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Abstract

This study designs an adaptive experiment for
efficiently estimating average treatment effects
(ATEs). In each round of our adaptive experiment,
an experimenter sequentially samples an experi-
mental unit, assigns a treatment, and observes the
corresponding outcome immediately. At the end
of the experiment, the experimenter estimates an
ATE using the gathered samples. The objective
is to estimate the ATE with a smaller asymptotic
variance. Existing studies have designed exper-
iments that adaptively optimize the propensity
score (treatment-assignment probability). As a
generalization of such an approach, we propose
optimizing the covariate density as well as the
propensity score. First, we derive the efficient co-
variate density and propensity score that minimize
the semiparametric efficiency bound and find that
optimizing both covariate density and propensity
score minimizes the semiparametric efficiency
bound more effectively than optimizing only the
propensity score. Next, we design an adaptive
experiment using the efficient covariate density
and propensity score sequentially estimated dur-
ing the experiment. Lastly, we propose an ATE
estimator whose asymptotic variance aligns with
the minimized semiparametric efficiency bound.

1. Introduction

Experimental approaches play a pivotal role in uncover-
ing causality in various fields of science and industrial ap-
plications, such as epidemiology and economics (Shein-
Chung Chow, 2005; Hahn et al., 2011; Chow & Chang,
2011; FDA, 2019). This study focuses on cases with binary
treatments. Typically, one of these treatments corresponds
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to the treatment, and the other to the control (Imbens &
Rubin, 2015). Among the quantities representing causal
effects, this study focuses on an average treatment effect
(ATE), which defines a causal effect as the difference be-
tween the expected outcomes of binary treatments.

Treatments are an abstraction of an experimenter’s choices,
including drugs, online advertisements, and economic poli-
cies, which are also referred to differently, such as actions
and arms. A difference in outcomes of binary treatments
(treatment effect) is often considered a causal effect (Im-
bens & Rubin, 2015). However, due to the counterfactual
property, individual treatment effects cannot be observed.
Therefore, we use ATEs to capture causality.

A fundamental experimental approach for estimating ATEs
is a randomized control trial (RCT). In an RCT, one of the
binary treatments is randomly assigned to each experimen-
tal unit to obtain an unbiased estimator of ATEs. While
RCTs are the gold standard and reliable (Hariton & Locas-
cio, 2018), they often require large sample sizes, which can
be costly. To reduce the sample size as much as possible,
or to reduce an estimation error given a sample size, adap-
tive experimental designs have gained increasing attention
across various fields (van der Laan, 2008; Hahn et al., 2011;
Chow & Chang, 2011; Villar et al., 2015; FDA, 2019).

For estimating ATEs efficiently (with smaller asymptotic
variances), van der Laan (2008) and Hahn et al. (2011)
design adaptive experiments that optimize the propensity
score (treatment-assignment probability). They show that
by optimizing the propensity score, we can minimize the
asymptotic variance of ATE estimators. Note that an asymp-
totic variance can be interpreted as an asymptotic mean
squared error (MSE) of ATE estimation. Furthermore, in
hypothesis testing, as an asymptotic variance decreases, the
sample size required for hypothesis testing also decreases.
Tabord-Meehan (2022), Kato et al. (2020), and Cook et al.
(2023) design refined experiments based on this approach.

As a generalization of this approach, we consider a novel set-
ting where an experimenter can sample experimental units
based on their covariates and covariate density set by the
experimenter. We show that by optimizing the covariate den-
sity as well as the propensity score, we can further minimize
asymptotic variances compared to adaptive experiments that
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only optimize the propensity score. Then, we design an
adaptive experiment that optimizes efficient covariate den-
sity and propensity score by using past observations.

Firstly, we derive the semiparametric efficiency bound, a
lower bound of the asymptotic variance, which is a func-
tional of a covariate density and a propensity score. Based
on this efficiency bound, we compute the efficient covariate
density and propensity score that minimize the lower bound.
Then, we design an adaptive experiment that sequentially es-
timates the efficient covariate density and propensity score.
In the proposed experiment, an experimental unit is sam-
pled following an adaptively estimated efficient covariate
density and randomly assigned treatments following an esti-
mated efficient propensity score. At the experiment’s end,
the experimenter obtains an estimator whose asymptotic
variance aligns with the semiparametric efficiency bound.
We employ the Augmented Inverse Probability Weighting
(AIPW) estimator with covariate shift adaptation using Im-
portance Weighting (AIPWIW). We refer to the setting of an
adaptive experiment as active adaptive experimental design
with covariate choice and our designed experiment as the
Active-Adaptive-Sampling (AAS)-AIPWIW experiment.

Our method is inspired by three lines of work: adaptive
experimental design for efficient ATE estimation, active
learning using a covariate shift, and off-policy evaluation
under a covariate shift. van der Laan (2008), Hahn et al.
(2011), Tabord-Meehan (2022), and Kato et al. (2020) de-
sign adaptive experiments for estimating ATEs with smaller
asymptotic variances by optimizing propensity scores. Our
result generalizes their work by incorporating covariate den-
sity optimization. In active learning of regression models,
Sugiyama (2006) demonstrates that the asymptotic variance
of regression coefficient estimators can be reduced by ap-
propriately shifting the covariate density. That study deals
with a non-adaptive experiment and regression with impor-
tance weighting (Shimodaira, 2000). In contrast, our target
is ATE estimation, and we adaptively optimize the covariate
density to estimate ATEs. Note that this approach for active
learning is an application of importance sampling (Owen,
2013). In causal inference under a covariate shift, Uehara
et al. (2020) presents an efficient estimator of policy values,
a generalization of ATEs, using double machine learning
(DML, Chernozhukov et al., 2018).

Intuitively, we can reduce the asymptotic variance of the
ATE estimator by using more units for a treatment with a
larger variance. In existing studies, an experimenter assigns
a treatment to an experimental unit with a higher propen-
sity score if it has a larger variance. In this study, we also
optimize the choice of experimental units based on their
covariates in addition to the propensity score. Under this ap-
proach, we use more experimental units if their conditional
variances of outcomes are large, conditioned on their covari-

ates. See Figure 2 in Section 4. This covariate choice allows
us to reduce the asymptotic variance of an ATE estimator.

Our framework introduces a novel aspect of optimizing co-
variate density, which has not been fully explored in the lit-
erature on adaptive experiments for ATE estimation. While
active learning focuses on optimizing the covariate den-
sity, adaptive experiments typically focus on optimizing
the propensity score. We refer to our setting as an active
adaptive experiment for ATE estimation.

Contributions Compared to existing work, our contribu-
tions are summarized as follows:

* We propose a novel framework for an adaptive experi-
ment by optimizing the covariate density, as well as the
propensity score (Section 2);

* We develop the semiparametric efficiency bound for the
ATE in our context (Section 3);

¢ Based on this lower bound, we derive efficient covariate
density and propensity score (Section 4);

» Using these efficient probabilities, we design an adaptive
experiment for efficient ATE estimation (Section 5).

2. Problem Setting

This section provides our problem formulation. We define
potential outcomes and observations separately by following
the Neyman—Rubin causal model (Neyman, 1923; Rubin,
1974). Then, we discuss estimating the ATE from the obser-
vations gathered from an adaptive experiment.

2.1. Potential Outcomes

There is a binary treatment @ € {1,0}. Let us define the
corresponding potential outcome by Y (a). Let X € X C
R? be a d-dimensional covariate, where X is the space.

For any x € X, let Py(z) be the true conditional distribu-
tion of (Y7,Y)) given X = x whose density is given as
r(y(1),y(0) | #). Let E[- | X = 2] and Var(- | X = z)
be expectation and variance operators over Py(z). Let us
denote the true mean and variance of Y (a) conditioned
by X =z € X by po(a)(z) = E[Y(a) | X = 2] and
o3(a)(x) = Var(Y (a) | X = ), respectively.

We cannot observe both Y (1) and Y (0) simultaneously. We

only observe Y (A) for a treatment-assignment indicator
A € {1,0}. We define how we observe data in Section 2.3.

We make the following regularity assumption.

Assumption 2.1. There exist known universal constants C
and C such that 0 < Qf< C < oo and for any x > € X, under
Po(z), |po(a)(z)| < Cand C < od(a)(z) < C hold.
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2.2. Average Treatment Effect

As a causal effect, we are interested in the difference
Y (1) — Y(0), referred to as an ITE in some cases. However,
because one of Y (1) and Y (0) is unobservable owing to
the counterfactual property, we cannot observe it directly.
Therefore, we focus on the expected value of Y (1) — Y(0).

Let ¢(x) be the density of an evaluation covariate distribu-
tion. Our interest is in the ATE over ¢(z), defined as

00 = Exrg(a),y(a)~ra(yx)[Y (1) = Y (0)],

where Exq(z),v(a)~re(y|X) 18 €Xpectation over X gener-
ated from ¢(z) and Y (a) given X generated from r*(y |
X). Note that 0y = Ex.qu)[E[Y (1) = Y(0) | X]] =
Ex ~q(z) [110(1)(X) = p0(0)(X)] holds, where Ex g
denotes expectation over X generated from ¢(z).

Our interest is to estimate the ATE with a smaller asymptotic
variance via the following adaptive experiment.

For simplicity, ¢(x) is assumed to be known to the experi-
menter. This assumption can be mitigated by considering
different settings. In Appendix E.1, we introduce another
setting where we can observe covariates X; generated from
¢(z) and decide whether we use it by the rejection sampling.

Assumption 2.2. The covariate density ¢(x) is known.

2.3. Active Adaptive Experiments

Consider an adaptive experiment with 7" rounds, [T] =
{1,2,...,T}. In the experiment, in each ¢ € [T], an
experimenter decides a covariate density p;(x) and ob-
serves an experimental unit with covariates X; ~ p;(x).
Given the observed covariates X;, the experimenter de-
cides propensity score wi(a | X;) and assigns treatment
A € {1,0}, where A; € {1,0} is a treatment indicator.
Then, the experimenter observes an outcome Y; = 1[A4; =
1]Y:(1) + 1[A: = 0]Y;(0), where (Y3(1),Y;(0)) is an i.i.d.
copy of (Y(1),Y(0)). After round T, the experimenter
estimates 0y by using the observations {(Y;(1), Y;(0)}L_,.

In our adaptive experiment, an experimenter can optimize
the probabilities of p;(x) and wy(a | X) to obtain an esti-
mator of 6y with a smaller asymptotic variance.

