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ABSTRACT

Bilevel optimization (BO) has recently gained prominence in many machine learn-
ing applications due to its ability to capture the nested structure inherent in these
problems. Recently, many gradient-based methods have been proposed as effective
solutions for solving large-scale problems. However, current methods for the
lower-level constrained bilevel optimization (LCBO) problems lack a solid analysis
of the convergence rate. What’s worse, existing methods require either double-loop
updates, which are sometimes less efficient. To solve this problem, in this paper,
we propose a novel single-loop single-timescale method with theoretical guarantees
for LCBO problems. Specifically, we leverage the Gaussian smoothing to design
an approximation of the hypergradient. Then, using this hypergradient, we propose
a single-loop single-timescale algorithm based on the double-momentum method
and adaptive step size method. Theoretically, we demonstrate that our methods can
return a stationary point with @(d%e“‘) iterations. In addition, experiments on two
applications also demonstrate the superiority of our proposed method.

1 INTRODUCTION

Bilevel optimization (BO) (Bard, 2013} |Colson et al.,|2007)) plays a central role in various significant
machine learning applications including hyper-parameter optimization (Pedregosal, 2016; Bergstra
et al., 2011} |Bertsekas, |1976), meta-learning (Feurer et al., 2015} |[Franceschi et al., 2018 |Rajeswaran
et al., |2019), reinforcement learning (Hong et al.l [2020; [Konda & Tsitsiklis, 2000). Generally
speaking, the BO can be formulated as follows,

min F(z) = f(0,5°(2) st y*(2) = argmin g(z,y), 1)
X yey

where X and ) are convex subsets in R% and R%2, respectively. It involves a competition between

two parties or two objectives, and if one party makes its choice first, it will affect the optimal choice
of the other party.

Recently, gradient-based methods have shown great effectiveness in solving various large-scale
bilevel optimization problems, where there is no constraint in the lower-level objective, i.e., Y = R%,
Specifically, Franceschi et al.|(2017); |[Pedregosa) (2016); Ji et al.[ (2021} proposed several double-loop
algorithms to solve the BO problems. They first apply the gradient methods to approximate the
solution to the lower-level problem and then implicit differentiable methods (Pedregosal [2016; [Ji
et al.,[2021) or explicit differentiable methods (Franceschi et al.,[2017) can be used to approximate
the gradient of the upper-level objective w.r.t , namely hypergradient, to update . However, in
some real-world applications, such as in a sequential game, the problems must be updated at the same
time [Hong et al.|(2020), which makes these methods unsuitable. To solve this problem, Hong et al.
(2020) propose a single-loop two-timescale method, which updates y and « alternately with stepsize
7y and 7)., respectively, designed with different timescales as limy,_, o0 75 / ny = 0. However, due to
the nature of two-timescale updates, it incurs the sub-optimal complexity (’)(6_5) (Chen et al.,[2021).
To further improve the efficiency, Huang & Huang| (2021)); Khanduri et al.| (2021); |Chen et al.| (2021]));
Guo et al. (2021a) proposed single-loop single-timescale methods, where 7, /7, is a constant. These
methods have the complexity of O(e~*) (O means omitting logarithmic factors) or better (O(e~3))
to achieve the stationary point. However, all these methods are limited to the bilevel optimization
problem with unconstrained lower-level problems and require the upper-level objective function to



Under review as a conference paper at ICLR 2024

Table 1: Several representative hypergradient approximation methods for the lower-level constrained
BO problem. The final column shows iteration numbers to find a stationary point | VF (z)|| < €
(Here d5 denotes the dimension of the lower-level variable, J is the smoothing parameter.).

Method Reference Loop |Timescale | LL Constraint | UL Constraint | Iterations (Upper)

AiPOD (Xiao et al.;2023) | Double X Affine sets Affine sets O™

IG-AL | (Tsaknakis et al.[[2022) | Double X Half space X X
IAPTT-GM |  (Liu et al.[[2021) Double X Convex set Convex set X
RMD-PCD | (Bertrand et al.;[2022) |Double X Norm set X X

JaxOpt | (Blondel et al.[[2022) |Double X Convex set X X
DMLCBO Ours Single | Single Convex set Convex set O(dze™?)

be differentiable. They cannot be directly applied when constraints are present in the lower-level
optimization, i.e., ) # R, as the upper-level objective function is naturally non-smooth (Xu & Zhu,
2023).

To solve the lower-level constrained bilevel optimization problem, various methods have been
proposed to approximate the hypergradient, as shown in Table [I| Specifically, Xiao et al.| (2023
reformulate the affine-constrained lower-level problem into an unconstrained problem, and then
solve the new lower-level problem and use the implicit differentiable method to approximate the
hyper-gradient. However, their convergence analysis only focuses on the affine-constrained problem
and cannot be extended to a more general case. [T'saknakis et al.| (2022} solve the inner problem with
projection gradient and use the implicit differentiable method to approximate the hyper-gradient for
the half-space-constrained BO problem. However, they only give the asymptotic convergence analysis
for this special case. Since many methods of calculating the Jacobian of the projection operators have
been proposed (Martins & Astudillo, [2016; Djolonga & Krause, |2017; Blondel et al.,2020; |[Niculae
& Blondel, 2017} |Vaiter et al., 2013} Cherkaoui et al., |2020)), the explicit or implicit methods can also
be used to approximate the hypergradient in the LCBO problems, such as|Liu et al.|(2021); Bertrand
et al.[(2020; [2022); Blondel et al.| (2022)). However, these methods lack solid convergence analysis.
What’s worse, these methods can not be utilized to solve the sequential game which is mentioned
above. Therefore, it is still an open challenge to design a single-loop single-timescale method with
convergence rate analysis for the lower-level constrained bilevel optimization problems.

To overcome these problems, we propose a novel single-loop single-timescale method with a conver-
gence guarantee for the lower-level constrained BO problems. Specifically, we leverage the Gaussian
smoothing to design a hypergradient. Then, using our new hypergradient, we propose a single-loop
single-timescale algorithm based on the double-momentum method and adaptive step size method
to update the lower- and upper-level variables simultaneously. Theoretically, we prove our methods
can return a stationary point with @(d%e_‘l) iterations. In addition, we compare our method with
three state-of-the-art methods for the lower-level constrained BO problems in data hypercleaning
and training data poison attack. The experimental results in these two applications demonstrate the
efficiency and effectiveness of our proposed method.

‘We summarized our contributions as follows.

1. We propose a new method to approximate the hypergradient using the Gaussian smoothing
for the constrained bilevel problem. Using this hypergradient, we propose a single-loop
single-timescale algorithm for the lower-level constrained BO problems, while existing
methods are all double-loop methods.

2. Existing methods for solving the lower-level constrained BO problems usually lack theoreti-
cal analysis on convergence rate. We prove our methods can return a stationary point with
O(d%e=*) iterations.

3. We compare our method with several state-of-the-art methods for the lower-level constrained
BO problems on two applications. The experimental results demonstrate the superiority of
our proposed method in terms of training time and accuracy.
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2 PRELIMINARIES

Notations. Here we give several important notations used in this paper. | - || denotes the {5
norm for vectors and spectral norm for matrices. I; denotes a d-dimensional identity matrix. AT
denotes transpose of matrix A. Given a convex set X', we define a projection operation to X as
Px(z') = argmingex 1/2||x — /||

2.1 PROBLEM SETTING OF THE LOWER-LEVEL CONSTRAINED BILEVEL OPTIMIZATION
PROBLEM

In this paper, we consider the following BO problems where both upper- and lower-level problems
have the convex constraints,

min  F(z) = f(z,y"(x)) st y*(z) = argmin g(z,y). 2)
zE€XCR% yEYCRI2

Then, we introduce several mild assumptions on the Problem (2)).

Assumption 1. The upper-level function f(x,y) satisfies the following conditions:

1. V. f(z,y) is Ly-Lipschitz continuous w.r.t. (z,y) € X x Y and V f(x,y) is L-Lipschitz
continuous w.r.t (z,y) € X x ), where Ly > 0.

2. Foranyx € X andy € Y, we have |V, f(z,y)|| < Cyy.

Assumption 2. The lower-level function g(x,y) satisfies the following conditions:
1. Foranyxz € X andy € Y, g(x,y) is twice continuously differentiable in (x,vy).
2. Fixx € X, Vyg(x,y) is Lg-Lipschitz continuous w.r.t y € Y for some Ly > 1.
3. Fixx € X, foranyy € Y, g(x,y) is pg-strongly-convex in y for some g > 0.

4. V2,9(x,y) is Lygy-Lipschitz continuous w.rt (x,y) € X x Y and V2, g(x,y) is Lgy,-
Lipschitz continuous w.r.t (x,y) € X x Y, where Lgzy > 0 and Lgy, > 0.

5. Foranyx € X andy € ), we have ||Viyg(x,y)\\ < Cyay.

These assumptions are commonly used in bilevel optimization problems (Ghadimi & Wang} 2018}
Hong et al.| [2020; Ji et al., 2021} |Chen et al.| 2021} Khanduri et al.} 2021} |Guo et al.,[2021a)).

