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Abstract

SAM achieves strong segmentation but at high in-
ference cost dominated by its ViT image encoder.
Token merging accelerates ViTs without retrain-
ing, yet directly applying it to SAM is nontrivial:
SAM mixes windowed and global attention and
requires dense, prompt-conditioned features for
precise boundary prediction. We systematically
evaluate representative token-merging methods
on the SAM family in a strict off-the-shelf set-
ting and find that existing destination-selection
heuristics erode boundaries and leak prompt in-
formation as merge rates increase. We propose
StructSAM, a resolution-preserving framework
that computes lightweight token-energy scores
from first-order feature gradients, protects bound-
ary and prompt regions via grid-based flatness
screening, and merges flat-region tokens toward
low-energy targets with explicit recovery. We
further present a spectral graph coarsening anal-
ysis showing that score-guided merging yields
bounded Laplacian spectral distortion relative to
random or window-restricted baselines. Across
five natural and medical benchmarks, StructSAM
reduces encoder FLOPs by 25-30% (up to 40%+
with prompt-aware merging) with minor drops
in mloU/Dice, consistently outperforming recent
merging techniques at the same compute.
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1. Introduction

SAM (Kirillov et al., 2023) has emerged as a foundation
model for segmentation, combining a powerful ViT im-
age encoder (Dosovitskiy, 2020) with prompt-conditioned
mask decoding to enable flexible, interactive segmentation
across diverse domains, including medical imaging (Ma
et al., 2024), robot surgery (Wang et al., 2023a), and em-
bodied AI (Li et al., 2025; Noh et al., 2025). However, its
practical deployment is severely constrained by computa-
tional cost (Zhang et al., 2023): in large variants such as
ViT-L and ViT-H, the image encoder alone accounts for over
98% of the total parameters and FLOPs.

Recent efforts to improve SAM’s efficiency largely rely
on model compression, including knowledge distilla-
tion (Zhang et al., 2023; Zhou et al., 2025), lightweight
backbone re-design (Xiong et al., 2024), and post-training
quantization (Lv et al., 2024; Zhang et al., 2025). While
effective, these approaches typically require retraining or
task-specific calibration, limiting their applicability when
SAM is used off-the-shelf or domain-specific fine-tuning is
undesirable.

Since SAM’s pre-trained representations are already highly
expressive, this motivates approaches that retain the
original weights while reducing inference cost. Token
merging (Bolya et al., 2022; Tran et al., 2024) has recently
emerged as a promising strategy for accelerating ViTs by
dynamically reducing tokens processed by self-attention,
with substantial gains in classification (Bolya et al., 2022)
and segmentation (Norouzi et al., 2024), often without re-
training. However, directly applying existing token merg-
ing to SAM is nontrivial: (i) SAM’s encoder interleaves
windowed and global attention and preserves fine-grained
spatial details crucial for mask prediction, and (ii) segmen-
tation requires dense, structured outputs, making aggressive
token reduction (Bolya & Hoffman, 2023; Kim et al., 2024)
incompatible without careful unmerging.

Motivated by these challenges, we systematically study
representative token-merging techniques developed for
ViTs (Bolya et al., 2023; Tran et al., 2024; Li et al., 2024)
and dense segmentation (Norouzi et al., 2024; Bolya &
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Hoffman, 2023), and adapt them to the SAM family (SAM
and MedSAM) on boundary-sensitive natural-image and
cross-domain medical benchmarks in a strict off-the-shelf
setting. We find that prior approaches - which rely on ran-
dom, global, or window-restricted destination selection -
struggle to preserve object boundaries and prompt-relevant
regions, leading to noticeable degradation as the merge rate
increases.

To address this, we propose StructSAM, a structure- and
spectrum-preserving token-merging framework tailored to
SAM-style architectures. StructSAM (i) identifies boundary-
critical tokens using a lightweight energy score computed
from first-order finite differences on the encoder feature
map (Ziou & Tabbone, 1998; Forsyth & Ponce, 2002), in-
spired by spectral graph energy (Balakrishnan, 2004; Gut-
man & Zhou, 2006); (ii) groups tokens into grid-based cells
and ranks cells by flatness to select mergeable regions with
spatial coherence; and (iii) merges tokens within selected
cells toward low-energy destinations while explicitly un-
merging to recover the original token resolution required
by SAM’s mask decoder. When box prompts are available,
a prompt-aware variant restricts aggressive merging to to-
kens outside the prompted region. We further show that our
merging admits a spectral graph-theoretic interpretation (Jin
et al., 2020; Tran et al., 2024) that provably preserves intrin-
sic spectral properties under mild conditions.

Contributions.

* We present the first systematic evaluation of inference-
time token merging for the SAM family in a strict off-
the-shelf setting, revealing why existing strategies fail
under boundary- and prompt-sensitive segmentation.

* We propose StructSAM, a boundary- and prompt-
aware merging strategy that leverages gradient-based
token energy and cell flatness, reducing FLOPs by 25—
30% (up to 40%+ with prompt-aware merging) while
maintaining segmentation quality across natural and
medical benchmarks.

* We provide a spectral graph-theoretic analysis showing
that score-guided merging yields a provable bound
on spectral distortion, explaining its robustness over
random or similarity-only merging.

2. Related Work

Compression, Distillation, and Quantization for SAM.
Most existing methods focus on backbone replacement or
structured compression: MobileSAM (Zhang et al., 2023),
FastSAM (Zhao et al., 2023), EdgeSAM (Zhou et al., 2025),
and EfficientSAM (Xiong et al., 2024) replace the orig-
inal ViT-H encoder with lightweight architectures (e.g.,
TinyViT (Wu et al., 2022), EfficientViT (Zhang et al., 2024)),
typically requiring training from scratch with high data and

compute costs. SImSAM (Chen et al., 2024) compresses
the original SAM via structured pruning and distillation,
better preserving pre-trained knowledge but introducing ad-
ditional optimization complexity. In contrast, StructSAM
investigates off-the-shelf acceleration via inference-time
token merging, without modifying weights or requiring re-
training.

Additionally, although prior work has investigated quantiza-
tion techniques (Liu et al., 2024a; Lv et al., 2024; Xiao et al.,
2023) to lower SAM’s memory usage and bit-width require-
ments, our merging approach is complementary to these
methods. Integrating the two enables synergistic improve-
ments, further reducing FLOPs and speeding up inference
even for already quantized models (Fig. 5).

Token Pruning and Merging in Transformers. Token
pruning has been explored in NLP (Goyal et al., 2020;
Zhong et al., 2023) and ViTs (Yin et al., 2022; Wang et al.,
2023b), but typically requires training and yields input-
dependent token counts that complicate batching. Token
merging methods, led by ToMe (Bolya et al., 2023) and
follow-ups (Chen et al., 2023; Shi et al., 2024), merge sim-
ilar tokens via lightweight bipartite matching, achieving
better efficiency—accuracy trade-offs but remaining sensi-
tive to token partitioning. More principled clustering or
graph-based methods (Loukas & Vandergheynst, 2018; Tran
et al., 2024) offer stronger guarantees but incur substantial
overhead and typically reduce tokens progressively across
layers, which is ill-suited to SAM’s architecture and dense
segmentation setting.

