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Figure 1: Qualitative comparison between CPS and baseline methods. The proposed CPS relies solely on the forward pass
of the observation model to solve both image and scientific inverse problems. It performs competitively with advanced gradient-
based methods and significantly outperforms gradient-free methods. The best results are highlighted in red, and the second-best
results are shown in blue.

Abstract

Diffusion models have gained prominence as powerful gener-
ative tools for solving inverse problems due to their ability to
model complex data distributions. However, existing methods
typically rely on complete knowledge of the forward observa-
tion process to compute gradients for guided sampling, lim-
iting their applicability in scenarios where such information
is unavailable. In this work, we introduce Constrained Parti-
cle Seeking (CPS), a novel gradient-free approach that lever-
ages all candidate particle information to actively search for
the optimal particle while incorporating constraints aligned
with high-density regions of the unconditional prior. Unlike
previous methods that passively select promising candidates,
CPS reformulates the inverse problem as a constrained op-
timization task, enabling more flexible and efficient particle
seeking. We demonstrate that CPS can effectively solve both
image and scientific inverse problems, achieving results com-

parable to gradient-based methods while significantly outper-
forming gradient-free alternatives.

Introduction

The inverse problem is a fundamental challenge across var-
ious fields, including computational imaging (Tonolini et al.
2020; McCann, Jin, and Unser 2017), medicine (Song et al.
2021), geophysics (Schwarzbach, Borner, and Spitzer 2011),
and fluid dynamics (Li et al. 2020). Its goal is to recover the
original signal, x € R?, from indirect and noisy observa-
tions, y € R™, typically modeled as:

y=H(x)+n (1)

where H(-) : R? — R™ represents the forward measure-
ment operator and 1) denotes additive noise. This problem is



inherently ill-posed (m < d), meaning multiple potential so-
lutions may satisfy the given observations. To resolve this,
appropriate priors and regularization techniques are essen-
tial to mitigate ill-posedness and ensure a meaningful solu-
tion.

Recent advances in generative modeling, particularly dif-
fusion models (Ho, Jain, and Abbeel 2020; Song et al. 2020;
Lipman et al. 2022; Rombach et al. 2022), have proven
effective as plug-and-play priors for solving inverse prob-
lems, offering significant advantages over traditional man-
val priors (Tibshirani 1996; Iordache, Bioucas-Dias, and
Plaza 2012). Existing approaches rely on gradients of the
observation process or pseudo-inverse information to guide
the unconditional sampling process, ensuring that the gen-
erated results align with observations (Zhang et al. 2025;
Wang, Yu, and Zhang 2022; Chung et al. 2022; Kawar
et al. 2022a; Mardani et al. 2023). However, this dependency
on privileged information limits the applicability of these
methods, especially in real-world scenarios. For example,
in some scenarios, forward models often involve numerical
simulations that are highly nonlinear or computationally ex-
pensive, making gradient computation challenging (Oliver,
Reynolds, and Liu 2008; Gillhofer et al. 2019; Duong et al.
2020; Kawar et al. 2022b).

Several efforts have explored the use of pre-trained diffu-
sion models to solve inverse problems with black-box access
to the forward model. One such approach is SCG (Huang
et al. 2024), which employs a strategy akin to rejection sam-
pling. At each step of the reverse denoising process, SCG
samples multiple candidate particles and retains only the
one that best aligns with the observation, discarding the oth-
ers. While this method is simple and intuitive, it suffers
from inefficiency due to the discarding of many candidates
at each step. Another notable method, EnKG (Zheng et al.
2025a), is inspired by ensemble Kalman filtering (Katzfuss,
Stroud, and Wikle 2016). EnKG initializes and maintains a
set of particles to represent the state, progressively refining
it based on observations. However, EnKG requires main-
taining thousands of particles in high-dimensional inverse
problems, resulting in significant computational overhead.
Additionally, DPG (Tang et al. 2024) avoids the calcula-
tion of derivatives by using policy gradients, but it necessi-
tates adding noise perturbations to clean samples, which can
push it outside the data manifold. More importantly, these
methods often underperform relative to gradient-based ap-
proaches when gradients are available.