2.2 REVIEW OF UNCONSTRAINED BILEVEL OPTIMIZATION METHODS

For the upper-level objective, we can naturally derive the following gradient w.r.t = using the chain
rule (which is defined as hypergradient),

VF(z) = Vo f(z,y"(x) + (Vy*(2) Vi f(z,y" (). 3)

Obviously, the crucial problem of obtaining the hypergradient is calculating Vy*(x). If the lower-
level problem is unconstrained, using the implicit differentiation method and the optimal condition
Vy9(z,y*(z)) = 0, it is easy to show that for a given z € R%, the following equation holds
(Ghadimi & Wang| [2018; Hong et al., 2020; Ji et al., 2021} |Chen et al., 2021} [Khanduri et al., [2021)

Vy*(z) = =[V5,9(2,y* ()] 7' Viag(@,y* (). “)
Substituting Vy*(z) into VF(z), we can obtain the hypergradient. Then, we update z and y

alternately using the gradient method.

2.3 HYPERGRDIENT OF LOWER-LEVEL CONSTRAINED BILEVEL OPTIMIZATION PROBLEM
For the constrained lower-level problem, one common method is to use the projection gradient
method, which has the following optimal condition,

y*(z) = Py(y*(z) = nVyg(z,y" (2))), Q)
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where 77 > 0 denotes the step-size. By Rademacher’s theorem (Federer; |1969)), the projection operator
is differentiable almost everywhere. Recently, based on Assumption 3| Blondel et al.| (2022); Bertrand
et al.[(2020; 2022)) derive the following hypergradient for the lower-level constrained BO problem,

— V2, g,y @) H T [Ia, — (Lo, —1V2,9(z,y"(2))) - H' |V f(z,y"(2)), ©)

where H = VPy(z*) and 2* = y*(z) — nV,g(x, y*(z)). Note that the gradient of the projection
operator can be easily obtained using the method in (Martins & Astudillol 2016; [Djolonga & Krausel
2017; Blondel et al., 2020; Niculae & Blondell [2017; |Vaiter et al., [2013; |Cherkaoui et al., [2020).

Assumption 3. a) If projection operator has a closed-form solution and z* = y*(x) —
NVyg(x, y*(x)) is not on the boundary of the constraint, then Py (z*) is continuously differentiable
in a neighborhood of z*. In addition, in the neighborhood of z*, Py(z*) has Lipshitz continuous
gradienet with constant L. b) y*(x) is continuously differentiable on a neighborhood of .

In many complicated machine learning problems, the probability that z* falls exactly on the constraint
boundary is very low. This means that, in many problems, when we obtain the optimal solution, the
constraint may be not active or ||V, g(x,y)|| > 0. In these two cases, the projection operator can be
viewed as differentiable in the neighborhood of z*.

To derive a convergence rate of finding the stationary point, traditional methods (Khanduri et al., 2021}
Hong et al.,|2020; (Chen et al.,[2021; [Huang & Huang| [2021)) need the hypergradient V F(x) to be
Lipschitz continuous (i.e., |VF(xz1) — VF(x2)|| < Lg|x1 — x2||, where Ly > 0). This condition
can be easily obtained if the lower-level problem is unconstrained. However, if the lower-level
objective is constrained, obtaining the above condition needs the projection operator to be smooth
(e, [[VPy(21) = VPy(25)[| < Lp|l2f — 23|, where Lp > 0, 2 = y(x1) —nVg(z1,y (21)) and
z5 = y(x2) — nVg(z2, y*(x2))). Obviously, most projection operators are nonsmooth (Martins &
Astudillol 2016} [Djolonga & Krause, [2017; Blondel et al., [2020; Niculae & Blondell 2017} |Vaiter|
et al., 2013 |Cherkaoui et al.,|2020) which makes the above condition not satisfied and difficult to
obtain the convergence analysis.

3 PROPOSED METHOD

In this section, we propose a new method to approximate the hypergradient using Gaussian smoothing
that makes convergence analysis possible. Then, equipped with this hypergradient, we propose our
single-loop single-timescale method to find a stationary point of the lower-level constrained bilevel
problem.

3.1 GAUSSIAN SMOOTHING

Inspired by the strong ability of Gaussian smoothing to deal with nonsmooth problems, in this
subsection, we use this method to handle the non-smoothness of the projection operator. Given a non-
expansive projection operator (Moreau, [1965) Py (z) and a distribution P = N (0, I, ), we define
the smoothing function as Pys(z) = Ey~p[Py(z + du)]. Then, we have the following proposition.

Proposition 1. Ler Pys(z) = Eyp[Py(z + du)] where P = N(0, I4,). Since that Py is non-
oL

expansive, we have (1) ||VPys(z*) — VPy(z*)|] < ?(dg + 3)3/2 on the neighborhood of =*,

where z* = y*(z) — nVyg(z,y*(x)), and (2) Pys(z) is differentiable and 1-Lipschitz continuous

with the Lp, = 2v/d/é-Lipschitz gradient.

Using this Gaussian smoothing function, we can approximate the hypergradient as follows,

VF(; (33)

= = V2,902, 5" (@) VPys(z") T (I, — (I, — nV2,9(x, 5" (@) VPys(z*) 7] V, flw,y* (2)
+ Vaf(z,y" (2)). )
y*(x

where z* = ) — nVyg(z,y*(x)). For this hypergradient estimation, we have the following

conclusion.
Lemma 1. Under Assumptions we have V F5(x) is Lipschitz continuous w.r.t x.
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Remark 1. Lemmal(l|indicates we can discuss the convergence performance on the approximated
function Fs(x) whose gradient is V Fs(x). Once we can obtain the errors between V Fs(x) and
V F(x), we can obtain the convergence result of the original problem.

3.2  APPROXIMATION OF HYPERGRADIENT

To calculate the hypergradient V F5(x), we need the optimal solution y* (z), which is usually difficult.
What’s worse, we need to compute the matrix inverse, which has O(dé’) time complexity. Thus, in
this subsection, we discuss how to calculate the hypergradient approximation in an efficient method.

As shown in (Huang & Huang, 2021 [Khanduri et al., [2021} [Chen et al., 2021 |[Hong et al., 2020),
one proper method is to use y to approximate y*(z). Using this method, we can approximate the
hypergradient at (x, y) as follows,

Vf(s(m;y) = vzf(xa ) nvxyg( ay)vpyﬁ(Z)T [Idz - (Id‘z vayg( ,y))VPyg(Z)Wil Vyf(Ly)
where z = y — nVyg(z,y)

To efficiently approximate the matrix inverse, the following well-known result can be used in our
method (Ghadimi & Wang|, 2018}; [Meyer, 2000).

Lemma 2. Let A € R™% be a matrix with | A|| < 1, then we have (I; — A)~t = Y72 A%

To utilize this lemma to approximate [I4, — (Ia, — 7V}, 9(2,y))VPys(2)" | ~!, one crucial step
is to ensure ||(Ig, — 7V, 9(x,y))VPys(z) || < 1. Fortunately, since the projection operator is

1
non-expansive, we have ||Pys(z)|| < 1 (See Proposition . Then, setting n < 7> Wecan easily
9

obtain || Ig, — 7V}, g(z,y)|| < 1. Thus, we can further approximate the hypergradient as follows,
Q-1 )

Vfs(w,9) =V (@,y) = 1V3,9(, ) VPys(2) T Y ((la, = 1V5,9(,9))VPys(2) ") Yy f(2,y).
i=0

In addition, we can use the following unbiased estimator of the gradient VPy;(z) to replace

prg(z),

5 (Py(z -+ 0u) = Py(z)) ®)

For H(z;u), we have the following conclusion.

Lemma 3. We have E,, [H(z;u)] = VPys(z) and E,, {Hfl(z,u — VPys(2)]| } (do +4)* + 2.

H(zu) =

To further reduce the complexity caused by calculating multiple Jacobian-vector products, we
can introduce an additional stochastic layer on the finite sum. Specifically, assume we have a

parameter () > 0 and a collection of @ + 2 independent samples & := {u,--- , u®~! ¢(Q)}, where
e(Q) ~UA{0,---,Q — 1}. Then, we can approximate the gradient as follows,
vfé (‘T7 Y; g)
c(Q)

=V.f(x,y) = nQV2,9(x, ) H(z:u")" [ ((Ta, — 0V, 9(z, 9)H(z0') ") Vy f(2,y), (9)

i=1

where we have used the the convention H?:l A = I. We can conclude that the bias of the gradient
estimator V fs(z, y; £) decays exponentially fast with @), as summarized below:

1 1 1
Lemma 4. Under Assumptions nd Lemma setting — (1 — ——) < n < —, for any
Hg da +4 Hg

z € RN, y €Y, wehave ||V fs(z,y) — E[V fs(z,y;€)]|| < %fy(l—nug)Q. Furthermore, the
9

variance of V fs5(x,y; €) is bounded as . [va(;(:v, y;€) —E [V fs(x,y; E)] ||2} < Ug(dg), where
UJ% (d2) is defined in Appendix D.
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Algorithm 1 DMLCBO

Input: Initialize x; € X, y1 € Y, w1 = ?fa(:m,yu&), v1 = g(21,91), Mk, T, 7, B, &, @ and 7.
1: fork=1,--- ,K do
©)-

2:  Update zx+1 = (1 — n)xk + NP (xk

T
Vlwkll + Go
T

(1 — m)yx + e Py (yx — ————0s)

] Vel + Go
4:  Calculate the hyper-gradient V fs(2x+1, Yx+1; Ex+1) according to Eqn. @])
5. Update wiy+1 = (1 — @)wi + oV f5(Tht1, Yot1; Ekt1)-
6.
7

3:  Update yr41 =

: Update vgt1 = (1 — B)vk + BVyg(Trt1, Yrt1)-
end for
Output: z, where r € {1,--- , K} is uniformly sampled.

