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ABSTRACT

Low-Rank Adaptation (LoRA) is a parameter-efficient fine-tuning (PEFT) tech-
nique that adapts large pre-trained models by adding low-rank matrices to their
weight updates. However, in the context of fine-tuning multi-head self-attention
(MHA), LoRA has been employed to adapt each attention head separately, thereby
overlooking potential synergies across different heads. To mitigate this issue, we
propose a novel Hyper-shared Low-Rank Adaptation (HoRA) method, which uti-
lizes joint hypernetworks to generate low-rank matrices across attention heads.
By coupling their adaptation through a shared generator, HORA encourages cross-
head information sharing, and thus directly addresses the aforementioned limita-
tion of LoRA. By comparing LoRA and HoRA through the lens of hierarchical
mixture of experts, our theoretical findings reveal that the latter achieves supe-
rior sample efficiency to the former. Furthermore, through extensive experiments
across diverse language and vision benchmarks, we demonstrate that HoRA out-
performs LoRA and other PEFT methods while requiring only a marginal increase
in the number of trainable parameters.

1 INTRODUCTION

Fine-tuning large pre-trained models has become the de facto approach for adapting foundation
models to downstream tasks. However, the sheer size of modern models makes full fine-tuning
computationally expensive and storage-intensive, as it requires updating and storing billions of pa-
rameters for each task. To address this challenge, parameter-efficient fine-tuning (PEFT) methods
have emerged as a compelling alternative. Instead of updating all parameters, PEFT techniques in-
troduce a small number of additional task-specific parameters while keeping most of the pre-trained
weights frozen. This drastically reduces the computational and memory cost of fine-tuning while
retaining high task performance. Representative PEFT methods include adapter-tuning (Houlsby
et al., [2019a)), prefix-tuning (L1 & Liang| 2021), and prompt-based approaches such as P-Tuning
v2 (Liu et al., 2021) and Compacter (Mahabadi et al., 2021a). Together, these methods have been
widely adopted across domains such as natural language processing (Houlsby et al.| [2019a)), com-
puter vision (Jia et al.,|2022)), and speech recognition (Gao et al.,|2022), enabling practical adaptation
of large-scale models in resource-constrained settings.

Among PEFT approaches, Low-rank Adaptation (LoRA) (Hu et al., 2022) has gained particular
prominence. LoRA assumes that weight updates lie in a low-rank subspace during fine-tuning,
and thus approximates these updates by decomposing them into the product of two low-rank ma-
trices. By injecting these low-rank modules into pre-trained layers (e.g., attention or feedforward
layers), LoRA enables models to efficiently capture task-specific information while introducing only
a negligible fraction of new parameters. Its efficiency and strong empirical performance have estab-
lished LoRA as a standard baseline for PEFT in both research and practical deployment. In natural
language processing, it is used for domain adaptation, instruction tuning, summarization, question
answering, and generation tasks (Huan & Shunl, 2025). Recent extensions, such as MTLoRA, have
enhanced its applications in multi-task learning and adaptive rank allocation for more efficient trans-
fer learning in foundation models (Agiza et al.| 2024). Furthermore, LoRA-based frameworks are
being applied in federated learning, speech synthesis, and reinforcement learning scenarios to en-
able scalable model customization in distributed or resource-constrained environments (Yang et al.,
2024} Mei et al., [2024).
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While LoRA has emerged as one of the most widely adopted PEFT methods due to its simplicity
and efficiency, it has several limitations in the multi-head self-attention setting. First, LORA learns
independent low-rank adapters for each attention head and projection, without any mechanism for
coordination or parameter sharing. This can lead to redundancy across heads, as prior work has
shown that many attention heads capture overlapping or similar functions (Voita et al., 2019; | Michel
et al., 2019). Second, the lack of shared structure implies that each head must rely solely on its own
gradient signals, which can reduce sample efficiency in low-data fine-tuning scenarios. In this work,
we answer the following research question:

(Q) Can we move beyond fully independent adapters and achieve a method that is both
parameter-efficient and capable of meaningful information sharing across heads?

To address this question, we first generalize prior works that investigate the theoretical connections
between Mixture of Experts and single-head attention (Le et al., 20255 [Truong et al.l 2025a)) to the
setting of multi-head self-attention. We show that it can naturally be reinterpreted as a Hierarchical
Mixture-of-Experts (HMoE). Within this framework, applying LoRA to multi-head self-attention
corresponds to refining both the experts and their scoring functions via low-rank matrices. Building
on this insight of the connections between MHA and HMoE, we propose Hyper-shared Low-Rank
Adaptation (HoRA), a new method that explicitly promotes information sharing across attention
heads. Instead of directly and independently learning separate low-rank adapters for each head,
HoRA employs a joint hypernetwork to generate these adapters. By implementing shared infor-
mation among the attention heads, HoRA encourages the experts in the aforementioned HMoE-
MHA framework to complement each other by exchanging information, either on the same branch,
or across different branches. Moreover, the shared hypernetwork introduces structured coupling:
heads are no longer fully independent but instead benefit from common parameterization, while still
retaining flexibility through specialized transformations. This design acts as a form of regulariza-
tion, mitigating redundancy across heads and enabling more coherent and data-efficient adaptation.
Our theoretical analysis formally demonstrates that eliminating such redundancy improves sample
efficiency, and our empirical results corroborate this finding across diverse domains in vision and
language tasks where HoRA consistently outperforms several PEFT baselines, including LoRA.

To evaluate HoRA, we conduct both theoretical and experimental studies. Theoretically, we show
that HORA enhances the sample efficiency for the low-rank matrices from an exponential rate to
a polynomial rate. Empirically, we benchmark across vision and language tasks, where HoRA
consistently outperforms strong PEFT baselines, including LoRA.

Contributions. Our main contributions are summarized as follows:
* We establish a theoretical link between applying LoRA to multi-head self-attention
and HMoE. Building on this insight, we propose HoRA, a hypernetwork-based PEFT
method that encourages information sharing across attention heads.

* We theoretically demonstrate that HoRA’s parameter-sharing mechanism improves
sample efficiency from an exponential to a polynomial rate.

* We empirically show that HORA substantially improves sample efficiency and achieves
superior performance across diverse tasks, while remaining parameter-efficient com-
pared to prior PEFT methods.

2 BACKGROUND

Notation. For two positive sequences (a,,),>1 and (b, ),>1, if there exists a constant C' > 0 such
that a,, < Cb, for all n, we denote a,, = O(b,) or a,, < b,. We say that a,, = Op(b,) if

their quotient a,, /b,, is bounded in probability, while the notation a,, = O p(by) stands for a,, =
Op(by log®(by,)), for some ¢ > 0. We denote Euclidean norm of u by ||ul|, here |S| represents the

cardinality of a set S. For any positive integer n € N, we denote [n] = {1,2,...,n}. We write
u® = uftuy? - -ug?, ol = o +ag + -+ ag, and a! = oqlag!- - - ag! for a multi-index o =
(1,9, ...,04) € N Finally, given a vector u € R?, both notations v = (u(",u® ... uld)
and u = (uq,us, ..., uq) are employed interchangeably.
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Figure 1: Illustration of HORA in Multi-head Self-attention.

Multi-head Self-attention (MHA). The Transformer architecture (Vaswani et al., 2017} [Dosovit-
skiy et al.,2021)) is built upon the MHA mechanism, which enables the model to capture dependen-
cies across different positions of a sequence in parallel. In particular, let X = [z, -+ ,zy]T €
RN denote an input sequence of embeddings, where NN is the sequence length and d is the em-
bedding dimension. Then, an MHA layer computes its output as

MHA(XQ,XK,Xv) = Concat(h1,~~- 7hH)VVO (1)
where H is the number of attention heads, and each head h;, fori € {1,2,..., H}, is defined as
XWQ,iWI;iXT

Vi
Above, the MHA layer projects the input sequence X into queries X = (XWqg.1, -+, XWq i),
keys Xg = (XWk1, -, XWgk g), and values Xy = (XWyq, -, XWy ) where

Wo.i. Wk, € R&¥de Wy, € R4*4v are projection matrices of the i head and W € R dvxd

is the output projection. The dimensions are typically chosen such that d, = d,, = %.

h; = Attention(XWq ;, X Wk ;, XWy ;) = softmax ( ) XWy,. (2

Multi-head Low-rank Adaptation (MH-LoRA) Fine-tuning a large pre-trained transformer model
for a downstream task is computationally expensive as it requires updating a massive number of
parameters. LoRA (Hu et al., |2022) addresses this issue by updating the pre-trained weights with
the product of two low-rank matrices. These ideas come from the observation that weight updates
typically lie in a low-dimensional subspace, that is, they have low "intrinsic rank” during fine-tuning.
Mathematically, given a pre-trained weight matrix W, € R™*", LoRA parameterizes the weight
update AW as the product of two low-rank matrices, that is, AW = BA where B € R™*",
A € R™"™ and r < min(m,n). For an input sequence X, the corresponding output is

7 =W,X + BAX.

During training, only matrices A and B are updated while the pre-trained weights W{, remain
frozen. In practice, LoRA is applied to fine-tune projection matrices in the attention layers and we
refer to it as Multi-head LoRA. Denote A = [Ag, Ay| and B = [Bg, By], then the output of
multi-head LoRA is given by

fun-Lora(X; A, B) = Concat(hy, - ,hy)Wo,
where for each head i € {1,2,...,H},
iLi = Attention(XWQ7i + XBQJ'AQJa XWK,Z" XWV,i + XBV7iAV7i)~

Here, Ag; € R™ %% Bg,; € R™" Ay, € R4 and By, € R™" are the trainable low-rank
matrices for the i*" head, fori € {1,2,..., H}.

(Hierarchical) Mixture of Experts (HMoE) MoE framework (Jacobs et al., [1991) is a model that
decomposes a learning task into several sub-models, each specializing in a particular input region
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or representation pattern. Formally, an MoE model consists of N expert functions f; : R? —
R% for i € [N] and a gating function G' : RY — R that dynamically assigns input-dependent
weights to the experts. The model output is given by y = va 1 G(X); - fi(X), where G(X) =
softmax({s;(X)},), and each s;(X) is a similarity score between the input and the i** expert.

HMOoE (Jordan & Jacobs,,|1994)) extends the standard MoE by organizing experts in a tree-structured
hierarchy. Instead of a single gating function, the HMoE model employs multiple gating nodes ar-
ranged in levels. For example, let us consider a 2-layer HMoE model. The first level employs gating
functions G';(X), while the second level employs conditional gating function G'|;(X) associated
with experts f;|;(X ). The overall prediction of the HMoE model is given by

g:ZGl( ZG2 lefJ\ X).

3 THEORETICAL DEVELOPMENTS

In this section, we first establish a relation between multi-head LoRA and HMoE models in Sec-
tion 3.1} From the HMoE perspective, we proceed to analyze the sample complexity of estimating
low-rank matrices in the multi-head LoRA without and with the shared structure across attention
heads in Sections and [3.3] respectively. Our goal is to show that employing the shared structure
yields a significant gain in the sample efficiency of estimating low-rank matrices.

3.1 MULTI-HEAD LORA MEETS HIERARCHICAL MIXTURE OF EXPERTS

In the sequel, we aim to show that multi-head LoRA can be interpreted as an HMoE model. Now,
let # = Vec(X) = (x],...,z5)" € RN denote the vectorization of X. Denote Wy =
(Wo1)T,(Wo2)T,...,(Wo u)")T, then from the definition of multi-head self-attention ma-
trix in Eq. (2), we have

H H TxT
MHA(XQ, Xk, Xv) = Z hyWon = Zsoftmax (XWQ’h(WK’h) X

, — XWy  ,Wo .
h=1 h=1 dy )

.
Let M, := W, and J; := e, ® I, here ® stands for Kronecker product

v

Ji=e] ®T;=1[0axd - Oaxa Ii Oaxa -+ Ogxg] € RN

then, J; can extract the i*" row of a matrix J;& = x;. Let Bh JTM;LJ], and Eh JTWV h»
then the (i, j)-entry can be expressed as

(XM, X"];; = &Mz, =&M&; =2 J' M,J;& =% Bl&.