To overcome these limitations, we propose Constrained
Particle Seeking (CPS), a principled approach that synthe-
sizes information from all candidate particles to identify
an optimal solution. We argue that each candidate particle,
rather than being discarded, offers valuable local insights
that can collectively guide the denoising process. In CPS,
we reframe the diffusion inverse problem as a constrained
optimization task. The objective is to find a particle that op-
timally aligns with the observation, where the alignment is
measured by a local surrogate model of the forward mea-
surement. This surrogate is robustly estimated using the full
set of candidate particles. Concurrently, we introduce a con-
straint that ensures the resulting particle remains within the

high-probability density region of the reverse diffusion pro-
cess, thereby preserving consistency with the diffusion prior.
By leveraging all available candidates, CPS enhances sam-
pling efficiency and achieves a superior balance between ob-
servation fidelity and prior knowledge. Furthermore, we in-
corporate a Restart strategy (Xu et al. 2023; Lugmayr et al.
2023) to iteratively correct for the cumulative errors inher-
ent in the sequential sampling process, which significantly
improves the robustness and accuracy of the final solution.

We evaluated CPS on various tasks, including benchmark
image inverse problems and two scientific inverse problems:
black hole imaging and fluid data assimilation, both char-
acterized by highly nonlinear measurement processes. Our
results show that CPS not only matches the performance
of popular gradient-based methods in image inverse prob-
lems but also significantly enhances efficiency in forward
processes where gradients are unavailable.

Preliminaries and Task Formulation
Diffusion Models

The diffusion model (Ho, Jain, and Abbeel 2020; Song et al.
2020) defines a stochastic process {x; };c[o,7) that progres-
sively transforms data &g ~ Pqata into noise. This process is
governed by the following differential equation:

where f (-, -) is the drift coefficient, g(-) is the diffusion coef-
ficient, and w represents the standard Wiener process. Over
time, the data will gradually be perturbed into a Gaussian
density 7 ~ N(0,07%I). To generate data from noise,
diffusion models reverse this process by denoising, as de-
scribed by:

dey = [f(24,t) — g(t)*Va, logp(a,)] dt +g(t)dw (3)
where w denotes the reverse-time Wiener process, and
Vz, log p(x:) is the score, which represents the gradient of
the log-likelihood of the marginal distribution at time . The

score can be approximated using a neural network by mini-
mizing the denoising score matching loss (Vincent 2011).

Diffusion Posterior Sampling (DPS)

Several methods have been proposed to leverage diffusion
models as plug-and-play priors for solving inverse problems.
A notable method is diffusion posterior sampling (DPS)
(Chung et al. 2022). Specifically, DPS replaces the uncon-
ditional score in Eq. 3 with a conditional score:

Va, logp(x:|y) = Vg, log p(wi) + Ve, logp(ylz:) (4)
This modification aims to enable sampling from the pos-

terior distribution p(xg|y) given the observation. However,
the conditional score involves the intractable integral:

pvlz) = [ p(ylwop(olen) o = Eye, o p(v]20)
o)

This integral is computationally expensive, often requiring
multiple clean samples of the full trajectory. To address this,
DPS approximates the guidance term as follows:

. 1 .
p(ylx:) =~ p(ylEoy) = _ﬁvmt”y - H(«’Eo\t)HQ 6)
y



where &, = E[xo|z;] can be computed via Tweedie’s for-
mula with one-step denoising (Efron 2011), and 05 is the
variance of noise in the observation. By employing this ap-
proximation, DPS solves the inverse problem without the
need for training or finetuning. However, DPS requires a
clear gradient of the observation operator, which limits its
applicability in scenarios where such gradients are difficult
to compute or unavailable.

Inverse Problem as Stochastic Control

We adopt the task formulation proposed by SCG (Huang
et al. 2024) and frame the solution to the inverse problem
within a stochastic control framework. To guide the denoised
trajectory toward a target state that satisfies the observation,
we introduce a control signal u, at each time point ¢ in Eq. 3.
This transforms the inverse problem into a stochastic opti-
mal control problem (Pavon 1989), where the terminal cost
and transient cost are expressed as follows:

C=E

T
Bz + [ g|ut”2|wT] )
0

where ®(x() represents the terminal cost, and « is a coeffi-
cient associated with the transient cost. In the context of the
inverse problem, we define itas ®(xq) = ||y —H(x0)||?. By
applying path integral control theory (Theodorou, Buchli,
and Schaal 2010; Williams, Aldrich, and Theodorou 2017,
Zhang and Chen 2023), we obtain the following optimal pol-

icy:
Ep(aolan) [oxp (Z222))aw]