3.3 DOUBLE-MOMENTUM METHOD FOR LOWER-LEVEL CONSTRAINED BILEVEL
OPTIMIZATION

Equipped with the hypergradient V f5(x, y; £), our next endeavor is to design a single-loop single-
timescale algorithm to solve the constrained bilevel optimization problem (2). Our main idea is to
adopt the double-momentum-based method and adaptive step-size method developed in (Huang &
Huang, 2021} [Khanduri et al., [2021} [Shi et al., 2022). Our algorithm is summarized in Algorithm
Since we use the double-momentum method to solve the lower-level constrained bilevel optimization
problem, we denote our method as DMLCBO.

Define o € (0,1) and 3 € (0, 1). For the lower-level problem, we can utilize the following projected
gradient method with the momentum-based gradient estimator and adaptive step size to update y,

.
Yrt1 = (L =)y + mePy(yr — ————"vk), Vkt1 = (1 = B)vk + BVy9(wk, Yx),
Vlvell + Go

where 1, > 0, 7 > 0. Gy > 0 is used to avoid to prevent the molecule from being equal to 0. Here,
we initialize v; = g(x1,y1). Similarly, for the upper-level problem, we can utilize the following
gradient method with the momentum-based gradient estimator and adaptive step size to update x,

"y _ —
Try1 = (L= mp)zr + mePr(tp — ————ws), Wrr1 =1 — @)wr + oV f5(xr, Yr; k)
Vlwk|l + Go

and we initialize wy = V fs(x1,y1;&1).

4 CONVERGENCE ANALYSIS

In this section, we discuss the convergence performance of our DMLCBO (All the detailed proofs are
presented in our Appendix). We follow the theoretical analysis framework in (Huang & Huang] [2021}
Huang et al., [2020; Shi et al., 2022} [Khanduri et al.,|2021) (For easy understanding, we also provide
a route map of the analysis in Appendix E). Before proceeding to the main results, we present an
additional assumption and a useful lemma.

Assumption 4. We have ¢; < 1/(\/||vg|l + Go) < ¢y and ¢; < 1/(y/||wi || + Go) < cy.

The above assumption is used to bind the adaptive terms in our method which has been widely used
in convergence analysis (Shi et al., 2022;|Guo et al., 2021b). Since the gradient estimation is bounded,
we can easily bound v and u for fixed momentum parameters. Even if the condition in Assumption
4 is not satisfied, we can also use the clipping method to make v and u bounded and finally make
Assumption 4] hold.

Then, we discuss the metric used to evaluate the convergence performance. When dealing

with constrained optimization problems, one proper method is to utilize G (zx, VF(x),5) =

1
— (xp — Px (xr, — YV F(x1))) as a metric to assess the convergence performance, where 4 =

v/ (V/|lwg]l + Go). We can bound G (zy, VF (z), ) in following lemma,

Lemma 5. Define metric G (zx, VF(xr),7) = i(xk — Px (xx —AVF(21))), and let 5 =
Y
) NN - o
————— and Ly = max(Li(——), La(——)) and Ry, = Vfs(z,y) — E|V fs(x,y; )], we
o gy @ Lo = max(La(555), La(557)) and By = Vfi(z,y) = BV fo(@,3:8)]
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have

|G (xk, VF(x1),7) | <My, (10)

1 -
where My, = |we — Vf(@r,yx) — Rell + [|Rell + Lolly™(zx) — yll + %ka = Tl +

SL 1 i
Tchy(@ +3)3/2C, (1 + — (1 — npy)) and g1 = P (z) — W).
Hg Hg

N
Vlwe |l + Go

Hence, using the above lemma, we can define a new metric M to discuss the convergence
of our method. In the scenario where M; tends towards zero, we can easily observe that
|G (zk, VF (21),9)|| also tends towards zero.

Then, turning back to the convergence analysis, using the above assumptions and lemmas, we can
obtain the following theorem (For ease of reading, some parameter Settings are omitted here. The
specific parameters can be found in Appendix G.2):
. ) 1 CyuyCry K
Theorem 1. Under Assumpttons and Lemma setting ) = ﬂ In T’ ne =
g g

(m + k)12 a = cink, B = cany, t > 0, we have

2m!/NG | 2VG 1
K 2-F5 = @ 320, (1 + —(1 - 11
K;; M= = T o +4ugCg y(d2 +3)"Cry(1+ = (1 = 11pg)), (A1)

where c1,co and G are defined in the appendix.

Remark 2. Lett = O(1), a = 0, m = O(1) and In(m + K) = O(1), we have VG = O(y/dy).
In addition, let § = O(ed;3/2). Thus, our proposed DMLCBO can converge to a stationary

Vida
K1/4

= g S B M = O

1
). Then, let a = 3" randomly sampled from {0,1,--- | K}, and

do d3
[\(/;) €, we have K = (’)( )

point at the rate of O(
1

E[i

IN

5 EXPERIMENTS
In this section, we compare the performance of our method with SOTA methods for LCBO in two
applications. (Detailed settings are given in Appendix.)

5.1 BASELINES
In this paper, we compare our method with the following state-of-the-art LCBO methods.

1. PDBO. The method proposed in (Sow et al., 2022) which uses the value function method to
solve the bilevel optimization problem.

2. RMD-PCD. The method proposed in (Bertrand et al.,|2022) which uses the reverse method
to calculate the hyper-gradient.

3. Approx. The method proposed in (Pedregosal [2016) which solves a linear optimization
problem to calculate the hypergradient.

For the fairness of the experiments, we use the same rules to update x, and we implement all the
methods by Pytorch (Paszke et al.,2019). Since JaxOpt (Blondel et al., [2022) is implemented by JAX
(Bradbury et al.l [2018), for a fair comparison, we use Approx with the Jacobian calculating methods
in (Martins & Astudillo), 2016; [Djolonga & Krause, |2017; Blondel et al.,2020; Niculae & Blondel,
2017 |Vaiter et al.| 2013} |Cherkaoui et al.,|2020) as a replacement of JaxOpt, which uses the same
method to calculate the hypergradient. We run all the methods 10 times on a PC with four 1080Ti
GPUs.

5.2 APPLICATIONS

Data hyper-cleaning. In this experiment, we evaluate the performance of all the methods in the
application named data hyper-cleaning. In many real-world applications, the training set and testing
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Figure 1: Test accuracy against training time of all the methods in data hyper-cleaning.

Table 2: Test accuracy (%) with standard variance of all the methods in data hyper-cleaning. The
second column shows the test accuracy of the model directly trained from the noisy data. (Higher is

better.)
Datasets Noisy DMLCBO RMD-PCD Approx PDBO
FashionMNIST 8vs9 90.72 £2.25 96.63 £0.69 95.47 £0.31 95.70 £0.26 94.87 £ 0.06
Gisette 69.23 +£ 3.86 86.17 £ 1.02 84.67+0.89 86.00+1.66 82.93 £+ 0.05
MNIST 1vs7 91.39£0.99 9345+ 1.58 92.96 +0.69 92.94 £ 0.69 92.66 £ 0.88
CodRNA 77.65 +0.27 80.86 £0.02 79.56 £0.18 79.29 +0.43 80.52 £ 0.08

set may have different distributions. To reduce the discrepancy between the two distributions, each
data point will be given an additional importance weight, which is called data hyper-clean. This
problem can be formulated as

min

* T . 7.
iy, 3@ anb)

s.t. y*(x) = arg minZ[o(x)},;f (y"ai, bi)

lyli<r 5

where r > 0, Dy, and D,,,; denote the training set and validation set respectively; a,; denotes the data
instance; b; € {—1,+1} denotes the label of a;; o(-) := 1/(1 4 exp(—-)) is the Sigmoid function.
In this experiment, an additional ¢; is added to the lower-level problem to ensure the sparsity of the
model.

In this experiment, we evaluate all the methods on the datasets MNIST, FashionMNIST, CodRNA,
and Gisette. For MNIST and FashionMNIST, we choose two classes to conduct a binary classification.
In addition, we flip 30% of the labels in the training set as the noisy data. We set r = 1 for all the
datasets. For all the methods, we search the step size from the set {100,10,1,107!,1072,1073}.
Following the default setting in (Ji et al.,[2021)), we set () = 3 and 7 = 1 for our method. In addition,
we set ), = 1/4/100 + k, ¢c1 = 9 and ¢o = 9 for our method. For PDBO, RMD-PCD, and Approx,
we set the inner iteration number at 3 for fair comparison. We run all the methods for 10000 iterations
and evaluate the test accuracy for every 100 iteration.

Training data poison attack. In this experiment, we evaluate the performance of all the methods in
training data poisoning. Assume we have pure training data Dy, = {a;, b; }fv:’f{ with several poisoned
points Dy,o; = {a, bi j;’ii assigned the targeted labels. In this task, we search the poisoned data that
can hurt the performance of the model on the targeted class. This problem can be formulated as

1 " ) !
Niar Z Lb(aj;y*(x)),b;) st. y"(x)=arg min — Z
val ptar llyll<r Dy U Dpoi

val

max
llzlloo <€’

€(0(ai; y), bi),

~ tar
where ¢ > 0,7 > 0, N = Ny, + Npo; and DY = {a;, b; };VZ”TL denote the validation dataset with
targeted labels.