As a result, the value at the i*” row is given by

exp(z ' B! LT) _
[MHA (X, Xk, Xv)]i Z Z — - & E]Wo .
h=1j= IZZ 1exprBL )

Denote s/'; : RV% — R be the score functions and f/" : RN¢ — R® be the expert functions

i Va,

Then, the output of the i*" row in the MHA can be formulated as a HMoE:

<A p(si; (%))
MHA(X o, X, Xy)li = > Y i (@)W,
| X ae X h=1j= 1Zk 1 exp(sik(Z ))f #)Wo,r-
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Applying LoRA allows the experts and the score function to be refined by the low-rank updates:

@) =a"J] Wy, + BypAvy), (3)

& (@) = 2 Wan + BanAgn)Wicr) P& _ 2/ (Won + BonAgn) Win) @
" Vd, Vi, ’
“4)

where h € [H] and j € [N]. In this case, the i*" row of multi-head LoRA can be written as

ora(X, A, B)| xp(5:5()  nizyw .
s ZZE (@) O

This equation formalizes the relationship between the multi-head LoRA framework and the HMoE
model, a connection that plays a central role in our subsequent theoretical analysis.

3.2 WITHOUT SHARED STRUCTURE

From the HMOE perspective, we will determine the sample complexity of estimating low-rank ma-
trices in multi-head LoRA without the shared structure across attention heads in this section. For
that purpose, let us present a regression framework that has been adopted by several MoE-based
PEFT works for studying the asymptotic properties of their models, including prefix tuning (Le
et al.| 2025) and LLaMA-adapter (Diep et al.| [2025).

Problem setup. Let (X1,Y7),(X2,Y32),...,(Xn, Y,) € RY x RY be i.id. samples of size n
generated from the following regression model:

E:gG*(X’L)_‘_E’M 221)27)’”‘7 (5)
where we assume that the inputs X, X5, ..., X, are i.i.d. samples from some probability distribu-
tion p with bounded support X'. Meanwhile, €1, 2, . . . , €, are independent Gaussian noise variables

such that E[e;|X;] = 0 and Var[e;| X;] = 02, for all i € [n]. Meanwhile, the HMoE-based re-
gression function g, consists of H expert groups, each of which has L experts:

exp(X T (P§ h—I—B(thA*th)PIO(hX—Q—c;)

ga. (X ”’t Z Dh ﬁ(X) = : (P, + By j AT )X,
h=1  j=1 gox
(6)
where we denote D! (X) := ZL, Lexp(XT(PS,, + Bhy AL h ) PR X + ¢,

while G, = Y11 17th —1 exp(c] )6(BQ} AL, B Ay ) Tepresents a mixing mea-
sure, that is, a combination of Dlrac measures 0, associated with unknown parameters
(FZ7C;/7Bé,h,Z”AQ hj,,BVh g’vAth )j’elL],nelm) in the compact parameter space 0 c
[0,1] x R x R*" x R4 x R4 x R™4, In addition, the matrices P , € R4, Py, € RIxd,

and P‘(}’ n € R9%4 are frozen so as to align with the formulations in Eq. (3)) and Eq. ( .

Least squares estimator. We can estimate low-rank matrices (B, j, ./, A¢ i By i Ay g, i)
through estimating the ground-truth mixing measure G.. To this end, we employ the least-squares
method (van de Geer, [2000), which yields the following estimator:

n

~

Gp:=arg min _ Z(Yz - 9a(X))?,
GEgH,L’(e) i=1

where gH L/( ) = {G 2}11{:1 Th Zﬁ’:l eXp/ECj/)(S(BQ,h,j’>AQ,h,j/7BV‘h,,_7"7AV,h,j’)’ 1 < 1 <
L' (mh,cjr, Bon s AQ.h,j', Bvh,j, Avn,j) € ©} denotes the set of all mixing measures whose
expert group has at most L’ experts. As the true number of experts L is usually unknown in practice,
it is natural to fit each expert group by L’ experts, where L’ is sufficiently large such that L' > L.
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Voronoi loss. Consider a mixing measure G € Gy 1/ (©). For h € [H], denote 7(h) € [H] be
the value such that |7 — 75| < |7y — 7;/| for each A’ € [H]. To quantify the discrepancy
between two mixing measures, we consider a loss function built upon the concepts of Voronoi cells
Wjih = Wjin(G) : j € [L'],h € [H]} generated by the atoms of G, (Manole & Ho, [2022):
Wi = {i € [L'] : [[Hrny; — Hj (|| < [[Hrny: — Hj |Vl # j}, where we denote H :=
(Bg,Ag, By, Ay). Then, the Voronoi loss of interest is defined as

H
D1, (G, Gy) Z |Tr(h) — Th| + ZWT(}L) Z Z exp(c;) — exp(c})
h=1

=1 16Wl|h
H L

+Y mem >, > exple)(|ABgral” + [AAgnull” + |AByaull” + [|AAvaal") (7)
h=1 =1 iEW”;L

where ABgp, i = BQ,T(h),i — BZ),h,l’ and AAgp i, AByp i, AAvyy ; are defined similarly.
With these components in place, we are now prepared to analyze the sample complexity of estimat-
ing low-rank matrices in multi-head LoRA under the non-shared setting.

Theorem 1. Under the non-shared structure setting in Eq.(06)), the following minimax lower bound
of estimating G satisfies for any r > 1:

sup EQG [DLT(G\TL’ G)] Z n—1/2’ ()
G€Gy 1/ (O)\Gu,L-1(O)

where E ., stands for the expectation taken with respect to the product measure g¢.

The proof of Theorem |T] llS in Appendix [B.1I] The result of Theorem [I]implies that the rates for es-
timating low-rank matrices B¢, , ., Af) j, o/, By, sy Ay, 0 are slower than any polynomial rates

of order Op(n~1/2"), for r > 1. Therefore, these rates may be as slow as Op(log™ " (n)) for some
constant 7 > 0 (according to the inequality log(n) < n).

Sample complexity of estimating low-rank matrices. Consequently, we may need exponen-
tially data points of the order O(exp(e~'/7)) to achieve estimators of the low-rank matrices
Bah’j,,Ag’h’j,, By, ), i, A*{/’h’j, with a given error € > 0. Thus, the sample complexity of es-
timating low-rank matrices in multi-head LoRA without the shared structure across attention heads
is suboptimal. This issue occurs due to the separate structures of the low-rank matrices, which
yields a negative interaction among low-rank matrices expressed through the partial differential

: 0% F 9°F
equation (PDE 9 = = 0, where we define I'(X,A,B) =
q ( ) BBS”"”@BS‘Q”Q) 6A§}"1”1)8A(V“'2”2) > (X, A, )

exp(X " (Pg + BoAg)Px X)(Py + By Ay)X. As shown in a previous work on MoE theo-
ries (Nguyen et al., 2024c), this PDE-based interaction decelerates the convergence rate of param-
eter estimation. The simple linear form of experts in Eq. (6) also accounts for the slow parameter
estimation rates, which has been justified in (Nguyen et al., [ 2024c).

3.3 WITH SHARED STRUCTURE

Shared structure across attention heads. To address the issue of suboptimal sample complexity of
estimating low-rank matrices in the non-shared setting, we impose a shared structure across attention
heads in multi-head LoRA. In particular, we reformulate the low-rank matrices as

AQnj =01(Wqa,A;), Ava;=01(Wyva;Aj)
Bg ., =020Wq B,jBhn;j);, Bvn;=02Wyp;Bn;),

forall j € [N]and h € [H], where 01 and o5 are some activation functions, while Wo.a,i Wv,a,j,
Wo B,j, and Wy, g ; are weight matrices. Above, Ag j, ;j and Ay, ; share the matrix A;, while
Bg 1,; and By ; share the matrix By, ;. Given this shared structure, it can be checked that the
PDE-based interaction among low-rank matrices at the end of Section no longer occurs. For
simplicity, we will set W o ; = Wy a; = Wi jand Wg g, = Wy g ; = Wy ; with a note
that the original shared setting can be analyzed in a similar fashion. For the sake of theory, we
assume that the activation functions o and o satisfy conditions specified in Appendix [B.2]
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Problem setup. In this setting, we still assume that (X1,Y7), (X2, Y3),...,(X,,Y,) € R? x R?
are i.i.d. samples drawn from a regression framework but with the following regression function:

exp(X T( PQ A +02(W2JBZJ)01(W1]A*)PIO(,1X +¢})

H
= ZW Z D
h=1 j=1 Dgﬁf(X)
: (Px(},h +02(W5 By, ;)o1(W1 ;A7) X, )

where~we denote D! (X)) := ZJL Lexp(X T (PG, + UQ(WJyZBZ’j)Ul(Wl*_jA;f)PIO(’hX +¢5),
and G, = Zh LT Z] 1 exp(c] )5(3}”7 )y, W3, € R¥*4 " and Wi, € R™". Due to the
change of regression function, the least squares estimator is tailored to this setting as

n

Gp:=arg min _ (Y; — g~(X))?,
! GegH,me); “

where we define QH’L/(é) = {(Z = Zthl T, Z§=1 exp(cj_)égwml_gw7W11JA],), 14 ?
[L/], (ﬂ'h, C;, VVQJ7 Bh,j, Wl’j, AJ) S @}, where © C [0, 1] x R x REXd 5 REXT 5 RTX7T % RT¥4,
Furthermore, the Voronoi loss of interest in this setting is given by

Z |Trny — 5l + Zﬂr(h) Z Z exp(¢;) — exp(cy)

=1 zeW”h

+Zw)2 ST exp(@)(IAWLB)pall + AW A all)

I=1 SeW n,Winl=1

+ > exp(¢) ) ([AMWaB)all® + AW A)pall®) |
TEW h, Wi r|>1
where A(WQB)}L,“ = W27iB7—(h))i — WQJB;;J and A(W1A)h,il = Wl,iAi — Wl,lAT' AbOVG,
the Voronoi cells are defined as Wy, = {i € [L'] : [ Hr(ny i — Hj, S| < [Hrnyi—Hpy |,V # 5}
where H := (W,yB, W7 A). With these ingredients in place, we are now ready to establish the
sample complexity of estimating low-rank matrices under the shared structure in Theorem

Theorem 2. Under the shared structure setting in Eq. (9), assume that the activation functions o1
and o satisfy the condition in Appendix[B.2] then we obtain

Do(Gy, Gy) = Op([log(n)/n]/?). (10)

The proof of Theorem [2]is in Appendix The bound in Egq. indicates that the rates for
estimating low-rank matrices W1 ; A and Wy, Bj; ; are at the order of Op (n=Y2) or Op(n=14),
depending on the cardinality of the corresponding Voronoi cells.

Sample complexity of estimating low-rank matrices. As a consequence, the above results imply
that achieving estimators of the low-rank matrices with a given error € requires only a polynomial
number of data points of order O(e~2) or O(¢~*). In contrast to the exponential sample complexity
observed in the non-sharing structure, the sharing structure thus attains superior performance in
terms of estimating low-rank matrices in the multi-head LoRA.

4 HYPER-SHARED LOW-RANK ADAPTATION (HORA)

Motivated by the theoretical developments in Section |3| where the shared structure across attention
heads improves the sample complexity of estimating low-rank matrices in multi-head LoRA, this
section introduces our practical method known as Hyper-shared Low-rank Adaptation (HoRA).

