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Abstract

Evaluating large language models increasingly re-
lies on LLM-as-a-judge protocols, but such eval-
uations remain costly: different judges have dif-
ferent prices and reliabilities, and the difficulty of
each prompt—response pair can vary substantially.
This raises a basic allocation question: under a
fixed budget, how should one distribute evalu-
ation queries across heterogeneous judges and
instances to obtain the most accurate score esti-
mates? We formalize this question as budgeted
heteroskedastic multi-judge estimation. Given
K prompt-response pairs, J judges with known
costs, and unknown query—judge variances, the
goal is to estimate a bounded score vector while
minimizing an £,-error. Our first contribution is
to analyze the inverse-variance weighted estima-
tor IVWE) and to derive the oracle allocation
that minimizes its error rate. Since this alloca-
tion depends on the unknown variances, we then
address the practical unknown-variance setting
by proposing EST-IVWE, an adaptive algorithm
that constructs and leverages optimistically biased
variance estimates to stabilize the empirical allo-
cation. We prove that EST-IVWE matches the
oracle IVWE rate up to lower-order terms in the
budget. Our second and central theoretical contri-
bution is a matching local minimax lower bound,
which establishes the instance-optimality of the
proposed algorithms. A key technical insight is
that Fano-type high-probability arguments are too
coarse for this problem: their packing construc-
tion loses the local variance structure that gov-
erns the optimal allocation. We instead use an
Assouad-type in-expectation argument, based on
local perturbations, which preserves this struc-
ture and yields the sharp allocation-dependent
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lower bound. Finally, we numerically validate the
superiority of our approach over naive uniform
allocation on synthetic and HelpSteer2 datasets.

1. Introduction

Evaluating the quality of responses produced by large lan-
guage models (LLMs) is a central component of modern
model development, particularly for post-training (Bai et al.,
2022; Guo et al., 2025; Ouyang et al., 2022; Rafailov et al.,
2023) and model selection (Fernandez et al., 2026). Tra-
ditional evaluation methods, however, face important lim-
itations. Human annotation remains the gold standard for
capturing human preferences and judgments (Ouyang et al.,
2022; Rafailov et al., 2023), but it is costly, time-consuming,
and difficult to scale with the rapid pace of model develop-
ment. Standardized benchmarks provide a more scalable
alternative, but they are often too rigid for emerging appli-
cations where suitable benchmarks do not yet exist. These
limitations have motivated the growing use of the “LLM-
as-a-judge” framework, in which strong frontier models are
used to evaluate model responses across diverse tasks (Gu
et al., 2025; Kim et al., 2024; Zheng et al., 2023).

While LLM-as-a-judge reduces reliance on costly human
feedback, it still has computational and statistical concerns.
Querying large frontier models at scale remains expensive,
and different judges may have very different costs, expertise,
and reliability (Kim et al., 2024; Li et al., 2024; Raju et al.,
2024). A uniform allocation of evaluation queries is there-
fore typically inefficient: a small specialized judge may be
more reliable than a costly general-purpose model on some
domains, while using a frontier model for straightforward
instances may waste budget (Fernandez et al., 2026). The
difficulty is that, although the cost of each judge is usually
known, the variability of its evaluations is not. This vari-
ability is heteroskedastic: it depends both on the judge and
on the intrinsic difficulty of the prompt-response pair being
evaluated. This raises the central question studied in this
work:

Given a fixed evaluation budget, how should one allocate
queries across prompt-response pairs and multiple LLM
judges in order to obtain the most accurate estimates of
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response quality?

We formalize this question as a new statistical learning prob-
lem, referred to as budgeted heteroskedastic multi-judge
estimation. This problem can be viewed as an adaptive,
cost-aware generalization of Neyman allocation (Neyman,
1934). In classical Neyman allocation, samples are allocated
across strata with known variances. Here, by contrast, the
learner must allocate evaluation queries across query—judge
pairs with known costs but unknown, heteroskedastic vari-
ances, with the goal of estimating the full score vector as
accurately as possible. Formally, given a total budget B,
a set of (prompt-answer) queries k € [K] = {1,..., K},
and a set of available LLM judges j € [J], each judge j
has a known query cost c¢;, while each query—judge pair
(k,j) € [K] x [J] has an unknown variance oy ;. The
learner’s objective is to adaptively allocate queries to judges
50 as to estimate the true score vector s = (sj)ke[x] € RX
while minimizing the ¢ -error, for a fixed p € [1, 0o] speci-
fied in advance. As we discuss later, this subsumes the re-
cently studied budget allocation problem for a single LLM-
as-a-judge in (Saha et al., 2026), where the authors only
considered p = oo. Furthermore, while our setting is moti-
vated by the LLM-as-a-judge framework (Saha et al., 2026),
it addresses a broader class of adaptive resource allocation
problems across heterogeneous information sources under
budget constraints.

Contributions. We provide a complete theoretical and
algorithmic solution to our problem:

(a) Optimal allocation and an adaptive algorithm. We first
analyze the inverse-variance weighted estimator (IVWE)
and to derive the oracle allocation that minimizes its er-
ror rate (Section 3). Since this allocation depends on the
unknown variances, we then address the practical unknown-
variance setting by proposing EST-IVWE (Algorithm 1), an
adaptive algorithm that constructs and leverages optimisti-
cally biased variance estimates to stabilize the empirical
allocation. We prove that EST-IVWE matches the oracle
IVWE rate up to lower-order terms in the budget (Section 4).

(b) Local minimax lower bounds. We derive a local min-
imax lower bound, matching the performance guarantees
of EST-IVWE, hence establishing its instance-optimality
(Section 5). A key technical insight is that Fano-type
high-probability arguments are too coarse for this problem:
their packing construction loses the local variance struc-
ture that governs the optimal allocation. We instead use
an Assouad-type in-expectation argument, based on local
perturbations, which preserves this structure and yields the
sharp allocation-dependent lower bound.

(c) Empirical validation. We numerically validate EST-
IVWE on both synthetic data and the real-world HelpSteer2
dataset (Wang et al., 2024) processed by Saha et al. (2026).

Our results demonstrate that EST-IVWE consistently and
significantly outperforms naive uniform allocation (Sec-
tion 7).

Related Work. While we contextualize our contributions
with specific literature throughout the text, we briefly sit-
uate our structural formulation within broader statistical
frameworks. In classical statistics, estimating a shared mean
from multiple heteroskedastic sources is known as the com-
mon mean problem (Cochran, 1937; Graybill & Deal, 1959;
Norwood Jr & Hinkelmann, 1977). This line of work ex-
plores how to optimally aggregate samples, though tradition-
ally without budget constraints. More recently, theoretical
computer science has studied a variant featuring a single
sample per population — referred to as entangled mean esti-
mation (Chierichetti et al., 2014; Diakonikolas et al., 2025;
Liang & Yuan, 2020)—Ilargely motivated by crowdsourcing
applications. Despite this rich literature on heteroskedastic
aggregation, incorporating a fixed budget constraint across
sources with varying costs has, to the best of our knowledge,
remained unexplored prior to our work.

2. Problem Setting

There are K queries, e.g., question—answer pairs, to be
evaluated by J LLM judges. Each query k € [K]| has an
unknown ground-truth score s, € R. Whenever the learner
assigns query k to judge j, she incurs a cost ¢; € R and
observes a random estimate sy ; € [0, R|. We assume that
5k.j ~ Dr.j» Elsk ;] = sk, and 0} ; == Var(sy ;) > 0. The
variances O’,%, ; are unknown, while the score upper bound
R is known. The learner operates online: at each step,
she selects a query—judge pair based on all observations
collected so far. Given a total budget B € R~ ( and a known
cost vector ¢ = (c;)jes) € RZ,, her goal is to provide
an estimator of the score vector s = (sg)re[x] € RE as
accurate as possible, i.e., minimizing the £,-error, for a fixed
p € [1, 0] specified in advance.

The boundedness assumption is quite realistic as the LLM-
judges are typically required to assign scores in fixed rating
scales (e.g., binary, {0, 1,2, 3, 4}, or [0, 100]) based on scor-
ing rubrics to ensure consistent evaluation (Gu et al., 2026).
As we will see later, such boundedness assumption necessi-
tates fundamentally different analysis techniques and algo-
rithmic design compared to the (Saha et al., 2026), which
for instance assumes Gaussianity for algorithm design. Ad-
ditionally, we emphasize that nonnegativity is not necessary;
all statements hold for any interval of length R.

We now comment on the heteroskedasticity of the problem
setting. By Popoviciu’s inequality on variances (Popovi-
ciu, 1935), a trivial bound of U,%)j < R2/4 holds, but we
note that it can be significantly loose; for instance, if the
pair (k, j) is “easy-to-evaluate” (the judge has sufficient ex-
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pertise to “confidently” evaluate the query), o} ; < R?/4.
Accounting for such variation in the variances is a central
challenge in the heteroskedastic learning literature (Chaud-
huri et al., 2017; Fontaine et al., 2021; Kirschner & Krause,
2018). With this, each problem instance is character-
ized by a triple (s,0,¢c) € RF x RE7 x R, where
o = (0k,j)ke[K],je|) IS the variance profile.

To assess and compare the performance, we introduce the
following notion of learnability:

Definition 2.1 ((B, 6, £,,)-Budget Efficient Algorithm).
Let p € [1,00], B € Rsq be a total budget, and
4 € (0,1) be a confidence level. An algorithm A with
score estimate 8 € R¥ is said to be (B, d, £, )-budget
efficient at (s, o, ¢) with error rate ¢, > 0 if:

P (Hé -8, > ep) <4, Z @5 Z Nij < B, as.

jelJ]  ke[K]

where Ny, ; denotes the (random) number of times .4
queries pair (k, j) € [K] x [J].

3. Oracle Allocation for Inverse-Variance
Weighted Estimation

In this section, we first provide high-probability guarantees
for the £,,-error of the celebrated Inverse-Variance Weighted
Estimator (IVWE) (Cochran, 1937; 1954) under any fixed
allocation, and then derive the allocation minimizing this
error. This allocation is referred to as the Oracle allocation,
because it requires the knowledge of the variances 0,37 i

Consider a fixed allocation and let N ; be the number
sampled scores obtained for query k from judge j. Alterna-
tively, the allocation can be represented by the cost-weighted
proportions of the budget allocated to the (k, j)-pairs by
w = (wg,; = C-’IZ;’“’”' )k,;- The budget constraint B is satis-
fied if and only if w € AKY .= {XA >0 2ok Mk = 1}
Let {s,(;)]}fvzklj denote sampled scores of query k from the
judge j. The IVWE is defined by:

-1

J J

; Nij Nic,j8h,g
Sk | D o2 > o2
j=1 ks =1 Tk
1
A ORRY
Sk = —— sy, Vi€ [J],
Nb.j ; !
where by convention, 5 ; = 0 if N ; = 0. The next

proposition provides error-rate guarantees for [IVWE; its
full statement and proof are given in Appendix A.1.

Proposition 3.1. For any instance (s,o,c) and p € [1, ],
IVWE is (B, §, £,,)-budget efficient with the following error

rate €p:

24, (w; 0, ) log 2K
Ep =B B 3

3

-3
. — Wk, j
AP(U),U,C) = ZkG[K] (Zje[.f] CjU;%,j> 3

where =g omits lower-order terms in B.

In the above result, A,(-) is derived from the variance of
IVWE. We refer to it as the allocation objective, since
minimizing this quantity yields the allocation that minimizes
the estimator’s error rate. The following theorem, proved in
Appendix A.2, characterizes this optimal allocation.

Theorem 3.2. For each query k € [K], let j*(k) ==
argmin;e cja,%’j be the optimal judge. For p €
[1, 00], consider the following optimal allocation prob-
lem: A3 (0, c) == min,eprxs Ap(w; o, c). The value
of this problem and the corresponding optimal alloca-
tion w* = (wj; ;)x,; are given by

pt2
P
_p_
* . p+2
.AP(O',C) = Z (cj*(k)a,%’j*(k)) 5
ke[K]
=) (e a0t
wk’j — _P_

p+2
Zk/E[K] (Cj*(k')ai’,j*(k’)>

A few remarks are in order. First, note that when J = 1 (a
single judge), c; = 1 (unit cost), and p = oo, the above re-
sult reduces exactly to (?)Theorem 3]saha2026budget. Our
setting therefore generalizes the framework studied therein.
An interesting consequence of the theorem is that, regard-
less of p, the optimal allocation is sparse: for each query k,
the budget is assigned to a single optimal judge j* (k). This
sparsity follows from the KKT conditions, analyzed in Ap-
pendix A.2, which show that an optimal allocation assigns
budget only to judges minimizing c; a,%, ;- Intuitively, once
the budget allocated to a query is fixed, the most accurate
estimate Sy is obtained by assigning all of that budget to
the judge with the best cost—variance trade-off. Allocating
any positive budget to a suboptimal judge j # j*(k) can
only worsen, or at best leave unchanged, the resulting es-
timate. Thus, while the choice of p changes how budget
is distributed across queries, the optimal judge selection
within each query remains sparse.

At this stage, the optimality statement concerns the mini-
mization of our upper bound. In Section 5, we show that
this bound is in fact minimax optimal.
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4. EST-IVWE: An Adaptive Algorithm and its
Error Rates

Next, we consider the realistic setting in which the variances
are unknown. We propose EST-IVWE, a simple adaptive
algorithm whose performance approaches that of IVWE
combined with the oracle allocation. The algorithm pro-
ceeds in two phases: the first estimates the variances, while
the second allocates the remaining budget according to the
empirical optimal allocation induced by these estimates.
The pseudocode of EST-IVWE is given in Algorithm 1.
Before providing error-rate guarantees for EST-IVWE, we
first motivate its design and discuss the main challenge in
its analysis.