In this experiment, we evaluate all the methods on the datasets MNIST and Cifar10. For MNIST,
we set € = 0.1 and r = 10 and we choose label 8 and 9 as the targeted label. For Cifar10, we set
¢/ = 0.1 and r = 10 and we choose the label 4 and 6 as the targeted label. We use a network with
two convolution layers and two fully-connected-layer layers for MNIST and a network with three



Under review as a conference paper at ICLR 2024

—— DMLCBO —— DMLCBO

—— Approx —— Approx
20l —— RMD-PCD
—— PDBO

g

Test Accuracy
Test Accuracy
Test Accuracy

8

8
o 8
]
|

4 1000 2000 3000 4000 0 1000 2000 3000 4000 1000 2000 3000 4000 4 1000 2000 3000 4000
Time (s) Time (s) Time (s) Time (s)

(a) MNIST 8 (b) MNIST 9 (c) Cifar10 4 (d) Cifar10 6

°

Figure 2: Test accuracy against training time of all the methods in training data poison attack .

Table 3: Test accuracy (%) with standard variance of the target class in training data poison attack.
The second column shows the test accuracy of the model trained on the clean data. (Lower is better.)

Datasets Target Train DMLCBO RMD-PCD Approx PDBO

MNIST 8 98.17+£0.15 71.05+6.26 72.09+£1.17 74.69+0.23 74.71+0.56
MNIST 9 98.07+£0.15 56.94+844 68.81+£1.36 76.08+£0.35 76.14+0.19
Cifarl0 4 68.43+£129 048+040 0.744+096 0.66+0.38 0.80=£1.10
Cifarl0 6 77.08£5.52 4.28+320 256+2.09 442+499 3.50=£1.10

convolution layers and three fully-connected-layer layers for Cifar10, where the Relu function is used
in each layer. For all the methods, we first train the model on clean data and use it as an initialization
for the attack. Then, following the setting in (Mehra & Hamm) 2021} |Shi & Gu, [2021)), in each =
update iteration, we sample 200 data samples from Dy, and D,,; and 100 data samples from D" to
perform all the methods. We run all the methods for 50 epochs. We search the step size from the
set {10, 1, 10’1, 10*2} for all the methods. Following the default setting in (Ji et al., |2021), we set
Q = 3 and n = 1. In addition, we set i, = 1/4/100 + k, ¢; = 9 and ¢3 = 9 for our method. For
PDBO, RMD-PCD, and Approx, we set the inner iteration number at 7' = 3. We train a new model
using the clean data and the poison data every epoch and evaluate the performance of the test data

with the targeted loss.

5.3 RESULTS

We have presented the test accuracy results for all methods in Tables [2| and [3] and visualized the
testing performance as a function of training time in Figures[T|and[2] Upon closer examination of the
data presented in Tables [2]and [3] it becomes evident that our method consistently achieves superior
results when compared to alternative approaches in both of these application scenarios. One possible
reason is that using a small inner iteration number in RMD-PCD, Approx, and PDBO to solve the
lower-level problem may lead to a model with poor performance which affects the hypergradient
and the final performance of the model. Our DMLCBO sometimes has a large variance which is
caused by the large variance of ZO estimation of the Jacobian of the projection operator. From all
these results, we can conclude that our DMLCBO outperforms other methods in terms of accuracy
and efficiency.

6 CONCLUSION

In this paper, we leverage Gaussian smoothing to design a hypergradient for the lower-level con-
strained BO problem. Then, using our new hypergradient, we propose a single-loop single-timescale
algorithm based on the double-momentum method and adaptive step size method which updates the
lower- and upper-level variables simultaneously. Theoretically, we prove our methods can converge
to the stationary point with O(d3¢~*). The experimental results in data hyper cleaning and poison
training data attack demonstrate the efficiency and effectiveness of our proposed method.
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APPENDIX FOR “DOUBLE MOMENTUM METHOD FOR LOWER-LEVEL
CONSTRAINED BILEVEL OPTIMIZATION”

A ABLATION STUDY

Here we give the results of all the methods in hyper-clean with a larger iteration number to show the
convergence performance. For our method, we set the iteration number at 100000. The result are
presented in Figurer[3]

In this section, we conduct ablation experiments on the hyper-parameters () and 7. To control the
variables, we explore the effect of each hyper-parameter while keeping the other hyper-parameters as
default as shown in the experimental setups. We search the step size of both x and y. We present the
results in Tables ][5 [6] [7] We can find that increasing () will lead to a long training time. In addition,
setting () = 1 usually leads to the worst results, which is because setting () = 1 means ignoring the
inverse of the Hessian matrix in our hypergradient and may not converge to our stationary point.
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Figure 3: Test accuracy against training time of all the methods in data hyper-cleaning.

Table 4: Test accuracy (%) of our method with different Q in data hyper-cleaning. (Higher is better.)

Datasets Q=1 Q=3 Q=5 Q=7

FashionMNIST 8vs9 96.24 £ 0.85 96.63 +0.69 96.66 +0.21 96.45 £+ 0.36
Gisette 86.12+0.33 86.17+1.02 86.45+0.64 87.04+0.35
MNIST 1vs7 93.33+1.13 93.45+1.58 94.54+0.23 94.25+0.25
CodRNA 80.51 £0.08 80.86 +0.02 80.62+0.21 81.87+2.37

Table 5: Test accuracy (%) of our method with different 7 in data hyper-cleaning. (Higher is better.)

Datasets n=1 n=0.1 n =0.01

FashionMNIST 8vs9  96.63 + 0.69 96.24 £0.17 96.35 £0.18
Gisette 86.17+£1.02 86.05+1.36 86.34+0.24
MNIST 1vs7 9345+ 1.58 93.25+0.87 92.74+1.12
CodRNA 80.86 - 0.02 80.62+1.12 80.55+£0.25
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Table 6: Test accuracy (%) of our method with different () in training data poison attack. (lower is
better.)

Datasets  Target Q=1 Q=3 Q=14 Q=5

MNIST 8 71.60 +7.11 71.05+6.26 71.15+3.35 69.27 +3.23
MNIST 9 57.26 £1.82 56.94+844 61.21+4.50 58.28+3.73
Cifar10 4 230+069 048+0.40 0.734+0.54  0.63+0.69
Cifar10 6 793+1.02 4.28+320 3.60+1.70 0.5540.05

Table 7: Test accuracy (%) of our method with different 7 in training data poison attack. (lower is
better.)

Datasets  Target n=1 n=20.1 n = 0.01

MNIST 8 71.05+6.26 71.56=+3.39 T71.22+1.41
MNIST 9 56.94 +8.44 62.99+8.93 62.56 £ 3.56
Cifarl0 4 048 +0.40 0.49+0.12 0.48+0.21
Cifar10 6 428 +3.20 4.40£1.38 4.38£0.75

B PROOF OF PROPOSITION I

Proof. According toNesterov & Spokoiny|(2017), for the first statement, since Py (z*) has Lipschitz
continuous gradient, we have

IVPys(2") = VPy (")

</ Pl 00 P AP 2,

25L/” e n ",

<7(d2 + 3)3/2 (12)

In addition, since the projection operator is nonexpansive, we have
[Pys(z) = Pys ()|
= Eu[Py(z + 6u) — Py (2" + du)]|
<E.[[[Py(z + du) — Py (=" + du)]]
<|lz =27 (13)

In addition, we have
[VPys(2) — VPys(2)||

1 2
<o 1Py 460 = Py(e) + Py() ~ Po(e’ + u)| - Jule S

<o [ Py 80) = Py + 80l + [Py() = Pyl ule S

1
2 > llul?
S—IIZ*Z’H/HUIIe 2" du

K

:2\25 z—2| (14)
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C PROOF OF LEMMA [3]

Proof. From Nesterov & Spokoiny| (2017), we can easily obtain E,, [I:I(z, u)] = VPys(z). In
addition, we have
E, [||H (z; )]

1
==5Eu [[IPy(z + 6u) — Py(2) 1 lul?]
Ey [J|ull']
(da +4)? (15)
Then, we can easily obtain
E, [||H(z;u) — VPys(2)]| ] < 2E, [||H(z;u);|2] +2E, [vaw(z)nﬂ < (dy+4)% +2
(16)
O

D PROOF OF LEMMA [4]

Proof. For convenience, define Gy, = QHC(Q) ((Ia, — nvyyg(:ﬂ y)H(z;u)") and Gy, =

1
(14, — (Ia, —nV2,9(2,y)) VPys(2) } . Wesetn < T We have
g

Ee[V f5(z,y;€)] = Vo f(x,y) — nV2,9(x,y)VPys(2) 'E [Gyy] Vy f(z,y) (17)
‘We have

|V f5(x,y) — E[V f5(x, y; )|
= |nV2,9(x,9)0:Pys(2) " {E [Gyy] = Gyy} Vyf(,9)]|

<NCyzyCry |E [Gyy] — G| (18)
where the third inequality is due to the non-expansive of the projector operation.

