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Abstract

We propose a framework to construct prac-
tical kernel-based two-sample tests from the
family of f -divergences. The test statistic is
computed from the witness function of a regu-
larized variational representation of the diver-
gence, which we estimate using kernel meth-
ods. The proposed test is adaptive over hy-
perparameters such as the kernel bandwidth
and the regularization parameter. We pro-
vide theoretical guarantees for statistical test
power across our family of f -divergence es-
timates. While our test covers a variety of
f -divergences, we bring particular focus to
the Hockey-Stick divergence, motivated by its
applications to differential privacy auditing
and machine unlearning evaluation. For two-
sample testing, experiments demonstrate that
different f -divergences are sensitive to differ-
ent localized differences, illustrating the im-
portance of leveraging diverse statistics. For
machine unlearning, we propose a relative
test that distinguishes true unlearning fail-
ures from safe distributional variations.

1 Introduction

Two-sample testing is a fundamental task in statis-
tics, with broad applications in machine learning (e.g.,
MMD, Gretton et al., 2012). These tests can confi-
dently determine if two sets of observations come from
different underlying distributions, applicable to diverse
contexts, from auditing the privacy of machine learning
models (Kong et al., 2024) and verifying the efficacy
of machine unlearning techniques (Triantafillou et al.,
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2024), to validating models in the physical sciences
(D’agnolo and Wulzer, 2019; Grosso and Letizia, 2025).

Two-sample tests require the choice of a distance or
divergence to quantify the difference between the dis-
tributions, and different applications require different
notions of distance. Some tests are concerned with
smooth variations, for which the Maximum Mean Dis-
crepancy (MMD, Gretton et al., 2012) is a suitable
choice (Schrab et al., 2023). Others, like outlier detec-
tion in physical models, require sensitivity to subtle
and/or localized differences that MMD might miss.
Other applications, like privacy or unlearning, require
divergences parameterized by a budget ε to define an
acceptable degree of separation. This highlights the
challenge that no single two-sample test is universally
optimal or suitable across all scenarios.

Contributions. We introduce a general framework
for constructing two-sample tests from the family of
f -divergences, unifying specific instances that have
been studied by Nguyen et al. (2010); Harchaoui
et al. (2007); Glaser et al. (2021); Grosso and Letizia
(2025). This framework builds on the variational
formulation for f -divergences. A key challenge is
that the optimizer of this problem, also known as the
witness function, is often non-smooth and hard to learn
efficiently. However, the witness function can always
be expressed as a functional of the likelihood ratio.
We leverage kernel-based methods to estimate the
ratio and ℓ2-regularization, trading off some accuracy
for tractability (Section 2). While more specialized
estimators may exist in the literature for certain pairs
of distributions and divergences, the novel proposed
framework provides a general and practical approach
for constructing a test applicable to any f -divergence.

On the technical side, we instantiate a likelihood ra-
tio estimator proposed by Chen et al. (2024a). We
prove in Lemma 2.1 that, under smoothness assump-
tions (i.e., µP − µQ ∈ Ran(Σθ

Q) for some θ ∈ (1, 2]
(see Appendix A.2) the estimator converges to the true
ratio at a rate of N− θ−1

2(θ+1) with high probability, where
N represents the minimum number of samples from
distributions P and Q. Subsequently, we leverage the
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variational formulation of f -divergences, expressing the
corresponding witness function as a functional of the
likelihood ratio. This yields an f -divergence estima-
tor which, as proved in Lemma 2.2, converges to the
true divergence value at a rate of N− θ−1

2(θ+1) + Ñ−1/2

with high probability, where the data has been split
between N samples (used for estimating the ratio) and
Ñ samples (used for estimating the f -divergence given
the estimated ratio).

We analyze the properties of the permutation hypoth-
esis tests using these likelihood-based f -divergence
statistics. First, these naturally control the type I
error at the desired level α ∈ (0, 1) for any sample
size (Romano and Wolf, 2005, Lemma 1). Then, we
prove that in Theorem 3.1 these tests are consistent
in that they are asymptotically powerful, that is,
their type II error probability converges to 0 as
the sample size tends to infinity. Moreover, for the
finite-sample regime, we establish a non-asymptotic
power guarantee: the test controls the type II error
by β ∈ (0, 1) for any pair of distributions separated
with respect to the f -divergence Df as

Df (P∥Q) ≳
(
N− θ−1

2(θ+1) + Ñ− 1
2

)√
ln

(
1

min{α, β}

)
.

This reinforces the idea that tests based on different
f -divergences capture different types of departures
from the null.

Our experimental results corroborate that no single
test consistently outperforms the others, across a va-
riety of settings. However, we find that in most cases,
at least one of the considered tests exhibits strong
performance. We show that the recently developed
aggregation method of Schrab et al. (2023) can aggre-
gate these different f -divergence tests into a single one,
which we call f -Agg, and which can powefully detect a
wide range of alternatives (see details in Algorithm 2
in Appendix A.5). Our results provide valuable intu-
ition on which statistic is best suited for a given task.
Furthermore, we propose a new, more precise evalua-
tion framework for machine unlearning based on our
theoretical and empirical findings, detailed below.

Of specific interest is the test based on the Hockey-
Stick divergence, motivated by its relevance to privacy
and unlearning. We demonstrate how the Hockey-Stick
divergence can be used to audit pure differential
privacy and, more broadly, to evaluate machine
unlearning algorithms, a task for which finding
appropriate evaluation metrics has been a significant
challenge. We then address a flaw in current unlearning
definitions: absolute distance tests, comparing an
unlearned model distribution to a retrained one
without the removed data, are insufficient. Such tests

can fail even if unlearning was successful, as they
cannot distinguish between a genuine failure to forget
and benign variations introduced by the unlearning
algorithm. Further, recent work by Yu et al. (2025)
theoretically and empirically shows that equivalence
to a retrained model is impossible for gradient-based
unlearning algorithms that are oblivious to the learning
trajectory. We resolve this ambiguity by proposing
a relative distance test, which measures whether
the unlearned model is distributionally closer to a
retrained model or to the original, compromised one.

Related Work. A popular approach to non-
parametric two-sample testing relies on the MMD
(Gretton et al., 2012), which measures distances be-
tween distributions in a Reproducing Kernel Hilbert
Space (RKHS), see Appendix A.3 for details. The
power of MMD tests is highly sensitive to the choice
of kernel and bandwidth, which has motivated various
lines of work including learning the kernel (Sutherland
et al., 2017; Liu et al., 2020), constructing adaptive tests
by combining multiple kernels’ results (Schrab et al.,
2023; Biggs et al., 2023), and leveraging AutoML meth-
ods (Kübler et al., 2022). Separately, f -divergences
are widely used in machine learning and have been
recently used to train machine learning models via the
variational forms of these divergences (Nowozin et al.,
2016; Mescheder et al., 2017; Arbel et al., 2020), as well
as for model evaluation (Pillutla et al., 2023), and to
define gradient flows on probability measures (Glaser
et al., 2021; Chen et al., 2024b). Application-specific
two-sample tests have also been developed and tested,
such as the tests based on the Hockey-Stick divergence
for privacy (Kong et al., 2024) and for unlearning (Tri-
antafillou et al., 2024), as well as deep-learning and
KL-based tests for new physics (D’agnolo and Wulzer,
2019; Grosso and Letizia, 2025).

The estimation of f -divergences is a well-studied
problem with several established approaches. One
popular family of non-parametric techniques relies on
nearest neighbor methods (Wang et al., 2009; Singh
and Póczos, 2016). Other non-parametric approaches
use space partitioning estimates, however, these tend
to perform poorly in high dimensions (Biau and Gyorfi,
2005). A separate line of work, relevant to ours, focuses
on estimating the likelihood ratio directly through its
variational formulation. Within this framework, estima-
tors have been proposed over various function classes,
including kernel-based classes using convex relaxations
(Nguyen et al., 2010), generalized linear models
approximations Sugiyama et al. (2008); Kanamori et al.
(2009, 2012) or direct optimization (Chen et al., 2024a),
and neural network classes (Nowozin et al., 2016).

This work unifies these threads building upon the vari-
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ational representation of f -divergences but adapts it
for hypothesis testing, developing and analyzing a prac-
tical framework for constructing a family of tractable
two-sample tests with applications to diverse settings.

The paper is organized as follows. In Section 2
we introduce a method for consistently estimating
f -divergences. We then provide asymptotic and
non-asymptotic power guarantees for the permutation
tests based on these estimates in Section 3. In
Section 4, we instantiate this framework with the
Hockey-Stick divergence. Finally, we present numerical
results in Section 6.

Notation. We write a ≲ b if there exists some con-
stant C > 0 (in our setting independent of the sample
sizes) such that a ≤ Cb. We write a ≍ b if a ≲ b and
a ≳ b. For a distribution Q, we let µQ denote the ker-
nel mean embedding, and let ΣQ denote the covariance
operator (see details in Appendix A.2). We use bold
notation to denote vectors of random variables, e.g.
X = (X1, ..., Xn).

2 Estimating Any f-Divergence
Consistently

For probability distributions which are absolutely con-
tinuous P ≪ Q on a space Z, an f -divergence (Csiszár,
1967) is defined as

Df (P ∥ Q) =

∫
Z
f

(
dP

dQ

)
dQ, (1)

for some convex function f : (0,∞)→ R which satisfies
f(1) = 0, and is lower semi-continuous implying f(0) =
limt→0+ f(t). The variational representation (See, e.g.,
Theorem 7.26 in Polyanskiy and Wu, 2022) of the f -
divergence is

Df (P ∥ Q) = sup
g:Z→R

EP [g(X)]− EQ[f
∗(g(Y ))], (2)

where f∗(u) = supt∈R{ut − f(t)} is the convex con-
jugate of f , and where the supremum is taken over
functions which output values for which f∗ is well-
defined and finite. The witness function g⋆ is, if it
exists, the function at which the supremum is attained.
As can easily be derived (Nguyen et al., 2010, Lemma
1), the witness function is equal to1

g⋆ = f ′
(
dP

dQ

)
1With some care needed when f is not differentiable

everywhere (e.g., Total-Variation, Hockey-Stick).

where dP
dQ denotes the Radon-Nikodym derivative.

Therefore, the f -divergence is equal to

Df (P ∥ Q) = EP [g
⋆(X)]− EQ[f

∗(g⋆(Y ))]

= EP

[
f ′
(
dP

dQ
(X)

)]
− EQ

[
f∗
(
f ′
(
dP

dQ
(Y )

))]
.

Given samples X1, . . . , Xm, X̃1 . . . , X̃m̃ i.i.d. from P ,
and samples Y1, . . . , Yn, Ỹ1, . . . , Ỹñ i.i.d. from Q, we use
X1, . . . , Xm and Y1, . . . , Yn to construct an estimator
r̂λ(·) of dP

dQ (·) (see Equation (4)), and the samples
X̃1, . . . , X̃m̃ and Ỹ1, . . . , Ỹñ are used to estimate the
expectations as

D̂f,λ =
1

m̃

m̃∑
i=1

f ′(r̂λ(X̃i)
)
− 1

ñ

ñ∑
j=1

f∗(f ′(r̂λ(Ỹj)
))
. (3)

Hence, with Equation (3), we are able to construct
estimators for any f -divergence.

We leverage the variational formulation, instead of the
direct estimator in Equation (1) for its flexibility in
handling regularized f -divergences (see Section 5) but
also because of its higher empirical performance in
detection power (see Appendix B.3).

There are various ways of estimating dP
dQ (Nguyen et al.,

2010; Chen et al., 2024a; Nowozin et al., 2016). We
focus on the method of Chen et al. (2024a, Proposi-
tion 6.1) which provides a kernel-based closed form
expression for r̂λ, a λ-regularized version of dP

dQ , using
a kernel k : Z ×Z → R in an RKHS H. For any u ∈ Z
and λ > 0, it is defined as

r̂λ(u) =
1

nλ
kuY1n −

1

mλ
kuX1m (4)

− 1

nλ
kuXL−1

XX,λkXY1n +
1

mλ
kuXL−1

XX,λkXX1m + 1

where we write kuX =
(
k(u,Xi)

)m
i=1
∈ R1×m, kuY =(

k(u, Yi)
)n
i=1
∈ R1×n, kXX =

(
k(Xi, Xj)

)
1≤i,j≤m

∈
Rm×m, kXY =

(
k(Xi, Yj)

)
1≤i≤m,1≤j≤n

∈ Rm×n, and
LXX,λ = mλI + kXX. Interestingly, the quantity
2(r̂λ− 1) is shown by Chen et al. (2024a) to be the wit-
ness function for DrMMD, an MMD with a perturbed
(deregularized) kernel.

First, we prove that the estimator of Equation (4)
indeed tends to dP

dQ and derive a rate of convergence.
Assumption 2.1. The sample sizes are balanced in the
sense that m ≍ n and m̃ ≍ ñ. The kernel is bounded
by K everywhere. We have µP − µQ ∈ Ran(Σθ

Q) for
some θ ∈ (1, 2]. Let η ∈ (0, e−1), N = min(m,n),
Ñ = min(m̃, ñ) and λN,θ = N−1/2(θ+1).
Lemma 2.1 (Witness convergence). Under Assump-
tion 2.1, it holds with probability at least 1− η that∥∥∥∥r̂λN,θ

− dP

dQ

∥∥∥∥
H
≤ C1N

− θ−1
2(θ+1)

√
ln(1/η) (5)
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for some universal constant C1 > 0.

Similarly, under permutation of the samples, we show in
Proposition E.3 in Appendix E.3 that for some C0 > 0

we have
∥∥r̂λN,θ

− 1
∥∥
H ≤ C0N

− θ−1
2(θ+1)

√
ln(1/η) holding

with probability at least 1− η. We define

C = max{C0,C1}. (6)

The result of Lemma 2.1 then allows us to prove that
the estimator of Equation (3) is consistent in that it
converges to the true f -divergence Df as m, m̃, n, ñ all
tend to infinity. Before presenting this result, we first
introduce some additional necessary assumptions.

Assumption 2.2. For f -divergences with f twice con-
tinuously differentiable on (0,∞), assume that dP

dQ be-
longs to [c, C] for some 0 < c < 1 < C <∞, and that
CN− θ−1

2(θ+1)
√

ln(1/η) ≤ c/2. For the Total-Variation
(γ = 1) and Hockey-Stick (γ > 0) f-divergences,
for X ∼ P and Y ∼ Q, assume that the densities
of r̂λN,θ

(X) and r̂λN,θ
(Y ) exist and are bounded on

[γ/2, 3γ/2], and that CN− θ−1
2(θ+1)

√
ln(1/η) ≤ γ/2.

We remark that it is possible to weaken the assumption,
imposing instead that dP

dQ belongs to [cη, Cη] only with
probability at least 1− η/2 under both P and Q. This
allows for more a wider class of alternatives to be
considered, however, it comes at the cost of losing the
explicit dependence on η, α, β in the rates (Lemma 2.2
and Theorem 3.2).

