vec ([Rtr (1+ p)btr])

73 vec ([Rtr 1+ P)btr]) Iy ® Eyy

+ wll, + 7T

(79)

in the sense of Definition 1. In the above expression, 11, is the matrix in (57) with Il = I ® Biest.

In what follows, we present the steps in reaching the asymptotic equivalent G, (7) given in (79). To

start, let G[GM | to denote a “leave-one-out” version of G, defined as

By (58), we have

1

Gl = .
¢ dovpp 2y + e + TAL

Ge (Zue[n] Z#ZI + wlle + T)J) =1.

Applying the Woodbury matrix identity then gives us

>

pen

1

mGLH]ZMZ; + Ge(nll, + 7AI) = 1.
] ne cp

(1]

(80)

81)

(82)

To proceed, we study the quadratic form ZI Ge 'z, Let w, denotes the task vector associated with

z,,. Conditioned on w,, and G¥, the quadratic form zIG[e” ] z,, concentrates around its conditional
expectation with respect to the remaining randomness in z,,. Specifically,

where

20 Gz, = Y (w,) + O (d71?),

W) = e (168 - (1@ Bw,)])

18
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570

571

572

573

574
575

577

578

580
581

582
583

and
E27 +ww” 1+ pw

E(w) = (85)
W= Ut T (14
Substituting zIG[e”] 2, in (82) by x*(w,,), we get
1
> Gz + Ge(nlle + 7AI) = T + Ay, (86)

ety 1 X ()
where ”
2TGH 2, — M (w
A = M w— X ( u[)u] G[Eu]zuzg (87)
pE(N] (1 + X“(wﬂ))(l =+ Z;Ge Zu)

is a matrix that captures the approximation error of the above substitution.

Next, we replace z,z, on the left-hand side of (86) by its conditional expectation E,, [zﬂzﬂ,

conditioned on the task vector w,,. This allows us to rewrite (86) as

1
3 WGL"]EW (2020 |+ GelRTL + 7AI) = T+ Ay + A, (88)
peln] a
where .
Ay = 76'[8“] (Ew 202 | — 2 2T> (89)
2= 3t O (B[] 20

captures the corresponding approximation error. Recall the definition of z,, in (56). Using the moment
estimates in Lemma 1, we have

LT T
- 1+ Lulo[wl 1+ L1 o)
w Z/LZ/Li| = 3 w ) I E |
S O [ B e
where E(w,,) is the matrix defined in (85) and
1 w#w;— 2(1+ p)w,
= — . 1
Eu ¢ 20+ pw, 201+ p)? ©h

Replacing the conditional expectation E,,, [zu zﬂ in (88) by the main (i.e. the first) term on the
right-hand side of (90), we can transform (88) to

. . 1+p Lol @ wl 1+4/)
n 2 T | w, FGo(T+7AL) = T+ A+ A0 +As,
e - X Vil ® [1 + p} la & Bw,)

92)
where we recall 7 = n/d?, and we use A3 to capture the approximation error associated with &,.

Next, we replace the “leave-one-out” terms G* and x*(w,,) in (92) by their “full” versions. Specifi-
cally, we replace G by G, and x*(w,,) by
1
M) = 5 tr ([Ge]\o e E(wM)D . 93)

It is important to note the difference between (84) and (93): the former uses G¥ and the latter G..
After these replacements and using A4 to capture the approximation errors, we have

1+ p Lul @ [wl 1+
7l + 7ML [ =T4+> A

T 1
Ge| 25—
n ) L+ x(wp) | Jow, @ 111“[) Iq @ E(wy) <4

HE[n]

(94)
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ss4 Recall that there are & unique task vectors {w; }, -, ., in the training set consisting of n input samples.
sss  Each sample is associated with one of these task vectors, sampled uniformly from the set {w; }, ., ;.
s86  In our analysis, we shall assume that & divides n and that each unique task vector is associated with
ss7  exactly n/k input samples. (We note that this assumption merely serves to simplify the notation. The
588 asymptotic characterization of the random matrix GG remains the same even without this assumption.)
589 Observe that there are only k unique terms in the sum on the left-hand side of (94). Thus,