Token Reduction for Semantic Segmentation. Token
halting approaches pause high-confidence tokens but limit
information flow (Tang et al., 2023; Liu et al., 2024b). Clus-
tering strategies such as ELViT (Liang et al., 2022) and
AiluRus (Li et al., 2023) merge neighboring tokens within
a single layer, offering limited efficiency gains. Content-
aware token sharing (Lu et al., 2023) uses a policy net-
work but incurs additional cost and addresses only local
redundancies. ALGM (Norouzi et al., 2024) performs adap-
tive local-then-global merging based on cosine similarity.
In comparison, our structure-aware strategy uses gradient-
based energy scores to identify protected boundary tokens
and mergeable regions, avoiding the random or purely local
window-based decisions of prior work.

3. Method
3.1. SAM architecture

SAM (Kirillov et al., 2023) uses a transformer-based image
encoder that embeds an image into visual tokens and pro-
cesses them through a hierarchical ViT encoder to produce
multi-scale features for the mask decoder.

To balance efficiency and global context modeling, SAM
interleaves local and global attention. Given image tokens
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X = {x1,...,zn}, tokens are partitioned into disjoint
spatial windows {Py }H< | such that
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Most layers apply self-attention independently within each
window:
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To enable long-range interactions, SAM periodically ap-
plies global attention over locally updated tokens x; =
Attnlocal(l’i)l

Attngiopa (Z;) = softmax; | = V.
glob 1( ) ; J \/g J

This hybrid design captures global context while reducing
the cost of full self-attention. Unlike standard ViTs, SAM
requires a dense 2D feature grid for mask decoding. We
therefore use a merge—compute—unmerge scheme that re-
duces attention cost while restoring full-resolution tokens
afterward.

3.2. Resolution-preserving merge—unmerge interface

To reduce SAM'’s self-attention cost, we introduce a token

merging framework for its mixed local-global attention. At

encoder layer £, let X(© = {2!% ,x%z} be the full-

resolution token set. We define a merging operator
forx® X0, X0 < |2,

which merges spatially redundant tokens while preserving

important semantics.

Attention is computed on merged tokens and restored to the
original resolution via an unmerging operator f[lz

where Attn(-) denotes local or global attention. This merge—
compute—unmerge design reduces attention cost while pre-
serving SAM segmentation quality.

Plug-in baselines. Existing token merging methods (e.g.,
TOME (Bolya et al., 2023), PI-TOME (Tran et al., 2024),
TOME-SD (Bolya & Hoffman, 2023), VIDTOME (Li et al.,
2024), and ALGM (Norouzi et al., 2024)) can be viewed as
different choices of f,. We compare them under the same
interface across multiple SAM encoder sizes and datasets.

3.3. StructSAM: gradient-guided structure-aware token
merging

We overview our method in Figure 1. At transformer layer
¢ of the SAM image encoder, the image tokens

¢ ¢
xO = {xg )7...,305\,2}
are reshaped into a feature map
10 e RAWexCe x| = H,W,.

Each token xE” corresponds to a spatial position p(i) =

(h(i),w(i)), aligned with SAM’s relative positional embed-
dings. Our goal is to reduce self-attention cost by merging
spatially redundant tokens while preserving tokens impor-
tant for object boundaries and prompt-conditioned segmen-
tation.

Feature gradient-based energy estimation.
token features as a discrete feature field

10 : (h,w) — ') € R,

We interpret

and estimate local gradients using finite differences:

VIO (hw) ~ £, — £, 1,
VIO (hw) ~ £, — £ .

The gradient magnitude
GO (h,w) = (/IIV1O (h,w)[3 + 7,10 (h,w) 3

serves as a lightweight energy score, where high values typ-
ically indicate strong local feature variations (e.g., bound-
aries) and are thus preserved during merging. Compared
with graph-based energy methods (Tran et al., 2024), this
first-order approximation achieves similar effectiveness with
substantially lower overhead (65-75% FLOPs reduction).
Cell partitioning aligned to attention windows. We par-
tition the token grid into non-overlapping s x s cells (Fig. 1).
For local-attention layers, partitioning is applied within each
attention window Py; for global-attention layers, the full
grid is treated as one window. Let

M
c®=1{c,....cih =19 c“nc" =0.
m=1

We define the cell flatness

G (h,w),

Cell flatness and protected set.
score as ©

d)(cm ) =

max
(hyw)ect?

where higher values indicate smoother regions. Given a
merge rate r € [0, 1), cells are sorted by ¢, and the first
M nerge cells are selected as mergeable such that the final
token count matches (1 — ) HyW;. Since each s x s cell
reduces s2 tokens to one, each selected cell removes s2 — 1
tokens. Remaining cells form the protected set whose tokens
are preserved.
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Figure 1. StructSAM overview. Feature-gradient energy identifies structurally important tokens, forming a protected set that is kept at
full resolution. Visually flat regions are selectively merged (one representative per mergeable cell) and followed by lightweight token
recovery (unmerging), resulting in SAM’s mask decoder still receiving a dense feature grid.
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Figure 2. Illustration of token merging strategies. ToMe and
ToMeSD treat all tokens as mergeable, while PiToMe introduces a
protected set that is effective only at low merge rates. In contrast,
our method preserves structurally important tokens while support-
ing aggressive token reduction.

Destination and source token selection. For each merge-

able cell C%)), the destination token is chosen as
. ¢ . .
Tawe = 8 min, GO(h(0), w(i)),

and the remaining tokens form the source set
S =i\

m,dstJ "

Cell-wise token merging. Source tokens are merged into
the destination token via bipartite soft matching followed
by averaging:

w0 1 ()
fo =—=5 > 6
m,dst |C |$(2)€€£ﬁ)

where 57(,5) denotes the matched token set. The merged
token set consists of all tokens in protected cells and the
destination tokens of mergeable cells.

Token recovery (unmerging). After attention on the
merged tokens, the updated destination feature is copied
back to all tokens in S\ U {xm ast J» Testoring the original
spatial layout required for dense mask prediction.

Prompt-aware variant. When box prompts are available,
we apply a lower merge rate inside the prompted region
and a higher rate outside, preserving prompt-relevant details
while further reducing computation.

4. Graph Coarsening View and Spectral
Stability in StructSAM

We analyze StructSAM merging via spectral graph the-
ory. Tokens within attention windows define weighted
graphs; StructSAM’s merge—unmerge procedure induces
graph coarsening and a canonical lifting back to the original
resolution. Using the feature-gradient energy (Figure 1),
mergeable cells act as coarse nodes while protected regions
remain at full resolution.

At layer ¢, tokens in window P}, form a graph G, , with
normalized Laplacian L j,. After lifting, we obtain G 1 ;.
We quantify distortion via the spectral discrepancy: SDy =
ZkKil |IAe,e — Aek.ill1, where X are the sorted eigenvalues
of the original and lifted Laplacians.

Our analysis relies on three core assumptions (Appendix H):
Assumptions 1 and 2 posit within-region concentration
and margin separation, ensuring coherent feature struc-
ture as seen in Figure 6, while Assumption 3 assumes
gradient-separation, where high-gradient boundaries are
distinguished from low-gradient interiors to allow reliable
flatness screening.

Theorem 1 (Informal: Layerwise Spectrum Stability). Un-
der Assumptions I to 3, let SD¢(SG) be the discrepancy of
StructSAM and SDy(Base) be a non-score-guided baseline
(e.g., ToMe-SD):

1. StructSAM (Vanishing Drift): Flatness screening pro-
tects boundaries, forcing merges within coherent re-
gions; thus E[SDy(SG)] — 0

2. Baselines (Irreducible Drift): Heuristic selection may
merge across boundaries with non-negligible probabil-
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Table 1. Performance of merging methods on DIS5K, ThinObject5SK-TE, COIFT, and HRSOD datasets at the merging rate r = 55%.