Lemma 2.2 (f -Divergence convergence). Under As-
sumptions 2.1 and 2.2, with probability at least 1− η,
it holds that∣∣D̂f,λN,θ

−Df

∣∣ ≲ (N− θ−1
2(θ+1) + Ñ−1/2

)√
ln(1/η).

Hence, via Equation (3), we are able to construct a con-
sistent estimator for any f -divergence. We stress that
the conditions of Lemma 2.2 cover all commonly-used
f -divergence such as all the ones presented in Table 4.

3 Testing Using Any f-Divergence
With High Power

Given i.i.d. samples from P and Q, the goal of two-
sample testing is to determine whether the data pro-
vides sufficient evidence to reject the null hypothesis
that H0 : P = Q.

A hypothesis test, which controls the probability of
type I error (rejecting the null under H0) by α ∈ (0, 1),
can easily be constructed using any statistic by relying
on the permutation method (Romano and Wolf, 2005,
see also Appendix A.4). As such, we can construct a

permutation-test using the estimator of Equation (3)
for any f -divergence. That is, the test rejects the null
hypothesis when

D̂f,λN,θ
> q̂1−α (7)

where q̂1−α is a permutation quantile as explained in
Appendix A.4.

We prove that the resulting test is consistent, in the
sense that, its probability of type II error (failing to
reject the null when H0 does not hold) converges to
zero as the sample sizes tend to infinity. Equivalently,
we say that the test power (i.e., one minus the type II
error) converges to 1. We emphasize that this is not a
simple implication of Lemma 2.2 as a thorough analysis
of the behavior of the test statistic under permutation
is also required (see Proposition E.3 in Appendix E.3).

Theorem 3.1 (Asymptotic Power). Under Assump-
tions 2.1 and 2.2, the test defined in Equation (7) is
consistent in that its power converges to 1 as the sample
sizes tend to infinity. For any fixed P ̸= Q, we have

P(reject H0)→ 1 as N, Ñ →∞.

This asymptotic power guarantee is a desired property
for any hypothesis test. Nonetheless, a much more
challenging result to obtain is to characterize a set of
alternatives which can be detected with high probability
at any fixed sample size.

Theorem 3.2 (Non-asymptotic Power). Under As-
sumptions 2.1 and 2.2, the test defined in Equation (7)
with level α can achieve power at least 1 − β for any
distributions P and Q satisfying

Df (P∥Q) ≳
(
N− θ−1

2(θ+1) + Ñ− 1
2

)√
ln

(
1

min{α, β}

)
.

We stress that the same power guarantees also hold
for the permutation test based on the regularized χ2-
divergence (DrMMD, Chen et al., 2024a), as presented
in Appendix F. Theorem 3.2 characterizes the set of
alternatives detectable by our f -divergence permuta-
tion tests. In particular, any distributions P and Q
for which the f -divergence is greater than some rate
decreasing the sample sizes, can correctly be detected
with high accuracy.

We note that the two-sample problem is inherently sym-
metric, while f -divergences are not. To address this is-
sue, it is possible to instead work with either the average
or the maximum of Df (P ∥ Q) and Df (Q ∥ P ). An im-
portant problem is the one of the choice of hyperparame-
ters such as the kernel bandwidth and the regularization
parameter λ. To address this issue, we construct an
adaptive permutation test (detailed in Algorithm 1 in
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Appendix A.5) which adaptively combines results from
multiple hyperparameter configurations (Biggs et al.,
2023). Finally, building on Schrab et al. (2023), we also
construct a test, which we call f -Agg, which aggregates
these adaptive permutation tests over a collection of
f -divergences to be powerful against a wide range of
alternatives (detailed in Algorithm 2 in Appendix A.5).

4 Hockey-Stick f-Divergence

Motivated by its practical relevance for privacy and
unlearning, we focus on the Hockey-Stick divergence
with parameter γ. It is an f -divergence with f(t) =
max(t− γ, 0), and its variational form is

HSγ(P ||Q) := sup
0≤g≤1

EX∼P [g(X)]− γEX∼Q[g(X)].

The Hockey-Stick witness function is equal to

g⋆HS(x) = 1

(
dP

dQ
(x) ≥ γ

)
(8)

As in explained Section 2, by estimating dP
dQ with r̂λ

from Equation (4), we obtain the witness estimator
1(r̂λ(x) ≥ γ). Noting that f∗(u) = supt∈R{ut−f(t)} =
γu for all u ∈ [0, 1], the Hockey-Stick estimator equiva-
lent of Equation (3) is

ĤSγ,λ =
1

m̃

m̃∑
i=1

1(r̂λ(X̃i) ≥ γ)− γ

ñ

ñ∑
j=1

1(r̂λ(Ỹj) ≥ γ).

(9)

A permutation two-sample test can then be constructed
using this Hockey-Stick estimator as explained and anal-
ysed in Section 3. See also Algorithm 1 in Appendix A.5
for details on the adaptivity over the kernel and the
regularization parameter λ.

5 Regularized f-divergences

So far we have studied f -divergence based tests that
leverage a regularized likelihood ratio r̂ to compute
the divergence via substitution into the f -divergence
variational definition, i.e., through Equation (3). Alter-
natively, one could consider estimating the regularized
f -divergence by solving its corresponding regularized
variational formulation directly, as follows.

Definition 5.1. (Regularized f-divergence.) Let
Df (·||·) be an f -divergence, H be a RKHS, and λ > 0.
For two distributions P and Q over a set X we define
the regularized f -divergence DH,τ

f (P ||Q) as

sup
g:X→Dom(f∗)

EP [g(x)]− EQ [f∗(g(x))]− τ

2
∥g∥2H.

While the concept of regularized f -divergences has
appeared before, prior work focused on specific
divergences, such as the regularized KL (Nguyen et al.,
2010; Nowozin et al., 2016; Arbel et al., 2020) or
KALE, and regularized-χ2 or DrMMD (Harchaoui
et al., 2007; Chen et al., 2024a). These previous
works focused on specific applications, leveraging these
statistics for asymptotic tests (Harchaoui et al., 2007),
and particle descent and gradient flows as measures for
optimization and modeling (Arbel et al., 2020; Glaser
et al., 2021; Chen et al., 2024a), while the focus of
the present work is in constructing permutation-based
non-asymptotic tests with adaptation over the kernel
and regularization parameter.

Testing with regularized f -divergences is challenging,
as it requires specific optimization techniques for each
f -divergence, based on the objective and constraints
in Definition 5.1. For example, the KALE (regularized
KL) statistic formulation leads to a convex optimiza-
tion problem that can be solved efficiently, although
without a closed-form solution. In contrast, the Dr-
MMD (regularized χ2) has a closed-form expression
that can be derived using tools from functional analysis.
We provide their detailed formulations in Appendix A.7
and below present an approach for testing with a regu-
larized hockey-stick.

Regularized hockey-stick divergence The regu-
larized Hockey-Stick divergence is defined by

HSτγ(P ||Q) := sup
g∈H, 0≤g≤1

(
EX∼P [g(X)].

− γEX∼Q[g(X)]− τ∥g∥2H
)
,

(10)

where τ > 0 controls the regularization strength. We
emphasize that this τ -regularization of the f -divergence
itself is different from the λ-regularization of the dP

dQ

estimator used in Equation (3).

In Appendix D, we provide a theoretical framework
for solving the optimization problem in Equation (10)
using the plug-in estimator and techniques from opti-
mization with non-negative constraints. The problem
turns into a semidefinite program, and can be efficiently
solved using accelerated proximal splitting methods like
FISTA (Beck and Teboulle, 2009).

In practice, we do not use this approach, since the
RKHS function class employed in Equation (10) is
not suited to representing discontinuous functions of
the form of Equation (8), and empirical performance
in testing is consequently poor (see Figure 9 in the
appendix for an illustration). We nonetheless present
this direct approximation as it will be of interest to
revisit with more suitable function classes in future
work.
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6 Experiments

We begin by evaluating the performance of the tests
proposed in Section 3 on two synthetic benchmarks,
illustrating that different alternatives are more
effectively captured by different f -divergence tests.
We then test on practical applications from differential
privacy auditing and unlearning evaluation. All our
code is publicly available at https://github.com/
google-research/google-research/tree/master/
f_divergence_tests

Experimental details. For our two-sample f -
divergence tests, we focus on the Hockey-Stick test
presented in Section 4. In Appendix B.1, we also
present results for various other f -divergences and reg-
ularized f -divergences. However, in the main body we
restrict ourselves to the ones with highest performance.

We use the state-of-the-art Maximum Mean Discrep-
ancy (MMD, Gretton et al., 2012, see Appendix A.3)
as our primary baseline. We also compare against
two novel permutation tests based on regularized f -
divergence statistics: DrMMD (regularized χ2, Chen
et al., 2024a) and KALE (regularized KL, Arbel et al.,
2020; Glaser et al., 2021; Grosso and Letizia, 2025),
detailed in Appendix A.7. Additionally, we include
f -Agg, a test which leverages the aggregation method
of Schrab et al. (2023) to perform multiple testing
across all divergences considered (Algorithm 2). For
privacy experiments, we also report the power of the
Hockey-Stick tester from the DP-Auditorium library
(Kong et al., 2024).

All experiments use 500 samples from each distribution
unless otherwise noted, with the exception of the Expo-
1D experiment, which uses 1000 samples. All tests
are performed at significance level α = 0.05. For each
test, we report the empirical power calculated over
100 repetitions, along with Clopper-Pearson confidence
intervals. All experiments were run on NVIDIA A100
GPUs.

6.1 Perturbed Uniforms

This benchmark was introduced by Schrab et al. (2023).
We test power over detection of perturbations on one
and two dimensional uniform distributions, varying
the amplitude of the perturbation from a = 0 (no
perturbation, corresponding to the null P = Q) to a = 1
(maximum value of the perturbation for the density
to remain non-negative). Consistent with previous
experiments, we confirm in Figure 1 that MMD is
optimal at detecting these smooth differences. This is
unsurprising as MMD is proved to be minimax optimal
in this setting (Schrab et al., 2023). Nonetheless, even
in this setting optimized for MMD, we observe that the
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Figure 1: Performance on perturbed d-dimensional
uniform alternatives with varying perturbation ampli-
tudes. As the amplitude increases, the deviation from
uniformity grows, leading to higher statistical power.
Both MMD and DrMMD perform well in this setting,
and the performance decreases for all methods in two
dimensions. The f -Agg test maintains almost the same
performance as the best method.

f -divergence tests perform well with power relatively
close to MMD. We note that the adaptive f -Agg test
achieves the highest power after the MMD test, showing
the benefit of aggregating over multiple statistics.

6.2 Outlier Detection on Physics Datasets

New physics address limitations within the current
standard model of particle physics. In this context,
two-sample tests are often used to identify anomalies
or validate new models, among other tasks (Grosso and
Letizia, 2025). We consider the Expo-1D benchmark,
first introduced in D’agnolo and Wulzer (2019), and
then considered in various works (Letizia et al., 2022;
Grosso and Letizia, 2025; Grosso et al., 2024, 2025).
In this dataset, there is a reference model given by an
energy spectrum that decays exponentially, described
by the unnormalized density n0(x) = 2000e−x. The
alternative hypothesis is given by the density n0(x) +

k 1
σ
√
2π

exp
(
−x−µ2

2σ2

)
. In our experiments of Figure 3,

we vary the values of the multiplier k while fixing µ = 4
and σ = 0.01. For convenience, we plot the perturbed
densities in Figure 2 for k ∈ {0, 20, 40, 60, 80, 100}.

In this setting, Figure 3 shows that, excluding the
adaptive f -Agg test, the DrMMD test achieves the
highest statistical power across all values of the

https://github.com/google-research/google-research/tree/master/f_divergence_tests
https://github.com/google-research/google-research/tree/master/f_divergence_tests
https://github.com/google-research/google-research/tree/master/f_divergence_tests
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Figure 2: Expo-1D null (H0) and alternative hypothesis
density functions varying the multiplier k.
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Figure 3: Detection rate comparison on the Expo-
1D task, varying the multiplier k of the perturbation.
The DrMMD test achieves the highest power across all
values.

multiplier k. In contrast, MMD exhibits low power
for small k, indicating that deregularization makes
the resulting statistic more sensitive to this type of
departure from the null, compared to the baseline
MMD. The KALE estimator is also effective at small
k, but its power stagnates as k increases to greater
values than 40. This can occur because the slow
growth of the log-likelihood ratio as a function of k
poses a greater challenge to log-ratio estimators like
KALE than to direct-ratio estimators like DrMMD.
We illustrate this phenomenon in Appendix C.1.

The superior performance of DrMMD, which is equiva-
lent to MMD with a deregularized kernel, shows that
MMD’s power can be significantly boosted with a suf-
ficiently expressive kernel. Our results show that Dr-
MMD achieves a power increasing with k, up to 0.96
in two dimensions, using only 1000 samples from each
distribution. This represents a major improvement in
both statistical power and sample efficiency.

We observe that the HS-sigmoid method outperforms
the hard-threshold version HS. Still, both Hockey-Stick
instantiations are suboptimal for this set of alterna-
tives. For generic two-sample testing, we do not rec-
ommend using the Hockey-Stick divergence over other
f -divergences. However, there are settings, such as
auditing differential privacy auditing (Section 6.3) and

machine unlearning (Sekhari et al., 2021), where the use
of the Hockey-Stick divergence is necessarily required.

6.3 Auditing Pure Differential Privacy

Differential privacy (Dwork et al., 2006) provides a
rigorous framework for protecting user data by intro-
ducing calibrated noise to query responses, bounding
the influence of any single individual on a query re-
sponse. Formally, a randomized mechanism M with
outputs in Rp is ε-differentially private (ε-DP) if and
only if, for any S ⊆ Rp and any pair of datasets D and
D′ differing in one record, the probability of obtaining
any output in S is nearly the same, that is

P (M(D) ∈ S) ≤ eεP (M(D′) ∈ S).

Privacy guarantees rely on the correct implementation
of the mechanism M . We can audit these guarantees by
framing the problem as a two-sample hypothesis test,
based on Lemma 5 from Zhu et al. (2022). Specifically,
for any correctly implemented ε-DP random mechanism
M , the Hockey-Stick divergence (with parameter eε)
between the outputs from two adjacent datasets D and
D′ must be zero, that is

HSeε(M(D)||M(D′)) = HSeε(M(D′)||M(D)) = 0.

It follows directly that if our proposed test (Al-
gorithm 1, Sections 3 and 4) rejects the null,
HSeε(M(D)||M(D′)) = 0, then the mechanism M
cannot be private for the given ε. This method builds
upon methodologies for auditing privacy mechanisms
(Gilbert and McMillan, 2018; Bichsel et al., 2021; Kong
et al., 2024).