1 T T
|2y —1 N v el e talle+ AL | =1+ A
e | — — | 3 w; il + 7 = j
95)

se0 So far, we have been treating the & task vectors {w; }, cx) as fixed vectors, only using the random-
591 ness in the input samples that are associated with the data vectors {J;f} To further simplify our
s92 asymptotic characterization, we take advantage of the fact that {w; }, c[k] are independently sampled

se3  from Unif(S?~1(v/d)). To that end, we can first show that x (w;) in (93) concentrates around its
594 expectation. Specifically,

x(w;) =E [;2 tr ([Ge]\0 [I® E(wi)D} + O (d™?). (96)
595 By symmetry, we must have

E [;2 (G- [T® E(wi)D} —E th (G- 1@ E(wj)])} ©7)
se6 forany 1 <i < j < k. It follows that | (w;) — x(w;)| = O (d='/2), and thus, by a union bound,
mae [x(wh,) = ave| = O<(d™"72), (98)

s97 where )
Rave = 7 D x(wi)- (99)

i€[k]

se8  Upon substituting (93) into (99), it is straightforward to verify the following characterization of Y ave:

N 1
Rave = = b1 ([Gelyo - (1 © B (100)
seo  The estimate in (98) prompts us to replace the terms x(w;) in the right-hand side of (95) by the
so0 common value Yave. As before, we introduce a matrix As to capture the approximation error
601 associated with this step. Using the newly introduced notation Fy,, b;, and Ry, in (74) and (72), we
602 can then simplify (95) as

-
1
Ge | 77— b Javee ([ (14 p)bu]) L, + 7AI
+ Xave ﬁ vec ([Rtr (1 + p)btr}) I; ® Ey,
=1+ > A,
SIS (101)
603 Define
1 1 R 1 b !
R 4 4 r + r
Ge(m) = | T ! Javee ([ (1] + Tl + AL
+ Xave % vec ([Rtr (1 + p)btr]) I; ® Fy,
(102)
s04 Then R ~
Ge =Ge(m)+ Ge(m) (A1 + Ag+ A+ Ay + A5). (103)

approximation errors
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625

Remark 5. We claim that ée is asymptotically equivalent to G., in the sense of Definition 1. Given
(103), proving this claim requires showing that, for j = 1,2,...,5,

uT (ée(w)Aj) v~ 0, (104a)
% [0 vec(Aw)T] (ée(w)Aj) v~ 0, (104b)

and .
it ([Q\E(W)AJ} o e Etr]> ~ 0, (104c)

for any deterministic and unit-norm vectors u, v and for Ay, = [Rtr (1+ p)btr].

We note the equivalent matrix (je (m) still involves one scalar Yaye that depends on the original
resolvent G (7). Next, we show that X.ve can be replaced by ., the unique positive solution to

(78). To that end, we recall the characterization in (100). Using the claim that G () and QAe(ﬂ) are
asymptotically equivalent (in particular, in the sense of (77)), we have

1 (s
Rove =5 1 ([ge(m} o le En]) . (105)

To compute the first term on the right-hand side of the above estimate, we directly invert the block

matrix Q\e(w) in (102). Recall that IT, is chosen in the forms of (57) and (64). It is then straightforward
to verify that

- ~ T
= c —Ccq
e = g ~ _ 5 106
g {—cq I ® Fr(Xave) + cqu] (106)
where Fz(x) is a matrix valued function such that
. —1
Fr(x) = (1+XEtr+7TB+)\TId+1) : (107)
T
= — vec ( Re (14 p)be] Fi(Ray )) , (108)
(1 + Xave)\/a [ ] ¢
and
1/62 7-(17—’,:@ +)\7—_ 7:\7213<[Rtr (1+p)btr] FE(S(\ave) [Rtr (1+p)btr}—r) .
1+ Xave (1 + Xave)Zd
(109)

Using (106), we can now write the equation (105) as

~ 1 ~
Xave = g tr (FE(Xave)Etr)

cr? - ~ T
+ m tr ([Rtr (1+ P)btr] Fg(Xave) Etr FE(Xave) [Rtr (1+ P)btr] ) .
(110)
The second term on the right-hand side of (110) is negligible. Indeed,
~ ~ T
tr ([Rtr (1 + p)btr} FE' (Xavc)EtrFE(Xavc) [Rtr (1 + p)btr] ) (111)

< |1 Ruve) Bus Fio(Rave) |, (1 Rex 2+ (1 p)2 1],

By construction, || Fg (Xave) ||op < (A1)~L. Moreover, since the task vectors {wi}ie[k] are indepen-

dent vectors sampled from Unif(S¢~'(1/d)), it is easy to verify that

|Billgy = O<(1),  ||Rullg =O0<(Vd)  and  ||bull, = O<(1). (112)
Finally, since ¢ is an element of §e, we must have|c| < ’ C?e < (7A)~L. Combining these estimates
op
gives us
cr?

