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ABSTRACT

Escaping from saddle points has become an important research topic in non-
convex optimization. In this paper, we study the case when calculations of explicit
gradients are expensive or even infeasible, and only function values are accessi-
ble. Currently, there have two types of gradient-free (zeroth-order) methods based
on random perturbation and negative curvature finding proposed to escape sad-
dle points efficiently and converge to an e-approximate second-order stationary
point. Nesterov’s accelerated gradient descent (AGD) method can escape saddle
points faster than gradient descent (GD) which have been verified in first-order
algorithms. However, whether AGD could accelerate the gradient-free methods is
still unstudied. To unfold this mystery, in this paper, we propose two accelerated
variants for the two types of gradient-free methods of escaping saddle points. We
show that our algorithms can find an e-approximate second-order stationary point
with O(1/€!-7) iteration complexity and O(d/e' ™) oracle complexity, where d
is the problem dimension. Thus, our methods achieve a comparable convergence
rate to their first-order counterparts and have smaller oracle complexity compared
to prior derivative-free methods for finding second-order stationary points.

1 INTRODUCTION

Non-convex optimization has received increasing attention in recent years because lots of modern
machine learning (ML) and deep learning (DL) tasks can be formulated as optimizing models with
non-convex loss functions. In this paper, we consider non-convex optimization with the following
general form:

min f(x), (D

xeR4

where f(x) is differentiable and has Lipschitz continuous gradient and Hessian.

In this paper, we focus on situations when first-order information (gradient) is not always directly ac-
cessible. Many machine learning and deep learning applications often encounter settings where the
calculation of explicit gradients is expensive or even infeasible, such as black-box adversarial attack
on deep neural networks (Papernot et al., 2017; Madry et al., 2018; Chen et al., 2017; Bhagoji et al.,
2018; Tu et al., 2019), policy search in reinforcement learning (Salimans et al., 2017; Choromanski
et al., 2018; Jing et al., 2021), hyper-parameter optimization (Bergstra & Bengio, 2012). There-
fore, zeroth-order optimization, which utilizes only the zeroth-order information (function value) to
optimize the non-convex problem Eq. (1), has gained increasing attention in machine learning.

In general, the goal of a non-convex optimization problem Eq. (1) is to find an e-approximate first-
order stationary point (FOSP, see Definition 3), since finding the global minimum is NP-hard. Gra-
dient descent is proven to be an optimal first-order algorithm for finding an e-approximate FOSP of
non-convex problem Eq. (1) under the gradient Lipschitz assumption (Carmon et al., 2020; 2021),
which needs a gradient query complexity of @(6%) However, for non-convex functions, FOSPs
can be local minima, global minima and saddle points. The ubiquity of saddle points makes high-
dimensional non-convex optimization problems extremely difficult and will lead to highly subopti-
mal solutions (Jain et al., 2017; Sun et al., 2018). Therefore, many recent research works have fo-
cused on escaping saddle points and studying properties of converging to an e-approximate second-
order stationary point (SOSP, see Definition 4) using first-order methods.
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A recent line of work showed that first-order methods can efficiently escape saddle points and con-
verge to SOSPs. Specifically, Jin et al. (2017) proposed the perturbed gradient descent (PGD) al-
gorithm by adding uniform random perturbation into the standard gradient descent algorithm that
can find an e-approximate SOSP in @(10g4 d/e?) gradient queries. Under the zeroth-order setting,
Jin et al. (2018a) proposed a zeroth-order perturbed stochastic gradient descent (ZPSGD) method,
which studied the power of Gaussian smoothing and stochastic perturbed gradient for finding lo-
cal minima. The role of Gaussian smoothing is to reduce zeroth-order optimization to a stochas-
tic first-order optimization of a Gaussian smoothed function of problem Eq. (1). They proved
their method can find an e-approximate SOSP with a function query complexity of O (d2 / 65).
Vlatakis-Gkaragkounis et al. (2019) proposed the perturbed approximate gradient descent (PAGD)
method using the forward difference of the coordinate-wise gradient estimators, which finds an e-
approximate SOSP in o (dlog4 d/ 62) function queries. Recently, Lucchi et al. (2021) proposed
a random search power iteration (RSPI) method, which alternatively runs the random search step
and zeroth-order power iteration step, and can find an (e, €2/)-approximate SOSP (||V £(x)|| < e,
Amin(V2f(x)) > —€2/3) in O(dlog d/e? ) function queries. Zhang et al. (2022) proposed a zeroth-
order gradient descent method with zeroth-order negative curvature finding that can find an (e, 6)-
approximate SOSP (|V £(x)|| < €, Amin(V2f(x)) > —6) in O(% + d;g%d) function queries.

Table 1: Comparison of different zeroth-order methods for finding e-approximate second-order sta-
tionary points.

Algorithm Reference Main Technique Function Queries
ZPSGD Jin et al. (2018a) Random perturbation 0) (%)
PAGD Vlatakis-Gkaragkounis et al. (2019)  Random perturbation @) %%4(1)
RSPI Lucchi et al. (2021) Negative curvature finding ~— O( djgid) *
Z0-GD-NCF Zhang et al. (2022) Negative curvature finding (’)(g2 + dgg%;)d) o
Algorithm 1 Theorem 1 Random perturbation @) (d Lﬂ%i d)
Algorithm 3 Theorem 2 Negative curvature finding O (delf id )

* guarantees (e, €2/%)-approximate SOSPs; *# guarantees (¢, §)-approximate SOSPs.

Although gradient descent has achieved an optimal convergence rate for finding FOSPs under gradi-
ent Lipschitz assumption, potential improvements are achievable under additional Hessian Lipschitz
assumption (Carmon et al., 2021). Nesterov’s AGD combined with some special mechanisms, has
been proved to be able to find e-approximate FOSPs with less query complexity. Carmon et al.
(2017) proposed a variant of Nesterov’s AGD with a “convex until guilty” mechanism, which can
find an e-approximate FOSP with gradient query complexity (9(571/ 7 log %) Recently, Li & Lin
(2022) proposed a restarted accelerated gradient descent method that can find an e-approximate
FOSP in gradient query complexity O(ﬁ), which adds a restart mechanism to Nesterov’s AGD.

On finding SOSPs, Nesterov’s AGD is also proved to be more efficient than GD. Jin et al. (2018b)
studied a variant of Nesterov’s AGD named perturbed AGD, and proved that it can find an e-
approximate SOSP in (5(log;6 d/ €7/ 4) gradient queries. Their method added two algorithmic fea-
tures to Nesterov’'s AGD: random perturbation and negative curvature exploitation, to ensure the
monotonic decrease of the Hamiltonian function (see Eq. (4)). Allen-Zhu & Li (2018) proposed
a first-order negative curvature finding framework named Neon2 that can find the most negative
curvature direction efficiently. Combining Neon2 with CDHS method of Carmon et al. (2018) can
find an e-approximate SOSPs in (5(1og d/ €’/ 4) gradient queries, which improved the complexity
of perturbed AGD method by a factor of poly(logd) due to the use of negative curvature finding
subroutine. Recently, Zhang & Li (2021) proposed a single-loop algorithm that also achieves the
same function query complexity, which replaced the random perturbation step in perturbed AGD
with accelerated negative curvature finding.

Given the advantages of Nesterov’s AGD in finding SOSPs in first-order optimization, it is then
natural to design AGD based zeroth-order methods for finding SOSPs with smaller function query
complexity. To the best of our knowledge, it is still a vacancy in zeroth-order optimization.

Contributions The main contributions of this paper are summarized as follows,
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* We study the complexity of two AGD based zeroth-order methods for finding e-
approximate SOSPs. We first study a zeroth-order version of the perturbed AGD method
(Algorithm 1) using the central finite difference version of the coordinate-wise gradient
estimator, which can be proved to have a lower approximation error compared to its for-
ward counterpart. The total function query complexity of Algorithm 1 for finding an e-
approximate SOSP is O(dlog® d/e1).

* Due to the efficiency of the negative curvature finding for finding the most negative cur-
vature direction near a saddle, we further study a zeroth-order version of the perturbed
AGD with accelerated negative curvature finding subroutine (Algorithm 3), which uses the
finite difference of the two coordinate-wise gradient estimators to approximate the Hessian-
vector product. We show that Algorithm 3 can further improve the function query complex-
ity of Algorithm 1 by a factor of poly(log d).

