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Abstract

Directed graphs naturally model systems with asymmetric, ordered relationships,
essential to applications in biology, transportation, social networks, and visual
understanding. Generating such graphs enables tasks such as simulation, data
augmentation and novel instance discovery, yet it remains underexplored. A key
challenge lies in modeling edge directionality, which greatly enlarges the depen-
dency space and makes the underlying distribution harder to learn. Addressing
this requires more expressive models that are sensitive to directional topologies.
We propose DIRECTO, the first generative model for directed graphs built on the
discrete flow matching framework. Our approach combines: (i) principled posi-
tional encodings tailored to asymmetric pairwise relations, (ii) a dual-attention
mechanism capturing both incoming and outgoing dependencies, and (iii) a robust,
discrete generative framework. Our method performs strongly in diverse settings
and even competes with specialized models for particular classes, such as directed
acyclic graphs, highlighting the effectiveness and generality of our approach, and
establishing a solid foundation for future research in directed graph generation.

1 Introduction

Directed graphs (digraphs) naturally model systems with asymmetric relationships, capturing es-
sential structures such as flows, dependencies, and hierarchies that arise in many real-world appli-
cations. This makes digraphs particularly well-suited for problems in diverse domains including
biology [34, 60, 67], transportation [ 1], social dynamics [55], and, more recently, image and video
understanding [9, 54], where structured, directional representations are critical for interpretation and
reasoning. Consequently, generating digraphs is central to tasks such as such as simulation, data
augmentation and novel instance discovery in domains characterized by directional structure.

Graph generative models offer a data-driven approach to producing plausible and diverse sam-
ples, with applications in drug discovery [44, 64], finance [37], social network modeling [61], and
medicine [47]. Despite their broad applicability and strong performance, the majority of existing
generative models focus on undirected graphs [38, 43, 63, 57, 70, 16, 52]. Digraphs have received
comparatively less attention, with recent work proposing auto-regressive models for DAGs [72, 36]
and, more recently, for general digraphs [33]. We identify a key factor limiting progress: at the
modeling level, the directed setting is more challenging than its undirected counterpart, as edge
directionality greatly enlarges the learnable space (see Figure |a: e.g., for graphs with 4 nodes, there
are 218 possible digraphs, compared to only 11 undirected ones). This is further amplified in settings
with domain-specific structural constraints, such as directed acyclic graphs (DAGs).
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Figure 1: (a) The learnable space increases drastically with the number of nodes for digraphs
compared to undirected graphs [2 1], highlighting challenges in extending graph generative models to
directed structures. (b) Overview of our generative model for directed graphs. During training, the
dual attention transformer (denoising network) parameterized by , and enhanced with asymmetric
positional encodings, learns to reverse predictions using cross-entropy loss. During inference, we
compute the rate matrix R (G¢; Gi+ ) based on the model prediction p ( j G¢), which governs
the evolution of the generative process over finite intervals At.

To address this, we introduce DIRECTO", the first iterative refinement-based generative model for
directed graphs. Our approach brings together three core components of expressive graph generative
modeling: (i) informative input features, (ii) an expressive neural architecture, and (iii) a robust
generative framework. For input features, we find that, upon comprehensive evaluation, positional
encodings specifically designed for graphs with an asymmetric adjacency matrix, are more successful
than directionality-agnostic baselines. For the architecture, we employ a dual attention mechanism
that performs cross-attention between edge features and their reversed counterparts, allowing to
capture differently source-to-target and target-to-source information flows. Finally, these components
are integrated within a robust discrete-state flow matching framework that enables efficient generation
with state-of-the-art performance. Figure |1b gives an overview of our method and its components.

We evaluate the generative performance of DIRECTO on multiple datasets using distributional
metrics tailored to the directed setting. Across all cases, it consistently delivers strong performance,
underscoring its effectiveness on structurally diverse graphs. Extensive ablations further show that the
proposed dual-attention mechanism is critical for modeling directional dependencies, while positional
encodings enhance overall generation quality.

Our main contributions are summarized as follows:

(i) We propose DIRECTO, the first flow-based generative model specifically tailored for directed
graphs, combining a direction-aware dual attention block with positional encoding tailored
to capture directionally asymmetric structural properties.

(i1) We conduct an extensive empirical analysis demonstrating that DIRECTO achieves state-of-
the-art performance on structurally diverse synthetic and real-world graphs.

(i) We perform extensive ablations to highlight the criticality of our proposed components.

2 DIRECTO: Discrete Flow Matching for Directed Graphs

In this section, we introduce DIRECTO, the first flow-based digraph generative model. We begin by
outlining the overall generative framework, followed by the two directionality-aware components
that form the core of DIRECTO: asymmetric positional encoding and dual attention.

2Code available at:


https://github.com/acarballocastro/DIRECTO

2.1 Directed Graph Generation via Discrete Flow Matching

Notation We denote by G = x®N): (LiZi:N) - djrected graphs with N nodes. The set of
nodes is denoted by fX(”)ngl, and the set of directed edges by fe(i;j)glgi;&j <N - Both nodes and

Problem statement: We build on the Discrete Flow Matching setting (see Appendix I) and extend
it to the directed graph setting. Inspired by standard practice in iterative refinement for undirected
graphs [63, 70, 57, 52], we assume that every ordered pair of distinct nodes corresponds to a directed
edge belonging to one of several possible classes, including a class representing the absence of an
edge. We provide the complete training and sampling algorithms in Appendix

To address the combinatorial complexity of asymmetric adjacency matrices in digraphs (Figure 12),
we exploit a key strength of DFM: the decoupling of training and sampling. This enables post-training
optimizations such as time-adaptive schedules and custom CTMC rate matrices [52], which we extend
to directed graphs. While these strategies improve performance, they remain insufficient to capture
the unique structural properties of digraphs (see Section 3). We therefore introduce architectural
components explicitly tailored for directionality-aware graph generation.

2.2 Asymetric positional encoding

Our generative framework employs a denoising GNN, which struggles to capture global patterns
due to message-passing locality [68, 45]. To address this, we augment it with positional encodings
(PEs) that provide structural information beyond local neighborhoods [4, 6]. While common PEs
like Laplacian eigenvectors or shortest-path distances work well for undirected graphs [63, 52],
they ignore directionality. To address this limitation, we adopt recent direction-aware PEs [19, 25],
appending them to node and edge features to capture the asymmetric dependencies of directed graphs.

Magnetic Laplacian To retain directional information while preserving desirable spectral prop-
erties, the authors in [19] propose the Magnetic Laplacian (MagLap), which introduces a complex-
valued phase encoding into the adjacency matrix. It uses the symmetrized adjacency matrix Ag and
the symmetrized degree matrix Dg and is given by:

LY =D, (As exp(io®)) (1)

where  denotes the element-wise (Hadamard) product, i is the imaginary unit, and the phase matrix

©@ js defined as @fﬁz, =2 q(Auwv  Av.u). The parameter ¢ 0 controls the strength of the
phase shift (resulting in the classical combinatorial Laplacian when q = 0). We leverage the resulting
complex-valued eigenvectors by concatenating the real and complex parts of the eigenvectors to
the node features and the eigenvalues to the global graph features, thus injecting direction-aware
structural signals at both levels of representation.

Multi-q Magnetic Laplacian Recent work by [25] leverages the Magnetic Laplacian with Q

better captures asymmetries in connectivity. Similarly to the vanilla method, we incorporate these
by concatenating the first k eigenvalues (real and imaginary parts) of each Laplacian to the global
features, and the k eigenvectors to the node features.

Directed Relative Random Walk Probabilities (RRWP) In [19], the authors define the directed
transition matrix T = AD_,}, based on the out-degree matrix D,,:, and propose modeling reverse
random walks with R = AT D;l, where Dy, is the in-degree matrix. To ensure valid probabilities,
we follow their preprocessing step of adding self-loops to sink nodes. The resulting positional
encoding concatenates forward and reverse K-step transition probabilities:

RRWP(G) = [I;T;T% 5 TR L IR R 1 R, )

where off-diagonal entries enrich edge features and diagonal terms augment node features. To counter
the concentration of random walks on sinks at large k, we also incorporate Personalized PageRank
(PPR) features, given by PPR = p,(1 (1  p,)T)~?! with restart probability py.



Figure 2: Network architecture @IRECTO. We stack. dual attention layers that account for both
source-to-target and target-to-source information via cross-attention mechaXisisandy denote

the stacked input node, edge, and global featuxe’s.E ° andy° are the output of the model, i.e.,
predicted clean node and edge distribution, and graph feature. FillMupd PNA [LZ] pooling

layers are incorporated to enable exible modulation between node, edge, and graph-level features.

2.3 Graph transformer with dual attention

Graph Transformerslp, 53 effectively model node interactions by leveraging the adjacency matrix.
In directed graphs, this matrix encodes only source-to-target ow, neglecting reverse in uences. To
capture bidirectional dependencies and integrate structural signals acrosé nedgeE , and global

y features, we design a Transformer witidual-attention layers (Figure 2). This block introduces (i)

an attention-based scheme that models both forward and reverse information ow, and (ii) modulation
layers that fuse signals across different levels of granularity, ensuring direction-aware generation.

Bidirectional information ow via dual attention aggregation = To model directional dependencies,

we use a cross-attention mechanism between source-to-target edge featuaesl their reversed
counterpart€ ts, which enables the model to reason bidirectionally across edges. By explicitly
attending to both directions, our architecture better captures the complex, reciprocal relationships
inherent in directed graphs, which builds on ideas frGiij.[ Concretely, we compute two directional
attention maps between role-speci ¢ hode projections:

Qsfi] Kr[i]. oo Q1] Ksf]
d7q ’ YTS[|,J]— d7q

whereQs, Qt, K s, andK t are the role-speci ¢ projections for source and target nodes, respectively,
andd, is the query feature dimension. These attention weights are modulated using edge features
through aFeature-wise Linear Modulatio(FiLM) [ 50] layer: given the edge featurés, the attention

matrix E aun, and the learnable weigh® 2, ,,, W 2., it computes

FILM(E;Eat) = EW gy + (EW Am)  Eawnt Eamm (4)

where denotes element-wise multiplication. We produce updated attention Yi&@sd Y% and
useY to update the edge features, combining local edge attributes with global graph information.

Ysrli;j 1= ; )

To consolidate directional information, we introduceadtention aggregation mechanistmstead of
treating the attentions from the two directions independently, we concatenate the modulated attention
maps and apply a single softmax operation to obtain uni ed attention weights:

A aggr = softmax(concat(Yd; Y15)) 2 R" 2"; V2. =concat(VS V7 ) 2 R 1y (5)

whereh is the hidden dimension and the concatenation is performed along the node dimensions.
These uni ed weights are used to aggregate the value ve¢tpandV+ through weighted summation:

X %= AaggVaggr2 R" M (6)

By applying a joint softmax, the model is able to assign asymmetric importance to the source-to-target
and target-to-source directions. The node features are updated using a gated residual connection,
which combines the original and updated features by learning a gate that controls how much of the
new information should be integrated. For full technical details see Appendix



Table 1. Directed graph generation performance for different con guratiols@ECTO. Results
are the mean standard deviation across ve sampling runs. We considered MagLapQwiti0

for the synthetic datasets a@d=5 for the real-world ones due to the computational complexity in
increasingQ. OOT indicates that the model could not be run within a reasonable timeframe.

ER-DAG SBM TPU Tiles Visual Genome
Model Ratio#  V.U.N." Ratio# V.UN." Ratio # V.U.N." Ratio# V.UN."
Training set 1.0 0.0 1.0 0.0 1.0 0.0 1.0 0.0
MLE 151 o2 0.0 oo 11.6 o2 0.0 oo 1498 o7 247 oo 17.0 o6 0 oo
D-VAE 106.6 54 0.0 oo - - ooT ooT - -
LayerDAG 4.2 32 215 27 - 413.6 701 98.5 30 - -
DiGress 19 03 340 41 39 o9 415 51 575 17 709 34 170 o6 0.3 o6
DeFoG 1.3 o1 675 16 214 16 135 54 63.7 26 720 24 10.6 08 39.6 28

DIRECTO-DD RRWP 14 o3 790 37 1.7 o4 815 32 610 20 76.8 19 153 o8 72.7 39
DIRECTO-DD MagLap 1.5 o2 850 92 15 o04 955 37 643 53 770 70 7.6 o7 619 44
DIRECTORRWP 17 o1 940 10 14 o2 87.0 512 754 g1 77.0 29 12.8 o6 83.8 43
DIRECTO MagLap 13 o2 920 37 20 o3 965 25 440 71 805 46 6.2 o5 67.0 a3

Multi-scale information modulation for graph denoising Predicting clean node and edge types
from noisy inputs requires combining local interactions with global structure. Following common
practices in standard graph generation architectiirgsyf/, 5], we incorporated FiLM layers (see
Equation 4) to integrate global graph-level signals into the construction of edge representations. To
complement thisPrincipal Neighbourhood Aggregatiai®NA) [17] layers aggregate multi-scale
neighborhood information via pooling operations. Given the node feaXur@sR" " and a learnable
weight matrixW pya, PNA computes:

PNA(X ) = concat (maxX ); min(X ); meaX );std (X )) Wpna 2 R*"; (7

with concatenation performed along the feature dimension. We use PNA layers to update global graph
representations based on node-level information at each attention pass. Together, these components
enable expressive and scalable integration of local and global features, allowing the model to capture
higher-order structure critical for accurate graph denoising.