Ep(aofe) |oxp (Z2222)|

In this equation, the sample form p(xo|x;) is obtained via
the uncontrolled process, i.e., Eq. 3. As can be seen, Eq. 8
still faces the same challenge as in Eq. 5, where computing
the expected term requires simulating the entire trajectory
to obtain xy. SCG (Huang et al. 2024) uses an intuitive ap-
proximation to estimate the optimal policy. They first con-
sider the limit where @ — 0, in which case Eq. 8 degener-
ates into selecting the dw that minimizes ® (). Next, they
apply an approach similar to DPS, using one-step denois-
ing results ® (&g|;) to estimate ® (x). In practice, SCG
samples multiple candidates at the diffusion reverse kernel
xt, -, xt ~ p(xi|eir1) = N(ue,021) of the DDIM
solver (Song, Meng, and Ermon 2020) and heuristically re-
tains the particle whose clean estimation is closest to y as
the next state. The other particles are discarded.

widt = 8)

Methods

In this section, we first present an empirical analysis to
highlight the inefficiencies of the SCG method. Building on
these insights, we introduce the Constrained Particle Seek-
ing (CPS) framework, which utilizes all available candidate
location information to identify the optimal particle. Finally,
we explain how CPS can be combined with a Restart strat-
egy to reduce cumulative errors and further enhance the ro-
bustness of the solution.
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Figure 2: Empirical results of black hole imaging for dif-
ferent particle selections in SCG. The top shows the results
obtained by selecting the first few particles in the ranking,
while the bottom demonstrates the effect of selecting the last
few particles and reversing the sign of their noise.

Leveraging Information from All Particles

While conceptually simple, methods like SCG (Huang et al.
2024) suffer from suboptimal particle efficiency by discard-
ing all but one candidate during the reverse denoising pro-
cess. We hypothesize that a significant amount of valuable
information is lost in this process, as most particles contain
insights that can aid in guiding the denoising trajectory. To
test this hypothesis, we conduct an empirical study using the
black hole imaging inverse problem (Zheng et al. 2025b).
Our results, depicted in Figure 2 (top), provide strong ev-
idence for this hypothesis. Not only does the top-1 particle
effectively guide the denoising process towards the observed
signal, but the top-2 and top-3 particles also contribute sig-
nificantly, each outperforming unconditioned sampling. Fur-
thermore, we find a surprising result: even the five worst-
performing particles (bottom-1 to bottom-5), when their
noise signs are reversed, can still steer the denoising process
in the correct direction, as illustrated in Figure 2 (bottom).
These findings strongly suggest that information useful for
guiding the diffusion process is not confined to a single par-
ticle but is distributed across the entire ensemble. Inspired
by these empirical observations, we propose a novel method
to systematically leverage information from all candidates.

Constrained Particle Seeking (CPS)

The SCG approach can be understood as first sampling from
the unconditional transition kernel p(x;|x;41) and then pas-
sively selecting the most promising candidates. In contrast,
we take a more active approach by seeking promising par-
ticles while incorporating additional constraints that align
with high-density regions of the unconditional prior. We re-
formulate this idea as the following constrained optimization
problem:

:l?: = arg min ¢ (iﬁo“) S.t.xy ~ p($t|$t+1) (9)
Tt
This optimization framework offers greater flexibility, al-

lowing for more effective particle seeking, as it is no longer
confined to selecting particles from the sampled set alone.
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Figure 3: Overview of Constrained Particle Seeking
(CPS) for inverse problem solving. At each time step, the
process involves three steps. Step 1: Sample multiple can-
didate particles; Step 2: Fit the forward process surrogate
using these samples; Step 3: Use the surrogate to determine
the optimal particle on the hypersphere, as the next state.