* Finally, we conduct several empirical experiments to verify the efficiency and effectiveness
of our methods in escaping saddle points.

2 PRELIMINARIES

2.1 NOTATIONS

Throughout this paper, we use bold uppercase letters A, B to denote matrices and bold lowercase
letters x, y to denote vectors. We use || - || to denote the Euclidean norm of a vector and the spectral

norm of a matrix. We use By (r) to denote the £ ball with radius r centered at point x. We use O(-)
to hide absolute constants and log factors.

2.2  DEFINITIONS

Definition 1. For a differentiable nonconvex function f : R* — R, f is (-Lipschitz smooth if
vx,y € R [V f(x) = V()| < llx — .
Definition 2. For a twice differentiable nonconvex function f : R® — R, f is p-Hessian Lipschitz if
vx,y € R [V f(x) = V2f(y)]l < pllx — |-
Definition 3. For a differentiable function f, we say x is an e-approximate first-order stationary
pointif [Vf(x)[ < e

Definition 4. For a twice differentiable function f, we say x is an e-approximate second-order

stationary point if
V)| <e and Amin(V2f(x)) > —\/pe.

2.3 ZEROTH-ORDER GRADIENT ESTIMATOR

In this subsection, we introduce a central difference coordinate-wise gradient estimator, which is
widely studied in literature of zeroth-order optimization (Ji et al., 2019; Vlatakis-Gkaragkounis et al.,
2019; Lucchi et al., 2021),
d
- f(x+ pei) — f(x — pei)
V = 79 2
f(x) ; o e @)

where e; is the ¢-th standard basis vector with 1 at its ¢-th coordinate and 0 otherwise. When
analyzing the approximation error of the above gradient estimator, previous work only exploited the
smoothness property of the gradient of f, not the property of Hessian Lipschitz (which is a basic
assumption for analyzing the second-order convergence properties). To fill this gap, we establish the
following lemma,

Lemma 1. For a twice differentiable function f : R® — R, assume that f is p-Hessian Lipschitz,
then for any given smoothing parameter jw and any x € R%, we have

) 1
IVF() = VIE)I* < 55

Note that, under the Hessian Lipschitz assumption, the central difference has a lower approximation
error than that of O(¢2dyu?) error under the /-smooth assumption (Ji et al., 2019).

prdut.
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2.4 ZEROTH-ORDER HESSIAN-VECTOR PRODUCT ESTIMATOR

In this subsection, we show how to approximate the Hessian-vector product under the setting that
we only have access to the zeroth-order information. By the Hessian Lipschitz property, it is easy
to check that the Hessian-vector product V2 f(x) - v can be approximated by the difference of two
gradients V f(x + v) — V f(x) with approximation error up to O(||v||?) for some v with small
magnitude. On the other hand, by Lemma 1, V f(x + v), V f(x) can be approximated by the central
difference coordinate-wise gradient estimator with high accuracy. Then we define the following
zeroth-order Hessian-vector product estimator as follows, which was previously studied in (Ye et al.,
2018; Lucchi et al., 2021; Zhang et al., 2022):

Hy(x)v = Vf(x+v) - Vf(x) 3)
d

SOt v o) — SOt vy g~ Jxt o) — f(x — pey)
— 20 ’ 20

i
i=1
Above, the notation # ¢ () can be seen as the Hessian matrix of f at point x with small perturbations

and we don’t need to know the explicit expression since we only need to study the approximation
error of it, which is established in Lemma 2.

Lemma 2 (Zhang et al. (2022)). For a twice differentiable function f : R* — R, assume that f is

p-Hessian Lipschitz, then for any smoothing parameter j and x € R%, we have

v @2)
3 .

5 +

[Hy(x)v = V2f(x)v]| < p (

2.5 HAMILTONIAN

The following function, which takes the form of Hamiltonian, was proposed by Jin et al. (2018b) to
tackle the problem of monotonic decrease of the function value for the momentum-based algorithms
in the nonconvex setting,

1
Ey = f(x¢) + %HV:&HQ, “4)

where v; = x; — x;_1 is the momentum.

3 ALGORITHM DESCRIPTION

In this section, we propose two novel Nesterov’s accelerated method based algorithms that can
escape saddle points and converge to an e-approximate SOSP using only zeroth-order oracles.

3.1 ZEROTH-ORDER PERTURBED ACCELERATED GRADIENT DESCENT

In this subsection, we introduce the zeroth-order perturbed accelerated gradient descent method in
Algorithm 1. The algorithms consist of three parts: the random perturbation steps, the accelerated
gradient descent steps and the negative curvature exploitation steps. The random perturbation step
is called when the gradient is small and no perturbation is added over the past .7 iterations. Let

K= \/%, and set the parameters of Algorithm 1 as follows,
1 - 1 B 62
77 - 4€a - 4\/%7 '7 - 77 )
s = 417 T = \/EXCa r= 77€X75078a (5)
D

where c is constant and x = max{1, log dﬁif} with Ay = f(x0) — f(x*) < 0.

Since we only have access to the zeroth-order information, we can verify if a point x is an e-
approximate FOSP by using the coordinate-wise gradient estimator based on the following fact:
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Algorithm 1 Zeroth-Order Perturbed Accelerated
Gradient Descent

1. vg + 0, tperturb +~0

2: fort=0,1,... do

3 0 V(x| < 2eand t — tperury > T

Algorithm 2 Negative Curvature Exploitation
(x¢, v, 8) (Jin et al., 2018b)

1: if ||v¢]| > s then

then .
4: X¢ < Xt + &, & ~ Unif (Bo(r)), § elseXtJrl o
tperturb —t 0=
.y 4: =s-vi/|[ve|
v x¢ + ( : Vi 5: Xit1 € AIGMIMNy ey, 465x,—5} f(x)

Xt+1 < Ye — V()
Vitl & X1 — Xg
if Eq. (6) holds then
(X¢41, Vit1) < NCE(x¢, v, 5)

Return (x;41,0)

weR>

Proposition 1. Assume that f is p-Hessian Lipschitz, with choice of the smoothing parameter L in
Eq. (2) such that,u < % f’ we can conclude that if |V f (x)|| < 3¢, then we have ||V f(z)|| < €,

FIVICON > %, then we have |V f(2)] > §

The proof of this proposition directly follows from Lemma 1. The random perturbation is uniformly
randomly selected from the /5-ball with radius 7. The second part of the Algorithm 1 is the Nes-
terov’s accelerated gradient descent steps with its gradients estimated by Eq. (2).

The negative curvature exploitation step is called when the following condition holds:

Foxe) < F(y0) + (VH)x0 = 31) = 3 llye =il ©)

If this condition hold, then the function have an approximate large negative curvature between X
and y;. In this case, the accelerated gradient step may not decrease the function value of the Hamil-
tonian. Then we call the negative curvature exploitation step to further decrease the Hamiltonian.
Specifically, when Eq. (6) doesn’t hold, we have the following lemma:

Lemma 3. Assume that f(-) is {-smooth, p-Hessian Lipschitz and set the learning rate n < 4[, 0 e
[2n7, %] Then, for each iteration t where Eq. (6) does not holds, we have:

pPdut
48

0
Bror < B = ool = 19560l 40

On the other hand, when Eq. (6) holds, i.e., a negative curvature direction is observed, then we have
the following lemma:

Lemma 4. Assume that f(-) is (-smooth and p-Hessian Lipschitz. Then, for each iteration t where
Eq. (6) holds, we have:

2 2

. [s7 1 pedu

Eiy1 < By —min{ —, s — ps® — .

t+1 S L { oy 2’7 p 9y
Remark 1. The results in Lemma 3 and 4 are similar to the ones in Jin et al. (2018b) while with ad-
ditional system error terms induced by the smoothing parameter u. Lemma 3 and 4 together ensure
the monotonic decrease of the Hamiltonian in each iteration as long as the smoothing parameter |

is sufficient small.

