Published as a conference paper at SciForDL 2nd edition

UNIFIED PERSPECTIVES ON LAYER BALANCING AND
PARAMETER-NORM EVOLUTION IN NEURAL NETS

Jasraj Singh® Enea Monzio Compagnoni Antonio Orvieto
Universitit Basel ELLIS Institute, Tiibingen
Max Planck Institute for Intelligent Systems

ABSTRACT

Understanding the parameter dynamics under gradient-based training has been
central to explaining implicit regularization and generalization in deep learning,
with balancedness of layers — defined as the difference between the left Gramian of
a layer and the right Gramian of the next layer — playing a key role in many exist-
ing analyses. We present a unified and substantially more general framework for
studying layer-balancedness and parameter-norm dynamics across a broad class
of neural architectures. Modeling networks as compositions of learnable Hilbert-
Schmidt operators interleaved with fixed positive-homogeneous nonlinearities, we
show that consecutive layers without nonlinearities in-between converge exponen-
tially fast toward a balanced state under weight decay. Furthermore, we derive a
general expression for the time evolution of the squared-norm of each learnable
layer, showing that parameter-norm dynamics reduce to a single scalar quantity:
the inner product between the network output and the negative gradient of the loss
with respect to it. Our framework recovers existing results as special cases while
extending them to architectures beyond the reach of prior, architecture-specific
analyses. Finally, it connects parameter evolution to function-space dynamics,
which can be studied, for example, using the NTK theory and mean-field analysis.

1 INTRODUCTION

The dynamics of a neural network’s parameters under gradient-based training have received sus-
tained attention as a lens into implicit regularization and generalization in deep learning. Prior
works have established layer-wise balancing (Arora et al., 2018; Cao et al., 2025; Du et al., 2018),
which has played an important role in studying the training dynamics of linear networks (Arora et al.,
2018;2019a), global optimality in shallow matrix factorization problems (Du et al., 2018), low-rank
bias in shallow (Min et al., 2021; Tu et al., 2024) and deep matrix factorization (Arora et al., 2019b),
richness of learning in deep linear networks (Dominé et al., 2024), and neural collapse (Jacot et al.,
2025). These analyses of layer-wise balancing, however, are typically tied to architecture-specific
arguments that do not extend to practical components of modern neural networks.

In this work, we provide a unified and substantially more general framework for studying the dy-
namics of the balance between consecutive layers (Equation 3), as well as layer-wise parameter-
norms. We model neural networks as compositions of learnable Hilbert-Schmidt operators — which
includes fully connected layers and convolutions — interleaved with fixed positive-homogeneous
nonlinear operators, including common coordinate-wise activation functions, pooling layers, and
normalization layers. Studying such models under gradient flow, in Theorem 1, we show that con-
secutive layers with no nonlinearity between them become balanced at an exponential rate pro-
portional to the weight decay factor. In Theorem 2, we derive a general expression for the time
evolution of the squared norm of every learnable layer, showing that it reduces to a single scalar
quantity: (fe (X),-VeL (fo (X);Y)). Overall, our framework immediately recovers results in the
literature, while also including nontrivial architectures beyond the scope of existing analyses.
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2 SETUP

Consider a sequence of Hilbert-Schmidt operators, 8 := {7, € HS (H,-1, Hg)}le, where H denotes
a Hilbert space. We define an L-layer neural network recursively as follows:

pre-activations: Zy = Ty (Ay_1) (1a)

post-activations: Ay = ¢y (Zy) (1b)
for hidden layers ¢ € [L — 1], with inputs given by Ay = X € H( and output by fp (X) = Zp, =
Tr (AL_1); Ty are learnable linear operators while ¢, : H, — H, are fixed nonlinear operators.
Assumption 1. The nonlinearities, ¢y, are Fréchet differentiable at their inputs, Z,.
We consider model training with gradient flow (GF):

0 =-VoL(fo (X);Y)-0-VoR(6) 2)

where X € H, collects the inputs, Y € H, collects the targets, 8 parameterizes the model, £ is a
scalar-valued loss function that is minimized, R is a regularizer, and 9 is the regularization factor.

Note: Going forward, we assume that the loss is the same at each step, for the sake of clarity.
This is an unnecessary assumption for all our results, which can be trivially extended to the case of
time-dependent loss functions, e.g. stochastic mini-batch optimization. Similarly, we use Tikhonov

regularization, i.e. R = ||, for simplicity, but other regularizers can also yield analogous results.