We focus on testing six non-private mechanisms
previously evaluated in the literature. The first four
mechanisms, SVT3–SVT6, are incorrect instances
of the sparse-vector-technique (Lyu et al., 2017).
The methods mean-1 and mean-2 are incorrect
implementations of the Laplace mechanism for the
average. As in previous work, we fix D and D′ for
each mechanism. Details on the audited mechanisms
and the baselines can be found in Appendix C.2. The
results are reported in Table 1.

Our Algorithm 1 achieves higher rejection rates for
privacy violations while requiring significantly fewer
samples than the baseline Hockey-Stick tester from DP-
Auditorium, improving the overall sample efficiency of
the auditing process.

Achieving a rejection rate greater than level values for
the SVT3 mechanism is noteworthy. While previous
techniques detected some privacy violations for SVT3,
they required millions of samples to approximate the
likelihood ratio (Bichsel et al., 2021).
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Table 1: Privacy violations detection rate for several
non-private mechanisms. HS improves detection rate
over DP-auditorium which requires hundreds of thou-
sand of samples to detect some of the mechanisms
below.

Test SVT3 SVT4 SVT5 SVT6 mean1 mean2

n = 500
HS 0.095 0.070 0.785 0.085 0.970 1.0
DP-Aud 0.0 0.0 0.0 0.0 0.768 0.071

n = 5000
HS 0.175 0.090 0.995 0.165 1.0 1.0
DP-Aud 0.0 0.0 0.010 0.0 1.0 0.717

6.4 Evaluating Machine Unlearning

The goal of unlearning is to remove the influence of a
specific subset of data Df ⊆ D often called the forget
set, from a trained model M . A widely used definition
(Sekhari et al., 2021) considers unlearning successful if
the resulting model, Mu, is statistically indistinguish-
able from a model Mr that was retrained from scratch
on the remaining data D \Df . This common defini-
tion of unlearning quantifies indistinguishability using
the Hockey-Stick divergence with parameter eε. The
parameter ε controls the degree of statistical indistin-
guishability. Larger ε allows for greater divergence
between the two model distributions, while ε = 0 en-
forces exact unlearning and requires the distributions
to be identical.

Evaluating this definition can be framed as a two-
sample hypothesis test where the null hypothesis
is that the Hockey-Stick divergence of order eε

between unlearned and retrained models is zero,
HSeε(Mu||Mr) = HSeε(Mr||Mu) = 0, where the
randomness comes from the training procedure (e.g.,
batch-sampling, dropout, etc.).

This strict definition has the following flaw. Different
training procedures (e.g., number of training steps)
mean that even two models Mr and Mr′ retrained
from scratch on the exact same data will likely produce
slightly different parameter distributions. A sensitive
two-sample test will correctly detect this difference
between Mr and Mr′ , and reject the null hypothesis
HSeε(Mr′ ||Mr) = HSeε(Mr||Mr′) = 0, even though
the unlearning process of retraining from scratch with
different parameters is entirely valid.

To confirm that this issue arises in practice, we trained
a CNN on the CIFAR-10 dataset Krizhevsky et al.
(2009) and then applied several simplified unlearning
techniques to forget a set of ten randomly selected im-
ages. For details on training procedures and unlearning
algorithms, see Appendix C.3.

This flaw is demonstrated in Table 2. We tested several
unlearning methods against a retrained model at levels
ε = 0 and ε = 0.1. For ε = 0.1, we can only test with
Hockey-Stick statistic to quantify a positive separation.

Table 2: Two-sample test power results against the null
hypothesis H0 : HSeε(Mu||Mr) = HSeε(Mr||Mu) = 0,
with ε = 0 and ε = 0.1. A rejection rate of 1.0 means
the test detects a distributional difference.

Unlearning DrMMD KALE MMD HS HS
mechanism ε = 0 ε = 0.1

Finetune 1.0 0.2 1.0 1.0 1.0
Pruning 1.0 0.0 1.0 1.0 0.1
SSD 1.0 0.0 1.0 1.0 0.1
Random label 1.0 0.0 1.0 1.0 0.0

Retrained-less 1.0 0.5 1.0 1.0 1.0
Retrained-batch 1.0 0.0 1.0 1.0 0.4

For ε = 0, or exact unlearning, we test with all the
statistics.

For ε = 0 (Table 2), all approximate unlearning
methods produce a different distribution than the
retrained one. However, even for ε > 0 the test detects
the difference between the retrained model and models
retrained from scratch on retain data using a different
batch size and half as many steps (i.e., ‘retrain-batch’
and ‘retrain-less’). This shows that the two-sample
test, while statistically correct, is not practically useful
for verifying that a model does not hold information
about specific forget examples.

We emphasize that this flaw does not represent an
issue with our tests which correctly distinguish the
difference in distributions of Mu and Mr. Instead, it
highlights that the null hypothesis that corresponds
to this unlearning definition, H0 : HSeε(Mu||Mr) =
HSeε(Mr||Mu) = 0, is not necessarily equivalent to
the null hypothesis that the unlearning process is ‘suc-
cessful’, as one may intuitively reason about it. A po-
tentially better-suited null hypothesis to characterize
successful unlearning could be the composite goodness-
of-fit null hypothesis (e.g., Key et al., 2025) that Mu

is identically distributed as some element of the set
Mr consisting of all models retrained from scratch on
D \Df with arbitrary training procedures. However,
constructing a practical test for this composite null is
challenging and remains an open problem. In the next
section, we instead propose a different approach to fix-
ing this flaw based on three-sample hypothesis testing.

We note that the KALE-based method performs poorly
on this task, potentially for two reasons. First, the high
dimensionality of the sample space (d = 10) may im-
pact the optimization required to calculate the KALE
statistic. This claim is supported by a similar per-
formance drop observed in the two-dimensional per-
turbed uniforms experiment in Figure 1. Second, the
log-likelihood ratio between the distributions may be
ill-conditioned. Characterizing the set of alternative
distributions for which KALE is optimal is an impor-
tant direction for future work.
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Three-sample tests. To address the highlighted
issue, we propose instead to use a three-sample test.
Instead of checking whether the unlearned model is
indistinguishable to a retrained one, this procedure
reframes the problem as comparing three distributions:
the original model, the unlearned model, and the re-
trained model. The null hypothesis becomes H0 : Un-
learning was effective, measured by closeness of the
unlearned model distribution to the retrained model
distribution, relative to the distance to the original
model distribution. Rejecting the null provides evi-
dence that unlearning was ineffective.

A three-sample test was proposed by Bounliphone
et al. (2016) for the MMD. This test relies on the joint
asymptotic distribution of two statistics, d(Mu,M) and
d(Mu,Mr), which respectively measure the distance
from the unlearned model Mu to the retrained model
Mr, and from Mu to the original model M . In the
event that Mu ̸= Mr ̸= M , the joint distribution of
the two quantities MMD(Mu,M) and MMD(Mu,Mr)
is asymptotically Gaussian, yielding a straightforward
test with H0 : MMD(Mu,Mr) ≤ MMD(Mu,M). De-
tails can be found in Appendix C.3.

We therefore employ this three-sample MMD test to
measure the success of unlearning algorithms. While
it will be of interest to generalize the two-sample f -
divergence tests to the three-sample setting, this re-
quires establishing asymptotics of the variational f -
divergence form in Equation (2) for divergences of
interest (such as the KL and χ2), which will be an
interesting direction for future work.

The results of the three-sample MMD test are shown in
Table 3. The test correctly and consistently identifies
that the retrained models are “safe” (rejection rate =
0.0), overcoming the flaw of the two-sample approach.
Among the approximate methods, only the Random
Label technique passed the evaluation, while others like
Finetuning, Pruning, and SSD were found to be ineffec-
tive (rejection rate = 1.0). We emphasize that our goal
is the evaluation of unlearning methods, and not design-
ing good algorithms for unlearning. Consequently, we
used simplistic implementations of the unlearning pro-
cedures and a more rigorous implementation is needed
for ranking the unlearning methods in practice.

7 Conclusion

We introduce a general framework for estimating f -
divergences, and an accompanying two-sample permu-
tation test. We establish finite sample bounds for the
statistics and consistency of the tests, and character-
ize their sets of detectable alternatives. We illustrate
the applicability of the Hockey-Stick divergence for
differential privacy and unlearning problems. In exper-

Table 3: Three-sample test. Rejection rate for the
relative similarity test. A rejection rate of 1.0 means
the test detects that the unlearned model is closer to
the original model than to the retrained model, a proxy
for evidence that the unlearning method is ineffective.
The test correctly identifies retraining from scratch on
retain data as a safe procedure (rejection rate = 0.0).

Method Power of relative test

Finetune 1.0
Pruning 1.0
SSD 1.0
Random-label 0.0

Retrained-less 0.0
Retrained-batch 0.0

iments, we show that a deregularized MMD (DrMMD)
approximation to the χ2 divergence, and the KALE
approximation to the KL divergence, both outperform
classical MMD tests in certain domains, notably outlier
detection. Finally, we demonstrate a limitation of two-
sample tests in assessing unlearning algorithms, and
show that this can be overcome with a three-sample
test. Theoretically grounding these observations and
characterizing optimal estimators for other divergences
are interesting directions for future work.
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We give an overview of the supplementary material. In Appendix A, we provide additional background information
on common f -divergences, on MMD, on permutation tests, on adaptive testing, on KALE, and on DrMMD. In
Appendix B, we run additional experiments. In Appendix C, we provide additional detials on the experimental
settings. In Appendix D, we derive a direct optimization procedure for the computation of the Hockey-Stick
witness function. In Appendix E, we formally prove all the statements presented in Sections 3 and 4. In
Appendix F, we prove that the DrMMD permutation tests satisfies the same theoretical power guarantees as our
proposed tests.

A Background

In this section, we provide background information on common f -divergences (Appendix A.1), on kernel
mean embeddings and covariance operators (Appendix A.2), on MMD (Appendix A.3), on permutation tests
(Appendix A.4), on adaptive testing (Appendix A.5), on implementation details (Appendix A.6), and on KALE
and DrMMD (Appendix A.7).

A.1 Table of f-Divergences

We provide a table of commonly-used f -divergences in Table 4 with the associated function f , the convex conjugate
f∗, and the witness function g⋆.

Table 4: f -divergences: generator f(t), convex conjugate f∗(u), and derivative f ′(r). Recall that the optimal
witness g⋆(x) = f ′(r) with r = dP

dQ (x). We use the Lambert W function.

f-Divergence f(t) f∗(u) f ′(r)

KL (Kullback–Leibler) t log t eu−1 1 + log r

Reverse KL − log t −1− log(−u), u < 0 − 1
r

Jeffreys (symmetrized KL) (t− 1) log t W (eu−1) + 1
W (eu−1)

+ u− 2 1 + log r − 1
r

Jensen–Shannon t log t− (t+ 1) log t+1
2

− log(2− eu), u < ln(2) log 2r
r+1

Total Variation 1
2
|t− 1| u, |u| < 1/2 sign(r − 1)/2

Pearson χ2 (t− 1)2 u+ u2/4 2(r − 1)

Neyman χ2 (1−t)2

t
2
(
1−

√
1− u

)
, u < 1 1− 1

r2

Vincze–LeCam (t−1)2

t+1
4− u− 4

√
1− u, |u| < 1 1− 4

(r+1)2

Squared Hellinger (
√
t− 1)2 u

1−u
, u < 1 1− 1√

r

Hellinger Discrimination 1−
√
t −1− 1

4u
, u < 0 − 1

2
√
r

α-Divergence (α) 4
1−α2

(
1− t(1+α)/2

)
2

1+α

(
α−1
2

u
)(1+α)/(α−1) − 4

1−α2 − 2
1−α

r(α−1)/2

Cressie–Read (λ) tλ−λ(t−1)−1
λ(λ−1)

(
(u(λ− 1) + 1)λ/(λ−1) − 1

)
/λ rλ−1−1

λ−1

Hockey-Stick (γ) max{t− γ, 0} γu, 0 < u < 1 1(r ≥ γ)

A.2 Kernel Mean Embedding and Covariance Operator

Recall that in an RKHS H with kernel k, the kernel reproducing property states that ⟨f, k(x, ·)⟩ = f(x) for all x.
Given a distribution P , the kernel mean embedding is an element µP ∈ H such that ⟨f, µP ⟩ = EX∼P [f(X)] for
all f ∈ H. It can be expressed as µP = EP [k(X, ·)] so that

⟨f,EP [k(X, ·)]⟩ = ⟨f, µP ⟩ = EX∼P [f(X)] = EX∼P [⟨f, k(X, ·)⟩]

for all f ∈ H. The (uncentered) covariance operator ΣP : H → H is defined as the operator satisfying
⟨f,ΣP g⟩ = EX∼P [f(X)g(X)] for all f, g ∈ H. It can be expressed as ΣP = EP [k(X, ·)⊗ k(X, ·)], where ⊗ is the
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tensor product operator, so that

⟨f,EP [k(X, ·)⊗ k(X, ·)]g⟩ = ⟨f,ΣP g⟩
= EX∼P [f(X)g(X)]

= EX∼P [⟨f, k(X, ·)⟩⟨k(X, ·), g⟩]
= EX∼P [⟨f ⊗ g, k(X, ·)⊗ k(X, ·)⟩HS]

= EX∼P [⟨f,
(
k(X, ·)⊗ k(X, ·)

)
g⟩]

where ⟨·, ·⟩HS is the Hilbert-Schmidt inner product.

A.3 Maximum Mean Discrepancy

A popular approach for two-sample tests involves leveraging kernel-based metrics to compare distributions. One
such metric is the Maximum Mean Discrepancy (MMD), introduced in Gretton et al. (2012) to perform a kernel
based two-sample test. MMD measures the distance between the mean embeddings of two distributions in the
feature space induced by a kernel.

Definition A.1. Let Hk be a reproducing kernel Hilbert space (RKHS) with corresponding kernel k(·, ·). This is,
f(x) = ⟨f, k(x, ·)⟩Hk

Then, the MMD between two distributions P and Q is given by

MMDk(P,Q) := sup
f∈Hk:∥f∥Hk

≤1

EX∼P [f(X)]− EY∼Q [f(Y )] (11)

Given a sample Z = (X1, ..., Xn, Y1, ...Ym), the minimum variance unbiased estimate for the MMD2
k is given by

M̂MD
2

k =
1

n(n− 1)

n∑
i=1

n∑
i′=1,i′ ̸=i

k(Xi, Xi′) +
1

m(m− 1)

m∑
j=1

m∑
j′=1,j′ ̸=j

k(Yj , Yj′)−
2

mn

n∑
i=1

m∑
j=1

k(Xi, Yj). (12)

A.4 Permutation Tests

We restrict ourselves to the two-sample testing framework where both distributions P and Q are unknown and
only sample-access is available (X1, ..., Xn

i.i.d.∼ P , Y1, ..., Ym
i.i.d.∼ Q). Recall that we define Z = (X,Y). As

explained in Lehmann and Romano (2005, Chapter 15.2), the problem of two-sample testing H0 : X
d
= Y is

equivalent to the problem of testing for exchangeability H0 : Z
d
= σZ for permuted samples σZ = (Zσ(1), ..., Zσ(N))

with permutation σ ∈ GN , where GN be the symmetric group of N := m+ n elements

GN = {σ : [N ]→ [N ] : σ is a permutation of [N ]}.

