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Abstract

A machine learning model, under the influence of observed or unobserved con-
founders in the training data, can learn spurious correlations and fail to generalize
when deployed. For image classifiers, augmenting a training dataset using coun-
terfactual examples has been empirically shown to break spurious correlations.
However, the counterfactual generation task itself becomes more difficult as the
level of confounding increases. Existing methods for counterfactual generation
under confounding consider a fixed set of interventions (e.g., texture, rotation) and
are not flexible enough to capture diverse data-generating processes. We formally
characterize the adverse effects of confounding on any downstream tasks and show
that the correlation between generative factors can be used to quantitatively measure
confounding. To minimize such correlation, we propose a counterfactual generation
method that learns to modify the value of any attribute in an image and generate
new images. Our method is computationally efficient, simple to implement, and
works well for any number of generative factors and confounding variables. Our
experimental results on both synthetic (MNIST variants) and real-world (CelebA)
datasets show the usefulness of our approach.

1 Introduction

A confounder is a variable that causally influences two or more variables that are not necessarily
directly causally dependent [26]. Often, the presence of confounders in a data-generating process is
the reason for spurious correlations among variables in the observational data. The bias caused by such
confounders is inevitable in observational data, making it challenging to identify invariant features
representative of a target variable [331241[39]. Removing the effects of confounding in trained machine
learning models has shown to be helpful in various applications such as disentanglement, domain
generalization, counterfactual generation, algorithmic fairness, etc. [35 119} 12,145 142134} [11} 16,132, 9]
Recent years have seen a few efforts to handle the spurious correlations caused by confounding
effects in observational data [36} 34} [11,32]. However, these methods either make strong assumptions
on the underlying causal generative process or require strong supervision. In this paper, we study the
adversarial effect of confounding in observational data on a classifier’s performance and propose a
mechanism to marginalize such effects by counterfactual data augmentation.

The causal generative processes considered throughout this paper are shown in Figure [T(a). We
assume that a set of generative factors (attributes) Z1, Zo, . . ., Z,, (e.g., background, shape, texture)
and a label Y (e.g., cow) cause a real-world observation X (e.g., an image of a cow in a particular
background) through an unknown causal mechanism g [28]]. To study the effects of confounding,
we consider Y, Z1, Zs, ..., Z, to be confounded by a set of confounding variables C',...,C,,
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(e.g., certain breeds of cows appear only in certain shapes or colors and appear only in certain
countries). Such causal generative processes have been considered earlier for other kinds of tasks
such as disentanglement [35} 37} 32].

A related recent effort by [34] pro-
poses Counterfactual Generative Net-
works (CGN) to address this prob-
lem using a data augmentation ap-
proach. This work assumes each im-
age to be composed of three Indepen-
dent Causal Mechanisms (ICMs) [29]
responsible for three fixed factors of
variations: shape, texture, and back-
ground (as represented by 77, Zs, and
Zs in Figure [T{b). This work then
trains a generative model that learns X=8(Y, Z1, ..., Zy) X=8(Y, Z10Zy+(1-Z1) 0 Zy)
three ICMs for shape, texture, and (a) CONIC (b) CGN

background separately, and combines
them in a deterministic fashion to gen-

Figure 1: (a) causal data generating process considered in this
erate observations. However, fixing paper (CONIC = Ours); (b) causal data generating process

the architecture to specific number considered in CGN [34].

and types of mechanisms (shape, texture, background) is not generalizable, and may not directly
be applicable to settings where the number of underlying generative factors is unknown. It is also
computationally expensive to train different generative models for each aspect of an image such as
texture, shape or background.