In summary, the experimenter takes the following steps:
Step 1: based on past observations, an experimenter de-
cides a covariate density p; and a propensity score w;
Step 2: the experimenter observes covariate X; ~ p;(z);

Step 3: based on past information, the experimenter de-
cides a propensity score we(a | X¢);

Step 4: the experimenter assigns treatment A; = a with
probability wy(a | X3);

Step 5: the experimenter observes outcome Y; = 1[A; =
1]Y3(1) + 1[A; = 0]Y;(0), where Y;(a) ~ r*(y | X);

Observe X; ~ p.(x).

Assign treatment A, ~ w(a | X;).

Observe outcome Y; = Y,(4,) ~ r(y | X,).

Experimenter Experimental unit

>

t=1 T
Figure 1. Active adaptive experiment.

Step 6: after iterating Steps 1-5 for t = 1,2,...,T, in
round 7', we estimate the ATE.

We assume that *(y | «) is invariant across rounds, and
Y:(a) are drawn from the density independently of the other
round’s random variables; that is, {(Y;(1),Y;(0)}L; is
iid., but p;(a) and wi(a | =) can take different values
across rounds based on past observations.

Thus, the adaptive experiments yields observations
{(Yy, Ay, Xi) Y1, where (Y, Ay, X;) and (Y, Ag, X)) are
correlated over time for ¢ # s, that is, the samples are not
ii.d. Let -Ft—l = {Xt—h At—h )/;5_1, ‘e ,Xl, A17 Yl} be
the history. The probability w;(a | ) is a function of a
covariate X, an action A, and history F;_.

We refer to an experiment with this setting as an active
adaptive experiment with covariate choice.

Remark 2.3 (Stable unit treatment value assumption
(SUTVA)). The DGP implies SUTVA; that is, r%(y | x) is
invariant against A, across ¢ € [T] (Angrist et al., 1996).

3. Semiparametric Efficiency Bound

This section provides a lower bound for the asymptotic
variance of ATE estimators. We focus on semiparamet-
ric efficiency bound for a class of regular estimators. The
semiparametric efficiency bound generalize the Cramer-Rao
lower bound, where the latter considers parametric models,
while the former considers non- and semiparametric models.

The semiparametric efficiency bound is a lower bound for
a class of regular estimators, which are \/T-consistent esti-
mators for all DGPs and remain so under perturbations of
size 1/\/T to the DGP (see van der Vaart (1998)).

For simplicity, suppose that (Y3, A;, X3) is an i.i.d. copy of
(Y, A, X). Let r*(y | =) be a density of Y (a) conditioned
on X = z, w(d | z) be a probability of A conditioned on
X = z, and p(x) be a density of X. Suppose that (Y, A, X)
is generated as (Y, A, X) ~ f(y, a,x), where
fan) = T (@@ ow] )"

de{1,0}

p(x),

where 7¢(y(d) | z) is the marginal distribution of Y (d).
Note that in our setting, we can manipulate w(a | ) and
p(z) and update them during an experiment.
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Furthermore, we hypothetically assume access to a set
of covariates sampled from ¢(z). Then, to derive the
semiparametric efficiency bound, we consider a strati-
fied sampling scheme, where two independent datasets
Dr = {(Y3, A, X;)}_; and Dg = {X}5_; are avail-
ii.d
able. Note that (Y3, A;, X;) '~ [Lacqi,0y {rd(y | z)w(d |
a=d ORI
x)} p(z) and X, o q(x). First, we derive the semi-
parametric efficiency bound under a situation where Dy
and Dg are available. Then, since we know ¢(z) and can

generate infinitely many samples from ¢(x), we focus on
the semiparametric efficiency bound at a limit of S — oo.

Under this DGP and ¢(x), we obtain the following theorem.
The proof is shown in Appendix A.

Theorem 3.1. Under Assumption 2.2, given D and Ds,
as S — oo, the semiparametric efficiency bound for 8y with
fully nonparametric models is

- o3 (1)(X) | a3(0)(X) a(X)
7(w,p) = Exyg(a) Ku?u I X) + u?(O | X)) p(X)} '

Theorem 3.1 is a lower bound; that is, a theoretically best
asymptotic variance. It means that even though we mini-
mize the lower bound, it is still unclear whether an estimator
whose asymptotic variance aligns with the lower bound ex-
ists. In Section 5, we actually design an adaptive experiment
under which an ATE estimator’s asymptotic variance aligns
with the lower bound minimized over w and p.

This semiparametric efficiency bound can be regarded as a
functional of p and w. During our adaptive experiments, we
can minimize the bound regarding p and w.

4. Efficient Probabilities

This section investigates w and p that minimizes 7(w, p) by
considering the following functional optimization problem:

argmin 7(w,p), (1)
(w,p)EWXP

(w*7p*) —

where W is a set of all measurable functions w : X —
A= {u=(uiup ... ug)T € 0,15 | S up =1}
with its a-th element w(a | z), and P is a set of all mea-
surable functions p : X — R* such that [ _,. p(z)dz = 1.
We refer to the minimizers (stationary point) p* and w* as
efficient covariate density and propensity score since the
semiparametric efficiency bound is minimized under them.

4.1. Efficient Propensity Score

First, we find an efficient propensity score that minimizes
the semiparametric efficiency bound given some p(x).
Given p, a stationary point regarding w is given as the
point-wise optimizer for each x € X. That is, given

z, for w(z) = {w(a | z)}leex) € (0,1)%, we have

* c2(1)(z o2(0)(z 2(x
w*(x) = argmaxweA{ 73;((1)|0(6)) + &((0)‘5))}‘11)((1)). Then,

for each x € X, the efficient propensity score is

oo(a)(x)
ao(1)(x) + 00(0)(x)
This efficient propensity score is referred to as the Neyman
allocation, which has been traditionally employed in design-
ing experiments with binary treatments without covariate
choice (Neyman, 1934; van der Laan, 2008; Hahn et al.,
2011; Kato et al., 2020; Adusumilli, 2022; Dai et al., 2023).

Va € {1,0}.

w*(a | x) =

4.2. Efficient Covariate Density

Next, we find an efficient covariate density that minimizes
the semiparametric efficiency bound for fixed w.
Theorem 4.1. For each x € X, the minimizer p* of the
semiparametric efficiency bound T(w, p) with a fixed w is

20E) , 20
\/fium * W)

og((X) | o5(0)(X)
Ex~q(a) {\/ 1(1);(1|X) + 43)(0|X)
By substituting w* obtained in Section 4.1, we have

oD@ nO@
P = g o @ + @] 1

p(z) =

This result implies that we can reduce the efficiency bound
by drawing samples whose sums of conditional standard
deviations of potential outcomes, oo (1)(z) + 0¢(0)(x), are
large. That is, we assign treatments to experimental units
with high-variance outcomes more than those with less-
variance outcomes to accurately estimate the ATE.

For example, in clinical trials, to reduce the ATE, we gather
elderly with high blood pressure more than healthy youth
because the former may have more volatile outcomes. We
illustrate this intuition in Figure 2.

4.3. Minimized Semiparametric Efficiency Bound

The minimizer of 7(w, p) is given as w* and p*. By substi-
tuting them, we can obtain the minimized semiparametric
efficiency bound 7* := 7(w*, p*) as follows:

X ag(D)(X) | a3(0)(X)
T = (]Equ(ac) l\/wz(l | X) + w(’)k(o ‘ X)‘|>

= (Exeq(e) [00(1)(X) + 00 (0)(X) )2.

4.4. Efficiency Gain

This section investigates how the efficient probability assign-
ment probability and covariate density improve the semi-
parametric efficiency bound (efficiency gain).
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p(x)
Distribution chosen for an experiment
-~

q(x)

Population of interest.

High variance experimental units.
Ex. Elderly with high blood pressure.

Low variance experimental units.
Ex. Healthy youth.

Figure 2. Efficient covariate density. The distribution with the blue
line represents the covariate density of interest, while that with the
dotted black line represents the covariate density in an experiment.

Efficient propensity score As a result of the optimization,
for each x € X, for any w € W, we have

og()(x) | o3(0)(x)
w(l] ) |

og()(z) | o3

+

= (oo(1)(z) + 00(0)(35))2'

We confirm how the lower bound is minimized by consid-
ering the uniform sampling wY™(a | x) = 1/2 for each
a € {1,0} and z € X. We have

oR@) ao(o)(o:))_2(03(1)(x)+03(o)(z))

w1 2)  wU(0 |z

> (o0(1)(z) +Uo(0)(x))2 = )) +

The difference between them is (oo(1)(z) — 00(0)(x))2.
Thus, as the difference between oo(1)(z) and o (0)(z) be-
comes large, the efficiency gain also becomes large.

Efficient covariate density Let us fix the propensity score
oo (1)(z) ;

7o) () Fo00)@) and consider a case where
the covariate density is fixed at ¢(x). When (Y, 4, X)

is generated from a density [],c (g {r*(y | x)w*(d |

asw*(a | x) =

x) }d:aq(x), the semiparametric efficiency bound becomes

a3 (1)(X) oé(@)(X)]

w1 x) "

= Exng(e) | (00(1)(X) +00(0)(X))]

That is, any regular estimators cannot obtain a smaller
asymptotic variance than the lower bound when samples are

generated from J[¢ {r“(y | z)w*(d | :E)} - q(z).
Next, we compare the efficiency bound 7* when samples are

d=a
generated from [, {r“(y | z)w*(d | l‘)} p*(z).

From the Jensen inequality, it follows that

"= (Ex~q(x) [o0(1)(X) + 00(0)(X)] )2

< Ex gy [(00(1)(X) + 00(0)(X))*] =7

The equality holds when (oo(1)(z) + 00(0)(33))2 is the
same across © € X. Therefore, when (oo(1)(z) +

2 . .
00(0)(z))” varies across x, we can reduce the semipara-
metric efficiency bound by optimizing p(x); thatis 7* < 7.

S. Active Adaptive Experimental Design for
Treatment Effect Estimation

We design an adaptive experiment with covariate choice, re-
ferred to as the Active-Adaptive-Sampling-and-Augmented-
Inverse-Probability-Weighting (AAS-AIPWIS) experiment
because our approach resembles active learning, which adap-
tively optimizes covariate density and the propensity score,
and then estimate the ATE by the AIPWIW estimator. We
first define our experiment in Section 5.1 and then show the
asymptotic property in Section 5.2.