Solving this optimization problem presents two main
challenges. First, we must address how to minimize the ob-
jective function, particularly when dealing with black-box
observation processes. Second, we need to implement the
constraint of the unconditional kernel in practice. In the fol-
lowing, we will outline our solutions to these challenges.
Surrogate of observation process. Optimizing the terminal
cost typically requires estimating its gradient with respect to
x;, which can be derived as follows:

A T
th(p(ion)([ma(::m)) (H(@op) —y)  (10)

However, computing the term w is challenging, as we
do not have direct access to the gradient #(-). To address
this, we apply statistical linearization (Roberts and Spanos
2003) to estimate a local surrogate around the region de-
fined by p(a¢|x:y1). Specifically, we first sample n parti-
cles z}, -+ , @7 ~ p(x¢|Ti11), as done in SCG, and es-
We then fit these values to the best-fitting linear model with
parameters (A, b). This leads to the following optimization
problem:

timate the corresponding values H (:i(l)‘t) ,

IEiE]E‘”tNP(mtlth)”H (iio\t) - (Axt + b)”2 Y

The closed-form solution to this problem is given by:

A = Cov(H (&) , x)Cov (s, z¢) "

(12)
b = B[H ()] — AE[z]

Given that the transition kernel of the diffusion model is an
isotropic Gaussian density, we represent its mean and vari-
ance as ju; and o7, respectively. This enables us to further
simplify the expressions. Next, we perform empirical esti-
mation using the sampled particles x;, - - - , ', yielding the

S3: Seek optimal
particles /

following expression for A and b,

_ 1 - A0 1/ % T
A= no? ;(H (5'30|t> = H)(x; — pe) (13)
b= 7'_[ — A,ut

where # denotes 1 Zl 1 H (mo‘f) for simplicity. At this

point, we can use the surrogate model to replace the non-
differentiable part of the terminal cost. Furthermore, we ob-
serve that A in Eq. 13 is effectively a weighted linear com-
bination of the sampled particles, integrating all candidate
information. This enables us to select particles that outper-
form any individual sample, thus facilitating a more effective
identification of the next state.

Constraint of transition kernel. In the previous section, we
introduced the use of a linear surrogate to estimate terminal
costs, enabling us to optimize the objective. Eq. 9 also im-
poses the condition that the optimization variables be sam-
pled from an unconditional distribution, ensuring that the
surrogate remains within a credible range and that the model
does not deviate from the prior of the base model during in-
ference.

The transition kernel p(x;|x:41) is a Gaussian distribu-
tion with a tractable log-likelihood function and it tends
to push x,; toward the mean. As shown by Menon et al.
(2020), the norm of samples from a d-dimensional Gaus-
sian distribution follows a y¢ distribution. For the high-
dimensional spaces common in diffusion models, the mass
of the x¢ distribution is highly concentrated around the value
o¢V/d, forming a hypersphere S9~'(ju,04/d) (Samuel
et al. 2023). Diffusion models generally prefer input data
that follows a norm-based distribution aligned with this
characteristic, rather than being centered around the mean.
Therefore, we aim to keep x; within the high-mass region
of p(x¢|xs41). With this in mind, the original optimization
problem (Eq. 9) can be interpreted as follows, using the sur-
rogate model:

min ||y — (Az, + b)||> s.t.x, € S (g, 00Vd) (14)
Tt

The aforementioned constrained optimization problem can

be solved using the Lagrange multiplier method (Bertsekas

2014), leading to the following system of equations for the

optimal solution:

{AT(A(Bt +b-— y) + )\(IL't — Mt) =0

15
e — ell? — 02d =0 (1)

where A is the Lagrange multiplier. Solving this system di-
rectly involves matrix inversion and root finding, which be-
comes challenging in high-dimensional spaces. We note that
the oy of the reverse kernel is typically small, leading to con-
straints that dominate when seeking the optimal solution.
As a result, the multiplier A is expected to be sufficiently
large. Under these conditions, we can analytically derive the
asymptotic form of the optimal solution:

Al(y—H)
— (16)

T~ Mt + Ut\[
' AT (y —H)|
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Figure 4: Evolution of Jensen gap of CPS and EnKG for 4 x
super-resolution on the FFHQ dataset.

A detailed derivation can be found in Appendix A. Ulti-
mately, the solution x} can be viewed as the optimal par-
ticle synthesized by combining all candidate information. In
comparison to SCG, which merely selects the particle with
the minimum terminal cost, our method is more principled
and efficient. Figure 3 provides an overview of our approach.