In this work, we begin with quantifying confounding in observational data that is generated by an
underlying causal graph of the form shown in Figure [T[a). We then provide a counterfactual data
augmentation methodology called CONIC (COunterfactual geNeratlon under Confounding). We
hypothesize that the counterfactual images generated using the proposed CONIC method provide a
mechanism to marginalize the causal mechanisms responsible for spurious correlations (i.e., causal
arrows from C; to Z; for some i, j). We take a generative modeling approach and propose a neural
network architecture based on conditional CycleGAN [40] to generate counterfactual images. Our
contributions include:

* We formally quantify confounding in causal generative processes of the form in Fig [T[a), and study
the relationship between correlation and confounding between any pair of generative factors.

* We present a counterfactual data augmentation methodology to generate counterfactual instances
of observed data, that can work even under highly confounded data (  95% confounding) and
provides a mechanism to marginalize the causal mechanisms responsible for confounding.

* We modify conditional CycleGAN to improve the quality of generated counterfactuals. Our method
is computationally efficient and easy to implement.

* Following previous work, we perform extensive experiments on well-known benchmarks — three
MNIST variants and CelebA datasets — to showcase the usefulness of our proposed methodology
in improving the accuracy of a downstream classifier.

2 Related Work

Counterfactual Inference: [27]], in his seminal text on causality, provided a three-step procedure for
generation of a counterfactual data instance, given an observed instance: (i) Abduction: abduct/recover
the values of exogenous noise variables; (ii) Action: perform the required intervention; and (iii) Pre-
diction: generate the counterfactual instance. One however needs access to the underlying structural
causal model (SCM) to perform the above steps for counterfactual generation. Since real-world data
do not come with an underlying SCM, many recent efforts have focused on modeling the underlying
causal mechanisms generating data under various assumptions [21} 18} 7,147, 30, |41} 3 25].

Generating Counterfactuals by Learning ICMs: In a more recent effort, assuming any real-world
image is generated with three independent causal mechanisms for shape, texture, background, and
a composition mechanism of the first three, [34] developed Counterfactual Generative Networks
(CGN) that generate counterfactual images of a given image. CGN trains three Generative Adversarial
Networks (GANSs) [13]] to learn shape, texture, background mechanisms and combine these three
mechanisms using a composition mechanism g as g(shape, texture, background) = shape



texture+(1 shape) background where is the Hadamard product. However, such deterministic
nature of the architecture is not generalizable to the case where the number of underlying generative
factors are unknown and it is computationally infeasible to train generative models for specific aspect
of an image such as texture/background.

Disentanglement and Data Augmentation: The spurious correlations among generative factors
have been considered in disentanglement [10} 38]]. The general idea in these efforts is to separate the
causal predictive features from non-causal/spurious predictive features to predict an outcome. Our
goal is different from disentanglement, and we focus on the performance of a downstream classifier
instead of separating the sources of generative factors. Traditional data augmentation methods such
as rotation, scaling, corruption, etc. [15} (844, 43] do not consider the causal generative process and
hence they can not remove the confounding in the images via data augmentation.

A similar effort to our paper is by [11] who use CycleGAN to generate counterfactual data points.
However, they focus on the performance of a subgroup (a subset of data with specific properties)
which is different from our goal of controlling confounding in the entire dataset. Another recent work
by [39] considers spurious correlations among generative factors and uses CycleGAN to generate
counterfactual images. Compared to these efforts, rather than using CycleGAN directly, we propose a
CycleGAN-based architecture that is optimized for controlled generation using contrastive losses.

3 Information Theoretic Measure of Confounding

Background and Problem Formulation: Let 7, 7, ..., Z,g be a set of random variables de-
noting the generative factors of an observed data point X, and Y be the label of the observation X.
Each generative factor Z; (e.g., color) can take on a value form a discrete set of values fzil, e zf’g
(e.g., red, green etc.). Letthe set S = fY, Z1, ..., Z,Q generates N real-world observations ingf»\;l
through an unknown causal mechanism g (Fig. [T). Each X; can be thought of as an observation
generated using the causal mechanism ¢ with certain intervention on the variables in the set .S. Vari-
ables in S may potentially be confounded by a set of confounders C = fC1, ..., C,,g that denote
real-world confounding such as selection bias. Let D be the dataset of real-world observations along
with corresponding values taken by TY, 71, ..., Z,0. From a causal effect perspective, each variable
in S has a direct causal influence on the observation X (e.g., the causal edge Z; ¥ X) and also has
non-causal influence on X via the confounding variables C1,...,Cp, (e.g., Z; C; 1 Z;, ¥ X
for some C'; and Z},). These paths via the confounding variables, in which there is an incoming arrow
to the variables in S, are also referred to as backdoor paths [26]].