5.1. AAS-ATPWIS Experiment

This section provides the definition of our experiment,
which consists of the sampling phase and estimation phase.
In round ¢ € [T], an experimenter engages in the sampling
phase, where the experimenter optimizes the covariate den-
sity and the propensity score using past observations up to
round ¢; then, the experimenter observes covariates and as-
signs a treatment following the efficient probabilities. After
round 7T, the estimation phase starts, where we estimate
the ATE using { (Y, A¢, X;)}2_,. We describe the details
below, and its pseudo-code is provided in Algorithm 1.

Sampling phase Define the following estimators:

* Conditional mean estimator. Let [i;:(a)(x) be an F;_;-
measurable estimator of yo(a)(x) foreacha € {1,0} and
x € X such that |fi;(a)(z)| < C holds, and it converges
to po(a)(z) almost surely.

~

* Conditional second-moment estimator. Let 7;(a)(x) be
an F;_1-measurable estimator of vy(a)(z) := E[Y;*(a) |
x] foreacha € {1,0} and x € X.

« Conditional variance estimator. Let 57(a)(x) be an
Fi—1-measurable bounded estimator of 03 (a)(x) for each
a € {1,0} and z € X, defined as

57 (a)(w) = thre (7 (a)(2) — i (a)(); C, C) ,

where thre(A4;a,b) = Aif a < A <b, thre(4;a,b) =
aif A < a, and thre(A4;a,b) =bif A > 0.
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Specifically, we construct fi;(a)(z) and 7¢(a)(x) only by
using past observations F;_1 = {(Y5, As, X5) ’;;11

For fi;(a)(z) and 7 (a)(x), we can use nonparametric esti-
mators, such as the nearest neighbor regression estimator
and kernel regression estimator, which have been proven to
converge to the true function almost surely under a bounded
sampling probability w; by Yang & Zhu (2002) and Qian
& Yang (2016). In our simulation studies, we employ the
Nadaraya-Watson kernel regression (Nadaraya, 1964; Wat-
son, 1964), whose consistency has been proved by Qian &
Yang (2016) in an adaptive experiment when the propensity
score is lower bounded by a universal constant.

Then, we estimate the efficient propensity score as

N 0:(1)(x) +5:(0)(x) .
P g @ + 5@
_ _ ot(a)(x)
R BT E) ®
where 6;(z) = f1:(1)(z) — 11:(0)(z).

We assumed that we can directly compute

Ex ~q(z) [6:(1)(X) +0:(0)(X)] by using the known
q(z). For example, we generate enough samples from ¢(x)
and compute the expectation.

Instead of the true expectation, by using past observations,
we can approximate it as Eq(,) [0:(1)(X) + 7:(0)(X)] =

1 t—1

3" (@:(1)(X,) +3:(0)(X,))

Estimation phase In the estimation phase, we estimate
the ATE 6y by using the AIPWIW estimator, defined as

T
1 ~ o~
QT = T Z\Ilt(}/;f,AhXt;wtapt)’ (3)

t=1

where U, (Y3, Ag, X5 W, py) =

1[A; = 1] (Ve (1) — e (1) (X))
W (1| Xt)
 1[A = 0](Y2(0) — 71 (0)(X4)) | g(X0)
W (0| Xy) pe(Xt)

—I—E)}Nq(x) {é}(}?)} )

whereEg ) {Qt(f()} is computed using the known ¢(z).

This estimator is a variant of the Adaptive AIPW (A2IPW)
estimator proposed in Kato et al. (2020) with importance
weighting (Uehara et al., 2020).

This estimator removes a sample selection bias caused by the
propensity score, which assigns treatments based on covari-
ates. Furthermore, by employing conditional mean estima-
tors Ji; constructed from past observations, we can employ
E [9:(Y:, At, X4; Wi, Dt) | Ft — 1] = 0p. This method is a
form of sample-splitting technique, as discussed in (van der
Laan, 2008), frequently utilized in semiparametric analysis
and recently refined as DML (Chernozhukov et al., 2018).

5.2. Asymptotic Distribution and Efficiency

This section provides an asymptotic distribution of §T. First,
we make the following assumptions.

Assumption 5.1. Random variables Y;(a)
X; — E[X}] are mean-zero sub-Gaussian.

Assumption 5.2. Forall ¢ € {1,0} and any x € X,

fir(a)(@) == po(a)(w), 7 (a)(x) == op(a)(x)

hold as t — oo.

~ a(a)() and

This assumption also implies p; () =% p*(z).

Theorem 5.3. Consider the AAS-AIPWIS experiment. Sup-
pose that Assumptions 2.1-2.2 and 5.1-5.2 hold. Then,

VT (§T . 90) 4 N0, 7)
holds as T' — oo.

Thus, the asymptotic variance of §T aligns with the semi-
parametric efficiency bound minimized concerning the co-
variate density p(x) and the propensity score w(a | x). This
result implies that our proposed experiment successfully
reduces the asymptotic variance, and we cannot achieve a
smaller variance within a class of regular estimators.

In the proof, we use the sample-splitting technique devel-
oped by Klaassen (1987), van der Laan (2008), Luedtke &
van der Laan (2016), Chernozhukov et al. (2018), and Kato
et al. (2021). With this technique, we can derive the asymp-
totic distribution only with the convergence rate condition in
Assumption 5.2, without assuming the Donsker condition.

‘We also note that éT is consistent for 6y, even without as-
suming Assumption 5.1.

Corollary 5.4. Suppose that Assumptions 2.1-2.2 and 5.1
hold. Then, O — 6y holds as T — oo.

This property is based on the double robustness of the AIPW
estimator HT, which guarantees the consistency of HT if
either po(a)(z) or w*(a | ) is consistently estimated. In
our case, since we know the true value of w*(a | ), the
consistency is guaranteed by the double robustness. For this
property, even if we cannot estimate po(a)(z) consistently,
we can still consistently estimate 6.
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Algorithm 1 AAS-AIPWIS experiment
Parameter: Positive constants C', and Cj2.
Initialization:
fort € {1,2} do
Assign Ay = 1att =1and A; = 0 att = 2. For each
a € {1,0}, set Wy(a | ) = 1/2.
end for
fort =K+ 1toT do
Construct p;(z) following (2).
Draw X; from p;(z).
Construct w(1 | X;) by using the variance estimators.
Draw &; from the uniform distribution on [0, 1].
Ay =1if & < we(1] X) and Ay = 0 otherwise.
end for N
Estimate 6, by using the AIPWIW estimator 67 in (3).

Note that the asymptotic variances in the lower bound and
our estimator in Theorem 5.3 do not depend on the dimen-
sion d. The dimensionality may affect whether the nuisance
estimators 7i; and &7 satisfy Assumption 5.2. For example,
if d is significantly large, we might use arguments about
sparsity or benign overfitting to guarantee that Assump-
tion 5.2 holds. Once Assumption 5.2 holds, the asymptotic
variance of §T does not depend on d.

6. Simulation Studies

This section presents simulation studies. There are two ob-
jectives for the simulation. First, through simulation studies,
we clarify the problem setting. Second, for the problem, we
confirm the soundness of our designed experiment.

Basic setup Let ' = 2000. We specify the means
as Exq)[Y(1)] = 10 and Exq[Y(0)] = 7, un-
der which the ATE is 6y = 3. Let covariates x be one-
dimensional. For any z, the conditional means are
po(1)(z) = Cy (—z + 32> - 1),
to(0)(x) == Cp (0.1z + 0.2)
where C; and Cy are parameters so that
IEerq(a:) [MO(l)(X)] = EXNq(:L’) [Y(l)} = 10 and

Heterogeneous variances We define oZ(a)(x) as fol-
lows:

oa(1)(z) =2+ 1.2sin(2z) + (= + 2?)/25
02(0)(z) == 2 + 0.8cos(x/2) + x2/50.

For z € [—10, 10], we plot 03 (a)(x) in Figure 3.

Alternative experiments We compare our designed ex-
periment with the deterministic RCT (DRCT), the RCT, and

Conditional variances
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Figure 3. Heterogeneous variances.
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Figure 4. Comparison between g(x) and p*(x) in the experiment
with the covariates following the Gaussian distribution.
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Figure 5. Comparison between g(x) and p*(x) in the experiment
with the covariates following the Uniform distribution.

the Adaptive-Sampling-and-AIPW (AS-AIPW) experiment.
In the deterministic RCT, we deterministically assign treat-
ment 1 if ¢ is odd and assign treatment O if ¢ is even. In
the RCT, we randomly assign treatments with probability
w(l | ) = w(0 | ) = 0.5 for any z. We estimate the
ATE by using the sample average in the DRCT and the RCT.
In the AS-AIPW experiment, we optimize the propensity
score but do not optimize the covariate density (experimen-
tal units are just generated from g(x)); then, we estimate the
ATE with the AIPW estimator without importance weight-
ing. The AS-AIPW estimator is basically the same method
proposed in van der Laan (2008), Hahn et al. (2011), and
Kato et al. (2020), though we simplified them for simplicity.

Additionally, we conduct the AS-AIPW and AAS-AIPWIW
experiments under the true w* and p*; that is, they are
known at the beginning of an experiment. We refer to the ex-
periments as the AS-AIPW (Oracle) and the AAS-AIPWIW
(Oracle). Although we use the true values for w* and p* in
the sampling phase, we estimate ;(a)(z) in the estimation
phase to construct the AIPW estimator.
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Simulation studies with Gaussian covariates
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Figure 6. Results of simulation studies with covariates following
with a Gaussian distribution AV/(1, 25).

Simulation studies with Uniform covariates
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Figure 7. Results of simulation studies with covariates following
with a Uniform distribution ¢/ (—10, 10).

Performance measure. In each of our simulations, we
conduct 200 experiments and compute the performance
measures. In this section, in the y-axis of Figures 67, we
report the empirical MSEs for 6; that is, ﬁ ngi (6o —

é(TZ ))2, where ég) denotes the estimator of ATE in the i-th
trial. Note that the asymptotic MSEs correspond to the
asymptotic variances.

Covariates following with a Gaussian distribution. Let
q(z) be the density of the Gaussian distribution A/(1,25)
with mean 1 and variance 25. For ¢(x), we plot ¢(z) and
p*(x) in Figure 4. We show the results in Figure 6.

Covariates following with a Uniform distribution Let
g(z) be a density of the Uniform distribution with support
[—10,10]. For g(z), we plot ¢(x) and p*(z) in Figure 5.
We show the results of simulation studies in Figure 7.