3 Experiments

In this section, we rst evaluate the exibility of our method to generate directed graphs. Then, we
analyze the impact of our architectural improvements on generative performance.

Datasets We sample digraphs from four distributions: Bsd-Rényi (binomial model) both general

and DAGs variants; Price's model, a directed analogue of the Barabasi—Albert model that produces
DAGs; and a directed version of the stochastic block model (SBM) datagetfor real-world
datasets, we employ the TPU Tiles datasef pnd the Visual Genome datasét], two widely

adopted benchmarks for Neural Architecture Search and Scene Graph understanding, respectively.
Further details are available in Appendix

Metrics We extend evaluation protocols from undirectéd, [5] and directed 3] graph generation

to the digraph setting. We can divide our metrics in two groups: structural distributional alignment
(Ratio) and Validity, Uniqueness, and Novelty (V.U.N.). Distributional alignment is measured via
Maximum Mean Discrepancy (MMD) over degree distributions, clustering, spectral, and wavelet
features (using the directed Laplacian]). Results are reported as ratios of generated to training
statistics, averaged for comparability.

For synthetic datasetgalidity is assessed via statistical tests of adherence to the generative distribu-
tion and, for DAG datasets, by ensuring acyclicity. On the TPU Tiles dataset, we measure acyclicity,
while for Visual Genome we check typed structural constraints (e.g., edges go from objects to
attributes and relationships, and from relationships to objects). To measure generative diversity while
avoiding memorization, we computmiquenessfraction of non-isomorphic generated graphs) and
novelty(fraction of generated graphs not in the training set). The V.U.N. ratio reports the proportion
of samples that are simultaneously valid, unique, and novel. Further details as well as dataset statistics
can be found in Appendix



Figure 3: Ablation results for dual attention (left) and positional encodings (right). Each plot shows
results on the ER-DAG (left bars/lines) and SBM (right bars/lines) datasets. Better performance
corresponds to V.U.N. bars and Ratio lines appearing closer to the top of each subplot.

Baselines In the general directed setting, we compBi&ECTOto a Maximum Likelihood Estima-

tion (MLE) baseline over node count, node types, and edge types. For DAGs, we also include the two
publicly available baseline®-VAE[77] andLAYERDAG[36]. See Appendix for details. The
architectural improvements in Secs. and are agnostic to the underlying re nement framework.
To illustrate this, we extenBIRECTOt0 a discrete diffusion backbonB(RECTO-DD), described in
Appendix |.3. We further includ®EeFoG[527] and DIGRESH67], adapting them to directed graphs

by removing edge symmetrization. For each experiment, we highligleieresultandsecond-best
method. Further details on the experimental setup can be found in Appendix

3.1 Directed Graph Generation Performance

Table 1 reports the results on ER-DAG, SBM and the real-world dataBetECTO consistently
achieves superior performance in generating directed graphs across both synthetic and real-world
datasets. In synthetic experiments on ER-DAG and SBMECTO variants demonstrated a strong
ability to capture the target distributions, as evidenced by their low MMD Ratio scores and high V.U.N..
Notably, whileLAYERDAG enforces acyclicity by design, it fails to capture the ER distribution, as
evidenced by its low V.U.N. score (21.5%; see Table 14 for details). Similarly, on the real-world
datasets TPU Tiles and Visual GenorbeRECTO proved its versatility by generating graphs with

more realistic structural properties and achieving the highest V.U.N. scores among most baselines,
indicating a superior ability to produce diverse and structurally faithful graphs. The exception is
LayerDAG, which in the case of TPU Tiles bene ts from enforcing acyclicity, the only validity
constraint evaluated in this case. Detailed results are reported in Appendix

3.2 Dual Attention Ablation

We now analyze the in uence of the dual attention mechanism on the performamaetTo.

In Figure 3, we compare the V.U.N. metric and the Ratio score across both synthetic datasets,
highlighting the impact of dual attention on generation quality and graph realism. We observe
that the dual attention mechanism consistently improves generative performance, regardless of the
positional encoding employed. Notably, even in the absence of any positional encoding ("No PE"),
dual attention still achieves non-zero V.U.N., highlighting its capacity to independently capture
directionality-relevant information. Appendix includes the full ablation tables, botb fRECTO

and DRECTO-DD.

3.3 Positional Encodings Ablation

We evaluate the sensitivity dIRECTO to different positional encodings, including a direction-
agnostic baseline ("Lap"). In Figure 3, we observe consistent trends across datasets: integrating
positional encodings improves V.U.N. and Ratio. Moreover, direction-aware encodings outperform
agnostic ones, supporting our modeling hypothesis. Among the encodings tested, Directed RRWP
achieves the best overall performance on ER-DAG, and MultiMagLapPEQvith10 on SBM.
Nevertheless, we remark that RRWP demonstrates clear superiority in both scalability and runtime
ef ciency (see Appendix ), and that dual attention still proves to be the key component (see
Figure 3). The complete tables for bdthRecTO andDIRECTO-DD can be found in Appendix



4 Related work

Graph generative methods Early graph generative models includeto-regressivenethods |1,

], which sequentially grow graphs but require node orderge-shoimodels such as VAES],

, 26,42, 67], GANs [13, 31, 43, and normalizing ows P9, 66, 39, 41] generate full graphs in a
single pass, avoiding prede ned node order.Graph diffusion models extend this ideas, with initial
approaches consisting of adaptations of continuous state-space discrete-time diffusion frameworks
[58, 23, 59). These include works such as EDP-GNNJ, DGSM [40], and GeoDiff [9]. Later, the
discrete state-space frameworkyvas adopted by DiGress{] and MCD [2(]. Methods that operate
in continuous time [] were also introduced, including GDSS and GruM [27] in continuous state-
spaces and DisCco'{] and Cometh 7] for discrete state-spaces. Recent approaches combine the
sequential modeling of auto-regressive methods with the global denoising of diffusjofrnally,
DeFoG [52] achieves state-of-the-art performance by leveraging discrete ow matching [3, 19].

Directed graph generation Works in this area focus solely on DAG generation, using autoen-
coders [ 7], autoregressive models4], or DAG-speci c diffusion [36], all requiring topological
ordering. Other approaches, [1] use ideas from discrete diffusion but are restricted to Neural
Architecture search and, therefore, to DAGs. Finally, the workii} s the rst to propose a general
directed graph generation method using an auto-regressive approach. Unfortunately, to the best of
our knowledge, its implementation is not publicly available, limiting reproducibility and evaluation.

5 Conclusion

We proposeéDIRECTO, a novel discrete ow matching-based method for effective directed graph gen-
eration. We combine directionality-aware positional encodings with a dual-attention mechanism that
explicitly handles source-to-target and target-to-source dependencies. Empirical results demonstrate
that our model signi cantly outperforms existing baselines, successfully learning to generate directed
structures and preserve critical properties, such as acyclicity, without the need for explicit constraints.
Looking forward, scalability, a deeper understanding of the role of permutation equivariance, and
further guidance of the generative process remain promising directions of research. We refer the
reader to Appendix K for a detailed discussion of the broader impact and limitations of this work.
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A Dual Attention

In this section, we provide a detailed description of the dual attention mechanism used in our model,
which effectively integrates both target-to-source and source-to-target information to enhance the
graph generation process.

We start with the stacked tensors of nole2 RB N 9 edgeE 2 RB N N de gnd global

y 2 RB 9 features, wher® is the batch size\ is the number of nodes of the biggest graph in the
batch, andl,, de, andd, are the node, edge, and global feature dimensions respectively. To handle
different node sizes in a batch, we use a binary node wask f 0; 1g8 N 1 that accounts for the
presence of nodes in each graph.

First, we begin by projecting the queries, keys, and values for the source and the target directions.
These are then projected and reshapednptbeads of dimensiod, = dy=ny, thus obtaining for
each node:

Qs=reshapéM W3SX); Ks=reshapM WZX); Vs= reshaptM WX ); (8)
Qr = reshapM  WJX); Kr=reshapM Wy X); Vr=reshapgM WyX); (9)

whereW §; W2, W7, W J; W [; W/ are the learned linear projections. The nal shape of each of
the elements after the reshapindggis N np  dq.

Then we compute the dual attention, both from source to target and from target to source:
. || K1lj . i] Kglj
Ysili;j ] = =d OTTD]; Yrsfi;j 1= = d*SU]: (10)
q q
with i;j the index nodes and eadh2 RB N N nn dq

To incorporate edge features into the attention mechanism, we apply FiLM-style modulation using
additive and multiplicative projectiond/ my; W agq:

E pu = reshapgW o, (E)); E 54a= reshapéW 3(E)); (11)
E = reshapeW | (E”)); E 4= reshapew L (E~)); (12)

where we reshape the edge feature§td R® N N " do Thjs is done so that they can be added
or multiplied to the attention scor&&t andYts to modify them:

Yst Yst (Equ+1)+ Elug (13)
Yrs  Yrs (Equ*1)+ Elgg (14)
Edge Feature Update To get the nal update of the edge features, the attention-weighted edge

representations are attened and modulated by global featuresing FiLM with additive and
multiplicative projectiondV £, andw E :

E0= Wly)+ (W), (y)+1)  atten(Ysr); (15)

where we atten over the last dimension. We 0&g- as it captures the directional ow from source
to target, avoiding ambiguity in the directional in uence, and still effectively encoding the in uence
of source nodes on their targets. Then, the result is followed by an output projection and a residual
connection
E°=WE(ED; E° E+EY (16)

resulting in the updateB 2 RE N N de,
Node Feature Update To perform the node feature update, rst we concatenate the dual attention
scores and apply softmax:
A 4gqr = SOftmax (concat(Ysr; Yrs)) 2 RE N 2N nn de 17)
Vaggr = concat(Vr; V) 2 RB 2N M de (18)

with concat() being the concatenation over the third dimensionAggy and over the second
dimension foVaggr
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After this, the uni ed weights are aggregated through weighted summation and the result attened
over the second dimension to produce:

X aggr= afttrhggVaggr2 R® N M dx: (19)

We then FiLM-modulate the attended features with the global vgctath additive and multiplicative
projectionsW %;andW X, to produce:
Xmod = Wagdy) + (W) +1)  Xaggi (20)

To allow the model to adaptively balance between preserving the original node features and incorpo-
rating the updated ones, we introduce a learnable gating mechgXistn[0; 1]:

ox = (W g;(ate concat(X ;Vaggr)); (21)
followed by a gated residual connection:
X%=(1+gx) X+ 9x) Xumod (22)

where the weights assignedXo andX n,oq SUM up to 2, ensuring that the overall magnitude remains
consistent with the ungated case.

Finally, the result is followed by an output projection:
X 0= WX 9; (23)
resulting in the updated °2 RE N dx

Global Features Update The updated global vector is computed by aggregating from the Xode
and edgec projections:

yo= v+ Wy(y)+ X1 y(X)+ Ei y(E); (24)
whereX, y andE, , are PNA layers{7] that given node features 2 RE N d or edge features
E 2 RB N N de gnd alearnable weight matrif/ pya, cOmputes
PNA(X ) = concat(maxX ); min(X ); mearX );std (X )) Wpna 2 R*: (25)
PNA(E) = concat ( maxXE ); min(E ); mearE ); std (E )) W pna 2 R*de; (26)
where the different operations are performed over the features and then concatenation is per-
formed along the feature dimension. Both results then pass through a linear layer resulting in
X1 y(X);Ey y(E) 2 R%,
Once again, we use an output projection
y®= WLy (27)
which results in the updated global featuy@2 RE
This dual attention block is applidd times within the graph transformer.

B Positional Encodings

To effectively capture the structural properties of directed graphs, we explore a range of positional
encodings (PESs) that can be incorporated into the transformer architecture. These encodings provide
nodes with a sense of position and orientation within the digraph, enabling the model to better reason
about directionality. Below, we detail the speci ¢ PEs evaluated in our work.