In any downstream application where D is used to train a model (e.g., classification), it is desirable to
minimize or remove the effect of confounding variable to ensure that a model is not exploiting the
spurious correlations in the data to arrive at a decision. In this paper, we present a method to remove
the effect of such confounding variables using counterfactual data augmentation. We first study the
relationship between confounding and the correlation between a pair of generative factors.

Definition 3.1. (Directed Information [31, 40)]). In a causal directed acyclic graph (DAG) G =
(V,E), where V denotes the set of variables and E denotes the set of directed edges denoting the

direction of causal influence among the variables in V, the directed information from a variable
Z; 2V to another variable Z; 2\ is denoted by 1(Z; ¥ Z;). It is defined as follows.

p(ZijZ;)

I(Z; ¥ Z;) = Dr (2 Z)iip(Zijdo(Z;))ip(Z5)) = Ep(z;,z;) 109 (Zijdo(Z)

ey

Using Definition it is easy to see that the variables Z; and Z; are unconfounded if and only if
I(Z; ¥ Z;) = 0. Non zero directed information /(Z; ¥ Z;) entails that, p(Z;jZ;) & p(Z;jdo(Z;))
and hence the presence of confounding (if there is no confounder, p(Z;jZ;) should be equal to
p(Z;jdo(Z;))). Also, it is important to note that the directed information is not symmetric (i.e.,
1(Z; ¥ Z;)& I(Z; ¥ Z;)) [17]. We use this fact in defining the measure of confounding below.
Since we need to quantify the notion of confounding (as opposed to no confounding), we use directed
information to quantify confounding as defined below.

Definition 3.2. (An Information Theoretic Measure of Confounding.) In a causal directed acyclic
graph (DAG) G = (V,E), where \ denotes the set of variables and E denotes the set of directed
edges denoting the direction of causal influence among the variables in V, the amount of confounding
between a pair of variables Z; 2\ and Z; 2\ is equal to [(Z; 1 Z;)+ 1(Z; ¥ Z)).



Since directed information is not symmetric, we de ne the measure of confounding to include the
directed information from one variable to the other for a given pair of variahlgg; . We now relate

the quantityl (Z; ! Zj)+ 1(Z; ! Z;) with the correlation between generative factors so that it

is easy to quantify the amount of confounding in observational data. Before that, we present the
following proposition which will be used in the proof of the subsequent proposition.

Proposition 3.1. In causal processes of the foﬁ}w 1(pjZijdo(Z;)) is equal top(Z;).

Proposition 3.2. For causal generative processes of the fpim 1(a), the correlation between a pair of
generative factor§Z;; Z;) is proportional to the amount of confounding betwegrandZ; .

Proofs are provided in Appendix. Using the connection between the confounding and correlation
in causal grapp]1(a), our objective is to generate counterfactual data such that the resultant dataset
after augmentation has no spurious correlations between generative factors. If we observe spurious
correlation between two generative factd@rs Z; when they take on the valugsandz; respectively,
generating counterfactual instances wz;t.with the interventiordo(Z; = zjo) and adding the
counterfactual instances to original data breaks the correlation be&yegn. We now present our
algorithm to generate counterfactual images in a systematic manner.

4 CONIC: Methodology

We propose a way to systematically generate counterfactual data that can marginalize the effect of
any confounding edg€; ! Z; in Fig.[1 (a) as explained below.