Note that EnKG (Zheng et al. 2025a) employs a similar
linearization strategy. However, EnKG performs lineariza-
tion over the entire global space, which can lead to inaccu-
rate approximations and difficulties when inverting the co-
variance matrix (Eq.12). In contrast, our approach utilizes
local linearization around p(x;|®;+1). In Figure 4, we com-
pute the mean absolute error (MAE) of the Jensen gap (Gao,
Sitharam, and Roitberg 2017) for the function H (E[xzo|])
using sampled particles to assess the degree of deviation
from linear behavior. Our results demonstrate that EnKG
exhibits significant errors in the early stages of generation,
whereas CPS consistently maintains small errors. Addition-
ally, CPS seeks one optimal particle at each step by synthe-
sizing candidates, without explicitly maintaining the entire
particle set as in EnKG. Our ablation in the experiment sec-
tion reveals that CPS are significantly more efficient than
those generated by the latter.

Improving Robustness with Restart

In practice, we observe that different initial noise condi-
tions can lead to varied outcomes in image restoration tasks.
When the initial noise is suboptimal, large adjustments are
needed to correct for the global mismatch. On top of that,
the one-step estimation from Tweedie’s formula can intro-
duce approximation errors that hurt performance.

To address these challenges, we incorporate the recently
proposed Restart strategy (Xu et al. 2023; Lugmayr et al.
2023). This method provides a powerful way to mitigate
the accumulation of errors throughout the sampling process.
The procedure is a simple, two-step iteration: at time step t,
the sample is re-noised according to Eq. 2, then returned to
the previous timestep ¢ + 1. This re-noised sample is subse-
quently reused with CPS for guided denoising. Such a step-
wise approach allows for the gradual correction of cumu-
lative errors, thereby enhancing the robustness of CPS and
ensuring more reliable solutions. The full sampling process,
including the Restart strategy, is detailed in Algorithm 1.

Algorithm 1: Sampling procedure for CPS

Require: Observation y, initial noise z7 ~ N(0, I), pre-
trained diffusion model p(x¢|xi11) = N (g, 041 ), data
dimension d, and number of restart IV,

1: fort=T-1,---,0do
2: forr =N,,---,1do
> Sample from reverse kernel

3: @y, xp o~ p(E|eeg)
> Fit the forward process surrogate
) 1\ i T\ (i T
4 ALY () - A - )
> Solve optimal particle as next state
AT (y—H)
5 Ty U+ oV AT AT
;4 e+ oV d Ry
: if » > 1 then
> Re-noise for restart
7. Tiy1 < p($t+1 (L't)
Ensure: x
Experiments

To validate the effectiveness of our method, we conduct ex-
periments on image inverse problems and two scientific in-
verse problems. Our baseline includes several recently pro-
posed gradient-free methods for solving inverse problems,
such as SCG (Huang et al. 2024), DPG (Tang et al. 2024),
and EnKG (Zheng et al. 2025a). All gradient-free methods
are evaluated using a comparable number of forward passes
to ensure a fair comparison. Additionally, we incorporate ad-
vanced gradient-based methods for comparison in the linear
image problem, including DDRM (Kawar et al. 2022a), DPS
(Chung et al. 2022), IIGDM (Song et al. 2023), RED-diff
(Mardani et al. 2023), and DAPS (Zhang et al. 2025). The
formulations of the inverse problems tested are detailed in
Appendix B.1. Further implementation details can be found
in Appendix B.2.

Image Inverse Problem

Experimental Setup: We begin by evaluating our method
on the image inverse problem. We sample 100 images from
the FFHQ dataset (Karras, Laine, and Aila 2019) for valida-
tion and use the checkpoint provided by Chung et al. (2022).
All images were resized to 256 x 256 pixels, and their qual-
ity was assessed using three standard image restoration met-
rics: PSNR, SSIM, and LPIPS (Zhang et al. 2018).

We focus on three linear inverse problems: 95% missing
random mask completion, 4 x super-resolution, and deblur-
ring with a Gaussian blur kernel of standard deviation 3 (61
x 61). To assess the practicality of gradient-free methods,
we also include JPEG restoration tasks (Song et al. 2023),
where the forward model is non-differentiable. For the JPEG
restoration, we consider the quality factor (QF) which is
5. All measurements included additive Gaussian noise with
oy = 0.05.