3 DYNAMICS OF BALANCEDNESS

Several different definitions of balancedness between two consecutive layers have been proposed in
the literature (Arora et al., 2019b; Dominé et al., 2024; Du et al., 2018; Tu et al., 2024). We keep
our analysis general by studying the mathematical object common to all of these definitions:

3(72772+1) ::7207? _7—5:.1 o Tos1 €))

where o denotes composition of operators, and -* denotes the adjoint of an operator. Intuitively,
near-zero BB (g, Ter1) suggests that the layers are approximately balanced.

Theorem 1. Consider an L-layer neural network with the nonlinearities ¢y satisfying Assumption 1.
With ¢, being the identity map, under gradient flow training,

B(Te(t), Tera () = exp (=26t) - B(T¢ (0) , Tes1 (0)) (4)

This result was proposed in Arora et al. (2018, Theorem 1) for linear Multilayered Perceptrons
(MLPs) initialized as B (T (t) , Te+1 (t)) = 0, i.e. they prove that networks remain balanced if ini-
tialized as such. Du et al. (2018, Theorem 2.2) proposed a more general result for MLPs trained
without weight decay, requiring only ¢ to be the identity map instead of the whole network, same
as Theorem 1.

Definition 1. A positive-homogeneous function of order k satisfies ¢ (cx) = c*¢ (x), where c €
R, . For such functions, Euler’s homogeneous function theorem states that [D¢ (x)] (x) = k¢ (x)
whenever ¢ is differentiable at x.

Theorem 2. Consider an L-layer neural network with the nonlinearities ¢y satisfying Assumption 1.
With positive-homogeneous nonlinearities ¢y of order ky, under gradient flow training,

d L
pn ||72||12-Is(m_1,m) =-2 (H kl) (VL (fo (X);Y) ,fo (X))4, —26- \|72H?{s(m_l,m) 5
1=¢

with kr, = 1.

Cao et al. (2025, Theorem 1) proposed this result for the case of scale-invariant tensorized models,
which corresponds to the k, = 1 setting. Moreover, for the special cases of MLPs and Convolutional
Neural Networks (CNNs), Du et al. (2018, Corollary 2.1 and Theorem 2.3) proposed that the differ-
ence in norms of consecutive layers with order-1 coordinate-wise activations between them, doesn’t
change; note that they don’t consider weight decay, i.e. § = 0. This can be derived by setting k; = 1 —
or, more trivially, having one of ¢¢.1, P42, ..., ¢ -1 being order-0 homogeneous — in Theorem 2.

Note: In Theorem 2, the nonlinear operators are simply positive-homogeneous. Hence, it includes
non-trivial deep learning modules, like pooling layers and normalization layers.
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Figure 1: Theoretical predictions (Theorem 1 and Theorem 2) and empirical dynamics (Equation 32).

Corollary 1. Under the setup in Theorem 2,

ST Too 0D =200 D) TT 1) 96 0 OV) 8o O,

l=0+1

~25-Tr(B(Te (t), Tes1 (1))

4 SPECIAL CASES IN EUCLIDEAN SPACES

Consider {7—[@}5:0 to be a sequence of real vector spaces with finite dimensions, {dg}fzo. Upon
fixing bases of H,_1 and H,, the linear map 7, : H¢—1 — H¢ admits a unique matrix representation
W, e R%*de-1 which we treat as a learnable weight matrix. In this case, we have

H'D HHS(HH He) T HWZ HF (7

where |||  is the Frobenius norm. Hence, the model-parameters’ Frobenius norm’s dynamics are
given by Theorem 2. In particular, this includes full-connected layers and convolution layers.

Lemma 1. A positive-homogeneous function, ¢y (+;c_, co, ¢y ) : R — R, of order k takes the form

e (-z)", 2<0

ok (5¢-,c0,¢4) = 1 co, z=0 ®)

c.xh, z>0

where ¢, = ¢ (£1) € R, and cg = ¢ (0) € R. Moreover, if k + 0, then ¢y = 0.

From Lemma 1, we can immediately identify the following order-1 positive-homogeneous activa-
tions: the identity map, ReLU activation, and LeakyReL U activation.

Lemma 2. A sequence of positively homogeneous operators can be replaced with one whose homo-
geneity order is the product of the homogeneity orders of the component operators.
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Pooling Layers. Max pooling and Avg pooling layers in a CNN — as well as analogous operators,
like pooling layers in graph neural networks (Grattarola et al., 2024) — are order-1 homogeneous. In
light of Lemma 2, the result in Theorem 2 remains unaffected if pooling layers are used.