Vanilla LoRA. In the following formulations, we use underscore to highlight the learnable compo-
nents. Recall that for the i*” head in an attention layer, vanilla LoRA fine-tunes the query projection
matrices W ; € RF*? and the value projection matrices Wy; € R¥*? as follows:

Wéz =Wq, + Bq,iAq, W\,/Z =Wy, + By,;Ay.
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HoRA. In vanillaLoRA, Ag, Ay € R5*7 are shared among attention heads, while the B—adapters
Bg,;,By; € R4 are separated. In this work, we will encourage shared information among
these matrices across different heads. To this end, instead of optimizing these low-rank matrices
independently and directly, we propose to generate these matrices with the hypernetworks:

Ag =01(Wg aA), Ay =01(Wy,4A);
Bg,i = Wg,B202:(Wp1LN(B;)), By, = Wy p202(Wp 1 LN(B;)).

In this formulation, Wy, p; € Réniaxde while W po € R(*d*dnia ig the concatenation of
dp;q low-rank matrices. B; € R% is a learnable vector corresponding to the it" head where inputs
A are matrices while inputs B; are embedding vectors. For parameter efficiency, we implemented
A as diagonal matrices. The learnable matrices W 4,1 and Wy g » are initialized with Kaiming
uniform initialization, while matrices Wy, 4 1 and Wy, g o are initialized with zero initialization. oy
and o9 are the activation functions, which we used the sigmoid functions in our experiments. We
also initialize matrices W ; with Kaiming uniform initialization. Inspired by the phenomenon in
Ortiz et al.[(2023)), instead of directly using as the input B;, we apply a non-learnable normalized
layer LN(x) = {x — E(x)}/Std(x) to vector embeddings B; = LN(B;). For a demonstration of
HoRA, we refer to Figure/[I]

Benefits of shared structure across attention heads. We emphasize that the shared statistics
are not limited to attention heads; they also extend across the key and value projection matrices. By
sharing part of the hypernetwork’s structure across heads and across key/value projections, the model
captures common adaptation patterns, reducing redundancy and encouraging information sharing.
At the same time, the head-specific second layers preserve the flexibility needed for specialization.
This structured coupling introduces an implicit regularization effect, which both improves sample
efficiency—since gradients from different heads contribute to shaping a shared representation—and
reduces the risk of overfitting in low-data settings. Moreover, this parameterization is scalable: as
model size and number of heads grow, the shared structure amortizes parameter costs, yielding an
efficient and expressive adaptation mechanism.

5 EXPERIMENTS

Experimental Settings. To evaluate the effectiveness of our method, our experiments span two
tasks, including image classification and commonsense reasoning. We compare our method with
Prefix Tuning (L1 & Liang, [2021)), LoRA (Hu et al., |2022), DoRA (Liu et al., [2024), and Adapter
(Houlsby et al., 2019a). We also conduct a sample efficiency experiment in Section[5.1]to clarify the
efficiency of our design. The experiments were conducted on 1 A100-GPUs. To ensure consistency
with the theoretical setting, we conduct experiments by applying low-rank matrices to the query and
value matrices at each layer. In addition, we also provide an extended version where these matrices
are applied to the proj_up and proj_down matrices under the LLaMA-13B setting in Ablation [C.4]
More details of hyperparameters are shown in Appendix

Image Classification. We first evaluate our method on image classification using the Vision Trans-
former (ViT) (Dosovitskiyl [2021) pretrained on ImageNet-21K (Deng et al.|2009). Experiments are
conducted on two widely adopted benchmarks: VTAB-1K (Zhai et al.,2019) and FGVC.

The VTAB-1K benchmark contains 19 classification tasks grouped into three categories—Natural,
Specialized, and Structured—each with only 1,000 labeled examples for training. As shown in Ta-
ble[1}] HoRA achieves the strongest performance overall, with an average accuracy of 74.4%. More-
over, compared to LoRA, HoRA delivers consistent gains across all domains: +2.2% on Natural,
+2.1% on Specialized, and +2.2% on Structured tasks. These results demonstrate the effectiveness
of stabilizing training while sharing information among attention heads. Detailed per-dataset results
are reported in Appendix [C.3]

We next assess performance on the FGVC benchmark, which covers five fine-grained datasets:
CUB-200-2011, NABirds, Oxford Flowers, Stanford Dogs, and Stanford Cars. As shown in Ta-
ble[2] HoRA achieves the highest overall accuracy of 89.96%, outperforming all PEFT baselines as
well as full fine-tuning. In particular, HORA sets new best results on four out of five datasets: CUB-
200-2011 (88.6%), NABirds (85.9%), Oxford Flowers (99.2%), and Stanford Dogs (91.0%). On
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Stanford Cars, HORA performs competitively (85.0%), while maintaining the best overall average.
Compared to LoRA and DoRA, our method improves the average accuracy by notable margins of
+5.2% and +2.8%), respectively.

Together, these results highlight the dual strengths of our approach. On VTAB-1K, HoRA demon-
strates superior generalization under data scarcity. On FGVC, it achieves strong fine-grained recog-
nition. Across both settings, HORA consistently advances the state of the art in PEFT, while intro-
ducing only an additional 0.09% learnable parameters relative to the total parameters.

Average over 8 datasets

--«- LORA 73.84

70

Table 1: Image Classification results on VTAB-1K.
Method | #Params. (%) Natural ~Specialized ~Structured | AVG

Accuracy

sl FFT - 75.89 83.38 4764 | 65.6
; LoRA 0.39 79.4 84.55 5978 | 722
DoRA 0.40 80.33 85.15 60.11 | 72.8

40t Adapter 0.18 79.01 84.08 5849 | 714
R Prefix 0.16 77.06 82.3 520 | 676

0 0 o 60 o 100 HoRA | 047 81.67 86.68 6196 | 744

Fraction of training set (%)

Figure 2: Sample efficiency on the com-
monsense reasoning datasets.

Table 2: Image Classification Results on the FGVC Datasets
Method \ #Params (%) CUB-200-2011 NABirds Oxford Flowers Stanford Dogs Stanford Cars \ AVG

FFT - 87.3 82.7 98.8 89.4 84.5 88.54
LoRA 0.55 84.6 78.2 98.9 85.1 77.1 84.78
DoRA 0.57 87.3 80.0 99.1 87.6 81.9 87.18
Adapter 0.47 87.1 843 98.5 89.8 68.6 85.66
Prefix 0.42 87.5 82.0 98 74.2 90.2 86.38
HoRA | 0.64 88.6 85.9 99.2 91.0 85.0 | 89.96

Commonsense Reasoning. We next evaluate its performance in the language domain on com-
monsense reasoning. This benchmark consists of eight tasks (BoolQ, PIQA, SIQA, HellaSwag,
WinoGrande, ARC-e, ARC-c, and OBQA) with predefined training and test splits. All these tasks
evaluate the model through multiple-choice questions. Following the protocol of[Hu et al.|(2023)), we
combine all tasks into a unified training dataset of approximately 150k examples. Experiments are
conducted on LLaMA-7B and LLaMA-13B (Touvron et al.,|2023). To ensure fairness, we adopt the
same rank of 32 for LoRA, DoRA, and HoRA. As shown in Table E[, HoRA achieves the strongest
performance across all tasks and model sizes. On LLaMA-7B, it improves over LoRA and DoRA
by +1.7% and +1.0%, respectively, reaching 76.64%. On LLaMA-13B, HoRA attains 80.82%
average accuracy, outperforming LoRA by +2.6% and DoRA by +0.6%.

Table 3: Results on the commonsense reasoning task

Model | Method | #Params. (%) BoolQ PIQA SIQA HellaSwag WinoGrande ARC-e ARC-c OBQA | AVG
Prefix 0.11 64.3 76.8 79.3 42.1 72.1 72.9 54 60.6 65.26

LoRA 0.25 67.2 79.4 76.6 78.3 78.4 77.1 61.5 74.2 74.09

LLaMA-7B DoRA 0.25 67.22 7998 76.66 80.66 79.72 79.5 61.01 74.8 74.94
Adapter 0.99 63 79.2 76.3 67.9 75.7 74.5 57.1 72.4 70.76

‘ HoRA ‘ 0.28 68.59 81.5 79.07 81.42 80.51 80.01 63.82 78.2 ‘ 76.64

Prefix 0.03 65.3 75.4 72.1 55.2 68.6 79.5 62.9 68 68.38

LoRA 0.2 71.7 82.4 79.6 90.4 83.6 83.1 68.5 82.1 80.18

. R DoRA 0.2 72.2 83.19 80.81 88.92 81.93 82.95 69.37 81 80.05
LLaMA-13B Adapter 0.8 71.8 83 79.2 88.1 82.4 82.5 67.3 81.8 79.51
‘ HoRA ‘ 0.21 7242 84.17 80.25 91.43 82.95 83.21 69.11 83 ‘ 80.82

5.1 SAMPLE EFFICIENCY

In Section [3] we have presented the theoretical benefits of implementing shared statistics among
different attention heads to enhance the sample efficiency. In this section, we empirically evaluate
this claim by comparing the sample efficiency of HORA with LoRA on the commonsense reasoning
task on the LLaMA-7B setting. Following the approach of |d’Ascoli et al.| (2021)), we subsample
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each class at fractions f = {1%, 10%, 30%, 50%, 100%} and scale the number of training epochs
by 1/f, ensuring the total number of data seen by the model remains constant. The results were
presented in Figure [2] and Appendix [C.2] where HoRA outperforms LoRA in average. Moreover,
this gap is significant in a low-data regime, with the gap of more than 20% when subsampling 1%
of the dataset, suggesting an improved sample efficiency of HORA compared to vanilla LoRA.

6 CONCLUSION

We introduce HoRA, a parameter-efficient fine-tuning method that addresses the limitations of
LoRA. Viewing Multi-head LoRA through the lens of HMoE, HoRA enables parameter sharing
across layers. By coupling low-rank matrices via shared structures, HoRA reduces redundancy
while preserving flexibility. Our theory establishes stronger generalization guarantees, and our ex-
periments show competitive performance with substantial parameter savings. However, the extent
of parameter sharing needs to be chosen carefully as over-sharing can reduce expressiveness and
lower performance. Additionally, our current evaluations are limited to transformer-based architec-
tures and do not yet explore other types of models. Future work includes exploring adaptive sharing
mechanisms that can dynamically balance efficiency and expressiveness, extending the method to
different architectures, and conducting large-scale benchmarks on diverse downstream tasks.
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Supplement to “HoRA: Cross-Head Low-Rank Adaptation with
Joint Hypernetworks”

In this supplementary material, we review important related work in Appendix [A] provide detailed
theoretical verification in Appendix [B] and present additional experiments in Appendix [C|to support
our proposed mechanisms HoRA. Finally, we discuss the use of large language models in this paper
in Appendix D]

A RELATED WORKS

Attention The attention mechanism was first introduced to improve the sequence-to-sequence
model in machine translation (Bahdanau et al., 2016) by allowing models to dynamically focus
on relevant parts of the input. |Vaswani et al.| (2017) generalized this idea with the Transformer
architecture, where scaled dot-product attention becomes the foundation of modern large language
models. Since then, attention has been widely adopted across domains, including NLP (Devlin,
2018])), computer vision (Dosovitskiy et al.| 2021), and multi-model learning (Radford et al.,[2019).
However, the quadratic complexity of attention in sequence length has motivated research to im-
prove efficiency, such as sparse and low-rank approximation (Kitaev et al.,[2020;|Wang et al., 2020).
These approaches aim to keep the expressiveness of attention while reducing its computational and
space complexity, making it more practical for large-scale applications.