Let τ : Yn+m → R be the statistic of interest. Theorem A.2 uses the fact that under the null hypothesis (P = Q),
the data vector Z and any permuted version σZ are equal in distribution (since all samples are i.i.d.). This
theorem provides a method to compute a threshold for the test statistic using the (1− α)-quantile of statistics
computed on the permuted samples (see theorem statement for details).

Theorem A.2 (Theorem 2, Hemerik and Goeman (2018)). Let G = (id,G2, ..., Gw) be the vector where id ∈ GN
is the identity and G2, ..., Gw are elements from GN drawn either uniformly at random without replacement from
GN \ {id} (with w ≤ |GN |), or drawn with replacement from G. Let τ (1), ..., τ (w) be the ordered statistics of the
values τ(gZ) for g ∈ G, and let

q1−α := τ (⌈(1−α)w⌉)

be the (1− α)-quantile of these values. For the null hypothesis H0 : Z =d gZ for all g ∈ G, it holds that

PH0,G

(
τ(Z) > q1−α

)
≤ α.

Theorem A.2 provides a near exact test that controls type-I error at level α. In this paper we focus on carefully
designing statistics τ that can trade-off accuracy of estimating the likelihood ratio and the efficiency in terms of
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number of samples. We review a specific type of aggregation for multiple testing that will allow us to circumvent
hyper parameter tuning, specifically bandwidth and regularization values.

While we focus on the permutation method in this paper, we emphasize that an alternative line of work relying
on the wild bootstrap exists (Fromont et al., 2012, 2013; Chwialkowski et al., 2014; Schrab et al., 2023; Pogodin
et al., 2024).

A.5 Adaptive Testing Methods

It is often the case that several test statistics τ1, ..., τk are computed on a fixed sample Z, for example, using
different kernels and kernel bandwidths. These are then combined to potentially achieve more powerful tests. In
this paper, we leverage the fuse method introduced in Biggs et al. (2023) and the aggregation method of Schrab
et al. (2023). While AutoML techniques (Kübler et al., 2022) have also been studied for this purpose, we focus
mostly on the fuse method due to its superior performance (see Figure 1).

Fuse. This method was introduced and studied by Biggs et al. (2023) for two-sample hypothesis tests with the
MMD. Given a sample Z, this method, for each permutation g, takes a softmax over the values of the individual
statistics τ1(σZ), ..., τk(σZ).

Definition A.3. Let κ > 0, and K = {τ : Yn+m → R} be a family of test statistics. Let π be a distribution
over K that is either fixed independently of the data or is a function of the data that remains invariant under
permutations of the combined sample Z. This invariance property ensures that the fusing process respects the
exchangeability of samples under the null hypothesis. We define the unnormalized and normalized fused statistics
as

FUSE(Z) :=
1

κ
log (Eτ∼π [exp (κτ(Z))]) ,

where the statistics can potentially be normalized to account for differences in the scale or variance of different
test statistics.

Following previous work, we let π be the uniform distribution over K, giving equal weight to each considered test
statistic. In practice, we follow the choice of κ =

√
n(n− 1) as used in the original paper (Biggs et al., 2023).

We introduce in Algorithm 1 the permutation f -divergence test fusing over hyperparameters such as the kernel
bandwidths and the regularization values.

Algorithm 1 introduces a test that combines the fuse and permutations approaches described above and the
statistics defined in this section to compute a p-value for two-sample tests. The test receives two samples X
and Y, a statistic function derived from an f -divergence τ(·, ·), that takes the concatenation of (potentially
permuted) samples Z and a hyperparameter configuration c ∈ C, where C is a set of hyperparameter configurations,
a significance value α, and a number of permutations B. The test first calculates the true statistic for all
hyperparameter configurations (Line 2), and fuses them into one statistic T fuse (Line 1). Similarly, computes
the statistic on all permutations and all configurations, and fusing the statistics over configurations for all
permutations (Line 7) and for each permutation fuses the statistics across different configurations (Line 10).
Finally, it uses Theorem A.2 in Line 12 to calculate the p-value and return a binary decision if the p-value is
smaller than the significance value α. Note that, if C contains a single configuration, then Algorithm 1 reduces to
a standard permutation test based on the statistic τ .

MMDAgg. Aggregating test statistics with different magnitude scales can be challenging, as methods that
combine statistics directly (e.g., the soft-maximum in MMD-Fuse) can be dominated by the statistics with the
largest scales. We instead the aggregation procedure introduced by Schrab et al. (2023, Algorithm 1), that
circumvents normalization by relying on multiple testing.

We emphasize that aggregated tests have been considered in various other contexts, including independence
testing (Albert et al., 2022), goodness-of-fit testing (Schrab et al., 2022a), efficient testing (Schrab et al., 2022b),
robust testing (Schrab and Kim, 2025), imprecise credal testing (Chau et al., 2025), and learning kernels (Zhou
et al., 2025). See Schrab (2025a,b,c) for an overview on these.
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Algorithm 1: Single f -divergence two-sample test

Input: Samples X = (x1, . . . , xn)
iid∼ P , Y = (y1, . . . , ym)

iid∼ Q, significance level α ∈ (0, 1), list of
hyperparameter configurations C, number of permutations B, f -divergence estimator τ : Ym+n × C
that receives a sample as the first argument and a hyperparameter configuration as the second
argument, Fuse function.

Output: Boolean decision: 1 (rejecting H0), 0 otherwise.

1 Z← (X,Y) // Combine samples.
2 T← {τ(Z, c) | c ∈ C} // Compute true statistics.
3 T fuse ← Fuse(T) // Compute the fused observed statistic.
4 G ← {σ1, . . . , σB} // Generate permutations on n+m.
5 for σ ∈ G do
6 for c ∈ C do
7 Tσ,c ← τ(σZ, c) // Compute statistic on all configurations.
8 end
9 Tσ ← {Tσ,c | c ∈ C} // Collect statistics for permutation σ.

10 T fuse
σ ← Fuse(Tσ) // Compute fused statistic for permutation σ.

11 end
12 pval ←

(
1 +

∣∣{σi ∈ G : T fuse
σ ≥ T fuse}

∣∣)/(B + 1) // Compute p-value.
13 return 1(pval ≤ α)

The procedure considers a finite set of hyperparameter configurations, C = {c1, . . . , c|C|}, and uses permutations.
f -Agg leverages this method to aggregate over different f -divergence statistics. Essentially, a multiple test is run
with the level of each single f -divergence having a correction applied to it. This correction is estimated using the
data and extra permutations in order for the test to be as powerful as possible. The method is summarized in
Algorithm 2.

To compute the threshold in Line 15 of Algorithm 2, some additional permuted statistics are computed exactly as
in Line 4 to Line 13 with a new set of permutations G2 = {σB+1, . . . , σ2B}. Then, these are used to estimate
the probability under the null by a Monte-Carlo approximation. Finally, a bisection method is performed to
determine the largest threshold for which the estimated type I error remains controlled at level α. See Schrab
et al. (2023, Algorithm 1) for details.

A.6 Fuse implementation details

We now describe some specific implementation details of Algorithm 1 that we use throughout the experimental
section.

1. We use only perform tests with the gaussian kernel, k(x, y) = exp(∥x − y∥2/γ2) where γ is the kernel
bandwidth. We calculate five different bandwiths using five bandwidths chosen as the uniform discretizations
of the interval between half the 5% and twice the 95% quantiles of {∥z − z′∥2 : z, z′ ∈ Z}, as in the original
MMD-Fuse paper (Biggs et al., 2023).

2. We fuse over the regularization parameter λ, for λ ∈ {0.0001, 0.001, 0.01, 0.1, 1.0, 10.0}.

3. f -divergences can be asymmetric, i.e. Df (P ||Q) ≤ Df (Q||P ). Hence, for samples X,Y and configuration of
hyperparameters c ∈ C, we use the statistic τfinal((X,Y), c) = max{τ((X,Y), c), τ((Y,X), c)}, where τ is an
f -divergence estimator as described in Section 2.

Complexity. Computing the likelihood ration r(x) using expression Equation (4) has a time complexity of
O(m3+mn+n2), coming from matrix inversion and matrix multiplication. For a given f -divergence, we compute
this ratio for all hyperparameter configurations c ∈ Cf and all permutations σ ∈ G, so the time complexity of a
test is given by O

(
|G||Cf |(m3 +mn+ n2)

)
.
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Algorithm 2: f -Agg: Aggregated f -divergence two-sample test

Input: Samples X = (x1, . . . , xn)
iid∼ P , Y = (y1, . . . , ym)

iid∼ Q, significance level α ∈ (0, 1), number of
permutations B, list F of functions f with associated f -divergence estimators τf : Ym+n × Cf that
receives a sample as the first argument and a hyperparameter configuration as the second argument,
lists Cf of hyperparameter configurations for each f ∈ F , Fuse function.

Output: Boolean decision: 1 (rejecting H0), 0 otherwise.
1 Z← (X,Y) // Combine samples.
2 σ0 ← Id // Set σ0 to be the idendity permutation.
3 G ← {σ0, σ1, . . . , σB} // Generate permutations on n+m.
4 for f ∈ F do
5 for σ ∈ G do
6 for c ∈ Cf do
7 Tf,σ,c ← τf (σZ, c) // Compute statistic on all configurations.
8 end
9 Tf,σ ← {Tf,σ,c | c ∈ Cf} // Collect statistics for permutation σ.

10 T fuse
f,σ ← Fuse(Tf,σ) // Compute fused statistic for permutation σ.

11 end
12 T fuse

f ← T fuse
f,σ0

// Collect observed fused statistics.
13 end
14 Test(u)← 1(T fuse

f > Quantile1−u{Tf,σ | σ ∈ G} for some f ∈ F) // Define aggregated test.
15 uα ← sup{u ∈ [0, 1] : PH0(Test(u) = 1) ≤ α} // Compute via bisection with extra permutations.
16 return Test(uα)

A.7 Formulation of KALE and DrMMD

The KALE statistic introduced first by Nguyen et al. (2010) and later studied by Arbel et al. (2020) for generative
modelling. Arbel et al. (2020). The KALE divergence corresponds to the following kernel regularized KL
divergence

KALE(P,Q) := (1 + τ) sup
h∈H

{
1 +

∫
hdP −

∫
exp(h)dQ− τ

2
∥h∥2H

}
.

= min
f>0

∫
(f(log f − 1) + 1)dQ+

1

2τ

∥∥∥∫ f(x)k(x, ·)dQ
∥∥∥2
H
.

where the expression for the dual form in the second equation is from Glaser et al. (2021, Equation 6).

DrMMD, which is a regularized χ2 f -divergence (or de-regularized MMD), was first proposed by Harchaoui et al.
(2007) in a paper proposing an asymptotic test. It can be expressed either in its regularized variational form, or
by its closed form expression

DrMMD(P,Q) := (1 + τ)∥(ΣQ + τI)−
1/2(µP − µQ)∥2H

= (1 + τ) sup
h∈H

{∫
hdP −

∫ (
h2

4
+ h

)
dQ− τ

4
∥h∥2H

}
.

See Section 5 for details on general regularized f -divergences.

While DrMMD and KALE have also been studied in the context of gradient flows and particle descent by Chen
et al. (2024a) and Glaser et al. (2021), these papers focus on the DrMMD/KALE divergences themselves as
measures for optimization and modeling.

In our work, we shift the focus of these divergences to hypothesis testing. Specifically, we use these divergences
to construct permutation-based DrMMD/KALE non-asymptotic tests, with adaptation over the kernel and
regularization parameter (see Appendix A.4). These adaptive, non-asymptotic tests have not previously been
considered in the literature, and we compare them against our proposed non-regularized f -divergence tests in our
experiments.
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For a fixed kernel and fixed regularization parameter, the DrMMD and KALE discrepancies are computed exactly
as in their original papers. Our methodological novelty is first in developing non-asymptotic, permutation tests
based on these discrepancies, contrasting with the original asymptotic test proposed for DrMMD, and second,
leveraging theoretical insights and techniques from our proposed method to construct adaptive DrMMD/KALE
statistics that are robust to the choice of kernel and regularization.

B Experimental Design Considerations

We begin by presenting experiments that evaluate the performance of various f -divergences and regularized
f -divergences, illustrating the flexibility of the proposed framework. Next, we present an experiment to build
intuition about the regularization parameter λ for f -divergence testing with estimator in Equation (3). We also
show the advantage of leveraging the variational formulation in Equation (3), even when an estimator for the
likelihood ratio dP

dQ (x) is readily available.

B.1 Testing with Various f-Divergences

To showcase the flexibility of the proposed method to accommodate regularised and non-regularised f -divergences
we ran the Expo-1D tests (Section 6.2) and perturbed uniform tests (Section 6.1) using different regularized and
non-regularized f -divergence based statistics.

In Figure 4 we observe that MMD still outperforms all divergences in this setting in dimensions d = 1, 2. The
performance decreases for all methods in two dimensions. However, the rejection rate of all but the reversed KL
converges to 1 as the perturbation amplitude increases in dimension d = 1.

In Figure 5 we see that the KL-based test leveraging the likelihood ratio estimator in Equation (4) has similar
performance to the DrMMD based test, and these two outperform all other f -divergence based tests.
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Figure 4: Performance on perturbed d-dimensional uniform alternatives with varying perturbation amplitudes for
a diverse set of f -divergences. MMD outperforms all divergences in this setting. The performance decreases for
all methods in two dimensions.

B.2 Effect of regularization parameter λ and the importance of adaptation

By design, larger values of regularization make the estimation of the (regularized) likelihood more tractable but
introduce bias. However, in our tests we do not need to compromise accuracy nor smoothness since we adapt over
the parameter λ as detailed in Appendix A.5. Therefore, all the experiments in the manuscript are currently run
with adaptation over λ, explaining the high power of our proposed method.

To showcase the importance of varying and adapting over the regularisation parameter, we ran the proposed test
for the Expo-1D experiment to compare rejection rates across diferent λ values for the KL and χ2 divergence
based tests. In this experiment, we still adapt over five kernel bandwidths but do not adapt over the regularization
parameter λ.