Normalization Layers. Consider the common normalization techniques used in neural network
training, e.g. BatchNorm (Ioffe & Szegedy, 2015), LayerNorm (Ba et al., 2016), InstanceNorm
(Ulyanov et al., 2017), GroupNorm (Wu & He, 2018), RMSNorm (Zhang & Sennrich, 2019), ¢*
norm strategies (Hoffer et al., 2018; Santurkar et al., 2018), etc. These operators subtract the mean
along certain dimensions of the layer input, and then divide by the standard deviation.! When
implemented using the input’s statistics and not running averages, these operators are order-0 homo-
geneous, i.e. their output is invariant to input scaling. Therefore, normalization layers (and order-0
positive-homogeneous operators, in general) result in the sizes of all previous layers to decay at an
exponential rate proportional to §, effectively having an L2-regularization-like effect.

A similar conclusion was made in Liu et al. (2022, Corollary 3.2) for the specific case of ReLLU-
MLPs with BatchNorm. While their result was limited to the trainable layer immediately preceding
BatchNorm, ours extends this to all preceding layers.

5 EMPIRICAL EVIDENCE

Figure 1a show the parameter-norm dynamics of a ReLU-CNN with Max pooling after every layer,
trained with Mean Squared-Error (MSE) loss — we can see a strong agreement between the the-
oretical predictions and the empirical approximations made using difference quotients. Figure 1b
shows the parameter-norm dynamics of a LeakyReLU-CNN, with BatchNorm applied only before
the readout, trained with cross-entropy (CE) loss. We see that the norms of all preceding layers stay
constant, and the network’s norm-dynamics are governed by those of the last layer.

5.1 BREAKDOWN AT THE EDGE-OF-STABILITY

Of course, our results for GF don’t translate over to gradient descent (GD) without limitations, since
the two optimizers’ trajectories don’t always coincide. Specifically, our predictions are precise only
until the edge-of-stability (EoS), i.e. until the sharpness — defined as the maximum eigenvalue of the
loss Hessian — is below 2/ (Cohen et al., 2021). In this regime, the GD trajectory often coincides
with the GF trajectory, as noted in Cohen et al. (2021, Section 3.4). However, once sharpness crosses
this threshold, it stops tracking GF, and our theory consistently underestimates the rate of growth of
parameter-norm, as can be seen late in training in Figure 1a and Figure 1b.

5.2 ROBUSTNESS TO CHOICE OF ACTIVATION

Surprisingly, theoretical predictions with k; = 1 are quite precise for Tanh networks trained with
MSE loss, even though the activation function is not positively homogeneous, so neither of our the-
orems apply. In Figure 1c, we show that balance between layers — more specifically, the maximum
absolute value of WngT - WZ+1W1€+1 — decays at the rate predicted in Theorem 1, and in Fig-
ure 2a we show that the norm-dynamics are tracked closely as well. While the same does not apply
to CE loss, except in early-training, as can be seen in Figure 1d, the norm-dynamics are qualitatively
similar to the theoretical predictions, as seen in Figure 2b. A partial explanation for this observation
is that Tanh can be approximated by the identity map (k = 1) for small pre-activations.

6 CONCLUSION

Our work provides a unified framework for analyzing parameter-norm dynamics and layer balanced-
ness across a broad range of neural architectures. We show that the evolution of layer norms can be
reduced to a single scalar quantity linked to the network’s output and loss gradient. Our results on
exponential convergence toward balancedness under weight decay explain how layers synchronize
during training, even when starting from unbalanced initializations. Our results may allow param-
eter evolution to be studied deeper through the lens of the network’s function evolution, on which
there has been extensive research, especially in the infinite-width limit via neural tangent kernels
(Jacot et al., 2018; Lee et al., 2019) and mean-field dynamics (Chizat & Bach, 2018).

"Normalization is optionally followed by an affine transform, which we assume does not include a shift
term. In this case, the layer can be thought of as a composition of a linear map and an order-0 nonlinearity.
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A NOTATION AND MATHEMATICAL BACKGROUND
With perhaps a few exceptions, we use the following conventions:
* 6 denotes the time-derivative of the parameters, 6.
* ‘H denote Hilbert spaces, and 7 denote Hilbert-Schmidt operators.
* Bold-faced capital letters denote members of some Hilbert space, e.g. A, G, X, Y, and Z.
» Normal-font letters denote real-valued scalars, e.g. ¢, H, k, ¢, L, n, t, x, §, and 7.

Definition 2 (Hilbert Space). A Hilbert space is a vector space equipped with an inner product,
complete with respect to the induced norm.

Definition 3 (Hilbert-Schmidt Norm). The Hilbert-Schmidt norm of a linear operator T : H1 — Ha
is defined as

1T s (34 200y = 22 1 T30, ®)

i€l
where {e; : i € T} is any orthonormal basis of H1 and T is a corresponding (countable) index set.