Optimistically biased variance estimates. A key challenge
in analyzing the performance of Algorithm 1 is quantify-
ing how accurately the variances are estimated from Phase
I. Ideally, we seek a multiplicative guarantee of the form
(1— a)ak <6;.< (1+Oé)0’,%,j for some o € (0, 1). Such
a bound is highly desirable because, as seen in the form of
the optimal allocation and error bounds (Theorem 3.2), the
common error factors (1 + «) can be factored out, which
provides a direct link between empirical and oracle alloca-
tions. While (Saha et al., 2026, Lemma 6) have successfully
leveraged this property by assuming that the scores are Gaus-
sian, where multiplicative bounds are attained by (Laurent &
Massart, 2000, Eqn. (4.4) & (4.5))', this assumption is not
applicable to our setting where scores are bounded. Instead,
we utilize the empirical Bernstein inequality (Maurer &
Pontil, 2009, Theorem 10), which provides an additive guar-
antee of oy ; — 65,5 S v/log(1/6)/No (INy is the length
of the first phase). Now, if we were to use 7y ; directly
and require it to satisfy analogous multiplicative guarantee,
we would require Ny 2 . This is problematic

because we require the knowledge of oy,; to set N, and for
easy pairs in which o}, ; is near-zero, the requirement on the
number of exploratory samples Ny becomes prohibitively
large.

To overcome these limitations, we use an optimistic variance
estimator 0y, ; = 0, j + 7, which satisfies o, ; < 6, j + 27
with high probability; see Lemma B.2. This optimistic cor-
rection stabilizes the empirical allocation, especially for
query—judge pairs with near-zero variance, whose estimates
are otherwise highly unstable. It also ensures that such pairs
receive a sufficient amount of budget for reliable estima-
tion. By tuning 7 and Ny appropriately as functions of the
total budget B, the extra cost induced by this stabilization
remains lower order relative to the leading error term.

The following theorem formalizes the resulting error guar-

!This heavily relies on the Gaussianity assumption, as its deriva-
tion is based on the fact that squaring Gaussian random variables
results in a x2-distribution.

antees.

Theorem 4.1 (Error Rates of EST-IVWE). Let
p € [l,o0, B € Rsg, and 6 € (0,1).

Let us set 7 = R\/W Ny =
(2B)é (RQIOg QK‘])% when p > 2 and Ny =
2752 R3pis (log ng) § Bt oftitoe [

2Ny (KZJE[J ) Then,

ther suppose that B >
EST-IVWE is (B,¢, é,,) budget efficient at any
(s, 0, c) with the following error rate e,:

2A% (o, ¢) log 2&
8p:\/ 2 B) £ + Ep(B),

where E,(B) is the lower-order error term defined as

H o,c 2K7)3
O<R3A(7)(Q o ifp>2,
B3
R79T2 A% (o,c) (log 22 ) i+
@ 3pT2 2 lf]. §p< 2.
BiIpta

Proof sketch. We divide the (k,j)-pairs into two cases
using the bias 7 as an implicit threshold. For “easy-to-
evaluate" pairs with oy, ; < 7, the bias stabilizes the ratio
(6%, + 1)/ (0k,; + T), avoiding the numerical instability of
Ok,j / ok,; when o, ; ~ 0. For “hard-to-evaluate" pairs with
ok,; > T, the multiplicative guarantee between &, ; +7 and
ok,; + 7 follows, as we choose 7 to be the concentration
radius of (Maurer & Pontil, 2009, Theorem 10). Since the
selection rule j* (k) = arg min; ¢;o3. ; in Phase Il implies
Ci () Th - k) < Ci*()Th.j=(r)» We can upper bound the
error €, of the empirical allocation; and then we decouple
the effect of additive 7 using Minkowski’s inequality. We
then conclude by separating the impact of initial exploration
Ny from the total budget B, to recover the same leading
term as the error rate of IVWE. The full proof is deferred
to Appendix B. O

‘We conclude the section with two remarks on EST-IVWE
and its performance.

(1) Oracle performance without known variances. Re-
markably, Theorem 4.1 shows that EST-IVWE (Algo-
rithm 1) matches the leading term of the oracle strategy
that knows the variances in advance (Theorem 3.2), for all
p € [1,00]. Thus, to leading order, there is no price for
not knowing the variances: a simple two-stage procedure
suffices to recover the oracle rate.

(2) Relations to Graybill-Deal Estimator. Our problem
of estimating s;, from multiple sources can be viewed as an
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Algorithm 1: Estimate-then-IVWE (Est-IVWE)

Input: Total budget B > 0, Cost vector ¢ € R, Number of forced exploration per pair Ny > 0, Bias term for variance

estimator 7 > 0

// Phase I: Forced Exploration
for each (k,j) € [K] x [J] do

Compute the empirical variance estimator

1
~2 —
Uk7j =

// Phase II: IVWE

Pull arm (k, j) exactly Ny times and observe noisy evaluation scores {sk j

2No(No — 1)

(T’L)}ne[NU];

S (s )

ey

1<n#n’'<Nj

Compute the optimal allocation (ﬁ I j> i using the remaining budget B’ = B — NoK Y je[J) G- based on the
kg

P IT . . ~ 2
optimistic variance estimators {(T + 6k,5) } ;
k,j

return IVWE with (]\7 i j) as allocation and (7 + 6y, ;)? as variance proxies;
kg

instance of the common mean problem, a classical problem
in statistics (Graybill & Deal, 1959; Pal et al., 2007). Our
two-stage estimator is closely related to the Graybill-Deal
estimator, a standard approach for common mean estima-
tion, which uses all available samples to estimate both the
empirical means and variances. However, because the same
samples are reused for both quantities, the resulting empiri-
cal means and variance estimates are statistically correlated,
making sharp performance analysis difficult. Indeed, even
for Gaussian populations (Nair, 1980; Voinov, 1984), tight
characterizations of the estimator’s variance are technically
involved, and admissibility is known only for certain classes
of problems (Ghosh & Sinha, 1981; Pal & Lim, 1997; Sinha
& Mougadem, 1982). We avoid this dependence through
sample splitting: the samples used to estimate the vari-
ances [7,%’ ; in Phase I are not reused to compute the final
IVWE estimates 5 in Phase II. This decouples the ran-
domness of the variance estimates from that of the mean
estimates and yields a key property for the analysis: condi-
tioned on the estimated variances, IVWE remains unbiased,

E[8k [{0%,j} k5] = sk-

5. Local Minimax Lower Bounds

We now establish fundamental local minimax lower bounds
for our budgeted heteroskedastic multi-judge estimation
problem. The term local means that the lower bound holds
in a small neighborhood of any fixed problem instance, in
the same spirit as local minimax results for logistic ban-
dits (Abeille et al., 2021, Theorem 2), online LQR (Sim-
chowitz & Foster, 2020, Theorem 1), and generalized trace
regression (Lee et al., 2026, Theorem 4.1). These re-

sults show that the instance-dependent allocation quantity
A (o, c), initially derived from upper bounds for IVWE,
is in fact the correct information-theoretic complexity mea-
sure. A key technical insight in our lower-bound analysis
is that different techniques yield different levels of sharp-
ness. Fano-type high-probability arguments are too coarse
to recover the optimal allocation dependence, whereas an
Assouad-type in-expectation analysis preserves the local
variance structure and yields the matching lower bound.

5.1. A High-Probability Lower Bound and Its
Limitation

We begin by stating a high-probability minimax lower
bound:

Theorem 5.1 (High Probability Lower Bound). Letp €
[1,00], B >0, 6 € (0,e72], and (s, 0,c) be a given
problem instance. Let Ry, = min{sy, R — s;} > 0,
Ruin = ming Ry, and suppose that max; 0,%} j < RT%.
Then, any algorithm that is (B, 6,{,,)-budget efficient
with an error rate of €, € (0, %] at any (s',0,¢c)
with ||s" — s||, < 2, must satisfy the following: for
some absolute constants C,Coy > 0,

KI(1 — 5,0)
> — Z A*
p = \/ 1B A%

(o,¢) forl1<p<2,

log %
CyoB

Ep > Ar (o,¢) forp> 2.

“This in the same spirit as locally stable algorithms used
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for proving local & high-probability lower bounds (Jedra &
Proutiere, 2023; Yun & Proutiere, 2019).

Proof sketch. We provide the full proof in Appendix C,
which we sketch here. We suppose that the learner has
knowledge of the true o. The proof follows the multiple
hypotheses testing framework (Jedra & Proutiere, 2023)
based on data processing inequality (Garivier et al., 2019,
Lemma 1). The main technical novelty is the construction
of the prior over s to retain the instance-specific nature.
Specifically, when constructing alternate models, one needs
to ensure that (7) its mean stays close to s, (¢4) its variance
means the same as o, and (7i7) it is bounded in [0, R]. This
is done by considering a family of beta distributions (Propo-
sition C.1). The proof “bifurcates” at p = 2 as the function
2 — 22/? is convex iff p > 2. This is crucial in construct-
ing a hard lower bound instance for £,,, as for p > 2 (resp.
1 < p < 2), the hardest instance is sparse (resp. dense)
(Lemma C.2). O]

The high-probability bound matches the upper bound only
in the case p = oo, up to a factor of v/log K. For p <
o0, however, it does not recover the allocation quantity
A3 (o, c) appearing in the upper bound of IVWE. Indeed,
the lower bound only attains A*,, (o,c) for 1 < p < 2

2p
2—p

and A’_(o,c) for p > 2. This gap is not an artifact of
the proof constants, but reflects a limitation of Fano-type
packing arguments in this problem.

5.2. A Sharp In-Expectation Lower Bound

The preceding result suggests that high-probability lower
bounds based on global packing do not capture the full
allocation geometry of the problem. We now show that the
gap can be closed by changing the lower-bound technique.
Using an Assouad-type construction, we obtain a local in-
expectation lower bound that matches A% (o, ¢) for all p €
[1,00).

Theorem 5.2 (In-Expectation Lower Bound). For
k € [K], let us denote vy, := ¢;(x)0p (k) Let B>0
and (s*,0,c) be any given problem instance with
s* = (s})k. Let Ry := min{s}, R — s} }, and deﬁQne

_p_ p+2
“« 3 . +2 v
threshold” By = (ZkE[K] ve ) maXe[K] —fRi
PR TR Az (o, .
and “radius” §(B) = ”1(6;6). Then, there exists a

universal constant C's > 0 such that for B > By,

Ai(o,¢)

inf sup — 5

! E3 (13— sll,| > Cs
S sifls—s*||,<&(B)

and furthermore for 1 < p < oo and B > pB,,

=

inf s ES[|s - s
8 sif|ls—s*,<\/PEB)
pAy(o,c)

> 430
- 3 B

Proof sketch. The full proof is deferred to Appendix D. We
follow the standard nonparametric lower bound framework
based on the seminal Assouad’s Lemma (Assouad, 1983; Yu,
1997) combined with the Bretagnolle-Huber inequality (Bre-
tagnolle & Huber, 1979). We first construct a hypercube
of 2% hard instances, and each vertex corresponding to
the same beta distribution construction as in the proof of
Theorem 5.1 (Proposition C.1).

E[||8 — s]|,,] is not decomposable coordinate-wise, hinder-
ing the direct application of Assouad’s lemma. We bypass
this using a secant bounding argument (leveraging the con-
cavity of 2 — x'/P), decoupling the expectation to establish
a lower bound proportional to [|A[| . For E[[|s — s||§]1/1’,
as it is decomposable, we can directly apply Assouad’s
Lemma. Finally, by tuning the adversarial shifts A un-
der KL-divergence constraints and minimizing the bound
over all valid algorithm budget allocations, we recover the
optimal rate A% (o, c). O

We make two remarks concerning our lower bounds and
their comparison with the upper bounds derived earlier.

(1) Geometry of Constrained Lower Bounds. Optimizing
over algorithms subject to a budget constraint is reminiscent
of techniques used in statistical estimation under communi-
cation constraints (Chen et al., 2021; Chen & C)zgiir, 2024;
Zhu & Lafferty, 2014). In such settings, restricting the al-
gorithm class naturally gives rise to an optimal allocation
problem. Our analysis reveals a related phenomenon, but
also uncovers a separation between high-probability and
in-expectation lower-bound techniques in their ability to
capture the correct allocation geometry. We discuss this
separation in more detail in the next subsection.

(2) In-Expectation Upper Bounds. Since our sharp lower
bound is stated in expectation, one may ask whether it is
directly comparable to the high-probability upper bounds
in Theorems 3.2 and 4.1. We note that an upper bound of
the same order, without logarithmic factors, can also be
obtained in expectation via the matrix Bernstein inequality
(Tropp, 2015, Theorem 6.1.1).2

2Although the result is formulated for matrices, setting dy =
d2 = 1 recovers the desired scalar inequality.



Instance-Optimal Estimation with Multiple LLM Judges on a Budget

5.3. Why Assouad is Sharp and Fano is Not

While our in-expectation lower bounds via Assouad’s
Lemma correctly capture the dense Aj allocation geom-
etry (Theorem 5.2), our high-probability bounds via Fano’s
inequality are suboptimal: for p > 2, Fano-based bounds
saturate at the 1-sparse A%, rate, and even for 1 < p < 2,
they fail to recover the exact A;‘, allocation (Theorem 5.1).
This separation stems from two distinct bottlenecks inherent
to Fano-type arguments (Tsybakov, 2009) in our specific
problem setting.

(i) The information-theoretical bottleneck. Fano-type argu-
ments rely on constructing a globally separated packing of
alternatives. In our setting, this creates a bottleneck: the
KL divergences are compressed into a single scalar con-
straint before the errors are aggregated across coordinates.
As aresult, the fine £,,-geometry that determines the optimal
budget allocation is lost.

(ii) The geometric barrier. Fano-type arguments inherently
rely on global volumetric packing over all coordinates si-
multaneously (Lemma C.2). For p > 2, maximizing an
¢, packing distance subject to an {y-based KL-divergence
constraint forms a convex maximization problem, making
the optimal adversarial packing to concentrate entirely on
the single hardest query. While the optimal packing does
become dense for 1 < p < 2, the aforementioned informa-
tion loss still prevents it from recovering the true optimal
allocation.

In contrast, the in-expectation Assouad-based argument cir-
cumvents these limitations because it is structurally dis-
tinct. Rather than relying on a global bottleneck, it first
lower bounds the risk coordinate-wise, then aggregates these
bounds, and finally optimizes over the algorithm’s budget
allocation. By constructing a hypercube of independent
perturbations, it forces any valid algorithm to distribute its
budget globally across all queries to defend against simulta-
neous variations.