)

m tr ([Rtr (1 + p)btr] FE(iave)EtrFE()/(\ave) [Rtr (]- + p)btr} T) - O< (diz)a
(113)
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626 and thus we can simplify (110) as
N 1 T -1
Xave = E tr (mEtr + B + ATId) Etr . (1 14)

627 Observe that (114) is a small perturbation of the self-consistent equation in (78). By the stability of
628 the equation (78), we then have

Xave = X (115)
620 where X is the unique positive solution to (78).

630 Recall the definitions of G, (7) and .C'je(w) in (102) and (79), respectively. By the standard resolvent
631 identity,

é\e (ﬂ') - ge(ﬂ')

.
B e O I 1+p davee (B (1+0]) | -
[1 + Xﬂ'][l + Xave] ﬁ vec ([Rtr (1 + p)btr]) Id X Etr
(116)
s32 By construction, [|Go(m)|| < 1/(7A) andHQe(w)Hop < 1/(7A). Moreover, || E.[|,, < 1 and
op
1
H\/EvecQRtr (1+p)btr]>H <1 (117)
633 It then follows from (115) and (116) that
’ 36(77) —Ge(m)|| =~0. (118)
op

ess If G.(m) satisfies the equivalent conditions (75), (76) and (77) (as claimed in our analysis above),
35 then the estimate in (118) allows us to easily check that G, () also satisfies (75), (76) and (77). Thus,
636 we claim that G, () is asymptotically equivalent to the extended resolvent matrix G.(7) in the sense
637 of Definition 1.

s3s SI-13  Asymptotic Limits of the Generalization Errors

639 In this section, we use the characterization in Result 2 to derive the asymptotic limits of the general-
640 ization errors of associated with the set of parameters I'* learned from ridge regression.

641 SI-13.1 Asymptotic Limits of the Linear and Quadratic Terms

e42 From Corollary 1 and the discussions in Remark 2, characterizing the test error e(I'"*) boils down to
s43 computing the linear term  tr (I* A, ) and the quadratic term 5 tr (I* Byest (I'*) T ), where Ageg
644 and Byes are the matrices defined in (43) and (44), respectively.

645 We consider test data distributions Pygt as follows. From (37), the ICL task test setting we consider
646 corresponds to choosing

(2 + 1)1y

(ICL): At = [Ia 0] and Bieg = { (119)

(1+p)?|"
647

s4s  Result 3. Ler I'* be the set of parameters learned from the ridge regression problem in (10). Let
649 Apest € R gnd By, € RUEUTDXAHD) pe nwo matrices constructed as in (119). We have

1 * 1 *
St AL = St (rqujest) : (120)
650 and
1 * * 1 * * C(i — —
7 t1(T* Byest (I*) 7)) =~ P tr(Fqutest(Feq)T) -4 tr (Btest [(Etr + &) =By + &) 2} .
(121)
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651 In the above displays, I'Z is an asymptotic equivalent of I'*, defined as

T = [Ra (L4 p)be] (B + 1), (122)
652 where £ is the unique positive solution to the self-consistent equation
1 A
5w1< Zp+§)—2,=1—n (123)

653 and M (-) is the function defined in (181). Moreover; the scalar c. in (121) is defined as
p+v—1v M. (v) —E[1 = 20M,(v) — P M (V)]
1-2eM(v) — M (v) — T

, (124)

Ce =

654 where 1
LR (125)

655 To derive the asymptotic characterizations (120) and (121) in Result 3, we first use block-matrix
56  inversion to rewrite G.(7) in (79) as

1) = C*(ﬂ') 76*(7‘.) (q*(w))T
ge( ) - |:c*(7'r) q*(ﬂ') I® FE(XTF) + C*(W)q*(ﬁ)(q*<7r))T:| R (126)

657 where Fg(+) is the matrix-valued function defined in (107), i.e.,

-1
Fe(xa) = (77— ooy o B + Arlist) (127)

658 Moreover,

* _ T
7'M = v el (B (o] Pren)) (128)
g59 and
1L 7(1+p) 2 T
C*(T(') = 1+ r + AT — m ([Rtr (1 + p)btr] FE(Xﬂ-) [Rtr (1 + p)btr} ) .