Then we set 7 = /rxc = O(y/k) and denote & := 1/%)(50’7 = (:)(,/%). Based on
Lemma 3 and Lemma 4, we can further prove that when the current approximate gradient is large,

ie., |[|[Vf(x)| > 2¢ (or equivalently, ||V f(x;)|| > 5. according to Lemma 1). We have the follow-
ing average decrease lemma:

Lemma 5 (Large gradient). If |V f(x,)| > 3¢ with i < (’)(( Se )1/2) in Line 3 of Algorithm 1

forall T € [0, 7], then by running Algorithm 1 with i < O(W) in Line 6 and p < O(W) in
Line 8, we have E5 — Ey < —&.
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On the other hand, when the current approximate gradient is small and no perturbation is added over
the past .7 iterations, then we add a uniform random perturbation in By (r). If there exist a large
negative curvature direction of the current point, we have

Lemma 6 (Negative curvature). Suppose ||[Vf(x,)| < 3¢ ( thus |[Vf(xo)| < e
Amin(V2f(x¢)) < —/pe and no perturbation is added in iterations [t — 7 ,t). Then by running
Algorithm 1, we have E 5 — Ey < —& with probability at least 1 — %.

Utilizing the above lemmas, we finally get the following main result.

Theorem 1. Assume that f(-) is {-smooth and p-Hessian Lipschitz. For any 6 > 0, ¢ < %, f(xq)—
f* < Ay, if we set the hyperparameters as in Eq. (5) and choose y = @(%) in Line 3 and §,
w = @(%) in Line 6 of Algorithm 1, respectively, then with probability at least 1 — 6, one of
the iterates of x; will be an e-approximate SOSP. The total number of iterations is no more than

A 2pY% g dOA
@ Pz log”( 0ed

)) and the total number of function queries (oracle complexity) is no more
than

dAf€1/2p1/4 6 def
O< 7 IOg(peé )>

Proof outline. We first prove two monotonical descent lemmas (Lemma 3 and Lemma 4) of the
Hamiltonian in each iteration and an improve or localize property in Appendix B. Next, in Appendix
C, we prove that Hamiltonian will decrease by £ in .7 iterations in both large gradient and negative
curvature scenarios.

Remark 2. Note that, Theorem I only ensures that with high probability, one of the iterates will
be an e-approximate SOSP. It is then natural to add a termination condition to make the algorithm
more practical: Once the pre-condition of random perturbation step is reached, record the current
iterate point X4, and the current function value of the Hamiltonian E, before adding the random
perturbation. If the decrease of the Hamiltonian is less than & after 7 iterations, then, with high
probability x., is an e-approximate SOSP according to Lemma 6.

3.2 ZEROTH-ORDER PERTURBED ACCELERATED GRADIENT DESCENT WITH ACCELERATED
NEGATIVE CURVATURE FINDING

In this subsection, we introduce how to utilize the negative curvature finding to accelerate escaping
saddle points. The main task of the negative curvature finding is to find the approximate most
negative eigenvector direction near a saddle point. Then adding a perturbation in this direction will
obtain a more efficient decrease of the function value.

Classical methods for computing the most negative eigenvector direction like the power method and
Lanczos method require the computations of the Hessian-vector products. Since we have only ac-
cess to the zeroth-order information, an efficient way to approximate the Hessian-vector product is
to utilize the zeroth-order Hessian-vector product estimator in Eq. (3). The accelerated negative cur-
vature finding subroutine is self-contained in Line 11-13 of Algorithm 3 when ¢ # 0. The following
lemma states that the accelerated negative curvature finding using zeroth-order Hessian-vector prod-
uct estimator can find a negative curvature direction in almost the same iteration complexity as the
Lanczos method.

Lemma 7. Suppose ||V f(x;)| < 3¢ Amin(V2f(x¢)) < —\/p€ and no perturbation is added in

iterations [t — F' t]. Forany 0 < 6y < 1, let k = \/%, and set the parameters as follows,

1 0 1 62 v
= — = — = — S = —
77 4£7 4\/%7 ’y 77) 4p)

Wd bpe [T
T =32kl ==, /—. 7
Then by running Algorithm 3 for ' iterations after adding the random perturbation in Line 5, with
probability at least 1 — &y, we have € V2 f(x;)é < — %f?.
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Algorithm 3 Zeroth-Order Perturbed Accelerated Gradient Descent with Accelerated Negative Cur-
vature Finding

1: tperturb — -9 — 1,y0 — X07)~( — X07< ~0

2: fort=0,1,...,do

3 (V)| < % and t — tpequs > 7 then
4: X = X;
5: X =X+ &,ft ~ Unif(Bg(r'))
6: yY: = Xt,( Vf( ) perturb € t
7: if tperturb # —9/ - 1 and t— tpenurb - 9/ then
8: & ¢ X=X,
: lIe =%
9: X¢ ¢ argMily e s 1 /caxi1 /Te} f(x)
10 Yt = Xy, C =0
1 xe =y = n(Vf(ye) = ¢)
12: Vitl = X¢41 — Xy

13: Yir1 = Xer1 + (1= 0)viy
14: if tperury # —7' — land t — tpem,rb < .7 then

15: (yertxen) = (%,%) + 7'+ (T, fe =)

16:  elseif f(x¢11) < fye1) + <vf(}’t+1)7xt+1 - Yt+1> — 3¥e+1 — Xe41]” then
17: (Xt+1, Vit1) < NCE(X¢41, Vi1, S)

18: Vi1 & Xep1 + (1= 0)vigy

Then moving along the direction of &, the function value of f will make further decrease according
to the following lemma:

Lemma 8 (Zhang & Li (2021), Lemma 6). Suppose the function f : R — R is (-smooth and p-
Hessian Lipschitz. Then for any point xo € R?, if there exist a unit vector & satisfying éV? f(xg)é <

—‘{fﬁe, then we have f (xo fo(x0) ) < f(xo0) — 384,/ , where fL(Xo) is the directional

4[fL(x0)]
derivative along the direction é.

Remark 3. In the first-order setting, fL(xo) = (V f(xo),é). However, in the zeroth-order setting,
the directional derivative cannot be computed directly. To tackle this problem, one can simply
compare the function value of two opposite directions, i.e., Line 9 of Algorithm 3.

Theorem 2. Assume that f(-) is {-smooth and p-Hessian Lipschitz. For any § > 0,e < % ,f(xo)
f* < Ay, if we set the hyperparameters as in Eq. (7) with g = m, / 6— and choose . =

@(d1/4) in Line 3 and 16, y = (5( ;1/2 ) in Line 11 of Algorithm 3. Then with probabzltty at least

1 — 6, one of the iterates of x; in Algorithm 3 will be an e-approximate SOSP. The total number
1/2 1/4

of iterations is no more than O (Af i7 — log(g‘{;sz )) and the total number of function queries

(oracle complexity) is no more than

1/2,1/4
O(dAfe P (NaAf))

O,
67/4 de2

Remark 4. Similar to Algorithm 1, we can also add an termination condition for Algorithm 3:
Once the pre-condition of random perturbation step is reached, record the current iterate point Xy,
and the current function value f(xy,) before adding the random perturbation. If the decrease of the
function is less than ﬁ, / % after " iterations, then, with high probability x;, is an e-approximate
SOSP according to Lemma 8.

Remark 5 (Proof outline). The main difference between Algorithm 1 and Algorithm 3 is the way
in which random perturbations are added. Specifically, in Algorithm I, we add a uniform random
perturbation nearby a first-order stationary point. If it is a saddle point, then by running the zeroth-
order accelerated gradient descent for 7 = \/kxc = O(\/k) steps, the value of Hamiltonian

Sfunction will decrease by & = 1/%)(_50_7 = (:)(, / %) In Algorithm 3, the perturbation is
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added along an approximate negative curvature direction, which is obtained by running 7' =

32flog(

moving along the negative curvature direction, the value of Hamiltonian function will decrease

) steps of zeroth-order accelerated negative curvature finding (Line 11-13). Then

by ﬁ. /€ (no more log term as in &). Thus, the total function query complexity induced by

Algorithm 3 is O(d - \/k1og(5 (Vd ) V&) =0 (dAngPIM log(e\ﬁff ))

e
4 NUMERICAL EXPERIMENTS

In this section, we conduct several numerical experiments to verify the effectiveness of the proposed
methods for escaping saddle points and the efficiency compared with the existing methods. Spe-
cially, we run zeroth-order perturbed accelerated gradient descent (Algorithm 1) and zeroth-order
perturbed accelerated gradient descent with accelerated negative curvature finding (Algorithm 3)
against the perturbed approximate gradient descent (PAGD) and the random search power iteration
(RSPI) method. All experiments are performed on a computer with a six-core Intel Core 15-10500
CPU.