6. Beyond Boundedness: Gaussian Scores

We briefly describe how the results presented so far extend
to Gaussian scores, as considered in (Saha et al., 2026),
namely si ; ~ N (s, Ul%,j)' In this setting, all results carry
over, and in some cases take a sharper form. Technically, the
Gaussian case is of independent interest because it allows
the use of tools that exploit distribution-specific structure.
For space reasons, we only provide an overview of the
corresponding upper and lower bounds, highlighting the
main differences and the key technical ingredients. Full
details are deferred to Appendix F.

Upper Bounds. For known variances, we replace Bern-
stein’s inequality with the standard Gaussian tail bound ap-

plied separately for each query k. This yields a cleaner upper
bound, with no lower-order term from Bernstein’s inequality.
For unknown variances, we can exploit X2-concentration
for the Gaussian sample variance (Laurent & Massart, 2000,
Eq. (4.4)). This allows us to use the IVWE directly, without
introducing the additional optimistic bias 7.

Lower Bounds. Here, we consider global rather than local
lower bounds. The high-probability lower bound is essen-
tially unchanged, except that we use Gaussian constructions
instead of Beta distributions, which affects only constants.
The in-expectation lower bounds, for both E[||$ — s||,,] and
E[||$ — s||g}1/ P_are more substantially different and techni-
cally more interesting. We sketch the main idea. We place
a Gaussian prior over the instances and use a convexity
argument to show that the posterior mean minimizes the
expected £,-risk. Since the posterior distribution is Gaus-
sian with covariance given by the inverse Fisher informa-
tion, rearranging the resulting expression yields the same
optimal allocation in the lower bound. Remarkably, for
E[||s — s||§]1/ P this lower bound is optimal up to universal
constants.

7. Experiments

In this section, we empirically evaluate the performance of
our proposed algorithms on both synthetic and real-world
data. We compare EST-IVWE (Bounded) (Algorithm 1)
and its practical Gaussian variant, EST-IVWE (Gaussian)
(Algorithm 2), against two baselines: UNIFORM, which
allocates samples evenly across query—judge pairs subject
to the budget, and ORACLE, which allocates the budget
according to the instance-wise optimal allocation w* derived
in Theorem 3.2 under known variances.

Synthetic Experiments (Figure 1a). We consider a set-
ting with (K, J) = (1000, 10), where the scores for each
query—judge pair are sampled from a Beta distribution. De-
tails of the random instance generation procedure, along
with additional experimental results, are provided in Ap-
pendix H.1.

Real-World Data: HelpSteer2 (Figure 1b). We also con-
duct experiments using the dataset of (Saha et al., 2026), in
which queries from HelpSteer2 (Wang et al., 2024) are eval-
uated by three LLM judges, Llama-3-8B, GPT-4, and Qwen,
along four axes: complexity, correctness, helpfulness, and
verbosity. For each axis, we aggregate the evaluations from
the three judges to match our multi-judge setting. In Fig-
ure 1b, we report the ¢5-error on the “Complexity” dataset,
which contains K = 178 queries and J = 3 judges. De-
tails of the preprocessing procedure and complete results
for all four axes are provided in Appendix H.2. We set
the judge costs uniformly to 0.1, and provide an additional
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cost-sensitivity analysis in Appendix H.3.

In both synthetic and real-data experiments, EST-IVWE
rapidly approaches the performance of the ORACLE allo-
cation as the budget increases. It also substantially outper-
forms the UNIFORM baseline, confirming the importance
of adapting the allocation to the heteroskedasticity of the
query—judge pairs. The additional results reported in the
appendix further support these observations.

8. Conclusion and Future Work

This paper introduces the problem of budgeted heteroskedas-
tic multi-judge estimation, motivated by budget-constrained
evaluation via multiple LLM-as-a-judges of varying costs.
The main algorithmic template is the inverse-variance
weighted estimator IVWE), whose error rate we analyze to
derive the optimal oracle allocation. We developed a variant
of IVWE, Est-IVWE, that does not require the knowledge
of the variance profile via a two-stage approach: Stage I, the
key ingredient, computes optimistic estimates of the vari-
ances, and Stage II is just IVWE with the estimates. We
establish the instance-wise optimality of our algorithm by
proving a matching, in-expectation lower bound for the er-
ror rate. Interestingly, we show that the standard Fano-type
(high-probability) argument fails to capture the right allo-
cation, while an Assouad-type (in-expectation) argument
does, which may be of independent interest. We numerically
validate the efficacy of IVWE and Est-IVWE on synthetic
and HelpSteer2 datasets, showing its efficacy over naive
uniform allocation.

Several promising directions remain for future work. First,
extending our framework to accommodate query-dependent
and stochastic costs—such as varying token lengths per
prompt—would better reflect real-world usage. Second,
incorporating models of inherent judge bias could further
refine evaluation accuracy. On the theoretical front, as noted
in Section 5, deriving a matching high-probability lower
bound remains an open challenge. Finally, scaling our empir-
ical validation to larger, production-level LL.M-as-a-judge
pipelines is a crucial next step.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Proofs from Section 3 (Known Variances)
A.1. Error Rate of IVWE

Proposition A.1. Let p € [1,00], B € R be a total budget, and 6 € (0,1) be a target confidence level. Also, let (N, ;)i
be any given allocation. Then, IVWE is (B, ¢, {,)-budget efficient at any (s, o, c) with the following error rate € :

o 2.Ap(w;0',c)log% N QRBp(w;a,c)log%
P B 3B ’

where w = <w;€’j £ FJN%) , the allocation objective A,(w; o, c) is defined as®
J

)
p\ 2
5\ P

Ap(wyo,c) = Z Z wk’; ,

[ o
ke[K] \je[J] 7 kJ

1
dB . . . 2 J Wk, PP
and By(w; o, c) == ZkE[K] MaXjiwy ;>0 (O ; Dot G0t )

Proof. Let Wy, ==} %, and an allocation (N, ;)i ; be given. Then, first note that
»J

Nie.g Ni (z)
-1
=W T Sl = T
j€J] 7]71 jelJg) i=1 kk]
A 5 (4)
ﬁxj
Note that E[XP] = 0, x| < —— R and Var[Xx?] = Varls{) skl 4
ote tha g 1= %14 1= kainjﬂﬂ”i,j’an ar| X, ] = WieT— = WieT,

We now utilize the Bernstein’s inequality for bounded random variables (Bernstein, 1927) to the aggregated 5;: with
probability at least 1 — 4, for any k € [K],

2K 2Rlog%
Sk — skl < log —
‘ k k‘_ lelg k] & 5 3kaln [J]Uk,]
2K 1 2Rlog¥ . -t
=1/2log TW’“ 2 EC— (W;C ]rrelir]l] Ulw)

We then apply Minkowski’s inequality for £,-norm as follows:

15— sll,
P\ P
2K 1 2R10g% !
“\& ( 2log =Wy * 4 === | W i oy
ke[K]
1 1
P P —1\ P P
[ 2K 1 2R log 2£
< Z < 2log TWk 2) + Z (c;)gé (Wk m1§1 o? J> (Minkowski’s inequality)
ke[K] ke[K] seld]
1 1
2K »\"  2Rlog 2K AN
= (X wt ) T (S (Wi o)
ke[K] ke[K] Jel]
—1
*Note that the allocation objective’s limit as p — oo is well defined as maxye (] (Z Sel] C;’;gj) .
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py L
—-Z\ »

J - —p\ ¥
oK Wi i 2Rlog =5~ Z Wk,
2 ) — —5 b 7

- \/Té jz:; Cioq 3B sy >0 \ "M £ o? 7

kE[K]

Ay .
/A, (wier ) =Bp(wioe)

where in the last inequality, we reparametrize as a ratio of budget allocated to (k, j)-pair, wy, ; == %, which is invariant
to the amount of budget B. O

A.2. Proof of Theorem 3.2: Optimal Allocation

We first separate the cases into p € [1,00) and p = oo, and derive result for each case, then we conclude that, by convention,
the optimal allocation can be represented in a single expression.

Optimal Allocation minimizing A, Recall that the objective of the optimization problem A, (w; o, ) is given as:

p\ 2
-2\ »

Ay(w;o,c) = Z Z L;

C;07
ke[K] \je[J] 7 ki

-1
When p = oo, this objective becomes minimizing A (w; o, ¢) = max,e(x) (Z €] Cw%) , which can be calculated
17 k,j

by convention. Since the inversion is decreasing, we instead solve the following optimization problem:

w :
max { min k’j : Z wp; <1, wg; >0 Vk,j

w ke[K] ] Cj k,j (k,j)E[K]x[J]

With a simple optimization trick, this problem can be converted to the linear optimization problem:

max V: Zwkjﬁl V<Z ;o wr; >0 Vk g
]J k,]

The Lagrangian £ with multipliers A (for the V' constraints), Ao (for the budget constraint), and v}, ; (for non-negativity) is:

W,
j +§ Vk,jWh,j
Cj ak <

_V<1—Z/\k>+z< y —)\O‘FVk,j)wk,j"—)‘O’

L(w, Vo dos Mz} =V = o [ S wny - ZM V- Z
k,j

2
Ok,j

where A\, > 0, A\g > 0, and v ; > 0.

For an optimal solution (w*, V*) to exist, the KKT conditions consisting of stationarity conditions:

L=0= Y, =1

Ak A
:O:CGQ —)\0+uk]—0:>u;”—)\0 b

k,j CiOk,j

oL
8&})&-1_7’

and complementary slackness conditions:

(V=% ) =0
No (Spywmg—1) =0

Vk,jwk,j =0

14



Instance-Optimal Estimation with Multiple LLM Judges on a Budget

must hold.

For a fixed k € [K], we have that Ay — % = vy,; > 0forall j € [J] from above conditions, which is equivalent
CjOk. j

to Ay < )\o(c]ak ) for all j € [J]. This implies that A\, < Ao minje(s(c; ak ). If we allocate a query k to a judge 7,
ie., wg; >0, complementary slackness condition implies that v, ; = 0 for that judge. For such a judge j, the equation
Ak = )\O(cjak -) holds. This equatlon and the inequality A\ < Ao minjeps(c;oy J) NoCj (k) T2 . j*(k) Say that such judge
J is one of the minimizer of ¢; akvj, i.e. j = j*(k). Unless the minimizer is unique, we select one among them with any
consistent tie-breaking rule, and say that as j*(k). We only allocate the query % to this j*(k), then it is still the optimal
solution of LP problem. For the other judges, the inequality Ay, < Ao min;es(c; ak ) should be strict, i.e., wg,; = 0 for

J# 5% (k).

Now, we claim that A\, > 0 for all k. If there is a query k with A, = 0, it implies that the constraint V- < >

wkj
]Cak.

is

non-binding for that k. In this case, by redistributing the resource allocated to this query k, we can raise the value of V.

Consequently, at the optimum, the constraint V' < >~ - “%- should be binding for all k € [K],ie., V* = 6;77“” for all
k 7k, j* (k)
k € [K].

Substituting wy, ;=) = V*cj*(k)a,% (k) into the budget constraint (which is tight, A\g > 0), then the optimal value of the
optimization problem V* satisfies
% Z Cj=( O‘k gy =1

Therefore, the optimal allocation is
1[j = j*(k)]cj*(k)az’j*(k)

Zk'E[K] Cj*(k”)gl?ﬂ,j*(k) ’

*

Wk,j =

where j* (k) £ arg min; ey ¢ o} ;» and the optimal value of the optimization problem is

-1
-1 w}: 2
T ( j : - Z i (k) Tk j* (k)

CJ*(k)o—k,j*(k) ke[K]

Optimal Allocation minimizing A, We first solve the optimization problem for p € [1, c0). Since the power of 2/p is
monotone, we instead solve the optimization problem:

(S

ngn Z Z LQJ : Z wri <1; wi; >0 Vk,j

relr) \jel) Gk (kd)E[K] X [J]

Let A¢ be the multiplier for the budget constraint and v ; be the multipliers for the non-negativity of wy, ;, then the

Lagrangian is:
b

2
Wk, j
L(w, Ao, Vj) = E E P + Ao E w1 - E Uk, jWh,j
T7 k.3 k,j kg

k J

The stationarity of KKT conditions requires the partial derivative of the Lagrangian with respect to decision variables wy, ;
to be zero:

—of
oL D Wk, 5 1
dors 2 = ooz Tk =0
Wk, j 5 €%k, CjOk,j
_pt2
. _— 2 . .
Denoting Vj, = £ (Z jel] :;TJ) and rearranging the terms, we obtain v, ; = Ag — : a’% . Furthermore, comple-

mentary slackness requires Ao(3_;, ; wk,; — 1) = 0 and v, jwi,; = 0 for all , j.

15
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For a fixed k € [K], from the dual feasibility v ; > 0, it follows that V}, < )\ocjag’ j for all j € [J], which implies that
Vi, < Aomine (g cjoy ;. If wg j > 0, we have vy j = 0. For this j = j* (k).