Parameter-efficient Fine-tuning (PEFT) and Low-rank Adaptation (LoRA) With the grow-
ing size of models, full fine-tuning has become increasingly impractical. Parameter-efficient Fine-
Tuning (PEFT) addresses this challenge by adapting models by training a relatively small number
of parameters while keeping most pre-trained weights frozen (Houlsby et al.l 2019b} Lester et al.,
2021). Existing approaches include Adapter-based, which insert lightweight modules into the Trans-
former layer (He et al.| [2022), and Prompt-based, which add a learnable token to the input (Wei
et al.| [2023). While effective, these approaches introduce inference latency compared to the original
models.

Among the PEFT methods, Low-rank Adaptation (LoRA) (Hu et al.l|2022) has emerged as a simple
but powerful PEFT method that does not add extra inference burden. LoRA assumes that weight
updates during fine-tuning occur in a low-rank subspace and reparameterized weight updates are
represented as the product of two low-rank matrices. Since the low-rank components can be merged
into the pre-trained weights after training, LoORA doesn’t add extra inference cost compared to the
original model. Due to its efficiency and strong empirical results, LoRA has become a widely
adopted baseline for PEFT in both academic research and real-world applications. In natural lan-
guage processing, it is employed for tasks such as domain adaptation, instruction tuning, summa-
rization, question answering, and text generation (Huan & Shun| 2025). Moreover, LoRA-based
approaches have been extended to areas like federated learning, speech synthesis, and reinforcement
learning, supporting scalable model adaptation in distributed and resource-limited settings (Yang
et al.,[2024; |Mei et al., 2024). Recent extensions, such as MTLoRA, have enhanced its applications
in multi-task learning for more efficient transfer learning in foundation models |Agiza et al.| (2024),
DoRA (Liu et al., 2024) decomposes weight updates into magnitude and directional components,
AdalLoRA (Zhang et al. [2023) dynamically adjusts rank allocation, ReLoRA (Lialin et al.| [2023))
notably increases the expressivenes of LORA by proposing a strategy to train high-rank models with
low-rank updates, and VeRA (Kopiczko et al.,|2024) shares a pair of frozen random matrices across
layers with a learnable scaling factor. Recently, [Ituong et al.[(2025b) and [Pham et al.| (2025) inte-
grated Bayesian inference into LoRA fine-tuning, improving robustness and generalization through
uncertainty-aware and distributionally robust adaptation mechanisms. These developments highlight
LoRA’s role as a foundation for modern PEFT research.

(Hierachical) Mixture of Experts (HMoE) The Mixture of Experts framework (Jacobs et al.
1991)) combines multiple experts with a gating function that adaptively assigns inputs to experts.
From that foundation, early work (Shazeer et al.,[2017) showed that sparsely-gated MoE layers can
effectively scale models’ capacity by activating only a subset of experts per input. This design has
since been applied to large language models (Du et al. [2022), computer vision (Puigcerver et al.,
2024]), and multi-modal learning (Han et al.,2024), showing strong gains in scalability and efficiency
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(Nguyen et al.l [2024bja; 2023)). More recently, theoretical work has highlighted the connection
between MoE and Multi-head Self-attention (Le et al., 2024; [Truong et al., [2025a)), motivating new
parameter-efficient fine-tuning methods. Hierarchical Mixture of Experts (Jordan & Jacobs, [1994)
arranges experts into a tree-like structure with gating occurring at multiple levels. Instead of routing
an input directly to an expert, the gating functions make sequential decisions at each level of the
hierarchy, which improves training efficiency by narrowing down the relevant subset of experts. As
an advanced variant of MoE,it has been shown to handle complex data structures more effectively
as well as enhance both generalization and computational efficiency (Peralta & Soto, [2014} Zhao
et al., 2019; Irsoy & Alpaydin, 2018) by allowing different branches of the hierarchy to specialize
in different regions of the input space.

HyperNetwork The HyperNetwork framework (Ha et al.,2016)) introduces an approach where the
parameters of a target model are not learned directly but are instead generated by an auxiliary neural
network, referred to as HyperNetwork. Earlier work focused on recurrent neural networks, where
HyperNetwork improved generalization and adaptability by producing context-dependent updates
(Ha et al.| |2016). Later work explores this idea to continual learning, where task-specific weights
generated by a HyperNetwork mitigated catastrophic forgetting (von Oswald et al., [2022)). In the
context of parameter-efficient fine-tuning (PEFT), HyperNetworks have been used to share adap-
tation across tasks and reduce redundancy. For example, [Mahabadi et al.| (2021b) proposed using
HyperNetwork to generate task-specific adapter weights for multi-task fine-tuning, significantly re-
ducing the number of parameters while maintaining strong performance, or (L1 & Liang, 2021) uses
HyperNetworks to extend Prompt tuning by using Hypernetworks to generate the additional param-
eters, instead of optimizing those parameters directly. Recently, Truong et al.| (2025a) and [Nguyen
et al.| (2024b)) have investigated the theoretical benefits of those hypernetworks in different PEFT
methods, and have shown that the usage of HyperNetworks is beneficial in enhancing the sample
efficiency. Additionally, HyperPEFT (Ding et al. 2024) examines the effectiveness of hypernet-
works in parameter-efficient fine-tuning, demonstrating that using a shared hypernetwork promotes
knowledge transfer across tasks in pre-trained models, which helps reduce catastrophic forgetting
and reveals underlying relationships between tasks. These works have highlighted HyperNetwork as
a powerful tool for PEFT that reduces the number of parameters by learning through a lightweight
Hypernetwork, improving both efficiency and flexibility.

B PROOFS OF THEORETICAL RESULTS

B.1 PROOF OF THEOREM[I]

In this section, we present a detailed analysis of Theorem [I]

Proof of Theorem|l| The proof of this theorem includes two steps:
Step 1. The L? density distance may be small compared to the Voronoi loss.
In this step, we show that the following limit satisfies for all » > 1:

lim inf —”gG — 96, HLZ(#)

—0. (11)
=0 Geg, 1(8)D1,(G.G)<e D1 (G, Gy)

To demonstrate this inequality, we can construct a sequence of mixing measure such that

12()/P1,r(Gn, Gy) = 0.

lim Dy ,(Gp,Gyx) =0and lim |gc — gc.
n—oo n—oo

To prove this, we can consider the sequence

H L+1
J— n n
Gn = Z Th Z exp(c; )535%].,Agvh,ijﬁ,h,j,A(},hJ
h=1 i=1

such that

ey =m; forany 1 < h < H.
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1 1
e exp(ch) = exp(ch) = iexp(c’{) + o and exp(cl) = exp(cf_;) forany 3 < i <
nT
L+1.

By =Boho=Bopiand B, = Bg ,,;q forany3 <i < L+ 1.
c A1 =Abpe=Appand AG = AL g forany3 <i < L+ 1.

n _ * —1 * —1 n _ * —1 * —1
* By,, = By, +nen(Ay, ), By, = By, —nen(Ay, )7 and
n J— * o
BV’M+1 = vah’i forany 3 < < L+ 1.

. A’{Ch’l = A(},h’2 = A*VJL’1 and A(Zh,i = A§7h7i_1 forany3 <:i: < L+1,
here we denote e;; be the matrix that all of its coefficients are equal to 0, except (1,1)-coefficient,

which is equal to 1, and, without loss of generality, we assume that det(Ai‘/)l) = 0 (which implies

that Ay, | is invertible). Then, it is evident that w(h) = h for all h € [H]. Accordingly, the loss
function takes the form

1 1
Dan,G - —||AY =0(n™"),
o . th+zm exp(ct) + i |+ eIl = 007
which implies Dy (G, G4) — 0

Next, we show that lim,,, . ||9c,, (1)/D1,+(Gn,Gx) = 0. Let

zexp (XT (P, + By Ay Pl +))

Zexp PQh+BQhAQh)PKh+C)

we take into account the discrepancy
Ln(X) = g6, (X) — ga.(X)
exp(XT(PqO) n BZQ A jAg hj)P}% X + C;L)

_Zﬂh(; 7 D};n,(X), , : (PVh+Bth th)X
exp(XT(PQthBQthzghj)PKhX+c ) 0 . .
D _(X) (Pyp + By V,h,j)X)>
H ~
= Zﬂ'h‘CZ(X)
h=1

We examine the decomposition of £ (X)) = D! (X VLI (X):

L
=D > exp(c) [QXP(XT(Pg,h + B 1, A1) Picn X)(Py g + By AV ) X
=1 iEV”h

— exp(X T (PS .+ Bl Al 1) P X)(PY, + Biy yAvy ) X |

—Z Z {GXP (X7 PQh+BQh] th)PKhX))_eXp(XT(PQh+Bth th)PKhX))}an(X)
I=1 1€V

L
+ Z Z exp(c;') — exp(c]) GXP(P&h + B4 niAG ;) [(P\(},h + By iAV) — 9G. (CU)]
=1 iEVH;L

= AMNX) - BMX) +ch(X).
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Based on the definition of B ;, ;. Af .. By, ;5 AV, ;. we obtain

2
ax) =31 [exp (€ + e | o0 (XT (PB4 By 1 A, PR X)) (B Al — B A )X
i=1
1 1 * * n n * *
= 5 [ L } €xXp (XT(PC%,]'L + BQ,h,lAQ,h,l)PIO(,hX)) [(Bv,h,1 V,h,1 — BV,h,lAV,h,l)
+ (Byj2AV o — By oAV 2)] X
=0.

1
The last equality can be justified by By, ; Ay, 1 — By, 1AV, = e and By, ), 1AV ), 5 —

B{"/)h,2A*V,h72 = 7%611. Also, from the choice that BZLNLI = BZ‘NL’1 and AahJ = Aah)l, we
have B!'(X) = 0. In addition, from the value of ¢! and ¢}, it is straightforward to deduce that
CHMX) = O(n~("tY)). Combining these results gives us £ (X)/D; (G, G.) — 0. Also noting
that the term D;* (X)) is bounded given that the parameter space © and input space X’ are compact,

we have £"(X)/D; (G, G.) — 0 for almost every X. By summing up these results for h, we
have £,,(X) /D1 »(Gp, Gx) — 0 for almost every X. This result implies that

(M)/Dlﬂ'(Gn? G*) —0

lgc,
which illustrates Eq. (TT).

Step 2: Apply Le Cam’s two-point argument.
We conclude the proof by showing the minimax property of the estimator

inf sup Eye [D1,(Grn, G)] 2 02
Gn€Gy. 11 (8) GEGy 11 (ON\Gr,L-1(O)

Now, Eq. @ implies that for ¢ > 0 and a fixed constant ¢ > 0 determined later, there exists a
mixing measures G, € G (0©) satisfying D, (G, G.) = 2¢ and ||gcr — g, ||2(u) < Chre. Using
Le Cam’s two points argument in |Yu| (1997)) with weak triangle inequality property for the Voronoi
loss function D ., we have

~inf sup Ey. [D1,+(Gn, Q)]
Gn€Gy 1/(O) GEGy 1/ (O)\Gu,L-1(O)
> D].,T‘(G:d G*)
~ 8
Bearing in mind that the KL divergence between two Gaussian distributions can be calculated as
lgc: (X) — ga. (X)|?

exp (—nEXNM[KL(N(g@ (X), 0213),/\/'(9@* (X), O‘QIJD]) .

KL(N (gar (X),0°14), N (9c.(X), 0% 1)) =

202
As a result, we have
inf sup Eye [D1.+(Gn, G)]
Gn€Gy 11 (O) G€Gy 1/ (©)\Gu,L-1(O)
> e-exp(—nllga, — 9. |17 )
Ze- exp(fC’lnez), (12)

Here, we choose € = n~'/2, it follows that € - exp(—Cine?) = n~'/2 exp(—C}). Consequently,
O

the minimax lower bound in equation Eq. (T) is attained, thereby completing the proof.