(129)

es0 Observe that there is a one-to-one correspondence between the terms in (126) and those in (59).

661 To derive the asymptotic characterization given in (120), we note that

1 -1

Zitr(r*14;¥t):: (0)\/ﬁ,[0 vec(Aest)”] Ge(0)er (130)
“(0) 1

_ c(( )> Str ([Rtr (14 p)be] (B + (1 +X0)1)—1Ajest) (131)

:%U(Wu u+mmJ@M+A@+x@U”ALJ. (132)

es2 In the above display, (130) follows from (63) and the asymptotic equivalence between G.(0) and
663 G.(0). The equality in (131) is due to (126) and (128). To reach (132), we note that ¢(0) =

64 e] G(0)e; and c*(0) = e] G.(0)ey. Thus, ¢(0) ~ ¢*(0) due to the asymptotic equivalence between
665 G.(0) and G.(0). In Appendix B, we show that

A1+ x0) =&, (133)
e66 where £ is the scalar defined in (123). The asymptotic characterization given in (120) then follows
667 from (132) and from the definition of I';; given in (122).

668 Next, we use (65) to derive the asymptotic characterization of the quadratic term in (121). Taking the
es9 derivative of (129) gives us

dr <c*<7r>> veo~ dleaBrenlea) )
=0 (14 A (B + €D AT) + L tr( A (B + €1) ) Eue(Bep + 1)~ AT)
(1+X0)2 d tr tr tr d tr tr tr tr tr
(134)
—Etr( eqBtest (I'eq) )—m +P—Etf( eqAir) — p tr(leq(Tey) ) ) > (135)
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where Ay, is the matrix defined in (73). In reaching the above expression, we have also used the
estimate in (133).

To further simplify our formula, we note that

1+
Ap =S <Etr + &1 — (Tp + f)fdﬂ) ; (136)
where S is a d x (d + 1) matrix obtained by removing the last row of I;11. Using this identity, we
can rewrite the matrix qu in (122) as

Fea=5 <I - (# +€) (B + 51)1> (137)
= [I —vFr(v) — a*(1 + p)?vFr(V)byb Fr(v) a*(1+ p)vFr(v)by], (138)

where Fr(-) is the function defined in (179), and v is the parameter given in (125). The second
equality (138) is obtained from the explicit formula for (Ey, + £I)~! in (185).

From (136) and (137), it is straightforward to check that

1 . 1 _
y tr(Di, AL =1—v+ u2a tr(S(Ey +€1)71ST), (139)
and
1 1
g tr(Dry(Th) ) =€ |1— 2v = tr(S (B + NS + u2g tr(S (B, + £I)QST} . (140)
By using the asymptotic characterizations given in (197) and (198), we then have
é tr(Di,AL) ~ 1 — v+ 1" M, (v), (141)
and ¢
S (0, (Ty) ) = ¢ [1 — WM, (v) — sz;(y)} . (142)
Substituting (141), (142), and (199) into (135) yields
d 1 ~ 1 * * \T\ _ cj -1 _ -2
a (C* (71')) ’ﬂ_o — g tr(rqutBSt(Feq) ) d tr (Btest |:(Etr + 5—[) g(Etr + 51) }) )

(143)
where c. is the scalar defined in (124). The asymptotic characterization of the quadratic term in (121)
then follows from (65) and the claim that

d 1 d 1
— [ — ~— (144)
dr \e(m) ) |,y dm \e*(7) /|0
SI-13.2 The Generalization Error of In-Context Learning
Result 4. Consider the test distribution Piest associated with the ICL task. We have
e(T*) =~ "7, a, 5, p, N), (145)

where

1L (1, a, 1, p, ) = (T) + 1) (1 —2UM,(v) — VPML(v) — c. [Mo(v) + 5/\/1;(1/)])

—2[1=vMu(v)] +1+p,
(146)
and c. is the constant given in (124).