_p+2
2

p Wk, j* (k) 2
- - == AOC‘*(k)O’k ;% k )
2 (Cj*(k)o'lg,j*(k)> ! (k)

which implies that

2

2
2 P2 oz
W j= (k) = (p)‘0> (%‘*(k)“i,j*(k)) :

Substituting this into the budget constraint, which is binding, then we get:

2
9 \ 7z -
(p%) > (ermotiwm) =1

ke[K)]

Therefore, the optimal allocation is

P

) e p+2
15 = j7*(k)] (Cj*(k)ai,j*(k))

=
Zk'E[K] (Cj*(k')alz’,j*(k’)>

Wg,j =

where j* (k) £ argmin ¢ ¢jo} ;; and the optimal value of the A% (e, ¢) is

_P
bl P

Wi _ Digrw )
sz ) (5 )

, 2
ke[K] \jelJ] Ci* (k) Tl i (k)

(SS]
M

NS
SN

Ptz

B Z (Cj*(k)ai,j*(k)>

D
p+2
ke[K] \ D K e[K] (Cj*(k')aiﬂj*(k’))

SN

s
Zke[K] (Cj*(k)ai,j*(k))

PN
(Zk/e[K] (Cj*(k/)ai',j*(kﬂ))

pt2
= Z (Cj*(k)ak,j*(k)>

ke[K]

[SIS]

When p = oo, we treat as p/(p + 2) = 1 and (p 4+ 2)/p = 1 by convention. Therefore, this final expression can express the
optimal allocation wj; ; and minimum value A}, for all p € [1, o0].
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B. Proof of Theorem 4.1: Error Rate of Est-IVWE
B.1. Dealing with Variance Mismatch during Aggregation

To show the effect of Ny and 7, we will tune them as we go along. Let &, ; := 7 + &% ;. Then the algorithm computes the
allocation &y, ; as

i =5(k)] ( RGN (k))

Zke[K] ( J (k)gkj (k)) "

Wi =
1~ %

B i)
Ci=(m)

where j*(k) = arg min ¢ cjﬁi’j, and N}, ==

We first follow the proof of Proposition A.1 while accounting for the variance mismatch: the empirical variance used in
Est-IVWE does not match the true variance. Applying the Bernstein’s inequality to §; — s 1 Z ( ki - (k) sk),
the following holds with probability at least 1 — §: for all £ € [K],

2K
203 50 1085 | 2Rlog %

|5k — si| <

Ny 3N,
By Minkowski’s inequality, we then have
P\ 3 z
2K N \ 7\ 2Rlog2E .\
210g5 Z<2k ) —|—% NP
kE[K] Tk (k) kE[K]

1 1
A~ —-£ P Ak —-p\ P
_ [ 2log 5 “rit ) ) 2Rlog “i i k)
=Vl X MY P '
ke[k] \ 73" (B) 7k G (k) ke[k] \ 77 (R)

(a) (b)

We bound each (a) and (b) separately. We utilize the useful confidence bound on variance estimates given by Maurer &
Pontil (2009, Theorem 10). By applying a union bound across all query-judge pairs, we obtain the following result based on
the empirical Bernstein inequality:

Lemma B.1 (Theorem 10 of Maurer & Pontil (2009)). With c?,%’ ; as in line 3 of Algorithm 1,

21 2KJ
<RZ2T0 k) elK x| =16
No—1

P |6k, — ok,

We then derive the following lemma that sandwiches our optimistic biased estimates T, ;’s with the true oy, ;’s, up to 7:

Lemma B.2. Suppose that T > R,/ N02_1 log %. Then,

P(ok,; <0k < ok;+271, V(k,j) € [K]x[J])>1-6.

Proof. Here, we divide the pairs into “easy” ones where o}, ; < 7, and “hard” ones where oy, ; > 7. For the easy pairs, we
have that
Okyj ST S Okje

For the hard pairs, we have that by the empirical Bernstein inequality (Lemma B.1), with probability at least 1 — J,

2 2KJ 2 2KJ
log—— =0%,; — T+ R log ——.

< by
de_ak’]—i_R Nog—1 ) No—1 1)

17
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2
No—1

2KJ

Thus, aslongas 7 > R

log =5, we have that o, ; < G}, ;. The other direction follows directly from our choice of

7 and empirical Bernstein inequality (Lemma B.1), agian. O
From the above lemma, we choose 7 = R M%l log 257
B.2. Bounding (a)
Substituting the definition of @Zj *) into the term (a), we get
Hao\ B’
. T2 P
N Y .
= 5 —
Cry k g Sk —2 p+2
ke[k] \ TR k3 (k) Zke[K] (03*(,@)016,5*(’6))
_p_ O'p ~ ( ) _P_ %
= AN ph2 _katlk) (. =2 P2
= Z (Cj*(k)gk,j*(k)) Z 5P (Cj*(k)ak,j‘*(k)>
ke[K] ke[K] ~ k.g* (k)
P o’pA 2 %
9 P2 k,j* (k) _2 7rz S -
<\ 2 (erwatsewm) > 5O (o007 om) : (Minimality of 7 (k))
ke[K) ke[K]  k.j* (k)

where j*(k) £ argmin e (s cjop ; is the true optimal judge per query; it holds that c;. ;,77 ey < Civ (k) Tk = (k) DY

construction of Algorithm 1. With these, we have that with probability at least 1 — 29,

1
— p+2 — p+2
(a) < Z (Cj*(k)ai,j*(k)> Z (Cj*(k)gi,j*(k))
ke(K)] ke[K]
pt2
2p
o FEl
= Z (Cj*(k)ak,j*(k)>
ke[K]
p+2
2p
2p
< D (Vermoni-m +27/Crm) 7
kE[K]

Let us denote ¢ := %. When p > 2, we have that ¢ > 1, and thus by Minkowski’s inequality of L,

q

> (Vamokim + 27 m)"

ke[K]

Q=

1
q

< Y. (Vawoesrw)' | +| D @rvagm)”

ke[K] ke[K]
=/ A;(o,c)
:,/AZ(O’,C)—FQT Z ( Cj*(k))q
ke[K]
2|Ve

q

18
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When 1 < p < 2, we have that ¢ € [2/3,1). Then,

> (Vermonsm + 27y m)"

ke[K]
%
q q e .
< Z (VCi )k, (k)" + Z 27/ x)) (subadditivity of L, when ¢ € (0,1))
ke[K] ke[K]

q

<| X Vamorrm)'
ke[K]
=y/A;(o,c)
11
1
+o Y Varmorsrw)' + Y @ryegm) Y Crygm)
ke[K] ke[K] ke[K]
(x — x'/9 s convex for q € (0, 1), For convex f, f(z 4+ 1) < f(z)+ f'(z + y)y)
11
1 1—q q
<,/ Ai(o,e)+ — STk i () + (27 17'1H\/c>* 27'QH\/C>*
p( ) q kez[[:(]( 3* (k)Y k,j (k)) ( ) p ( ) q

(z — za " is subadditive for ¢ € [2/3, 1))

1—q
(2 e Y Y W
= \/A;(O',C) + a4 p T4 + p d T. (\/h = (mo’kj*(k)>ke[lq)

——

A rx A i
_Cp,2 _CpJ

We also abuse the notation slightly and denote C | = 2 || Ve* ||q forp > 2.

Combining the two cases, we have that
(a) </ As(o,c) +Cp T+ 11 <p< 2]6’;)27'%.

B.3. Bounding (b)

Again substituting in the definition of @Z X we go through a somewhat different (from when we prove (a)) series of

37 (k)
algebraic manipulations as follows:

-p\ ¥
—2 p+2
(b) _ 1 (Cj*(k)o—kﬁ*(k))
Gk =2 7
ke[r] \ I*( )Eke[K] (Cj*(k)ak,j*(k))
oy o L
== 5= () EAN
_ R —2 P J*
= Z (Cj*(k)gk,j*(k)) Z <JPA )
kE[K] ke[K] k,j* (k)
20\
p+2
9 FEel Cie ()T hj= (k) L Ay
< Z (cj*(k)ak,j*(k)) Z e (Minimality of j*(k))
ke[K] ke[K] Thj* (k)
_p_ 2p_ v
— — p+2 — p+2 —
<772 Z (cj*(k)ozvj*(k)) Z (cj*(k.)azvj*(k)) (@ j«(ky = 7 by Lemma B.2)
kE[K] ke[K]
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1
2\ »
- _ o _ i3
S DY (Cj*w)"iﬁj*(k)) ) (%*(k)ai,j*(k)) Ok vk < (g ye)? for yg > 0)
ke[K] ke[K]
2

pt2

P
_ _ P2
=< T 1 E (Cj*(k)o'i,j*(k))

ke[K]

same as Eqn. (2)!
Thus, borrowing our computations from bounding (a) and using (a + b + ¢)? < 3(a® + b% + ¢?), we have that
(b) <3 (A;(U,C)T‘Q +(Cp)? +1[1 < p < 2)(Cpo)°T 3124) .

B.4. Combining Everything

We have set 7 = R,/ = log =5~ 2K 2KJ “and we denote C' = K > el G- For simplicity, we divide the computation into two
parts. In both cases, we assume that B > 2CN,.
B4.1l.p>2

Substituting B' = B — NoK 3 (5 ¢

[ 2log 2K 2K.J
Ep S 3—76'6]\]0 < A*(O' C +O 1R log 5 )
2

2R log 2K 2 OKJT\
+ 2% 0 | 450, 0) (R log

B — CN, No—1 B

2A% (o, c) log 2 2K.J 1

< LA S+ 2RC* 1

= \/ BoCN,  2RCuloe =5 [ ey
Ajo.e)  No  2(Cp.)*Rlog 2

R B-CN, B —CNy
Note that .
VB—CNy, B B -~ VB B VB B2’

where () follows from the simple algebraic inequality: (1 — x)~*/2 <14  for z € [0,1/2] (Lemma B.3).
With the above inequality and B > 2C' Ny, we have that

2A5(0, c) log %5 oKJ [2 Ai(o,¢) 2N,
< P ? 5 2 * oo ’ D ’ <iNo
EP—\/ B PO TN NET T R B

4(C1)*Rlog 25 CNo\/2A;(a7C) log 2
- - :
B Bz

A nearly optimal choice of Ny here is attained by balancing* the red terms:

2
2KJ\?®
Ny = (QB)% <R2 log 5J) ;

*Here, we take into consideration the fact that A3 (o, ¢) and Cp 1 are unknown to the learner. And even if the learner does have even
an approximate knowledge of these terms, as this constitutes the lower-order terms, this is rather insignificant.
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which yields

2
2A;(O’,C)10g¥ 25R3 ( o1t Ao, )) (log QKJ)g
€p < B + :

B%
LA “ )2 Rlog 2K . 28 REC (log 252)° [ A3(0, c)

B BE
6

2

245 (o, c) log 2 R3 A3 (o, c) (log 2£4)3
= +0 >
B B3

B42.1<p<?2

Again substituting B’ = B — NyC and using TR > rasT € (0,1)

| 2log 25 . . . , 2 2K J
Ep < m Ap(o', C) + (CP71 + CP12) (R log )

0o—1 )

-2
2Rlog 25 [ 2 2K J . o
+m AP(O',C) R Nofllogi +(C 1)

) p,

p—2
2Rlog 2f o p2 2 2K J\ P
=2 (o log =——=
B ong (On2) (R No—1°%73 )

D P 3p+2
< \/2A;;(a', c)log 2% N Z%R%(C]’;’l +C3 ) (log 252 ) =
= B — CNy Nm(B—CNO)E

n plo.e) Ny N 2(C;1)*Rlog %
R B—CNO B CNO

.\ 97 (5P R%F (log 252742 N3+
B~ CNy '

Using the same inequality as above and B > 2C Ny, we have that

2p+2 2p . . ;Z+i .
5p < \/2.«4;(0', C) IOg % 2p+2 Rpt+2 (Cp.l + Cp.Q) <1Og Qf\ I) 2pF Ap(
o B

.
+2 i .
Ny B .

A4(C31)?Rlog 25 (Cr )22 22 pir2 (log QKJ)pfg N;”TJI
* B + B
C' Ny \/2./4;(0', c)log 2

B3

+

Similarly, a nearly optimal choice of Ny here is attained by balancing the red terms

Ny = o7t i <log 21§J> T B4pp++24,

which yields

+

3p+2 % % % P 3p+2
. < \/2/1;;(0', c)log % 22p+2 (Cp,l +Ch,+ A (a' c)) R2+2 (log %) apta

3p+2
B Biria

4( ;71)2R10g% L
B

21

*\
~—

7,¢) 20y

B
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i 3pt2

24%(o, ¢) log 25 R A%, ¢) (log 254 Thta
- + O 3p+2
B Bip+a

B.5. Supporting Lemmas

Lemma B.3. For x € [0,1/2], it holds that (1 — z)~"/? <1+ .

Proof. Let’s define a function f(x) = 1 + 2 — (1 —2)~ /2 on (—o0, 1), then f(0) = 0 and f(0.5) > 0. Its derivatives are

o) =1- 31— and () = (1 —2) "

which imply that f is concave, increasing at x = 0 (f/(0) > 0), and decreasing at x = 0.5 (f’(0.5)). Considering the
shape of the function f, which has a single mode (maximum) in (0,1/2), f(0) = 0 and f(0.5) > 0 imply that f > 0 on
0,1/2]. O

>Due to its insignificance and awful form, we omit the further lower order terms.
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C. Proof of Theorem 5.1: High-Probability Lower Bound

The proof relies on the data processing inequality (Garivier et al., 2019), as utilized in Jedra & Proutiere (2023) to derive
a high-probability minimax lower bound.® The proof “bifurcates” at whether 1 < p < 2 or p > 2. For the former, we
construct a single dense hard instance, while for the latter, we construct K 1-sparse hard instances and optimize for the
algorithm’s success probabilities, which deviates from prior lower bound techniques (Jedra & Proutiere, 2023).

Throughout, the learner knows the given cost vector ¢ and the true variance profile o with maxy, ; 0,3’ ;< R;.
Construction of Alternate Models. Let A be any (B, d, £,,)-budget efficient algorithm (Definition 2.1) with error rate ¢,
potentially adaptive. A interacts with the true environment s* sequentially’ as follows at each timestep ¢, when the learner
selects query k; and judge j;, they observe a score 3;. Let us denote Ny, ;(T) = Zt 1[k; = k, j: = j] as the number of
times A queries the pair (k, j) throughout the interaction. We note that the knapsack constraint is in place as follows:

ZCjZNk’j(T <B
i k

Let (s*, o, ¢) be given and fixed, as we aim for an instance-wise lower bound. The following proposition, whose proof is
deferred to Appendix E, provides the desired construction of hypotheses while satisfying the necessary properties:

Proposition C.1. There exists a family of probability measures Pgs o = (Psr1a k, j) ~indexed by perturbation A =
(A ker) with Ay, < B& that satisfies the following: for each (k, j) € [K] x [J],

(1) EPs +a k5] = 87 + Ak, Var[Pessa k] = 0 j, and supp(Pe 14 k,5) € [0, R],

. A2
(i1) DkL (Pse kg Porrar;) V DKL (Pssya ks Por k) < C1 w2 and
¥

A2
(01) Dxr (Psriar.gs Por—aki) V Drr (Por—akgs Porvak,) < Cogz™

»J
where C'1, Cy > 0 are absolute constants.