Laplacian (Lap) Traditionally in the undirected case, the eigenvectors of the combinatorial Lapla-
cian are widely used to encode graph structure, relying on the spectral decomposition L
whereL is the combinatorial Laplacian, is the diagonal matrix of eigenvalues, ands the matrix

of eigenvectors. The unnormalized and normalized Laplacians are de ned as

Lu=D Ag Ly=1 D ¥AD ¥ (28)
whereA s is the adjacency matrix (symmetrized when working with digraphs)ians the degree
matrix. However, when dealing with directed graphs, this symmetrization discards directionality

information, as it enforce& s =7, but it is necessary to guarantee that andL y are symmetric
and positive semi-de nite.
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Magnetic Laplacian (MagLap) To retain directional information while preserving desirable
spectral properties, authors in9 propose theMagnetic Laplacianwhich introduces a complex-
valued phase encoding into the adjacency matrix. Speci cally, the (unnormalized and normalized)
Magnetic Laplacians are given by:

L@, =D (As expli @); L@ =1 (D AD ) expi @) ; (29)

where denotes the element-wise (Hadamard) produistthe imaginary unit, and the phase matrix
(9 js de ned as:
qu\) =29(Auww  Avu): (30)

The potential parameter 0 controls the strength of the phase shift. for 0, the Magnetic Lapla-

cian reduces to the classical combinatorial Laplacian. The resulting complex-valued eigenvectors can
effectively encode directionality patterns in the graph. We leverage the information by concatenating
the real and complex parts of the eigenvectors to the node features, and the eigenvalues to the global
graph features.

Multi- g Magnetic Laplacian Recent work by 75] extends the Magnetic Laplacian by introducing

a multi-q formulation, which considers as positional encoding stacking together the eigenvalues and
eigenvectors of) distinct Magnetic Laplacians with potentials :::; og. This approach enables

the recovery of the bidirectional walk pro le, a generalization of walk counting in undirected graphs
that captures a broader range of directional relationships.

By incorporating information from multiple potentials, the muwtiermulation enhances the repre-
sentational power for directed structures. In particular, they show that the method is robust to the
chosen potentialg chosen. In our model, we leverage this information by concatenating thle rst
eigenvectors (real and imaginary parts) of each oQheagnetic Laplacians to the global features,

and the corresponding rdt eigenvalues to the node features, providing direction-aware structural
signals to both levels of representation. As a drawback, this positional encoding results in higher
computational costs, as it is necessary to compute several eigenvalue decompositions and, in addition,
results in a higher dimensional positional encoding to be processed by the denoising network.

Directed Relative Random Walk Probabilities (RRWP) For undirected graphs, RRWP encodes
the likelihood of arriving from one node to another throdghtep random walks. This is usually
expressed via a transition matiX, with T = AD 1, that encodes the transition probabilities.

For directed graphs, it is possible to consifier AD Ou} , Wwhere we take into account the degree
matrix of the outgoing edgd3 Ou% [19). TheK -step transition probabilities are then captured by
powers ofT , producing the sequenge; T; T2;:::;TX 1]

Additionally, in the directed setting, authors in] suggest it is also informative to model reverse
random walks, starting from incoming edges. For this, we can de ne the reverse transition matrix
R=A>D inl, whereD j, is the in-degree matrix. This would represent the likelihood of arriving

at a given edge starting from another throlghtep random walks. Analogously, we compute
[I;R;R?;:::;RX 1]

To have our nal positional encoding, following ], we ensure that graphs are not nilpotent and
that the probabilities encoded in the matrices sum up to 1 by adding self-loops to sink nodes during
pre-processing. Finally, the full positional encoding concatenates both forward and reverse walk
features for a pre-de neHl , yielding:

RRPWG) =[1;T;T?%:::;TX L1;R;R%:::;RK 1 (31)

We concatenate the PE to the edge features, and additionally concatenate the diagonal elements of
each matrix to the node features to further infuse them with the information.

Additionally, to mitigate that for largk the probabilities tend to converge to sink nodes, we optionally
incorporatePersonalized PageRank (PPRptures. The PPR matrix is de ned in closed form as:

PPR=p (I (1 p)T) % (32)

wherep, denotes the restart probability.
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C Sampling Optimization in DIRECTO

The decoupling of training and sampling in discrete ow matching enables principled, training-free
modi cations to the sampling procedure, offering a exible design space to enhance generation quality
across digraph distribution$f]. In this section, we detail the three core parameters that govern
sampling behavior: (i) time distortion functions, (ii) target guidance intensity, and (iii) stochasticity
strength. Each plays a distinct role in shaping the denoising trajectory and contributes to different
aspects of generation quality and structural delity.

Time Distortion Functions A central part for sampling optimization lies in the application of
time distortion functionsThese functions transform the time variab2 [0; 1] through a bijective,
monotonic mapping (t), yielding a distorted time variabld = f (t). While used in both training

and sampling, their objectives differ. In training, time distortions skew the sampling distribution
over time, concentrating the model's learning capacity on speci ¢ denoising intervals. In sampling,
they induce variable step sizes along the denoising trajectory, with ner resolution where structural
sensitivity is highest (e.g., late-stage edits rtearl ).

Formally, the probability density function (PDF) of the transformed time varithe

d

@f 1(t9 : where ((t)=1 fort 2 [0;1]: (33)

()= ()

We consider the same ve representative time distortion functions froththat yield diverse
distributions fort®

* ldentity: f (t) = t — Uniform time density, baseline behavior.

Polydec f (t) =2t t? — Increasing density over time, emphasizing late-stage denoising.

Cos f (t) = 22') _ Concentrates density at both boundaries.

Revcos f (t) =2t 1-°%1) __ peaks at intermediate times.

Polyinc: f (t) = t2 — Decreasing density over time, emphasizes early steps.

In the sampling phase, the induced variable step sizes, particularly from functiopslikiec allow

for ner resolution near the clean data, where structural coherence is most fragile. Empirically,
these functions are selected based on dataset-speci ¢ properties to improve delity and structural
constraints without need for retraining.

Target Guidance Another axis for improving sampling ef ciency is the modi cation of tkendi-
tional rate matrixR; to better guide the generation trajectory toward the clean target grafthis
is achieved by incorporating an additive guidance term:

(zt+ t;72)
Zt>0 Prj1(zt J 21)

Ri(zt;zt+ t]21)= Ri(zt;zt+ 1]jz1)+ ! (34)

Here,! 2 R. controls the strength of the guidan&; ° is a discrete variable witd possible
positive values, and( ; ) is the Kronecker delta. Intuitively, this formulation prioritizes transitions
that directly align with the clean graph.

Stochasticity Control The nal sampling-time parameter is tis¢ochasticity coef cient . This
parameter scales an auxiliary rate maRi® that satis es the detailed balance conditi¢h&nd
adds it to the optimal rate matri, :

R, = R/ + RPB: (35)

The role of is to regulate trajectory stochasticity: higher values promote broader exploration during
denoising, potentially correcting suboptimal states. Settirg0 recovers the deterministic path
prescribed byR, , minimizing the expected number of transitions.
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Sampling Optimization Together, these sampling parameters constitute a exible, principled
toolkit for tailoring the sampling procedure to diverse graph domains and structural requirements. In
our case, we optimize these parameters at sampling time to improve the performanreofo.

In particular, we individually optimize each of them, and perform the nal sampling using the best
performing parameters in terms of V.U.N. and ratio performance. A study of the effect of these
parameters on sampling performance can be found in

D DIRECTO Training and Sampling Algorithms

This appendix provides detailed pseudocode for the training and sampling procedures used in the
DirecToframework. Alg. 1 outlines the training loop, where a digraph is progressively noised and a
denoising model is optimized to reconstruct the original graph.

We consider the original data distributipn as well as the time distributioh which in our case is
set to be the uniform distribution. In additioh, refers to the denoising network, in our case the
graph transformer with dual attention.

Algorithm 1 DIRECTO Training

2: while f not convergedio
3: SampleG  p;

4 Samplet T

5 Iteratively samples;  pyj1(GtjG) . Noising process
6: h  PosEnc(Gt) . Positional encoding
7: pljt(jGt) f (G¢;h;t) . Denoising prediction with dual attention
8: loss CE (G;pm(jGt))

9: end while

Alg. 2 describes the generative sampling process in which new digraphs are synthesized by iteratively
denoising from an initial random digraph structure. Again, we congiget pnoise the prede-
ned noise distributionf the denoising graph transformer with dual attenthnlrjll, the denoising

predictions, ang, , yjt @s the update rule, see Equation (42).

Algorithm 2 DIRECTO Sampling

1: Input: # graphs to samplg
2: fori=1toSdo
3: SampleN from train set . # nodes

4 SampleGy  po(Go)

5 fort=0to1l t with step t do

6: h  PosEnc(Gt) . Positional encoding
7 pljt( iGy) f (Gy;h;t) . Denoising prediction with dual attention
8: G+ t P tjt(Gt+ tiGt) . Update rule

9: end for _

10: StoreG; asG'

11: end for

E Dataset descriptions

In this section, we provide further detailed information about the datasets described in S@ctih
used for the experiments in Section
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E.1 Synthetic datasets

We outline the mathematical formulation of each graph generation strategy used in our experiments.
All graphs are generated as adjacency matricesf 0, 19" " (whereAj =1 denotes a directed
edge from nodeé to nodej ), and preprocessed to adapt to the structure required by the model.

For all datasets, we generate a total of 200 graphs, split as: 128 train, 32 validation, 40 test. A study
on the effect of the dataset size on the quality of the generations can be found in Appendix
Furthermore, the dataset statistics can be found in Table

Table 2: Synthetic dataset statistics.

Dataset Min. nodes Max. nodes Avg. nodes Min. edges Max. edges Avg. edges #Train #Val #Test
Erdos-Renyi (ER) 20 80 46 223 3670 1446 128 32 40
SBM 44 175 106 340 3008 1426 128 32 40

ER (DAG) 20 80 49 103 1892 762 128 32 40

Price (DAG) 64 64 64 132 246 197 128 32 40

Erdos-Renyi [L7] We generate graphs with a variable number of nodes betweer20 and
n = 80. For a number of nodes, edges are sampled independently with a xed probalyity 0 :6.
The adjacency matriR is generated by:

Aj  Bernoulli(p); 8i 6 j

To generate a second dataset of DAGs, we enforce a lower-triangular structure (i.e., edges only from
higher-indexed to lower-indexed nodes), which results in graphs generated with a prolpebiity.

Price's model [1L4] This is the directed version of the Barabasi-Albert or preferential attachment
model, which simulates the growth of citation networks. We build DAGs sequentially for a xed
number of nodedl = 64. Each new nodéformsm = log,(N) edges to existing nodgswith
probability proportional to their degree:

PGi! j)/ deg():

Since the number of nodes is xed b = 64, mean out-degree resultsim= 6. In practice, we
implement this "bag" of nodes that replicates existing connections. For each new, madsample

m destination nodes from the bag. Then, for each selectedjnade setA; = 1 and add and

the selected nodes to the bag. This ensures a directed acyclic graph (DAG) due to the order of node
addition.

Stochastic Block Model P4] We createK communities with sizefni;ny;:::;ng g. We set
the number of communities betwekn= 2 andK =5, and the number of nodes per community
between 20 and 40. The probability of an edge between any two nodes depends on their community
assignments

Ajj Bernoulli(Pz, z; )

and inter-community connection probabilities. In particular, we use
Pkk = pintra =0 31 PkI = pimer =0:05fork 6 |
to generate a block-structured, directed graph.

E.2 TPU Tiles

In this dataset introduced i ], each DAG represents a computation within a machine learning
workload, such as a training epoch or an inference step. Each of the 12602 data points includes a
computational graph, a speci c compilation con guration, and the execution time of the graph when
compiled with that con guration. The dataset features different model architectures, such as ResNets,
Ef cientNets, Masked R-CNNs, and Transformers, with graphs of up #00 nodes.

We adopt the processing and splits frofa][ Details on dataset statistics for the three different splits
can be found in Table
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Table 3: TPU Tiles dataset statistics.

Dataset Min. nodes Max. nodes Avg.nodes Min. edges Max. edges Avg. edges # Graphs
Train 2 394 41 1 711 43 5040
Validation 2 113 41 1 123 43 630
Test 2 154 41 1 249 44 631

E.3 Visual Genome

The Visual Genome datasel] aims at bridging computer vision and natural language understanding

by providing richly annotated images. It comprises over 100,000 images annotated with object labels,
attributes, relationships, which allows to capture the presence of objects but also their attributes and
interactions. It has become a standard benchmark for tasks such as scene graph generation, visual
guestion answering, and grounded language understanding.

To build the directed graph dataset, we set 3 types of nodes: objects, attributes, and relationships,
with the actual node class being the text label. Then, we link them via directed edges according to the
visual rules provided in the original data and taking into account that:

1. Objects have outgoing edges to attributes and relationships and incoming edges from
relationships.

2. Relationshipshave outgoing edges to objects and incoming edges from objects.
3. Attributes have no outgoing edges and incoming edges from objects.