Due to the independency of u, ¢(Q), we have

E[Gy,]

=E

(@)
QJ (s, - Wf,yg(fv,y))H(Z;ui)T)]

=1

=1

¢(Q)
=QE(q) [Eu [H ((Za Wiyg(x,y))H(Z;ui)T)”

—QF. () [(Iuy — 1V2,9(2,4))VPys(2)T] Y
Q-1 )

=" [(Ia, — nV2,9(z,y)VPys(2) "]’ (19)
1=0

In addition, we have
Gyy

= [Ia, — (Lo, = V2, 9(x.1))VPys(2)T]

=" [, = 1V 390w, 5) VPys(2)T]'

i=0
c(Q) oo ;
=E |Q [ ((a, — 1V}, 9(x,v)H + ) [Uay = nVE,9(2.9))VPys(2) ]
i=1 i—Q

(20)
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where z = y — nV,g(x,y), which implies that

B [Gyy] = Gy
o e(Q)
(4, = (T, =0V 39 9)VPys(2) '] —E | Q [] (e, = nViya(e,y:C))H(z:u)T)
i=1
<Y | Uar = V2,902 9) VPys(2)T
i=Q
<3 My = 095,96 )| 1V Pys ()
1
—(1 - 21
<nug( ) 21
Thus, we have
IV s(a0) = B9 Ao s O] < S22 1 )2 @)
g9

Then, we prove the bound on the variance. we have

E (95024 6) — B [V s, )]
*]E{Ilnvwg ) H(21°) " Gy Vy f(z,y) — V3, 9(x ,y)VPys(Z)TE[nyWyf(x,y)||2}
<22 |92, 9, ) | B || (:6%) = VPys () |*] B [[|Gs|I°] 190 (2,9

+ 207 Va9 (@, 9) I [V Pys () E [[| Gy — EIGy]||*] 19, (2, 9) (23)

For the first term in the above inequality, we have

E[[|H(zu) = VPys(2)|] < (d2+4)2 +2 (24)

|

For E[||Gy, %], we have

Q-1
E[[|Gyy %] E

=0
-1

q

1 (U, = nV5,9(e, ) H(zu')T)
i=1

@Q

< ) (1 =mpug))*

o

1
ST (1 npg)(d2 1+ 4)

(25)

where C' = dy + 4 is the bound of E[|| H(z;u*)||] given in Nesterov & Spokoiny| (2017) and the last
1

inequality is obtained by setting — (1 — —— < —.
quality y gu( d+4)_n_ug
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‘We can also derive that

[ [Gyy]
Q-1 )
=1 > [(a, =0V, 9(z, ) VPys(2) ]|
i=0
Q-1
<Y iy = nV3,9(2,9))VPys (2) T’
=0
-1
<> (1= npy)
i=0
1
<— (26)
Nitg
Then, we have
E [IGy — Bl IIF] < & T @)
v LT = (L —nug)(da +4) Pl
Therefore, combining the above inequalities, we can bound the variance as follows,
= = = 27012
E|[V/(24:8) ~ B [Vf(@,5:)]|]
1
<2002, ((ds +4)* +2)C?
R e e e PRI CAREY
2 2
+202C2, + Cc? (28)
(e TRICAE T A
That completes the proof. O
E ROUTE MAP OF OUR CONVERGENCE ANALYSIS
Here we give a simple route map of our convergence analysis.
[ Lipschitz continuous of ] Bias of the gradient
VsF(x)(Lemma 1) [ estimation (Lemma 4) ]
@ [ Error between the updates y ] @
and y*(x) (Lemma 11)
[ Descent on the function ] [ Descent in the gradient ]
value F(x) (Lemma 10) estimation error. (Lemma 12)

[ Convergence result. ]
(Theorem 1)

Figure 4: Route map of convergence analysis.

F LIPSCHITZ CONTINUOUSNESS OF V Fj(z)

Here, we prove V F5(z) is Lipschitz continuous. We first give several useful lemmas.
Lemma 6. (Lipschitz continuous of the optimal solution to the lower-level problem.) Under
Assumptions|2} we have

ly" (1) =y (@2) || < Lyl[z1 — 22 (29)

L
where L, = =9,
Hg
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Proof. Here, we follow the proof in [Van Leeuwen & Aravkin| (2021). For given z; and x5, we
have the corresponding unique optimal solutions y* (1) and y* (x5 ). For the constrained lower-level
problem, we have the following optimal conditions

0 € Vyg(z1,y"(21)) + 0y (y* (1)), 0 € Vyg(z2,y"(22)) + oy (y*(22)) (30)

where Jy (+) is the identify function of the constriant.

For any given z, we have

pglly (1) =y (22)II” < ((Vyg(Z, 5" (21)) + hn) = (Vyg(Z, 5" (22)) + ha) 5" (1) — y*(l”zz%a)

where hy € 9y(y*(x1)) and hy € 90y(y*(x2)). Make the particular choices hy =
—Vyg(z1,y" (1)) € 06y (y*(x1)) and hy = =V yg(x2,y" (22)) € 00y (y*(x2)), we have

pglly™ (x1) — y* (z2)
<(Vy9(Z,y"(21)) —
+(Vyg(z2,y" (72)) — Vyg(

I?

Vyg(z1,y*(21)), y" (21) — y"(22))
T,y (22)),y" (1) — y" (22)) (32)

Then, setting £ = 1, we have

pglly™ (x1) = y* (22)II?
)

<(Vyg(z2,y"(22)) — Vyg(z1,y" (22)),y" (21) — y*(22))
<IVyg(a,y*(22)) = Vyg(er, y™ (@2)) lly* (1) — y" (z2) |
SLgllzy = zallly” (21) — y* (22| (33)
where the last inequality is due to Assumption 2] Rearrange above inequality, we have
* * Lg
ly* (1) — g™ (w2) || < —l21 — 22 (34)
Hg
That completes the proof. O

Lemma 7. (Lipschitz continuous of the approximation of hypergradient on x and y.) Under
Assumptions V fs(x,y) is Lipschitz continuous ony € Y and x € X, respectively, such that we
have

Vd
IV fs(w.91) = Vis(x,y2)] < L1<—62)||y1 1 (35)
IV fs(x1,y) = Vis(z2,y)|| < L2(T)||I1 — 22| (36)
Vs LgeyCry  CouyCry 2Vdz  2/dy 2y/d;
where L1(——) = L+ + + vJY + + Cyuy C
1( s ) f g g ( 5 n 5 ) gzy fy??ﬂg( 5
2v/ds ngy Vda LgayCry  CouyClry 2+4/do
n L, Lrand Lo(——) = L+ + + n L,+
5 Lo)(L—mmug)+ ug g 2(=57) =1Ly it i 5 Lo
24/ds L C
CoruonC 1—nuy) + gyy>+ 9y I,
gzy fy( #3 s g( g) Mf, g f

18
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Proof. Using the definition of V f5(z,y), 21 = y1 — Vyg(z, 1) and 2o = y2 — Vyg(x, y2), we have
IV fs(z,y1) = V fs(z, y2) |
-1
=1V f(a,y1) =0V 3,9(2y1)VPys(21) " [(Lay — (Tay =1V 5,9(0,51))VPys(21) ']V f(2,1)

— Vo f (@, ys) + V2,9, y2) VPys(22) T [(Iy — (Tay — 1V2,9(,42)VPys(22) 7]V, f(w,y2)
<V f(@,y1) — VI(z,y2)l

+ V2,905, 92) = V2,90 y) IV Pys (22) | [Tay — (T, = 1V2,9(2,92)) VPys(22) ] V3 f (2 0)|
+ 0012, 9(2, y) IV Pys (22) — VPys ()| [Lay — (Tay — 1V 2,9(x,92))VPys(z2) ] IV, f (92|
+nlV2,9(, y) IV Pys () [1a, — (Ta, — vayg(ﬂ? 92))V73y5(22)T]_1

— [Tay — gy = 01V2,9(2,50)VPys(21) ] IV (2, 2)ll

+0llV2, 9z, y) IV Pys (2O [La — Taz — 192,9(2,91))VPys(20) 7] IV, f(2,32) — Vo f(@,91)]|

(37
We have
IVaf(z,y1) = Vaf(z,y2)ll < Lyllyr — yoll, (38)
IVyf(z,y1) = Vyf(z,y2)ll < Lyllyr — y2ll, (39
IV2,9(2,y2) = Va,9(x,9)|| < Lgaylly2 — i, (40)
IVPys(z)l <1, V(@ 92)ll < Cry,  I1V2,9(x, 90|l < Cyay (41)

Sinlcle I(Zay = nV3,9(2, 42)VPys(22) || < [IVPys(22)llll1a, — 1V5,9(z,y2)| < 1 —npg <1
we have

—1
I [{ay — (I, — 0V, 9(x,y2)) VPys(22) "] ||

1
<
“1—|[(Ia, —nV2,9(x,y2)) VPys(22) T ||
<L “2)
Ny
[V Pys(22) — VPys(21)ll
Q\F
|22 — 21]]
Q\ﬁ
—nVyg(x,y2) — y1 + nVyg(x, y1)||
2\/> 2f
yill + n——1IVyg(x,y1) —nVyg(z,y2)|
2\F 24/ds
(=5 s 2Lg)||yz —u (43)

Using the inequality |H, ' — Hy || < |[Hy '(Hy — Ha)Hy 'l < | Hy || Hy — Ho ||| Hy |, we
have

—1 —1
I [1ay — (Iay — 0V 2y 9(2,52))VPys(22) "] = [Iay — (Iay — nVo,9(2,51))VPys(z1) "] ||