Result: Table 1 and Figure 5 present the quantitative results
and visualizations, respectively. Our findings show that SCG
fails to handle image inverse problems effectively. In con-
trast, CPS significantly outperforms gradient-free methods
and competes well with gradient-based methods. To the best



Inpaint (95%) Super-resolution (x4) Deblur (gauss) JPEG (QF=5)
Method PSNR1 SSIM1 LPIPS| PSNR?t SSIMT LPIPS| PSNRT SSIMT LPIPS| PSNR?t SSIM?T LPIPS |
DDRM 21.65 0.693 0.270 28.02 0.828 0.213 24.69 0.753 0.187 - - -
DPS 22.49 0.701 0.236 27.65 0.822 0.120 25.59 0.790 0.136 - - -
Gradient TIGDM 23.13 0.774 0.231 27.25 0.829 0.135 26.76 0.812 0.141 18.25 0.593 0.304
-based  RED-diff 24.43 0.807 0.222 26.85 0.835 0.191 28.01 0.853 0.164 - - -
DAPS 22.71 0.754 0.226 28.53 0.840 0.132 28.70 0.843 0.133 - - -
SCG 6.15 0.321 0.807 6.16 0.319 0.805 7.01 0.322 0.792 6.17 0.362 0.825
Gradient DPG 19.83 0.651 0.299 24.81 0.758 0.187 24.11 0.740 0.196 22.52 0.734 0.246
-free EnKG 22.64 0.767 0.286 21.72 0.737 0.293 20.84 0.731 0.334 20.89 0.704 0.257

CPS (Ours) 24.90 0.794 0.161 27.70 0.834 0.115 27.21 0.822 0.128 23.23 0.784 0.223

Table 1: Quantitative results of different methods on FFHQ, including three linear and a non-differentiable inverse problems.

Best results are highlighted as first , second and third . We mark ”-” for those not applicable.

. CPS (Ours) Reference
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Figure 5: Qualitative results of image inverse problems on
FFHQ: from top to bottom, inpainting, super-resolution, de-
blurring, and JPEG restoration.

of our knowledge, IIGDM is the only method capable of per-
forming JPEG restoration through pseudo-inverse construc-
tion (Song et al. 2023). However, we observe that [IGDM
struggles in noisy scenes, with its performance being notably
poor. This emphasizes the importance of further developing
gradient-free inversion methods.

100% 10% 3%
Method PSNRT BPSNRT PSNRT BPSNRT PSNR?T BPSNR T
SCG 25.45 30.56 24.97 31.45 24.65 31.28
DPG 14.51 16.75 13.57 16.35 12.16 13.71
EnKG 23.03 25.67 22.77 25.18 21.41 25.14

CPS (Ours)  25.74 31.84 25.34 31.54 25.03 31.81

Table 2: Comparisons of gradient-free methods on black
hole imaging problem, including three observation time ra-
tios: 100%, 10% and 3%.

Black Hole Imaging

Experimental Setup: Black hole imaging presents a highly
nonlinear and ill-posed forward model due to sparse obser-
vations. Measurements are obtained via Very Long Baseline
Interferometry (VLBI), where each telescope pair provides
visibility data at specific times. To reduce errors from at-

SCG DPG EnKG

CPS (Ours) Reference

0.0 0.2 0.4 0.6 0.8 1.0
Figure 6: Qualitative results of black hole imaging.

mospheric turbulence and thermal noise, multiple visibility
data points are typically combined into closure phases and
log closure amplitudes (Blackburn et al. 2020). In addition
to these constraints, the fotal flux of the black hole is of-
ten incorporated into the likelihood function. For evaluation,
we assume black-box access to the forward model. We em-
ploy a pretraining diffusion model from Zheng et al. (2025b)
and evaluate it on 100 resized 64 x64 images from the test
set. We consider the settings of three observation time ratios:
100%, 10% and 3%. The reconstruction quality is measured
by calculating the PSNR between the reconstructed image
and the ground truth, along with the Blur PSNR (BPSNR),
which is smoothed using a filter to assess low-frequency re-
construction performance.

Result: Figure 6 compares black hole images reconstructed
using the CPS method and a gradient-free method. The
CPS results are visually more consistent with the ground
truth. Table 2 presents the quantitative comparison, with
CPS achieving the best performance, followed closely by
SCG. In contrast, DPG performs poorly when faced with
such highly nonlinear problems.