Results From Figures 6 and 7, we find that our experi-
ments successfully reduce the MSE compared to the others.
Surprisingly, the AS-AIPW and the AAS-AIPW show al-
most identical or better performances than the oracle ones.
Such a paradox often occurs in semiparametric analysis, as
pointed out by (Henmi & Eguchi, 2004; Hitomi et al., 2008).

7. Related Work and Discussion

In this section, we discuss related topics.

7.1. Related Work

We provide a literature review of related work in the field
of adaptive experimental design for efficiently estimating
ATEs.

Adaptive sampling has long been investigated with various
purposes (Wald, 1945; Robbins, 1952; Solomon & Zacks,
1970; Rosenberger et al., 2001; Bai et al., 2024). Pioneering
contributions for ATE estimation by van der Laan (2008)
and Hahn et al. (2011) lay the foundation for this field.

Building upon van der Laan (2008) and Hahn et al. (2011),
Kato et al. (2020) and Tabord-Meehan (2022) propose re-
fined methods by extending the existing methodologies.
These studies derive the semiparametric efficiency bound
for ATE estimators and specify the efficient propensity score
that minimizes this bound.

This approach is further refined by Cook et al. (2023), who
proves the asymptotic normality of the A2IPW estimator
under weaker assumptions than those of Kato et al. (2020).
They also propose an adaptive experiment that ensures finite-
sample stability by truncating the propensity score (Waudby-
Smith et al., 2024). Furthermore, they derive tighter concen-
tration inequalities using results from Howard et al. (2021),
Waudby-Smith & Ramdas (2023), and Waudby-Smith et al.
(2023). Gupta et al. (2021) designs an adaptive experiment
involving instrumental variables. There are other studies dis-
cussing related topics (Blackwell et al., 2022; Offer-Westort
etal., 2021).

Recent work by Dai et al. (2023) introduces an approach
based on online stochastic projected gradient descent for ex-
perimental design when the optimal treatment allocation rule
depends on unknown parameters. Their study rigorously
addresses the issue of variance estimation, previously con-
sidered negligible at the order of O(1/+/T) under asymp-
totic approximation. They propose a method to effectively
estimate variance and conduct experimental design while ac-
counting for the impact of variance estimation errors. Zhao
(2023) also investigates the variance estimation problem in
Neyman allocation.

The AIPW estimator is popular in adaptive experiments. Uti-
lizing its variance reduction and martingale properties, the
A2IPW estimator is introduced in Kato et al. (2020) based
on the arguments in van der Laan (2008) and Chernozhukov
et al. (2018). Kato et al. (2021) and Li & Owen (2023)
propose DML for adaptive experiments. Hadad et al. (2019)
and Zhan et al. (2021) also focus on this topic, presenting
different estimators under a different setting. There are
also several approaches for statistical inference in adaptive
experiments (Zhang et al., 2020; Bibaut et al., 2021).

In the context of active learning, Sugiyama (2006) demon-
strates that an appropriate covariate density choice can re-
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duce the asymptotic variance of regression coefficients. This
setting is extended to the pool-based setting by Sugiyama
& Nakajima (2009), which is relevant to our context. Wu
(2019) further extends these approaches to adaptive exper-
iments, contrasting with earlier non-adaptive experiments
where observations are gathered without parameter estima-
tion during the experiment. Independently, Zrnic & Candes
(2024) explores active learning for causal inference.

Uehara et al. (2020) considers off-policy evaluation, a gen-
eralization of ATE estimation, under a covariate shift. They
show that ATE estimation with importance weighting, as
proposed by Shimodaira (2000), with nonparametrically
estimated density-ratio, may not yield an estimator whose
asymptotic variance aligns with the semiparametric effi-
ciency bound.

Best-Arm Identification (BAI), another related topic, is
a type of stochastic multi-armed bandit (MAB) problem
(Thompson, 1933; Lai & Robbins, 1985), aimed at identi-
fying the best treatment (arm) (Audibert et al., 2010; Kauf-
mann et al., 2016; Russo, 2020). BAI has two settings:
fixed-confidence (Garivier & Kaufmann, 2016) and fixed-
budget. The fixed-confidence setting is related to sequen-
tial testing (Bechhofer et al., 1968; Garivier & Kaufmann,
2016), while the fixed-budget setting is BAI with a fixed
sample size (Bubeck et al., 2009; 2011; Degenne, 2023).
Kato (2024b;c;a) investigate and generalize the Neyman
allocation in fixed-budget BAI, proving its asymptotic opti-
mality.

In the MAB problem, covariates are referred to as contexts.
While various algorithms with contexts have been investi-
gated in the MAB problem, it is still under exploration how
to utilize contexts in BAIL. In the fixed-confidence setting,
Russac et al. (2021), Kato & Ariu (2021), and Simchi-Levi
et al. (2024) investigate the BAI with covariates, which is
referred to as contextual information. In the fixed-budget
setting, Kato et al. (2024) designs an adaptive experiment
for policy learning.

7.2. Sample Size Calculation

In statistical hypothesis testing, sample size calculation is
important. Here, we discuss how to decide 7" in our method.
Let the null and alternative hypotheses be Hy : 0y = u
and H1(A) : 6, = p+ A, where p € Rand A > 0 are
some constants. Let o € (0, 1) be a significance level such
that P(reject Hy) = «, and S € (0, 1) be the Type II error
level. Let RF be a rejection region defined based on «.
Then, we are interested in deciding the minimum sample
size for hypothesis testing, which is defined as T} 5(A) =

min {7 : Pp, () (§T € R}) > 1 — B} for some estimator
O of 0y. Let us assume that \/T(@T — 1) N N(0,V)
under H, and \/T(@T —pu—A) 4 N(0,V) under H;.

Then, when using ¢-statistics for hypothesis testing, we have
T, 5(A) = Xz (#1—a/2 — 23), where 2, is the c-quantile of
the standard normal distribution (Balsubramani & Ramdas,
2016; Kato et al., 2020). For example, in the AAS-AIPWIW,
we substitute 7* into V. This result implies that we can
reduce the sample size T" for hypothesis testing by reducing
the asymptotic variance. For the details of sample size
calculation, see Appendix G in Kato et al. (2020).

7.3. Extensions

We can consider several extensions of our designed exper-
iment. In Appendix E, we propose three extensions: (i)
rejection sampling, (ii) batch design, and (iii) experiments
with multiple treatments. In the rejection sampling setting,
we do not assume that ¢(z) is known, but we sequentially
observe an experimental unit generated from the unknown
q(x). By employing rejection sampling, we can decide
whether to accept the observed experimental unit and if we
accept it, we assign a treatment to it. This setting is fea-
sible without knowing ¢(x). In (ii), we can update p; and
w; at certain rounds. For example, we can update them at
t = 100,200, 300, ... and need to keep using the same p;
and w; between the two update timings. In (iii), we consider
there are treatments more than or equal to three.

In this study, we assumed that g(«) is known. For example,
if the population we are interested in consists of the peo-
ple of a certain country, we can obtain information about
their distribution through government statistics. Then, in
an experiment, we consider gathering people with different
distributions using the method we propose. In applications,
we can also consider estimating ¢(z) using observations
from a pilot experiment. If there are M samples from ¢(x),
it is possible to estimate ¢(z) using those samples. In this
case, if M diverges independently of 7', the current results
can be directly applicable (asymptotics of M — oo and
T — 00). However, if the divergence rate of M depends on
T, we need to slightly modify our results and methods for
each setting of applications.

8. Conclusion

In this study, we designed an adaptive experiment to esti-
mate ATEs efficiently. In our adaptive experiment, we can
optimize covariate densities and propensity scores in each
round based on past observations obtained until that round.
To derive the efficient covariate density and propensity score,
we focused on the semiparametric efficiency bound for the
ATE. Based on the derived efficient probabilities, we de-
signed an adaptive experiment using the AIPW estimator
with importance weighting. Under the designed experiment,
we demonstrated that the asymptotic variance of the AIPW
estimator aligns with the efficiency bound, minimized with
respect to the covariate density and propensity score.
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Impact Statement

This paper presents an innovative approach to machine learn-
ing, specifically focusing on the efficient estimation of ATEs
through adaptive experimental design. Our work has the
potential to significantly impact various sectors, including
healthcare, economics, and social sciences. However, if not
applied carefully, the optimization techniques could lead to
biased sampling or unethical manipulation of experimen-
tal conditions, potentially harming subjects or leading to
incorrect conclusions. Furthermore, the adaptive nature of
the experiments, relying on sequential sampling and treat-
ment assignment based on past observations, may raise data
privacy and consent issues, especially in sensitive fields
like healthcare. In conclusion, while our work aims to ad-
vance the field of machine learning by providing a novel
framework for efficient ATE estimation through adaptive
experiments, it is crucial to consider the ethical implications
and societal impacts of its application. Researchers and
practitioners should be mindful of the potential risks and
strive to apply these methods in a responsible and equitable
manner.
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A. Proof of Theorem 3.1

In this section, we prove Theorem 3.1, the semiparametric efficiency bound for regular estimators of €. Our derivation of
the semiparametric efficiency bound follows the approaches of Hahn (1998), Hirano et al. (2003), Narita et al. (2019), and
Uehara et al. (2020).

Their proof considers a nonparametric model for the distribution of potential outcomes and defines regular subparametric
models. Then, (i) we characterize the tangent set for all regular parametric submodels, (ii) verify that the parameter of
interest is pathwise differentiable, (iii) verify that a guessed semiparametric efficient influence function lies in the tangent
set, and (iv) calculate the expected square of the influence function.

A.1. Stratified Sampling

As discussed in Section 3, we consider a stratified sampling scheme to derive the semiparametric efficiency bound. This
sampling scheme assumes the availability of the following two datasets:

DT = {(Yl-fv Atv Xt)}?:l)

Dg = {XS}SS:D

.. d=a _ ..
where (Yz, Ay, X¢) i [Ticqi0y {rd(y | )w(d | x)} p(x) and X A q(x). We refer to Dy as the observation data

and Dy as the evaluation data. Because we know ¢(z), we can obtain infinite samples from ¢(x). Therefore, we first
derive the semiparametric efficiency bound under the sampling scheme and then consider S — oo and then consider the
semiparametric efficiency bound regarding the asymptotics of T'.