The construction is rather tedious as it is based on appropriate family of beta distributions (which ensures boundedness)
while making sure that the variance remains invariant across perturbations, and we need to make sure that the KL-divergence
is quadratically bounded as above. (Without the boundedness assumption, one can simply utilize location family of
Gaussian distributions.) For this high-probability lower bound proof, we will primarily utilize (¢) and (4¢), and later for the
in-expectation lower bound, we will utilize (i¢) and (i3%).

We consider the canonical bandit model (See Lattimore & Szepesvari (2020, Section 4.6)) over the observations, and let Py«
and P_a . A be the two probability measures induced by the true and alternate instance, respectively. The adversary’s
choice of perturbation A will be optimized for later.

KL-Divergence Decomposition. By the Divergence Decomposition Lemma (Lattimore & Szepesvari, 2020, Lemma
15.1), the KL divergence between the probability measures Ps« and P is given by

Dir,(Ps+, Ps) Z Z EZ2 [Ny (T)]Dxr, (Pss g Ps k)

ke[K] jelJ]
AN
<G Z E : k’J ](Sk —sp)% (Proposition C.1 (i4))
ke[K]jelJ] lw

AN
=wpg

We first take the infimum over all s with ||s — s*[|, > 2¢,, satisfying Ay, = s, — s, < % to optimize the RHS w.r.t. hard
instances. This is characterized in the next lemma, whose proof is deferred to Appendix C.1:

SThis is somewhat reminiscent of Birgé’s refinement of Fano’s inequality (Gerchinovitz et al., 2020; Tsybakov, 2009).
"Even though the algorithm is batched, one could view it as sequentially observing i.i.d. samples. Note that this includes adaptive
algorithms.
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Lemma C.2. Let wy > 0 and s* € RX be fixed. Let s = (sk)ke[r] € RE be an optimal solution of the following
constrained optimization:

V= min > wi(sk — s3)?, subj. to ||s — s*||,, > 2.
k

Then,

1. Casel. 1 <p<2:

T 2—p 4 2

w &

ok k * __ P
Sp =8, +2ep——F—, V= =

=

2. Case Il. p > 2: denoting k* € arg min; wy,

s=8"+2pe, V= 45127 mkin W+

In both cases, note that as €, < % (as given in the theorem statement), s satisfies s € [0, R|’ and leads to a
valid probability distribution.

Optimal Hard Instances. Now the idea is to construct a set of optimal hard instances and utilize the Bernoulli KL-variant
of the data processing inequality (Garivier et al., 2019, Lemma 1), which we recall here:

Lemma C.3 (Data Processing Inequality; Lemma 1 of (Garivier et al., 2019)). Consider a measurable space (T, G)
equipped with two probability measure Py and Py. Then, we have that

DKL(Plv ]PQ) > Slép kI(El [Z]vEQ [ZDv

where sup , is over all possible G-measurable random variable Z : Q) — [0, 1].

‘We divide into two cases:

Casel. 1 < p < 2. Inthis case, we consider a single hard instance as in Case I of Lemma C.2. By construction, we then
have that [|s — s*||, = 2¢),.

Define an event £ £ {||.§ -, < sp}. We first show that Ps« (£) < . To do so, suppose that £ is true. Then,

(@) . . (49) . .
2ep =lls =5, <lls=3l, + 18 =s"ll, <ep+18-5"l, = [I5-5"[l, >ep,

where (i) follows from triangle inequality and (i7) from the fact that £ holds. But, as A is (B, 6, £,,)-budget efficient,
|8 — s*||,, > €p holds with probability at most § under Ps:.

We then apply the data processing inequality (Lemma C.3) as follows:

(*)
DiL (P, Py) > Kl (Pys (€),Po(€)) > K1 (6,1 —8) = KI(1 —6,6),

where () follows from the monotonicity of kl(-,-)8, combined with the facts that P4(€) > 1 — & (A is (B, §)-budget
efficient with error rate £,,) and Pg« (£) < ¢ as shown above.

Thus, we are left with

_ o*\2
€1 Y EA W, (N S a1 .0).
kg Tk,

8¢+ Kl(p, q) is increasing in [p, 1], and p — kl(p, q) is decreasing in [0, 1/2] when ¢ > 1/2.
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We take the supremum over all (B, 6, £,)-budget efficient algorithms .A’s, which is equivalent to taking a supremum over all
possible allocations { N, ;},; satisfying the knapsack constraint ) , ; Nije; < B. Applying Lemma C.2 and rearranging
for €,,, we obtain:

2-p
J AN
k(1 —196,6 N
R A Dol p o
4Cy (Nii} 2k Nege;<B | =1 k.
%

P
2

() KI(1 — 6,5
=z ﬁ > (Cj*(k)ai,j*(k)) :

ke[K]

=A*y, (0.0)

2—p

where () follows from similar reasoning as in Appendix A.2.

CaseIl. p > 2. In this case, we consider the following set of K hard instances:
{s(k) £8* +2,e, : k€ [K]} ,

which satisfies Dkp, (Ps«, Pyx)) < 46’1612)1% for k € [K].

For each k € [K], define R(*) as the event that the algorithm .4 outputs § that is ep-close to sk

R(k?) ::{ ,§ <Ep}7
p

RO — {||§ — &, < g,,} .
Then, we have that R%®) N R*) = for k # k' as

o

5

and define the null event

_ 21+
p

= 2¢p, Hs(k) — s

rEp > 28y,
P

where the last inequality holds as p > 2, Let p(¥) == P. (R(k)) be the (error) probability that .4 outputs § that is closest to
(k)
s\®),

As Ais (B, 9, £,)-budget efficient, we have that

S p® <1-PBe(RO) <8, Pyw(R®)>1-4.

Then by applying the data processing inequality (Lemma C.3) per k, we have

AC1e) D TR 2 D €% gy Dot (B, Pow)

ke[K] ke[K]
> Z Cj*(k)o']%’j*(k)kl(ﬂbs*(R(k))7ps(k)(R(k)))
ke[K]
(%)
> Y cjeor - Kl(p® 1 4),
ke[K]

where () follows from the monotonicity of kl(, ).

Also note that due to the knapsack constraint, recalling the definition of wy,

2

(T))e;- *(k) Tk j= (k)
D GBI = Y Z o7, '

ke[K] ke[K] je[J]
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2
Ci*(k) Tk i+ (k
Z Z]E [¢j Nk, (T)] = , 27()

ke[K] je[J] €%,
< D> B[N (1)) < B.
ke[K] je[J]

Combining everything, we then have

> 4013 Z CJ (k)o—k‘J (k)kl( ( ),175)
ke[K]

As the last step of the lower bound proof valid for any (B, §, £,,)-budget efficient algorithm, we must find the infimum of
this lower bound over all valid algorithms. This reduces to finding the distribution of error probabilities {p(*)} ke[x) that
minimizes the right-hand side, subject to the algorithm’s success constraints. Specifically, we solve the following convex
optimization:

V* = kmin Z cj*(k)ai)j*(k)kl(p(k), 1—0), subj. to Z p*) <6 0<p® <1, 3)
™ e ) g ke[K]

Although a closed-form solution cannot be found, we show in Appendix C.2 that a tractable lower bound is available as
follows: when 6 < e—2

. 11 1
V 2 <2 — €2> Z Cj*(k’)o—lz,j*(k) IOg g
ke[K]

=A% (o,c)
Combining everything and redefining C'|, we arrive at

1 1\ log
2> - = ) *
SP—<2 )403“4 (o)
O

Remark 1 (Implicit Inter-Query Allocation for p > 2). Unlike the proof for 1 < p < 2, the high-probability lower bound for
p > 2 does not immediately yield a closed-form optimal allocation across queries. The tightness of the knapsack inequality
does dictate the intra-query strategy: an optimal algorithm must allocate its budget exclusively to the most cost-efficient
Jjudge, setting Ny, ;(T) = 0 for all j # j*(k). However, the inter-query allocation remains implicit. Because the final bound
is obtained by solving a convex optimization over the algorithm’s error distribution over hard instances rather than its
physical budget variables, the specific budget fraction allocated to each k is not explicitly resolved here. We will formally
recover the closed-form optimal allocation across all p > 1 in the subsequent in-expectation lower bound.

C.1. Proof of Lemma C.2: Optimal Hard Instance

For notational simplicity, let x := s — s*. By the symmetry of the objective function and the constraint, we can assume
without loss of generality that x;, > 0 for all k € [K]. Then our optimization becomes:

V* = min < F(x) £ wyxs » , subj. to x (2¢,)
mengo{() zk:kk} J- Zk p)”

As F(-) i » the minimum is necessarily obtained on the boundary of the constraint, i.e., where

P _
2ok = (26p)F.
We introduce a (bijective) change of variables y;, = x}, for y;, > 0, which maps the non-convex L, exterior into a standard
linear simplex (a convex set). Thus, our optimization becomes:

. 2
V* = min {F(y) = Zwkykp } , subj. to Zyk = (2g,)".
k k

yeRgg

Note that the geometric properties of this optimization, and thus the nature of the optimal solution, depend entirely on the
curvature of F'(y), which bifurcates at p = 2.
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Casel: 1 < p < 2. In this regime, as the exponent of F(-) satlsﬁes > 1, F(y) is a strictly convex function. Minimizing a
strictly convex function subject to a linear equality and non-negat1v1ty constraints (which trivially satisfies Slater’s condition)
guarantees that strong duality holds (Boyd & Vandenberghe, 2004, Section 5.2.3).

We thus introduce Lagrangian multiplier vectors A € Rgo and v € R, and the corresponding Lagrangian

Ly A v)=Fly) - ATy +v(1Ty —(2,)").
The Karush-Kuhn-Tucker (KKT) stationarity condition with respect to y;, requires:

oL 2 2=p
= —wiy — A +v=0.
g

First, we establish that v must be strictly negative. Because the primal constraint requires » ., yr = (2¢,)” > 0, there must
be at least one index 1 where y; > 0. By complementary slackness, the corresponding dual variable is \; = 0, which implies

that v = —*wzyz .Asw; > 0,y; > 0,and for 1 < p < 2 the exponent ==E > (, it follows that v < 0.

Next, we prove that the solution must be strlctly interior (i.e., y; > 0 for all k). Assume for contradiction that there exists
some index j such that y; = 0. Because 2 P > (, the j-th stationarity condition becomes

O—/\j—&—l/:o:>)\j:l/<07
a contradiction, i.e., any solution must be strictly interior. Again, by complementary slackness, we then must have that
A = 0 for all k£, which implies that
P
—pv\ 2P
i = (p ) . ke [K]

2wy

Denoting C' := (=& )2 » > (), we can rewrite the solution as y, = C' - w, 7 . To determine the constant C, we apply the
primal equality constraint ), yi, = (2¢,)":

(25p)p
Dk w;ﬂ

Substituting C' back into our expression for ¥ yields the optimal coordinates in the transformed space:

ZC w, 7 = (26,)f = C=

v = ey —E
-p
2w
1
Converting back to our original variables via z} = (y;)?, we recover the dense allocation:

R
2—p
Wy,

(Zz wz‘_ﬁ);

* _

Finally, we substitute =} into the original objective F'() to find the minimum value V*:

2
m w_ P 42
Zwk x})? = 4e? Zwk — =4e) 2k _’“L T = _;
’“ (Z w) (Ze) (Do)

Sl

Restoring back to s* as s} = s}, £ x} yields Case L.
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CaseII: p > 2. In this regime, as the exponent of F'(-) satisfies % < 1, F(y) is a concave function (strictly concave if
p > 2). Also note that the domain ) is a simplex defined as follows:

Y :=conv ({(2¢p)Pe1, -, (2ep)Pex}), Ext(Y) ={(2¢p)Pe1, -, (2ep)Pex}.

Bauer’s maximum principle (Bauer, 1958) then states that min,cy F (y) is attained at at least one extreme point of ).
At each vertex (2¢,,)Pey, we have that

F((22p)"er) = wy, ((22p)")

3

4.2
= 4spwk.

To find the global minimum across all vertices, we simply choose the index that minimizes the RHS, i.e., the minimum is
obtained at k* € arg min,, wy. Converting back to x, the optimal solution is the following 1-sparse vector:

2 .
x* = 2epep, V©=dey min wy,.
Restoring back to s* as s} = s}, = x} yields Case II. O

C.2. Lower Bound for Eqn. (3): Infimum over Algorithms when p > 2

For notational convenience, let us denote g = ¢j«(x)0} ok = 0foreach k € [K], and G := 3y c (g 96 = A5 (0, €).
With this, let us recall Eqn. (3):

V* = min Z gkkl(p(k), 1—0), subj. to Z p*) <8 0<p® <1,
ke[K] ke[K]

Invoking the well-known lower bound of Bernoulli KL (Garivier et al., 2019, Eqn. (11)), we have that for any feasible
{p(k)}ke[K],

1
Z gekl(p™,1 - 6) > Z Ik {(1 —p®)log 5 log 2}

ke[K] ke[K]
1
=|G- Z gip™ logg — Glog2
ke[K]
1
> _ (k) i
> |G (ml?xgk> Z D log 5 Glog?2
ke[K]
1
> (G — Gd)log 5= Glog?2 ({p™ } ek is feasible)

=G [(1—5)10g(1§—10g2} .

Lastly, if § < e~2, then we further have that

1 1 1 1 1
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D. Proof of Theorem 5.2: In-Expectation Lower Bounds

By Yao’s minimax principle (Yao, 1977), for any prior ;1 over {s s — s, < f(B)},

inf sup  Ei[[s—s|,| = nfEL, s s],|.
8 sil|s—s*|,<E(B) 8

1
and analogously for E2_, " [||§ — sHﬂ " We will thus lower bound the RHS (Bayes error) with an appropriate choice of /.