Note that TOME and PITOME can not work with r > 50% .

GFlops Mem (GB) DIS5K ThinObject5K-TE COIFT HRSOD
Model Method P mloU b-mloU mloU  b-mloU mloU b-mloU mloU b-mloU
Baseline 486.4 3.53 55.30 46.97 63.28 52.65 89.14 82.54 86.64 76.56
TomeSD 362.3 5559 2.68 51.39 43.16 58.09 48.24 87.29 80.39 85.34 75.66
ViT-B ViDTome 399.8 | 17.5% 343 43.80 3577 49.74 37.21 80.52 69.55 75.89 62.20
ALGM 381.1 |51 6% 2.93 51.26 4230 50.24 40.97 49.10 39.48 47.33 37.04
StructSAM  347.8 55 5% 2.68 54.61 45.57 63.30 52.06 87.74 80.85 86.67 76.84
Base Model 1493.8 5.97 62.27 53.94 75.50 64.71 92.65 87.40 89.67 82.65
TomeSD 1188.2 |50 4% 4.84 60.32 50.81 73.68 61.98 90.51 84.67 88.58 80.99
ViT-L ViDTome  1274.8 |14 7% 5.83 3944 3036 47.51 31.05 61.73 46.16 60.79 46.56
ALGM 1249.6 |16 5% 5.17 56.93 4444 5442 40.88 52.82 38.17 4993 33.64
StructSAM  1167.1 51 9% 4.84 61.01 51.36 75.80 63.81 90.73 84.26 88.39 80.46

ity, implying lim inf E[SD,(Base)] > 0.
Theorem 1 explains why StructSAM maintains segmenta-
tion quality at high merge rates where heuristic baselines
degrade.

5. Experiments

Q1. Boundary and Thin Structure Preservation. We eval-
uate StructSAM’s ability to preserve fine details and bound-
ary precision across ViT-B and ViT-L architectures. Our
experiments utilize four boundary-sensitive benchmarks:
DISS5K for pixel-accurate annotations; THINOBJECT-5K
and COIFT for globally thin or intricate structures; and
HRSOD for precise delineation in complex high-resolution
scenes.

Token Merging Comparison. We compare against five
representative token merging baselines. TOME (Bolya et al.,
2023) uses bipartite soft matching to merge similar tokens,
while ToMeSD (Bolya & Hoffman, 2023) extends this with
timestep-aware merging for diffusion models in image gen-
eration. PiToMe (Tran et al., 2024) improves selection via
pivot-based strategies to preserve important tokens, and Vid-
ToMe (Li et al., 2024) leverages temporal redundancy in
video transformers. ALGM (Norouzi et al., 2024) introduces
adaptive local-to-global merging to the ViT architecture for
dense segmentation.

Observations. We assess segmentation quality via mloU
and boundary mloU, and efficiency via GFLOPs, memory,
and throughput. As shown in Table 1 and Figure 4, Struct-
SAM reduces FLOPs by ~28.5% (ViT-B) and ~21.9% (ViT-
L) with lower memory usage and comparable performance
to the baseline. It effectively preserves structural details on
boundary-sensitive benchmarks, with only minor degrada-
tion (e.g., COIFT).

Compared to existing token merging methods, StructSAM
maintains superior stability and accuracy at high merge rates
(35%—65%), particularly for precise boundaries. While not
always the fastest in throughput, StructSAM offers a supe-
rior balance by prioritizing structural fidelity and segmenta-
tion quality over aggressive speedups (Fig 3b).

Q2. Generalization to SAM Variants. We evaluate

StructSAM across (I) MEDICAL SAM (MedSAM) and
(11) EFFICIENT-SAM. For MedSAM, we evaluate the IN-
BREAST mammography dataset in both prompt-based and
prompt-free settings to assess robustness in high-precision
medical scenarios. For EFFICIENT-SAM, the speedup from
token merging enables extension from segmentation to video
tracking, supporting its use in VLA models (Sec. F Ap-
pendix). Observations. On MedSAM, StructSAM reduces
GFLOPs by up to 28.5% (41.8% with prompt-aware merg-
ing) with marginal Dice score impact, consistently outper-
forming other merging methods at high rates (Fig. 3a). In-
tegrated into Efficient-SAM for VLA tracking, it matches
SAM-2’s task success rates with a ~45% speedup, proving
its efficiency in both medical and robotic applications.

Table 2. Ablation study on SAM-B. StructSAM (Full) denotes the
complete model.

‘ r=0.35 r=0.55
Dataset | Method mloU B-IoU | mloU  B-IoU
StructSAM (Full) | 547 460 | 54.6 45.6
Central-Diff 538 456 | 533 446
Mean-Flatness 54.5 45.8 54.4 454
No-Cell 539 445 | 542 439
DISSK | pand-Cell 538 439 | 535 432
Max-Dst 545 459 | 539 452
Rand-Dst 547 460 | 543 454

Table 3. FLOP counts analysis between StructSAM energy scoring
and graph-based methods such as PiToMe (Tran et al., 2024).

Attention  Method (10°)
FLOPs/im|
PiToMe 1.0737
Global StructSAM (Central Diff) 0.2684 |75.00%
StructSAM (Sobel) 0.2732 | 74.56%
PiToMe 0.0615
Window StructSAM (Central Diff) 0.0154 [74.96%

StructSAM (Sobel) 0.0210 1 65.85%

Q3. Compatibility with Quantization. We investigate
whether StructSAM is complementary to model quantiza-
tion and can be applied on top of quantized SAM variants.
Among existing quantization approaches for SAM (Liu
et al., 2024a; Lv et al., 2024; Xiao et al., 2023), we adopt
SmoothQuant (Xiao et al., 2023) due to its strong compati-
bility with GPU kernels and efficient post-training deploy-
ment. Our results in Figure 5 show that StructSAM can be
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Method GFLOPs Dice Score
Base Model 486.4 75.43
TomeSD 362.3¢25.5% 73.33
ViDTome 399.8,17.5% 73.32
ALGM 381.1 51 6% 69.83
StructSAM 347.828.5% 74.81
StructSAM + prompt-aware  283.0, 41 s 74.72

INBREAST

0.76
0.74
Method
—o— ALGM —o— ToMe
0701 s Baseline  =o= ToMesD
== Ours =—o— VidToMe
0.68{ == PiToMe

Merge Rate

(a)

Dice Score
o
3
N

PiToMe ToMe

TomeSD

(b)

Figure 3. (a) Top: results on INbreast with MedSAM, including a prompt-aware StructSAM variant that restricts token processing for
targeted efficiency. Bottom: performance across varying merge rates. (b) Qualitative comparison showing that StructSAM better preserves
fine structures and detailed regions, while other methods often miss boundaries or over-merge objects into the background.

650 505G sam-b — All Datasets (avg)
A e-_
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Figure 4. Comparison across merging methods, showing mloU,
GFLOPs, and throughput (img/s) at different merge rates on
SAM-B. Results for other architectures are in Appendix.

Quantization Speedup vs. Segmentation Quality
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Figure 5. Speedup comparison of quantized baseline and Struct-
SAM (relative to the unquantized baseline) on ThinObject5SK
across merge rates (30—70%). Numbers indicate mloU.

seamlessly integrated with a quantized model, providing
additional gains in inference speed and memory efficiency
while maintaining accuracy, demonstrating its complemen-
tary and orthogonal nature to quantization methods.