1
SW”(I@ NV, 9(2,y2))VPys(22) " = (Ia, = 1V 5, 9(x,41))VPys(21) ||
g

1
STNQIIV%&(@) = VPys(z1)lll1a, — 1V, 9(x, 2)
g

1
+ WIIVPW(ZOIIIII@ —nV3,9(x,y2) — Lo, + Vo, g(z, 1)l
g9

1, 2d> 2v/d2 Lgyy
< L)1 — - 44
= (UQM?,( 5 +n 5 g) (1 —npg) + n2 lly2 — 1| (44)
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Therefore, using the above inequalities, we obtain

IV fs(x,y1) = Vfs(x,y2V fs(x,y))l

LgoyCry | CoayCry 2v/dy  2V/ds
<Ly =gty g Zemvtly + L
f /J/g qu ( 5 ”7 6 g)
2Vdy | 2v/ds L Cyo
+ CyayC ( +n—Lg)(1 - + )+ Ly |lys — (45)
gzy“ fy 77#9( 5 n 5 ) Mkg) u_%; g fllyz —wll

For the second statement, let z; =y — V,g(z1,y) and 2o = y — V,g(z2,y), we have

IV fs(x1,y) = Vfs(z2, )|
=(IVaf(21,y) —nV2,9(21,y)VPys(21) " [lay — (I, — nVyyg(ml,y))VPya(zl)T]flVyf(:vl,y)

— Vo f(@2,y) +1V2,9(x2,9)VPys(22) " [Lay — (Tay — 1V2,9(x2,9))VPys(22) | Vyf (@, p)]

<IVef(z1,y) = Vi(z2,y)|
+77HViyg(wz7 y) —
IV Pys(22) — VPys O [Tas — (Tay — 1V2,9(22,9))VPys(22) "] IV f (22, 9)]
Y)

-1
+77\\me9(961, IV Pys()I [1a, — (Tay — nVyyg(wz, Y))VPys(22) "]
— [lay — (Is, = 0V 9(x1,y))VPys(z1) | IV f (22, 9)
-1
+ 0l V2, 9@, IV Pys (2Ol [Ta, — (Tay — 1V 2,9(x1,9)VPys(21) 1] [IVyf (22, 9) — Vi fla1,p)]|
(46)
‘We have
IVef(z1,y) = Vaf(2e, )|l < Lyllva — 21| (47)
IVyf(z1,y) = Vyf(z2,y)|| < Lyllze — 24| (48)
Hviyg(x%y) v2yg(x17 )” < LgﬂcyHIQ - le (49)
[VPys(z2) — VPys(21)]l
Q\F
|22 — 21|
2
:#Ily —nVyg(r2,y) —y +nVyg(z1,y)|
24/ d
s—lfﬁvahm—wvww%mn
2
f — x| (50)

1 [Tay = (Tay = 1V2,9(22,9))VPys(22) | = [Lay — (I, — nV2,9(x1,9)VPys (1) "] |

1
SWH(I@ nVe,9(x1,9))VPys(21) T — (I, — nV3,9(2,9)) VPys(22) " ||
g

1
Swllw’ys(h) = VPys(z2)lla, = 1V5,9(z1,y)ll
g

(22)Ha, = V3, 9(21, ) — Loy + 1V, 9(x2, )|

<

12\F L
Qué Ly(1 =)+ 222 e
g g

20
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Therefore, we have
vazs(xla y) - Vfg(l'g, y)”

Ly, C CoayCry 24/do 1 2v/dy L
<(Lj+ =222 fy | Zory fy77 Lo+ CopuCly <77 Lo(1 —npu,) + —22
( f g Lig 5 g gzy™~ fy Mg 5 g( g) M_?;
Cyu
F Ly~ (52)
g

F.1 PROOF OF LEMMAII

Here we first give a detailed version of Lemma([I]and then give the proof.

Lemma 8. (Lipschitz continous of NV Fs(x).) Under Assumptions[I] 2] and Lemma 3| we have
V Fs(x) is Lipschitz continuous w.r.t x, such that

[V Fs(x1) — VEs(x2)]| < Lm(@)”m — 22| (53)

where LF5(@) = ﬂLl(@) +L2(@), Ll(@) =L+ LgzyCly n ngnyy(2\/@ n
o Hg 0 0 0 Hg Hg o

772\§£L9) JFngnyy(nlmg](Z\g@ +772\§£Lg)(1 — Npig) + L/jgy) + c;i:ny and LQ(@) =

e R R R

Proof. We have
IVEs(z1) = VFs(x2)||
=[IVfs(z1,y"(21)) = Vs (22, 4" (22)) |

<V fs(z1,y™(21)) = Vis(z, y* (@) | + | fs(z1, v (22)) — fo(x2, y™ (z2)) || (54)
For the first term, we have

d L d
IV fster,y (@) = Vhstory (@)l < oGy (@) = o (@a)] < 22232 o — 2]
g

(55)

Thus, we have
d L d
IV Fon) = TEsel < (2252 + L4052 ) o = o 56)
g
O

G DERIVING THE CONVERGENCE METRIC

In this section, we give a detailed analysis to derive the metric. Based on the Lipshitz continuous of
V F5(x), we have the following lemma,

Lemma 9. Under Assumptions|[I} 2]and Lemma[3| we have

d
IV Es (1) — wi|* < QL?({T?)HZI*(%) — yil|® + 2V f5(zr, yi) — wiel|* (57)

Proof. We have
IV s (1) — wi?
=V fs(zr,y*(xr)) = Vfs(@r, ye) + Vfs(@r, yr) — wg]?
<2V fs (@, y* (1)) = Vs (@r, g I” + 20V fs(xn, y) — wie])?

d
LHLE (1) =l + 20 i) — 58)
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Then, we give the proof of Lemma ]

Proof. We have
G (zk, VF(z1),7) ||
1
=3 |2k — Px (v, — AV EFs(wk)) + Px (zr — YV Fs(x1)) — P (v — YV EF (21))]|
1 1
=3 lzx — Px (vx — AV Fs(xp))|| + 3 Px (zr — AV Fs(x1)) — Px (v — YV EF (a1,))]]

<3 llow = Pt (a1 = AVFs(ai)) ||+ [V Fo(an) = VF (@)
(59
where the last inequality is due to the non-expansive of the projection operator.
Using Proposition 1 of |(Ghadimi et al.| (2016)), we can obtain
IVFs(xr) — VF ()|
V2, 9(@,y" @)VPy(=)T L, = (Hay = V2,95 @)VPy()T] TV, fla,y ()
— V2,002, (@) VPys(2)T [Ta, — (T, — V2,900, 5" () VPys(=) ] Vy f(w,y"(@))]
<l V2,9, @IV Py (%) = VPys () [1a, — (Ia, — 192,90, 5" (@) VP (=) ] 119y f (2,5 (@)
+ 1l 9,y @)IVPys()| [Lar = (Lo, =192, 9y @) VPy(=)T]
— (1, = (Ia, = 192, 9@, 5" (2)))VPys (") ] IV f (.7 ()]
Cyy o+ 82 Cy | [Ty — (s, ~ 1900,y (@) VP ()] |
+1CyayCopyl [Tz = (az = 1V 9(@,y" (@) VPY ()]
= (L, = Ty =0V} gy @) VPys ()] | (60)

Since [|(1a, =1V 3,9(z,y* () VPy (2*) | < [VPy ()2, =1V 5,9z, y* (@) < 1=npy <
1 we have
1

I [(Ta, =0V, 9(x,y*(2)))VPy(z*) "] |l
< 1
“1—||({a, = nVZ,9(2,y* () VPy(z*) T
1
<— (61)
Mg
Using the inequality [|Hy ' — H Y| < |[Hy *(Hy — Ho)Hy || < ||Hi || Hy — Holl[|Hy '), we
have
* * -1 * * -1
I [Lay — (Iay, =0V, 9(x, v (@) VPy(z") '] = [La, — (I, — 1V, 9(z, 5" (2))) VPys(z*) 1] |

1 * * * *
<z U NV 9 (2,5 (2))VPy(z") " = (L, = 1V, 9(x, 5" (2))) VPys(2) |
g9

1 * * *
SWIIV%&(Z ) = VPy ()l L2, = 1V, 9(z, " (2))]
g

L 3/2
S+ 30— mg) (62)

Using the above inequalities, we have
G (zk, VF (1), 9) |

1 ) 5L 1
< llae = Pa (@n — AVEs ()| + 5— Cgay(da + 3)*2Cry (1 + —(1 — npg))
v 2 Mg

(63)
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Let G (w1, VEs(xy),d) = % (xx — Px (zr, — AV Fs(xk)))

Hg(‘TJﬁVF(S(‘Tk),"S/) H
SHQ (17]€7VF§(I‘]§),’3/) - g(xtvwkyﬁ/)n + ||g(xt7lUk,'A}/)||
<IIVFs(@r) — will + |G (2, we, )|

1 -
<|lwk = Vf(@r, yx) — Rell + | BrlI” + Lolly™ (xr) — yxll + %llxk = Tl (64)

Vi) Y i .

where Lo = max(L; (—— 5 )) and Ry, = V f5(z,y) — E[V f5(z,y;§)].