We show the results in Figure 6. This experiment highlights that optimal detection rates depend on matching
the regularization value to the specific alternative. Note that ’easier’ cases (k = 100, right panel) require lower
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Figure 5: DrMMD (Regularized χ2) and KL are the top-performing divergences overall in this setting. MMD
improves in smooth settings (large k). For smaller k, the regularized estimators, KALE (regularized log-ratio)
and DrMMD (regularized ratio) have superior performance.
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Figure 6: Rejection rate of Algorithm 2 for different alternatives, adapting only over the kernel bandwidth. Each
line corresponds to a specific f -divergence on a given Expo-1D alternative, with hyperparameters (µ, σ, k) in
the legend. For details see Section 6.2. Alternatives closer to the null (left) achieve higher power with stronger
regularisation (λ = 1.0), while larger departures from the null (right) require lower regularisation.

regularization (λ ≈ 0.001), while harder alternatives (k = 10, left panel) achieve higher power with stronger
regularization (λ = 1.0). These results justify our method’s need for adaptivity.

B.3 Comparison of Direct f-divergence estimator vs. Variational Estimators

In Section 2 we introduce an estimator based the variational formulation of f -divergences for its flexibility in
handling regularized f -divergences. However, a direct plug-in approach in Equation (1) is a natural baseline for
standard f -divergences.

To address this, we ran new experiments to compare the test power of the direct estimator against our variational
approach. For clarity, let us introduce:

Direct: D̂d(P ||Q) = EQ[f(dP/dQ)]

Variational: D̂v(P ||Q) = EP [f
′(dP/dQ)]− EQ[f

∗(f ′(dP/dQ)]

Setting. For testing, we used the Expo-1D dataset as in Section 6.2, varying the parameter k to control the
departure from the null hypothesis (k = 0 is the null; k = 100 is the maximum departure). We compute the
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Figure 7: Rejection rate for direct f -divergence estimator vs. variational f -divergence estimator based two sample
tests on the Expo-1D dataset.

test statistic based on max(D̂(P ||Q), D̂(Q||P )) using either the direct or variational estimators. We run the
experiments with n = 1000 samples from P and Q.

We observe in Figure 7 that the variational approach achieves much higher power than the direct approach, which
justifies the use of the proposed variational method.

C Experimental Details

This section provides additional details on the experimental settings of Section 6: the Expo-1D experiment
(Appendix C.1), differential privacy experiments (Appendix C.2), and machine unlearning (Appendix C.3).

C.1 Expo-1D

KALE performance in Figure 3. In Section 6 we noted that KALE outperforms MMD-based methods for
small values of k but after k = 40 its performance grows more slowly than DrMMD and MMD. Figure 8 below
shows how the log-ratio of the specific tested densities grows more slowly than the ratio, potentially making it
harder for methods that rely on the ratio to continue improving without more samples.
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Figure 8: Ratio (left) and Log-Ratio (right) of densities involved in the Expo-1D test.

Comparison to Grosso and Letizia (2025). In Table 5, we compare the proposed f -divergence tests
against the results from Grosso and Letizia (2025) using their experimental configuration at a significance level of
α = 0.023.
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The methodology in the prior work involved computing the KALE statistic over 4000 trials, using 200’000 samples
from the null distribution; the number of samples from the alternative distribution was not specified. For our
f -divergence tests, we use 5000 samples from each distribution and report the average statistical power and
confidence intervals over 100 trials. We compare our results against the best-performing aggregation method
reported by Grosso and Letizia (2025).

The comparison shows that an f -divergence statistic paired with the fuse aggregation method (smax-t in their
work) achieves greater statistical power in nearly all settings, using significantly fewer samples.

These results also align with the behavior illustrated in Figure 8, where KALE performs best for small density
ratios where the log-ratio is large, while MMD becomes more powerful as the ratio increases (e.g., for multiplier
k = 90).

Table 5: Performance of different methods on the Expo-1D dataset on the same parameter configuration
as previous work. Each column presents a parameter configuration (µ, σ, k) that configures the alternative
na = n0(x) + k 1

σ
√
2π

exp
(
−x−µ2

2σ2

)
. We confirm the intuition in Figure 8 that KALE performs better when the

density ratio is small, but once the multiplier is large (k = 90) MMD is a better statistic.
(µ, σ, k) (1.6, 0.16, 90.0) (4.0, 0.01, 7.0) (4.0, 0.16, 18.0) (4.0, 0.64, 13.0) (6.4, 0.16, 10.0)

HS 0.250 [0.169, 0.347] 0.020 [0.002, 0.070] 0.030 [0.006, 0.085] 0.030 [0.006, 0.085] 0.030 [0.006, 0.085]
HS-sig 0.390 [0.294, 0.493] 0.020 [0.002, 0.070] 0.030 [0.006, 0.085] 0.010 [0.000, 0.054] 0.040 [0.011, 0.099]
DrMMD 0.110 [0.056, 0.188] 0.220 [0.143, 0.314] 0.190 [0.118, 0.281] 0.040 [0.011, 0.099] 0.320 [0.230, 0.421]
KALE 0.320 [0.230, 0.421] 0.330 [0.239, 0.431] 0.420 [0.322, 0.523] 0.470 [0.369, 0.572] 0.540 [0.437, 0.640]
MMD 0.620 [0.517, 0.715] 0.030 [0.006, 0.085] 0.030 [0.006, 0.085] 0.030 [0.006, 0.085] 0.040 [0.011, 0.099]

Grosso and Letizia (2025) 0.008 ±0.001 0.103 ±0.007 0.012 ±0.002 0.32 ±0.01 0.66 ± 0.01

C.2 Differential Privacy

Audited mechanisms. We consider the 4 non-private variants of the sparse vector technique (SVT) introduced
by Lyu et al. (2017) as algorithms 3–6. This mechanism for releasing a stream of queries compares each query
value against a threshold. Each algorithm returns certain outputs for a maximum number of queries c. SVT4
satisfies ( 1+6c

4 )-DP, and SVT3, SVT5, and SVT6 do not satisfy ε-DP for any finite ε.

The mechanisms mean1 and mean2 were introduced in Kong et al. (2024) and are non-private mechanisms that
take the average of n numbers (for any finite ε) and add Laplace noise. Mean1 violates the guarantee by accessing
the private number of points n, and mean2 one privatizes the number of points to estimate the scale of the noise
added to the mean statistic but the mean itself is computed using the non-private number of points.

For each mechanism we fixed the neighboring test datasets specified in Table 6.

Table 6: Adjacent Datasets D and D′ used to test differential privacy guarantees.
Mechanism D D′

Mean mechanisms {1} {1, 0}
SVT mechanisms {0, 1} {0, 1, 0}

C.3 Machine Unlearning

Model training and data. For this experiment we used the CIFAR10 dataset (Krizhevsky et al., 2009). We
train a simple convolutional neural network with two convolutional layers, with 16, and 32 features respectively.
This is followed by two dense layers that output logits for 10 categories. The model is trained to minimize the
cross entropy loss. We train for 10 epochs with a batch size of size 128 on 90% of the data, and leave 10% for
validation. We target the last two dense layers for modification when applying unlearning techniques. The forget
set is constructed by sampling 10 different images at random after shuffling the dataset.

Unlearning methods in Section 6. There is a variety of unlearning methods with varying characteristics
and different applications. They use different techniques that include gradient ascent in the forget set, finetuning
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in the retain set, pruning, saliency or data correlation metrics. We consider the following algorithms which we
believe capture a large portion of these techniques. By no means we optimize the hyperparameter or replicate
exactly their algorithms.

1. Selective Synaptic Dampening (SSD) by Foster et al. (2024): The core idea of SSD is to "dampen" the
parameters that are most important for the forgotten data, pulling them back toward their original state
before training. It avoids damaging the model’s overall performance by protecting parameters that are also
important for the retain data. It achieves this by:

• Calculating parameter importance for both the forget and retain sets (approximated by the squared
gradient of the loss)

• Creating a "dampening factor" for each parameter that is high if it’s important for the forget set but
not the retain set.

• Minimizing a loss function that penalizes changes from the original model’s weights, weighted by these
dampening factors.

2. Pruning: Pruning methods address unlearning by pruning the most influential neurons for the forget set,
measured by mean activation magnitude when evaluated on the forget set.

3. Random Label: These methods erase influence of the forget set by training on randomly labeled forget data,
and then finetuning on retain data.

4. Finetuning: these models perform finetuning on the retain set.

5. Retraining for a different number of iterations.

6. Retrain from scratch: Retrains the model on retain data with the exact same train configuration as the
original model.

7. Retrain less: Retrains the model from scratch on retain data for only 5 epochs, other parameters are fixed.

8. Retrain batch: Retrains the model from scratch on retain data with a batch size of 256 (instead of 128).

To test the unlearning capability of the above methods we first generate 5000 models from each distribution that
we split in 10 groups of 500 samples each, for 10 repetitions of each test.

Three sample unlearning-evaluation test. We use the following relative similarity test introduced in
Bounliphone et al. (2016) in the context of model selection of generative models.

Let P , Q, and R be three distributions over the same domain. Given samples X = (x1, . . . , xm)
iid∼ P , Y =

(y1, . . . , yn)
iid∼ Q, and W = (w1, . . . , wr)

iid∼ R such that P ̸= Q, P ̸= R, we consider the hypothesis test with
null hypothesis H0 : MMD(P,Q) ≤ MMDk(P,R) against the alternative H1 := MMDk(P,Q) > MMDk(P,R) at
significance level α, where MMDk is the population MMD for the RKHS with corresponding kernel k.

Theorem 2 in Bounliphone et al. (2016) establishes that if E[k(xi, xj)] < ∞ and E[k(yi, yj)] < ∞ and
E[k(xi, yj)] < ∞, then the joint distribution of the unbiased empirical estimators of MMDk(P,Q) and
MMDk(P,Q), (M̂MDk(P,Q) and M̂MDk(P,Q) respectively) satisfy:

√
m

((
M̂MD

2

k(X,Y)

M̂MD
2

k(X,W)

)
−
(
MMD2

k(P,Q)
MMD2

k(P,R)

))
d−→ N

((
0
0

)
,

(
σ2
PQ σPQ,PR

σPQ,PR σ2
PR

))
(13)

The variance terms σ2
PQ, σ2

PR, σ2
PQ,PR can be estimated using samples through Equations (2) and (7) in the

original paper by Bounliphone et al. (2016). Consequently, the p-value p for the test H0 against H1 can be
calculated using the following one-sided inequality:

p ≤ Φ

−M̂MD
2
(X,Y)− M̂MD

2
(X,W)√

σ2
PQ + σ2

PR − 2σPQ,PR

 , (14)
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where Φ is the cumulative distribution function of the standard normal distribution. The test is performed by
comparing p to the significance level α.

D Direct Optimization of the Regularized Hockey-Stick Witness Function

In this section, we derive a direct optimization of the witness function of the regularized Hockey-Stick divergence.

Optimization via semidefinite programming Estimating Equation (8) is hard in practice, when only finite
samples X1, ..., Xn ∼ P and Y1, ..., Yn ∼ Q from the distributions P and Q are available

The primary challenge lies in the constraints 0 ≤ g(x) ≤ 1, which must hold for all x. since enforcing these
constraints over an infinite set of points is intractable. Simply enforcing it on the sample points {Xi}i and {Yi}i
provides no guarantee that the constraint holds elsewhere.

Several alternatives present their own challenges:

• Reducing the class of functions g to generalized linear models (GLMs) (e.g. restricting g to the form
g(x) = ⟨ϕ(x), g⟩), introduces a non-convex loss function to map a solution g’s outputs to the bounded range
[0, 1], and making it hard to assert convergence guarantees about the solution.

• Replacing the original range constraint with a finite number of constraints over finite samples leads to either
unfeasible solutions that violate the range constraint outside of the samples, or computationally impractical
optimization problems for large sample sizes.

Instead, inspired by work on non-negative optimization (Marteau-Ferey et al., 2020) we first formulate an opti-
mization problem with non-negativity constraints, we reparameterize the witness function as g(x) = ϕ(x)TAϕ(x),
where A is a hermitian positive semidefinite linear operator (A ≽ 0), ϕ(x) is the empirical feature map associated

with the kernel k(·, ·), data zi =

{
xi if i =, 1, ..., n

yi−n otherwise.
. Recall that the empirical feature map for x ∈ X is given

by ϕ(x) = V⊤v(x), v(x) = (k(x, zi))
n
i=1, and V is the Cholesky decomposition of K , i.e., K = V⊤V.. This

formulation inherently ensures g(x) ≥ 0 for all x and enables efficient optimization.
Theorem D.1. The semidefinite program defined by

Primal 1: min
A≽0

eε

n

n∑
i=1

ϕ(yi)
TAϕ(yi)−

1

n

n∑
i=1

ϕ(xi)
TAϕ(xi) + τ∥A∥F

has a unique solution A∗ that can be written as

A∗ =

2n∑
i=1

Bijϕ(zi)ϕ(zj)
T , for some matrix B ∈ R2n×2n

where ϕ(x) = V⊤v(x), V is the Cholesky decomposition of K , i.e., K = V⊤V, and v(x) = (k(x, zi))
n
i=1 is the

empirical feature map and

zi =

{
xi if i =, 1, ..., n

yi−n otherwise.

Further, this problem can be efficiently solved because as we show below, the dual has only 2n variables, instead
of 4n2, and for this specific case can be optimized using accelerated proximal splitting methods as FISTA.
Lemma D.2. (a) Let K ∈ Rn×n be the kernel matrix, i.e., Ki,j = k(zi, zj), where zi is defined in Theorem D.1.

Let V be the Cholesky decomposition of K , i.e., K = V⊤V.

Then, the dual of Primal 1 is given by

inf
αx,αy∈Rn

M(∥αx + 1/n∥1 + ∥αy −
eε

n
1∥1) +

1

2τ
∥[VDiag(α)V⊤]−∥2F . (15)
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(b) If α∗ is a solution of Equation (15), then

B = τ−1V−1[VDiag(α∗)V⊤]−V
−⊤ (16)

is a solution for the problem Primal 1.

Proof. Define the loss function L on 2n variables

L(x1, ..., xn, y1, ..., yn) =
eε

n

n∑
i=1

g(yi)−
1

n

n∑
i=1

g(xi).

It follows from Theorem 2 in Marteau-Ferey et al. (2020) that the dual problem of Primal 1 with objective

min
A≽0

L(x1, ...xn, y1, ..., yn) + τ∥A∥F ,

is defined by

sup
α∈Rn

−L∗(α)− 1

2τ
∥[VDiag(α)V⊤]−∥2F .

replacing L∗ by the conjugate in Lemma D.3 yields the desired result.