Q4. Analysis Other Choices. Table 2 reports an ablation
study on SAM-B evaluated on DIS5K, using both mloU
and boundary IoU (B-IoU) under two mask ratios. Across
all settings, our full method achieves the best or tied-best
performance, demonstrating the effectiveness of the pro-
posed design. The ablation for COIFT is presented in the
Appendix.

- Effect of gradient estimation. Replacing the Sobel oper-
ator with a simple central difference (Central-Diff) in the
token energy score degrades performance, especially in B-
IoU (Table 2), highlighting the importance of accurate gra-
dient estimation for preserving boundaries during merging.
Our energy score effectively captures fine structures while
remaining computationally efficient (Table 3). Additional
discussion of failure cases is included in the Appendix.

- Other results. We provide in the Appendix evaluations
with (i) point-based prompts instead of box prompts. We
also (ii) visualize the heatmap difference between token
compression across layers, comparing merged and original
tokens to better understand the model’s behavior.

6. Discussion and Limitations

Token merging methods for classification ViTs often fail to
preserve structure in prompt-conditioned dense tasks. To ad-
dress this, we introduce a lightweight gradient-based energy
that identifies boundary-critical tokens for structure-aware
merging. Our method generalizes across natural, medical,
and robotic tracking applications. However, its effective-
ness depends on representation quality; noisy or low-texture
features can reduce the informativeness of gradient cues. Fu-
ture robustness could be improved by jointly retraining the
backbone with merging. Future directions include extending
StructSAM to 3D models (Chen et al., 2025) and optimizing
ranking operations for better GPU parallelism (Liu et al.,
2026).
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Impact Statement

This work enables efficient deployment of foundation seg-
mentation models in low-resource environments by substan-
tially reducing inference cost without retraining or archi-
tectural modification. By preserving fine-grained structural
details under aggressive token reduction, our method broad-
ens access to high-quality segmentation for applications
with limited compute, memory, or energy budgets, includ-
ing medical imaging and embedded vision systems.
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A. Additional Discussion on StructSAM Limitations

Despite these advantages, StructSAM has several limitations. First, our current formulation relies on fixed, hand-crafted
gradient operators (e.g., Sobel or central differences), which may be suboptimal for highly textured regions or domain-
specific imagery. Second, the use of predefined cell partitions introduces an additional design choice that may require tuning
for different input resolutions or architectures. Finally, while our method is evaluated primarily in the context of SAM-based
segmentation, its effectiveness for other vision tasks or transformer architectures remains to be fully explored.

These limitations suggest several promising directions for future work. An interesting extension would be to learn adaptive
or task-specific gradient operators that retain the efficiency of first-order information while improving robustness. In
addition, dynamically adjusting cell structures or sampling strategies based on content or model depth could further enhance
flexibility. More broadly, we believe that StructSAM opens up new opportunities for rethinking token merging as a local,
structure-driven problem rather than a global graph optimization task, and we hope this perspective will inspire more
efficient designs for scalable vision transformers.

B. Implementation Details
B.1. Pseudo Code

We provide pseudocode for StructSAM’s token partitioning procedure in Algorithm 1.

Algorithm 1 StructSAM token partitioning and merge map (cell-wise)

Input: Token tensor T € RHAXWXC. co]] size Sz, Sy; merge rate v € [0,1)
Procedure: Source tokens A (to be merged); kept tokens B; assignment map 7 for unmerging
. Initialize empty sets A, B and empty map 7
Partition T into non-overlapping cells {C; € Rs=*sv*C}
for each cell C; do
Compute gradient magnitudes G(t) for tokens ¢ € C;
Compute cell flatness ¢; < — maxsec, G(t)

end for

Sort cells by ¢; in decreasing order > Higher ¢; = flatter (more mergeable)
Merge < % > #cells needed to remove »HW tokens
9: M <« first Mmer:e cells in the sorted list > mergeable cells
10: P < remaining cells > protected cells
11: for each protected cell C; € P do
12: B+~ BuUC(; > keep all tokens
13: end for

14: for each mergeable cell C; € M do

15: Compute G(t) for tokens t € C;

16: tast ¢ argmingec, G(t) > stable destination token
17: B« BU {tgs}

18: for each tokent € C; \ {tgst} do

—_

A A

o]

19: A+~ AUt}

20: m(t) < tast > unmerge target
21: end for

22: end for

23: return A, B, 7

Bounding Box Generation Following the standard SAM evaluation protocol, we use bounding box prompts derived
from ground truth segmentation masks. For each ground truth mask, we compute the tight axis-aligned bounding box by
extracting the minimum and maximum coordinates of foreground pixels (threshold ; 128). The resulting boxes are provided
to SAM in the format of top-left and bottom-right corners as spatial prompts. This deterministic box generation ensures
reproducible evaluation while simulating realistic user-provided region annotations. For our prompt-aware token merging
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strategy, pixel-space boxes are converted to token-space coordinates by dividing by the patch size (16 pixels), enabling
differentiated merging policies for tokens inside versus outside the prompted region.

C. PCA Visualization

We visualize the feature space using PCA projections across different layers of SAM-B in Fig. 6 and Fig. 8. Even with 65%
of the tokens merged, the features remain faithful and preserve fine-grained forground object details.

Feat. PCA (0% merge) Feat. PCA (65%) Difference

Layer 0

Layer 5

Layer 11

Figure 6. PCA visualizations across image encoder layers.

D. When the StructSAM energy will fail

StructSAM becomes more unstable when processing regions where the original model exhibits low confidence or high
ambiguity induced by the prompt. The top two rows of Fig. 7 illustrate this failure mode: the tail of the parrot is an
ambiguous region, where even slight changes in the bounding box can lead to large variations in the original SAM output.
In such cases, StructSAM shows increased instability across different merging rates.

Another failure case arises from StructSAM’s tendency to prioritize merging background features while preserving highly
distinctive and salient foreground objects. Although this behavior can improve segmentation quality for foreground regions,
it makes background segmentation more challenging, as shown in the last row of Fig. 7 and the last row of Fig. 8.

E. Additional Ablation Studies

Cell Size : Table 5 presents an ablation study on cell size. To ensure compatibility, we select cell sizes that are divisible by
the SAM model’s window size. Our results indicate that 2 x 2 cells yield the highest quality, as they offer superior spatial
preservation compared to larger configurations.
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Baseline

ratio=0.30 ratio=0.50 ratio=0.70

(a) The baseline models exhibit low confidence around the parrot’s tail region; consequently, token merging becomes inconsistent across
different merging rates.

Baseline ratio=0.30 ratio=0.50 ratio=0.70

(b) The baseline models exhibit low confidence around the parrot’s tail region; even a slight adjustment of the bounding box leads to
significant changes in the segmentation output..

Baseline ratio=0.30 ratio=0.50 ratio=0.70

(c) Leaf segmentation with token merging. Background regions are more easily merged due to weaker feature importance.

Figure 7. Segmentation results of SAM under different token merging rates. The parrot examples show that token merging
becomes unstable in regions where the model has low confidence, particularly around challenging areas such as the tail. In
contrast, the leaf example illustrates that non-foreground regions are more aggressively merged due to their lower feature
saliency, which can lead to segmentation failures.
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Layer 5

Layer 11

Feat. PCA (0% merge) Feat. PCA (65%) Difference

Figure 8. PCA visualizations across image encoder layers.
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Additional ablation on the COIFT dataset: We further extend the ablation study presented in the main paper to the
COIFT dataset in Table 4, providing additional evidence to support the design choices adopted in the final model.