The Hilbert-Schmidt norm is well-defined, i.e. it is independent of the choice of orthonormal basis.
If H1 :=R"™ and Hy = R",and 7 = W € R™*", then it is easy to see that the Hilbert-Schmidt norm
coincides with the Frobenius norm.

Definition 4 (Hilbert-Schmidt Operator). A Hilbert-Schmidt operator is a linear operator, T : H1 —
Ho, with finite Hilbert-Schmidt norm.

Definition 5 (Inner-Product and Trace). For two Hilbert-Schmidt operators, T1 : H1 — Hao and
Tz : H1 — Ha, the Hilbert-Schmidt inner-product is defined as

(7—177—2>HS(H1,’H2) = 2(7-191'77—292’)7{2 (10

i€l
The trace operator is defined as Tr (73" © T1) = (T, Ta)us (34, 342)-

Definition 6 (Outer-Product). For u € H1 and v € Ha, we define the outer-product, u ® v : Ho —
H1, as the map w — (v, W)HQ u, with w € Ho. In particular, u ® v is a Hilbert-Schmidt operator.

Definition 7 (Adjoint Operator). The Hermition adjoint (or conjugate) of a linear operator, T :
H1 — Ha, is the unique linear operator, T~ : Ho — H1, that satisfies

<TX1’X2>H2 = <X1,T*X2)Hl s Vx1 € Hl, VXQ € Hz (11)

Definition 8 (Fréchet Derivative). Say U is an open subset of H1. A map F : U — Ho is Fréchet
differentiable at x € U if there exists a bounded linear operator, DF (x) : U — Ha, such that

L 1F G+ ) - F (x) - DF (x) by,
I, 0 Iy,

=0 (12)
Theorem 3 (Riesz Representation). For every continuous linear functional T : H — R, there exists
a unique element x € H such that Vy € H, we have T (y) = (X,y) 4.

In particular, if F : H — R is a scalar-valued function, then the Riesz representation of its derivative
at some point, DF (x) : H — R, is called the gradient, denoted by V.F (x).

Say x = (x1,%2) € H1 x Ho = H. We denote by Dy, F (x) : H1 — R the partial derivative with
respect to x; (keeping X fixed), and by V, F (x) its Riesz representation.

B PROOFS

Lemma 3. Consider an L-layer neural network with the nonlinearities ¢, satisfying Assumption 1.
Under gradient flow training, ¥/ € [ L — 1], the evolution of the left-Gramian is given by

d
7 (T60T) = [-Ge®Zy=6-Teo T [ +hec (13)
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while that of the right-Gramian is given by
d x x
pm (ThaoTee1) = [T (Geaa) @ A = 0+ Tyl 0 Tea] + hec. (14)

where Gy = Vz,L € Hy, and h.c. denotes the Hermitian-conjugate of the preceding term.

Proof. Under Assumption 1, the evolution of left-Gramian of 7, is given by

d * d *

5 TioT) = (570) o T +he. (152)
=(—G4®Ag_1—5-72)07?+h.0. (15b)
= [—Gg@ﬁ(Az,l)—5~72072*]+h.c. (15¢)
=[-Gy®Z;-0-TeoT,/]+hec. (15d)

while that of the right-Gramian of 7y, is given by
d, ., N d
5 T Tin) =Ty o (57 ) + e (16)
=Th10(-Gp1 ® Ay —6-Tps1) +hec. (16b)
= [—72:1 (Ge+1) ®Ay-0- 72:1 o 72+1:| +h.c. (16¢)

Theorem 1. Consider an L-layer neural network with the nonlinearities ¢y satisfying Assumption 1.
With ¢, being the identity map, under gradient flow training,

B(Te(t), Terr () = exp (=26t) - B(T; (0), Tes1 (0)) (4)

Proof. The pre-gradient satisfies the recursion
G =[Doe (Zo)]" (T741 (Gean)) (17)
If ¢ is the identity map, then G, = 7,; (Gy+1), and using Lemma 3,

S8 (T (0). Towt (1) = =20 B(Te (1), Towr (1) (180
— BT (), Tows (1)) = exp (-268)  B(T5 (0), Tt 0) (180)

Theorem 2. Consider an L-layer neural network with the nonlinearities ¢, satisfying Assumption 1.
With positive-homogeneous nonlinearities ¢y of order kg, under gradient flow training,

d L
Tl =210 (96 (B0 (X030 8o (X0, =25 i ey O
1=¢

with kr, = 1.
Proof. Under Assumption 1, the parameter-norm dynamics are given by

d 2
& HEHHS(Hl_l,Hg) =2 <727 _V'U‘C)HS(Heq,Hz) +2- (72’ =0 72)HS(H14—1,'H14) (192)