Lemma D.3. Let L : [−M,M ]2n → R be a loss function defined as

L(x1, ..., xn, y1, ..., yn) =
eε

n

n∑
i=1

g(yi)−
1

n

n∑
i=1

g(xi). (17)

Then its convex conjugate L∗ : R2n(α)→ R is defined as

L∗(αx, αy) = M(∥αx + 1/n∥1 + ∥αy −
eε

n
1∥1) (18)

Proof. The convex conjugate L∗(α) for function L(x) is defined as:

L∗(α) = sup
x∈[−M,M ]2n

(⟨α, x⟩ − L(x))

Substituting L(x) into the definition and grouping terms by each xi:

L∗(α) = sup
x∈[−M,M ]2n

(
2n∑
i=1

αixi −

(
eε

n

n∑
i=1

xi −
1

n

2n∑
i=n+1

xi

))

= sup
x∈[−M,M ]2n

(
n∑

i=1

αixi −
eε

n

n∑
i=1

xi +

2n∑
i=n+1

αixi +
1

n

2n∑
i=n+1

xi

)

= sup
x∈[−M,M ]2n

(
n∑

i=1

(
αi −

eε

n

)
xi +

2n∑
i=n+1

(
αi +

1

n

)
xi

)

Since the objective is a sum of separable terms, the supremum of the sum is the sum of the suprema:

L∗(α) =

n∑
i=1

sup
xi∈[−M,M ]

(
αi −

eε

n

)
xi +

2n∑
i=n+1

sup
xi∈[−M,M ]

(
αi +

1

n

)
xi

For any constant c, the solution to supz∈[−M,M ](c · z) is M · |c|. Applying this, the supremum for the first term is
M
∣∣αi − eε

n

∣∣ and for the second is M
∣∣αi +

1
n

∣∣.
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Substituting these back and simplifying gives the final result in both summation and vector notation:

L∗(α) =

n∑
i=1

M

∣∣∣∣αi −
eε

n

∣∣∣∣+ 2n∑
i=n+1

M

∣∣∣∣αi +
1

n

∣∣∣∣
= M

(
n∑

i=1

∣∣∣∣αi −
eε

n

∣∣∣∣+ 2n∑
i=n+1

∣∣∣∣αi +
1

n

∣∣∣∣
)

= M

(∥∥∥∥αy −
eε

n
1

∥∥∥∥
1

+

∥∥∥∥αx +
1

n
1

∥∥∥∥
1

)
.

Limitations of the Direct Optimization Approach. In practice, we do not use the direct optimization
approach described above. The RKHS function class it employs (see Equation (10)) is not suited for representing
the potentially discontinuous Hockey-Stick witness function from Equation (8).

Figure 9 empirically illustrates this limitation using two Gaussian distributions, P = N (0, 1) and Q = N (3, 1).
The figure shows that the direct method fails to capture the sharp, non-linear structure of the true witness
function, yielding an overly smooth approximation. In contrast, the threshold-based method from Section 4
provides a much better fit. We present this direct method nonetheless, as it could be promising for future work
exploring more suitable function classes.
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Figure 9: Hockey-Stick witness function plots for two Gaussian distributions, P = N (0, 1) and Q = N (3, 1). The
true witness g⋆(x) = 1( dPdQ (x) ≥ γ) is plotted in green (HS true witness). The witness estimated via our proposed
methods, i.e., 1(r̂λ(x) ≥ γ) as in Equation (9) is plotted in pink using the estimator of Equation (4). The witness
obtained via the direct optimization framework of Appendix D (Equation (15)) is plotted in purple. HS witness
estimation solving Equation (15) fails to capture the sharp discontinuity due to the smoothing effect of the RKHS
function class.
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E Proofs

In this section, we provide the proofs of all results presented in Sections 3 and 4:

• Appendix E.1: proof of Lemma 2.1,

• Appendix E.2: proof of Lemma 2.2,

• Appendix E.3: proof of Theorem 3.1,

• Appendix E.4: proof of Theorem 3.2.

We start by recalling some notation. We write a ≲ b if there exists some constant C > 0 (in our setting
independent of the sample sizes) such that a ≤ Cb. We note that for any constant a ≥ 1 and η ∈ (0, e−1), we have

ln(a/η) = ln(a) + ln(1/η) ≤ (ln(a) + 1) ln(1/η) ≲ ln(1/η).

As such, events holding with probability 1− η/a for any a ≥ 1 result in the same rate ln(1/η). Rigorously, if we
have K events each holding with probability 1− η/K, then they all hold simultaneously with probability 1− η
and the rate for each is ln(K/η) ≲ ln(1/η). Knowing this, for simplicity, we simply write that each event holds
with probability 1− η instead of 1− η/K for a specified number of events K. This allows to be flexible in the
number of events that are considered (which changes often), and it results in the same final rate in any case.

We emphasize the relevance of the work of Xu et al. (2022), who establish convergence results for density ratio
estimation relying on the kernel-based unconstrained least-squares importance fitting method of Kanamori et al.
(2012). While their results are of great independent interest, they are not applicable to our setting, hence,
justifying the need for our thorough convergence analysis. Their rates are derived under regularity assumptions
which differ from ours, and hence, both rates are not directly comparable.

E.1 Proof of Lemma 2.1

Recall that Lemma 2.1 states that, under Assumption 2.1, for λN,θ = N−1/2(θ+1) where N = min(m,n), it holds
with probability at least 1− η that ∥∥∥∥dPdQ − r̂λN,θ

∥∥∥∥
H

≲ N− θ−1
2(θ+1)

√
ln(1/η) (19)

for η ∈ (0, e−1), with the assumption that the kernel is bounded by K everywhere and that µP − µQ ∈ Ran(Σθ
Q)

for some θ ∈ (1, 2].

Proof of Lemma 2.1. Recall that the kernel mean embeddings µP and µQ, as well as the covariance operator ΣQ,
are defined in Appendix A.2.

We follow the work of Chen et al. (2024a). Let

F(h) :=
∫

hdP −
∫ (

h+
h2

4

)
dQ

and

F̂(h) := 1

m

m∑
i=1

h(Xi)−
1

n

n∑
i=1

(
h(Yi) +

h(Yi)
2

4

)
.

Let N := min(m,n). Then, let

h0 := argmax
h∈H

F(h) = 2

(
dP

dQ
− 1

)
(⋆)
= 2Σ−1

Q (µP − µQ),

hλ := argmax
h∈H

F(h)− λ

4
∥h∥2H = 2

(
ΣQ + λI

)−1
(µP − µQ),

ĥλ := argmax
h∈H

F̂(h)− λ

4
∥h∥2H = 2

(
ΣQ̂ + λI

)−1
(µP̂ − µQ̂),
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where (⋆) holds since, for all f ∈ H, it holds that〈
f,ΣQ

(
dP

dQ
− 1

)〉
=

∫
f

[
dP

dQ
− 1

]
dQ =

∫
f dP −

∫
f dQ = ⟨f, µP − µQ⟩,

implying that ΣQ

(
dP
dQ − 1

)
= µP − µQ. By Chen et al. (2024a, Proposition 6.1), we have

ĥλ = 2 (r̂λ − 1) .

Hence, proving Equation (19), is equivalent to proving that, with probability at least 1− η, it holds that∥∥h0 − ĥλN,θ

∥∥
H ≲ N− θ−1

2(θ+1)

√
ln(1/η) (20)

where λN,θ = N−1/2(θ+1). We start with the decomposition∥∥ĥλ − h0

∥∥
H ≤

∥∥hλ − h0

∥∥
H +

∥∥ĥλ − hλ

∥∥
H.

Assume that µP − µQ ∈ Ran(Σθ
Q) for some θ ∈ (1, 2]. Then, applying Propositions E.1 and E.2, we obtain

∥∥ĥλ − h0

∥∥
H ≲ λθ−1 +

1

λ2

√
ln(1/η)

N
. (21)

holding with proability at least 1− η. Letting λN,θ = N−1/2(θ+1) in order to equate both terms, we get∥∥ĥλN,θ
− h0

∥∥
H ≲ N− θ−1

2(θ+1)

√
ln(1/η).

also holding with proability at least 1− η. This concludes the proof of Lemma 2.1.

Proposition E.1. Assume that the kernel is bounded by K and that µP − µQ ∈ Ran(Σθ
Q) for some θ ∈ (1, 2].

Then, we have ∥∥hλ − h0

∥∥
H ≲ λθ−1.

Proof of Proposition E.1. First, note that∥∥hλ − h0

∥∥
H = 2

∥∥∥((ΣQ + λI
)−1 − Σ−1

Q

)
(µP − µQ)

∥∥∥
H

does not necessarily converge to 0 as λ tends to 0 because the operator Σ−1
Q is unbounded. Now, assuming that

µP − µQ ∈ Ran(Σθ
Q) for some θ ∈ (1, 2], there exists w ∈ H such that µP − µQ = Σθ

Qw. Let {σi, ei}∞i=1 be an
orthonormal eigenbasis of ΣQ with (σi)

∞
i=1 all non-negative. Then, writing wi = ⟨w, ei⟩, we have

µP − µQ =

∞∑
i=1

σθ
iwiei

where
∑∞

i=1 w
2
i <∞. We obtain

1

2
∥hλ − h0∥H ≤

∥∥∥((ΣQ + λI
)−1 − Σ−1

Q

)
(µP − µQ)

∥∥∥
H

=

∥∥∥∥∥
∞∑
i=1

(
1

σi + λ
− 1

σi

)
σθ
iwiei

∥∥∥∥∥
H

≤

∥∥∥∥∥
∞∑
i=1

λ

(σi + λ)σi
σθ
iwiei

∥∥∥∥∥
H

=

∥∥∥∥∥
∞∑
i=1

λ2−θσθ−1
i

(σi + λ)
λθ−1wiei

∥∥∥∥∥
H

≤ λθ−1

∥∥∥∥∥
∞∑
i=1

wiei

∥∥∥∥∥
H

= λθ−1 ∥w∥H
≲ λθ−1
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using the AM-GM inequality to get that λ2−θσθ−1
i ≤ (2− θ)λ+ (θ − 1)σi ≤ λ+ σi for θ ∈ (1, 2]. This completes

the proof.

Proposition E.2. Let N = min(m,n), η ∈ (0, e−1) and λ ≤ 1. With probability at least 1− η, it holds that

∥∥hλ − ĥλ

∥∥
H ≲

1

λ2

√
ln(1/η)

N
.

Proof of Proposition E.2. We use the decomposition

1

2

∥∥hλ − ĥλ

∥∥
H =

∥∥(ΣQ + λI
)−1

(µP − µQ)−
(
ΣQ̂ + λI

)−1
(µP̂ − µQ̂)

∥∥
H

≤
∥∥(ΣQ + λI

)−1
(µP − µQ)−

(
ΣQ̂ + λI

)−1
(µP − µQ)

∥∥
H

+
∥∥(ΣQ̂ + λI

)−1
(µP − µQ)−

(
ΣQ̂ + λI

)−1
(µP̂ − µQ̂)

∥∥
H.

The two terms can be bounded in a similar fashion to Chen et al. (2024a, Equations 70 and 71). The first term is
bounded as ∥∥(ΣQ + λI

)−1
(µP − µQ)−

(
ΣQ̂ + λI

)−1
(µP − µQ)

∥∥
H

≤
∥∥∥(ΣQ + λI

)−1 −
(
ΣQ̂ + λI

)−1
∥∥∥
HS

∥∥µP − µQ

∥∥
H

≲
∥∥∥(ΣQ + λI

)−1
((

ΣQ̂ + λI
)
−
(
ΣQ + λI

)) (
ΣQ̂ + λI

)−1
∥∥∥
HS

≲
∥∥∥(ΣQ + λI

)−1
∥∥∥
op

∥∥∥(ΣQ̂ + λI
)−1
∥∥∥
op

∥∥∥ΣQ̂ − ΣQ

∥∥∥
HS

≲
1

λ2

∥∥∥ΣQ̂ − ΣQ

∥∥∥
HS

≲
1

λ2

√
ln(1/η)

N

using the fact that
∥∥µP − µQ

∥∥
H ≤ 2

√
K, and where the last equality holds with probability at least 1− η/2 by

Chen et al. (2024a, Lemma B.8). Using that same reference, we can bound the second term as∥∥(ΣQ̂ + λI
)−1

(µP − µQ)−
(
ΣQ̂ + λI

)−1
(µP̂ − µQ̂)

∥∥
H

≤
∥∥∥(ΣQ̂ + λI

)−1
∥∥∥
op

∥∥(µP − µQ)− (µP̂ − µQ̂)
∥∥
H

≲
1

λ

(∥∥µP − µP̂

∥∥
H +

∥∥µQ − µQ̂

∥∥
H

)
≲

1

λ

√
ln(1/η)

N

where the last equality holds with probability at least 1− η/2. We conclude that, with probability at least 1− η,
it holds that

∥∥hλ − ĥλ

∥∥
H ≲

(
1

λ2
+

1

λ

)√
ln(1/η)

N
≲

1

λ2

√
ln(1/η)

N

since λ ≤ 1.

E.2 Proof of Lemma 2.2

Recall that Lemma 2.2 states that, under Assumptions 2.1 and 2.2, for λN,θ = N−1/2(θ+1), we have∣∣D̂f,λN,θ
−Df

∣∣ ≲ (N− θ−1
2(θ+1) + Ñ−1/2

)√
ln(1/η)

holding with probability at least 1− η over the N samples used for estimating the ratio dP
dQ .
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Proof of Lemma 2.2 for f -divergences with f twice continuously differentiable on (0,∞). In that setting, we as-
sume that dP

dQ belongs to [c, C], for some 0 < c < 1 < C <∞ and that CN− θ−1
2(θ+1)

√
ln(1/η) ≤ c/2 with C as in

Equation (6). Using Lemma 2.1, we can then ensure that, with probability at least 1− η, for any u ∈ Z, we have
dP
dQ (u) and r̂λN,θ

(u) belonging to [c, C] for c = c/2 and C = C + c/2.

First, we prove that f ′ and f∗ ◦ f ′ are both Lipschitz on [c, C]. Since f ′ is continuously differentiable, it is also
Lipschitz by the Mean Value Theorem, as for all x, y ∈ [c, C], we have

|f ′(x)− f ′(y)| ≤ |x− y| sup
ξ∈[c,C]

|f ′′(ξ)| ≲ |x− y| (22)

since the supremum is finite as f ′′ is continuous on [c, C]. From the fact that f is twice continuously differentiable
and convex (the function defining an f -divergence is convex by definition), we deduce that the conjugate f∗ is
continuously differentiable and strictly convex on the range of f ′ with (f∗)′(f ′(x)) = x for all x. Applying the
Mean Value Theorem, we have

|f∗(f ′(x))− f∗(f ′(y))| ≤ |f ′(x)− f ′(y)| sup
ξ∈Im

(
f ′
∣∣
[c,C]

) |(f∗)′(ξ)| ≲ |x− y| (23)

as the supremum is equal to C and using Equation (22). This proves that f ′ and f∗ ◦ f ′ are both Lipschitz on
[c, C].