Table 4. Ablation study on SAM-B. mloU and boundary IoU (B-IoU) are reported in %. GradCell (Full) denotes the complete
model using Sobel-based flatness and structured cell sampling.

r=10.35 r =0.55
Dataset Method mloU B-IoU mloU B-IoU

GradCell (Full) 64.0 53.5 63.3 52.1
Central-Diff 60.5 50.4 59.5 49.1
Mean-Flatness 63.8 53.3 62.9 52.1

COIFT No-Cell 62.7 50.6 59.2 47.7
Rand-Cell 63.9 52.5 63.0 51.1
Max-Dst 63.3 52.7 62.0 51.4
Rand-Dst 63.7 53.2 62.8 51.9

Tuable 5. Effect of cell size on INbreast dataset segmentation performance. The image encoder processes tokens on a 64 x 64
grid for global attention layers and a 14 x 14 grid for window attention layers, so the cell sizes must be divisors of their
respective grid dimensions.

Window Cell Size Global Cell Size Dice Score GFLOPs

2x2 2x2 0.7551 348.3
TxT 8x8 0.7481 347.8
14 x 14 16 x 16 0.7364 347.8

F. Extension StructSAM to Efficient-SAM for Video Tracking

We extend StructSAM to Efficient-SAM to enable lightweight video tracking by leveraging token merging for improved
efficiency. While merging may introduce minor accuracy degradation, the resulting segmentation quality remains sufficient
for tracking scenarios that rely on coarse prompts such as bounding boxes. This design prioritizes speed and scalability,
making it suitable for real-time applications. Our goal is to evaluate whether a StructSAM-enhanced Efficient-SAM can
serve as a practical alternative to more powerful but computationally intensive models such as SAM-2 for video tracking.

We illustrate the tracking quality of EfficientSAM in Fig. 9. Despite its simplicity, the method with a 70% merging rate
performs on par with SAM?2 while requiring significantly less memory and computation. Fig. 10 shows the gains in
throughput and memory consumption when applying StructSAM to EfficientSAM; at a 70% merging rate, the system
achieves real-time performance at 30 frames per second. Fig. 11 demonstrates that replacing SAM?2 with EfficientSAM
(70% merging rate) in our tracking pipeline maintains comparable performance on the robot stacking task with IA-VLA,
while substantially improving efficiency and speed.

Extension for efficient video object tracking StructSAM extends to video co-tracking and segmentation by propagating
masks across frames while restricting computation to relevant regions. For a video sequence I;, the bounding box 9; derived
from the previous mask M;_; is used as a prompt to segment the current frame, yielding M; = SAM(I;, 0;). Computation
is focused within J;, while tokens outside are merged or skipped for efficiency. The next bounding box is updated via
0;+1 = B(M;), enabling iterative mask propagation. This region-focused strategy allows efficient and accurate segmentation
over time by leveraging temporal consistency between consecutive frames.

Quantitative analysis of the effect of StructSAM on EfficientSAM In this part, we assess the change in performance of
EfficientSAM when it is extended by StructSAM. We illustrate the tracking performance in a robotic task in Figure 12. For
evaluation, we compare the bounding box and segmentation results of EfficientSAM tracking with those of EfficientSAM +
StructSAM tracking (using the algorithm described above), in terms of mloU over a 15s video, as shown in Fig. 12. Table
6 demonstrate the quantitative results. Even with the high merging ratio, StructSAM still shows comparative results to
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Tracking using EffecicientSAM with our algorithm at 0.7 merging rate

Tracking with SAM 2

Figure 9. Results. We compare TrackSAM (with a merge rate of 0.70) against the base model EfficientSAM and a SAM2.
While the overall performance is similar, our method enables real-time processing with lower memory consumption.

Effect of Merge Rate on FPS and Peak Memory

— 29.12
29 —e— FPS PeakMem (MB) F500
28 1
F400 .
271 s
-300 &
L 26 g
2 245.0 g
=
25 - 200 2
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~
24 4
F100
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T T T T 0
0.00 0.25 0.50 0.70
Merge Rate

Figure 10. At 70% merging rate, we boost up robot execution speed to 3x while still maintaining success rate

original EfficientSAM, with Fig. 12 showing the success of StructSAM at merging ratio of 0.8. Even though the task is
simple, which explains the mIoU and bbox IoU even at high merging ratio, it shows that in many cases StructSAM can be
used to speed up an already efficient algorithm significantly while still maintaining decent performance.

Table 6. Segmentation and bounding box quality of applying StructSAM on EfficientSAM

Merging rate mloU Bbox IoU
R = 0.0 (baseline)  0.920 0.916
R=06 0.929 0.942
R=0.7 0.928 0.942
R=038 0.931 0.947
R=09 0.922 0.932
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100 W OpenVLA [ OpenVLA-TrackSAM [l IA-VLA

Success rate (%)

Catl Cat2 Cat3

Figure 11. At 70% merging rate, our method (Green) boost up robot execution speed to 1.4x while keeping the same
performance as IA-VLA (Blue).

Frame 1 Frame 30 Frame 60 Frame 90 Frame 120

Figure 12. Segmentation and tracking across video frames, merging rate at 0.8

Robot Setup for VLA experiments To assess the benefits of StructSAM in downstream robotic applications, we integrate
it into Efficient-SAM for object tracking within vision-language-action (VLA) pipelines. We then evaluate its performance
through real-world experiments designed to test robustness against distractor objects. In these experiments, a Franka
Research 3 robot is instructed to pick up the correct Lego block based on a human prompt (see Figure 13), requiring both
semantic and visual reasoning to accurately identify the target.

The language instructions follow structured patterns such as “lift the leftmost / rightmost orange / green / blue block” and
“lift the second / third / fourth / fifth orange / green / blue block from the left / right.”

We collect 120 demonstrations across 12 distinct language instructions covering a subset of the instructions above. Each
scene is defined by the number, color, and spatial arrangement of the blocks, with semantic concepts grounded in color and
positional references.

To evaluate generalization of the VLA models, we divide tasks into three difficulty categories. Category 1 includes
instructions seen during training. Category 2 combines familiar positional references with novel color assignments. Category
3 introduces previously unseen ways of referring to object positions.

We use OpenVLA with raw robot observations as a baseline. To mitigate the impact of distractors, inspired by (Hannus
et al., 2025), we augment the input with a highlighted mask of the target object, generated using StructSAM-enhanced
Efficient-SAM and SAM2. We then compare baseline performance against OpenVLA augmented with SAM?2 and with
StructSAM-enhanced Efficient-SAM. The results show that input augmentation consistently improves performance across
all task categories. In addition, StructSAM integrated into Efficient-SAM achieves task success rates comparable to SAM?2
while delivering a 45% speedup, highlighting an effective balance between efficiency and performance in both robotic and
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medical imaging contexts.

Figure 13. Task: "lift the second blue block from the right”. The raw robot observation is on the left, and the augmented
observation with propagated masks at the end of the task is at the right.

G. Additional Results

We present in Figure 14 a visualization of token-merging outputs from different algorithms on a representative image from
the INbreast dataset. Additionally, we provide a detailed comparison between StructSAM and baseline methods across
different merging ratios on four high-quality datasets and two SAM variants (ViT-B and ViT-L backbones), as shown in
Figs. 15, 16, and 17. We show additional analysis for peak GPU memory consumptions from Figs. 18 and 19.