4.1 CUBIC REGULARIZATION PROBLEM
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Figure 1: Performance of different algorithms to minimize the cubic regularization problem with
growing dimensions. Confidence intervals show mini-max intervals over ten runs

We first consider the cubic regularization problem (Liu et al., 2018), which is defined as:

1 + 1, .3
min fx) == ox Ax + of|x|°. (8)
Above, A is a randomly generated diagonal matrix with only one diagonal entry is -1 and the rest
diagonal entries are uniformly distributed between [1, 2]. So that with increase of the dimension, the
negative curvature directions that can escape from the saddle point will be more difficult to explore.
In this experiment, we set € = 1072, To test the ability of different algorithms to escape from saddle
points, we initialize all algorithms at a strict saddle point xo = (0,...,0)T.

In this experiment, we run Algorithm 1, 3, PAGD on the above cubic regularization problem from a
strict saddle point. For Algorithm 1 and 3, the parameter settings basically follow Eq. (5) and Eq.
(7). Specifically, we choose € = 0.001 and the perturbation radius r and 7’ are set to 0.001. The
Lipschitz constants ¢ and p are selected based on a coarse grid search of the region {0.1, 1,10, 100} x
{0.1,1,10,100}. Since all algorithms have certain randomness, we repeatedly run each algorithm
multiple times and report the averaged function value versus the averaged number of function queries
and the number of iterations in Figure 2.

The results in Fig. 1 illustrate that Algorithm 1, 3 can escape saddle points using less iterations
than PAGD and converge faster than PAGD. On the other hand, in all dimensions, the number of
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iterations for escaping saddle points are almost the same. This verifies the result in Lemma 6 and 7
that the number of iterations of Algorithm 1, 3 are only log dependent on the dimension d.

4.2 QUARTIC FUNCTION
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Figure 2: Performance of different algorithms to minimize the quartic function with growing dimen-
sions. Confidence intervals show mini-max intervals over ten runs.

Then we consider the following quartic function (Lucchi et al., 2021),

d d
1 4 d o
f($1,$2,~~-793d,y):1§%*ygﬂfﬂri@/ ©))
which has a strict saddle point at xo = (0,...,0)T and two global minima at (1,...,1)T and
(=1,...,—1)T.

In this experiment, we run Algorithm 1, 3, perturbed approximate gradient descent (PAGD), Random
Search Power Iteration (RSPI) and ZO-GD-NCF on the above quartic function staring from its
saddle point. Especially, we also run an acceleration version of RSPI, which replaces the finite
difference gradient estimator in RSPI by the SPSA estimator (Spall et al., 1992). The parameter
settings of PAGD are taken from Vlatakis-Gkaragkounis et al. (2019) and the parameters of RSPI
are taken from the appendix of Lucchi et al. (2021). For Algorithm 1 and 3, the parameter settings
basically follow Eq. (5) and Eq. (7). Specifically, we choose ¢ = 10~ and the perturbation radius
r and 7’ are set to 0.01. The Lipschitz constants £ and p are selected based on a coarse grid search
of the region {10, 20, 100, 150,200} x {0.1,1, 10}. Since all algorithms have certain randomness,
we repeatedly run each algorithm multiple times and report the averaged function value versus the
averaged number of function queries in Figure 2.

The results in Fig.2 illustrate that both Algorithms 1 and 3 can efficiently escape saddle points
and converge quickly to the global minimum. Note that, for all dimensions, Algorithms 1 and 3
escape saddle points with fewer function queries than PAGD. This verifies the theoretical result that
algorithms 1 and 3 take ©(y/k) iterations for escaping saddle points when the initial point is a
saddle point, while PAGD takes © (k) iterations. For high dimensional problems, the computational
cost of RSPI for escaping saddle points is expensive. In contrast, RSPI with SPSA estimator is much
more efficient.

5 CONCLUSION

In this paper, we study the complexity of two zeroth-order AGD based algorithms for escaping
saddle points and converging to SOSPs. The first method is a zeroth-order version of the perturbed
AGD which uses the central finite difference version of the coordinate-wise gradient estimator. The
second method extracts accelerated negative curvature findings by using the finite difference of two
coordinate-wise gradient estimators. Both methods improve the function query complexity of prior
zeroth-order methods for converging to SOSPs.
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APPENDIX

A AUXILIARY LEMMAS

Lemma 9 (Nesterov et al. (2018), Lemma 1.2.3 & 1.2.4). If f is £-Lipschitz smooth, then for all
z,y € RY,

l
() = f() = V) (v = %) < 5 lly =]
If f is p-Hessian Lipschitz, then for all x,y € R,

[Vf(y) = Vi) - V) (y —x)| < glly —x|?,

11
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and

F9) = F00 = TF6(y =) = 5 =0TV — )| < Elly — P,

Lemma 1. If f is p-Hessian Lipschitz, then for any given smoothing parameter ji and any x € RY,
if f is £-Lipschitz smooth, we have

o 1
IVFx) = VI < gppdu” (10)

Proof.

HVf(:z:) — @Comdf(x)H — Hi f($+li€i)2_uf($ - Mei)ei C V(@)

d

D (@ + pes) = flw — pei) = 2V f (x))e;

i=1

1

2u

Since f is p-Hessian Lipschitz, for all i € [d], we have
[+ pei) — f(x — pei) = 2uVif(x)

= [+ e = 10 = 94110 = 9250 = [0 = ) — 50) + w921 (0) — B9

| = )~ 1(0) + 1915 0) - By VAT @)

< |16 4 pen) = ) = V10 - 5 VRS

®
<9.P 3:§#3

where @ is due to Lemma 9.

|V1@) = Veoorat @)
d

D (f(w+ pe:) — fx — per) —2uVif (x))e;

=1

1
=2

d
:21M\l Z (f(a + pe;) — flz — pe;) — 2V f(2))?
=1

L (pu3)2 ~ Vdpp?

3 6

Lemma 10 (Jin et al. (2018b), Lemma 24 & 25). Define

a b
A= (o)
p1+ pe M1M2)

Let i1, po denote the two eigenvalues of A, then A can be rewritten as A = ( 1 0
and for any t € N:

0 1)A'=(1 0)A~?

(11 — 1)z — 1) (1 0)§AT (é):1_(1 O)AtG).

7=0

12
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Lemma 11 (Jin et al. (2018b), Lemma 30). Let 0 € (0, 1/4], define

A= ((2 - 0)1(1 —z) —(1- 90)(1 - :c)> ’

and let v € [—1, @ 20)2] Denote (a; —by) = (1 0) A", then for any t > 2 + 1, we have

t—1 1 = 11
ar > QU=), — ar) > Q1) min{-, —1}.

Lemma 12 (Jin et al. (2018b), Lemma 32). Let 0 € (0, 1/4], define

A ((2 - 9)1(1 —z) —(1- 90)(1 — a:)> 7

and let x € [( 0.1 Denote (a; —b;) = (1 0) A, then for any t > 0, we have

7-9)2
max{|a¢|, |bs]} < (t+1)(1 — 9)1/2.

Lemma 13 (Jin et al. (2018b), Lemma 34). Under the same setting as in Lemma 12, for any se-
quence €., any t > Q(1/0), we have:

t—1

ZareT <0O(1/z) <|€0| + Z_: le — 67—_1|>
7=0 T=1
3 (ar — ar1)er <O(1/VE) <|€o| F3 e - )
T=1

7=0

Lemma 14 (Jin et al. (2018b), Lemma 36). Let 0 € (0, 1/4], define

A— <(2 - 0)1(1 —z) —(1- 90)(1 - m)) ’

and let v € [—1/4,0], denote (ay, —bt) = (1 0) A'. Then for any 0 < 7 < t, we have

2
lat—rllar = br| <[5+ ¢+ Ulares — beral-

Lemma 15 (Jin et al. (2018b), Lemma 37). Under the same setting as in Lemma 14, let A(x) = A
and g(z) = (1 0)[A(2)]! (é) |, then we have

1. g(z) is a monotonically decreasing function for x € [—1,0%/(2 — 6)2].