Removing The Confounding Effect ofC; | Z;: In the causal graphs of the fofm 1(a), for paths
of the formZ; Ci! Z,wecalltheedge€; ! Z; andC; ! Z; as confounding edges since
together, their existence is the reason for confounding in the data. Als(ajf’lezf) is one pair of
attribute values taken by the variable p@ds ; Z,) under extreme confounding (e.g., in the training
set of colored MNIST dataset, correlation coef cient®9 betweercolor anddigit is observed such
that whenevecolor is red, digit is 7 etc.). To remove the effect of the confounding e@ge Z;
w.r.t. the another confounding ed@e! Z, (recall that confounding betweeh ; Z, is present if
and only if there exists a pair of causal arros! Z; andC; ! Z, for somei; due to this reason
we consider the confounding effect of the confounding edgé Z; w.r.t. another confounding
edgeC; ! Z,), we consider two subsels; T, of the observational data which are constructed as
follows. Ty consists of the set of instances for which& sz andZ, = z,q, T, consists of the set of
instances for whiclZ; = zP andZ, = z. The size ofT; is usually much smaller than the sizeTof
because of high correlation betwegnandZ, (e.g., there are momed 7's thannon-red7's).

Now, we learn a mappiniyl from the

setT; to the sefl, that changes the at - -
tributeZ; while xing the value ofZ, Algorithm 1: Counterfactual Generation to Remove the

atz%. That s, for any given instanceEffect of Confounding Edg€; ! Z;

X 2 Ty, forwhichz; 6 sz,M maps  Result: Counterfactual images that remove the
X to a different instancX %in which ~ confounding effect caused by the edge! Z;
the value of the generative factdy Input: D = fX;g\,,

is changed tajp (e.g.,M takesred9 Nodes= fZ,jC; ! Z;j&C; ! Zg

as input and returned 7 as output).  Initialize: cf_images =[]

This mappingM can be thought of as for eachZ, 2 Nodesdo

a function performing the 3-step coun-| Ty = fX 2DjZ; 6 2’&Z, = z'g

terfactual inference: learning the un-| T, = fX 2 Dj Zi = Z,-p&Z| = Z|q9

Qerlymg generative factors, Eerform- M = conditionalCycleGAN (T;:T,)

ing the interventiomlo(Z = z) and_ | Factual_Imgs = fX 2DjZ; 6 2/&Z) 6 zfg
then generating the counterfactual in Counterfactuals = M (Factual_Imgs)

stanceX °. Now, given an instanck : ;
for whichZ; 6 ij andz, 6 29, us- cf _gggges.appendCounterfactuaIs )

ing M , we can generate counterfac- i

tual instanceX %in which z; = zP returncf _images
andz, & z. These counterfactual instances, when augmented with the original observed dataset
D, removes the effect of the confounding edge! Z; w.r.t. the edgeC; ! Z,. That is, the
counterfactual instances, when augmented with original data, breaks the correlation bgtween
andZ,. This process can now be repeated systematically for each confounding edge to generate




counterfactual instances that remove the spurious correlations. The overall procedure to generate
counterfactual instances is summarized in Algorithm 1.

Earlier works use CycleGAN to generate counterfactual images that differ from
original image by a single attribute/feature39] 11]. Given two domains/sets of
images that differ w.rt. only one generative factd;, a CycleGAN can learn
to translate between the two domains by changing the attribute value Z;jof

In this case, one can think of CycleGAN as

a function performing the required interven-

tion Z; and generating counterfactual instance

without modeling the underlying causal process.

Concretely, CycleGAN is an architecture used

to perform unsupervised domain translation us-

ing unpaired images. In a CycleGAN, a gener-

atorG; rsttransforms a given imag# from

a domain/sefT; into X © so thatX Y appears

to come from another domain/s&t such that

certain features from inpX are preserved in

the outputX °. A discriminatorDt, then classi- Figure 2: Architecture of the proposed modi ed
es whether the translated image®is original conditional CycleGAN. Pre-trained modules are
(i.e., sampled fronT,) or fake (i.e., generatedshown in green color and target attribute is shown
by G1). A second generat@®, transforms the in blue color. For simplicity, we only show one
imageX © back to original imageX to ensure pass of conditional CycleGAN (translation from
thatG, is using the contents of to generate Ty to Ty) in this gure.