We then have∣∣D̂f,λN,θ
−Df

∣∣
≤

∣∣∣∣∣ 1m̃
m̃∑
i=1

f ′(r̂λN,θ
(X̃i)

)
− EZ∼P

[
f ′
(
dP

dQ
(Z)

)] ∣∣∣∣∣+
∣∣∣∣∣ 1ñ

ñ∑
j=1

f∗(f ′(r̂λN,θ
(Ỹj)

))
− EW∼Q

[
f∗
(
f ′
(
dP

dQ
(W )

))] ∣∣∣∣∣.
(24)

Since f ′ and f∗ ◦ f ′ are both Lipschitz, the two terms can be bounded similarly, hence, we focus on the first one,
which is ∣∣∣∣∣ 1m̃

m̃∑
i=1

f ′(r̂λN,θ
(X̃i)

)
− EZ∼P

[
f ′
(
dP

dQ
(Z)

)] ∣∣∣∣∣ (25)

≤ 1

m̃

m̃∑
i=1

∣∣∣∣∣f ′(r̂λN,θ
(X̃i)

)
− f ′

(
dP

dQ
(X̃i)

) ∣∣∣∣∣+
∣∣∣∣∣ 1m̃

m̃∑
i=1

f ′
(
dP

dQ
(X̃i)

)
− EZ∼P

[
f ′
(
dP

dQ
(Z)

)] ∣∣∣∣∣ (26)

≤ 1

m̃

m̃∑
i=1

∣∣∣∣∣f ′(r̂λN,θ
(X̃i)

)
− f ′

(
dP

dQ
(X̃i)

) ∣∣∣∣∣+
√

ln(1/η)

Ñ
(27)

≲
1

m̃

m̃∑
i=1

∣∣∣∣∣r̂λN,θ
(X̃i)−

dP

dQ
(X̃i)

∣∣∣∣∣+
√

ln(1/η)

Ñ
(28)

≲

∥∥∥∥dPdQ − r̂λN,θ

∥∥∥∥
H
+

√
ln(1/η)

Ñ
(29)

≲
(
N− θ−1

2(θ+1) + Ñ−1/2
)√

ln(1/η) (30)

where we have used Hoeffding’s inequality and the fact that f ′ takes bounded values on [c, C], as well as the rate
of Equation (19) from Lemma 2.1 in the last inequality. This gives the desired result.

Proof of Lemma 2.2 for the Total-Variation. In that setting, for X ∼ P and Y ∼ Q, we assume that the densities
of r̂λN,θ

(X) and of r̂λN,θ
(Y ) exist and are bounded on [γ/2, 3γ/2] by some G > 0. We also assume that

CN− θ−1
2(θ+1)

√
ln(1/η) ≤ γ/2 with C as in Equation (6). For the Total-Variation, we have γ = 1.
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For the Total-Variation, we have f(t) = 1
2 |t− 1| which is not differentiable at γ = 1. Everywhere else, we have

f ′(t) = 1
2 sign(t− 1) and the optimal witness function indeed is 1

2 sign
(

dP
dQ − 1

)
. We choose to use the convention

that sign(0) = 1 and extend f ′(1) = 1
2 . The convex conjugate f∗ is simply the identity on

{
− 1

2 ,
1
2

}
.

The reasoning of Equations (24) to (27) still holds, we are then left with the task of bounding the following term
(for which we leverage Lemma 2.1)

1

m̃

m̃∑
i=1

∣∣∣∣∣f ′(r̂λN,θ
(X̃i)

)
− f ′

(
dP

dQ
(X̃i)

) ∣∣∣∣∣ = 1

m̃

m̃∑
i=1

1

(
f ′(r̂λN,θ

(X̃i)
)
̸= f ′

(
dP

dQ
(X̃i)

))

=
1

m̃

m̃∑
i=1

1

(
γ ∈

(
min

{
r̂λN,θ

(X̃i),
dP

dQ
(X̃i)

}
,max

{
r̂λN,θ

(X̃i),
dP

dQ
(X̃i)

}])

≤ 1

m̃

m̃∑
i=1

1
(∣∣r̂λN,θ

(X̃i)− γ
∣∣ ≤ CN− θ−1

2(θ+1)

√
ln(1/η)

)

≤ PX̃∼P

(∣∣r̂λN,θ
(X̃)− γ

∣∣ ≤ CN− θ−1
2(θ+1)

√
ln(1/η)

)
+

√
ln(1/η)

Ñ

≤ 2GCN− θ−1
2(θ+1)

√
ln(1/η) +

√
ln(1/η)

Ñ

≲
(
N− θ−1

2(θ+1) + Ñ−1/2
)√

ln(1/η)

(31)
since CN− θ−1

2(θ+1)
√
ln(1/η) ≤ γ/2 implies that

[
γ − CN− θ−1

2(θ+1)
√
ln(1/η), γ + CN− θ−1

2(θ+1)
√
ln(1/η)

]
⊆ [γ/2, 3γ/2]

on which the densities of r̂λN,θ
(X) and of r̂λN,θ

(Y ) for X ∼ P and Y ∼ Q, are bounded by G. This concludes the
proof for the case of the Total-Variation.

Proof of Lemma 2.2 for the Hockey-Stick divergence. In that setting, the assumptions are the same as for the
Total-Variation (i.e., see Assumption 2.2).

For the Hockey-Stick, we have f(t) = max
(
t− γ, 0

)
which is not differentiable at γ. Everywhere else, we have

f ′(t) = 1(t ≥ γ) and the optimal witness function indeed is 1
(

dP
dQ ≥ γ

)
. We extend the definition of f ′ to

f ′(γ) = 1. The convex conjugate is simply equal to f∗(u) = γu.

The exact same reasoning of Equation (31) holds using the γ parameter of the Hockey-Stick divergence. This
concludes the proof.

E.3 Proof of Theorem 3.1

Recall that Theorem 3.1 claims that the proposed permutation test (Equation (7)), under Assumptions 2.1
and 2.2, is consistent in the sense that, for any fixed P ̸= Q, we have

P(reject H0)→ 1 as N, Ñ →∞.

Proof of Theorem 3.1. Following Kim and Schrab (2023, Lemma 8 and Appendix E.6—see also Kim and Schrab,
2025), it suffices to prove that the following two conditions are satisfied. First, for the fixed alternative P ̸= Q,
the estimator D̂f,λN,θ

needs to converge to some constant which is strictly positive. This is a simple application of
Lemma 2.2 since it implies that D̂f,λN,θ

converges to Df (P ∥ Q) > 0. The second condition is that, conditioned
on the data, the permuted statistic converges to zero, where the randomness is taken with respect to the uniformly
random draw of permutations. We prove this below.

Recall that we have access to samples x1, . . . , xm, y1, . . . , yn used to estimate the ratio dP
dQ and samples

x̃1, . . . , x̃m̃, ỹ1, . . . , ỹñ used to estimate the expectations in Equation (3). A permutation σ is then applied to all the
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data σ(x1, . . . , xm, y1, . . . , yn, x̃1, . . . , x̃m̃, ỹ1, . . . , ỹñ) = (z1, . . . , zm+n, z̃1, . . . , z̃m̃+ñ), the elements z1, . . . , zm+n

are used to estimate the ratio while the elements z̃1, . . . , z̃m̃+ñ are used to estimate the expectations.

From Proposition E.3, the RKHS norm of the witness function under permutations satisfies∥∥ĥλN,θ

∥∥
H ≲ N− θ−1

2(θ+1)

√
ln(1/η)

with probability at least 1− η. We deduce that, with probability as least 1− η, for any u ∈ Z, we have

ĥλN,θ
(u)→ 0 as N →∞, equivalently, r̂λN,θ

(u)→ 1 as N →∞.

Hence, as N tends to infinity, the permuted version of the estimator of Equation (3) behaves as

D̂f,λN,θ
=

1

m̃

m̃∑
i=1

f ′(r̂λN,θ
(z̃i)
)
− 1

ñ

ñ∑
j=1

f∗(f ′(r̂λN,θ
(z̃m+j)

))
→ 1

m̃

m̃∑
i=1

f ′(1)− 1

ñ

ñ∑
j=1

f∗(f ′(1))
= f ′(1)− f∗(f ′(1))
= f(1)

= 0

holding with probability at least 1− η, where we have applied the tight version of the Fenchel–Young inequality,
and have leveraged the convergence results of Appendix E.2.

Proposition E.3. Under permutation of the samples used to compute r̂λN,θ
, with probability at least 1− η, it

holds that ∥∥r̂λN,θ
− 1
∥∥
H ≲ N− θ

θ+1

√
ln(1/η) ≲ N− θ−1

2(θ+1)

√
ln(1/η).

Before proceeding to the proof, we start by recalling some RKHS properties and notations.

RKHS properties. Let Z be a space. Consider a reproducing kernel Hilbert space H (RKHS) consisting of
functions f : Z → R, with reproducing kernel k : Z ×Z → R (which is bounded by K everywhere by assumption).
By definition, the RKHS admits a feature map ϕ : Z → H satisying the reproducing property ⟨f, ϕ(x)⟩H = f(x)
for all f ∈ H and all x ∈ Z, and ⟨ϕ(x), ϕ(y)⟩H = k(x, y) for all x, y ∈ Z.

For x = (x1, . . . , xm) ∈ Zm, define the feature operator Φx : H → Rm by

(Φxf)i =
〈
f, ϕ(xi)

〉
H = f(xi), i = 1, . . . ,m

for all f ∈ H. Then, its adjoint operator Φ∗
x : Rm → H is given by

Φ∗
xc =

m∑
i=1

ci ϕ(xi)

for all c = (c1, . . . , cm) ∈ Rm. The operator norms of Φx and Φ∗
x satisfy∥∥Φx

∥∥
op
≤
√
m
√
K and

∥∥Φ∗
x

∥∥
op
≤
√
K (32)

since ∥∥Φxf
∥∥
2
=

√√√√ m∑
i=1

∣∣〈f, ϕ(xi)
〉
H

∣∣2 ≤ ∥∥f∥∥H
√√√√ m∑

i=1

∥∥ϕ(xi)
∥∥2
H =

∥∥f∥∥H
√√√√ m∑

i=1

k(xi, xi) ≤
∥∥f∥∥H√Km

and ∥∥Φ∗
xc
∥∥
H =

∥∥∥∥∥
m∑
i=1

ciϕ(xi)

∥∥∥∥∥
H

=

√√√√ m∑
i=1

m∑
j=1

cicjk(xi, xj) ≤

√√√√K

(
m∑
i=1

ci

)2

≤

√√√√K

m∑
i=1

c2i =
√
K∥c∥2.
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Consider samples x = (x1, . . . , xm) and y = (y1, . . . , yn), and let 1n denote an (n× 1) vector of ones. We then
have

ΦxΦ
∗
y1n = Φx

 n∑
j=1

ϕ(yj)

 ,
(
ΦxΦ

∗
y1n

)
i
=

〈
n∑

j=1

ϕ(yj), ϕ(xi)

〉
H

=

n∑
j=1

k(xi, yj) =
(
kxy1n

)
i

for i = 1, . . . ,m, where kxy =
(
k(xi, yj)

)
1≤i≤m,1≤j≤n

∈ Rm×n. We deduce that

ΦxΦ
∗
y1n = kxy1n (33)

Similarly, considering some u ∈ Z, and writing kux =
(
k(u, xi)

)m
i=1
∈ R1×m, we obtain

ΦuΦ
∗
x1m = kux1m. (34)

Finally, when m = 1, note that the following simple statement holds:

if g(x) = Φxf for all x ∈ Z then g = f. (35)

With these notions in place, we are now able to proceed with the proof of Proposition E.3.

Proof of Proposition E.3. We show that the permuted estimated ratio r̂λ converges to 1 in RKHS norm, equiv-
alently ĥλ converges to 0, under permutations. For notation purposes, we let z1 = (z1, . . . , zm) and z2 =
(zm+1, . . . , zm+n). For some u ∈ Z, we also write kuz1 =

(
k(u, zi)

)m
i=1
∈ R1×m, kuz2 =

(
k(u, zm+i)

)n
i=1
∈ R1×n,

kz1z1
=
(
k(zi, zj)

)
1≤i,j≤m

∈ Rm×m, and kz1z2
=
(
k(zi, zm+j)

)
1≤i≤m,1≤j≤n

∈ Rm×n, . For simplicity, we also
write Lz1z2,λ = mλI + kz1z1

.

Chen et al. (2024a, Proposition 6.1) provides a closed-form expression of ĥλ, for any u ∈ Z, it is equal to

ĥλ(u) =
2

nλ
kuz2

1n −
2

mλ
kuz1

1m −
2

nλ
kuz1

L−1
z1z2,λ

kz1z2
1n +

2

mλ
kuz1

L−1
z1z2,λ

kz1z1
1m.

With the notation introduced above, we obtain

ĥλ(u) = Φu

(
2

nλ
Φ∗

z2
1n −

2

mλ
Φ∗

z1
1m −

2

nλ
Φ∗

z1
L−1
z1z2,λ

Φz1Φ
∗
z2
1n +

2

mλ
Φ∗

z1
L−1
z1z2,λ

Φz1Φ
∗
z1
1m

)

for all u ∈ Z. Applying Equation (35), we deduce that

ĥλ =
2

nλ
Φ∗

z2
1n −

2

mλ
Φ∗

z1
1m −

2

nλ
Φ∗

z1
L−1
z1z2,λ

Φz1
Φ∗

z2
1n +

2

mλ
Φ∗

z1
L−1
z1z2,λ

Φz1
Φ∗

z1
1m (36)

Assuming that λ ≤ N−1/2, using Equations (32) to (34), we can then bound the RKHS of the witness function
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under permutations as∥∥ĥλ

∥∥
H ≲

∥∥∥∥ 1

nλ
Φ∗

z2
1n −

1

mλ
Φ∗

z1
1m −

1

nλ
Φ∗

z1
L−1
z1z2,λ

Φz1Φ
∗
z2
1n +

1

mλ
Φ∗

z1
L−1
z1z2,λ

Φz1Φ
∗
z1
1m

∥∥∥∥
H

≲
1

λ

∥∥∥∥ 1nΦ∗
z2
1n −

1

m
Φ∗

z1
1m

∥∥∥∥
H
+

1

λ

∥∥∥∥Φ∗
z1
L−1
z1z2,λ

Φz1

(
1

n
Φ∗

z2
1n −

1

m
Φ∗

z1
1m

)∥∥∥∥
H

≲
1

λ

∥∥∥∥ 1nΦ∗
z2
1n −

1

m
Φ∗

z1
1m

∥∥∥∥
H
+

1

λ

∥∥Φ∗
z1

∥∥
op

∥∥∥∥L−1
z1z2,λ

Φz1

(
1

n
Φ∗

z2
1n −

1

m
Φ∗
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≲
1

λ
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1n −

1
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1m
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H
+

1

λ
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∥∥∥
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(
1

n
Φ∗
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1n −

1

m
Φ∗

z1
1m

)∥∥∥∥
2

≲
1

λ

∥∥∥∥ 1nΦ∗
z2
1n −

1

m
Φ∗

z1
1m
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H
+

1

λ

∥∥Φ∗
z1

∥∥
op

∥∥∥L−1
z1z2,λ

∥∥∥
op

∥∥Φz1

∥∥
op

∥∥∥∥ 1nΦ∗
z2
1n −

1

m
Φ∗

z1
1m
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H

≲

(
1

λ
+

1

λ

1

mλ

√
m

)∥∥∥∥ 1nΦ∗
z2
1n −

1

m
Φ∗

z1
1m

∥∥∥∥
H

≲
1

λ2
√
N

∥∥∥∥ 1nΦ∗
z2
1n −

1

m
Φ∗

z1
1m
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H

=
1

λ2
√
N

∥∥∥∥∥∥ 1n
n∑

j=1

ϕ(zm+j)−
1

m

m∑
i=1

ϕ(zi)

∥∥∥∥∥∥
H

=
1

λ2
√
N

√√√√ 1

n2

n∑
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n∑
j=1

k(zm+i, zm+j)−
2

nm

n∑
i=1

m∑
j=1

k(zm+i, zj) +
1

m2

m∑
i=1

m∑
j=1

k(zi, zj)

=
1

λ2
√
N

M̂MD(z1, z2)

≲
1

λ2
√
N

√
ln(1/η)

N

=
1

λ2

√
ln(1/η)

N

(37)

holding with probability at least 1− η with respect to the permutation randomness (conditioned on the data).
Here, M̂MD(z1, z2) denotes the V-statistic estimator. The last inequality holds by Kim (2021, Theorem 5.1) who
provides an exponential concentration inequality for the square-rooted permuted MMD V-statistic (e.g., M̂MD).
Note that, when not working in an RKHS, similar concentration results for the permuted difference of means
exist (e.g., see Massart, 1986, Lemma 3.1 and Kim et al., 2022, Equations 55 and 56).