For both in-expectation lower bounds, we utilize the Assouad’s lemma (Assouad, 1983; Yu, 1997)° combined with the
Bretagnolle-Huber inequality (Bretagnolle & Huber, 1979), which we recall here:

Lemma D.1 (Assouad’s lemma). Let Frr = {—1,1}% be the hypercube, {P,, : v € Fi} be a family of 2% probability
measures indexed by v € Fg, and wy, > 0 be some fixed weights. Then, for any estimator v € F,

1 . _ — _ _
Eovont(re) | D wellin #u]| 2 3 3 wpe mn{Peenfo budorbeol,
ke[K] ke[K]

where R‘,k = QK%I ZUE}-K:%:Z- P, for i € {—,+} is the marginal distribution for vy, = i.

Throughout, we denote By, = Eqy tmif(7y)-

Construction. Suppose that (c, o) is given and fixed, and let s* € R¥ be a given score vector. To apply Assouad’s
lemma, we define the prior u over the score vectors as the uniform distribution over the following hypercube:

p = Unif ({s(v) £ +vOA 1 vE {*1,+1}K}> ;

where A = (Aq,...,Ag) € Rgo is chosen a-priori as described for each lower bound.

We utilize the same construction as in Proposition C.1, with Ry = min{s}, R — sf} > 0, max; o} ; < Rj/2, and
Ak; S Rk/Q We set P‘U == Ps*-‘r‘l}@A'

We, again, consider the canonical bandit model (Lattimore & Szepesvari, 2020, Section 4.6) over the observations, as the
estimator may be adaptive. Then, the following lemma, whose proof is provided in Appendix D.3, rigorously establishes the
adaptive extension of the Assouad’s lemma:

Lemma D.2. With P,,’s as defined and Nk7 ; being the number of times (k, j) has been sampled, averaged over
v ~ Unif(Fg ), we have that

. = - - Ny, ;A2
min { Dxr,(P1 x, P— i), Dk (P— 5, P+ )} < Co Z Z}% ' k
JelJ] &

satisfying > . ; Nijcj < B.

From hereon and forth, we will denote Vj, :== el %, which is an algorithm-dependent quantity.
k.

“This is derived by applying the Le Cam’s Two-Point Method (Le Cam, 1973) coordinate-wise to the hypercube: see Yu (1997) and
Tsybakov (2009, Chapter 2) for more detailed discussions.
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D.1. Lower Bound for Expected /,-Error
We first describe our a-priori choice of A:

__2_
p+2

1 B (50902 5. )

* .

Ak = T Vk = D -
4, /V =)
k Zke[K] (Cj*(k)ai,j*(k))

Then it is easy to check that [|A|, = TV @ = £(B). Also, we have that A, < & for all ks if

5 7 g+ (k) lw‘*(k))
B>| (%‘*(k)ﬂk,j*(k)) e 1R? )
ke[K]

as given in the statement.
Here, as E, [||.§— s(v)||p} is not coordinate-wise decomposable, we cannot directly utilize Assouad’s lemma
(Lemma D.1).'” Instead, we utilize a concavity argument as follows.

Let S = 3, (k] AJ1[0y, # vg] be a random variable such that S < ||A||7. By Assouad’s lemma (Lemma D.1), its
expectation is bounded as follows:

o | > ARL[D # vg] | > < Z AL exp (—CoAL Vi)

ke[K] ke (K]
Ally Z > exp (—CoAZVE) .
ke[K] Zk A
(%)
Note that from our choice of Ay’s,
AP Vx)p/2 1 Vi
qk — kAp = ( k )* *p/27 Ain = T
2 Ar (V) 16V
One important observation is that
Vi . .
ke = 5 Z Cjx (k)ak " V (Direct computation)
ke[K] k ke (K]
_ 1 Z Z CJ (k)alm (k)
ke K] je[J] Uk J
ke[K]je[J]

By Jensen’s inequality, we have that

Cy Vi Cy
(¥) = exp 16 Z QkVT: > exp (_16) .

ke[K]

10Keen readers may wonder if Jensen’s inequality may do the trick, but then would probably despair after finding out that the direction
is not as we want.
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Now, we present the concavity argumnt. For p > 1, the function x — :c% is concave on [0,00) and f(0) = 0, i.e.,
geometrically,'! we have that for any S € [0, Spax],

1

3 1

1 Srzr)lax —0r 13

Sr > ———5 = 5S0ax 5.

h= Smax -0

Plugging in Siax = ||A||?, we have that
Cs Cs *
. 1 1— exp (—%2 exp (—$2) [Ai(o,c)
E, [I5 - s()l,] =E[s%] > Al E[s] > % Ial, = (16 1602
————
L0,
D.2. Lower Bound for p-th Moment of the Error
. . _ \/I) . _ 1 . * . . .

Here, we choose A slightly differently as Ay, = oA instead of Ay, = v with the same V} as previous. This satisfies

1A, = 1/ % = /P&(B). Under the given assumption on B, we also have that A, < £,
Let $ be any estimator, and let us denote ¥y, = sign(8;, — s}). Then we first relate the absolute error of §j, to (s(v))s with

the sign-error as follows:

Lemma D.3. |3 — (s(v))r| > AgLl[0 # vi| forany k € [K] and v € Fk.

Proof. W.l.o.g. suppose that v, = +1 If 0, = vy, = +1, then the bound trivially holds, and thus suppose that 0, = —1 # vy.
Then,
13 — s(v)| = |(8k — i) — Akl = =(8k — s3) + A = Ag.

O

As E,, [||§ —3(v) ||ﬂ is coordinate-wise decomposable, applying Lemmas D.1 and D.3 and similar Jensen argument as
previous, we have that

5 ’ 1 Cop
p D A D
Eo |8 = s(o)l] > Eo | 32 Aftlon# ]| > 3 Al exp (‘16)
ke[K]
C P
e (=) pao.0))
B Al+p B
Taking the 1/p-th power on both sides, we have that
1/p _ exp (—@) pAx(o,c)
S P 16 D
E. [Hs - s(v)||p] > e TR
1
=40,
and we are done. 0

D.3. Proof of Lemma D.2: Adaptive Extension of Assouad’s Lemma

For uw € Fi_1 and i € {—,+}, let us denote P(;,u),x as the probability measure indexed by v defined as v = 7 and
v_j, = u. Also, let IP; ;, ; be the probability measure for observations of (&, j ) when vg, = i.

""For concave functions, any secant line lies below the function.
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By the joint convexity of KL and the Divergence Decomposition Lemma (Lattimore & Szepesvdri, 2020, Lemma 15.1), we
have that

_ _ 1
Dxv (P Pop) < 5 > Dru(Pry b P uyk)
uEFK 1
1
=Y SR=1 > EwkNey] Dkn(Pyg g Pk )
J€J] UuEFK 1
ENy ok
_ A2
< Oy Z N+,k7j0_T’f (Proposition C.1)
JEL] k.
and similarly,
o N
Dir1,(P_ 5, Py i) < Co Z Nf,k,jUT~
jel] k.
Thus,
. - - - - 1 — - -
min { Dk, (P4, P— k), DkL(P— 5, Py )} < 3 {Dkr(Py i, P 1) + Dk (P— 4, Py 1)}
Nipj+N_p; 1
< A2 +,k,3 Ry =
< oAk Z 2 o',% )
j€lJ] J
Note that _ _
Nigg + Nokg o <
# =275 3" Ey[Niy] = Nij,

vEFK

which satisfies the budget constraint

ZNk’jCj =2 K Z E, ZNk”jcj <B.
k,j k,j

vEFK
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E. Proof of Proposition C.1: Construction of Beta Distributions
E.1. Preliminaries and Construction

Beta Distribution. For given «, 5 > 0, the probability density of X ~ Beta(«, ) is given as

Ix(z;a,8) = 21— 2)%7 zeo,1],

B(a, B)

where B(a, 8) = LIIB) §g the beta function, and T'(+) is the gamma function. We note that its mean and variance are
T(a+p)

characterized in closed-form as follows:

« af

EX]=o5p ValXl= (a+B)2(a+B+1)

Construction. Recall that R, = min{s}, R — s}}. Let s*,A € RX be given, with Ay < Ry /4. Then, for each
s = s* + A, we define the probability measure Py = (IPs 1) e[k as follows. For each k, define

2
Oiej Ay
== A) = —
dk.j 4Rz’ dk( ) 2Rk’
and define
1 —4d,(A)? — 4qy 1 —4d;(A)? — 4qy
an(A) = A =4k (1 9 (A)), Be(A) = A = 49k5 (1 9g, (A)).

8qk,j 8qk,j

Note that under the assumptions that A, < Rj/4 and max; U,%,j < R} /2, we have that o, (A), B (A) > 0, and thus, the
beta distribution Y, (A) ~ Beta(ay(A), 8x(A)) is well-defined. With this, Ps j, is defined as the measure of the random
variable X}, (A) := s} — Ry, + 2R Y% (A). One can immediately verify that X (A) € [s} — Rk, s; + Rk] € [0, R].
E.2. Proof of (i): Shifted Mean, Same Variance

Mean. By direct computation,

Oék(A) 1 1 Ak+Rk
EY A - = = = s
SRRV ERAVy R Ry e T T
k By
Ry

and thus,
E[Xi(A)] = s} — Ry, + 2R E[Yi(A)] = s}, + Ay

Variance. By direct computation,

Var[Y;(A)] =

> )
() (1osiay

and thus,
Var[Xj(A)] = 4R Var[Yi(A)] = 07 ;.
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E.3. Proof of (ii): KL of True(Null) and Perturbed Models

Because the KL divergence is invariant under affine transformations, it suffices to compute the KL divergence between the
standard beta distributions Y;(A) and Y (0):

Dxr, (Pss4 A k,j> Pss k,j) = Dkr (Beta(an(A), Br(A)) || Beta(ai(0), Br(0))) .

2
To simplify notation, let ¢ == g ; = % and d .= di(A) = QAR’”;&. Recall our structural assumptions: Ay < Ry, /4, which
> .

implies |d| < 1/8, and max; o7 ; < R?/2, which implies ¢ < 1/8. The parameters for the alternate and true models

5,

respectively are 0(d) :== («(d), 5(d)) and 6(0) := («(0), 5(0)), defined as:

1—4d? —4 1—4d?> —4
_ #(1 +2d), Ald) = 1-4d" —4q

a(d) 87 87

(1 - 2d).

Step 1: Uniform Lower Bound on the Parameter Space. We first establish that the parameters are strictly bounded
away from zero. Using |d| < 1/8 and ¢ < 1/8, we can lower bound the common term:

1—4d®> —4¢>1—4 L —4 1 :1_i_1:l,
64 8 16 2 16

Similarly, (1 +2d) > 1 —2(1/8) = 3. Thus, both a(d) and 3(d) are uniformly lower bounded by:

7/16 (3 21 5 Cwin
> _— —_ = —_——=

21

where Cnin = £y5-

This lower bound identically holds for the null parameters 6(0).

Step 2: Bounding the Parameter Perturbation. Next, we bound the squared Euclidean distance between the parameters
0(d) and 6(0) as a function of the shift d:

(1 —4d? — 4q)(1 + 2d) — (1 — 4q)
8¢
1+42d —4d? —8d® —4q — 8dg — 1 + 4q
8¢
2d — 4d? — 8d3 — 8dq
8¢

a(d) —a(0) =

d
471(1 —2d — 4d* — 4q).

Applying the absolute bounds |d| < 1/8 and ¢ < 1/8 to the polynomial term yields:

11 1 29
- - 2 < 2 < - —_— - = —,
[1-2d—4d® —dq| <1 +20d| +4d” +4g <1+ 1+ o+ 5 = 35

Therefore, |a(d) — a(0)| < 2—2%. By identical algebraic steps, |5(d) — 8(0)] < 2—2%, and thus, the squared Euclidean

distance is thus strictly bounded by:

29 de 841 d?
2 2048 ¢2°

Io@ - 0015 <2 (2,

Step 3: Exact KL via Bregman Divergence. The Beta distribution forms an exponential family, meaning the KL
divergence between two Beta distributions can be written exactly as the Bregman divergence on their log-partition function
m(a, B) = log B(a, 3) (Wainwright & Jordan, 2008). By Taylor’s theorem, there exists some intermediate parameter
6 = (&, j3) lying on the line segment between 6(d) and 6(0) such that:

1

5(6(d) —6(0)) "I(8)(6(d) — 6(0)),

Dx1,(Psc Ak, Psx k) = >
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where I(8) = V2A(0) is the Fisher Information Matrix (FIM) evaluated at @ (Amari, 2016). The elements of the FIM for
the Beta distribution are given by the trigamma function ¢ (z) = % logI'(2):
I(a, ) = <1l)1(0¢)7/)1(04+5) —¢1(a+ p) )
’ —1(a+f) Y1(B) —¢1(a+B)

For any vector v = (v1,v) ", the quadratic form is v?1)1 (@) + v391(8) — (v1 + va)?t1 (o + B). Since 1 (2) > 0 for
all z > 0, the subtracted term is strictly negative, allowing us to upper-bound the quadratic form strictly by its diagonal
elements:

v I(a, B)v < vign(a) + 3¢ (B) < [|vll; max(ir (@), ¢1(8)).

Step 4: Trigamma Asymptotics and Final Assembly. We use the standard uniform upper bound for the trigamma
function: 1 (z) < 1 + 5 for z > 0. Because 8 lies on the convex line segment between 6(d) and 6(0), and both endpoints

are uniformly lower-bounded by Ch,in /¢, it must be that &, B> Cuin /q. Thus,

~ > 2 1
w01 (@), 01(9) £ gt =0 (G + )

min

Since ¢ < 1/8 and Clyip, = %, we can numerically upper bound the term in the parenthesis:

1 L _a 512 1/8 512 32768 43520 ,
Cumin C2,, — 21 (21/512)2 21 41 441 "

Substituting this maximum eigenvalue bound back into the Bregman divergence yields:

IN

% 16(d) — 8(0)|| max (i (&), 1 (3))

_l(sua (Cog) = 841-43520 d> 71485 d?
= 2\2048¢2 ) VY T 4006 - 441 ¢ 3528 q

DL (Ps+a k5, Pse k.5)

2
Finally, mapping back to the original parameterization d? = 4AR% and ¢ = %, the 4Ri denominators cancel out to yield
k k
the desired bound: A2
71485
DiL(Pas 4 Ak, Por k) < oo —-
KL( s*+Ak,jrLs Jw) = 3598 U/% 4
N—— »J)

EYel)

E.4. Proof of (iii): KL of Two “Adjacent” Perturbed Models

Similarly, it suffices to bound

DKL (Ps*+A,k,j7Ps*fA,k:,j) = DKL (Beta(ak(d),ﬂk(d)) || Beta(ak(—d),ﬁk(—d))) .