Our derivation of the semiparametric efficiency bound is inspired by the technique used in Narita et al. (2019) and Uehara
et al. (2020), but we modify it since we need to consider the asymptotics of T" and S separately.
A.2. Parametric Submodels

We consider regular parametric submodels with a parameter 5 € R to discuss the semiparametric efficiency bound under the
stratified sampling scheme.

We denote the probability densities under the parametric submodels by

fwaap)= [[ Uy lBrwd]z8) ™" pl; 8) 4)

de{1,0}
and q(7; B), where 7% (y | a; 3) is the conditional density of Y (d) given X = z, w(d | ;3) = Pr(A; = d | X = z;3),
p(x; B) is the density of X in observation data, and ¢(Z; /3) is the density of X in evaluation data.
=d

We also denote [Ty oy {7*(y | #; B)w(d | z;8)}* " by fly,a | ;B).
Then, the log densities under the parametric submodels are given as

log (f(y, a,z; 8))

=1lfa=1] (log (r'(y | =)) + log (w(1 | x;ﬁ))) + 1[a = O](log (r(y | z)) + log (w(0 | m;ﬁ))) + log (p(x; B)),
and log (q(%; 6))

We consider the joint log-likelihood of D7 and Dg, which is defined as
s

T
> log (f(Ye, A, Xi58) + Y log (¢(Xs: B)).-

s=1

By taking the derivative of Y., log (f(Ys, As, X5 8)) + S5, log (¢(X,; B)) with respect to 8, we can obtain the
corresponding score as

T S
S(W;B) = % (Z log (f(Ye, A, X¢:8)) + D _ log (q()?s;m))

14



Active Adaptive Experimental Design for Treatment Effect Estimation with Covariate Choice

-3 (104 = {1 s+ TS0 4 10 =00 (204 ) + S ) o) )
+i15()~(s;5),
where s¢, @, ¢, and C are defined as
sy 1) = J ogr®(y | :B),
ald | 6) = Jpu(d | i),
(a3 ) = 1 ogplai ),

(@ B) = % log ¢(F; ).

A.3. ATE Function

Next, we consider the ATE under the parametric submodel. Under our defined parametric submodel, let 6(3) be our
parameter of interest as a function of 3, which is given as

0(B) = Exng(:8),(v, )~ f (a1 x:8) [Y (1) = Y (0)] .
We have the following lemma for the derivative of 6(5).
Lemma A.1. Under the parametric submodel defined in (4), we have

90(p)

5 = Ew [Ys' V(1) X3 8) = Y (0)s(V(0) | X58) + 0(X; 5)C(X: )]

where
0(X; B) = Ey (i)~ wy1x:6) [Y (1) | X] = Ey (0)~ro (o)1 x:8) [Y (0) | X].
The statement follows from Appendix B in Narita et al. (2019).

A.4. Cramér-Rao Lower Bound

To obtain an intuition about the semiparametric efficiency bound, we discuss the Cramér-Rao lower bound under a
specification of the parametric submodels, which simplifies an argument about the efficiency bound.

To consider the Cramér-Rao lower bound, we specify the score functions as follows:

1 (Y= Eyymragyes Y (1) | X =2])

Twlnh =7 w(l | o) )
1 —E ord [V (0) | X =
Sy |23 8) = —T<y Y(©) (% |/2)[ (0) | X =al)
w(d | X;B) =0,
C(2:8) =0,

i@ ) = {68 - 08)}.

‘We consider the Cramér-Rao lower bound when these score functions are true ones in the DGP.

We fix T" and S and consider a case where m i.i.d. copes of

W = <X1,"' X, Al AP Y, ,YT,)?L"' ,)?s>

15
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are available, where W is generated from Hz;l f(Y, A, X5 8) Hle q(x; B). Then, we consider the Cramér-Rao lower
bound for estimating 6.

Let Eyy is an expectation operator over (Y, A, X) and X.

Given a distribution whose density is given as Hthl F(Ye, A, X5 B) HSS:1 q(X,; B), the Fisher information is given as

Ew

(Vﬁ (i log (f(Y:, Av, X1:8)) + ilog (q (i;ﬁ)))) ]

Then, the Cramér-Rao lower bound for unbiased estimators of the function 6(/3) under the parametric submodel is
-1

CR(6) = V40(8)Ew V0(8B).

. 2
(w (z o8 (V5 e X,38)+ 3o (fs;ﬁ))»
t=1 s=1

Theorem A.2. Under the specification of (5), the Cramér-Rao lower bound TCR(0) is 7*(w, p) as S — oc.

Proof of Theorem A.2. We defined the ATE as

0(8) = / (y(l) *y(O))Tl(y(l) | 2 8)r° (y(0) | 2 B)q(@; B)du(y(1), y(0), T).

where p is a baseline measure such as Lebesgue or a counting measure. The Cramér-Rao lower bound for parametric models
defined in (5) is given as follows:

TCR(9) =TCD™'CT,
where

C = By [Y (1)s! (Y (1) | X3 80) = Y(0)s"(Y (0) | X5 60) + 6(X: Bo)C(X3 o).

T s 2
(Vﬂ (Z log (/(¥e, Ac, Xes o)) + D log (a( K. 50>>>

s=1

D = EW

Here, we used Lemma A.1.

Under the specification in (5), we have

TCR(6)

=TEw +Y(0)

1 (m (v(1) ~E[Y(1)| X))

(YO ~Ey©) X)) 1
w(i [X)

w(0 ] X) + gé)()?;ﬁo) (0()?;50) — 9(@»)]

-1

x Ew [T (V/g log (f(Y7 A X; ﬁo)))2 +5 (Vﬁ log (Q(f(; ﬁo))Q]

() —EY () | X))° | (Y(0) ~EX(O) | X])7
w(l] X) w(0] X)

:EW

!

(92()2;50))1 :

Letting S — oo, we have

TCR(§) = Ew
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A.5. Derivation of the Semiparametric Efficiency Bound

We extend the Cramér-Rao lower for a case with semiparametric models. As we did in Appendix A.4, we regard the whole
T + S data at hand as one observation and consider the case where we observe m observations. Then, as m goes to infinity,
the total sample size T” := T'm goes to infinity. Since we consider a case where T + S samples are repeatedly observed from
the same distribution independently, we can employ the conventional approach for deriving the semiparametric efficiency
bound. Therefore, to employ this strategy, only in this section, we regard 7" as the total “hypothetical” sample size in the
asymptotic analysis regarding m — oo while fixing T'.

We explain the definition of the semiparametric efficient influence function. This is a function for one observation

0= (Xl7"' aXTaAl7"' aATaY'lf" 7YT7)?1V" 7)?5)'

The tangent set for this parametric submodel at 5 = [ is given as

T

T = Z Z 1[A; =d] <Sd(Yt | X5 B0) +

t=1 \de{1,0}

w(d | Xy; Bo)

5
M) + C(X+; Bo) +;C (Xs;ﬁo) € Ly(W) p,

where we have
/sd(y |2 B0)ry | 2:80)dy =0 Vo € X,
b(1| 23 80) + (0| 23 80) =0 Vo€ A,
[ <t pupptas oo = o

/&&%»@ﬁ@&:a

Here, 0(3) is pathwise differentiable at 3 if there exists a function /(W) € T such that E[t) T (W)t (W)] < oc and for all
regular parametric submodels

99(Bo)
B

= Ew [0(W)S(W3 6)]. (©)

We refer to 1)(V) as the semiparametric efficient influence function. As the following proposition, the semiparametric
efficient influence function gives a lower bound for the asymptotic variance of regular estimators.

Proposition A.3 (From Theorem 25.20 in van der Vaart (1998).). The semiparametric efficient influence function (W)

is the gradient of 6 w.r.t the model M, which has the smallest Lo-norm. It satisfies that for any regular estimator 0 of 6
regarding a given parametric submodel, AMSE(@ > Var (w(W)), where AMSE(@ is the second moment of the limiting

distribution of \/m (5— 90>.

This states that Var(¢/(W)) is a lower bound in estimating 6. We call T'Var (1/(W)) the semiparametric efficiency bound

because what we want to consider is a lower bound of v/T' (HAf 9()).

Lastly, we derive the semiparametric efficient influence function in the following lemma.
Lemma A.4. Under the parametric submodel defined in (4), we have

wmn—lffCW“M”Em“”Xm ﬂmt(MKEmmﬂXD>ﬁX

w(l | Xy) w(0 | Xy)

> (60(X,) = 60) -

s=1

I

t)
t=1 p(Xt) N

The (scaled) efficiency bound T Var (@/}(W)) is

AE) |, BOX) FX)] , T .
o | (T3] w0130 ) ()] * 5V e (050

From this lemma, as S — oo, we obtain 7* in Theorem 3.1.
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A.6. Proof of Lemma A.4

Following existing studies, such as Hahn (1998), Narita et al. (2019), and Uehara et al. (2020), we consider a nonparametric
model for the distribution of potential outcomes and define regular subparametric models. Then, we calculate a gradient
(a candidate of the semiparametric efficient influence function) of the target function 6, characterize the tangent set for
all regular parametric submodels, verify that the parameter of interest is pathwise differentiable, verify that the efficient
influence function lies in the tangent space and calculates the expected square of the influence function.

As discussed in Appendices A.2, we define parametric submodels as

S
H T[T (01 XeByw(d | X 8) " " p(Xes 8) T a(Xs: 8,

t=1de{1,0} s=1

= {{Yt, Ay, Xi Y, {Xs}f:l}'

Then, recall that in Appendix A.2, we define the score function as

T
S(W;B) = % (Zlog(f(Yt,At,Xt, +210g X B) )
t=1
S (114 211 (51 | e ) o PO X B) o (0 x4 BO1XB) |
S
+> (X B),
s=1

where recall that s<, w, ¢, and Z are defined as

sy | 25 8) = 6bw<|am,

wwmﬁy(w<wx>
Cas ) = %bMWB)
(7 8) = 5bwwﬁ)

As shown in Lemma A.1, we have

o = B [V (1) | X38) - YO (0) | X38) + 00K BT ).

where recall that
0(X;8) =Exa)~faix: Y (1) | X] = Ev,a)~p(y,a1x;8 Y (0) | X].

Then, based on the above preparation, we prove Lemma A.4 by guess and verify.

Proof of Lemma A.4. Letus denote g v 1)y afx) DY Ew. We first verify that Eyy [4)2(W)] < oco. Here, we have

Ew =0.