2. Foranyx € [0%/(2 — 6%),1], we have g(x) < g(6%/(2 — 6?)).
Lemma 16 (Jin et al. (2018b), Lemma 38). Under the same setting as in Lemma 14, we have

1
Jacr1 = begr| > lae = 0| = (ar, —br) = (1 0) A’ (1) and ap — by > ( min {| V)
Lemma 17 (Zhang & Li (2021), Lemma 21). Consider the sequence with recurrence:

Sz = (1+£)((2 = 0)&r1 — (1= 0)&),

for some k > 0. Then we have

1+k

&= ( )'(CL2 =0 — p)f + Ca(2 -0 — p)f),

where,u:\/(2—9)2 4(11+:) Cr=-23 9 o+ (1+H &, Cr =15 aﬂLfO (1+H €1

13
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B PROOF OF HAMILTONIAN LEMMAS IN THE ZEROTH-ORDER SETTING

Lemma 3. Assume that f(-) is {-smooth and set the learning rate n < 4;,0 € [2ny, 3. Then, for
each iteration t where Eq. (6) does not hold, we have:

p*du’
48

0
Brir < B = gl = 195Gl +0-

Proof.

Xit1 <Yt — U@f(Yt)
Vit1 X1 + (1 —0)(xe41 — x4)

L

170 We have

By smoothness, with n <
L
f(xe1) <f(ye) H(VF(ye), Xee1 —ye) + §||xt+1 — y,5||2

)~ 0 (V0. 9150 + 2 )
According to the update rule of the accelerated gradient descent, we have
¢er1 =% * =llye =V £ (ye) — x|
=llye = xill? = 20 (VF(y2).ye = x) + 0 [V (7).
Dividing both sides by 27, we have
o s =l = 5 lye =il + (V50 xe = y1) + TG S|P
Then we have

) + 5 [ =l
. R R 2 .
<flyi)+ %nyt =il 4+ (VF(ye)xe = ye) + DIV =0 (TF (7). VI)) + - IV

1 - - n .
=1(v) + 5 llve =l (V50 = ve) =0 (VG0 V) + 50+ )7l
As long as the following condition holds:

Foe) 2 fly0) + (Vv = ye) = 3 Ix =yl

we have
Fian) + 3l = il
<f0) + gy =l = 0 (VA V1 50) + 5 1+ )V )l
Note that
—(VE3). VI3)) == IVFEI? = (VE). VEye) = VE(32))
and

IVFoll? =V F(ye) + V(ye) = Vo)l
IV FyOI? +2(VF(ye). VH(ye) = VFye) ) + [VFve) = VoIl

Combine the two equations with the above inequality, we have

1 2
f(xeq1) + 27’||Xt+1 — x|

14
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<1+ 5y =2 = T 2+ o2 (00500, 50) - V50
+ 91y — V(v 2

<1+ 5 e = il = TS 1P + b (G195 + 551950 - 5 1?)
+ 015 1) — 9 £

=)+ gy =l = - IV )+ (5 + 5 DIV ) = VAl

Take 3 = 1 and n < ;, we have

1 2
f(xeq1) + %||Xt+1 |

1+ny n 3N e

<f(x¢) + 2 lye — %42 — Z||Vf(}’t)”2+z||vf(}’t) —Viy)l?
1+ n pdut

<flxe) + o ||Yt*Xt||2*1||vf(yt)”2+7l' =

Using the fact that |ly; — x¢|| = (1 — 0)||x¢ — x¢—1], we have

1
f(xeq1) + %”XHl - x?
prdyt
48

14
<f00) + =5 U= 0P b =i l* = VA0l + -

_ 1 o 200> —m(1-6) 5 7 > prdut

=) + 5l = xalF - 2 Ivell* = IV F ol + - =
1 2 Y 2_ 7 2 pPdut

< _ _ _ 2 .

<0 + gl =Xl = o Ivll® = LIVIGII® + 00 =5

O

Lemma 4. Assume that f(-) is (-smooth and p-Hessian Lipschitz. Then, for each iteration t where
Eq. (6) holds, we have:

2

.50 1
Eip1 < Ei _mln{%airy 2 —ps® —

pdu’ )
9y

Proof. When ||v¢|| > s, then x;11 = X, so we have

2

1 S
By = f(x¢e11) = f(x¢) = By — %HVtHQ < E - '

When ||v¢|| < s happens, we have
fxe) = flye) + (Vf(ye)xe —ye) + %(Xt — i) V() (% — yi),
where (; = y; + a(x; — y¢), and o € [0, 1]. When the following condition holds:
fxe) <flye) + <@f(yt)7Xt - Yt> - gHXt - yil?
=f(ye) + (Vf(ye),xe — yu) + <$f(Yt) = Vf(ye), xe — Yt> - %th - yill%,
we have

5O =y TV R 0x — y0) < (V7 (30) = V)% = 30) = Ll = 3l

15
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<3 (519700 = VIl + Bl — vil?) - I - vel?

1 .
S 5 ﬂHXt —yell* + %va(}’t) - Viol®

v—0
2

prdut
185

<- ¢ = yel* +

Take 8 = 3 we have

1 2dut
5000 =YV (G ke = y0) < ~T s =yl +

Note that min{(V f(x:),d),(Vf(x:),—d)} < 0. Without loss of generality, we assume that
(Vf(xt),0) < 0. Since x;11 = arg minye rx, 46,x,—s} f (X), we have

J(Xeq1) < f(xe +0) = f(x¢) +(Vf(x¢),0) + %5Tv2f(g)5 < f(xe) + %5TV2JE(Q/)57

where (] = x; + &/ and o € [0, 1]. Since ||¢; — (/|| < 2s and J lines up with y; — x;, we have

¥ 2p%dp’
TVAF(CHE <6TVF(G)O + 1V £(G) = VAF(Gllllo* < = [16]1* + 2psl|a]]* + 9
2p%dpt
:—%S2+2p83+ pg a
Finally we get
1 . 2dut 1 2dut
B = f(xe41) < fxe) — (1’752 —ps® — p%u ) < Ep— (1752 —ps® — Pg;l )
O
Lemma 18. If the Eq. (6) does not holds, then for all steps in [t,t + T, we have:
t+T 2 4
21, np-d
3 e = xema|)? < ZHE — Buypr) + 2T
0 48
T=t+1
Proof. The proof directly follows from the results of Lemma 3.
O
C PROOF OF MAIN RESULTS OF ALGORITHM 1
Recall the parameter settings in Algorithm 4,
1 1 0%  \/pe v 1 e
= — 9:7 = — = — _ = — — -5 _—8
— £
where kK = N Denote
3 2
T =Vi-xe, E=]% xPc7, F=Zx2P, M= #c‘l
\ » p

Lemma 19. After running the NCE with 1 < @(#) for one step, we have
Et+1 — Et § —28.

~ . 1/2

Proof. According to Lemma 4, with the choice of the smoothing parameter such that u < O(577),

we have
2 27 4
.50 1 prdu
E — B < —min{—, = 52— ps® —
t+1 t > {277 v P 9y

5 } < —Q(&C7) > 26.

16
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Lemma 20. Ler O be an origin point. Denote

- =V/(ys) = V(0) =V’ f(0)y,

Then the zeroth-order AGD update can be rewritten as:

Xy - X1\ d . (Vf(0)+6,
() = () -na (V) ab

2 0)(T—nV2f(0)) —(1—0)(I—nV2f(0
,Whe,,eA:<( )( L7 £(0)) —( )(On £ ))).

Proof.
Xt+1 = (2 — Q)Xt - (]. - Q)thl - n@f((Z — G)Xt - (]. — Q)thl)

Then we have

(Xt+1> _ ((2 -0 1 nv2f(0)) —(1-6)(I- WZf(O))> ( X ) —n (ﬁf(o) + 5t>

Xt 0 X¢—1 0

Al (i;) . i:l = (@ 1)+ 57)

Lemma 21. [ffor any 7 < t, we have ||x,|| < R, then for any 7 < t, we have
L [|6;]| < pO(R® + Vdp?)
2. 67 = 71l £ pO(R|[%x7 — Xr—1|| + RlIxr—1 — X7 1| + \/3/12)

3050 10 = 6l S O(PPR2Y, |I%r — %7 || + tp2dpst)

T—1
Proof. For the first inequality, by using the second inequality of Lemma 9, we have
IV£(yr) = V£(0) = V2FO)yl| < Elly-l? = £l1(2 = 0)x, = (1= 0)x,1|* < O(pR?).
Using Lemma 1, we have
16-1 =1V f(y-) = Vf(0) = V2 £(0)y-|

<|IVf(yr) = VF0) = V2f(0)y. || + [Vf(yr) = VF(0) = (VF(y-) — VF(0))|
<O(pR? + Vdpp?).

For the second inequality, we have

b =01 =V f(ys) = VI(yr—1) = V2 F(0)(yr — yr-1).