B.2 PROOF OF THEOREM[Z]

Before delving into the details of the proof, it is important to note that the analysis can be reduced to
the case where both W ; and W5 ; are identity matrices for each j. Consequently, we may assume
without loss of generality that o2 (W5 ; B;, ;) = 02(B;, ;) and 01 (W7 ;A7) = 01(Aj]). The central
ingredient of the proof is the model convergence property, namely that the estimator g5 ~converges

to gg, at a rate of order O([log(n)/n]'/?).

18



Under review as a conference paper at ICLR 2026

Proposition 1 (Model convergence). Given the least square estimator G, the convergence rate
of the regression function estimation gz to the true regression function gz under the L2(u) is
parameteric on the sample size, i.e.

l9a, — 9a.ll2n = O(V1og(n)/n). (13)

Although the proof of this result is presented later, it is worth noting that, as Eq. (I3) is established,
we leverage the model convergence result to derive parameter convergence, employing a Taylor
expansion for the local analysis and applying Fatou’s lemma for the global analysis.

Assumption. We impose the following distinguishability assumptions on the two functions.

(A.1) (Algebraic Independence) If there exists two couples of parameter matrices (B, A) and
(B, A) such that

02(B)o1(A) = 03(B)o1(A),
then it follows that B = B and A = A.
(A.2) (Uniform Lipschitz) Consider
F(X,A,B):=exp(X ' (P§+02(B)oi1(A)X)(P) + 02(B)o1(A) X,

then for any n € {1,2} and index 8 = (51, 82) € Nrxd y Ndxr

Z ( BIED 2 RIED A

5 0AP1OBP: (X, 4,B) - aAﬁlaBﬁz(
al=n

X,A',B’>) WH < O|[(A, B)~(A", B) |||,

for any vector y € R247 and for some positive constants £ and C' that are independent of the input
X and the parameters A, B.

(A.3) (Strong identifiability) For any non-negative integer £ > 0 and any collection of distinct pa-
rameter matrices {(Bj, A;)};c[g. the functions in the set below are almost surely independent in
X:

{X(“), X®XT0y(B;), XWoy(A)X, X 02(B;), 01(A;)X,

XWx@ xwx (U)[XTO'Q(B Nk X(“)X(”)[ 1(A)X]?
XXX 05(Bj)or (A)X : j € [€], w,v € [d]}

)

Return to the proof of Theorem[2] Through a permutation, without loss of generality, we can sup-
pose that 7(h) = h for all h € [H|. The focus of this argument is to establish the following
inequality:

12/ D2(G, G*) > 0. (14)

~ HgG gé*
GGgH L'( )

We can divide our demonstration into two parts. The first part, namely local part, is to establish
Eq. (14) when D,(G, G*) is small enough

12/ D2(G,G*) > 0. (15)

lim inf llgs — 9&.
€20GeGy 11(8):D2(G,G*)<e ¢ ¢

The Taylor expansion is the main tool used to resolve this problem in the local regime. The global
part of the proof concerns the behavior of this property when Do (G’ G*) is sufficiently large.

LQ(M)/D2(67 é*) > 0.

_ inf  lgg — 9.
GEGy 1/(®)Da(G.G)>e  C €

Proof of local part Eq.
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Suppose that Eq. (I3) does not hold, i.e

lim

inf 95 — 9ae |20 /D2(G,GF) = 0
€20GeGy 11(8):D2(G,G*)<e | ¢ G-k (“)/ 2( )
Denote
L T 0 n n 0 n
exp(X ' (Pg + By ;AL ;) Pr n X +¢5) n o an
96, X) =2 Dk EX) ] Py + B AL )X
j=1 gm
L T *
exp(X " (P), + Bj; A}, PR, X +¢;) « A
ghg*(X) ZZ Dhl(jX) :J '(P\g,h+Bh,jAhj)
j=1 9:%
where
ZGXP PQh+Bh] Z,j)PIO(,h'i_C;)a
ZGXP T(PG,+ Bj AL ) Picp + ).
Then, we have

H
Z Tk (X), 9g.(X) =) mgr (X
h=1 h=1
Step 1 - Decomposition the discrepancy between regression functions
The first step of this proof includes decompose the quantity g~ (X)
sion. Recall that

— 9« (X)) using Taylor expan-

h) gG* (X)
h=1
Ho H
=S RREX) 3 (ef i) gl (),
h=1 h=1
where £4(X) = g/, (X) — gt (X)
Each term £](X) = D! (X)Ll (X

) can be decomposed as
ST Y explens)[exp(XT (P, + o2(Bil )1 (A1) X) (P + 02(Bj. ) (A7)
J=1iEW;,

—exp(X ' (Py ), + 02(Bj ;)01(A7)) X)(Py + 02(Bj, j)o1(A ))]
L

=30 > explens)| exp(XT (RS, + 0a(Bi)or (L) X)
J=1i€W;

(16)
— exp(XT (P, + o3(Bj )on (A) X) | gt (X)
EY0S explens) - oxple)) exp(XT (Bl + 03(B o (A7) )
j=1 lEWﬂh
= AL(X) = By(X) + Ch(X). (17)
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Decomposition for the function A" (X). Let
R(X;B,A) =exp(X " (P + 02(B)o1(A))X),
S(X;B,A) = (Py +032(B)o1(A) X,
G(X;B,A)=R(X;B,A)S(X;B,A).
Our term A" can be decomposed based on the number of element in each Voronoi cells
Av= 3 Y ep(e)GX; B, AY) - G(X;Bj ;, A))

FIWj =1 6€ A
t 2 2 eplend)[G(X; Bl A~ G(X: By A7)
JIWj | >1iEW)

h h
= An,l + An,?

Using the first-order Taylor expansion, we have

R
. B ny _ . RB* * ay h ag . * *
R(X7Bh,7,1Az) _R(Xth,];A])+|Zl(AAn7”) (ABn 2]) W(X7Bh,j7Aj)+RU1(X)7
olls

S(X;B"

nisAni) = S(X: By AN + ) (AA,)" (AB], X; By, j, Aj) + Rij2(X),

2 nii) " g Am g |

for any i and j satisfying i € W;;, and W, = 1. In the formulas above, R;;1(X) and R;;2(X)
denote the Taylor expansion remainder. The results above gives us

h _ eXp<C7’L,i) h 1 0*R . * * . D* *
'An,l(X) - ‘ Z . Z T Z {(AATL,ZJ) (ABn lj)a W(X7Bh,jaAj)S(Xth,jAj)
]:|Wﬂh|:1 1€EWjin |a]=1

_ ol R

_ l . * . D* *
= > ¥ { o ge g (X3 Bi jAD)S (X3 B A))

J:Wjinl=1lal=1

) £ A
W(X'th,fl')} + R 1
where the reminder is small compared with the loss function Rn 1/D=2(G™, G..), which is due to the
uniform Lipschitz property of function G. Here, the coefficients Um j,o are defined as

+ Ul

n,j,o

R(X; B} A}

O onon = 3 76Xp(cm)(AAmJ)a1(ABh )2 Va: |al = 1.

n,7,01,02 al n,1j
iEWﬂ;L

For A" -2, using the Taylor expansion up to second order, we have

8 R * * * *
n2 - Z Z { n,j,o,Q0 HA Boz (X§Bh,j7Aj)S(X§Bh}jAj)
JilA;[>1 1<l <2

* aaS * *
{Uh] ar, (XQR(X Bh]A )W(X, Bh,j’ Aj)}
_ ol R olkls
h . * * . * *
+ " %l UnJﬂlﬂlﬂzﬁz A1 HBo2 (X7 Bh,j’ Aj)aAﬂlaBB"’ (X’ Bh,jv Aj) + RH,Q(X)a
a|=1,|8]|=1
where the remainder R,, 2(X) is small compared with Dy(G™, G,): Ry 2(X)/D2(G",G) — 0
Here, the coefficients take the following forms:
exp(cn z) i Q
UJELLOKhQQ = Z a (AA’ﬂ l]) (ABZ 17) z’v|a| =2
’L‘GWﬂh ’
i exp(€n,i) o o
Ug,j,al,ﬁl,a2,ﬂ2 = Z Oé',B' (AA’IL 2]) 1+,61 (ABh ) 2+62 V|a| |ﬂ‘ = ]_.
’LEW]";L

21



Under review as a conference paper at ICLR 2026

Simple calculation gives us the following formulation of the partial derivative of R(X; B, A) and

S(X;B,A):
OR
540 X B 4) = X ol (A") X Toy(B) exp(X T (P + 02(B)o1(A))),
OR
B X BA) = X™o (A™)X Toh(B) exp(X T (P + 02(B)o1(A)))
O°R [ 5 (0) x @) o ( Ao (4@ (X T > (W47 (A X T
x exp(X " (P + 03(B)o1(A)))
82R [ u v u v w) 7 u
Spaape X B A) = _X< )X ol (BM)oh(BWY) (X Toy(A))? + 1y X Moy (B >)XT02(B)]
x exp(X " (P + 02(B)o1(A)))
I’R r
W(X%BA) = | X XWot (AM)oy(BM) + XWo| (B™) X Toy(B)
X eXP(XT(Pg +02(B)o1(A) X ™)
oS
g (Xi B, A) = X1 (A)os(B)
oS
9B (X;B,A) = x )GI(A)Ué(B)
825 (u) 9
W(X;B,A) =1,=, X0, (A)o2(B)
%8 (u) "
W(X,B,A) = lu:vX O'l(A)O'Q (B)
0?8 (u) /
W(X;B,A) = 1y= X0 (A)oy(B)

Plugging these formulations into the functions A% ; (X)) and Al ,(X), we achieve that
Ay (X) = 30 exp(X T (P + BiyAj ) Pis X) | (W0, XX T0a(Bi )
J:Wjinl=1
+ V1 X o1 (AN X)(P) + 02(B],)02(A))X + V1 s Xoo(Br ) + 01(A§)X‘7h,n,2,j} +Rn,1(X)
Aro(X) = > exp(X (P, + 0a(Bj j)o1(A7))X) [(VhT,n,LjXXTUz(BZ,j) + Vi n ;X 01(A)X),
FIWiin>1
+ X Vi1 X (X Toa(Bji ;) + Vi u j XX T02(Bhh ) + X  Vins i X (01(A)DX)? + V6, X01(AD)X
+ X Vg i X + X Vi ; XX T02(B;; jo1(A5)X) X (PY + 02(B})o1(A) X + V), 1 ;X 02(B])
+ 01(A)) + Vil X02(B)) + 01(A) X Vi + Vil 7, X |+ R 2 (X),
where the values of Vj, 1, 1., . . ., Vin 7,j are given by
Vinatg = (Ui 0401 (A™)) 02
Vin,2,j = (Un, n,770d7eu02(A(“)))Z:1
Vh,n,&] (U BONE eu+ev10d0—/1(A(U)> 1 (A(U)))Z,vzl
Vinag = (Unnjizen,0007 (A™))4_,
(Un
= (Un
(

Ql

h,n :j7e'u+ev;0d0-2(B(u)) (B(U)))uv 1
hn 042,05 (BM))
U,JPU,P“CH(B(U)) (B(U)))d

u,v=1

Vh,n@]

Q} I

Vin,6.j

Vh,n,m
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Here, e, denotes the u-th canonical basis vector in R<, that is, the vector whose wu-th component
equals 1 and all other components equal 0. Similarly, e,, denotes the canonical basis matrix in
R*4_ with a 1 in the (u, v)-th entry and 0 elsewhere.