Once we built the digraphs, we select a relevant subset from this raw dataset by keeping graphs with
20 to 40 nodes, and with a minimum of 25 edges per graph. Then, for each graph, we only consider
objects, attributes, and relationships that are in the top-20 in terms of prevalence in the full dataset,
ending with 60 node classes. We randomly split the graphs into 203 train, 52 validation and 63 test
graphs, with detailed statistics of each split available in Table 4. The total number of cyclic graph in
the dataset is 119 (37.5% of the digraphs).

Table 4: Visual Genome dataset statistics.

Dataset Min. nodes Max. nodes Avg. nodes Min. edges Max. edges Avg. edges # Graphs
Global 21 40 34 25 47 28 317
Train 21 40 33 25 47 28 203
Validation 24 40 34 25 40 28 51
Test 21 40 34 25 36 28 63

The selected top-20 objects, relationships, and attributes are:

» Objects: [window', 'tree’, 'man’, 'shirt’, ‘wall', 'person’, 'building’,
‘ground’, 'sign’, 'light', 'sky', 'head', 'leaf', 'leg’, 'hand', 'pole’,
‘grass', 'hair', 'car’, ‘cloud']

» Relationships: ['on', 'has', 'in', 'of, 'wearing', ‘with', 'behind',
'holding’, 'on top of', 'on &', 'near’, 'next to', 'has a', 'on', 'under’,
'‘by’, 'of a', 'wears', 'above’, 'sitting on']

» Attributes: [white', 'black’, 'blue’, 'green’, 'red', 'brown’, ‘yellow’
'small’, 'large’, 'wooden’, 'gray', 'silver', 'metal’, 'orange’, 'grey’,
‘tall', 'long', 'dark’, 'pink’, ‘clear']

F Further details on evaluation metrics

In this section, we detail the statistical procedures used to evaluate the graphs generated by our model.
We detail how we compute the validity metrics for the different datasets, as well as how we make the
validity and uniqueness computation more ef cient.
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F.1 Validity metrics

Erdos-Renyi Given a graphc = (V;E) with n = jVj nodes andn = jE| edges, we want
to determine whether the graph likely originates from ano&rdRényi modeG(n; p) with edge
probabilityp using a Wald test{”]. For that, we follow the following steps distinguishing the cases
in which the graphs are DAGs or not:

1. Empirical edge probability: we compute the number of possible edges

M = w if the graph acyclic

n(n 1) ifthe graph is not acyclic

and then estimate the empirical probability of edge presﬁn:cq%ax.

2. Wald test statistic: the Wald statistic tests the null hypothellig : p = p, wherep is the
expected edge probability:

(p p?
paL P+
and where we add a small regularizatios 10 © to prevent division by zero.

3. p-value computationt assuming the null hypothesis, the Wald stati$ficasymptotically
follows a Chi-squared distribution with 1 degree of freedom:

p-value=1 F :(W;d =1)

whereF : is the cumulative distribution function (CDF) of the Chi-squared distribution.

In the rare limit case where graphs contain only one node, we consider that the graph does not follow
the distribution.

Stochastic Block Model To assess whether a gra@h= ( V; E) conforms to a Stochastic Block
Model (SBM), we recover the block structure and probability parameters. The test then computes
Wald statistics for intra- and inter-block edge probabilities.

1. Block assignment via model inferenceGiven the adjacency matrik 2 f 0; 1g" " of a
graphG, we use an algorithm/[] to infer the stochastic block model (block assignment)
from a given network:

whereB is the number of non-empty blocks found dnds the description length. The
model can be further re ned using Markov-Chain Monte Carlo (MCMC)Taimesteps.

2. Estimating intra- and inter-block probabilities: let N; be number of nodes in blodgk
andE; the number of edges between blacknd blockj recovered by the algorithm in the
previous step. Then the estimated probabilities for directed SBM graphs are:

_ Eii
E..
r}lnter,ij = WU_'_,.,

where" = 10 ©is a small regularization constant.

3. Wald test statistic: we compare the empirical estimates to expected vadygsandpinter
using a Wald statistic:
Wi = (Bintrai  Pintra)®
! plntra;i (1 plntrati ) +"

Wi = (Pinter;i Pinter) ®
! Binter;i (1 Binter;j )+ "

i 6
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4. p-value computation assuming the null hypothesis (i.e., estimated probabilities match
expected ones), each Wald statistic follows a Chi-squared distribution with 1 degree of
freedom:

pj =1 F (W d =1);
and therefore the overall p-value can be computed as the mearppf all

1 X R
B2 Pij

i=1 j=1

p-value=

Price's model To assess whether a graph follows a Price's model, we use a honparametric two-
sample Kolmogorov—Smirnov (KS) test:

nodes inG. To reduce noise and ensure a more stable distribution, ignore nodes with degree
1 and end with the distributioB°= fd; 2 D j d; > 1g.

2. Synthetic graph generation:we construct a synthetic graf@ga using the Barabasi—Albert
model with the same number of nod€s,  BA(nh; m), wheren = jVj is the number of
nodes andan = 6 is the number of edges each new node adds during attachment, xed to the
same value as in our data generation. The degree sequence of the synthetic Digph is

3. Kolmogorov-Smirnov Two-Sample test:we perform a two-sample Kolmogorov—Smirnov
(KS) test to compare the empirical distribution functiondfandD ga

p-value=1 KS; sampled (D 0; Dga)
which evaluates the null hypothesidy : D®  Dga.

TPU Tiles For the TPU Tiles dataset, we report the percentage of valid Directed Acyclic Graphs
(DAGs) as our primary validity metric, re ecting our focus on accurately reconstructing acyclic
computational graphs.

Visual Genome As seen in Appendix E.3, by construction, object nodes can have outgoing edges to
relationship or attribute nodes but only receive incoming edges from relationship nodes. Relationship
nodes only have incoming edges from object nodes and send outgoing edges to objects. Finally,
attributes can only receive edges from object nodes and do not have any outgoing edges. Therefore,
to measure digraph validity we evaluate that the generated graphs verify these constraints.

F.2 Uniqueness and novelty

To evaluate the quality and novelty of generated graphs, we employ the usual metrics based on graph
isomorphism. In particular we measure the fraction of isomorphic graphs from the sampled set to the
train set (uniqueness) and the fraction of graphs from the sampled set that are not isomorphic to any
other in the same sampled set (novelty).

F.3 Maximum Mean Discrepancy metrics

For the different metrics, we adapt previous work froi3,[33]. We propose to measure both
out-degree and in-degree distributions, as well as clustering, spectre and walvelet. To measure the
clusteringcoef cient, we compute the distribution of directed local clustering coef cients using
networkx functionclustering() , which supports digraphs. For the spectral featuspstreand
wavele}, we derive the spectral features from the directed Laplacian [10]:

L=1 5 PP he dp 3 (36)
whereP is the random walk transition matrix andis the diagonal matrix of the Perron vectorff
This choice simpli es computations compared to alternatives such as the Magnetic Laplacian.

In addition, theorbit metric that was also computed i1 has not been adapted to the directed
setting as it relies on the Orbit Counting Algorithm (ORCA) which counts graphlets in networks but
is only implemented in the undirected setting. Therefore, adapting this metric to the directed setting
remains an open challenge.
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G Experimental details

G.1 Details on baselines

Maximum Likelihood Estimation (MLE) We de ne a simple baseline by estimating empirical
probabilities from the training dataset via maximum likelihood estimation. The following distributions
are computed:

1. Number of Nodes Distribution: Let n denote the nhumber of nodes in a graph. The
empirical distribution oven is given by:
Number of training graphs with nodes
Total number of training graphs
2. Node Class Distribution: Let ¢ be a node class. The empirical node class distribution is:
Number of nodes of class ]
Total number of nodes in all training graphs

3. Edge Type Distribution Conditioned on Node Pairs:Let (v;; v; ) be a pair of nodes such

P(n) =

Piv=1o¢)=

them (withK total edge types). The empirical conditional distribution is:
Number of edges of typk between(c,; ¢,)

P(eg = kjvi=cCavj = G)= P :
(& - o )= P Eozl Number of edges of typk? between(c,; c)

These distributions are stored and later used to construct graphs by rst sampling the number of
nodes, then sampling node types independently, and nally sampling edge types between each node
pair according to the conditional edge distribution.

D-VAE [77] This autoregressive method encodes and decodes directed acyclic graphs (DAGS)
using an asynchronous message passing scheme. Unlike standard graph neural networks (GNNSs),
which apply simultaneous message passing across all nodes and updates them all at once, D-VAE
updates nodes sequentially, allowing it to capture the computational ow within the graph rather than
just its structure. During generation, the DAG is built one node at a time in topological order, with
edges always directed toward newly added nodes ensuring the resulting graph remains acyclic. To
enable this process, input graphs must be topologically sorted before being processed by the model.

To reproduce this baseline, we adapted the code available in their and arranged both the
TPU Tiles and ER-DAG datasets to match the input format expected by the original model. We used
the same hyperparameter con gurations as suggested in the original paper to ensure consistency in
training, which happened for 500 epochs. After generation, we converted the output DAGs back into
the required format for compatibility with our evaluation metrics.

For ER-DAG, we tested two different learning rafi® 4 and10 °, and ended using the model with

10 5, which resulted in better V.U.N. results with a training time @min per epoch. For TPU

Tiles, due to the large size of the dataset and some of the graphs in it, it was impossible to perform a
training epoch in a reasonable time, as each of them was predicted to 18ke

LayerDAG [36] This autoregressive diffusion model generates DAGs by converting them into
sequences of bipartite graphs, effectively enabling a layer-wise tokenization suitable for autoregressive
generation. At each step, a layer-wise diffusion process captures dependencies between nodes that
are not directly comparable (i.e., not connected by a path). As with other autoregressive DAG models,
the input graphs must be topologically sorted to ensure correct processing.

To reproduce this baseline, we adopted the implementation from adapted the ER-DAG data to
the correct format ordering the graphs topologically, as TPU Tiles was already in the correct format.
We kept the hyperparameters from the default con gurations, including the number of epochs for
each of the elements of the model. After generation, we converted the output DAGs back into the
required format for compatibility with our evaluation metrics.

DiGress [63] To benchmark againfiGRESS we consider its directed version by simply removing

the symmetrization operations. This correspond3 ®ecTO-DD without dual attention and using
the Laplacian positional encoding.
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DeFoG [57] To benchmark againREFOG, we consider its directed version by again removing
the symmetrization operations. In this case this correspondsRBCTO without dual attention and
using the RRWP Positional encoding (without PPR).

G.2 Training setup

This section details the training hyperparameters used across all experiments presented in the main
text. Unless otherwise speci ed, the values reported below were used uniformly across all positional
encoding variants and ablation settings. In particular, we report the choices for the training, for the
positional encodings employed, and for the sampling.

Training The training hyperparameters used in our experiments are summarized in Table 5. These
settings were consistently applied across all training runs for battecTo andDIRECTO-DD (with

discrete diffusion). We trained each model for up to 10,000 epochs, stopping the runs based on
validation performance to account for variations in convergence behavior across datasets.

Table 5: Training and model hyperparameters used in all experiments.

Hyperparameter Value

Training Settings
Learning rate 0.0002
Weight decay 1 10 %
Optimizer AdamwW

Model Settings

Initial distribution Marginal
Train distortion Identity
Number of diffusion steps 500
Noise schedule Cosine
Number of layers 5
Hidden MLP dimensions X:256,E:128,y: 128
Transformer hidden dimensions  dy: 256,de: 64,dy: 64,Npeaqd: 8
Feedforward dims dipn, : 256, dim;  : 128, dim¢ ,: 128
Training loss weights (sain) [5, 0]

Positional encodings For RRWP, we set the walk length parameteKte= 20. For MagLap with
Q =5, we used equidistant potentias = (0; 0:1; 0:2; 0:3; 0:4). ForQ = 10, we selected again 10

and eigenvectors (padding with null values whenever the graphs had less than 10 nodes).

Sampling To perform sampling optimization, we conducted a targeted search over the three key
hyperparameters: the time distortion function, the target guidance fadtan(d the stochasticity

coef cient ( ). Each hyperparameter was varied independently, while the others were held at their
default values (identity distortion and= = 0). For computational ef ciency, all searches were
performed using 100 sampling steps, and each con guration was evaluated using ve independent
sampling runs to ensure robustness. An exception was made for the TPU Tiles dataset, where only a
single sampling run was performed per con guration due to the large size of the dataset and some
individual graphs.