Then we have

IVf(yr) = VF(yr—1) = V2F(0)(yr —y-—1)|
1
~I / (V2f (%1 + 0(yr — yr_1)) — V2F(0))dB(ys — yr1)]
1
<| / (V2F (¥ 4 0Fr — yro1)) — V2FO)d0] - lyr — yral < pmax{lys ] [¥s1}Iyr — yoorl
<O(R)([%r — X1 ]| + [Xr—1 — Xr_a]).

Thus,
H(ST - 57’—1”

17
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<IVF(yr) = V1) = (V) = VG-I + IV(yr) = V(Y1) = VF(0)(yr — yr—1)]]

<O(R) (%7 = X1 ]| + %71 = X, al]) + O(pV/d?)

Then we have

t t t
Z 16, = dr—1]|* < O(p*R? Z (B Z pPdu’)
T=1 T—1 =1

C.1 LARGE GRADIENT

Let S be the subspace with eigenvalues in (ﬁ, ¢] and S¢ be the complementary subspace.

Lemma 22 (Large momentum or large gradient). [f ||v:|| > .# or |V f(x:)|| > 2(4, and at

e1/2,.1/8

iteration t only AGD is used with smoothing parameter |1 < O(Wc_l/z) and without NCE or
perturbation, we have:
48
Ei 1 —FE < ——.
t+1 tS

1/2,.1/8 .
Proof. When ||v| > < and p < O(;lﬂ%c*ﬂ), using Lemma 3, we have

2

0 2, nodut (e, prdpt ke — pPdpt
—E <- - < —Q(— 2 = < -
Eiy1 — Er < Qn”VtH t—@g = Q(\/E 72 ¢ 7 ) Q( 7 ) < =
& o 48
<—_0(=d) < -2

holds for large enough constant c. When ||v¢|| < .# and ||V f(x)| > 2.4, then by gradient
Lipschitz assumption, we have

IVFyll 2 (IVF )l = IV f (o) = FO)I = IV F )| = €0 = O)[|vil| = £

. . 1/2,.1/8
Using Lemma 3, with 1 < 0(%071/2), we have

r 2d 4 21,{672_ 2d 4 2 /43672— 2d 4
Buwr— By <= V(o) + 10 o _qEre 0ty g Vhe i
4 48 ¢ ¢
€2\/re™? & 46
<Y Y < (=8 < -2

holds for large enough constant c.

O

Lemma 23. If [Ps-Vf(xo)| > & |[voll < .4, vi[PEV2f(x0)Pslve < 2ypedt? p <
5/8

@(Zlﬁ) and for t € [0, .7 /4] only AGD steps are used, then we have

Ez/ — Ey < -6.

Proof. Define x_1 = xg — vo. Without loss of generality, set xo = 0. Using Lemma 20, we have

() (8 ()

7=0

Denote

)

2-0)(1—n);) —(1—0)(1—n)
A]-:<( A=) (-0 n)>

18
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where )\ is the j-th eigenvalue of V2 f(0). Denote
(af? —4) =0 A

Then we have for the j-th eigen-direction

t—1 t—1
a = W0 =03 (V1(0) +8) = - [Z o’
7=0 7=0

where

t—1
(@f(o)(j) + 360 + qmv(])) ’
T7=0

(9) j
p) = a;"y o = b

T 1—7 i)’ 1—7
Ztrfo a(Tj) nZi 0 SJ

For j € §¢, using Lemma , we have ZT 0 ar @) > Q(%) Then rewrite the above equation as

t—1

A [Z agj)] (@f(())(j) 15D 4 @u)) 7
7=0

where §0) = S04 pUIs1) 5G) = )0,

For all j € S¢,

t—1 t—1 t—1

|S(j)| - |Zp_(rj)5_(rj)‘ < Zp(Tj)(‘(g(()j)‘ + |5_(rj) _ 5(()j)|) J)| + Zp(3)|5(7) 5(] | < |5(J)| + Z |5(J) 5(] N

=0 =0 =0 =1
Then by Cauchy-Swartz inequality,

[Psedl = " 1892 < 3 ( |5<J>|+Z|5<J> SN2 <2 | SR+ > Zw(] 2

jES® jES® JES® jeSe =1
, t—1 4 t—1
<2 [ DU+ D D (109 = 6D )| < 20dol|? + 2t Y (67 — 0
jeSe jese =1 —
Assume that E 7 /4 — Ey > —&. By Lemma 18 and choose 1 < O((@X72078)1/4) = O((gi;),

we have [|x; — xo|| < \/tZT 1||XT_XT 1?2 < \/2711‘2’ g %Wﬁigw < . With p <
10 5/8

O((4 /;—i%)l/‘l) = O((d)1/4) by Lemma 21 we have ||| < O(p.#?). By Lemma 18 and
Lemma 21, we have

t—1 t—1
£ 16 = 0, a|? S OS2 %y — %1 ||? + 2p2dpt) < O(p>.5%)
T=1 T=1

So we have || Pscd|| < O(p#?) < O(ec™®).

By Lemma 11, —nqgj) = Ztl_’iﬁ < O(1) max{6, \/n|A;|}, then
7=0 a7 ’

max 2 1 ;
1Pseil? = 3 @ < 0(1) 3 2l ooy

jES*® jES*® N

Since the NCE step is not reached, then we have:
= Y
f(x0) >f(yo) + <Vf(YO),X0 - }’0> - §||X0 —yol?

=F(¥0) + (VF(¥0). %0 = ¥o) + (VF(¥0) = V(30): X0 = ¥0) = 2 [x0 = ¥ol”

B
10 — yoll*

> (¥0) + (V£ (30). %0 = ¥0) = 551V vo) = Vvl = 15
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pPrdpt v+ B
728
pdu
72y

%0 *YOH2

>f(yo) + (Vf(y0), %o — yo) —

4

=f(yo) + (Vf(y0), %0 — yo) — —v|I%x0 — yol?,

where the last step is by taking 5 = . Then we have

QdM4

_ _ 2
o~ o ol

%(Xo —y0) V2 f(Co)(x0 — yo) > —

where (o = ¢xo + (1 — ¢)yo and ¢ € [0, 1]. Note that (1 — 8)vy = yo — X0, we have

prdu’
18~

prdu’

e _ 2

—7llvoll* = -

*Vg % f(Co)vo > —

where the last inequality uses the fact that § < % Using the Hessian Lipschitz property, we have

€)3/% _ pE
IV2£60) = P21 el < pllyoll < plvall < ptt = LT —et < Y oy,
Then we have
Zdu? 2d
VIV2 (xo)vo 2 =55 — dallvol* > —% ~ Vellvoll”.

Since ﬁ = O(,/pe), we have

27,4
prdu ; ;

>~ Il <vpellvoll? /5e > NP+ Y VIR

JES*® p

J:0<A; < u eﬁ JXi> a2
o prdp’ T2
<O(vpe)llvoll® + == + v4[PsV*f(0)Ps]vo
V/PE
With p < (9( )1/4 0(25/8) then we have

IPs-¥I < 0) [fnvo? L VIPLY 2(0)Psiw| < Oty = 0 ?)

\/F
Then we have
=1 )
]| >[[Psexe]| > n [;relgl S a9 | P (V£(0) + 6 +9)]|
U p\fu < _
2Ug5) | IPs-VF(O)] — = [Psed[l = [Ps-v|l
ne
2§N§§>Esz
which contradicts with ||x; — x| = ||x¢|| < . So we have

Eg— Ey < -6.

O

Lemma 24. If ||vo|| < A and |V f(x0)|| < 20M ,E7 /5 — Eg > —&,p < @(%) and for any
t € [0,.7 /2] only SGD steps are used. Then V't € [T /4, T /2]:

IPsVf(xe)ll < 5 and v{[P§V?f(x0)Pslve < \/ped®.