First, we evaluate the squared Euclidean perturbation between the endpoints 6(d) and 6(—d):

1-4d® —4q
-

1—4d? — 4qd

a(d) — a(—d) 5

[(1+42d) —(1-2d)] =

=

6-
Since d® > 0 and ¢ > 0, we unconditionally have 1 — 4d — 4¢ < 1. Therefore, |a(d) — al(—d)| < 114

exact same bound applies to |3(d) — 8(—d)|, and thus, we have that

1\N’>d® 12
_A(— 2 < - - =

112 By symmetry, the

2|

Following the exact same Bregman divergence formulation from Step 3 above, there exists an intermediate point 6 on the
line segment connecting 6(—d) and 6(d). By the convexity of the parameter space and the symmetry of our construction,
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the endpoints 8(—d) and 6(d) both identically satisfy the lower bound Cyyi, /g derived in Step 1. Thus, the entire line
segment, and consequently 8, also satisfies this uniform lower bound.

As a result, the maximum eigenvalue bound of the Fisher Information Matrix remains max(v1 (&), ¥1(8)) < Cyg, utilizing

the identical constant Cy, = 422%0. Substituting this into the Bregman divergence quadratic form yields:

IN

D1 (Pse4a,k,j,Ps —ak,5)

% 16(d) — 49(—d)||§ max (1 (&), ¥1(5))
. 1 (1d2> (Cug) = ﬂdj B 10880 d?

SEACY:

4 q 441 ¢
Mapping back to the original parameterization d?/q = A% / 0,37 ;» we obtain the non-asymptotic adjacent pair bound:

10880 A%
441 J,%

N——
L0,

Di1,(Pss4a ks Psr—ak,j) < .
NI
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F. Gaussian Scores

In this Appendix, we elaborate on how our results generalize to the case when the scores are Gaussian:

Assumption 1 (Gaussian Scores). If the learner queries k € [K| to a judge j € [J], she observes a noisy score
S~ s+ €k j, where ey, j ~ N (0, Ji’j).

This then allows us to utilize the following standard Gaussian tail bound:

Lemma F.1. For Z ~ N(0,0?), P(|Z] > t) < 2exp (—t?/(20?)) .

For clarity, we recall the inverse-variance weighted estimator:

Inverse-Variance Weighted Estimator (IVWE)

Input: An allocation (N, ;);.,; € Ni ™7, variance profile o = (04, ;)x,; € RES

. . Nej () - .
1. For each (k, j), compute 8 ; = Ni D sg)j, if Ni, ; > 1; else, set 5 ; = 0;
»J 2

2. Aggregate the estimators per k as follows:

Output: § := (54) e[k

F.1. Upper Bounds

Known Variances. First, when the variances are known, we have the following error bound:

Proposition F.2. Let p € [1, 0], B € Ry be a total budget, and 6 € (0, 1) be a target confidence level. Also, let (Ny, ;)i ;
be any given allocation. Then, IVWE is (B, 6,(,)-budget efficient at any (s, o, c) € [0, R} x RE) x R with the
following error rate €,:

\/QAp(w;a',c) log 2K
€p =

B b
where w = (Wk, j £ CJN%) , the allocation objective A,(w; o, c) is defined the same as in Theorem 3.2. Then, with the
k.j
*(o og 2K
optimal allocation, we have €, = %.
Proof Sketch. This follows from applying Lemma F.1 and taking a union bound over k € [K]. O

Unknown Variances. Here, as we have briefly elaborated in Section 4, we can utilize the following multiplicative
concentration for the sample variance of a Gaussian:

Lemma F.3 (Eqn. (4.3) & (4.4) of Laurent & Massart (2000)). With 63 ; as in line 3 of Algorithm 2 and ey < log 257,

6% 6%
P ) 2 Ok < 7’3, V(k,j) S [K] X [J] >1-0.
1+2 N001+N031 -2 Ng[ll
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Algorithm 2: Estimate-then-IVWE (Gaussian)
Input: Total budget B > 0, Cost vector ¢ € R, Number of forced exploration per pair Ny > 0

// Phase I: Forced Exploration
for each (k,j) € [K] x [J] do

Pull arm (k, j) exactly Ny times and observe noisy evaluation scores {s,(cnj)} Vo) C [a, bl;
? ne[Nog
Compute the empirical mean and variance estimator
No No
o () 2 .1 OIS
Sk, = N 2 gy Ok = No -1 nz;l (5,67]. — szw') (€))

// Phase II: IVWE

ompute the optimal allocation N7 using the remaining budget B’ = B — N .11 ¢, based on the
C h imal allocati Nk'jk‘ h budget B’ £ B — NoK ;e[ ¢ based on th
’ 5J

. : L2
variance estimators {(crk,j) } ;
k,j

as allocation and &,% jas variance proxies;
. ;

return IVWE with (]\7 i j)
kg

Then we have the following error rate, whose proof is provided in Appendix G.1:

Theorem F.4 (Error Rates of Est-IVWE-Gaussian). Let p € [1,00], B € Rs, and § € (0,1). Let us set Ny =
1+ {16 log %1 and suppose that B > NoK Zje[J] ¢;. Then, Est-IVWE-Gaussian is (B, d, {,,)-budget efficient at
any (s, o, c) with the following error rate €,:

3
_ [1345(0, ) log 4 o As(a,¢) (log £ ) *
Ea 2B * B3

F.2. Minimax Lower Bounds

We first have the following very similar-looking high-probability lower bound:

Theorem F.5 (Local & High Probability Lower Bound (Gaussian)). Letp € [1,00], B > 0, ¢ € (0,1/2], and (s, 0,c)
be a given problem instance. Then, any algorithm that is (B, §, £,,)-budget efficient with an error rate of £, > 0 at any
(8',0,c) with ||s" — s||, < 2e,, must satisfy the following: for some absolute constants C1,C2 > 0,

1

kl(l — 4, 5) B log 5
6p2\/CIB.z422_pp(O',C) forl <p<2, Ep = 025

Ar (o,¢) forp>2.

Proof. The proof is almost the same as that of Theorem 5.1, except we now construct the instances via Gaussians instead of
the Beta distributions, resulting in constant-wise difference only. O

Again, the high-probability lower bound fails to yield the correct allocation objective, and thus, we turn to global in-
expecation lower bounds, which involves quite different proof techniques that may be of independent interest.'> Again, the
inf; is over all adaptive algorithms satisfying the budget constraint. In particular, the lower bound holds even when the
learner is given the true variance profile o.

20ne may wonder whether it is possible to utilize Assouad’s lemma (Assouad, 1983; Yu, 1997) as done in our Theorem 5.2. This is
definitely possible that leads to a similar local minimax lower bound. Here, we intend to show a completely different argument for global
minimax lower bounds.
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Theorem F.6 (Global, In-Expectation Minimax Lower Bounds). For each 1 < p < oo,

: s 2 2 |A(o,0)
i oo B2 18 ol 225G

For1 < p < oo, we also have:

N 1 A*
inf sup ES_, {Hé — s||ﬂ "> myy
S seRK

where® m,, = /2 (F((L\/%)/Q)) 2= E[|Z|P)Y/P for Z ~ N(0,1).

“T’(-) is the usual gamma function.

Proof Sketch. The full proof is deferred to Appendix G.2. Instead of following the standard lower bound framework (Tsy-
bakov, 2009; Yu, 1997), we heavily exploit the fact that everything is Gaussian. Specifically, this implies that the posterior
risk is minimized at the posterior mean, and everything (e.g., posterior distribution, Fisher information) is computable in
O

closed forms.

We show that the above is actually constant-wise tight(!) across all p’s by complementing this with a matching in-expectation
upper bound when variances are known:

Theorem E.7. When the variances are known, IVWE with optimal allocation achieves the following:

Ai(a,¢)
T

1
E|ls - slip]” <m,

—1
Proof. Recall that §;, — s, ~ N (0, (ijl g;”) > Thus, we have that
k,j

1 % J N, T
. v . k.j
]E{Hs—s”ﬂ —E| Y sl <m [ Y Z =3 ,
kE[K] ke[K] \Jj=1 »J
where m,, = E[|Z|P]'/? for Z ~ N(0, 1) as in Theorem F.6. Then, we conclude by Theorem 3.2. O

1

We lastly show another global lower bound for E2_ M [Hé — s||g] ” based on a completely different (and from our perspective,

slightly less well-known) technique that may be of an independent interest:

Theorem E.8. For1 < p < oo, we have:

1

. 3 2re | Ai(o,c)
inf sup E3_ [é—sp}pz 2 ,
5 SG]RK S~ H ||p CME(p) B

where Cyig (p) £ ZB%F(p’l)p%_l is the partition function of the L, max-entropy distribution.

Proof Sketch. The full proof is deferred to Appendix G.3. The key technical tool is the van Trees inequality (Gill & Levit,
1995; van Trees, 1968), recently extended to L,-norm by Chen & Ozgiir (2024), with cosine-squared prior (Tsybakov, 2009)
and taking a limit to uninformative prior. O
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2
Note that when p = 2, this bound is also constant-wise optimal: mo = 1 = ( CVMQETEZ)) .
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G. Proofs of Theorems in Appendix F (Gaussian Scores)
G.1. Proof of Theorem F.4: Error Rate of Est-IVWE-Gaussian

Denote the lower and upper bounds on variances o7 ; after the exploration phase by

~92 ~2

0% s 0%

Qij _ k,j . and Ezj _ k,j ,
’ € € ? €
L+2y /55 + 5 1=2y/55
where ¢y = log %. By Lemma F.3, we know that
Plo2.<o?.<g2.)>1 0
(ek; <ok <cgij) 21— bR

which we will assume to hold throughout the proof. We denote the ratio between the upper and lower bounds as x =
Ei}j/gid, which is the same across all pairs (k, ). Since Ny = 1+ [161log 452, €9/(No — 1) < 15, we have that r < 12

Recall that Est-IVWE-Gaussian (Algorithm 2) designates an (predicted) optimal judge j* (k) £ arg min;c( 5 ¢; &2’ ; for
each query k € [K], then computes the optimal allocation with variance estimator [7,%’ ; and remaining budget B’ = B—-CNy
with C:= K} (5 ¢; as follows:

(CA 52 >p+2 i
S 70 Tk (k) e Bl
k,j* (k) Y 2 k,j :
’ Couwr\O7,
k'€[K] ( 7* (k) k’,g*(k’))

Since §i, is the sample mean of Gaussian samples, S, itself is also Gaussian. Thus, by Lemma F.1, we have that

202 log 2K 5
Pl —sil< | —2® 20 vkelk]|>1-2
N*. 2

k3% (k)

Thus, by summing up p-th power of these terms over k € [K| and substituting the definition of @,’2, ;-the following holds
with probability at least 1 — §:

~ —

2K N;,j*(k)
wEy2logT| X |
ke[K] k,j* (k)

~ -2\ »
_ /2log¥ Z( Dy 5+ (k) > g
- / N 2
B relr] \ T 0 Tk e (k)

— X ~9 p+2
B’ S 2». o) EE
Ke[K] Cj (k)a-k7,7*(k) Zk’E[K] (Cj*(k’)olz’.j*(k’)> p+2

_ [2log 2F a9 72 Tk, 3+ (k) ' o =
= B Z (CJ*(k)Uk,j*(k)) Z FEDN (Cj*(k)gk,j'*(k))
ke[K] \ k™ (k)

(S

S
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1
p=o0,wesetp/(p+2) =1and (p+ 2)/p = 1 by convention, and the above inequality holds in that case as well:

-1
where the last inequality holds since o7 ; /57 ; < (1 -2/ ) for any (k, j) € [K] x [J] by Lemma F.3. When

2K 9
smglgn% 2log — 5 Ak] (k)
c *
Nk,j*(k)
2
= max 2log % cj*(k)o-kﬁ'*(k)
kE[K] B’ w;,j*(k)
2
210g% O-k:j*(k)
=\ =5 | max | =5 D0 e
B REIKT\ O 5 k) wel) 3 (k')
1 210g 2?
<
= o Z (k) k,j (k)

AS G510 lw " = w(k)fri’j*(k) by the definition of j*(k), we have
pt2
2p
~ 52 p¥2
> (%(k)%.}'(k))
kE[K]
pt2
P 2
~92 P2
<|{ > (Cj*(k)ak,j*(k))
kE[K]

p+2

€0 260 p% ’
\/1 +2,/ No—1 + No—1 kez[;q (cj*(k)aﬁ,j*(k)) . (Lemma F.3)

Combining everything, we conclude as follows: with probability at least 1 — 6,

2k A* log 4
z—:pg\/ kA% (o, c)log =5

IN

B/
AK [ 1 CNO
< \/13./41*7(0'7 c)log — ( ) (Lemma B.3, k < 13/4)
o \/@
_ [13A35(0, ) log #5 N C(1+ [1610g 1B T) \/173,4;(0',0) log £
- 2B B3

G.2. Proof of Theorem F.6: Global In-Expectation Lower Bounds for Gaussian Scores
Again, we start with the Yao’s minimax principle (Yao, 1977), but without the locality: for any prior x over R¥ (note that

now, we consider the prior over the entire R¥ instead of near some given s*),

inf sup E3 [||.§ - s||p] > inf E [||.§ - s||p} ,

8 seRK s

1

and analogously for E$_ " [Hé — st} " . We will thus lower bound the RHS (Bayes error) with an appropriate choice of /.
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In particular, we consider an isotropic Gaussian prior: fora A > 0,

= N(0,\?Ig).