Based on the outcome of this optimization, we selected the best-performing con gurations for each
combination of dataset and positional encoding, balancing the trade-off between V.U.N and ratio.
The optimal con gurations of the results reported in the main paper are summarized in Table 6. For
the nal evaluation, we performed ve sampling runs per con guration using 1000 sampling steps. In

all cases, the number of generated graphs matched the size of the test set (40 for synthetic datasets, 63
for Visual Genome), except for TPU Tiles, where we again limited the number of sampled digraphs

to 40 due to computational constraints.

For DIRECTO-DD we performed 500 sampling steps in all the different model con gurations.
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Table 6: Optimal sampling hyperparameters for each dataset and positional encoding variant.

Encoding Distortion !

ER-DAG
Baseline Polydec 2 10
RRWP Polydec 01 25
MagLap Polydec 0 100
SBM
Baseline Revcos 0.3 5
RRWP Polyinc  0.01 10
MagLap Polydec 0.01 10
TPU Tiles
Baseline Polydec 0.01 25
RRWP Polyinc 03 10

MagLap Polydec 0.4 50
Visual Genome

Baseline Cos 005 O
RRWP Polydec 0.3 100
MagLap Polydec 0.1 10

G.3 Resources and runtime

All experiments were conducted on a single NVIDIA A100-SXM4-80GB GPU. Table 7 summarizes
the runtime of the training and sampling stages across the different datasets. These timings re ect
the training time until best performance and the average sampling time per sample, for all the
con gurations reported in the main results forRECTO.

Table 7: Training and sampling runtimes for each dataset and positional encoding variant.

Encoding Training graphs  Training time (h) Graphs sampled Sampling time (min/sample)

ER-DAG
Baseline 128 13.6 40 0.125
RRWP 128 13.5 40 0.3
MagLap 128 14.4 40 0.8
SBM
Baseline 128 23.7 40 0.3
RRWP 128 13.7 40 0.5
MagLap 128 21 40 2.1
TPU Tiles
Baseline 5040 10 40 1.1
RRWP 5040 21 40 1.1
MagLap 5040 49 40 6.7
Visual Genome
Baseline 203 7.5 63 0.9
RRWP 203 9 63 11
MagLap 203 10 63 1.3

H Additional results

In this section, we present additional results that offer deeper insights into our model's performance
and design choices. Speci cally, we analyze the impact of the dual attention mechanism and the
choice of positional encoding, compare performance on ER and DAG accuracy metrics, examine how
dataset size in uences generation quality, and evaluate the effect of the sampling optimization step in
discrete ow matching.
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H.1 Synthetic datasets

Table 8 reports the results on ER-DAG, SBM and the real-world datasets. In the synthetic setting,
DIRECTO consistently achieves the best trade-off between sample quality and validity. For ER-DAG,
it achieves the highest validity score using directed RRWP as positional encoding, with a V.U.N.
ratio of 94%. Notably, whileeAYERDAG enforces acyclicity by design, it fails to capture the ER
distribution, as evidenced by its low V.U.N. score. For SBMReCTO also successfully captures the
distribution and consistently outperforms the baselines, achieving up to 95.5% in V.U.N. ratio and
low average graph statistics ratios.

Table 8: Directed graph generation performance for different con guratiolsRECTO. Results are
the mean standard deviation across ve sampling runs. We consid€edl10 for MagLap.

Model Out-degree#  In-degree# Clustering # Spectre# Wavelet# Ratio # Valid " Unique" Novel" V.UN."
Erdos-Renyi Directed Acyclic Graph (ER-DAG)

Training set 0.0113 0.0103 0.0355 0.0038 0.0024 1.0 99.2 100 0.0 0.0

MLE 0.0083 o0.0004 0.0089 o0.0003 0.1318 o0.0077 0.0823 o.0013 0.1162 o008 15.1 o2 0.0 oo 100 oo 100 oo 0.0 oo
D-VAE 0.6158 o0.0160 0.6246 00103 1.0509 000304 0.6160 00315 0.5432 00389 106.6 54 0.0 oo 100 oo 100 oo 0.0 oo
LAYERDAG 0.0750 o.697 0.1773 o0.0722 0.1842 00463 0.0159 o.0120 0.0218 o010 4.2 32 215 27 99.9 oo 100 oo 215 27
DIGRESS 0.0138 00035 0.0143 o00s0 0.1074 o009 0.0073 00017 0.0042 ooco1r 1.9 03 340 41 100 oo 100 oo 34.0 a1
DEFOG 0.0109 o019 0.0108 o0.0017 0.0540 o0.0112 0.0061 o.0008 0.0030 o0o000s 1.3 o1 675 16 100 oo 100 oo 67.5 16

DIRECTO-DD RRWP 0.0142 o.0040 0.0129 o0.0034 0.0408 o000s3 0.0055 o.0o0i0 0.0048 00014 1.4 03 79.0 37 100 oo 100 oo 79.0 37
DIRECTO-DD MaglLap 0.0145 o.0040 0.0134 00033 0.0582 o0.0083 0.0063 o0.0015 0.0034 ooco11 1.5 02 850 92 100 oo 100 oo 85.0 92

DIRECTORRWP 0.0107 o0.0019 0.0104 o0.0012 0.1209 o.01904 0.0054 00005 0.0043 oo0c0s 1.7 o1 940 10 100 oo 100 oo 94.0 10

DIRECTOMaglLap 0.0117 00014 0.0110 o0.0015 0.0711 o.o0120 0.0055 00016 0.0026 00004 1.3 o2 920 37 100 oo 100 oo 92.0 37
Stochastic Block Model (SBM)

Training set 0.0031 0.0031 0.0274 0.0027 0.0011 1.0 97.7 100 0.0 0.0

MLE 0.0020 o.0002 0.0020 o.0002 0.1973 o.0162 0.0087 o.0003 0.0508 o0.0009 11.6 02 0.0 oo 100 oo 100 oo 0.0 oo

DIGRESS 0.0037 00018 0.0038 o.0018 0.0722 00098 0.0045 00004 0.0142 00039 3.9 o9 415 51 100 oo 100 oo 415 s1

DEFOG 0.0036 o.0009 0.0034 00008 0.1276 o0.0065 0.0345 00028 0.0961 oo0o71 21.4 16 135 54 100 oo 100 oo 135 54

DIRECTO-DD RRWP 0.0036 o0.0019 0.0036 o0.0018 0.0592 o0.0027 0.0038 o.0007 0.0027 oo0c09 1.7 04 815 32 100 oo 100 oo 815 32
DIRECTO-DD MagLap 0.0037 o0.0019 0.0038 o0.0018 0.0450 o0.0037 0.0038 00006 0.0021 o0oo0s 1.5 04 955 37 100 oo 100 oo 955 37
DIRECTORRWP 0.0038 o.0011 0.0037 o0.0012 0.0492 00041 0.0035 o0.0007 0.0015 oo0c04 1.4 o2 87.0 s1 100 oo 100 oo 87.0 s1
DIRECTOMagLap 0.0039 o0.0012 0.0038 o.00i0 0.0654 o000s2 0.0038 00003 0.0039 00008 2.0 03 96.5 25 100 oo 100 oo 96.5 25

H.2 Real-world datasets

Table 9 shows the performance for the two real-world datasets. In TPU til&irallcTO variants

signi cantly outperform DAG generation baselines in terms of structure-aware metrics. The ratio
scores forDIRECTO are consistently and substantially lower than those observed in MLE, and
especially LayerDAG. This indicates a more realistic distribution. AgaiRgCTO variants achieve
higher V.U.N. than all baselines, with the exceptiorLefreRDAG, which bene ts from enforcing
acyclicity, the only validity constraint evaluated in this case. For Visual Genome, results reinforce the
versatility of DIRECTO. DIRECTO RRWP achieves the highest V.U.N. scores, indicating a superior
ability to generate diverse and novel graphs while maintaining structural delity.

Table 9: Directed graph generation performance on real-world graphs for different con gurations
of DIRECTO. Results are presented as meastandard deviation across ve sampling runs. We
considered) = 5 for the MagLap variants. OOT indicates that the model could not be run within a
reasonable timeframé.) indicates that isomorphism tests occasionally timed out, due to the large
size of some graphs in this dataset; such cases were excluded from the uniqueness computation.

Model Out-degree#  In-degree# Clustering # Spectre# Wavelet# Ratio # Valid " Unique " Novel"  V.UN."
TPU Tiles
Training set 0.0003 0.0003 0.0007 0.0006 0.0002 1.0 100 100 0.0 0.0
MLE 0.0354 00005 0.0878 o0.0014 0.0141 00006 0.0689 o0.0013 0.0407 oo0004 149.8 07 247 oo 999 oo 100 oo 24.7 oo
D-VAE ooT ooT ooT ooT ooT ooT ooT ooT ooT ooT
LAYERDAG 0.1933 o0.090s 0.2225 00395 0.1512 00522 0.0501 00206 0.0765 o0.0251 413.6 701 100 o0 995 10 985 30 985 30
DIGRESS 0.0084 00009 0.0726 00019 0.0020 00006 0.0033 00003 0.0018 o003 57.5 17 86.1 23 87.1X) s8 99.4 o6 70.9 34
DEFoG 0.0099 00012 0.0794 00023 0.0042 00027 0.0040 00005 0.0017 00003 63.7 26 86.3 22 87.7) 54 933 25 720 24

DIRECTO-DD RRWP 0.0093 o.0010 0.0767 00035 0.0015 o0.0013 0.0045 00007 0.0018 o0o000s 61.0 29 865 19 90.3 o8 99.6 o5 76.8 19
DIRECTO-DD MagLap  0.0115 o035 0.0703 00033 0.0103 0.0021 0.0076 o0.0007 0.0043 o004 64.3 53 865 51 905 33 100 oo 77.0 70

DIRECTORRWP 0.0133 00025 0.0859 00072 0.0136 00075 0.0086 ooco0 0.0038 ooooe 754 81 97.0 10 81.8) 45 965 12 77.0 29

DIRECTOMagLap 0.0039 00017 0.0376 00051 0.0211 o0.0117 0.0126 00022 0.0062 00009 44.0 71 905 33 905 46 975 32 80.5 46
Visual Genome

Training set 0.0018 0.0030 0.0000 0.0072 0.0036 1.0 100 100 0.0 0.0

MLE 0.0607 o0.0036 0.0474 00023 0.5342 00830 0.0535 00015 0.0399 00017 17.0 o6 0 o0 100 o0 100 oo 0 o0

DIGRESS 0.0654 00044 0.0389 00032 0.0008 o.0008 0.0416 00017 0.0225 00007 17.0 o6 0.3 o6 100 o0 100 oo 0.3 os

DeFoOG 0.0447 00044 0.0396 o0.0028 0.0002 00002 0.0122 00020 0.0089 00011 10.6 o8 39.6 28 100 o0 100 oo 39.6 28

DIRECTO-DD RRWP 0.0424 0.0043 0.0413 00037 0.0000 o.0000 0.0132 00053 0.0074 ooo0s 15.3 o8 727 39 100 o0 100 o0 727 39
DIRECTO-DD MaglLap 0.0245 00022 0.0359 o0.0036 0.0000 o0.0000 0.0163 00026 0.0086 00011 7.6 07 86.5 51 100 o.0 100 oo 61.9 44

DIRECTORRWP 0.0494 o0.0021 0.0425 00029 0.0000 o.0000 0.0226 00075 0.0228 o.00s8 12.8 o6 86.0 45 98.4 17 99.3 o7 83.8 43
DIRECTOMagLap 0.0180 o0.0024 0.0302 o0.0040 0.0000 00000 0.0142 00021 0.0099 00013 6.2 o5 676 36 99.7 o6 99.7 o6 67.0 a3
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H.3 The role of dual attention

To assess the impact of the dual-attention mechanism in our model, we conduct an ablation study in
which we remove the cross-attention between edge features and their transposes. This mechanism
is designed to capture both source-to-target and target-to-source interactions, which are critical for
modeling directional dependencies in directed graphs. By disabling dual attention, we isolate its
contribution to generation quality, particularly in terms of validity, expressiveness, and generalization.
We compare the full model with its ablated variant across model combinations to quantify the
importance of this component.

DIRECTO Table 10 presents ablation results highlighting the impact of the dual attention mecha-
nism in our method. The results are presented for two datasets: ER-DAG and SBM.

Table 10: Directed Graph Generation performance across different transformer architectures using
discrete ow matching.