X0 The same procedure is repeated to trans-

late images from domaifi, into domainT;. The loss function of CycleGAN can be written
aslcycecan = Loan (G1;D1,:X;X 9 + Loan (G2; D1, X% X) + Leyee (G1; G2) Where
Lean is simple Generative Adversarial Network (GAN)Y] loss andL ¢ycle iS Cycle consistency
loss measuring how well the output &, is matching with the original inpuX . For example,
Leyele (G1;G2) = Ex p [i{G2(G1(X))  Xjj1] can ensure thab,(G1(X)) = X. We use condi-
tional variant of CycleGAN to leverage the supervision in terms of attribute values. For each generator,
along with input, we also feed a desired target attribute as shown in the Figure 2.

To improve the quality of counterfactual images generated by conditional CycleGAN under extreme
confounding, we propose a modi cation to conditional CycleGAN as detailed below. As discussed
earlier,X % the output ofG1, can be thought of as a counterfactual imag& oWhen changing

the featureZ; of X, we keep the featur, xed. That is, the representation f@; in bothX and

X %should be different and the representationZpin both X andX °should be same. To ensure
this, as shown in Figure 2, along with two genera®5$G, and a discriminatoD 1, that are part

of conditional CycleGAN, we add two pre-trained discriminatogsL , (shown in green color in

Fig. 2).L, takes two imageX; X ®as input and returns high penalty if the representatiafy &
similar in X; X ®and small penalty otherwisk, takes two imageX; X ®as input and returns high
penalty if the representation @ is different and small penalty otherwise. Thus, our overall objective
to generate good quality counterfactual images is to train the modi ed conditional CycleGAN by
minimizing the following objective.

Leonic = Leyeeean L ocon(L1(X); L1(G1(X))) + Leon(L2(X); L2(G1(X)))
L con(l—l(xo);l—l(GZ(XO)))"' Lcon(LZ(xO);LZ(GZ(XO)))

WhereL o, is the contrastive loss]. For a pair of image$X; X 9), L con de nedL¢on (X; X 9 =
AD?+(1 A)max( D;0)*> WhereA =1 if X; X °belong to same class (or have same attribute
values),A = 0 if X;X %belong to different classes (or have different attribute valu2s) the
distance between the representationXoX ° (e.g., Euclidean distance)is the margin of error
allowed between two representations of the images of different cldssesdL , are pre-trained
models and the parameterslof andL , are xed. That is, the loss values returnedlbynirastive

are only used to update the trainable parameters of conditional CycleGAN.

)

A Downstream Task - Image Classi cation: To measure the goodness of counterfactual generation,
we consider the classi cation task on the unconfounded test set as a downstream t&sk?Let
f(Xi;Y)g!, be the augmented dataset of original datand corresponding counterfactual data
points. UsingD®'9, we minimizeL aug = E(x;y )p o [I(f (X);y)]. Wherel is cross entropy loss.



To further improve the performance of a classi er us@'"9, for each pair of imageX;; X; we

minimize L con (Xi; Xj) on the logits in the nal layer. Now, the nal objective to optimize for

classi cation task is to minimize = Layg + Ex,:x;) (paw b a9 )[Lcontrasive (Xi;Xj)] Where
> Qis aregularization hyperparameter.

5 Experiments and Results

We now present the experimental results on both synthetic (MNIST variants) and real world (CelebA)
datasets. Having access to the ground truth generative factorZ (i.e:, ; Z,), we arti cially create
confounding in the training data and we leave test data to be unconfounded (i.e., no correlation among
generative factors). We compare CONIC with various baselines including Empirical Risk Minimizer
(ERM), Conditional GAN (CGAN) 12], Conditional VAE (CVAE) [20], Conditional- -VAE (C- -

VAE) [16], AugMix [15], CutMix [43], Invariant Risk Minimization (IRM) L], and Counterfactual
Generative Networks (CGN) [34].