- . X
w(l]X) w(0 | X)

<MAHW‘EWGHXD_MAMW'Ewm>XD>ﬂX>~1
p(X)

18
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Therefore, we have

s ([0S0 1000 BV 5D ) D) 5 )

w(l | X) w(0 | X) (X)
B . A=Y -EY(1)[X]) 1[A=0)(Y -E}(0)] X)) ¢X) , ¢
= fw l(%m ) B ( w(l | X) w(0 ] X) ) p(X) |XH
=0.
Hence, we have
Ew [¢*(W)]
(1 S < [A = (% —E[Y,() | X)) 1[4 = 0](¥; — E[¥3(0) | Xt])> a(X,)
T w(l] X,) w(0 | Xy) p(Xt)

We next verify that (6) holds (26 := By [w(W)S(W; ,80)} ) by showing

Ew [0(W)S(W; 60)| = Bw [Y (151 (V (1) | X: 50) = Y(O)°(V(0) | X; ) +0(Ks Bo)C (K B)] . )
from Lemma A.1.

Under our choice of (1), the LHS of (7) becomes

Ew [$(W)S(W; 8)]

(1 ETI (mt = 1J(Y —E[Yi(1) | X)) 1[4 = 0)(Y; — E[Y;(0) | XA)) g(X)
T p

w(l | X¢) w(0 | X3)

s=1
o [ A =1 —EWQ) | X)) a(X) ([ oy, (L] X5 B)
~ Ew T; 7% o ( 060 X8 + S5 )

1 1[At :0](1@—113[%(0) | X]) g(X) gy 4 O] X4 6)
~Bw |72 w(0] %) P(X0) (SO(Y‘*(” XD+ o)
s T i .
+ ;;MXS) ;mt = 0] (s"(Yt(O) | Xt 8) + ;”Eg : iﬁgm
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— 00w l;i (1140 =11 (0000 | 050) + TSN 100 = 0] (20300 | ) + 220 ) )

- w(l | Xy 8) w(0 | Xy; )
S
. zafg;m]
1 (1A =1)(Y; —E[Y;(1) | Xu]) 1[4, = 0](Y; — E[Y;(0) | X:]) S
o (T 2 ( w1 X) - w0 X0) s Z:
S
y zafcs;m]
where we used 1[4; = 1]1[4; = 0] = 0.
Here, it holds that
e (d| X;5)
n[A—d}( (@) | X8+ 0 ))|X]
~Ew|104= d]|X] ( (@) | x: )+ AL
— w(d | X; B)s(Y(d) | X; ) +i(d | X;B) =0,
and
T S
(Y —EY(D) | Xi]) 1A, = 0](¥; —EYi(0) | X))\ q(X,) | 1 .
2 ( W] X) - w(0] X) > oz + 5 2 (0K o) ]
=0.
Therefore, we have
Bu [0(0)S0: )] = Bur Y ()00 (1) 1 X39) = YO L]0 (1) X35) 4 80(RIC(X: ﬁ)] .

Here, from Lemma A.1, we have

y) 2 vy | x5 - v(0) LX)

B p(X)

p(X)
= Ew [Y(1)s' (Y(1) | X3 8) = Y(0)s"(Y (0) | X;8) +0(X: B)C(X: 8)].

q(X) LY (1)X;ﬁ)+90(9~()4(2%5)1

Lastly, we verify that ¢ € 7. We define the functions as

d ) _ =
w(d | X;B0) =0
C(w;Bo) =0
(@ 60) = 5{60(@) — b0
Then, v € T. The proof is complete. O
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B. Proof of Theorem 4.1

Proof. We solve the following constraint optimization problem:

o (15 263) 79

s.t. /p(x)d:c =1.

Then, by using the Lagrangian variables a € (—o0, +00), we consider its Lagrange functional
op(1) (@) , o3(0)(x) ¢*(2)
L(z;a /(0 + 2 > dx+a</p:cdx1>.
(z0) wl|z)  w(]|x)/) plx) (z)
Then we consider the infimum of £ with respect to z and maximization of £ with respect to «, that is,
Infpep SUPLe(— oo, +00) £(P; ). Next, we consider the dual problem defined as sup,e(_ oo 4oo) infzep L(2; ). Ow-

ing to the convexity of [ (UE;((?\S) + Ui((g)lg)) 'i((f)) dx for p(-) € RT, the following equality is obtained (Rockafellar,
2015):

inf sup L(p;a)= sup inf L(p;«a).
PEP ae(0,+00) ( ) a€(0,4+00) PEP ( )

Hence, we discuss the solution to the dual problem. Given «, we apply the Euler-Lagrange equation for calculating
inf,, £(p; ) (Gelfand et al., 2000). The minimizer p* satisfies the following equation:

(0@ B0 P
<w<1 (o) Vw0 2) ) p2@) T

Therefore, we obtain the following KKT condition:
- (03(1)(96) n 0’3(0)@)) ¢*(x)
w(l|z)  w(0|x) /) p2(z)
0 < p*(x),

o (/p(x)dx - 1) 0.

Then, we obtain the optimal solutions as follows:

e ifa* = 0’ we have — (”g(l)(T) + US(O)(T)) qz(x) —

6] oy ) 720 0. In this case, for 0 < p*(x), there is no feasible solution.

o2 T o2 T 2(x * *
e if a* # 0, we have — ( gj((?';)) + ﬁjgg)‘i)) + 90(95)) ;*2((2)) + 6y + a* =0and o* ([ p(z)dz — 1) = 0. From these

results, we have

og(W)(x) | a3(0)(x)
ey + ewEy T+ fo(@)

Therefore, we have

2@, 20
\/fu(ux) T w0

N a2()(z) | o2(0)(x)
Eq [\/ (i) T fl(om}
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C. Proof of Theorem 5.3

Let E be an expectation operator over (Y;, A;, X;) and X s, that is,

Ep, = B g(a), Xompr (@) Armin (al Xo) Vi (A or A (y] X0

Let us define
&t = (%(Y},At,Xﬁ@t,@) - 90)/\/7'7*

_ <<1{At =Y, —m(1)(X)) 1A =0](%; ﬁt<0>(Xt>)> 0.9

wy(1 | Xy) - Wy (0 | X¢) pe(Xt)

FEg g | (X)) - 90) IV

where

e (485 09) 28]

First, the sequence {gt}thl is a martingale difference sequence (MDS).

Lemma C.1. Under the AAS-AIPWIS experiment, By, (q)~ra (y|z), A ~ibs (a]z), X o ~5: () [§¢ [ Fit—1] = 0 holds.

Proof of Lemma C.1. For each a € {1,0}, we have

1[A; = a)(Y: — fuu(a)(Xy))
Ep, @ea | Xy) | Xt’f”]
_ Ep, [1[A; = d](Yi(a) — fir(a)(Xy)) | Xe, Feo]
@t(a | Xt)
_ Wi(alXy) (p(a)(Xy) — fie(a)(Xy))
@t(a|Xt)
= p(a)(Xe) — fir(a)(Xe).
Then, we have
Ep, [§ | X¢, Fi—1]
= EPt [Wt(Yt,AnXt; ﬂ}\tvﬁt) - 90) /\/7: | Xta}—tfl]
Q(Xt)

= ((uu)(Xt) — u0)(X) — A (1)(X) + 72 (0)(X0)) FEg g |0:(X)] - 90) IV,

pe(Xt)
Note that Ep, [fi;(1)(X;) — 7i(0) | Fou1] — Ep, [@(}?)} — 0. Therefore,

Ep, [& | Fi—1] = 0.

Then, we show Theorem 5.3 by using the martingale central limit theorem (CLT), which is given as follows.

Proposition C.2 (Central Limit Theorem for an MDS; from Proposition 7.9, p. 194, Hamilton (1994); also see White
(1984)). Let {W;}22, be a scalar MDS with some random variable W;. Let W = % 23:1 W;. Suppose that

(a) E[W?] = 6, a positive value with - Z?:l 0% — 02, a positive value;

(b) E[|W¢|"] < oo for some r > 2 and all t € N;
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1 T P
© 37, w2 h o2

Then VTW % N(0,02).

Thus, to apply the martingale CLT, it is enough to verify

T
@ 7 211 By, (a)~re (yle), A (ala) X~ () (€8] = 15

() Ey, (a)~ra(yle), A~y (alz), Xi~pe (2) [|€e] 7] < 00 for some 7 > 2 and all ¢ € N;
(o % Z,&T=1 ftz 51

Under this proof strategy, we show Theorem 5.3 below. Our proof is inspired by Kato et al. (2020). We denote
Ey, (a)~re (y|2),Ai~iy (ala), X e~pe () DY Ep, . In the proof, we use the following results.

Definition C.3. [Uniform integrability, Hamilton (1994), p. 191] Let W; € R be a random variable with a probability
measure P. A sequence {W,} is said to be uniformly integrable if for every e > 0 there exists a number ¢ > 0 such that

E[[Wi| - 1[[Wi| = c]] < e

for all ¢.

Proposition C.4 (Sufficient conditions for uniform integrability; Proposition 7.7, p. 191. Hamilton (1994)). Let W;, Z; € R
be random variables. Let P be a probability measure of Z,. (a) Suppose there exist 1 > 1 and M < oo such that
Ep[[Wi"] < M for all t. Then {W,} is uniformly integrable. (b) Suppose there exist r > 1 and M < oo such that
Ep(|Z:|"] < M forall t. If Wy = 377 hjZy—j with 372 |hy| < oo, then {W,} is uniformly integrable.
Proposition C.5 (L" convergence theorem, p 165, Loeve (1977)). Let W, be a random variable with probability measure P
and w be a constant. Let 0 < r < oo, suppose that E UWt |T] < oo for all t and that W, L zasn — . The following are
equivalent:

()Wy > winL" ast — oo,

(ii)) E[[W|"] = Ep[Jw|"] < coast — oo;

(iii) {|Wt|r, t> 1} is uniformly integrable.
Then, we prove Theorem 5.3 as follows.

Proof of Theorem 5.3. We check conditions (a)—(b) in the following Steps 1-3.

Step 1: check of condition (a) Note that 1/7* is non-random variable. Hence, we focus on the expectation of

(]l[At —1)(Y - m(1)(X) LA, = 0)(Y, ﬁt(O)(Xt))> a(Xy)

@, (1] Xy) a (0 | Xy) Pe(X3)

+Ez i) [@(g)} — b

conditioned on F;_1.