)s La(——

Therefore, we have

. N 1 -
G (wg, VF (), ) <|lwx — V(@ yx) — Rell + | Rl + Lolly™ (&) — yrll + %Hfﬂk — Tyl

oL 1
+ 5 Cory(da +3)°/Cpy(1+ — (1= npy)). (65)
Hg Hg

O

G.1 USEFULL LEMMAS IN CONVERGENCE RATE

Lemma 10. (Descent on the function value.) Under Assumptions|l} 2| and Lemma[3] let Fs(z) be

an approximation function of F (x) and have the gradient V Fs(xy,), and yny, < , we

d
2LF5(§)01

have

Fs(zr11) < Fs(zg) + meye ||V Es(zr) — wi]? — %Hi‘k+1 — o ||? (66)

Proof. Due to the smoothness of Fs and Z;4+1 = Px(x) — wy,), we have

T
VTl +Go
Fs(wp41)

ds
Vs -

<Fs(z1) + VFs(vg) " (xps1 — x) + LFS(

2

- 1 d -
— 3 (o) + meVFsla) (Beon — ) + L (V) (s — )|

. . Vds
=Fs(xr) + ne(we, Te41 — k) + m(VFs(2r) — Wi, Tog1 — k) + Tk o Lrs (5| Ths = al|®
(67)
: ~ Y . 1
In our algorithm, we have Zy41 = Px(2py — —————wy) = argminy -|lz — zx +
Vlwell + Go 2
Awk |2. We have the following optimal condition,
Vlwkll + Go
(Tpsr — Th + —— g w — Fp1) 20, 2 € X (68)
Vlwkll + Go
Set x = x1,, we can obtain
Yo (W, Teq1 — Tx) < Aﬁvkﬁkﬂ — ) < — || g1 — ail? (69)
Vlwkll + Go
Thus, we have
- 1.
(Wi, Thg1 — k) < ——||Tpg1 — il (70)
Ya
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In addition, we can obtain
<VF§((L’k) — wk,.’ikJrl — $k>
<IVFs(xr) — will2||Tr41 — 2k ll2
1 .
<yl VEs(wx) = wll® + T llFks1 — il (71)
Ya

. 1 .
Then, setting v < —————, we can derive

2LF5( S )Cﬂ]k

Fs(xp41)
2
k|~ k|~ Vda
<Fs(ax) + myedl |V Fs(zi) = wil® + 70 @ = 2l? = 25 @nn = 2l + G Ly (Y57 [k — ]
v va 2 o
E o~
<Fy(aew) + mvallVFs(en) — il = 52 = ol )
O

Lemma 11. (Error between the updates of y and the optimal solution y* ) Under Assumptions
1

4| and Lemma |3} let Y1 = (1 — ng)yr + Py (yr — e <1, 7< , we
= (=) v s/Hvk e 6L,c0
have
Y1 — ¥ (zeg) [
NeTHgCu\ |« 25N, TCy,
<(1— =Ly (@) — wrll> + ———IVyg(zr, yr) — vil®
4 6ig
3Nk - N 25L§17k _ 9
- = — U — 73
e = el GEIE | 73)

Proof. Define gr+1 = Py (yx ). We have yr+1 = (1 — mi)yk + iJkt1-
\/W I+ Go
According to the strong convexity of g, we have
9(@,y)
=g, i) + (Vg (@, i)y — i) + 52y — el

. . . 1
=9(xk, k) + (Ve ¥ — Tut+1) + (Vy9(@k, Yr) — Vi, ¥ — Trt1) + (Vy9(@k, Y), Ort1 — Yi) + ?gHy — yi|?
(74)

According to the smoothness of g, we have

. . L, .
9(@r, Urt1) < 9(xrs yx) + (Vyg(Tr, yk)s Trr1 — yr) + ?gHyk-&-l — yil? (75)

Then, combining the above inequalities, we have

- L, . 5 5 I
g(iUimy) > 9(@k, Yry1) — 7g||yk+1 - yk:||2 + (vg, Yy — yk+1> + <Vy9($k7yk) — Uk, Y — Jrt1) + %Hy - Z/kH2

(76)
In our Algorithm[I] we have
2
st =P . : . (77)
Y1 =Py | Yo — ——=—=——7vr | =argmin g |y — Yp + ————Uk
Vvl + Go yey 2 Vlvell + Go
) 2
-
Since ) is a convex set and the function — ||y — yx + —=—=——vk|| is convex, we have
2 Vvl + Go
r
Ukt1 — Yo + —F——VksY —Ykt1 ) 20, y€y (78)
< Vvl + Go >
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Then we have

_ T _ _ _
TCu(Vks ¥ — Jht1) = —F———— (Vs ¥ — Ut1) = (Tht1 — Yk> Tkt1 — V) (79)
V vkl + Go

Then we have

9(xk,y)

_ Ly, _ o _
>9(Tk, Jut1) — 7g||yk+1 —yel® + 7g||y —yll> + (Vy9(Th, yi) — Vks Y — Ght1)
1, .
+ —(Ukt1 — Yb> U1 — V) (80)
TCy
Lety = y*(ag). Since g(zk, v* (zx)) < g(xk, Jr+1), We have

9(xr, Jrt1) = 9(Tr, y™ (1))

- Ly, . Hg . -
>g(Tk, Urg1) — 7g||yk+1 —yel® + 7g||y () — yill® + (Vya(@r, yk) — Vi ¥ (Tk) — Trtr)
1 .. 1 X
+ —1Tk+1 = Yll® + — Trr1 — Yoo v — v (1)) (81)
TCy TCy

In addition, we have

(Vyg(zr, yx) — vk, ¥ (k) — Jrt1)
(Vyg(zr, yi) — vk, ¥ (or) — yk) + (Vyg(Tk, Yk) — Uk, Y — Jrr1)
> = IVyg(@r, yr) — velllly™ (@x) — yell = IVyg(@r, ye) — vellllye — Tkl

1 I " 1 0 s
2> - 7||vy9($kvyk) - Uk||2 - f”y (wr) — yk||2 - 7Hvy9($kayk) - UchQ - f“yk - yk+1H2
Hg Hg
> 3 v _ 2 _ Mgy, — 2_Hg y 2 82
2= IVyg(zr, yr) — vkl 1 ly™ (xr) — il 1 Yk — Tt l (82)
g

The first inequality is due to (a,b) > —||a||||b]| and the second inequality is due to the Young’s
inequality. We also have

lyer1 =y ()2

<[lyk + e (Jre+1 — yx) — y* (zk)
=llyx — v* @e)I® + 02l Trs1 — vell® + 20k Frt1 — Yoo Yk — ¥ (1)) (83)

I?

Therefore, we have

(Trt1 = Yo, Y — y" (z3)) = i(”ylﬂrl =y @)l = llye =y @)1 = 1l Ger — wall?)
(84)
Then, we have
02 = 2 3ues = P + E2 (o) = P+ i —
= ZIVygtene) = ol = G2 ) = el = Bl = P
(s =y @I = e — " @) |2 = 2l — ell?) (85)

_|_ [
2Nk TCy
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Hence we have
Ly 1 Hg Nk

% 2 <9 W(=L — =g U — 2
lyss =y @0l <2merea( G = 2=+ G+ 37 Ol = el
HgMNiTCy * 4nchu
(1= BT () — g2+ Vg ) — vp||?
g
UMk TCy * ATy
<(1- gT)H@/ (zx) — wiel]” + ” IVyg (@, yr) — vrl?
g

1 3L
-9 W (—— — =) — 2
NKTC (270“ 1 Mk = il
UgMkTC N AnpTe
<(1- %)Ily (zx) — yil® + . “NVyg(hs ye) — vil?
g
3Nk | -
— 2 — el (36)
1

using )y, < 1, ug < Lgand 7 < 6l o
gtu

Then, we have
k41 — ¥ (Tht1)
=[lyrr1 —y* (@x) + v (xr) —y* (zps1) P

I?

nkTMgCu * 2 4 * * 2
<(14+ =2~ - 1+ — —
<14 TR s~y @l + (4 e )~ )
NETHgCu * 2 4 2 2
<(14 Elotu - 1+ —)L2||ay, —
<O+ BT s =" @) P+ (0 ) —
kT HgC kTC « T hgCuy \ ANKTC
<(1+ PRy (g BORTE () — |2 4 (14 PEEEE2 TR g, ) — o]
4 2 4 Iig
NkTHgCu\ 3Nk || ~ 2 4 2 2
-1+ =——)— - 1+ —)L — 87
(14 BT T s — el + (L ) L — il 87)
. 1
Since g, <1, pg < Lgand 7 < gcu’ we have 7 < Loew = Ggen andn, <1< GTLgcu'
Then, we can obtain
(1 + nkTﬂgcu) 1 HgMiTCy 1 HgMkTCy + NKTHgCuy 77,%7’2/1303 <1 NeTHgCu 38
4 ( 2 )= 2 4 8 - 4 (88)
kT lhgCu \ STk 3Nk
e s
(1+ nkfugcu)4nkfcu §25nchu (90)
4 Iy Gptg
2
1+ 5 < L, 1)
NT hgCy 6N T g Cy
Finally, we can obtain
Y1 — ¥ (zeg) [
NET hgCu N 25nkTCy
<(1— ==Ly (@) — wel? + =V yg(xr, yx) — vi?
4 61ig
30k~ 2 25[’;?/ 2
1 19+ = i +677k7—/lgcu||xk Tt
NET hgCu N 25K TCy,
<(1- Tg)Hy (z1) — yel? + “on 1Vu9(@nye) = vk )?
Hg
3Nk - 5L277k -
- T”yk+l —yel® + 5 Y2 og — Zpga || (92)
THgCu
O
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Lemma 12. (Descent in the gradient estimation error.(Huang & Huang, 2021)) Under Assumptions
and Lemmald) if o € (0,1) and 3 € (0, 1), we have

E[||V fs(zks1, Yrt1) + Rigr — wis]?]