Dataset  Model Out-degreet  In-degree#  Clustering # Spectre# Wavelet# Ratio # Valid " Unique™ Novel”  V.UN."
No PE 0.0078 o.0008 0.0078 o.0010 0.1293 00024 0.0735 00023 0.0874 00030 12.2 04 0.0 oo 100 oo 100 oo 0.0 oo
No PE - Dual 0.0109 0.0012 0.0110 00012 0.0807 00147 0.0073 o0.0007 0.0215 00017 3.0 02 47.0 121 100 oo 100 oo 47.0 121

ER-DAG RRWP 0.0109 o.0019 0.0108 00017 0.0540 o012 0.0061 o000 0.0030 oooos 1.3 o1 675 16 100 oo 100 oo 67.5 16
RRWP -Dual  0.0107 00019 0.0104 00012 0.1209 o.0194 0.0054 00005 0.0043 oooos 1.7 o1 940 10 100 oo 100 oo 94.0 10
MagLap 0.0113 o0.0024 0.0110 oo0o1s 0.1196 o017 0.0061 oo0o11 0.0029 o000 1.7 o2 740 44 100 oo 100 oo 74.0 44
MagLap - Dual  0.0110 0.0017 0.0116 o0.0021 0.0509 00017 0.0062 o0.0014 0.0027 00005 1.3 02 91.0 25 100 oo 100 oo 91.0 25
No PE 0.0038 o0.0021 0.0040 o0.0020 0.1912 00178 0.0975 00028 0.0961 00071 20.5 20 0.0 oo 100 oo 100 oo 0.0 oo
No PE - Dual 0.0038 0.0011 0.0037 o.0010 0.0638 o000s9 0.0037 o.0003 0.0127 ooois 3.5 04 485 64 100 oo 100 oo 485 64

SBM RRWP 0.0036 0.0009 0.0034 00008 0.1276 00065 0.0345 00028 0.0961 ooo71 21.4 16 135 54 100 oo 100 oo 135 s4
RRWP -Dual ~ 0.0038 00011 0.0037 o001z 0.0492 00041 0.0035 00007 0.0015 oooo4a 1.4 o2 87.0 51 100 oo 100 oo 87.0 51
MagLap 0.0033 o0.0008 0.0034 00008 0.1356 o0.0118 0.0481 00022 0.1250 00017 27.7 43 215 20 100 oo 100 oo 21.5 20

MagLap - Dual  0.0039 o.0011 0.0036 o0.0010 0.0653 o0.0026 0.0033 o0.0003 0.0038 ooo10 1.9 03 77.0 76 100 oo 100 oo 77.0 76

In particular, we observe that, across both datasets, the inclusion of the dual attention mechanism
consistently improves the validity of the generated graphs and reduces structural discrepancies as
measured by clustering, spectral, and wavelet distances. In the ER-DAG setting, models with dual
attention (e.g., RRWP-Dual and MagLap-Dual) signi cantly outperform their non-dual counterparts

in validity—achieving up to 94% validity with RRWP-Dual and 91% with MagLap-Dual, compared to

just 67.5% and 74%, respectively. These models also demonstrate better structural delity, particularly
in clustering and spectral metrics. A similar trend is observed in the SBM dataset, where dual attention
boosts validity (e.g., RRWP-Dual: 87%, MagLap-Dual: 77%). These results demonstrate how
incorporating bidirectional information ow into the attention mechanism contributes to improved
model performance and provides insight into the effectiveness of this architectural component.

DIRECTO-DD Table 11 shows a second ablation assessing the contribution of the dual attention
mechanism within the discrete diffusion framework. In this case, we see a similar pattern to that
observed under discrete ow matching: the incorporation of dual attention leads to consistent gains
in graph validity across both ER-DAG and SBM datasets. Models augmented with dual attention not
only produce more valid graphs but also exhibit improved alignment with structural statistics such as
clustering, spectre, and wavelet.

Table 11: Directed Graph Generation performance across different transformer architectures using
discrete diffusion.

Dataset  Model Out-degreg#  In-degree#  Clustering # Spectre# Wavelet# Ratio# Valid" Unique” Novel" V.UN."
No PE 0.0094 o0.0024 0.0095 00023 0.1221 00122 0.0814 00030 0.1094 oooss 14.4 o8 0.0 oo 100 oo 100 oo 0.0 oo
No PE - Dual 0.0149 00037 0.0138 o0.0035 0.1256 o.0088 0.0089 o.0018 0.0106 00014 2.6 03 53.0 29 100 oo 100 oo 53.0 29
ER-DAG RRWP 0.0147 o.0038 0.0139 o.0038 0.0985 o0.0154 0.0067 o0.0009 0.0038 00009 2.1 03 420 10 100 oo 100 oo 42.0 10
RRWP - Dual 0.0142 00040 0.0129 o0.0034 0.0408 o0.0053 0.0055 o.0010 0.0048 o004 1.4 03 79.0 37 100 oo 100 oo 79.0 37
MagLap 0.0144 oo0040 0.0135 00038 0.0792 o0.0126 0.0071 o0.0012 0.0036 00011 1.6 03 59.0 68 100 oo 100 oo 59.0 &8
MagLap - Dual  0.0142 00044 0.0135 00034 0.0438 00071 0.0057 00013 0.0046 oooi0 1.4 03 69.0 64 100 oo 100 oo 69.0 64
No PE 0.0038 o0.0021 0.0040 00020 0.1912 00177 0.0120 00019 0.0975 ooos1 20.5 20 0.0 oo 100 oo 100 oo 0.0 oo
No PE - Dual 0.0037 0.0020 0.0039 o.0019 0.0721 o0.0059 0.0055 o0.0007 0.0403 00067 8.8 13 350 91 100 oo 100 oo 350 91
SBM RRWP 0.0038 o0.0019 0.0038 o0.0018 0.1085 o0.020s 0.0088 o0.0009 0.0359 00043 85 03 4.0 20 100 oo 100 oo 4.0 20
RRWP - Dual 0.0036 0.0019 0.0036 o0.0018 0.0592 o0.0027 0.0038 o.0007 0.0027 00009 1.7 o4 815 32 100 oo 100 oo 815 32
MagLap 0.0038 o.0019 0.0039 00019 0.0186 o0.0046 0.0043 o0.0006 0.0543 o007z 11.3 16 10.0 42 100 oo 100 oo 10.0 a2

MagLap - Dual  0.0035 ooo1e 0.0036 oooie 0.0670 o003z 0.0045 oooos 0.0033 00023 1.9 04 665 41 100 oo 100 oo 66.5 41

H.4 The role of positional encodings

To evaluate the importance of positional encodings in our model, we perform an ablation study
comparing different options. Directed graphs lack a canonical node ordering, making positional
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information crucial for capturing structural context. We test several variants, including no positional
encoding, encodings that do not take into accounts directed information, and then different directed
positional encodings. This analysis isolates how each encoding contributes to the model's ability to
generate valid and semantically meaningful graphs. We report performance across synthetic datasets
for both discrete diffusion and ow matching.

DIRECTO Table 12 presents an ablation study analyzing the impact of various positional encoding
(PE) strategies on directed graph generation performance under the discrete ow matching framework.
This evaluation highlights the critical role of positional information in enabling models to capture the
asymmetric and hierarchical structure inherent to directed graphs.

Table 12: Directed Graph Generation performance across different positional encodings using discrete
Flow Matching.

Dataset  Model Out-degree#  In-degree#  Clustering # Spectre# Wavelet# Ratio#  Valid " Unique” Novel"  V.UN."
No PE 0.0109 00012 0.0110 o.0012 0.0807 o0.0147 0.0073 00007 0.0215 o0.0017 3.0 02 47.0 121 100 oo 100 oo 47.0 121
Lap 0.0119 oo0020 0.0115 o.0025 0.1272 o0.0224 0.0047 o.0009 0.0048 00005 1.8 oo 84.0 49 100 oo 100 oo 84.0 49

ER-DAG RRWP 0.0107 oo0019 0.0104 00012 0.1209 o0.0194 0.0054 00005 0.0043 oocos 1.7 o1 940 10 100 oo 100 oo 94.0 10
MagLap 0.0110 o.0017 0.0116 o0.0021 0.0509 00017 0.0062 00014 0.0027 00005 1.3 o2 91.0 25 100 oo 100 oo 91.0 25

MagLap Q =5) 0.0112 o.0015 0.0107 00022 0.0527 00059 0.0056 o0.0009 0.0032 00006 1.3 02 91.5 25 100 oo 100 oo 915 25
MagLap Q =10) 0.0117 o.0014 0.0110 00015 0.0711 o0.0120 0.0055 o0.0o16 0.0026 00004 1.3 02 92.0 37 100 oo 100 oo 92.0 37

No PE 0.0038 o0.0011 0.0037 o.0010 0.0638 o0.00s9 0.0037 00003 0.0127 ooco1e 3.5 04 485 64 100 oo 100 oo 485 64
Lap 0.0040 o.0012 0.0038 o0.0011 0.0552 00042 0.0048 o0.000g 0.0044 00008 2.1 03 715 41 100 oo 100 oo 71.5 41
SBM RRWP 0.0038 o0.0011 0.0037 00012 0.0492 00041 0.0035 o0.0007 0.0015 00004 1.4 o2 87.0 51 100 oo 100 oo 87.0 s1
MagLap 0.0039 o0.0011 0.0036 00010 0.0653 00026 0.0033 o0.0003 0.0038 00010 1.9 03 77.0 76 100 oo 100 oo 77.0 76

MagLap Q@ =5)  0.0039 o.0010 0.0038 00011 0.0748 00028 0.0041 o.000s 0.0070 oo015 2.6 02 925 22 100 oo 100 oo 925 22
MagLap Q =10) 0.0039 o.0012 0.0038 00010 0.0654 o0.0052 0.0038 00003 0.0039 00008 2.0 03 96.5 25 100 oo 100 oo 96.5 25

Overall, the inclusion of any form of positional encoding signi cantly improves generation validity
compared to the baseline with no PE. Among the methods tested, directed encodings like RRWP and
magnetic Laplacian-based variants demonstrate particularly strong performance. These encodings
consistently enhance graph validity and reduce MMD ratio in both datasets. Notably, the MagLap
variant with multiple potentials@ = 10) achieves the best results in terms of validity and structural
delity, although resulting in a higher computational cost.

Interestingly, although classical Laplacian encodings (Lap) also play a role in increasing the V.U.N.
ratio, they obtain worse results than the directed counterparts, emphasizing that for directed generation
tasks, the choice of positional encoding is not merely a design detail but a relevant architectural
decision that affects model success.

DIRECTO-DD Table 13 presents an ablation study assessing the in uence of various positional
encodings within the discrete diffusion framework across four synthetic datasets: SBM, ER-DAG,
ER, and Price's model.

Table 13: Directed Graph Generation performance across different positional encodings using discrete
diffusion.

Dataset  Model Out-degree#  In-degree# Clustering # Spectre# Wavelet# Ratio#  Valid" Unique" Novel" V.UN."
No PE 0.0149 00037 0.0138 00035 0.1256 o.00ss8 0.0089 o.0018 0.0106 00014 2.6 03 53.0 29 100 oo 100 oo 53.0 29
Lap 0.0138 o0.0038 0.0144 o0.0042 0.0462 o0.0071 0.0055 o0.0011 0.0052 00015 1.5 03 67.0 s3 100 oo 100 oo 67.0 53
ER-DAG RRWP 0.0142 00040 0.0129 00034 0.0408 00053 0.0055 o.0o010 0.0048 o004 1.4 03 79.0 37 100 oo 100 oo 79.0 37

MagLap 0.0142 o0.0044 0.0135 0.0032 0.0438 o0.0071 0.0057 0.0013 0.0046 o000 1.4 03 69.0 64 100 oo 100 oo 69.0 6.4
MagLap Q =5) 0.0135 00032 0.0140 0.0045 0.0596 00081 0.0061 o.0007 0.0037 00017 1.4 o2 785 25 100 oo 100 oo 785 25
MagLap Q =10) 0.0145 ooo40 0.0134 00033 0.582 00083 0.0063 00015 0.0034 o0o01r 1.5 02 850 92 100 oo 100 oo 850 92