Instead of ZtT:l Ep[£2:(P)], we first consider the convergence of ZtT:l Ep[(xi2(P)|Fi—1] = Q4(P); that is, we show
Q,(P) —1 2 0. Then, by using the L"-convergence theorem (Proposition C.5), we show Zthl Ep[¢3(P)] —1 — 0.

The conditional expectation is computed as follows:

104, = (% - 2(D)(X)) 1A, = 0)(% — 7(0)(X.) ) (X)) . i
o (( Bu(1] X) T @0x) ) i * B [O0)] - 90) e
g, | (M= 006 - B O0) 1A= 0% - mOX) | R
P (1] X¢) (0] X¢) pr(xy
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+2Ep, = — =
P (1] Xy) we (0 | X¢) pe(Xe)

(E)?Nq (z) {gt( )} - 90) | Fi1

(11[At —1)(V, - m(1)(X))* 1A, =0)(V, — ﬁt(O)(Xt))2> ¢*(Xy) | ;H]

(mAt:ﬂ(n—ﬁt(l)(Xt))_ﬂ[At=01<1@—ﬁt<0>(Xt>>> a(X) (E <>[5@}“’°> |7 ]
Rq(z) |0t t—1

w7 (1] Xe) w7 (0] Xy) P7(X)
+ 28 (mt = g Sflt I_ Xﬁ:)(n(Xt)) 1A = o}ﬁ % |— )Zt)(o)(Xt)) ) ;t(g(tj) (]E;(Nq(z) [@(X)} - 90> | fH]
+Ep, (E;?Nq(g,-) [é}(}?)} - 90>2 | ftl]
=, ( (Y1) -~ m()(X)* (%0 - ﬁt(O)(Xt))2> 2K fH]
wy(1 | Xy) W (0 | Xy) pP(Xy)

+2Ep, Keo(Xt) - oi(X») £ <]Ei~q 0 [:5)] - 90) | f“]

2
(E)ZNq(z) {@(}?)} - 90) |Ft—1]~

a.s

From it (a)(x) =% p®(P)(z) and @ (alz) =25 w*(alz), forall a € {1,0} and any = € X, we have

(Y1) = m()@)” (%0 = m0)@)") @)
aE 202 ) B

(90( ) = Oy( )) pt((xx)) (Eiw(z) é}(}?)] B 60) + (EXNq 2) [et( )} B 90)2

as) ((n(l) — (@) (¥(0) —u<o><x>)2> ¢ (2)

w*(1 | z)  w(0]a) p3(x)

+Ep,

Let us define

Wi(x) = <(Yt(1) _ ﬁt(l)(m)>2 (¥:(0) — ﬁt(o)(ﬂf))2> ¢*(x)

@,(1 | z) (0 | z) i (z)
+2(Bo(x) - Bu(x) ;t((?) (B oty (2D = 00) + (Estmgiy [20)] - 90)2
(00 ) (e a5 )

Therefore, we obtain

Ep, [Wi(X:) | X¢, Fio1] 225 0.

Next, we show Ep, [W;(X:)] — 0 by using the L"-convergence theorem (Proposition C.5). Note that

((Yt(l) —p()(X))* (Vo) — u(O)(Xt))2> (X) ] ~
(

E —
F w (1] X,) w*(0 ] Xy) p2(X)

t
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To apply the L"-convergence theorem, we check that 17, (X}) is uniformly integrable. Here, &, is conditionally sub-Gaussian.
From Lemma 2.7.6 of Vershynin (2018), the squared value £? is conditionally sub-exponential. Therefore, W;(X;) is
a sum of the sub-exponential random variable. This implies that W;(X}) is uniformly integrable. As a result, from the
L"-convergence theorem, E p, [W;(X,)] — 0 holds.

Finally, Ep, [W;(X})]/7* — 0 implies
Ep 6] — 1 — 0.

Step 2: check of condition (b) From Assumption 5.1, &' * is sub-Gaussian. When &; is sub-Gaussian, the condition holds
from Proposition 2.5.2 (ii) of Vershynin (2018).

Step 3: check of condition (¢) Let us define u; as

=& -E[& | Fia]

_ ( <(n<1> —a)@)* (%) - ﬁt(O)(w))2> (@)
(1] ) we(0 ] z) i (@)
+2 (0o(2) ~ () ]%((Z)) (Bseatr [0 = 00) + (B [)] —00) ) /™
i ( <(Yt( )= A)@)°  (Y(0) - atm)(az))?) ¢*(x)
B (1| ) (0| @) pi(z)
+2 (8o(2) — B,()) ;(("i)) (B ey [0:D)] = 00) + (Bg oy [0:(T)] - 90)2>/T* | f]

Note that u; is an MDS.

From the boundedness of each variable in u;, we can apply the weak law of large numbers for an MDS and obtain

i Tz(gt B[ | Fia]) B0

From Assumption 5.1 and the result of Step 1, as well as the proof in Lemma 10 in Hadad et al. (2019), we obtain

1 T
TZ§§—1E>0.
t=1

Then, from the L"-convergence theorem, we have
T
Z ft | .7:15 1 -1 —> 0.

As a conclusion, we obtain

e 1«
T 6 —1=5> (6 -E[g | Fa] +E[E | Fioa] - 1) B0,
t=1

t:l

Conclusion In Steps 1-3. we checked the conditions required for applying the martingale CLT hold. Therefore, from the
martingale CLT, we obtain the statement. O

D. Details of the Simulation Studies

This section provides details of simulation studies. The simulation studies were conducted by using the MacBook Pro and a
Linux ubuntul8 server with 64 cores and 251 GB of RAM.
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D.1. Details of Alternative Experiments

We explain the details of alternative experiments:

DRCT. We sample experimental units from ¢(z). In each odd round ¢t = 1, 3,5, ..., we assign treatment A; = 1. In each
evenround t = 2,4,6, ..., we assign treatment A, = 0. Because there is no selection bias, we estimate the ATE by
using the sample average; that is,

N £l 1
Or = 77— 1A =1]Y; - —21 = 0]Y;.
Zt 1 [Af—l t=1 Zt 1 [At—o t=1

RCT. We sample experimental units from ¢(z). In each round, we assign treatment A, = a with probability w(a | =) for
alla € {1,0} and any = € X. Because there is no selection bias, we estimate the ATE by using the sample average;
R T
9T:=—Z]1At_1y;

that is,
T
Z? 1 [At = 1 t=1 Zthl H[At = 0] ;

AS-ATIPW (Oracle). We sample experimental units from ¢(z). In each round, we assign treatment A; = a with probability
w*(a | z) forall @ € {1,0} and any « € X. Because there is selection bias, we estimate the ATE by using the AIPW
estimator; that is,

T T

. 1[A; = 1] (Y, — fie (1) 1[A; = 0] (Y: — 11e(0)(X4))
9T~—T; 1|Xt) Z 0|Xt)

Z X~q(x) N’t )(X)_ﬁt(o)(X)}7

where fi;(a)(x) and Ex g0 [1#:(1)(X) — 1t (0)(X)] are constructed as well as the AAS-AIPWIW experiment.

AAS-ATPWIW (Oracle). We sample experimental units from the efficient covariate density p*(z). In each round, we
assign treatment A; = a with probability w*(a | x) for all @ € {1,0} and any = € X. Then, we estimate the ATE by
using the AIPWIW estimator; that is,

1[A; = 1] ( () (X)) L[Ay = 0] (Y — 1 (0)(Xe)) | a(Xe)
2 < 1 | Xt) w*(0 | X¢) ) p*(X)

H\H

t=1

—_

T
+ 2 D Exege) [(1)(X) = (0)(0)].

AS-ATPW. We sample experimental units from ¢(z). In each round, we assign treatment A; = a with probability w:(a | x)
for all @ € {1,0} and any « € X, which is constructed by using past observations, as well as the AA-AIPWIW
experiment. Then, we estimate the ATE by using the AIPW estimator; that is,

1[4, = 1] ( 1= 1A =0 (Y X,
Z Z fir(0)(X¢))

—1 wt 1 | Xt) t:l wt O | Xt)

v % Z E X eq(ey [ (1)(X) = 7 (0)(X)] .

t=1

D.2. MSE with Various T’

In Figures 8-9, we plot the MSEs at 7" = 500, 750, 1, 000, 1, 250, 1, 500, 1, 750, 2, 000, 2, 250, 2, 500, 2, 750, 3, 000. The
AAS-AIPWIW experiment successfully reduces the MSEs. In some cases, the AAS-AIPWIW outperforms the AAS-
AIPWIW (Oracle), which seems paradoxical since the former utilizes the true p*. Such a phenomenon is often reported in
the literature of semiparametric analysis.
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Simulation studies with Gaussian covariates
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Figure 8. MSEs at 1" = 500, 750, 1, 000, 1, 250, 1, 500, 1, 750, 2, 000, 2, 250, 2, 500, 2, 750, 3, 000 in simulation studies with Gaussian
covariates.

Simulation studies with Gaussian covariates
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Figure 9. MSEs at T' = 500, 750, 1, 000, 1, 250, 1, 500, 1, 750, 2, 000, 2, 250, 2, 500, 2, 750, 3, 000 in simulation studies with Uniform
covariates.

RCT AS-AIPW | AAS-AIPWIW
Gaussian covariates | 95.5% 38.0% 26.5%
Uniform covariates | 95.5% 48.5% 44.0%

Table 1. Coverage ratios in simulation studies.

D.3. Asymptotic Normality

In Figures 10-11, we plot empirical distributions of §T obtained via the RCT, and the AS-AIPW, and the AAS-AIPWIW
experiments. While the RCT keeps a form of a Gaussian distribution, the shapes of empirical distributions of the AS-AIPW
and the AAS-AIPWIW experiments seem to have some bias for the asymptotic distribution. From the theoretical viewpoint,
such a bias will vanish as the sample size T increases.

D.4. Coverage Ratio

Based on the asymptotic normality, we construct confidence intervals of §T in the RCT, the AS-AIPW, and the AAS-
ATIPWIW experiments. Then, we confirm how many times 95% confidence intervals include the true 6. The ratio that the
true 6y drops into a confidence interval is referred to as a coverage ratio.

As a result of simulation studies with 200 iterations, we obtain coverage ratios for the RCT, AS-AIPW, and AAS-AIPWIW
experiments with Gaussian and Uniform covariates. The results are shown in Table 1.