2
=2(Te: =V Lus e me) ~ 20 1 Telis o, 200 (190)

We will drop the contribution from the regularizer for clarity; it can be picked back up in the final
result. V¢ € [L], using Lemma 3, we have

d d

3 T lsu 0 = T (Teo T (202)
=-2-(Gy, Zg)HZ (20b)
Moreover, using the recursion in Equation 17,
(G, Z0)yy, = (Do (Z0)]" (Thi1 (Gran)) s Ze)m (21a)
= (Tis1 (Gra1) s [Dbe (Ze)] (Ze))y, (21b)
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If ¢ is a positive-homogeneous of order k, then using Euler’s theorem, we have

(G Ze)yy, = ke (Tha (Grar) , @0 (Zo))y, (22a)
= ke (Ger1, Zor)yy,,, (22b)
Using this recursion, we have
d 2 L
& ||72||Hs(m,1,m) =-2 g ki '(GLv ZL)yL (23a)
L
- 2T ) (92 (1 (X05) 1o (O, (23b)
1=¢

with kr, = 1.
Corollary 1. Under the setup in Theorem 2,

e (BT, (1), o (t))):—zm—l)( I kl)-wfz(fe (X):Y) 0 (X)),

l=0+1

=26-Tr (B(Te (1), Tex1 (1))

(6)

Proof. We begin by noting that

2 2
Tr(B(Te(t), Tes1 (1)) = HEHHS(HL;,I,’HZ) = [ Tenr HHS(H,Z,HZH) (24)
The result follows from Theorem 2.
Lemma 1. A positive-homogeneous function, ¢y, (+;c_,co,cy) : R = R, of order k takes the form

c_ (—x)k, <0

d)k (';0—7607C+) = Co, z=0 (8)

c+xk, x>0

where ¢, = ¢ (£1) € R, and co = ¢ (0) € R. Moreover, if k # 0, then ¢y = 0.

Proof. Say ¢ : R — R is a positive-homogeneous function of order k. Then, for any x € R, ,,

¢ (2)=¢(x-1)=2"p (1) (25)
Similarly, for any z e R__,
P (2)=¢(-z--1)=(-2)" ¢ (-1) (26)
For any ¢ > 0,
¢ (0) = ¢ (c-0)=c"¢(0) 27)

Therefore, ¢y = 0 if k # 0, and it is a free hyperparameter if k& = 0.

Lemma 2. A sequence of positively homogeneous operators can be replaced with one whose homo-
geneity order is the product of the homogeneity orders of the component operators.

Proof. Say ¢, : Ho — H1 is a positive-homogeneous function of order k; and ¢ : H1 — H is one
of order ky. Then, for any x € Hy and any c € R,

@2 (91 (cx)) = P2 (1 1 () = 2 by (1 (2)) (28)

That is, ¢2 o ¢ is positive-homogeneous of order k1 ko.

C EXPERIMENTAL DETAILS

Mean Squared-Error. The MSE loss is computed as

1
L(f:X,Y) = o [fo (X) - Y[ 29)
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Under this objective, the parameter-norm dynamics are computed using

“VeL (£ (X)1Y) = — (Y £y (X)) (30)

Cross-Entropy Loss. Under the CE loss, the parameter-norm dynamics are computed using
1
-VeL (fo (X);Y) = — (Y — softmax (fg (X))) (31
n

where softmax is applied column-wise.

Difference Quotient. With learning rate 7, the forward DQ is computed as

_ 18ea]® ~ 1621

DQ(t) (32)

Figure Details:

* Figure la. 3-layer CNN (last layer being a fully-connected readout) with 8 channels in the hidden
layers, ReLU activation and Max pooling after each hidden layer, trained to minimize the MSE
loss on CIFAR-10 (Krizhevsky, 2009) using gradient descent with learning rate n = 0.04.

* Figure 1b. 4-layer CNN with 4 channels in the hidden layers, LeakyReLU activation (¢ = 0.1),
and BatchNorm — without affine transform — applied only before the readout, trained to minimize
the CE loss on MNIST (LeCun et al., 2010) using i = 0.02.

* Figure 1c and Figure 2a. 4-layer MLP with hidden layer sizes 1024, 512 and 256, and Tanh
activation, trained to minimize the MSE loss on CIFAR100 (Krizhevsky, 2009) using n = 0.01
and weight decay § = 0.075.

* Figure 1d and Figure 2b. Same as above, except with CE loss.

D ADDITIONAL FIGURES
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Figure 2: Theoretical predictions and empirical dynamics computed as the difference quotient.
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