In Table 7, we additionally report segmentation performance under point-prompt evaluation. We follow the original SAM
evaluation protocol, where points are sampled from the ground-truth mask and used sequentially to progressively refine the
predicted segmentation.

Original Groundtruth Algm (0.658) Tome (0.679) Tomesd (0.669) Vidtome (0.757) Pitome (0.733) Ours (0.853)

Figure 14. Segmentation results on INbreast dataset using MedSAM
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Table 7. Point-prompt segmentation results across all datasets (model: sam-b, merge ratio: 0.55). Green = best, blue =
second-best per column.

Dataset Method 1 Point | 2 Points | 3 Points
mloU b-mloU mloU b-mloU mloU b-mloU

Baseline (No Merging) 15.98 13.58 3454 2910 47.86 39.94

l% ToMeSD 16.72 13.81 34.21 28.08 46.43 37.99
2] ALGM 13.09 10.11 30.76 2394 43.14 33.68
A vidtome 11.52 9.59 26.61 21.74 39.75 31.90
StructSAM (Ours) 17.03 13.96  34.65 28.35 47.57 38.89
% Baseline (No Merging) 46.70  39.02  69.04 5854 7843 67.88
g ToMeSD 50.04  42.05 70.84 59.89 77.69 67.50
g ALGM 48.60  40.32 69.97 59.87 77.54  66.83
el vidtome 40.92 31.80 60.63 47.10  70.75 56.45
= StructSAM (Ours) 5254 4440 71.54 60.79 7843 67.95
Baseline (No Merging) 47.33 39.67 66.18 56.37 75.68 64.88
8 ToMeSD 49.92  42.08 66.60 56.99 75.77 65.13
g ALGM 47.46 38.79 64.82 54.13 73.96 62.51
an vidtome 36.96 29.02 54.68 43.30 68.00 53.84
StructSAM (Ours) 52.07 4410 68.62 58.74 7634  65.90
Baseline (No Merging) 37.51 29.52 58.08 45.57 69.73 55.15
E ToMeSD 40.29 31.14 58.67 45.62 69.05 54.31
IS ALGM 38.81 28.56 56.23 41.54 66.16  49.18
O vidtome 27.73 19.29 46.02 31.97 57.80  40.46
StructSAM (Ours) 4142 3197 5932  46.26 69.64 54.92
505 G sam-b — DIS5K
-
486G T 481 G I StructSAM 500
621 m T ° [ ALGM
[0 PiToMe
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Figure 15. Results on DIS5K dataset, SAM with ViT-B backbone.

19



Structure- and Spectrum-Preserving Token Merging for Segment Anything Models

100.0 505G sam-b — ThinObject5K
: ®-.
486G T 481 G I StructSAM - 500
=TTl
975 ° T ALGM
[ PiToMe
I ToMe L
95.01 429G I ToMeSD 430
I none (baseline)
92.5 1
=
é 90.04 e 367G 7@ T
87.51
85.01
3.
2599H HEEHE H- H HE WE:
S " AEIRE BN « (S o = ° 2
= = == | = 2= = ([ = = = =
80.0 - 250
Baseline 0.35 0.45 0.55 0.65
Merging Rate
Figure 16. Results on ThinObject5K dataset, SAM with ViT-B backbone.
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Figure 17. Average results on all 4 datasets, SAM with ViT-L backbone.
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Figure 18. Average peak memory results on all 4 datasets, SAM with ViT-b backbone. Note that ToMe does not applicable at
above 50% merging rate, we note the memory consumption of ToMe at 50% for 0.55 and 0.65
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Figure 19. Average peak memory results on all 4 datasets, SAM with ViT-1 backbone. Note that ToMe does not applicable at
above 50% merging rate, we note the memory consumption of ToMe at 50% for 0.55 and 0.65

H. Formal Proofs and Statements of Theoretical Guarantee for Section 4

This appendix provides formal statements and proofs supporting the informal Theorem 1 in the main paper. We analyse
StructSAM’s token merging inside an attention block through spectral graph theory: merging induces a graph coarsening
map on a token graph, while the unmerging step corresponds to a canonical lifting that restores the original token resolution
required by dense mask prediction.

Layerwise spectral discrepancy (main paper). At encoder layer ¢, tokens in each attention window P, define a
weighted graph Gy ;, with normalized Laplacian £, ;. After merging and lifting, we obtain a lifted graph Gy ; and its
Laplacian £y 1, ;. We measure structural distortion at layer £ via

Ky
SD, £ ZH)\M - )\Z,k,l’
k=1

1 )
where A, 1, and Mg i, ; are eigenvalues of the original and lifted normalized Laplacians, respectively.

H.1. Preliminaries: coarsening, lifting, and eigenvalue inclusion

We reuse Graph Coarsening and Graph Lifting (Definitions 1 and 2) window-wise to interpret token merging as a graph
coarsening operation and to define the lifted proxy used in our spectral analysis.

Definition 1 (Graph Coarsening). Let G(V,E, W) be a weighted graph with |V| = N and adjacency matrix W € RVXN,
Let P = {V;}ic[n) be a partition of V into n disjoint subsets. The coarsened graph of G with respect to P is the weighted
graph G.(V., E., W), where each subset V; is collapsed into a single node v; € V.. Its adjacency entries are defined by
block-averaging:

. 1 o
Wc[’)]] = W Z Z W[U’UL 1] € [n]

ueV; ’UGVJ‘
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Let D be the degree matrix of G with D{p,p| = d,, := Z(IJVZI Wip, q], and define the combinatorial and normalized
Laplacians:

L=D-W, L=1Iy—-D Y?WD~ /2,

Similarly define D, L, =D, — W, and L. =1, — Dc_l/QWch_l/2 for G.. We denote eigenvalues and eigenvectors of
L by (A, u) and those of L. by (A, u.).

Definition 2 (Graph Lifting). Given a coarsened graph G.(V.,E., W) induced by partition P = {V;}ic[n), the lifted
graph G;(V, &, W) is defined on the original node set V by

W, u,v] = W,[i,j], VueV;, veV;, i,j€[nl.
Let Dy be the degree matrix of G; with Dy[p, p] = dy;, := Zévzl W, [p, q], and define

L,=D,-W, £ =Iy-D;"*wW,D; "2

We denote eigenvalues and eigenvectors of L; by (A, up).

Lemma 1 (Eigenvalue inclusion under lifting). Let G, be coarsened from G by a partition P, and let G; be the lifted graph.
Then the eigenvalues of L, contain all eigenvalues of L., and the remaining (N — n) eigenvalues equal 1.

Proof. A standard lifting argument shows that £; has an invariant subspace of vectors constant on each cluster, on which £;
is similar to £.. The orthogonal complement contributes eigenvalue 1 with multiplicity N — n. O

H.2. Token graphs for windowed and global attention

Fix an encoder layer ¢ with window partition {P&k}kK:l 1» where K, > 1. For local-attention layers, Py, are spatial
windows; for global attention layers, K, = 1 and Py; = X. For each window (¢, k), define a weighted token graph
Ge(Ve ks, Eois, We i) on the tokens in Py .. Let its normalized Laplacian be

Lig = In,, — DZ;/wa,kDZi/Z) Nogp = Vel

StructSAM performs merging within each window (equivalently, within grid cells aligned to the window), producing a
coarsened graph Gy . ¢; lifting yields G, 1. ; on N ;, nodes. Let A, and A, ;. ; be eigenvalues of Ly, and Ly i 1, respectively.