Remark 6. Recall the definition of the asymptotic equivalence notation “~" introduced in Section SI-
9. The characterization given in (145) implies that, as d — oo, the generalization error e(I'*)
converges almost surely to the deterministic quantity 'V (7, o, k, p, \).
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691 To derive (145), our starting point is the estimate
1 2
(") = = tr (F*Btest(F*)T) -t (F*Ajest) F14p, (147)

692 which follows from Corollary 1 and the discussions in Remark 2. We consider the ICL task here, and
693 thus Agest and Byegy are given in (119). The asymptotic limits of the first two terms on the right-hand
694 side of the above equation can be obtained by the characterizations given in Result 3.

695 Using (120) and the expressions in (138) and (119), we have

1 1o
ST ALy) = St (T AL, (148)
2
Fr(v)bu
=1- gtr Fr(v) —a*(1+ p)%w (149)
~1—vM,(v), (150)

696 where v is the constant defined in (125). To reach the last step, we have used the estimate given in
eo7  (197).

698 Next, we use (121) to characterize the first term on the right-hand side of (147). From the formulas
699 in (138) and (119), we can check that

1 . . 1+p 1 2
p tr (Fqutest(Feq)T) ~ <a + 1) p tr (I —vF(v)) (151)
1
~ <+p + 1) (1 WM, (v) — VQM;(V)) , (152)
@
700 where the second step follows from (197) and (198). From (185),
1 1 1 1
(B (B €1) ) = (:p + 1) St Fy(v) =~ (l’p + 1) M), (153)

701 Similarly, we can check that

1 B 1+ 1 1+ ,
gtr(Btest(Etr +§I) 2) ~ (Oép + 1) EtrFé(l/) ~ — (Oép + 1) MH(U). (154)

702 Substituting (152), (153), and (154) into (121) gives us

1+p
(0%

étr(F*B(F*)T) ~ ( + 1) (1 —20M,(v) = VP M (v) — ce [M,(v) + fM;(V)]) ,

(155)
703 where c. is the constant given in (124). Combining (150), (155), and (147), we are done.

704 In what follows, we further simplify the characterizations in Result 4 by considering the ridgeless
705 limit, i.e., when A — 0.

706 Result 5. Let

=L m = M(q), and =g M), (156)
707 where M () is the function defined in (181). Then
eigiIéeless = )\li%lJr BICL (Ta a, K, P, )‘)
O 1= 71— p*)? + p(p/g* = 1)]=2r(1 = p*) + (1 + p) T<1
= () 2m Ym* . s ,
(a"+1) (1= 20"m" = (@) M (¢") + CHEEIm) o= grm) + (L4 p) 7> 1
(157)

708 where M/ (-) denotes the derivative of M, (x) with respect to .

709 We start with the case of 7 < 1. Examining the self-consistent equation in (123), we can see that
710 the parameter £ tends to a nonzero constant, denoted by £*, as A — 0. It follows that the original
711 equation in (123) reduces to
. L+p | s
§Mm<a+€):1—7'. (158)
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Introduce a change of variables

1-— 1
u = w (159)

aTé*
By combining (158) and the characterization in (182), we can directly solve for x and get u* =
q* M, /;(¢") as given in (156). The characterization in (157) (for the case of 7 < 1) then directly

follows from (150), (155), and (3) after some lengthy calculations.

Next, we consider the case of 7 > 1. It is straightforward to verify from (123) that
5 =

Thus, when 7 > 1, ¢ — 0 as A — 0. It follows that

il)\+(’)()\2). (160)

T

1

lim v= lim (“) +§> —¢ and lim M,(v) =m". (161)
A—0Tt A—0Tt « A—0t

Substituting these estimates into (150), (155), and (3), we then reach the characterizations in (157)

for the case of 7 > 1.

A Equivalent Statistical Representations

In this appendix, we present an equivalent (but simplified) statistical model for the regression vector
Hz defined in (9). This statistically-equivalent model will simplify the moment calculations in
Section SI-10 and the random matrix analysis in Section SI-12.