Decomposition of the function 3,,(X). Consider the function B"(X), we decompose it as

BiX)= Y. > explens) [R(X;BL;, Ani) — R(X; B, A)] gty (X)
j:|Wﬂh|=1’i€Wﬂh

+ > Y explens) [R(X; B, AL ) — R(X; B, j, A7) g
JIWj R >1 €Wy,
= BZ,l(X) + BZQ(X)

(X)

n

h

1 9, We have

Using Taylor’s expansions up to the first order for Bﬁ)l and the second order for 3

r 7 60¢R * *
BZJ = Z Z UZLL,j,al,QQW(X;Bh,ijj)gg”(X) +R2,3(X)
JIWjinl=1lal=1

r 7 8()¢R * *
Bi,= > > Ur}zb,jal,agW(X;Bh7j7Aj)ggn(X)+RZ,4(X)
JWynl=11<al<2

where the Taylor remainders R 5(X) and R] ,(X) are small compared with Da(G,,, G.):
RE 3(X)/D2(Gr, Gy) = 0,and R]: (X)) /D5 (Gr, G.) — 0. This leads to

Bﬁ,l(X) = Z exp(XT(P(S_’h +02(By, ;)o1(A}))X) [Vth,l,jXXTJQ(B;,j) + Vh—,rn,szUl(A;)X] ggﬂ(X)
J:IWjinl=1
+RE X
3272(X) = Z eXP(XT(Pg,h + ‘72(32,]‘)01(14;)))() [VhT,n,LjXXTU?(BZ,j) + VhT,n,2,jX‘71(A§)X
j:|Wj‘h|>1

+ X Vins ;i X (X Toa(B))? + Vi ; X X "o (B )01 (A X g, (X) + R, X
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Putting all the above results together, the function £/ (X) can be represented as

(X) = Z exp(X T (PQ, + By, j A} ;) PR n X) {(Vth,l,jXXTU2(BZ,j) + Vo2 X01(A})X)

i Wynl=1

x (P + 02(Bjn) ot (A))X + V!, 1 i Xoa(By )+ 01(A) X Vi 2,

Y (X TPy + Bi AL PRAX) (Vi XX T02(By ) + Vil X1 (A) X
W5 nl>1

+ X Vs X (X Toa(Bji )+ Vi pa ;XX T02(Bs ;) + X T Vins i X (01(A]) X)?

+ V6, X0 ANX + X Ving; X + X Vinr; XX To2(Bj; j)o1 (A X)

X (P, + 02(B} )01 (ANX) + V1 Xoa(BY ) + 01(A) X Vo + Vi a ;X 02 (B))

+ 01 (AN X Vi + Vil )X

— Y ep(XT(PS+02(B,)oi(A))X) [VhT,n,LjXXTUz(BZ,j)+Vth,2,jXU1(A§)X 9&,(X)

JWinl=1

T 0 * val T * val * T
= Y (X T(PY+ 02(Bug)or(A)X) [V, XX T0a(Bi ) + V0, Xon (A4) X X
J:IWjinl>1

+ XT1‘/,17,%37.7-)(()(%2(B;j)j))2 + I_/thA’jXXTaQ(B,’fLJ) + XTf/hm,jX(XTal(A;))2

V6, X (ADX + X Vhpr, X + XTVh,n,MXXTo—Q(B;,j)al(A;)X} 96 (X)
L

+ Z T QXP(XT(PQ%,h + BZ,jAZ,j)PI%,hX) [(ng + By, ;A X — gén(Xﬂ

j=1

+RZ,1(X)+RZ,2(X) —Rﬁ,g(X) _RZA(X)» (18)

where T := Ziewj|h exp(cy,i) — exp(c;) forany j € [L].
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Step 2 - Non-vanishing coefficients.

The Eq. shows that the ratio £,,(X)/Da, can be

decomposed as a linear combination of the following independent function

9. (@),

1 * * u T * . * *
WR(X;BFLJ,A.?)ﬂ )X Toy(B;)S(X; B}, AY),
1 * * U * * *
WR(X;Bh,jaAj)X( Jo1(A)X S(X; B}, A),

1 1
————XWey(BY), =———R(X; B} ;,A;)01(A}) Xe,,

Dh (X) Dh (X) A ’

1 * * U v * * *
hiR(X;Bh,ijj)X( I x( )(XTUQ(Bh,j))QS(XQBh,jaAj),
Dl (X)

1 * * u v * * *
S BX B, A)X WX (01 (A) X)?S(X; By 5, A7),

(X))

1 * * * . * *
WR(X;Bh,j,Aj)X(“)al(Aj)XS(X,Bh’j,Aj),

1 * * U v . * *

Dg,*(X)R(X’Bh’]’A])X( )X( )S(X7Bh,]aA])7

1 * * U v * * *

WR(X;BM,Aj)ﬂ ) XWX Toy(B;, ) XS(X; B}, ;, A}),
v (X)

1 1
——  R(X:;Bf ., AYXYWXT04(B,;1)gt , ———R(X:B; ., A" XX T51(A;)gk
Dy (%) X By 4)) 72 Bin)i. oy xy X B A 71 Ai)9G,

1 . * * u v T 2 h 1 . * * u T h
WR(X,B}LJ,AJ)X( )X( )(X UZ(B],h)) gén) WR(X’B}LJ’AJ)X( )X O'Q(B]h)gé”’
;R(X-B* SANXWXO) (5 (A;)X)2gh #R(X-B* LANX Mo (B ) X gk
D} () T I e D () T e

1 1
—  R(X:B; . AHXWXWgh _—_— _ RX:Bf. ANXWXWXT 5y (B, ANX gh
Dg,*(X) ( ' = h,jo j) an7 D;L’*(X) ( »y 2 h,jo j) 02( J,h)o-l( J) ana

1 * * . * * 1 . * *) b
WR(X;Bh,ijj)S(X7Bh,j7Aj)a WR(XvBh,jaAj)géna

foranyindices 1 < h < H,1<j < L,and 1 < uy, v, uz,vo < d.

‘We establish that in the limit n — oo, there exists at least one coefficient of these functions that does
not disappear. Assume by contrary that all these coefficients of these linear independent functions
go to 0. From Eq. , we obtain that Up 1 j.aq.a5/P2ns Un,njar,81,00,8:/Pon, and T,y 5 /Doy,
go to 0 for all the coefficient a1, By, an, B2 € R4 satisfying that 1 < |aq |+ |B1 |+ |az|+|B2| < 2.

Consider the coefficient of ghé (x), we have

1 n *
T%\Wh — | = 0. (19)

Since T} ; /Dan — 0, we have for any j € [L]

1 iy

ot | 3 explens) - exple)| = T 0
’LEWJ-‘;L
Taking the summation with respect to j € [L] and h € [H], we have
| A L
Dy, Z?‘(‘Z Z Z exp(c;) — exp(c,)| — 0. (20)

h=1 =1 Z‘GWHh
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For index j € [L] such that [W;,| = 1, the limits Up, e, 0,/DP2n — 0 implies that

1 n
Dy o> explend)l|AAn ]l — 0.

J: W5 in|=11€Wj

Noting that in Euclidean finite-dimensional space, all the norms are equivalent, we can express the
equation above using ¢ norm, before summing up with respect to [ and h:

1
5 S Y Y explena)|AA ]| — 0.
2 h=1 W |=1i€W;

Analogously, since Uhm’ 04,6/ Dan — 0, it also follows that

1
o Y Y (el ABulh 0.
n J:IWin|=19€W5n

which implies that

T

== Yy explen)([AA,ll +IIAB ;) — 0. 2D

h=1 j:lW]-“L|=1 ieWﬂh

"l:he similar argument also demonstrates that for W;;, > 1, the limits Uh.nj2ey.0q4/Dan — 0 and
Uh,n,j,0,2¢, / D2n — 0 imply

H
1 n
B2 > 2 el (1Al + 1AB; 4]) = 0. (22)

h=1 j:|W_7‘|h|>1 iEWﬂh,

By putting all the results in Eq. (I9), Eq. 20), Eq. (22), and Eq. (22) together, we achieve that

1= gin — 0, which is a contradiction. As a result, at least one of the coefficients of the linear

independent functions in £,,(X ) /Dy, does not vanish as n — co.

Step 3 - Application of the Fatou’s lemma. Denote m,, as the maximum of the absolute values of
the coefficients of the linear independent functions in £,,(X)/Da,. Given that at least one of these
coefficients does not vanish, we have 1/m,, / 0asn — oo. Since |hg — hg |lL2(.)/D2n — 0

as n — oo, we also have ||hg — hg_[[12(4)/MnD2n — 0. Using Fatou’s lemma, we have

lgg, —9a
0= 1 n
nggo mnD2n

5

- (X) - g~ (X
L) Z/liminf |an( ) gG*( )|d,u(X)20.

n—oo mnD2n

As a consequence, we achieve that

95, (X) —g&, (X))

lim inf — =0, a.s.X.
n—o00 mnDQn
When n — oo, we denote
Th n,j ey ‘_/h 1 X
i1,J T
—= = Aoy, —m — Anr
m?LDQTI, mnD27L

for any indices h € [H], j € [L], 7 € [7], bearing in mind that at least one element of the
set {A\n0,j,Anr; @ j € [L],7 € [7]} is not equal to 0. Given the notation above, the limit
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195, (X)—g5. (X))

i Do can be expressed as

liminf,, oo

H
Z Z exp(XT(ngh + By, ; Z,j)PIO(,hX) [(/\Z,l,jXXT@(BZ,j) + )‘;,2,]‘X0-1 (A7) X)
h=1j:|Wjn|=1

X(P8 + UQ(B;J-O'l(A;))X + /_\Z,l,jXO.Q(B;kL,j) + Gl(A;)XS\h,Q’j]

H
> exn(X (S, + B A; ) PR X) (WL, XX 0a(B;, )
h=1j:|Wjn|>1
M2 X0 (ADX + X " Ns; X (X Toa(Byi ;) + Moa, XX Too(Br ;) + X T A5 i X (01(Af ;) X)?
A6, X0 (ANX + X Nz X + X Mz j XX Toa(By j)o1(A5)X)

x(Py + 02(Bjn) 01(A})) X + 5\;,1,jXU2(B;,j) + Ul(A;)X/_\h,Zj + X;,4JX0—2(B;<LJ) + O—l(A;f)Xj\h,G,j + )‘}—Lrj,jX

H
- Z Z eXP(XT(Pc%,h + BZ,J‘ Z,j)PIO(,hX) [)‘;,l,jXXTU2(BZ,j) + AZ,ZjXUl(A;)X] 9éG., (X)
h=1j:W;n|=1

H
- Z Z eXP(XT(ch,h + BZ,jA}*z,j)PI%hX) P‘}—LF,LJ‘XXTUQ(BZ,]’) + 5‘2,2,;‘X01(A§)X
h=1 j:[Wj 5 |>1
+X A3 i X (X Too (B ;) + Maj XX Toa(By ) + X " As i X (01(A)) X)?
A6 X0 (ADX + X hpr, X + XTS\;,JJ-XXTUQ(B;';j)al(A;f)X} 96 (X)
H L

£ dogexp(X T (PS, + B Aj ) PRy X) |(P) + B A7) - g5 (X)| =0, 23)

h=1j=1

for almost surely X. Nevertheless, this equation implies that all the coefficients {j\h,O, 7 5\7, jiJ€
[L], 7 € [7]} are 0’s, which is a contradiction. As a consequence, we achieve that

L2(#)/D2(é7 é*) >0

lim inf lgs — g=-
—=0GeG, 1/(0)Dy(@.a0<e  © T ©
Proof of global part (Eq. (15))

The proof in local part shows that there exists a constant ¢’ such that

o inf lgg = gg 2w /Da(G, Gl) > 0.
GEGy 1/ (0)Da(G,Gy)<e! ¢ G &)

To complete the proof of this result, we show the global part that

_ inf  lgg — 9a.lr20/D2(G, Gy) > 0.
GGy 1/ (B)Da(@,Guyser O TG

The proof of the above equation relies mostly on the identifiability of mixing measure in G, (O).