Fluid Data Assimilation

Experimental Setup: Fluid dynamics are typically mod-
eled by the Navier-Stokes (NS) equations, a set of non-
linear partial differential equations (PDEs) (Chandler and
Kerswell 2013). In this experiment, we perform fluid as-
similation on sparse and noisy vorticity measurements at
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Figure 7: Comparison of particle efficiency of gradient-free method across three tasks.

X2 x4 x8
Method Relative Lo | Relative Ly |  Relative Lo |
SCG 1.087 1.095 1.123
DPG 0.491 0.592 0.836
EnKG 0.320 0.528 0.821
CPS (Ours) 0.295 0.469 0.684

Table 3: Comparisons of gradient-free methods on fluid aata
assimilation, including three types of sparse observations:
2x,4x, and 8 x downscaling.
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Figure 8: Qualitative results of recovering initial vorticity
fields. Odd rows show the reconstruction, even rows show
the difference from the reference.

T = 1, with the goal of recovering the 2D initial vorticity
field. Given that PDE numerical solvers may require thou-
sands of discrete time steps, obtaining accurate numerical
derivatives through automatic differentiation presents sig-
nificant challenges. This makes the problem an ideal can-
didate for validating gradient-free methods. We use the pre-
trained checkpoint provided by Zheng et al. (2025b) and 10
vorticity fields with size 128 x 128 for testing. The result is
evaluated using the relative Ly error. We consider three set-
tings to simulate sparse measurements, including 2%, 4x,
and 8 xdownscaling. All measurements included noise with
o, = 2.0.

Result: Figure 8 presents both a simple example and a chal-
lenging visualization result. In the simple example, all meth-
ods are able to restore the overall structure effectively. How-
ever, in more difficult scenarios, CPS significantly outper-
forms the baseline method by recovering the initial vorticity

field pattern from sparse and noisy measurements. SCG and
DPG often fail under these conditions. EnKG performs sec-
ond best, but with noticeable errors in some local areas. The
quantitative results in Table 3 further support our findings.

Ablation Study

Particle Efficiency Comparison: Gradient-free methods
typically require sampling multiple particles. In this study,
we evaluate the particle efficiency of these methods using
particle numbers of 8, 16, 32, 64, and 128. As shown in Fig-
ure 7, CPS demonstrates significantly higher particle effi-
ciency compared to the baseline method, maintaining sta-
bility and competitiveness across various tasks. Even with
just 8 particles, CPS performs well. In contrast, EnKG strug-
gles with small particle sets and requires a larger number of
particles to function effectively. DPG faces difficulties with
highly ill-posed black hole imaging, while SCG fails to ad-
dress image-related problems.

Effectiveness of Restart: We investigate the impact of the
Restart strategy in CPS, using different random seeds to ini-
tialize the noise. As shown in Figure 9, the Restart strategy
not only improves overall performance but also enhances the
stability and robustness of our algorithm. It effectively ad-
dresses the issue of sampling from poor initial noise (Col-
umn 3), preventing failures during the inversion process.

Sample 1 Sample 2 Sample 3 Sample4  Measurement

w/o Restart

PSNR: 24.87
LPIPS: 0.246

PSNR: 24.90
LPIPS: 0.238

PSNR: 24.38
LPIPS: 0.236

PSNR: 10.75
LPIPS: 0.630

Reference

w/ Restart

PSNR: 25.29
LPIPS: 0.192

PSNR: 25.30
LPIPS: 0.188

Figure 9: Ablation study of the Restart strategy with differ-
ent random seed initializations.

PSNR: 2510
LPIPS: 0.176

PSNR: 25.71
LPIPS: 0.190

Conclusion

In this work, we introduced Constrained Particle Seek-
ing (CPS), a novel gradient-free method for solving in-
verse problems with diffusion models. CPS uses information
from all candidate particles and applies constraints based
on high-density regions of the prior, enables efficient par-
ticle seeking. Our experiments show that CPS outperforms
other gradient-free methods and achieves results similar to
gradient-based approaches. These results demonstrate CPS’s
potential as a reliable solution when gradients of the forward
process are not available.
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