Lemma 3. Let w be a given task vector with||w|| = v/d. Meanwhile, let a ~ N'(0,1), s ~ N(0,1),
e ~ N(0,p) be three scalar normal random variables, and ¢ ~ N(0,1i_1), g ~ N(0,14-1),
u~N(0,I4—1), and v ~ N (0, ply) be isotropic normal random vectors. Moreover, w and all of
the above random variables are mutually independent. We have the following equivalent statistical
representation of the pair (Hz, ys11):

@ s\ [T 2 2
Hy 2 (d/0)M, M WM, (a/Vd+ 002V +62/Vd] (162)
and
d
o1 2 s +e. (163)
In the above displays, M., denotes a symmetric and orthonormal matrix such that
w
(My)er = —, (164)
[[w]
where ey denotes the first natural basis vector in R%; h € R is a vector defined as
Oeca a® 2
<+ 2 +0
h= va_ 44 /2 : (165)
[(6c + a/Vd)? +62] ' "g/Vd
and 0., 8, are scalars such that
b =lloll/Vd  and 0, =llqll V. (166)

Remark 7. For two random variables A and B, the notation A @ B indicates that A and B have
identical probability distributions. Note that A and B can be either scalars [as in the case of (163)],
or matrices of matching dimensions [as in the case of (162)].

Remark 8. A concrete construction of the symmetric and orthonormal matrix M., satisfying (164)
can be based on the Householder transformation [42—44].

Proof. Recall that the data vector x4 is independent of the task vector w. Then, by the rotational
symmetry of the isotropic normal distribution, we can rewrite

d 1
zer 2 Mo [;j , (167)
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where s ~ N(0,1) and u ~ N(0,I;_1) are two independent normal random variables (vectors),
and M, is the symmetric orthonormal matrix specified in (164). Note that y,4; = xZTHw + €, with
e ~ N (0, p) denoting the noise. The representation in (163) then follows immediately from (167)
and the identity in (164).

To show (162), we first reparameterize the d x ¢ Gaussian data matrix X as
x=um,% ¢\ n JVd (168)
- w P U Ve .

In the above display, a ~ N'(0,1), p ~ N(0,15-1),q ~ N(0,I;_1); U € RE=DXE=1) s 3 matrix
with iid standard normal entries; and M,,, is a symmetric orthonormal matrix such that
Ve

M, e1 = —, (169)
el

where e; denotes the first natural basis vector in RY. Since the data matrix X, the task vector w,
and the noise vector v, are mutually independent, it is straightforward to verify via the rotational
symmetry of the isotropic normal distribution that both sides of (168) have identical probability
distributions. Using this new representation, we have

Xv. = 0. M, [Z] . (170)
Meanwhile,
X w=M,, [Z] , (171)
and thus
1 2 2
XXTw=—n, |« Tl } . 172
Vd {ap + Uq a72)
Combining (171) and (172) yields
Xy=XX"w+ Xv. (173)
Oca+a?/Vd+ 602V/d
= M, a ) 174
(0 4+ a/Vd)p +Uq/Vd (174)

Observe that Uq/+/d @ 6, p', where p’ ~ N(0, I;_1) is a normal random variable independent of

everything else. Using this reparametrization for Ugq/ \/d and the fact that p, p’ are two independent
Gaussian vectors, we can conclude that

1
Vd

where h is the random vector defined in (165).

Xy 2 My, (175)

Lastly, we consider the term 3 "y in (9). Since y = X Tw + v,

:HXT“’ +0€\/(§MU661H2 (177)
= (a+0.Vd)? + 62d, (178)

where the second equality follows from (169) and to reach the last equality we have used the
representation in (171). To show (162), we recall the definition of H in (9). Substituting (167),
(175) and (178) into (9), we are done. O
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B The Stieltjes Transforms of Wishart Ensembles

In this appendix, we first recall several standard results related to the Stieltjes transforms of Wishart
ensembles. In our problem, we assume that there are & unique task vectors {w; }, ck] in the training

set. Moreover, these task vectors {w;}, c[k) are independently sampled from the uniform distribution
on the sphere S¢~*(+/d) with radius v/d. Let

Fr(v) = Ry +vig) ™", (179)

where R, is the sample covariance matrix of the task vectors as defined in (72) and v is a positive
scalar.