<(1 = Q)E[|V f5(zk, yr) + Ri — wi[*] + a?0(da) + (HRk”2 + || Ris1]?)

3 - -
+ =~ Loni(llze = Zeaa ” + llye = Gral]?) (93)
E[|Vg(ri1, yrs1) — vrpal]
2
<(1 = BIE[IVg(@r, yr) — vell*] + ﬁni(llxk = T |® + s = Geall?) 64)
Vdy Vi

where Lo = max(L;(—— 5 ), La(—— 3 ))-

G.2 PROOF OF THE CONVERGENCE RATE IN THEOREM [I]

Here we first give a detailed version of Theorem|I]and then present the proof.

1 1 1
Theorem 2. Under Assumptions and Lemma with — (1 — )<n< —, Q=
g dy +4 u
1 CuoyCr K 1

—1In , 7 < min{——, 110 < 7 <
tign fhg L 125L¢L2eym, 2 6p2L2
do | =5 + (5L 3)ci
372pzcz 3 125L5
15L8 9 12
, m > max{t?, cit?, c3t?}, a = cim, B = camp, = < ¢ < o )
) 2, 6u2L? 2 t
Hocu | 350+ 1o572
12513 mt/? Vs Vs 10Lgc
<< L, = LYy 5 1,2, 0, = F -
32 s b max (L (=) 2(=57) & 5(z1) + gt g1
_ P P* 17t
@)+ e = foCon,gees) = RalP + 1o o) — o), 6 = 22
4 t
1/2 3/2 2 2 —
K)'/2 4 W(m—k[() 12 4 (mo$(d2))t” In(m + K), and ny, = (CEwALEL t > 0, we have

K

1 1 omt/4G  2VG 1

=Y E[= < Crd 3)3/20,(1 717 95

t
Proof. Setting gy, = ——~= and m > t2, we have N, < 1. Due to m > (clt)z, we have
(m + k)1/2
cot
a=cnp < 1/2 < 1. Duetom > (cot)?, we have B = comp < 3/2 < 1. Also, we have
1/2

c1,co < . Then using the above lemmas, we have
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E[|IV f5(zrt1, Yrt1) + Risr — wirr |P] — B[V 5 (@r, yr) + Ry — wi]|?]
2

3
< — o[V fs(@r, yr) + R — wi]|*] + o*0F(da) + a(HRkHQ + || Res1 1)
3 - 5
+ aLﬁni(Ilm — T l? + llye — Tral?)

< — B[V f5(zr, ) + Ri — wie]|*] + inigo?(da) (RN + 1 Reqa 1)

+ -
C1Mk
3 . ~
+ CTL%%(H% — Zep1 I + lyk — Gk l?)
<_2 BV R — 2 m o o d l Roll? R 2
< — BV fo(rn,ue) + R~ wnl*] + o) + (1B + [ B )

2 - ~
+ 3 Lome(llzr = ” + llye = Grsall”) (96)

ml/2

9
where the last inequality holds by 5 <c <

El|Vg(@rs1, yr+1) = vns1ll®] = E[Vo(zr, y) — wi?]
2

2 2 g, 2 ~ 2 ~ 2
< - BE[||Vg(xk, yx) — vil|*] + 7771@(“5% = T |I” + llye — Jrsa )
2

< — conkE[| Vg, yi) — vil|?] + ?ng(”jk — 21|+ 1T — yesl?)

2712
<- 1:2;;? mE[[Vg(xr, yr) — orll’] + ?/;;ig (e = Tl + lye — Geal?) - OD
where the last inequality hold by 553 <e < m;/2
)
In addition, we have
Fs(wp+1) — Fs(an)
<marer (232 1) — el + 20V oo ) — wnl?) = 2 s —
<2y Lglly* (zx) — yill® + 2myal|V s (2r, yi) — wil|® — %Hik+l — a)?

* k ~
<mya Lg|ly* (zr) — yell® + vV fs(@r, ye) — we — Ri||* + dnpye||Re || — 72201 [Fr1 — il
(98)
We can also have
lyes1 — ¥ (@es) 1> = 1y (x) — yrll®
METHgCu | 25k TCy
< = 2y (k) — uell? + 1V yg(zr, ) — vil?
4 61g
3, 2 2Lk - e
_ 2R _ — 99
1 k1 — yell” + 6700 zk — Trall 99)

Then, we define a Lyapunov function, for any k£ > 1,

Drpq
10L8c ) _
=E[Fs(xp41) + O i1 — y* (@ ))1? + cllfwrsr — Vifs(@hin, ver1) — R
gCu
+ IV 9(@rs 1, Yr1) — v ||*)] (100)
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‘We have

Dpi1 — Py

10L%¢c
=E[Fs(xp+1) — Fs(zg)] + 0%
TUC,

I

Nyksr — v @re) 12 = Nk — y* (z)]1%)

+ Bl wit1 — VI (@kt1, Yrr1) — Rir1ll® = lw — Vi (2r, yi) — Riel)?]
+ CZE[Hvyg(ka, Yk+1) — Uk+1||2 —[IVyg(zr, yx) — UkH2]

E |~
<2myaLflly* (zn) — vl + dmeyel |V fs(@n, yo) — wi — Ril|® + dmeyed | Rel* — %ka-&-l — a|?

3Nk - 9 5L277k
v — ]2 = 25 — Y
[ yg(xkvyk) v | 4 1 Tk+1 — Y|l 67 1gC0

" 10L§¢ (- MeT lgCu
ThgCy 4

9 m 2
+al=mEllV fo (k. yr) + Ry — w?] + tjnz%ff?(dz) + %(IIRkII2 + | R [1?)

”2 + 25Nk TCy

@k — Zrgal®)
6pig

ly" (k) — vk

2 - -
+ 3 Lome(llze = Zaga” + llye = Grsall®)

12513

6u2 L2
32 =2mElVg(@e, yr) — vil*] + 52y

a3 lon — Tl + gk = B l?)

+Cl(

5L CiMk « 901
<(2mryaLy — 02 Wy (zr) — yrll” + (dnryer — 7nk)||vf5(xkyyk) —wy, — R |?

125L¢cyy,  125L3

HE g g I Vag(on ) -

UL 125L3L32,ka 2 , 6ulL? ) ,

 2v¢ 3r2pu2c2 (§ 0 125Lg)77kcl |Zr+1 — 2|
gu

715L86l77k (ELQ GMQL
2T gy 370 T 12512

)nm) 1 Gk+1 — yil?

2y¢
el Bl + SR + 1 Rea ) + et (d2)
L2 CiMk %
< — Ty ) = wl? = Gl V s ) — wi — R

2701

Mk |~
mbronl oS wl|* + dnyer| Rel|* + (||Rk||2 + [ Bis1]1?)

m
+ o (dz)

1
where the last inequality is due to v < min{ ——, 5 o , 1}
LO 125L8Lycl77k 2 9 6,ung
| ——=——+ (=L )ar

3r2p2c2 379 12518
15L§

2 6,UJ2LQ

Then, rearranging the above inequality, we have

and Ly > 1.

0<7<

Yk L
Y (21305"(00) = P + 21 fove ) = o = Rall + IR+ gl o)
1

17 2ve
SZUWCIHRMF 7 l(||RkH2+HRk+1|| )+ ﬂcmiaff(dz)Jr‘I)k—‘PkH (102)
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1 CouyCry K
Taking the average over k = 1, - - , K on both sides and using 7y > nx, Q = —— In —92¥—Jv">
g Hg
t 10L(L)LCZ « 2 —
M= B2 and ®; = E[Fs(z1) + o lyr — y*(@)[I* + a(llwr = Vfs(@1, yrt1) —

Ril]2 + IVyg(x1,y1) — v1]|?)], we have
K
1 1 . .
% 2 El; <2L3||y (z1) — ynll®> + 2|V s (zh, ) — we — Re||® + || Re||® + = F 1 — $k|2>]
k=1 :

1

K
¢ —@° 2 2
< d
_KT]K ( Ve 4K2 ZT]}C 3K2 Z 7] t2 Uf( 2)) ;nk)

1 (& - 17 t 4 (m+k)Y2  m / t2
< —o%(d —
~ Kng ( Ye e / (m + k)1/2 + 3K2/ t +(t2af( 2)) m+k

_(m+ K)'/? P LA
- Kt yey 4K?

(m+EK)\V?+ —

K2 (m+ K)*? + (ma?(dﬂ)t2 In(m + K))

(103)

According to the Jesen’s inequality, we have

1

1.
Te 2 Bl (VLRI o) —oel 4 VRISt n) — Rl e+ 2 e )

1/2
= 2 2 2 2 1 ~ 2
E 2L ollv™ (k) — yll® + 2V fs(xr, yr) — wi, — Rel|® + || Rel]” + 22 [Zk+1 — k]|
k=1 1

( F)l/él\/ qu)* L (m 4 K)V2 4 4 (m + K)3/2 + (mo3(da))t* In(m + K)

4K? 3tK?2
<2m1/4\/§ N 2V/G
=T VRL (Kb
b, — P 17t 12 |
WhCI’GG: T‘i‘@( +K) /
we can obtain

(104)

+ 353 (m+K)*?2 + (mo}(dz))t* In(m + K). Finally,

2m/4/G 2
K &2 VKt (Kt) /

1
quu(d2 + 3)3/ C y(1 +—(1 - 77/19))-
dpig Hg

(105)
O
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