MNIST Variants: We construct the following three synthetic datasets based on MNIST da2@ket |

and its colored, texture, and morpho (where the digit thickness is controlled; Fig. 3) vafiants [

4, 34]: (i) colored morpho MNIST (CM-MNIST), (ii) double colored morpho MNIST (DCM-
MNIST), and (iii) wildlife morpho MNIST (WLM-MNIST). We consider extreme confounding
among generative factors as explained below. For the experimental results shown in Table 1, in
the training set of CM-MNIST dataset, the correlation coef cient between digit label and digit
color r (label; color) is 0:95 and the digits fronD to 4 are thin and digits frond to 9 are thick

(see Figure 3). That ig,(label; thin) = 1 if the digit is in [0,1,2,3,4] else (label; thick) = 1.

In the training set of DCM-MNIST dataset, digit label, digit color, and background color jointly
take a xed set of values 95% of the time. That iglabel; color) = r(color; background =

r (label; background = 0:95 and the digits fron® to 4 are thin and digits frond to 9 are thick.

In the tra!n!ng set of W,LM'MNIST Model CM-MNIST ~ DCM-MNIST ~ WLM-MNIST CelebA

dataset dlglt Shapej Q'g't texture, andERM 46.41 0.81% 43.31 2.30% 28.28 0.70% 70.64 6.93%
background texture jointly take a xed cGaN 4186 1.79% 30.66 3.86% 17.50 0.85% 70.99 2.35%

set of atiribue values 95% of the fime 45, 58 1506 f1o8 Lo stis e 710 1oz

and the digits fronD to 4 are thin and ~ augmix ~ 47.36 001% 4485 0.02% 2630 1.30% 7193 4.64%

digits from5 to 9 are thick. Table 1 0% 5050 o5as0 2370 0710 s026 came 7230 2715

shows the results in which CONIC cen 4215 3.89% 47.50 2.18% 43.84 0.25% 69.25 0.29%
outperforms all the baselines. See Apconic 6557 034% 9241 026% 77.72 1.00% 79.56 1.28%

pendix for comparison of augmented
images by various baselines. Conin&able 1:Test set accuracy results on MNIST variants and CelebA
uses onlyl000Q 1500Q 15000counterfactual images in CM-MNIST, DCM-MNIST, and WLM-
MNIST experiments respectively to get improved performance.

CelebA: Unlike MNIST variants, CelebAZ3] dataset implicitly contains confounding (e.g., the
percentage afaleswith blond hairis different from the percentage fefmaleswith blond hair, in

addition to the difference in the total numbermélesandfemalesn the dataset). In this experiment,

we consider the performance of a classi er trained on the augmented data that predicts hair color
given an image. Our test set is the setdleswith blond hair. We train models on the train set

and test the performance on the set@leswith blond hair. Since the number ohaleswith blond

hair is very low in the dataset (approximately 4% oéleshaveblond hair), we show that the
augmenting the train set with only 10000 imagesnafieswith blond hairimproves the performance

over baselines (see Table 1) whereas other baselines require more than 50000 augmented images
to get minor improvement over ERM. Givemaaleimage withnon-blond hair CONIC generates

the counterfactual image withlond hair without changing thenale attribute (see Appendix for
sample counterfactual images). We also note that the deterministic models such as CGN fail when
they are applied to a different task where the number and type of generative factors are not xed
and are dif cult to separate (e.g., CelebA). CGN results in table 1 are obtained with only 1000
counterfactual images as augmented data points. When we increase the number of counterfactual
instances, performance of CGN reduces further.