Assume by contradiction that this claim does not hold, then there exists a sequence of measure
o T he
Gn = Zj:l eXp(cn,j)(S(Wﬁj,Bn W AT ) S gH7L/(@) such that

h,3? "7 1,57 h,g

Dz(énaé*) > 6/
lgg, — 96122/ D2(Gn, G) = 0,

as n — oo. Without loss of generality, we can suppose that both W', and W', are identity
matrices. As a result, we have ||g5 — g [/z2(,) — 0 as n — oco. From the hypothesis that the

parameter space © is a compact set, there exists a mixing measure Geg H,L/ (@) such that one of
the GG,, ’s subsequence converges to GG. By extracting this sequence, without loss of generality, we
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can suppose that (~}’n — G'. Since Dz(én, 6’*) > ¢ for all n > 1, we obtain that Dg(é/, é*) > €.
Using the Fatou’s lemma, we have

0= Jim log, — 96 20 = i [ llog, (X) - g6 (X)|*du(X)

n—oo
= / liminf g5, (X) — g5 (X)[?du(X) > 0.

Asaresult, gz, (X) = gg_(X) for almost surely X, which implies from identifiability in G 1./ ©)
that G’ = G... Thus, Dg(é', é*) = 0, which is a contradiction with the fact that Dg(é', é*) > €.
This completes our proof.

Proof for identifiability property. In this part, we prove that the equality gz(X) = g5_(X) for

almost sure every X implies the identity G = G.. For the convenience of presentation, we simplify
the softmax notation that, for any mixing measure G = S/ het b =1 €xp(c;)d( By A7), We denote

exp(u)
L 3
Y1 exp(X T (PG + 02(B]))o1(A;)) X + ¢))
where u € {X T(P§ + 02(Bn,j)02(A;))X +¢; : j € [L]}. The equation g5(X) = gz (X)
implies that
H L
> Y softmax(X T (P + 02(Bn ;)02(A;) X + ¢;) (P, + 02(Bj, ;)01 (A]) X
h=1  j=1
H r B B B B
=> mn Y softmax(X " (P§ + 02(Bh.j)02(A;) X + ¢;)(Py, + 02(Bj, ;)01 (A7) X
h=1  j=1
From this equation, we can deduce that
L
> " softmax(X T (P + 02(Bn,;)o2(A;)) X + ¢;) (P, + 02(Bj, ;)01 (A}) X
j=1
L B B B B
= softmax(X " (PS + 02(Bh,;)02(A;)) X + &) (PY), + 02( B}, o1 (A7) X, (24)
j=1
This equation implies that L = L/, and
{Softmax(XT(P5+02(Bh7j)ag(Aj))X—|—cj) cjeL]} = {softmax(XT(P5+02(B;L7j)02(Aj))X+c;) 17 €[L]}
for almost surely X. Up to a permutation, we can assume without loss of generality that for any
j € [L] that
softmaX(XT(PqO) +02(Bpj)o2(A;) X +¢j) = softmaX(XT(ch +02(Bh,j)o2(A;) X + ).
Given the invariance to translation of the softmax function, Eq. implies that
L
> exp(e)) exp(X T (PS + 02(Bnj)o1(A) X)) (P + 02(Bnj)o1 (A;)) X
j*l

softmaxz(u) =

= ZeXp )exp(X T (Py + 02(Bh,j)01(A4;) X)) (Py + o2(Bnj)o1(4;)) X

for almost surely X.

Noting that the index set [L] can be partmoned into 7 subsets K1, ..., K,,, where m < L such that
exp(c;) = exp(cj,) for any indices 7, j' € K; and i € [m], we can write the equation above into

Z > exp(c;) exp(X T (PG + 02(Bh.j)o1(A;)) X
i=1 jek;

:Z Z exp(c}) exp XT(PQ + Uz(Bh ])Ul(Aj)))X
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for almost surely X . The above equation implies that
{(Py + 02(Br,j)01(Aj)) : j € Ki} = {(Py + 02(By,j)01(4;)) : j € Ki}

Given that the activation o and o are algebraically independent, the above result demonstrates that

m m
> D expl(e)ds, A Z exp(¢j)d(B; A7)
=1 jeK; =1 jeK;
As a consequence, we achieve that G= é*, which completes our proof. O

Proof of Proposition[I] The proof of Proposition [I]can be implemented using the following steps.

Step 1: Equivalence between least square estimator and MLE.

Bearing in mind that the sample (X1,Y7),...,(X,,Y,) € R x R? are i.i.d. from the regression
model

Y;,:gé*(X’L)—’_ela i:17"'7na
such that the noises €1, . . ., €, are independent and follow the Gaussian distribution: E[e;| X;] = 0
and Varle;| X;] = 0?1 forall i € [n]. In addition, g5_ follows the following form

H exp(X T (P, + 02(W5 B, )o1 (W ;AN PR, X +¢))

95*(X):Z7fhz Dy (X)

h=1 j=1
X (P\(},h + 0'2(W2*,jBZ,j)o'1(Wl*,jA;))X

where we denote Dj,(X) = Zle exp(XT(P&h + Jg(W;)jB,ij)al(W1*7jA;)P%hX + ).
Also, we consider the least-square estimator é of the form
Gpi=arg _ min 1Y; — g (X))
L GGy 1 (8) 2 al

Using the Gaussianity assumption of ¢;|X; for all ¢ € [n], we achieve that Y;|X,; ~
N(ga. (Xi),0%I;) forall i € [n]. As aresult, the least square estimator G, is actually a maxi-
mum likelihood estimator with respect to the data Y7 | X1, ..., Y5 | X!

G, € arg  ma log(p(Yilgs(X:), 0% 1),
GEgHL/(@),n’lZl ¢

where p(Y;|g5(X;),021;) denotes the multivariate Gaussian distribution with mean g5 (X;) and
covariance matrlx o I a

Step 2: Main ingredients for measuring regression function and their usefulness.

Let PHL denotes the set of conditional density of all mixing measures in éH,L,(e), i.e.
Pr,1/(0) = {pc(Y|X),G € Gp,1,(©)}. In addition, we denote

P, (0) == A{pGya,2(YIX) : G € G, (0)}

Pit1(0) = {p L 5 n(YIX): G € Grr ()}

For each 6 > 0, we denote the Hellinger’s ball in 75}1/%,(@) around the conditional density
pa(Y|X):

51/2 (3 /2 /3

Pi3/(0,60) = {p"/? € P/7,(0) : du(p,pg.) < 6}.

Lastly, as suggested in (van de Geer| (2000)), we quantify the measure of the above set by

4
TOPHO = [ HPL O, o)y
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where Hp(t, 75115,/2” ©,1),] - || z2()) denotes the bracketing entropy of 7311{/2L((§, t) under £%-norm,
while ¢ V 6 = max(t,9).

Employing similar argument of Theorem 7.4 and Theorem 9.2 in van de Geer] (2000), it is tractable
to achieve the following lemma.

Lemma 1. Consider V(§) > J(0, 7311{/5 (©,0)) such that V(5)/6? is a non-increasing function of
8. Then, there exist a universal constant c and a sequence (8,,) such that \/nd2 > c¥(6,) and

P (Exldatr, (130,15, (10)] > ) = coxp (25 )

forall § > 6,

The main part of the proof consists of demonstrating the upper bound for the bracketing entropy for
any 0 < e <1/2

Lemma 2. We can bound the bracket entropy Hp by

1y~
Hp (e, Py ,(0.1). || - | c2) < log(1/e). (25)
If this estimation holds, since it is straightforward to check that

Hp(e, P 7, (0.6), | llc2() < Hple,Pi 3,(6.,1),dr)

where dy denotes the Hellinger’s distance, we have

5
HY? (e, P28, 1), di)dt v 6 < / log(1/t)dt V5. (26)
52 /213

_ )
Ts(6,P}2,(8,8)) < /

52/218

Consider ¥(5) = & - [log(1/5)]'/2, the it is obvious that ¥(§)/6? is non-increasing function of 4.
In addition, Eq. implies that ¥(§) > Jg(4, 7511{/2” (©,6)). By choosing 6,, = +/log(n)/n, we
have /nd% > c¥(4,) for some universal constant c. An application of Lemma leads us to the
conclusion of Proposition T}

du(p(¥ |9, (X),0%1), (Y195 (X), 021a)) = O(+/log(m)/m), @7)

where dy denotes the Hellinger distance. The closed form of Hellinger distance between two mul-
tivariate normal distance gives us

du(p(Ylgg, (X),0%1a),p(Y |95, (X),0°14)) = 1 — exp {—&iQIIQan (X) - 9a. (X)II2} :

In consequence, for n sufficiently large, there exists some universal constant C' such that the above
inequality implies

9, (X) = 95 (X)|* < 80°log ( < 1602C'log(n) /n.

1—01(1wg(n>/n>

From this inequality, we have

196, (X) = 96.(X)| = O(Vlog(n)/n),

£2(w) = Op(y/log(n)/n). This concludes the proof of this proposition.

or gz — 9a.
Proof of the bound in Eq. (23).
Step 3: Relation between bracket entropy and covering number.

The first step of this proof includes establishing the upper bound for the multivariate Gaussian den-
sity p(+|X). Noting that the variance effect o is fixed, we have

o (Y a0
(2mo2)d/2 202 ~ (2mo2)d/2’

pa(Y1X) =
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Since the input space X and parameter space © are bounded, there exists a constant M such that
~ _ 2
HgG( )| < M for G € Gy,1» and X € X. Thus, for any |Y'|| > 2M, we have % >

” Y “ , which leads to

1 1Y - g5(X)|? 1 Y]
27\ G
p(Y|gé(X),0' Id) - (271'0'2)d/2 exp ( 20_2 S (27_‘_0_2)(1/2 exp | — 80'2 .

Define the integrable function

(2mo2)~4/? for | Y| < 2M,

KY|X)= Y|?
(¥1X) (2m0?) 4% exp (”8 H ) for [|[Y|| > 2M,

2
then the above estimations give us p(Y |g5(X),0%I;) < K(Y|X) forallY and X € X.

For 7 < ¢, consider an n-cover {u,...,pu,} of PH7L/(é) under ¢/1-norm such that N :=

N(1,Pr.r/(©), ]| - |l1). Then, the brackets of the form [L;(Y|X),U;(Y|X)], for 1 < i < N,
can be constructed as

Li(Y]X) = max{p,(Y|X) — , 0},
U(Y|X) = max{p (Y] X) +n, K(Y|X)}.

It is straightforward to check that Py 1/ (©) C Ul 1Li(YX),U;(Y|X)] and L;(Y|X) —
U;(Y|X) < min{n, K(Y|X)}. From this, we can achieve the following upper bound

Ui — Lilly :/ IUl-(YIX)—Li(YIX)Id(X7Y)+/ Ui(Y]X) — Li(Y[X)|d(X,Y)
1Y [|<2M Y ||>2M

K2
< Kn+exp (—20) K'n,

where K := max{2M, v8c?}log(1/n), K’ be a positive constant. From the definition of bracket
entropy, given that Hp(K'n, Py, .L(©), || -[[1) is the logarithm of the smallest number of bracket of
size K'n necessary to cover Pp 1/ (@) we have

Hp(K'n, P,/ (0), || - 1) < log(N) = log N(1, Prz,/(©), | - l1).
If we can achieve the upper bound for the covering number log N (1, P (©), || - [|1) < log(1/n).

then we achieve _
Hp(K'n, Pu,(©), - [l1) < log(1/n).
By choosing € = ¢/ K, noting that Hellinger distance is upper bounded by ¢; norm, we have

Hp(e, Py, (0),di) < Hpe, Pa,/(©), ] - [l) < log(1/e).
Step 4: Bound covering number.