No PE 0.0037 00020 0.0039 00019 0.0721 00059 0.0055 o0.0007 0.0403 00067 88 13 350 o1 100 oo 100 oo 350 91
Lap 0.0037 o0.0020 0.0038 00017 0.0531 o0.0042 0.0038 o0.0006 0.0106 00009 1.4 04 81.0 37 100 oo 100 oo 81.0 37
SBM RRWP 0.0036 o0.0019 0.0036 00018 0.0592 00027 0.0038 o0.0007 0.0027 00009 1.7 o4 815 32 100 oo 100 oo 815 32
MagLap 0.0035 0.0018 0.0036 0.0018 0.0670 0.0032 0.0045 o0.0008 0.0033 00013 1.9 04 665 21 100 oo 100 oo 66.5 41
MagLap Q =5) 0.0039 00021 0.0038 o0.0018 0.0504 00011 0.0047 o006 0.0065 o0.0018 2.4 04 92.0 19 100 oo 100 oo 92.0 19
MagLap Q =10) 0.0037 oo0o19 0.0038 00018 0.0450 00037 0.0038 00006 0.0021 00009 1.5 04 955 37 100 oo 100 oo 955 37
No PE 0.0039 00022 0.0038 00023 0.0486 00039 0.0039 o0.0009 0.0030 00019 2.8 14 100 oo 100 oo 100 oo 100 oo
Lap 0.0022 o.0014 0.0021 o0.0014 0.0479 o.00s8 0.0037 00013 0.0017 ooo0 1.8 09 995 10 100 oo 100 oo 99.5 10
ER RRWP 0.0021 oo0013 0.0021 00013 0.0505 00037 0.0033 00013 0.0018 oocor0 1.8 o8 995 10 100 oo 100 oo 995 10
MagLap 0.0021 o.0013 0.0021 o0.0013 0.0515 o0.00s5 0.0029 o.0004 0.0019 o001z 1.8 o8 99.0 12 100 oo 100 oo 99.0 12
MagLap Q =5) 0.0022 o.0014 0.0021 0.0014 0.0456 o.00e8 0.0029 o.0006 0.0017 00010 1.8 09 100 oo 100 oo 100 oo 100 o0
No PE 0.0149 00020 0.0011 00002 0.0524 00030 0.0041 o.0004 0.0017 00000 2.9 o1 925 16 100 oo 100 oo 925 16
Lap 0.0219 o0.0030 0.0010 o000z 0.0725 o.0016 0.0476 o0.003 0.0124 00020 16.2 20 99.0 12 100 oo 100 oo 99.0 12
Price RRWP 0.0231 o0.0034 0.0010 o.0002 0.0837 00022 0.0619 00048 0.0123 00027 17.0 28 99.0 12 100 oo 100 oo 99.0 12
MagLap 0.0232 0.0013 0.0012 o0.0001 0.0752 o0.0028 0.0531 o0.0059 0.0126 o0.0019 16.8 21 97.5 22 100 oo 100 oo 97.5 22

MagLap Q =5) 0.0191 o0031 0.0010 o0.0001 0.0653 o.0118 0.0239 00023 0.0044 00016 6.8 17 99.5 10 100 oo 100 oo 99.5 10

We observe that that ER and Price graphs, due to their simplicity and highly regular generative
processes, pose a relatively easy modeling challenge. As a result, performance is consistently high
across all variants, including the baseline with no positional encoding. In contrast, the SBM and
ER-DAG datasets present more intricate structural patterns, which amplify the bene ts of informed
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positional encodings. In these cases, clear performance gaps emerge between the baseline, non-
directed encodings (e.g., Lap), and directed-aware methods such as RRWP and MagLapPE.

These differences highlight the importance of encoding directionality to faithfully capture the dis-
tribution of more structurally diverse directed graphs. For this reason, in the main paper we focus
our synthetic evaluations on SBM and ER-DAG, where the modeling challenge is suf ciently rich to
reveal the comparative strengths of different modeling strategies.

H.5 ER vs DAG performance

To evaluate the structural quality of generated synthetic directed acyclic graphs, we de ned a
composite validity metric that captures two key properties: (i) the percentage of generated graphs
that are Directed Acyclic Graphs (DAGSs), and (ii) the percentage that follow the target structural
distribution (e.g. Erds-Renyi). The validity score is computed as the proportion of generated graphs
that satisfy both criteria. For completeness, we also report each component individually to disentangle
the contributions of acyclicity and distributional alignment.

Table 14: ER vs DAG accuracy

Model % DAG % ER Valid

Training set 100 99.2 99.2

MLE 0.0 o0 97.0 212 0.0 o0
D-VAE 100 oo 0.0 oo 0.0 oo
LAYERDAG 100 oo 215 27 215 27
DIGRESS 350 42 985 20 34.0 a1
DEFOG 215 27 100 oo 215 27
DiIrReCcTO-DD RRWP 79.0 37 100 oo 79.0 37
DIRECTO-DD MagLap @ =10) 86.0 94 99 12 85.0 102
DIRECTORRWP 94.0 10 100 oo 94.0 10
DIRECTOMagLap Q = 10) 995 10 925 27 920 37

As shown in Table 14, baselines such as MLE amdERDAG exhibit a stark imbalance: while
LAYERDAG guarantees acyclicity, both fail to model the target ER distribution, resulting in low
overall validity. On the other hand, MLE closely aligns with the distribution but fails to generate
acyclic graphs.

In contrast, diffusion- and ow matching—based methods paired with dual attention and relevant
directed positional encodings achieve strong performance on both fronts, demonstrating their ability to
generate structurally valid DAGs that also align with the underlying data distribution. This highlights

the limitations of purely autoregressive or heuristic DAG-speci ¢ approaches when used in isolation.

H.6 Scalability experiments

In this section, we investigate the scalability of our method with respect to three key axes: dataset size,
parameter ef ciency, and graph size. These experiments are designed to disentangle the contributions
of data availability, architectural choices, and input complexity to the overall generative performance,
providing a clearer understanding of the trade-offs between accuracy, ef ciency, and computational
cost in our framework.

Effect of dataset size To evaluate the effect on the number of graphs available at training time, we
conduct an ablation study using the synthetic ER-DAG dataset in two con gurations: the standard
size and a variant with 20more training, test, and validation samples. This setup allows us to assess
whether the method encodings bene t from increased data. We compare the different positional
encodings for discrete diffusion using dual attention, with results in Table

Table 15: Effect of the dataset size (usincRBCcTo-DD).

Dataset  Model Out-degreet In-degree#  Clustering # Spectre# Wavelet # Ratio#  Valid" Unique" Novel" V.UN."
Train set 0.0113 0.0103 0.0355 0.0038 0.0024 1.0 99.2 100 0.0 0.0
Lap 0.0138 o0.0038 0.0144 o0042 0.0462 o0.0071 0.0055 00011 0.0052 00015 1.5 03 67.0 53 100 oo 100 oo 67.0 53

Standard RRWP 0.0142 oo040 0.0129 00034 0.0408 00053 0.0055 00010 0.0048 o004 1.4 o3 79.0 37 100 oo 100 oo 79.0 37
MagLap 0.0142 00044 0.0135 00034 0.0438 00071 0.0057 00013 0.0046 ocoi0 1.4 03 69.0 64 100 oo 100 oo 69.0 64
MagLap Q =5) 0.0135 00032 0.0140 o0.0045 0.0596 o0.0081 0.0061 o0.0007 0.0037 oo0017 1.4 o2 785 25 100 oo 100 oo 785 25
Train set 0.0002 0.0003 0.0021 0.0004 0.0000 1.0 99.9 100 0.0 0.0
Lap 0.00035 o.0007 0.0032 o0.0008 0.0261 o0.0025 0.0024 o0.0003 0.0006 oo0c01 10.5 13 855 24 100 oo 100 oo 855 24

x 10 RRWP 0.0030 o.0008 0.0031 00006 0.0277 00075 0.0024 00004 0.0006 o000z 10.1 22 94.0 44 100 oo 100 oo 94.0 44
MagLap 0.0030 o0.0006 0.0033 o0.0005s 0.0305 o.00s1 0.0025 o0.000s 0.0007 ooc03 14.5 24 895 37 100 oo 100 oo 895 37

MagLap Q =5) 0.0031 o000 0.0028 o0.0006 0.0237 00028 0.0022 o0.0006 0.0008 o001 9.6 16 935 25 100 oo 100 oo 935 25
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Overall, we see that increasing the dataset size signi cantly improves generation performance across
all positional encoding variants, con rming that additional training data helps models better capture
structural patterns. However, this performance gain comes at the cost of substantially longer training
times and greater computational demand 2h for the standard dataset v82h for the bigger
version). These trade-offs motivate our focus on architectural innovations such as employing discrete
ow matching as more ef cient alternatives to scaling purely through data and compute.

Effect of model size (parameter ef ciency) We next evaluate parameter ef ciency by contrasting

our dual-attention mechanism with an alternative approach that scales model capacity by doubling the
number of parameters. Dual attention increases the parameter space by introducing two adjacency-
based attention heads, each specialized for handling edge directionality. To ablate for model size, we
compare against a baseline in which the architecture is widened to match the parameter count, but
without dual-attention.

Table 16: Directed Graph Generation performance for the dual attention architecture versus doubling
the depth of the network without using the dual attention mechanism.

Dataset  Model Out-degreg#  In-degree#  Clustering # Spectre# Wavelet# Ratio# Valid" Unique" Novel" V.UN."
RRWP - Double ~ 0.0129 0.0020 0.0130 o0o001s 0.1741 00200 0.0107 oo0co7 0.0020 o0vos 4.9 o2 72.0 98 100 oo 100 oo 72.0 98
ER-DAG RRWP -Dual 0.0107 00019 0.0104 o002 0.1209 00194 0.0054 o0000s 0.0043 oooos 1.7 o1 940 10 100 oo 100 oo 94.0 10

MagLap - Double  0.0131 00019 0.0118 00022 0.1237 00217 0.0095 00030 0.0020 o008 4.3 o7 80.0 63 100 oo 100 oo 80.0 63
MagLap - Dual 0.0110 o0.0017 0.0116 o0.0021 0.0509 00017 0.0062 00014 0.0027 00005 1.3 02 91.0 25 100 oo 100 oo 91.0 25

RRWP - Double 0.0083 0.0024 0.0081 00025 0.1789 00107 0.0084 o0.0014 0.0084 00067 27.1 23 0.0 oo 100 oo 100 oo 0.0 oo
RRWP - Dual 0.0038 0.0011 0.0037 00012 0.0492 00041 0.0035 00007 0.0015 00004 1.4 o2 870 s1 100 oo 100 oo 87.0 51

MagLap - Double  0.0081 0.0025s 0.0079 o0.0020 0.1799 00097 0.0307 o0.00s2 0.0723 00156 24.8 46 6.0 49 100 oo 100 oo 6.0 a9
MagLap - Dual 0.0039 0.0011 0.0036 o0.0010 0.0653 00026 0.0033 00003 0.0038 00010 1.9 03 77.0 76 100 oo 100 oo 77.0 76

SBM

As shown in Table 16, this baseline fails to recover the correct edge distribution, particularly in
more challenging regimes such as SBM graphs. In contrast, the dual-attention model achieves
substantially higher delity, demonstrating that our architecture leverages parameters more effectively
by embedding structural inductive bias rather than merely increasing model scale.

Effect of node size We nally investigate how the method scales with increasing graph size by
conducting experiments on ER-DAG datasets ranging from 80-150 up to 200-250 nodes (see Table
for dataset statistics). Due to the poor scalability of MultMagLap encodings, we restrict this ablation
to RRWP and MagLap positional encodings, with the largest graphs (200—250 nodes) evaluated only
under RRWP. Training and sampling times, together with generation quality, are reported in Table
Importantly, the computational overhead introduced by dual attention remains bounded by a constant
factor of two and does not affect the overall asymptotic complexity, which matches that of standard
graph transformers.

Table 17: Dataset statistics for the synthetic experiments with larger graph size (nodes and edges).

Min. nodes Max. nodes Avg. nodes Min. edges Max. edges Avg. edges

80 150 117 1866 6699 4170
150 200 173 6643 11851 9046
200 250 225 11982 18645 15148

In terms of positional encodings, MagLap exhibits clear scalability limitations, both in runtime
and performance, whereas RRWP features scale considerably better, consistent with prior ndings
(e.g., Appendix G.4 of DeFoG>}]). Regarding generative performance, DIRECTO demonstrates
strong distributional delity across node sizes, as re ected in the Ratio and distributional validity
scores. However, ensuring strict acyclicity becomes increasingly challenging at scale: a single
misplaced edge can violate the constraint entirely, and the risk grows quadratically with the number
of nodes. This highlights the inherent dif culty of enforcing global constraints in large directed
graphs, motivating future work on more robust inductive biases for acyclicity preservation.

Table 18: Scaling performance ofiRecTo on ER-DAG datasets of increasing node size.