H.3. Merge correctness event

Fix (¢, k). Let Pésg_ = {Vés(; PRTEES ,Vése) k.s, . J D€ an (unknown) semantic partition of the window at merge step s (e.g.,
local regions separated by edges). At step s, the algorithm merges a pair (vq, , ,, s, , ) inside that window. Define the
within-region merge event

Eors = {Eli € [se,k) St Vay, Ly Vb, € Vése),”} . (1)

H.4. Assumptions

We keep Assumptions 1 and 2 identical in spirit to PITOME’s Theorem 1 and establish a gradient-separation Assumption 3
that matches StructSAM’s flatness screening rule and implies d; . s — 0.

Assumption 1 (Within-region concentration). For each merge step s and each true part Véfl), ki
E [ cos(vy, vy)] = 1, Y Uy, Uy € V(())S%k)i.
Assumption 2 (Margin across regions). There exists a margin m € (0, 1) such that for all i # j,
COS(Vy, Uy) = m > €08(Vy, Uy )s YV Uy, Uy € Vé,sz),k,w Y v, € V(E,Se),k,j-
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Assumption 3 (Gradient separation for flatness screening). Fix a layer { and an attention window Py . Partition Py,

into disjoint grid cells {C[’k’m}%ili aligned to window geometry, each of size s x s. Let Sy(x) = G (z) be the feature
gradient—based energy score. Define the cell flatness score

G01(Cokm) = — max Se(x).

2€CH Kk,m

pro

StructSAM selects the mergeable-cell set MG as the pMy i, cells with largest ¢y 1, and defines the protected set M bk =
[Me ]\ M.

Assume there exist constants 0 < T, < Tpa and a function 6y, (s) € (0, 1) such that for each merge step s:

1. Boundary-gradient lower bound. If a cell Cy i, ,, intersects two or more true parts of Pésg i then

max Se(x) > Tpbq with probability at least 1 — g ().

z€Co 1, m

2. Interior-gradient upper bound. If a cell Cy i, r, is fully contained in a single true part of Péég i then

Inax Se(x) < 7in  with probability at least 1 — §; ().
T 2,k,m

3. Mergeable-cell budget. The merge rate p satisfies

< #{interior cells in (¢, k)}
P = My )

so that mergeable cells can be chosen exclusively among interior cells whenever (A3a)—(A3b) hold.

Moreover, 0, 1(s) — 0 as token resolution increases (equivalently, as cell size decreases at fixed image resolution).

Lemma 2 (Gradient separation implies boundary protection). Under Assumption 3, with probability at least 1 — 2 84 .(s),
every mergeable cell selected by StructSAM is an interior cell (i.e., it does not intersect a boundary). In particular, defining

Otke,s == 2001(5),

we have ¢ 1,5 — 0.

Proof. On the event that (A3a) and (A3b) hold, every boundary cell has max Sy, > 7,9 while every interior cell has
max Sy < 7y, with 73, < 7pq. Hence all cells with smallest values of max Sy are interior. By (A3c), StructSAM can select
its mergeable-cell budget from these interior cells. A union bound over the two failure events yields probability at least
1-2 5& k (S) O

Lemma 3 (From gradient screening to merge correctness). Under Assumptions 2 and 3, for each merge step s,

]P(gé,k,s) > 1-— 6@,1@,5, where 5é,k,s = 25€,k(5) — 0.

Proof. By Lemma 2, with probability at least 1 — d, 1, s, all mergeable cells are interior (contained in a single true part).
Within an interior cell, StructSAM chooses a destination token inside that same true part. By the margin assumption
Assumption 2, BSM assigns each source token to a destination in the same true part, hence no cross-part merges occur and
Er. 1. holds. O

Proposition 1 (Failure of Assumption 3 under coarse cell partitions). There exist token graphs satisfying Assumptions 1
and 2 for which Assumption 3 fails solely due to the choice of cell size, even when the gradient score Sy = G perfectly
separates boundary tokens from interior tokens.

In particular, fix a window Py i, whose tokens lie on a H xW grid, and consider a latent partition into two true parts separated

by a boundary curve that intersects every grid cell of a given cell partition {Cq, km}f\fi’{ Then #{interior cells} = 0, and
thus the mergeable-cell budget condition (A3c) fails for any p > 0. Consequently, StructSAM must select mergeable cells
that are boundary/mixed cells, so the boundary-exclusion conclusion of Assumption 3 cannot hold.
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Proof. Construct embeddings as follows. Let all tokens in true part 1 share a unit vector u, and all tokens in true part 2
share a unit vector v such that v v = y < m. Then within-part cosine similarity equals 1, so Assumption 1 holds (trivially),
and cross-part similarity equals v < m, so Assumption 2 holds.

Now choose a cell partition with no interior cells, i.e. every cell intersects both true parts (for example, take a single cell
covering the entire window, or take cells so large that each cell straddles the boundary). Then #{interior cells} = 0, and the
condition (A3c), p < #{interior cells} /My j, fails for any p > 0. Hence StructSAM must choose at least one mergeable
cell that is mixed. Even if the gradient score perfectly separates boundary tokens from interior tokens, there are no interior
cells to select, so the boundary-exclusion mechanism cannot be satisfied. O

H.5. Practicality of the assumptions in Section H.4

Why Assumptions 1 and 2 are plausible in foundation encoders. Assumptions 1 and 2 posit that token embeddings
concentrate within coherent regions and admit a margin across different regions. In SAM-style foundation encoders, this
behaviour is empirically supported by the strong spatial organisation visible in PCA projections of token features. In
Figure 6, the Feat. PCA (0% merge) panels exhibit piecewise-smooth colour structure that aligns with salient objects and
backgrounds across early (Layer 0) through deeper layers (Layer 11), suggesting that tokens within a region occupy a
compact neighbourhood in feature space, while tokens across different regions remain separated. This is consistent with
within-region similarity concentration and cross-region margin, motivating Assumptions 1 and 2 in practice.

Decomposing Assumption 3: score separation vs. geometric budget. Assumption 3 decomposes into two ingredients.

Score separation (A3a)-(A3b). These conditions require that the cell-wise statistic max,c¢ GO (z) separates bound-
ary/mixed cells from interior cells. This is a standard edge-detection heuristic: a boundary-crossing cell typically contains
at least one high-gradient token, while interior cells remain low-gradient. The PCA diagnostics in Figure 6 support this
separation across layers even under aggressive merging. Specifically, comparing Feat. PCA (0% merge) and Feat. PCA
(65%) shows that the dominant spatial structure is largely preserved, while the Difference maps remain sparse and localised
rather than diffuse. This indicates that the merge—unmerge perturbation concentrates on a small subset of locations and does
not globally scramble the feature geometry, making it plausible that gradient-energy remains a stable signal for identifying
boundary-sensitive cells across layers.

Geometric/budget condition (A3c). Condition (A3c) is structural: the mergeable-cell ratio p (equivalently, the cell size
s) must be chosen so that sufficiently many interior cells exist to populate the mergeable set. If s is too large (or p is too
aggressive), interior cells may be absent or too few, forcing the selection of boundary/mixed cells and invalidating (A3c), as
formalised by Proposition 1. In practice, StructSAM’s use of window-aligned cells and moderate cell sizes typically yields
many interior cells per window, so (A3c) is satisfied except in extreme high-merge regimes or for very thin structures whose
width is comparable to the chosen cell size.