Now, it is our turn to bound the covering number N. To do this, let T := {(mq,...,7p) : Z?:l m =
1, and m; > 0} and A = {(Byj, A;) : (Bn,j,A;) € Q}. Given that the parameter space (2 is
compact, as well as I' is also a compact space, there exists £-cover for I" and A, which can be
denoted as I'¢ and A, respectively. In addition, it is straightforward to verify that

el < O(E~1Y), A < OB,

For a mixing measure G = Zh 1 Th Z _1exp(¢;)d(B, ;.A,) € Gu,u let (¢, By j, Aj) € A¢
such that (¢;, By, j, A;) is the closet point to (c;, B, j, A;) in this set w.rt. || - ||2 norm, and
(T1,...,7g) € Te such that (71, ..., T ) is the closet point to (71, ..., 7 ) in this set (also w.r.t.
|| - |2 norm). We consider two mixing measures:

H L
ZﬁhZeXp Cj 5(B}W7A ) = z_:ﬁ z_: 5(3}”7 A))-

h=1 j=1
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For the sake of presentation, we denote

L
gn(X) := Z Softmax(X T (P§ ;, + 02(Bj; ;)o1 (A1) Pg X +¢}) - (P, + 02(B;; ;)o1(A]) X,

J

=1
L
gn(X) == Softmax(X T (P3 ), + 02(Bj, ;))o1(A) P, X +¢}) - (PY), + 02(Bj, ;)o1(A3) X
=1
L — — — —
gn(X) :=>_ Softmax(X " (P ), + 02(B;, ;)o1(A3)) PR , X + &) - (P, + 0a(Bj; ;)o1(A}) X,
=1

for all h € [H]. We provide an upper bound for the discrepancy ||gc — g || as

H H
lge = galloe <D mallgn — Gnllee <D llgn — Gnllss
h=1 h=1
H
< “(lgn = dnllso + ldn — gnllo) (28)
h=1

For simplicity, denote (X, BZJ.,A;?) = (P‘(})h + JQ(B;%j)Ul(A;))X_ The discrepancy |lgn —
Gnlso can be estimated as

L
lgn = Gnlloo <D sup [Softmax(X " (P, + 02(Bj ;)o1(A})) PRy X + ;)| - IK(B, ;. A}) = K(Bj, ;. A7)

= Xex
L
< Z sup [K(X, By, ;,Aj) — ’C(ngit,j"&;”
o Xex
L
<Y sup [(02(Bj ;)o1(A}) X — (B}, ;)o1(A)) X]|
= Xex
L
S5 o 1053, 4) = (B A1 - 1X1)
L

where the second last inequality holds due to the fact that the input space is bounded: || X || < B for
all X € X.

For the second term [|gn — gnllec, denote M(X,Bj ., Af,cj) = XT(PC%’h +
oa(Bj; ;)o1(A})) Py, X + ¢, we bound it using the following argument:
L
n — Gnllos < Z;u}:)){ |Softmax(M(X, B;, ;, A})) — Softmax(M(X, Bj, ;, AY))| - |[K(X, B}, ;, A})|
€

—

M=

<) sup|Softmax(M(X, B;, ;, A})) — Softmax(M(X, By, ;, A}k))’

Il
-

(B, 5, A7) — (Bj, ;. A7)

A
M=

Il
-

<€, (30)

N
] =

I
-
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given that the X belongs to a compact space X. Thus, the Eq. (28), Eq. (30), and Eq. (29) implies
that ||g¢ — 9G||c < €. In addition, we similarly can bound ||g5 — g || using the following step:

H

196 — g6lloo < 3 1m0 — 7l - gl
h=1

H
SO M |m, — 7wl S €
h=1
where the second last inequality follows from the fact that the input spaces are compact, which

means |gp(X)| < M for X € X.

As aresult, from the triangle inequality, we have
196 = 96 llee < llga = galloo + llgg — 9610 <€

Thus, noting that the Gaussian density function f(z) = (2r0?)~%2 exp (—||z||?/20?) is a global
Lipschitz function, we have

Ip(Y1ga(X), 01d) = p(Y |9a(X), 0’ Id) 1 < ll96(X) = 9a(X) [« S &
From the definition of covering number, we get

log N(n, Pr,s (), || - Ih) < [Tel x [A¢] < O6~H) x O, G1)
From Eq. (30) and Eq. (31), we have

Hp(&Pu,r(0), ] - [1) < log(1/€).
By choosing £ = ¢/2, we achieve that

HB(E,’PH’L/(@)JiH) S IOg(l/E).

This completes our proof. O

C ADDITIONAL EXPERIMENTAL DETAILS

C.1 IMPLEMENTATION DETAILS

For vision tasks, we conduct experiments on ViT-B/16 (Vaswani et al.| (2017)) for 100 epochs. The
training configuration includes 100 warmup steps, a total batch size of 64, a Low-Rank Matrix
rank of 8, and an alpha value of 8. We optimize the model using the AdamW optimizer with
a cosine learning rate scheduler. To select learning rate and weight decay hyperparameters, we
perform a grid search over the learning rate in {0.001,0.005,0.01,0.05,0.1} and the weight decay
in {0.0001, 0.0005, 0.001,0.01,0.1}. For the hypernetwork used in low-rank matrix B, the input
dimension is 64, the hidden dimension is 16, and the activation function is leaky-relu.

For the commonsense reasoning tasks, we conduct experiments on two LLaMA versions, LLaMA-
7B with 32 Transformer layers and LLaMA-13B with 40 Transformer layers Touvron et al.| (2023)).
The training configuration includes a warmup steps of 100, a total batch size of 32, a learning rate
of 2e-4, and a dropout value of 0.05. The models are trained with 1 A100-GPUs for 3 epochs. The
rank of Low-Rank Matrix is 32 and the alpha value is 64. We optimize the models using AdamW
optimizer with a linear learning rate scheduler. In both LLaMA-7B and LLaMA-13B settings, the
hypernetwork used in low-rank matrix B has input dimension of 64 and hidden dimension of 40,
while the activation function is leaky-relu.

C.2 DETAIL OF SAMPLE EFFICIENCY
We provide in Figure [3] and [ the detail of the sample efficiency problem in each commonsense

reasoning dataset with LLaMA-7B setting and LLaMA-13B setting. From these figures, we observe
that HORA yield clear sample-efficiency improvements over LoRA on both 7B and 13B scales.
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Figure 3: The detail of sample efficiency on each commonsense reasoning dataset with LLaMA-7B
settings.

C.3 DETAIL OF RESULTS ON VTAB-1K DATASETS

In Table ] we provide the results of HoRA in detail for each dataset in the VTAB-1K domain.
Compared to LoRA, HoRA consistently outperforms by 1-6% percents on almost all datasets except
for sNORB-ele with only a modest increase in the number of parameters, therefore suggesting the
effectiveness of having shared information among the attention heads.

Table 4: Classification accuracy on the VTAB-1K dataset

Natural Specialized Structured

— = = B k)

g s g 5 E 9 g 5 g‘ - 2 S T

= = = o~ S < b 8 — S g ] o}

: 2 g % . E 2T % f £/ £ & E : L B B
Method| © S & & & &% &|8 & & & |0 © &2 % 92 %9 % % |aG
FFT 689 877 643 972 869 874 388|797 957 842 739563 58.6 417 655 575 467 257 29.1 | 65.6
LoRA | 67.1 914 694 982 904 853 54 |849 953 844 736|829 692 498 785 757 47.1 31 44 | 722
DoRA | 679 904 706 99 902 89.6 546|839 955 853 759|808 69.8 505 809 791 47.7 325 39.6| 728
VeRA 61.1 89.1 70.1 99.1 89.1 88.7 539|817 962 849 755|717 574 46.6 744 669 473 23.6 30.6 | 68.8
Adapter | 69.2 90.1 68 988 89.9 828 543 | 84 949 819 755|809 653 486 783 748 485 299 416 | 714
Prefix | 755 90.7 654 966 86 785 467 | 795 951 806 74 | 699 582 409 695 724 468 239 344 | 67.6
HoRA [70.7 929 722 992 918 89.8 551864 962 877 764835 705 55 82.6 782 485 35 419 744

C.4 ABLATION ON LOW-RANK MATRICES IN QUERY, VALUE, UP, AND DOWN PROJECTIONS

In addition to applying low-rank matrices to the query and value matrices in each layer, we further
investigate whether our design on LoRA can generalize to scenarios where low-rank matrices are
also incorporated into additional modules. Specifically, we extend our method to the proj_up and
proj_down matrices, where the query and value matrices still follow our proposed design, while the
proj-up and proj_down use the original version of low-rank matrices. As shown in Table 5] HoORA
consistently achieves the highest performance compared to LoRA and DoRA in the LLaMA-13B
setting, improving over LORA and DoRA by an average of 1.5% and 0.4%, respectively. This
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Figure 4: The detail of sample efficiency on each commonsense reasoning dataset with LLaMA-13B
settings.

demonstrates that our proposed method, when applied to the query and value matrices in multi-head
attention layers, remains effective even when low-rank matrices are additionally applied to other
modules in the model.

Table 5: Ablation Study on Low-Rank Matrices in Query, Value, Up, and Down Weights.

Model | Method | #Params(%) BoolQ PIQA  SIQA  HellaSwag ~ WinoGrande =~ ARC-e  ARC-c  OBQA | Average
LoRA 0.57 72.11 83.73 80.5 90.5 83.74 82.11 68.09 82.4 80.4
LLaMA-13B DoRA 0.58 72.42 84.98 81.17 91.81 84.61 84.22 69.88 82.8 81.49
‘ HoRA ‘ 0.57 72.23 85.8 80.25 92.47 84.37 84.47 70.99 84.4 ‘ 81.87

C.5 CONVERGENCE CURVES, RATIO OF LEARNABLE PARAMETERS, RUNTIME, AND FLOPS
COMPARISONS

In this section, We also include a comparison of ratio of learnable parameters, FLOPs, and runtimes
for low-rank—based approaches, include LoRA, DoRA, and HoRA, in the Table@ During training,
although HoRA incorporates additional hypernetwork modules that increase FLOPs, its runtimes
and parameter ratios remain largely similar to those of LoRA. Meanwhile, HoORA achieves notable
accuracy gains (up to +2.5% on the LLaMA-7B commonsense reasoning task) compared to LoRA.
Moreover, at inference, since the low-rank matrices are merged into the pre-trained model, LoRA
and HoRA have identical FLOPs and runtimes, making HoRA a practical and efficient approach for
PEFT.
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Table 6: Comparison among LoRA, DoRA, and HORA on LLaMA-7B and LLaMA-13B settings

Model \Method #Params. (%) GFLOPs Runtimes Performance

LoRA 0.25 6.63 4.17 74.09
LLaMA-7B | DoRA 0.25 25.42 5.22 74.94
HoRA 0.28 41.32 4.21 76.64
LoRA 0.2 12.88 7.25 80.18
LLaMA-13B | DoRA 0.2 49.58 7.37 80.05
HoRA 0.21 80.51 7.33 80.82

We also compare the validation loss curves of LoRA and HoRA on the LLaMA-13B setting, as
shown in Figure 5] Across most of the training period, HORA exhibits consistently lower validation
loss than LoRA, indicating improved convergence behavior.

Convergence curves on valid set in LLaMA-13B setting

1.00 —— LoRA
HoRA
0.95 -
» 0.90 1
(73]
S
0.85
0.80-
0.0 0.5 1.0 15 2.0 2.5 3.0

Epoch

Figure 5: Validation loss curves comparing LoRA and HoRA on LLaMA-13B.

D USE OF LARGE LANGUAGE MODELS

In this paper, we use large language models (LLMs) solely for editorial support, including grammar
refinement and spelling enhancements. We do not use LLMS for content generation, data analysis,
or experimental design.
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