Model Out-degree#  In-degree# Clustering # Spectre#t Wavelet# Ratio# Valid" Unique” Novel" V.U.N." Train(h) Min/sample
80-150 (RRWP) 0.0045 00001 0.0044 00008 0.3233 00676 0.0010 00003 0.0003 00001 3.7 o5 535 30 100 oo 100 oo 53.5 30 22 0.285
80-150 (MagLap)  0.0040 00005 0.0044 00005 0.3382 00361 0.0015 00002 0.0007 o000z 4.2 03 45.0 71 100 oo 100 oo 45.0 71 26 0.940
150-200 (RRWP) 0.0034 00002 0.0031 o0.0002 0.1570 00496 0.003 o0.0000 0.0000 oocooo 1.7 03 60.0 s 100 oo 100 oo 60.0 s9 28 0.555
150-200 (MagLap) 0.00310.000s 0.0031 o0.0004 0.6691 o0.0ss8 0.0004 o.0000 0.0001 00001 3.2 04 345 19 100 oo 100 oo 34.5 19 38 1.365
200-250 (RRWP) 0.00340.0002 0.0033 0.0003 0.0411 o.0178 0.0003 o.0000 0.0000 ooo00 1.9 03 2.0 24 100 oo 100 oo 2.0 24 40 0.645
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H.7 Impact of sampling optimization using discrete ow matching

To better understand the in uence of the three sampling hyperparameters discussed in Appendix
time distortion, stochasticity coef cient §, and target guidance factdr) on generative performance,

we analyze their effect on the V.U.N. and the structural ratio. Speci cally, we present performance
curves for the four primary datasets reported in the main results table: SBM, RRWP, TPU Tiles, and
Visual Genome. For each dataset, we evaluate the impact of these parameters under two positional
encoding strategies: RRWP and MagLap. We report the results for 100 sampling steps and 5 different
runs (except for TPU Tiles where only 1 run was performed due to computational constraints).

(a) ER-DAG dataset with RRWP positional encoding

(b) ER-DAG dataset with MagLap) = 10) positional encoding

(c) SBM dataset with RRWP positional encoding

(d) SBM dataset with MagLapg) = 10) positional encoding

Figure 4: Sampling optimization curves for the synthetic datasets with 100 sampling steps and 5
sampling runs. We represent V.U.N. (blue) and MMD ratio (purple) and optimize for best trade-off
for each of the three parameters individually.

The results for the synthetic datasets in Figure 4 illustrate that the sampling hyperparameters mean-
ingfully in uence the generative performance. We observe that different values can lead to notable
variations in both V.U.N. and the structural ratio. However, a higher V.U.N. does not necessarily
correspond to a lower ratio. While certain con gurations tend to perform well across both RRWP
and MagLap positional encodings, the improvements are generally modest, suggesting that optimal
settings may vary slightly depending on the dataset and positional encoding strategy used.

A similar pattern is observed in the results for the real-world datasets (TPU Tiles and Visual Genome),
as shown in Figure 5. The sampling hyperparameters continue to affect generation performance,
and there is no clear one-to-one relationship between V.U.N. and ratio. As with the synthetic
datasets, some hyperparameter combinations show slightly more consistent behavior across positional
encodings, but overall, the best hyperparameters combination remain dependent on the dataset and
positional encoding used.

30



(a) TPU Tiles dataset with RRWP positional encoding

(b) TPU Tiles dataset with MagLag)(= 10) positional encoding

(c) Visual Genome dataset with RRWP positional encoding

(d) Visual Genome dataset with MagLap € 10) positional encoding

Figure 5: Sampling optimization curves for the synthetic datasets with 100 sampling steps and 5
sampling runs. We represent V.U.N. (blue) and MMD ratio (purple) and optimize for best trade-off
for each of the three parameters individually.

| Iterative Re nement Methods for Graph Generation
I.1 Graph iterative re nement methods

Graph generative models aim to learn the underlying probability distribution over graphs that produced
a given dataset, enabling the generation of new samples that preserve the structural patterns and
properties of the training graphs.

Within this eld, discrete state-space iterative re nement approaches/[), 57, 57] have emerged as

a powerful framework for capturing the intricate dependencies that govern target graph distributions.
These methods achieve state-of-the-art performance by naturally aligning with the structure of graphs:
they operate directly in discrete state spaces, matching the inherent discreteness of adjacency matrices,
and respect node permutation equivariances due to their one-shot prediction formulation. These
characteristics make iterative re nement approaches particularly well-suited for digraph generation.

These methods comprise two main processes: a noising process and a denoising process. For
consistency, we de né= 0 as corresponding to fully noised graphs @rel1 to clean graphs. The

noising process runs from= 1 tot = 0, progressively corrupting the original graphs, while the
denoising process learns how to reverse this trajectory, runningtfrottot = 1.

Denoising is performed using a neural network parametrized by

; - (), (n) S (X (D .
Puc(iG) = Py (a7 0G5 Py (&0 TIG) @37)
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which predicts categorical distributions over nodes and edges given a noised=grdplpractice,
pljt( jGt) is parameterized using a graph transformer such s \hich allows for expressive
modeling of complex graph structures. The network is trained using a cross-entropy loss applied

independently to Sach node and each edge: 3

4 X () () X D) A0 5
L = Ec .6, log p,;" xi" j Gy log pj;” " & jGt 25  (38)
n i6]j

where the expectation is taken over titneampled from a prede ned distribution o, 1] (e.qg.,
uniform); G;  p1(Gy) is a clean graph from the dataset; &bd p;(G;jGy) is its noised version

at timet. The hyperparameter 2 R* controls the relative weighting between node and edge
reconstruction losses. Once the denoising network is trained, different graph iterative re nement
methods vary in how they leverage the prediqlxgg( jGt) to progressively recover the clean graphs.

I.2 Discrete ow matching for graph generation

Among graph iterative re nement methods, Discrete Flow Matching (DFM)L{] has recently
emerged as a particularly powerful framework. By decoupling the training and sampling processes,
DFM enables a broader and more exible design space, which has been shown to improve generative
performance. This framework has proven particularly effective for undirected graph genetation [

The noising process in DFM is de ned as a linear interpolation between the data distribution and
a pre-speci ed noise distribution. This interpolation is applied independently to each variable,
corresponding to each node and each edge in the case of graphs:

PO P xi) =t (M x M)+ @ 1) psdx(™); (39)

where ( ;) is the Kronecker delta angl,,. is a reference distribution over node categories. A
similar construction is used for edges. Therefore, the complete noising process corresponds to
independently noising each node and edge thrquiﬁgmndpﬁ.l, respectively.

The denoising process aims to reverse the noising trajectory, runningd frabntot = 1. It leverages
(n)

a denoising neural network, parametrized byhich is trained to predict the clean noﬂﬁ and
edgep1 (1) distributions given a noisy graph, aggregated as:
; — (n) (g (M) . (5 ) gl ) .
Py (J1G1) = pm (X317 JGt) LN pl]t (e1 Gt) Lisj N (40)
This network is treéined using a cross-entropy loss independently to each node aréd each edge:
4 X (n () X () G 5
L = Eic.6, log py;"™ X" j G log pj;" " € jG 2 (41)
n i6]

where the expectation is taken over tilmesampled from a prede ned distribution oV 1] (e.qg.,
uniform); G;  p1(G,) is a clean graph from the dataset; &dd p:(G;jG,) is its noised version

at timet [52]. The hyperparameter2 R* controls the relative weighting between node and edge
reconstruction losses.

Then, DFM models the denoising process as a Continuous-Time Markov Chain (CTMC). Starting
from an initial distributionpg, the generative process evolves according to:

P+ 4jt(Gt+ t]Gt) = (Gi;Gis 1)+ Re(Gi; Gev t)dt; (42)

whereR is the CTMC rate matrix. In practice, this update is approximated over a nite intertjal
in an Euler method step, with the rate matrix estimated from the network predipqgmsj Gy) via:
h

R(n)(x(n) XEQ) i X(ln)) (43)

. — X n(n). n(n)
Rt(thGt+ t)_ (G G t) Epin(n)(xg_n)je‘t)

){1 h i
nii ). g ) . () (ol ) i) A0y
+ - (G G )Epl;n(l;l)(e(llzj )161) R ( et+ tJel ) ; (44)
16]
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where theG"(%) denote the full grapls except variabla (node or edge). The Knonecker deltas

ensure that each variable-speci c rate matﬁ')%'f) or RE” ) is applied independently at each node
and edge, respectively. Finally, each node-speci ¢ rate matrix is de ned as:

i
ReLU @py1(x{? jx{")  @pyr(x{™ j x{")
= ™ oM o @9)
X{7 pa(Xe 7 iX17)

Re(x(™;x™  jx{My =

t+
n 0
for each node (™, wherex 7%= x{™ : ptjl(xf”) ix!™)> 0 . Ananalogous de nition applies
for edge rate matrices.

1.3 Discrete diffusion for graph generation

Among discrete diffusion-based models for undirected graph§RESS[63], grounded in the
structured discrete diffusion framewor¥][ has been particularly in uential. This approach mostly
differs from the DFM-based formulation described in Appendix |.2, as it operates in discrete time,
with the denoising process modeled as a Discrete-Time Markov Chain (DTMC), in contrast to the
continuous-time formulation used in DFM.

The forward, or noising, process is modeled as a Markov noise praogeskich generates a

tensors are perturbed using categorical transition matf@gg(" ) = g(x¢ = j j x¢ 1 = i) and
[QEI®) = g(e = j j & 1 = i), respectively. This process induces structural changes such as
edge addition or deletion, and edits to node and edge categories. The transition probabilities can be

summarized as: |

Y Y

q(Gtj Gt 1) = X 1Qi(; E¢ 1QtE and g(GtjG)= X Qixi E QiE : (46)
i=1 i=1

In practice, these noise matrices are implemented based omattygnal noise model, de ned as:
Q= "+ HLmk and QF = I+(L  Hlemg;

where ! transitions from 1 to 0 with according to the popular cosine schedulirig][ The vectors
1x 2f1gX andlg 2 f 1gF* are lled with ones, andny 2 X andmg 2 E*! are vectors
lled with the marginal node and edge distributions, respectively

This noising process can be rewritten using the analogous notation to the one used for DFM in
Equation (47) as:

P ixMy = (19 xixM)+ @ (1) pedxE):; (47)

2
witht®=1 1 and (t9 = cos 5115:);'5 , with a smalls. Importantly, this function is only

evaluated in the discrete values of time considered for the DTMC associated to the diffusion model.
For the remaining of this section, we consider the transformed vari&hake the reference time
variable.

In the reverse, or denoising, process, a clean graph is progressively built leveraging the denoising
neural network predictions,;o( jG?), analogously to the DFM setting. In particular, the model

begins from a noise sampl&, and iteratively predicts the clean gra@h by modeling node and
edge distributions conditioned on the full graph structure. The reverse transition is de ned as:

i ¥ (n) i ¥ (L)
Pros tOth(Gt°+ to ) Gto) = Pros tOjto(Xt0+ o) Gto) Pros tOth(e(d+ o) Gto): (48)
i=1 10§ N
with each of the node and edge denoising terms are computer through the following marginalization:
X

Pros tOJtD(XEQJr) to] Gro) = Pto+ t°jl;t°(X§Q+) tojx(ln);GtO) inng)(xg.n)jGto); (49)
x(l”)zf 105X g

3We denote the probability simplex of the state-space of cardirialtly *
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and similarly for edges. To compute the missing posterior term in Equation (49),
Pro+ t0j1;to(xfg+) tojx(ln) ; Gro), we equate it to the posterior term of the forward process:

8
< x% Q)7 X", o i o (n)i (n) .
] a - if q(X;0’jX > 0
Pto+ tOjl;to(X,Eg_',) ton(ln);Gto): . XEO)QFOXE) q( w© X )
"0 otherwise,

(50)

wherex(s) andx{" denote the vectorized versionsx{f’ andx|", respectively. Crucially, and

contrarily to DFM, the sampling strategy with discrete diffusion is xed at training time, which
restricts the design space of this generative framework.

J Visualizations

In this section, we present visualizations of the digraphs generatedwathc 1o for the different
synthetic and real-world datasets and combinations of positional encodings reported in the main
paper. To allow for a fair comparison between original and generated digraphs, we additionally report
digraphs from the train splits of the original datasets.

Figure 6: Visualizations of original synthetic digraphs from the train splits of the SBM dataset.
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Figure 7: Visualizations of four generated digraphs for the SBM dataset with RRWP positional
encoding.

Figure 8: Visualizations of four generated digraphs for the SBM dataset with Mag).ap1(0)
positional encoding.
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Figure 9: Visualizations of original synthetic digraphs from the train splits of the ER-DAG datasets.
Nodes are in topological ordering to highlight the acyclic structure.

Figure 10: Visualizations of four generated digraphs for the ER-DAG dataset with RRWP positional
encoding. Nodes are in topological ordering to highlight the acyclic structure.
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Figure 11: Visualizations of four generated digraphs for the ER-DAG dataset with Ma@Lafl(Q)
positional encoding. Nodes are in topological ordering to highlight the acyclic structure.

Figure 12: Visualizations of original real-world digraphs from the train splits of the TPU Tiles dataset.
Nodes are in topological ordering to highlight the acyclic structure.
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Figure 13: Visualizations of four generated dgraphs for the TPU Tiles dataset with RRWP positional
encoding. Nodes are in topological ordering to highlight the acyclic structure.

Figure 14: Visualizations of four generated digraphs for the TPU Tiles dataset with Ma@lLarb |
positional encoding. Nodes are in topological ordering to highlight the acyclic structure.
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