Takeaway. Together, Figure 6 and the sparse difference patterns across layers provide empirical support that the rep-
resentation geometry of SAM’s encoder makes Assumptions 1 and 2 and the score-separation component (A3a)—(A3b)
easy to satisfy, while (A3c) highlights the practical trade-off between merge rate and the availability of interior cells under
window-aligned partitioning.

H.6. Formal theorem matching the main-paper informal statement in Theorem 1

Theorem 2 (Formal: Layerwise spectrum stability of score-guided merging). Fix an encoder layer ¢ with windows
{P, k}f:’ 1- Let SD¢(SG) denote the spectral discrepancy induced by StructSAM’s score-guided merging, and SD,(Base)
that of a non—score-guided baseline (e.g., random or stride-based dst selection). Assume bounded degrees and bounded
weights in each window: there exist constants 0 < dpin < dpax < 00 and 0 < wyax < 00 such that, for all merge steps,

dinin < dY)(0) < dinaxs 0 < Wi, 5] < Winax.
Then:

1. Under Assumptions 1 to 3, we have E[SD,(SG)] — 0.
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Input Ground Truth ToMe-SD StructSAM

&
.

Figure 20. Illustrative failure case of ToMeSD. Stride-based destination selection may place a destination token inside a
boundary-crossing (mixed) cell, forcing cross-region token merges that degrade dense segmentation quality. In the example
shown for ToMe-SD, the destination token is sampled from the ground-truth cell, causing the algorithm to merge structurally
inconsistent neighboring tokens and produce erroneous segmentation. In contrast, StructSAM uses flatness-based screening
to protect mixed cells and preserve structural boundaries.

2. If the baseline has a non-vanishing probability of cross-region merging, i.e., there exists § > 0 such that

iknf P(gf,k:,s) S 1- 67
then lim inf E[SD;(Base)] > ¢y § > 0 for a constant ¢y depending only on (m, dmin, dmax; Wmax)-

H.7. A baseline counterexample (ToMeSD-style dst selection)

Proposition 2 (ToMeSD admits non-vanishing cross-region merges). Assume Assumptions 1 and 2. Consider a window
Pe,i that contains two true parts Vé’sg)’ k1 and Véfe)’ k.2 Separated by a boundary that intersects at least one grid cell C(a
mixed cell). Suppose the baseline destination-selection rule chooses a destination token in C with probability at least pg > 0
and, conditional on selecting C, picks a destination from the non-dominant part in C with probability at least qo > 0. Then
for infinitely many merge steps s,

P(Efk,s) = Pogo,

and hence infy, ;P(Epk.s) < 1 — pogo.

Proof. On the event that a destination is chosen in the mixed cell C from the non-dominant true part, there exist source
tokens in the dominant true part within C. Because the baseline does not enforce boundary protection, at least one such
source token must be assigned to a destination in the other true part, and therefore a cross-region merge occurs, i.e. £
holds. The claim follows from the lower bounds pg, qo.

Figure 20 visualises the mixed-cell event in Proposition 2: ToMeSD may select a destination in a boundary-crossing cell,
forcing cross-region merges, whereas StructSAM’s flatness screening avoids selecting such cells.

H.8. Proof of Theorem 2

We follow the same high-level route as in PITOME’s Appendix E: (i) control a one-step adjacency discrepancy, (ii) translate
it to a Laplacian perturbation bound, (iii) convert Laplacian perturbation to eigenvalue drift via Hoffman—Wielandt, (iv)
telescope over merge steps and sum over windows.

One-step discrepancy. At merge step s in window (¢, k), StructSAM merges indices (a¢ ks, be x,s). Define the one-step
(row/column) discrepancy

Apis 2 [[Wilaens ] — W llbews, ||, + [WELE aer.s) — WL bes|],- )
For symmetric affinities, the two terms coincide; we keep both for generality.
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Proposition 3 (Row/column drift under correct vs. incorrect merges). There exist constants cyow > 0 and co > 0, depending
only on the affinity construction and bounds, such that:

1. On gg,k7s,

2. On Ezk,s, under Assumption 2 we have
A&k’s > Co(l — m)

Proof. (1) For cosine-type affinities Wi, j] = 1 (cos(v;, v;)) with ¢ Lipschitz, |[Wa, j| — Wb, j]| < Ly| cos(vq, v;) —
cos(vp, vj)| < Ly|lvg — vpll2. Summing over j inside the window yields |W]a,:] — WIb,:]||1 < ¢||vg — vp||2, and
similarly for the column term. Using ||v, — vy |3 = 2(1 — cos(va, vp)) gives the claim.

(2) If €5, , occurs, the merged pair lies in different true parts. By Assumption 2, within-part similarities are at least m while
cross-part similarities are strictly below m, which implies a nontrivial mismatch in adjacency rows/columns to tokens in at
least one of the parts. This yields an ¢; discrepancy bounded below by a constant multiple of 1 — m. O

Proposition 4 (Adjacency-to-Laplacian perturbation). Let EES,Z be the normalized Laplacian before the merge at step s, and

let Egsk_ ll) be the lifted normalized Laplacian after that merge. Under the boundedness condition in Theorem 2, there exists
Clap > 0 such that

H‘Cg}lz - Eéf];ll)HF < Clap Aé,kz,s-

Proof. Write L =1 — D~/2?WD~1/2, A single merge changes W only through the merged pair’s rows/columns under
coarsening and lifting, hence |W — W, || ¢ is controlled by Ay j, ;. Degree matrices differ by row sums of W, so |D—D; || ¢

is also controlled by Ay . ;. Using degree bounds, ||D~'/2||5 and ||Df1/ ?||5 are uniformly bounded. A triangle inequality
expansion then yields the stated Frobenius bound. O

Lemma 4 (Hoffman-Wielandt). For symmetric matrices A, B € RV >N with eigenvalues o and 3,

lee = Bl < VN ||A = B[

Proof. By Hoffman-Wielandt, || — 3|2 < ||A — B||r. Apply Cauchy—Schwarz to obtain the ¢; bound. O

Proposition 5 (One-step eigenvalue drift). There exists csp, > 0 such that for each merge step s,
s s—1
Hx\ﬁi - A;,k,l ) Hl < Cop Dtks:
Proof. Apply Lemma 4 with A = Egslg and B = Eé‘fk_ ll), then use Proposition 4. O

Proof of Theorem 2. Step 1 (telescoping). For fixed (¢, k), telescope over merge steps:

Nk Nk
(s) (s—1)
Aok = Aekaln < D INR =A% i <ep D Avks
s=mng,k+1 s=ng,k+1
Summing over k =1, ..., K, yields
K, Ny

SD( < Csp Z Z Aé,kr,s-

k=1s=ngr+1

Step 2 (score-guided vanishing). By Lemma 3, P(SZ,C)S) < 0¢,k,s With d¢ i s — 0. Using Proposition 3 and the law of total
expectation,

E[A ks < crowE{\/Q(l — cos(vw,k,s,vb,z,kgs))] +co(1—m) de ks
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Under Assumption 1, the cosine term converges to 1 on correct merges, hence the first term vanishes. Since 6, s — 0 by
construction, we obtain E[A, j, ;] — 0, and therefore E[SD,(SG)] — 0.

Step 3 (baseline non-vanishing). By Proposition 2, ToMeSD-style destination selection can yield a non-vanishing lower
bound IP’(EKCV k,s) > ¢ for some & > 0 on infinitely many merge steps. By the lower bound in Proposition 3, this implies
E[A¢ k5] > co(1 —m)d, which yields lim inf E[SD,(Base)] > ¢¢d > 0. O
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