Although the RCT returns accurate confidence intervals, it seems that the confidence intervals of the AS-AIPW and the
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Asymptotic distributions in simulation studies with Gaussian covariates

0.81 —— RCT
AS-AIPW
0.6 —— AAS-AIPWIW
z2
20.4
[
[a)
0.2
0.0
0 1 2 3 4 5 6
6r

Figure 10. Empirical distributions of ATE estimators in simulation studies with covariates following with a Gaussian distribution N'(1, 25).

Asymptotic distributions in simulation studies with Uniform covariates
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Figure 11. Empirical distributions of ATE estimators in simulation studies with covariates following with a Uniform distribution
u(-10,10).

AAS-AIPWIW experiments have some bias.

D.5. Simulation Studies with Different Settings

Lastly, we perform simulation studies with different settings.

Simulation studies with homogeneous variances We investigate performances of the experiments in a setting where
00(1)(z) = 0o(0(x) for any x € X. We set

o2(1)(x) = 2 + 1.2sin(2x) + (z + %) /25,
05(0)(z) = 2 + 1.2sin(2z) + (= + 2?)/25.
We show the results in Figures 14-15.

Although our designed experiment still reduces the MSEs, the degree is less significant than in a case where variances are
heterogeneous.

Simulation studies with homogeneous means Next, we investiate a setting where 11(1)(2) = uo(0)(x) for any = € X.
We define

/’(‘0(1)(]“) = 01.13,
wo(0)(x) = Coz,
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Simulation studies with Gaussian covariates
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Figure 12. Results of simulation studies with covariates following with a Gaussian distribution A/(1, 25) and the homogeneous variances.

Simulation studies with Uniform covariates
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Figure 13. Results of simulation studies with covariates following with a Uniform distribution Z/(—10, 10) and the homogeneous variances.

where C and Cy are parameters so that Ex g [to(1)(X)] = Ex g [Y(1)] = 10 and Ex g [r0(0)(X)] =
Ex~q()[Y (0)] = 7. In Figures 12-13, we show the results. Our designed experiment still improves the performances
compared to the RCTs, but the MSEs are almost the same as those in the AS-AIPW experiment. We consider that this is
because pig(a)(x) has a simple form, and the conditional mean estimator in the AIPW estimator estimates it well, which
makes the performances of the experiments insignificant.

Simulation studies with higher dimensional covariates Lastly, we investigate a case with higher dimensional covariates.
In each round ¢, we generate 3 and 20 dimensional covariates. Let A/(1, v) be a multivariate normal distribution with the

d-dimensional vector 1 = (1,1,...,1) and a (d X d)-dimensional diagonal matrix v whose (i, 7)-element is generated from
a uniform distribution with support (1, 5) in advance of the experiment. Let X; = (X714, Xo4, ..., Xq4,) be the covariates
in round ¢.

As in the experiment in the main section, we specify the means as Ex q(z)[Y (1)] = 10 and Ex () [Y'(0)] = 7, under
which the ATE is 6y = 3. For any X, the conditional means are

po(1)(Xy) = C1 (— X140 +3X7, - 1),
/lo(O)(Xt) = Co (0.1X17t + 02) y

where C and Cy are parameters so that Ex g [to(1)(X)] = Ex g [Y(1)] = 10 and Ex g [ro(0)(X)] =
Ex g Y (0)] =7
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&d Simulation studies with Gaussian covariates
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Figure 14. Results of simulation studies with covariates following with a Gaussian distribution A/ (1, 25) and the homogeneous means.
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Figure 15. Results of simulation studies with covariates following with a Uniform distribution /(—10, 10) and the homogeneous means.

We define o (a)(X;) as follows:

X1 +2X7
o3 (1)(X1) =2+ 125in(2X 1) + — ",
X X2
02 (0)(Xy) =2+ 0.8cos ( 2”) + ﬁ

Then, as in Figures 6-7, we report the empirical MSEs for settings with each dimension d = 3,10, 20. The results are
shown in Figure 16.
D.6. Simulation Studies with the Semi-Synthetic Dataset

This section provides simulation studies using the semi-synthetic dataset called the Infant Health and Development Program
(IHDP).

The IHDP dataset has simulated outcomes and real-world covariates (Hill, 2011). The total sample size is 747, and the
covariates consist of 6 continuous variables and 19 binary variables.

The outcomes are generated artificially, while the covariates are real-world data. In (Hill, 2011), there are two scenarios
called response surface A and response surface B. In response surface A, the potential outcomes Y;(1) and Y;(0) are
generated as

Y;(0) ~ N (X[ va, 1),
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Simulation studies with 3-dimensional Gaussian covariates Simulation studies with 20-dimensional Gaussian covariates
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Figure 16. Results of simulation studies with covariates following 3-dimensional and 20-dimensional Gaussian distributions.
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Figure 17. Results of simulation studies with the IHDP dataset (response surface A and B).

Yi(1) ~ N(X ya+4,0),
where each element of 44 € R?? is randomly generated from {0, 1,2, 3,4} with probabilities (0.5,0.2,0.15,0.1, 0.05).
In response surface B, the potential outcomes Y;(1) and Y;(0) are generated as
Y3(0) ~ N (exp ((X¢ + W)T'YB) 1),

where W is an offset matrix of the same dimension as X; with every value equal to 0.5, ¢ is a constant to normalize
the average treatment effect conditional on d = 1 to be 4, and each element of vz € R?? is randomly generated from
{0,0.1,0.2,0.3,0.4} with probabilities (0.6,0.1,0.1,0.1,0.1).

Our experiment fixes 7' = 2000. In each round ¢, we sample covariate X; with replacement from the 747 samples. Then,
following each setting of the response surfaces, we generate the corresponding outcomes.

As in Figures 6-7, we report the empirical MSEs for settings with each dimension d = 3, 10, 20. The results are shown in
Figure 17.

E. Extensions

We introduce several extensions of our proposed framework.

E.1. Rejection Sampling from ¢(x)

This section introduces a setting differing from that defined in Section 2.

Problem setting In this section, we assume that covariate X, is generated from ¢(x) in each round ¢, and we observe it.
Then, we decide whether to assign a treatment to the sample. We employ the rejection sampling (Gelman et al., 2004) for
this choice. If we accept X, we assign treatment a € {1, 0} and observe a corresponding outcome. If we do not accept X,
we do not assign any treatments and do not observe any outcomes. In this setting, we can remove Assumption 2.2, which
assumes that ¢(z) is known. We illustrate the procedure in Figure 18.
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Observe X; ~ q(x).

u If accept X~t, continue the round.

Assign treatment A; ~ Wt( alX)

Experimenter Observe outcome Y; = Y,(4,) ~r(y | X;). Experimental unit

Figure 18. Rejection sampling.

Rejection sampling We first explain the rejection sampling. From assumptions, there exists an universal constant A/ > 0
such that e;(x) == py(x)/q(x) < M for all z € X, where

G +E0) @)
ei(x) = -
LY (G (X) + 500 (X))

holds. We accept )A(t ifU < et()A(t) /M, and we assign a treatment to the sample. In contrast, we reject )?t ifU > e ()A(t) /M,
and we do not assign any treatments and cannot observe any outcomes. Then, the following lemma holds.

5

Lemma E.1. Let F(x) be a cumulative density function of py(x). Let U be a random variable generated from the uniform
distribution with support [0, 1]. Then, it holds that

p()?t <z|U< et()A(t)/M) = Fy(2);

that is, accepted X, follows a density ().

We omit the proof. See Gelfand et al. (2000).

Procedure By using this lemma, we consider the following procedure.
Step 1: based on past information, an experimenter decides p;(z) and wy(a | x) for a € {1,0} and = € X;
Step 2: an experimenter observes covariate )Zt ~ q(x);

Step 3: by using the rejection sampling, we use X; = )?t if Uy < ei(Xy)/M, where Uy is a uniform distribution with
support [0, 1];

Step 3: based on past information, we choose A; = a with probability w;(a | z);
Step 4: an experimenter observes outcome Y; = 1[A; = 1]Y;(1) + 1[A; = 0]Y;(0), where Y;(a) ~ r%(y | z),
Step 5: after iterating Step 1-4 fort = 1,2, ..., T, inround 7', we estimate the ATE using the estimator defined in (8).

ATE estimator The estimator is defined as

T
Ir = 0 D" Wu(¥i, A X, o), ®)
where
~ o [ 1A=1] (YVe(1) — me(1)(Xy))  L[A; = 01(Y2(0) — Fe(0)(Xy)) =~ 1
Uy (Y, Ag, Xo; Wy, pt) = ( B[ X)) - 510 Xy) +9t(Xt)> a(Xy)
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We can show that the estimator has the same asymptotic variance of §T in Theorem 5.3. The result is summarized in the
following proposition. Note that we do not use Assumption 2.2. We omit the proof since it is almost same as that for
Theorem 5.3.

Proposition E.2. Consider the AAS-AIPWIS experiment. Suppose that Assumptions 2.1 and 5.1-5.2 hold. Then,
\/T(é\T —90) i)./\/'(0,7'*)
holds as 'T' — oo, where recall that T* is the semiparametric efficiency bound.

E.2. Batch Design

We introduce a setting where each experimental unit visits sequentially. We can directly extend our experiment to a setting
where sets of experimental units visit.

E.3. Multiple Treatments

We can consider a setting where there multiple treatments more [K] := {1,2,..., K} for K > 2, instead of the binary
treatments {1, 0}. In this case, it is unclear how we define the treatment effect. One way is to define the policy value by
using a deterministic evaluation policy 7 : [K] x &' — R. In many cases, it is assumed that } (s 7(a | z) forany z € X,
but we do not impose the restriction to derive a more general result, including a case with the restriction as a specific case.

Under the evaluation policy, we define the policy value as 8y == E [Zae[ K] m(a| X )Y(a)} .

@)X AX)] _
w(alX) p(X)

For 0o r, the semiparametric efficiency bound is given as 7x(w,p) = Ex.pa) [ZGE[K]

Ex~q(2) [Z acK] UE;((Z)&? % . Because the proof is almost the same as that for Theorem 3.1, we omit the proof.

Then, the efficient probabilities are obtained as

ao(a)(z)
2acix) 90(a)(z)

o3(a)(z)
ZaE[K] u())* (alz)

a3 (1)(X)
Ex~q(o) [ ZaE[K] u?*(l|X):|

w*(a | x) =

p*(z) =

We then just directly apply the AAS-AIPWIS experiment.
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