The bound can be loosened to ∥∥ĥλ

∥∥
H ≲

1

λ2

√
ln(1/η)

N
≲

1

λ2

√
ln(1/η)

N
.

In particular, for the choice of interest λN,θ = N−1/2(θ+1) with θ ∈ (1, 2], we get∥∥ĥλN,θ

∥∥
H ≲ N− θ

θ+1

√
ln(1/η) ≲ N− θ−1

2(θ+1)

√
ln(1/η),

equivalently ∥∥r̂λN,θ
− 1
∥∥
H ≲ N− θ

θ+1

√
ln(1/η) ≲ N− θ−1

2(θ+1)

√
ln(1/η),

holding with probability at least 1− η.

E.4 Proof of Theorem 3.2

Recall that Theorem 3.2 states that, under Assumptions 2.1 and 2.2, the permutation test with level α and
regularisation λN,θ = N−1/2(θ+1) achieves power at least 1− β for any distributions P and Q satisfying

Df (P ∥ Q) ≳
(
N− θ−1

2(θ+1) + Ñ−1/2
)√

max{ln(1/α), ln(1/β)}.
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Proof of Theorem 3.2. Following a similar argument to Schrab (2025b, Appendix A.1), in order to prove such a
result we need a concentration bound for the statistic (given in Lemma 2.2), as well as a concentration bound for
the permuted statistic (derived here). From Proposition E.3, we have that∥∥r̂λN,θ

− 1
∥∥
H ≤ C0N

− θ−1
2(θ+1)

√
ln(1/η) (38)

for some constant C0 > 0, holding with probability at least 1−η. We then leverage the fact that f ′(1)−f∗(f ′(1)) =
f(1) = 0 from Fenchel–Young inequality. Consider f twice continuously differentiable on (0,∞), then f ′ and
f∗ ◦ f ′ are Lipschitz by Equations (22) and (23). The permuted statistic, with permutation σ, is then

∣∣D̂σ
f,λN,θ

∣∣ ≤ ∣∣∣∣∣ 1m̃
m̃∑
i=1

f ′(r̂λN,θ
(Z̃i)

)
− f ′(1)∣∣∣∣∣+

∣∣∣∣∣ 1ñ
ñ∑

j=1

f∗(f ′(r̂λN,θ
(Z̃j)

))
− f∗(f ′(1))∣∣∣∣∣

≲
1

m̃

m̃∑
i=1

∣∣r̂λN,θ
(Z̃i)− 1

∣∣+ 1

ñ

ñ∑
j=1

∣∣r̂λN,θ
(Z̃j)− 1

∣∣
≲ N− θ−1

2(θ+1)

√
ln(1/η).

For the Total-Variation and Hockey-Stick divergences, adapting the reasoning of Equation (31) we have

∣∣D̂σ
f,λN,θ

∣∣ ≤ ∣∣∣∣∣ 1m̃
m̃∑
i=1

f ′(r̂λN,θ
(Z̃i)

)
− f ′(1)∣∣∣∣∣+

∣∣∣∣∣ 1ñ
ñ∑

j=1

f∗(f ′(r̂λN,θ
(Z̃j)

))
− f∗(f ′(1))∣∣∣∣∣

≤ 1

m̃

m̃∑
i=1

∣∣∣∣∣f ′(r̂λN,θ
(Z̃i)

)
− f ′(1)∣∣∣∣∣+ 1

ñ

ñ∑
j=1

∣∣∣∣∣f∗(f ′(r̂λN,θ
(Z̃j)

))
− f∗(f ′(1))∣∣∣∣∣.

Since, for the Total-Variation, we have f∗(u) = u, and for the Hockey-Stick, we have f∗(u) = γu, both terms can
be treated similarly. With a similar reasoning to Equation (31), and using Equation (38), we obtain

1

m̃

m̃∑
i=1

∣∣∣∣∣f ′(r̂λN,θ
(Z̃i)

)
− f ′(1)

∣∣∣∣∣ = 1

m̃

m̃∑
i=1

1
(
f ′(r̂λN,θ

(Z̃i)
)
̸= f ′(1)

)
=

1

m̃

m̃∑
i=1

1
(
γ ∈

(
min

{
r̂λN,θ

(Z̃i), 1
}
,max

{
r̂λN,θ

(Z̃i), 1
} ])

≤ 1

m̃

m̃∑
i=1

1
(∣∣r̂λN,θ

(Z̃i)− γ
∣∣ ≤ C0N

− θ−1
2(θ+1)

√
ln(1/η)

)

≤ Pσ,P,Q

(∣∣r̂λN,θ
(Z̃σ(1))− γ

∣∣ ≤ C0N
− θ−1

2(θ+1)

√
ln(1/η)

)
+

√
ln(1/η)

Ñ

≲ 2GC0N
− θ−1

2(θ+1)

√
ln(1/η) +

√
ln(1/η)

Ñ

since from the fact that, for X ∼ P and Y ∼ Q, the densities of r̂λN,θ
(X) and of r̂λN,θ

(Y ) exist and are bounded
on [γ/2, 3γ/2] by some G > 0, we can deduce that the density of r̂λN,θ

(z̃σ(1)) also exists and is bounded by G.
We conclude that ∣∣D̂σ

f,λN,θ

∣∣ ≲ (N− θ−1
2(θ+1) + Ñ−1/2

)√
ln(1/η) (39)

holding with probability at least 1−η, from which we can deduce bound on the quantile obtained via permutations

q̂1−α ≲
(
N− θ−1

2(θ+1) + Ñ−1/2
)√

ln(1/α), (40)

holding with probability 1− β/2 provided that the number of permutations is greater than 6 ln(2/β)/α as shown
by Kim and Schrab (2023, Lemma 21 and Equation 63). We also recall from Lemma 2.2 that∣∣D̂f,λN,θ

−Df

∣∣ ≲ (N− θ−1
2(θ+1) + Ñ−1/2

)√
ln(1/β) (41)
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holding with probability at least 1−β/2. Now, following Schrab (2025b, Appendix A.1), and using Equations (40)
and (41), the type II error of the test is

P
(
D̂f,λN,θ

≤ q̂1−α

)
≤ P

(
Df ≲ q̂1−α +

(
N− θ−1

2(θ+1) + Ñ−1/2
)√

ln(1/β)
)
+

β

2

≤ P
(
Df ≲

(
N− θ−1

2(θ+1) + Ñ−1/2
)√

ln(1/α) +
(
N− θ−1

2(θ+1) + Ñ−1/2
)√

ln(1/β)
)
+ β

≤ P
(
Df ≲

(
N− θ−1

2(θ+1) + Ñ−1/2
)√

max{ln(1/α), ln(1/β)}
)
+ β.

We conclude that if
Df ≳

(
N− θ−1

2(θ+1) + Ñ−1/2
)√

max{ln(1/α), ln(1/β)}

then the type II error is controlled as P
(
D̂f,λN,θ

≤ q̂1−α

)
≤ β. This concludes the proof since√

max{ln(1/α), ln(1/β)} =
√
ln(1/min{α, β}).

F Power Guarantees for the DrMMD Permutation Test

Recall that, for the Pearson χ2-divergence, we have f(t) = (t− 1)2, f∗(u) = u+ u2

4 , and f ′(r) = 2(r − 1), it is
defined as

Dχ2(P ∥ Q) = sup
h :Z→R

∫
hdP −

∫ (
h+

h2

4

)
dQ.

The DrMMD (Chen et al., 2024a) is a regularised χ2-divergence estimator in some RKHS H, defined as

sup
h∈H

∫
hdP −

∫ (
h+

h2

4

)
dQ− λ

4
∥h∥2H.

with optimal witness function
hλ = 2

(
ΣQ + λI

)−1
(µP − µQ).

The sample-based version of the witness function is

ĥλ = 2
(
ΣQ̂ + λI

)−1
(µP̂ − µQ̂) = f ′(r̂λ) = 2(r̂λ − 1)

where a closed-form expression (Chen et al., 2024a, Proposition 6.1) for r̂λ is presented in Equation (4).

Then, our χ2 estimator of Section 2 is

D̂χ2,λ =
1

m̃

m̃∑
i=1

ĥλ(X̃i)−
1

ñ

ñ∑
j=1

(
ĥλ(Ỹj) +

ĥλ(Ỹj)
2

4

)

while a DrMMD estimator would be2

D̂reg
χ2,λ =

1

m̃

m̃∑
i=1

ĥλ(X̃i)−
1

ñ

ñ∑
j=1

(
ĥλ(Ỹj) +

ĥλ(Ỹj)
2

4

)
− λ

4

∥∥ĥλ

∥∥2
H

where
∥∥ĥλ

∥∥
H can be computed explicitly in closed-form from Equation (36) (Chen et al., 2024a, Proposition 6.1).

In particular, we have

D̂reg
χ2,λ = D̂χ2,λ −

λ

4

∥∥ĥλ

∥∥2
H. (42)

We now show that the permutation DrMMD test satisfies the same non-asymptotic power guarantee of Theorem 3.2
as our proposed χ2-divergence test.

2Note that sample splitting is not necessary to construct a DrMMD estimator, see Chen et al. (2024a).
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Theorem F.1 (Non-asymptotic Power of DrMMD Permutation Test). Under Assumptions 2.1 and 2.2, the
permutation DrMMD test, based on the estimator D̂reg

χ2,λN,θ
with regularisation λN,θ = N−1/2(θ+1) for θ ∈ (1, 2]

and level α, achieves power at least 1− β for any distributions P and Q satisfying

Dχ2(P ∥ Q) ≳
(
N− θ−1

2(θ+1) + Ñ−1/2
)√

max

{
ln

(
1

α

)
, ln

(
1

β

)}
.

Proof. Following the proof of Theorem 3.2 in Appendix E.4, we see that in order for the same reasoning to hold,
we need to have a concentration bound for the regularised statistic∣∣D̂reg

χ2,λN,θ
−Dχ2

∣∣ ≲ (N− θ−1
2(θ+1) + Ñ−1/2

)√
ln(1/η), (43)

as well as a concentration bound for the permuted regularised statistic∣∣D̂reg,σ
χ2,λN,θ

∣∣ ≲ (N− θ−1
2(θ+1) + Ñ−1/2

)√
ln(1/η), (44)

each of these holding with probability at least 1− η. Provided that both Equations (43) and (44) hold, then the
same reasoning as in Appendix E.4 leads to the desired power guarantee. Using the non-regularised results of
Lemma 2.2 and of Equation (39) in Appendix E.4, together with the relation of Equation (42), we deduce that it
is sufficient to prove that

λN,θ

∥∥ĥσ
λN,θ

∥∥2
H ≲ N− θ−1

2(θ+1) (45)

for the case of σ = Id, solving Equation (43), and for the case of any permutation σ, solving Equation (44).

From Equation (37), we have ∥∥ĥσ
λ

∥∥
H ≲

1

λ2
√
N

M̂MDσ ≲
1

λ2
√
N

.

Since we want the bound to hold both for σ = Id and for any permutation σ, we cannot use a concentration
inequality of the permuted MMD around 0 as in Equation (37), since when σ = Id the MMD does not necessarily
concentrate around 0. Hence, instead, we directly bound the empirical (permuted) MMD term by

√
2K assuming

the kernel is bounded everywhere by K > 0. We deduce that

λ
∥∥ĥσ

λ

∥∥2
H ≲

1

λ3N
.

Substituting λN,θ = N−1/2(θ+1) for θ ∈ (1, 2], we obtain

λN,θ

∥∥ĥσ
λN,θ

∥∥2
H ≲ N− 2θ−1

2(θ+1) ≲ N− θ−1
2(θ+1) .

Hence, Equation (45) is satisfied, which concludes the proof.

Similarly, the asymptotic power guarantee of Theorem 3.1 also holds for the permutation DrMMD test.
Theorem F.2 (Asymptotic Power). Under Assumptions 2.1 and 2.2, the permutation DrMMD test, based on the
estimator D̂reg

χ2,λN,θ
with regularisation λN,θ = N−1/2(θ+1) for θ ∈ (1, 2], is consistent in that its power converges to

1 as the sample sizes tend to infinity. For any fixed P ̸= Q, we have

P(reject H0)→ 1 as N, Ñ →∞.

Proof. The reasoning of the proof of Theorem 3.1 in Appendix E.3 applies in this setting too. For clarity, in
this proof, we simply write λ = λN,θ = N−1/2(θ+1). As explained in Appendix E.3, to prove consistency (Kim
and Schrab, 2023, Lemma 8 and Appendix E.6), it suffices to show that D̂reg

χ2,λ = D̂χ2,λ − λ
4

∥∥ĥλ

∥∥2
H converges to

Dχ2(P ∥ Q) > 0 when P ̸= Q, and that the permuted statistic D̂reg,σ
χ2,λ = D̂σ

χ2,λ −
λ
4

∥∥ĥσ
λ

∥∥2
H converges to zero.

In Appendix E.3, we have have shown that D̂χ2,λ converges to Dχ2(P ∥ Q) > 0 when P ̸= Q, and that the
permuted statistic D̂σ

χ2,λ converges to zero. From the derivation of Equation (45) in the proof of Theorem F.1, we

also know that λ
∥∥ĥσ

λ

∥∥2
H converges to zero. Combining these results concludes the proof.
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