B~
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-6 £3/8

Proof. Since Ez,4—FEy > —&. By Lemma 18 and choose ;1 < O((,/ix — Sy = O((d)1/4),

we have ||x; — xg|| < \/tZtT:1 Ixr — x,—1]|2 < \/¥ L+ 32 "”Qd“ < .. Definex_; =
X — vo. Without loss of generality, set xg = 0. Using Lemma 20, we have

t—1 ~
X _ t— 0 _ t—1—71 Vf(o) + 57’
(Xtil) = A" (Vo) n;A 1 ( 0 )

Define A; = fol (V2f(¢x:) — V2f(0))d¢. Then we have
Vi(x:) =VF(0) + (VEf(0) + A)x; = VF(0) + (V2£(0) + A)xy + Vf(0) — Vf

f(0)
:(I—7]V2f( ) (1 OZAtlTG))) VF(0) + V2 (0>
—nV?f(0)(I 0 tiAt - T<%>+ Avx; + Vf(0) = V£(0).
=0

If we choose i1 < @(#), we have

1A ]| < plixi]* <O(p7?) < O(ec™® < /20

V() ~ ¥ (o)) <2Y

<€/20
By Lemma 11, we have

1 (1 0)§A§.‘1‘T <3) —(1 0)A G) .

7=0

Denote

(a, ) =(1 0)Al
By Lemma 12, max;cs {\aij)\, \bgj)|} < (t +1)(1 — 6)!/2, then we have when t > 7 /4 =
Q(2log}), 1 < O(57),

||7>s<<1nv2f<o><1 0)> A1 (3)) )n? [0 — b T ()
T=0

- p;dexf‘*
<(t+ 17201 0) [VFO)? < (¢4 121 02|V F(O) 1+ L0 < e jago
s (V20 @ 0yar ()17 < SNV PR+ 1200 - 0) ol < € o,

JjES

Using Lemma 13, for all j € S, we have

t—1 (9) t—1 -1

(8 . . o

|<nv2f<o>(1 0)Y A <0)> = s 3 a1 < 180+ 3109 — 59,
7=0 T7=0 =1

5/8

Using Lemma 21 and choose p1 < O( 77 ), we have

t—1 t—1 2
_1-+ (9 _
IPs (W2f(0) @0y A (0)> I < 28l 4263 6, — 6 < 027" < O <

7=0 T=1

Thus we have for any ¢ € [T /4, 7],

[PsVf(xi)l <

pMm
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Using Lemma 20, we have

et )0 o (L) ()
t—1
a0 A ()

7=0

By Lemma 12, for t > .7 /4 = Q(% log %), we have
0

) 12 =37 20 = o)V P < e+ 1)2(1 - 0)!|[vol?

JES

IPEV2f(x0)Ps] /(1 1) A*

/\ Salie}

2

<0(Se) < é\/?///

By Lemma 10, we have

s ZAt OISR 03 (AT A (s)

(o) <A§T:0A;1> (o)

By choosing p < O( d1/4) then we have

t—1

~1-7 (Vf(0
I[PEV f(x0)Ps]/*n (1 —UZ%AH ( fo( )) I2
=> @ — oy = + 02V

jes

<O(— )t + D21 — 0V 1(0)]7 < O(—=) (¢ + 12(1 - 0) -2V (O] + £05)
G I 36
<o(e ) < Lyt

By Lemma 13, for any j € S, we have

t—1

1 1 (07 \ (4
(PO A (5 )
t—1
=AY (ar = ar-1)01-0| < VI 6<”1\+Z|6<J o).
7=0
Using Lemma 21 and choose p < (7)( e/ <), we have
t—1
I[PEV2f(x0)Ps]"/?n ZAt 1= ( )II2 <n2[|61-1]* +2¢ > (16, — -1 ]%]
T=1

<O(np*s?) < O(%c*) < %\/ﬁ//ﬂ
Thus we have
VI [PEV2f(x0)Pslvi < /pe.dt>.
O

Lemma 5. If |V f(x,)] > 3¢ with p < (9(( )Y/2) in Line 3 of Algorithm 1 for all T € [0, 7],

f

then by running Algorithm 1 with p < (’) 5 ) in Line 6 and j < O(dl/i) in Line 8, we have
Ey —Ey< 6.
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Proof. According to lemma 1, if we choose 1 < (’)((2;’—5\/&)1/ %) in Line 3 of Algorithm 1. Then we

getif |V f(x,)| < 3¢, then ||V f(x)|| < e, otherwise ||V f(x;)|| > &. According to Algorithm 1,
if |Vf(x.)| > - then for all 7 € [0, .7], the perturbation step is not reached.

According to Lemma 19, as long as the NCE step is reached, then we have the Hamiltonian we
decrease by & in a single step. And according to Lemma 3 and Lemma 4, the Hamiltonian decrease
monotonically in all steps, so we have Lemma 5 holds.

Then we prove that if the NCE step is never reached in all steps 7 € [0,.7], Lemma 5 holds.
Let t1 = argmin,co o {tll|vi < #and||Vf(x;)| < 204|}. When t; € [7 /4, 7], then we
have Fy — By < Fg/y — Ep < —& according to Lemma 22. Then we discuss the case when
t; € [0, 7 /4]. Using Lemma 24 by setting ¢; as a initial step, we have

IPsVFG)| < 5 and VI[PEVAf(x0)Pslvi < Vped®. Ve[t + T /4t +7 /2]

Let to = argmingep, 4 74 7 {tlIVell < A} 122 > ¢4 + % then Hamiltonian will decrease
by & by Lemma 22. Otherwise, ty € [t + .7 /4,t1 + .7 /2], we have [|[PsV f(x,)|| < ¢, by
prediction of Lemma 5, we have ||V f(x¢,)|| > 3¢, so we have ||PseV f(x¢,)|| > <. By Lemma 18,
Ixz;, — x¢, || < 2.7 holds, then we have

Vi, [PstV2 f(xe,)PsIve, < VL [PstV2f (%6, )Ps]ve, + [V f(xe,) = V2 (xeo)[Ive |* < 2v/peat®

So according to Lemma 23, the Hamilton will decrease by &. O

C.2 NEGATIVE CURVATURE

Lemma 25. Suppose |V f(X)| < 3¢ ( thus |V f(X)|| < €) and Anin(V2f(X)) < —/pe. xo and
x(, are at distance at most r from X. Let xo — x(, = roe1 and vo = v{; = U where e is the minimum

eigen-direction of V2 f(X) and ro > —267_. Then, running zeroth-order AGD starting at (X, Vo)
2A¢ Vd

. ~" 13/8
and (x, vq) respectively and set j1 < O(5g7z ), we have

min{Ey — E,Ely — E} < —&.

Proof. Assume that
min{FEy — Ey, E'y — Ej} > —2&,
where Fy and E|, are Hamiltonians at (xo, vo) and (x{, v{,), respectively. By Lemma 18 and choose
< (’N)(%), we have for any t < .7,
max{[[x. — 7, %, — ]} < ma{lx; — xo + x0 — 7l |x, — X) + % — [}

ns T S np*dpt
W <o
7 + 5 = 5

<r +max{||x; — xo, [|x; —x¢[|} <7+ \/

Let £ = 0 be the origin. Let w; = x; — X}, according to lemma 20, we have

w w . —r (& w ; —r (&
() = () - (§) = () - (5).

where & = Vf(yi) — V(y}) = V2f(0)(y: — yi) = Let A, = [[(V2f(¢y: + (1 — d)y}) —
V2£(0))de, then we have

SG=M(yr—y)+te—e, =0M((1—O)wy — (1 —0)wy_1) + e — e,

where e, = Vf(y:) — Vf(y:), e, = Vf(y,) — Vf(y,). Since vo = v}, we have w_; = wy,

- - 2
1] < pmax{|lx, — 7, [x} — #ll} < 297 and & < 6p7 (|[wo | + [[Wr—1]) + LY. Then
we prove by induction that

t—1

@ o3 A= (G g oar (V)

=0
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For reasonably small y, it is easy to check the base case holds for ¢ = 1 as ||A|| < £ = 47. Then we
assume that for all steps less than or equal to ¢, the induction assumption holds. Then we have

will =@ o (32) < na 03 At (§)r=na oar (o) i+ ima 03 A1 (5)1

=0 7=0
<2| (I 0)A! ( 0) I
W

then we have

B 0@ o)A (o) i oar 3oy +

pVdp?
3 b

d 2
&1 <O )([wil| + [lwe_al) + ”

<0()|@ oA (30)1+

where the last inequality uses Lemma 16. For the case ¢ + 1, we have

In@ 03 AT (5)1 <n§|l @ oA (§) e

=0
gni: 1T 0)A*T G) [ (O(py) (I 0)AT (WO) I+ p\fﬂ )

7=0
Without loss of generality, assume that the minimum eigenvector direction of V2 f(X) is along the
first coordinate e; with the corresponding 2 x 2 matrix A;. Let (agl) —b§1)> =(1 0)A;. Ifwe

choose p < (’)(dl/Q) then
T T \/& 2
(@ 0) ZAt (5) \<nZa ( )@ =) fwol| + 2E

t
<0yl (0(p) (@l — bD) wol )

2
<O(p) Y (5 +t+Dlagy — b} Ixo]
7=0

<o @ oat (W) )< gl 0>Af+l( 3l

where the second inequality used Lemma 16 that |a(1) b(Tl)| > Sand p < (9( o /2 ) the third

inequality used Lemma 14 and the fourth inequality used % <. Then we finished the proof of the
induction. Then we have

ol = 1 o)A (30 1@ 03 A= ()12 L o ad () 12 Lo v oy,

7=0
where the last inequality Lemma 16 and Apyin (V2 f(Z)). Since ro > 22‘51"/&, T = Q($xc) Then
we have
1
Wzl = lIx7 =xz] = ;(1 +w(0))7ro > 47,

which is contradicted with Vt < .7, max{||x; — &, ||x; — Z||} < 2.. Therefore the following
inqualty holds

min{Es — Ey, E'y — E)} < —26.