Note that the distribution of Ry, is asymptotically equivalent to that of a Wishart ensemble. By
standard random matrix results on the Stieltjes transforms of Wishart ensembles (see, e.g., [24]), we

have
1

EtrFR(u) ~ M, (v) (180)
as d, k — oo with k/d = k. Here,
2
M, (v) = 73 (181)
v+1—1/6+ [(v+1—1/K)?+4v/K]
is the solution to the self-consistent equation
1 1
= 3 182
M) ~ T+ M/ e
Moreover, ,
1
—tr F2(v) ~ —M (v) = L(Vz) (183)
d 1— kM2 (v)
[+ M (v)]?

For the remainder of this appendix, we will further explore the self-consistent equation given by (78).
We will show that the solution y, and its derivative % X, at m = 0, can be characterized by the
function M, (v) in (181). To start, note that at 7 = 0, the equation in (78) can be written as

) o )‘(1 + XO) tI‘(

=(1+1/d By + M1+ x0)) " (184)

1+ xo0
Recall the definition of E\, given in (74). It is straightforward to verify that

(Boe +A(1+x0)Igg1) "t = Fr(vo) +a*(1+ p)*Fr(v0)bub Fr(vo)  —a*(1+ p)Fr(vo)be

—a*(1 + p)b . Fr(vo) a* ’
(185)
where Fr(-) is the function defined in (179),
1+
Vo = Tp+A(1+X0) (186)
and 1
— = (1+p)* + A1+ x0) = (14 p)*b/ Fr(vo)bs- (187)
From (185), the equation (184) becomes
T A1+ a*A(1+ 2
X0 —(1+1/d)— M+ x0) tr Fr(vg) — (1 + p)QMHFR(VO)btrH . (188)
1+ xo0 d
By the construction of Fr(vp) and bt,, we can verify that
1 «
by Fr(vo)be < 1 d  |[Frlvo)be|’ < — < ——. 18
o FR(10)btr < an | Fr(vo)be||” < A (139)
Substituting the first inequality above into (187) gives us
a* A1+ xo) < 1. (190)
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Combining this estimate with the second inequality in (189), we can conclude that the last term on
the right-hand side of (188) is negligible as d — oco. Moreover, using the asymptotic characterization
given in (180), the equation (188) leads to

X0

~1—= X1+ x0)M(ro). 191
T+ o (1 + x0)Mx(r0) (191)
Introducing a change of variables
§o = A1+ xo0): (192)
and also recalling the definition of v in (186), we can further transform (191) to
1+ TA
SoM (p + fo) ——~1-7 (193)
«Q &o

Observe that the above is identical to the equation in (123), except for a small error term captured by
~. By the stability of (123), we can then conclude that

o =¢, (194)
thus verifying (133).

Next, we compute X, the derivative of x, (with respect to 7) evaluated at m = 0. Differentiating
(78) give us

1 _ 1+ x0)? _
™o = =t | (B + 601) ™ (X6 Bur - %Bm) (B + &01) "' By (195)
Thus,
7'X6 -~ % tr (Btest[(Etr + 51)71 - g(Etr + 51)72]) (196)

(1+x0)2 1—2tr(Ey + &)1 /d+ 2 tr(Fy + E1)72/d — 1’

where we have used (194) to replace &y in (195) by &, with the latter being the solution to the
self-consistent equation in (123). Using the decomposition in (185) and following similar arguments
that allowed us to simplify (188) to (191), we can check that

1 1 1 1 1

L r(Bot e ~ Lt S(ButeD) ST~ st P (L 1) o, (222 46, o7

d d d @ «

and

1 o1 D 2 (1+p g (1Ep

dtr(Etr—i—fI) _dtrS(Etr—&—fI) S _dtrF - +&) ~—-M, - +£&),
(198)

where S is a d X (d + 1) matrix obtained by removing the last row of 1,11, and M () is the function
defined in (181). Substituting (197) and (198) into (196) yields

TX6 N étl’ (Btest[(Etr + 51)_1 - S(Etr + 51)_2])
Ltx0)® ™ 1 —9em, (L2 1¢) —e2my, (B2 +6) -7

(199)
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