6 Conclusions

We studied the adverse effects of confounding in observational data on the performance of a classi er.
We showed the relationship between confounding and correlation in the causal processes considered,
and we proposed a methodology to remove the correlation between the target variable and generative



factors that works even when the dataset is highly confounded. Speci cally, we proposed a counter-
factual data augmentation method that systematically removes the confounding effect rather than
addressing the confounding problem through random augmentations. Using the generated counterfac-
tuals leads to substantial increase in a downstream classi er's accuracy. That said, we observed that
the counterfactual quality can still be improved, which will be interesting future work.
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Appendix

A Proof of Propositions

Proposition 3.1. In causal processes of the form a ), p(Zijdo(Z;)) is equal to p(Z;).

Proof. In causal processes of the form[I[a), let C” denote the set of all confounding variables that are
part of some backdoor path from Z; to Z;. Thatis C’ = fCjZ, C ¥ Z,g for some ¢, j. Then we
can evaluate the quantity p(Z;jdo(Z;)) as

p(Zijdo(Z;)) = > p(ZijZ;, CYp(C) = > p(ZiCIp(C") =Y p(Zi, C") = p(Z:)
c’ c’ c’

Where the first equality is because of the adjustment formula [26] and the second equality is because
of the fact that Y is a collider in causal graph [Ifa) and hence conditioned on C’, Z; is independent of
Z;. O

Proposition 3.2. For causal generative processes of the form|[I{a), the correlation between a pair of
generative factors (Z;, Z;) is proportional to the amount of confounding between Z; and Z;.

Proof. Expanding the quantity I[(Z; ¥ Z;)+ 1(Z; ¥ Z;), we get the following,
p g q y J J g g

p(ZijZ;) p(Z;)Z;) )}
p(Zijdo(Z5)) p(Z;jdo(Z;))
»(ZijZ;)p(Z;)2;)

)] —E, . [Iog(p(Ziij)p(ijZi) ]

p(Ziido(Z,))p(Z;ido(Z;)) o p(Z)p(Z))

p(Zii Z;)p(Z)p(Z3Z:)p(Z:) p(Zi, Z;)p(Z;, Z;) )]
p(Z)p(Z;)p(Z:)p(Z;) p(Z:)*p(Z;)?

p(Zinj) — a

p(Zi)p(zj))} 2 125

I(Z; ¥ Z;)+I(Z; ¥ Z;)=Eg, z {Iog( )] TEnz [Iog(

= EZi,Zj |:|Og(
3)

= EZi,Zj [IOg( ):| = EZi,Zj |:|Og(

=2 EZi,Zj |:|Og(

Where the third equality is due to Proposition[3.1} Since non-zero mutual information implies positive
correlation, we see that the amount of confounding between Z; and Z; is directly proportional to the
correlation between Z; and Z;. Hence, we use the correlation as a measure of confounding between
generative factors in the causal processes of the form [Ifa). O

B Time Complexity Analysis:

Apart from its simple methodology, CONIC brings additional advantages in terms of computing
time required to train the model that generates counterfactual images. As shown in Table [2] the
time required to run our method to generate counterfactual images w.r.t. a generative factor Z; is
significantly less than CGN that learns deterministic causal mechanisms as discussed in Section[2]
Even though we used CycleGAN in this work, for the cases where the number of generative factors
are more, StarGAN [5] can be used to minimize the time required to learn the mappings from one
domain to another domain [39} [11]].

Dataset CONIC CGN

CM-MNIST 276 0.19 103 1.50
DCM-MNIST 222 0.01 103 2.04
WLM-MNIST 1.22 0.01 111 2.0

Table 2: Run time (in minutes) of CONIC compared to CGN on MNIST variants
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Figure 3: Left: sample thin morpho MNIST images and corresponding labels. Right: Sample thick morpho
MNIST images and corresponding labels.

Figure 4: Top: CelebA original images of males with non-blond hair color. Bottom: Counterfactual
images of males with blond hair generated using Algorithm E]
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