Let us fix an arbitrary, adaptive algorithm .4 that interacts with the true environment s* sequentially as follows: at each
timestep ¢, when the learner selects query k; and judge j;, they observe a noisy score 5; = si, +¢y, ;,. Let us denote Ny, ; ==
> 1[k: = k, j» = j] as the number of times .A queries the pair (&, j) throughout the interaction. Suppose that A interacts
for T rounds, while satisfying the budget constraint almost surely. For each time ¢, let H; == (k1, j1, 81, , k¢, Ji, St) be
the interaction history til time ¢. Then, at the end of the interaction, .4 outputs an estimator § = §(# ). For clarity, with a
slight abuse of notation, we will distinguish between the two: A as an adaptive data collection subprocedure, and § as an
aggregation subprocedure that takes Hr as an input.

Then, using the fact that everything is Gaussian, we can compute the posterior distribution of s | Hr in closed-form, as
shown in the following lemma whose proof is deferred to the end:

Lemma G.1. s | Hy ~ N(E[s | Hy)],diag(Z(A))~"), where Z(A) = (Zi(A))re(k] is the posterior Fisher
information of the algorithm A defined as

Ni,
o
] Tk

Ti(A) = A2+ >

je[J 2J

Denoting Hr(.A) to be the random full interaction history for A,

inf inf B2, [f (3(Hr(A)) — s)] = infinf B | B, ) [f (3(Hr(A)) = 5) [ Hr(A)]|

conditional posterior risk

where either f(x) = ||z, or f(z) = HwHZ

We now argue that the posterior mean minimizes the conditional posterior risk, i.e., when §(Hr) = E[s | Hr]. To see this,
let Z .= S — E[s | Hr]. Then, conditioned on Hr, Z is centered Gaussian and symmetric. Also, both choices of f are
convex and even (f(u) = f(—u)).

For any estimator §, define its posterior risk as
L(8) =E[f(s - s) | Hr] = E[f(u — Z) | Hr],
where u := § — E[s | Hr|. Then as L is convex, by Jensen’s midpoint inequality, we have that

L(u) 4+ L(—u)

L(0) < 5

= L(u),

i.e., the minimum is attained at w = 0. This implies that the posterior mean E[s | Hr] minimizes the conditional posterior
risk.'?

Combining this with Lemma G.1, we have that
inf inf 5, [f (8(Hr(A)) — 8)] > f B [Eajper ) [f (Els | Hr(A)] - 5) | Hr(A)]]
= 1%f EwNN(O,diag(I(.A))—l) [f(:l:)} (Lemma Gl)

= i%ngNN(o,IK) [f (MQQ)] ’

where +/- is applied element-wise.

3This resembles Anderson’s lemma (Anderson, 1955), which states that a centered Gaussian measure assigns maximal mass to a
symmetric convex set when the set is centered at the origin.
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When f(x) =

> by Jensen’s inequality, '
By [[VER .|| = Egorton [[VER o ]
> [V o Epetons ], = 2 VA,

where | - | is applied element-wise.

When f(z) = ]}

Egn0,12) U\m@guji > (VE) Egeron ol = my | VECA

ke[K]

Either way, we arrive at ‘

)|| » which we lower bound as follows. Let Ny, ;j denote the total number of times pair
p

(k,j) is queried by algorithm A subject to the budget constraint, and let us reparametrize it by wy, ; == CJN% Then, we

have that for each allocation {wy ; }1,;,

—p/2\ /P
VI = X (A2 X s Bs . VA>O0.
b ke[K] jern %k
Taking the limit as A — oo, we have that
—p/2\ 1/P
1 Wk, j _ JAp(w;o,c)
H\/mup VB kez[;q jez[;]] cjo,f’j - B ’

Taking the infimum over .4, which is equivalent to taking the infimum over w under the budget constraint, we conclude with
Theorem 3.2. O

Remark 2. One could also utilize Gaussian hypercontractivity (specifically, Kahane’s inequality) to transform a lower

1/p
bound on E {H.é - s||ﬂ into a lower bound on E {H.é — 3| p} , up to some Gaussian moment-dependent constants. But
this leads to a bit more suboptimal constant.

Proof of Lemma G.1. This follows from directly factorizing the likelihood and completing the square. Denoting (-, )
as the sampling kernel of the algorithm A, we can drop terms independent of s by absorbing them into a proportionality
constant. The likelihood is:

T

(5t — s1,)°
p(Hr | s) = {Wt (K, o) | Hem1) ———— ep( s
t1;|1: \ 27Takt »Jt 20 km]t

T
(8¢ — s
ocexp( Z L= Sk) >

t:l kh]t

By grouping the observations by (k, j), and using the empirical mean 3, ; = —Ni D) Z 1 Lky = k, ji = j]8;, the sum of
! »J
squares decomposes as:

T
(8 — skf 1 5 N B 9
> =) = > (5= Sk + 5k — si)
X

J \tike=k,jr=3j

g lue g, is convex over R, for any u € RE,.
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Since the cross-terms sum to zero (3 _(5; — 5 ;) = 0), this simplifies to:
1 ~ _ 2 — 2
> = > (8t = 5kj)® + Nij(5k; — sk)
kg o Kd \teke=k.ji=j

Absorbing the terms independent of s, into the proportionality constant, we have:

Nk

p(Hr |8) xexp [ —= §k7j)2

ke (K] jelJ] ’W'
Now, applying Bayes’ rule with the prior s ~ p = N'(0, \2Ix ), the posterior is:
p(s | Hr) o< p(Hr | s)u(s)

Focusing on the exponent for each k, we expand and collect the sy, terms:

N,

= 2 2 k,

— 2588k, + 55) = s, | 5+ g L] —2s E
J€EJ] k’j J€l] k‘j Jel] k,j

gk,j + Ck

=Ty (A)
= Ti(A) (s — ur)* + Cp,

where Cj and Cj, are terms independent of s, and pj = Zy(A)~! Ej als,

s;w Thus, p(s | Hr) «

[1, exp (— Lk éA) (sk — ,uk)2), which is exactly the density of a Gaussian distribution w1th mean g and a diagonal precision
matrix whose k-th diagonal entry is Z(A). O

G.3. Proof of Theorem F.8: Global In-Expectation Lower Bound for Gaussian Scores via van Trees Inequality

Our key technical tool is a generalization of van Trees inequality (Gill & Levit, 1995; van Trees, 1968) to L,-norm due to
Chen & Ozgiir (2024) via Efroimovich’s inequality (Efroimovich, 1979):

Lemma G.2 (Scalar Version of Theorem 2.4 of Chen & Ozgiir (2024)). Let 1 < p < oo and define Cyg(p) =

2e%F(p’1)p%_l to be the partition function of the L,, max-entropy distribution. For a closed interval © C R, suppose
that we have a parametric family of distributions {Pg}oco with density f(x;0), and let i be a prior density over ©
that is absolutely continuous, vanishes at the boundary, and has finite Fisher information.

Then, for any estimator 6:X — é(X ) € R where X ~ Py, the expected p-th moment risk is lower-bounded as
follows:

P

2”)> (EomnlZ(0)] + T ()% ,

EorpnlBg x [(9 - é(X))p} 2 (CME(p

where the Fisher information terms are defined as
. 0 , 92
T(0) = Ex |55 108p(X |0)|,  T() = Eomp |~ 5 log (6) |

Especially note that when p = 2, C\ig(2) = V/2me, and the constant multiple becomes 1, as in the original van Trees
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inequality (Gill & Levit, 1995; van Trees, 1968).
And again, we begin By Yao’s Minimax Principle (Yao, 1977): for any decomposable prior p1 = &) ke[K] Mk OVer s,
inf sup [EERHE inf Eonp [E2 (115 - 03]
1anIE5,C~,M sk ( Sk — Sk)Q]] )

where the algorithm A must satisfy the knapsack constraint: if .A samples each (k, j) pair Ny ; times, then > ¢; 37 Nj, j <
B. Let us fix an arbitrary algorithm A, and the corresponding numbers of pulls Ny, ;’s.

As first suggested in Borovkov (1998); Tsybakov (2009), we choose piy as the cosine-squared prior density, indexed by

r>0:1° ( )
r 1 (s — Sk
,ugc )(s) == cos? (2) Ly —r 5471 (8)-

Its prior Fisher information 7 (u](;)) = E, . [f 5 log u } is computed as:
k

LG ) ()
() (e ()

The Fisher information of the Gaussian observations and algorithm .4 is computed as follows: denoting p(:|s, o?) as the
probability density of (s, 02),

2 [& N
]Es,wum [Z(sk)] = EA () l_asi [Zﬂ[kt = k| log p(5; | Smffl%ﬁjt)H

Sk~
k t=1

_E'A _82 ZET:]]_[]C_]{Z_] _(gt_Sk)Q C
= Fan | T 052 e N

je[J] t=1
=EA ZZ]lkt—k]t—y]
Li€[J] t=1
Ny ; EA[Ny, ;]
_ A k, _ k,
=E ZOQ{ —Ziaz,J'
FEL jel] Tk

With this, we apply the L,-van Trees inequality (Appendix G.3) for each k, which gives

. ome \' EA[Ng 2
2By ;‘L[<sk—8k>p]]2<cME<p>> >z

ke[K] \jelJ] Tk,

Chaining everything, we then have that

P B - 9
et o)z (325 ) 2 (= 2003

C;0
ke[K] \je[g] 7 k.

'5One can verify using calculus of variation that this prior density is the “optimal” choice that minimizes .7 (1) among all continuously
differentiable densities supported on [—r, 7] that vanish at the boundaries.
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A Nes
where as in the proof of Theorem 5.1, we define wy ; = %.

As this holds for any r > 0, taking the limit on both sides as r — oo and 1/p-th power, we have

o =

_b
2

Alx ok V2me Buwy,
swig! s - sl 2 5= | 3 | 2

2
CiO7.
ke[K] \jelg] 7 ki

Taking the infimum over .4 (and thus over w) and invoking Theorem 3.2, we are done.
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H. Additional Experiments

This appendix provides additional experimental results that extend the analysis presented in Section 7. We provide further
empirical evidence regarding the optimality of our algorithms across different norms and datasets.

H.1. Details and Additional Results in Experiments on Synthetic Data

For each query k € [K], the ground-truth score sy, is sampled uniformly from the interval [0.1,0.9]. We assume the noisy
scores follow a Beta distribution, where the true variance 0%7 ; for each judge j on query k is sampled uniformly from
[107%,0.955(1 — sx)]. The upper bound of this interval is set to 90% of the maximum possible variance for a bounded
distribution on [0, 1].

In Figure 2a, we present the ¢;-error results for the synthetic experiments described in Section 7 (X = 1000, J = 10).
Consistent with the ¢ and ¢, results shown in the main text, both Est-IVWE (Bounded) and Est-IVWE (Gaussian)
demonstrate a clear convergence toward the Oracle baseline. This confirms that our adaptive allocation strategy effectively
minimizes the mean absolute error across the query set, significantly outperforming the non-adaptive Uniform strategy.

L, Error by Budget (Synthetic Data) L. Error by Budget (Synthetic Data)
x100 __ (k=1000,J=10, runs=50) 16 x107% __ (K=1000, J=10, runs=50)
o -0 Uniform o o Uniform
3.0bL =—a Oracle 1 14l s—a Oracle ]
»+—a Est-IVWE (Bounded) s~—a Est-IVWE (Bounded)
25 ¢—¢ Est-IVWE (Gaussian) || 1.2} | o Est-IVWE (Gaussian) ||
: e}

2.0

15}

1.0}

0.5F

0.0

1 1 1 1 1 0.0 1 1 1 1 1
1.0 3.0 5.0 7.0 9.0 1.0 3.0 5.0 7.0 9.0

Budget (B) [x107] Budget (B) [x107]
(a) £1-Error. (b) £~ -Error.

Figure 2. Additional Experimental results on synthetic datasets. All results are averaged over 50 independent runs, with the 10% and 90%
quantiles (shaded regions)

H.2. Details and Additional Results in Experiments on Real-data

Our preprocessing pipeline establishes a reliable baseline by first performing consensus filtering, where we select only
those queries where all three judges provide an identical mode score via majority voting. This ensures that the established
sk serves as a credible proxy for the true score. Furthermore, we ensure statistical significance in variance estimation by
retaining only those query-judge pairs that have at least 25 evaluation samples. Following this filtering, we obtain a subset
of queries for four distinct categories: Complexity, Correctness, Helpfulness, and Verbosity. Heteroskedasticity is modeled
by empirically calculating the true variance a,%y ; as the mean squared deviation from the consensus score sg.

We provide the complete experimental results for all four datasets (Complexity, Correctness, Helpfulness, and Verbosity)
preprocessed as described above. Figure 3 illustrates the ¢1, {5, and £, errors for each dataset. Across all twelve scenarios,
the Est-IVWE variants consistently show the relative superiority over the Uniform baseline, performing as well as the
Oracle strategy.

H.3. Sensitivity Analysis on Cost-Quality Correlations

To evaluate the robustness of our framework beyond the uniform cost setting employed in Section 7, we investigate how
varying correlations between a judge’s cost and their evaluation accuracy (inverse variance) affect convergence behavior.
Thc?oretically, the selection of an optimal judge is governec! by thfa cost-weighted variance., j*(k) = arg min;e( ¢ 0,37 It
which balances the trade-off between per-sample information gain and budget consumption. We conducted a series of
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ablation studies using the Oracle and Est-IVWE for p € {1,2, co} under three cost structures: (i) Bad is Expensive, where
variance and cost are positively correlated; (ii) Bad is Cheap, where low-quality judges are priced cheaper; and (iii) Uniform
Costs, where the costs are all the same.

As illustrated in Figure 4, our empirical findings suggest that while the specific cost structure influences the constant
factors of the convergence rate, it does not alter the fundamental asymptotic decay of the estimation error. The Bad is
Cheap scenario represents the most challenging regime for adaptive allocation; when a judge’s high variance is offset by a
significantly lower cost, the cost-weighted variances {c; 0%7 j } 3]:1 across different judges become numerically similar. This
reduced "gap" between the optimal judge and noisier alternatives necessitates a more extensive initial exploration (Ny) to
ensure correct identification. Nevertheless, the results confirm that the algorithm remains robust across these diverse cost
scenarios, consistently achieving error reduction without failing to identifying the optimal judges as the budget scales.
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