Since max{Ey — E,Ej — E} = max{f(xo) — f(X), f(x}) = f(X)} < er + & < &. Then we
have

min{Ey — E,Ely — B} < —&.
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Lemma 6. Suppose ||V f(x;)| < 3¢ (thus |V f(x)|| < €) Amin(V2f(x4)) < —/p€ and no
perturbation is added in iterations [t— 7 , t|. Then by running Algorithm 1, we have E 5 —FEy < —&

with probability at least 1 — ;ff.

Proof. According to precondition of Lemma 6, a perturbation will be added at iteration 0, then the
Hamiltonian will increase by at most &. According to Lemma 19, Hamiltonian will decrease by 2&
if at least one NCE step is called and thus E'o — £y < —&. Otherwise NCE step is never reached in
iterations [0, .7]. In this case, denote by By, (r) the ball with radius r around x¢. Let X C By, (1)
be the region where Hamiltonian will not decrease by & if the AGD sequences started from at a

point x € X. Then by Lemma 25, the width of region is no more than ry = Qgg:f, then we have
s

Vol(By, (1)) = voiBP(r))  rVAL(d/2+1/2) © 2Af°

Then, with probability at least 1 — ;Té’f we have E5 — Ey < —&.

Vol(X)  _ 7o x Vol(BE Y (r)) rol(d/2+1) _ 36

C.3 PROOF OF THEOREM 1

Proof. Consider the set H = {r|r € [0, Z]and||Vf(x,)| < 3¢} and suppose that all x, are
not e-approximate SOSPs. If H = (, then no perturbation is added and by Lemma 5, we have
Es — Eqg < —&. Else if H # 0, then define 7/ = argmin#. Then by Lemma 6, we have

E.yg —FEy < E;pg — E. < —&. Thus the Hamiltonian will decrease by at least &/(2.7)

per step and the total steps is no more than . Inall 23% steps, Lemma 6 is called at most

QATJ" times. Denote by A the event that the argument of Theorem 1 is true and denote by A;,7 €

{1,..., LQ‘ZEAf |} the event that the argument of Lemma 6 is true. Then by union bound, we have
Pr(4) > Pr((); A;) = 1 —Pr(U; A) > 1 - X, Pr(4,) > 1 - 254 J& — 16,
O

D PROOF OF MAIN RESULTS OF ALGORITHM 3

Algorithm 4  Zeroth-Order  Accelerated  Negative  Curvature  Finding  without
Renormalization(x, ', 7")

1. x9 < Ul’llf(B;c(T’))

2: yo < Xo
3: fort=0,...,7 do
4: Xt+1 =Yt — 1 ”yzjxu (vf(rl H?/::z\l + 5() - Vf(i))
5: Vitl = Xpp1 — X
6: Yirr = Xeq1 + (1= 0)vip
xg/—x
return Txg =X

Lemma 26. The output of the algorithm 4 is the same as the unit € in Algorithm 3. Denote
the sequence of {x,} obtained by Algorithm 4 and Algorithm 3 by {X10,X1.1,...,X1,9'} and

{x2,0,%2,1,...,Xo, g}, respectively. Then we have
X1,/ —X _ X3 g —X
1,70 = %[l [[x2,57 —X|

Proof. We prove this by induction that

Xok —X X1k —X Yo =X Y1k —X
lly2,r —X|| r lly2,x — || r’
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It is easy to check that the base case holds for k¥ = 0. Then we assume that the above equations
holds for all £ < ¢. Then we have

- - Yo — X[ [« V2. =X .\ &
Xo,41 — X =y2,1 — X — 77”247,” (Vf(T/sz_i' +X) - Vf(X)>

—yoe %P2 E (i - ) = B E (s (V0 - )

r! r!

Denote by X} ;11,¥7 441 the value of x; ;1 1,y1,++1 before renormalization, then

Xll,t+1 =Yt — U(?f(th) - @f(i)), yll,t-i-l = X/1,t+1 +(1 - 9)(X/1,t+1 —X1,t)
Then we have

o - = X (e (Vi - Vi) = 2 g s

T
and

[y2.e — X||

You41 — X =Xo441 — X+ (1 = 0)(X0,011 — X — (X2t — X)) = 7 (Y11 — %),

then we have

o lly2e — x| B
ly2,e41 — %[ = 7”}’1 1 x||.
So we have
_ lye—x . vo.r — X[ Y1601 — X _ Y2041 — X y
X2,441 — X = W(Xl,tﬂ -X) = Lk tr, % tJ;l/ (X1,041 = X) = Hw;ilzn(xl»tﬂ - X).

Then we finish the proof of the induction.

O

Note that V2 f(x) has the following eigendecomposition: V2 f(x) = >, A\;u;u], where {ul 1}
forms an orthonormal basis of R?. Without loss of generality, assume that \; < )\2 < <N
and \; < —,/pe. If \y < —,/p€/2, then Lemma holds directly. Then we prove the case when
Ad > —/pe/2 and assume that A, < —/pe < App1(p > 1). Let S be the subspace of R? spanned
by {ui,ug,...,u,} and S¢ be subspace spanned by {u,t1,u,to,...,uq}. Then we have the
following lemma:

lIx¢,s—=X||
llxe—x[| >

during all the T iterations of Algorithm 4, we have oy > ayin = %0\/%, given that oy = \/550.

Lemma 27. Denote o, = where x; s is the component of x; in the subspace S. Then,

Proof. Define x_1 = x¢ — vo. Without loss of generality, we assume that x = 0. Consider the
worst case that ovg = \/g d¢ and the component x 4 along u, equals 0. Assume that the eigenvalues
satisfy

g ==X =Apy1 == Ag_1 = —/pE.

Define A = H’T'—f” (@f(ytﬁ) —Vf(0) — V%(O)ﬁyt) and assume that A lies in the direc-
tion that make oy as small as possible. Then, the component As in S should be in the opposite
direction to vs, and the component Asc in S¢ should be in the direction of vs.. Then we have both
Ix¢,sell/l1x¢]] and ||y¢,s<|l/|ly¢|l being non-decreasing. Note that

Xepo = Xep1 4+ (1= 0)(Xer1 = x¢) = A = V2 £(0)(xe41 + (1 = 0)(Xe1 — Xt))

Then we consider the following recurrence formula:
xs.sell < (14 ny/AE) (ke nsell + (1= 0)(Ixensell = Ixe,se )+l Asell-
Since ||x¢ se||/||x:|| is non-decreasing, we have

1Ascl 1AL _ 1AL Ixoll _ A1 Il N

eerrsell = lxerrsell = lxesall Ixo.sell = Ieeall lIxoll = lIxo.sl Ilxeall T = axo

26



Published as a conference paper at ICLR 2023

2|A 2 2 Vdu?
< 12 < 5o+ K
[xegall = 7 2 3
where the last second step uses Lemma 2 and the last step is due to our choice of i such that
Vdp? < 2. Then we have
2,50 < (1+ny/7E + 2o (2 = Olixesa s | = (1= 0) xesel):

Then by Lemma 17, we have

) < 2p1,

1+/€Sct 2797ﬂ5‘c 1 t
ol < _ZT 7T Ase e+ —(1 . AN -2—0 .
lIx¢,s¢ |l <( 5 ) <( 2ise [[%0,s¢[l + (1+f€5c)M3c( + kise)|[xo,s¢ ) - ( + pse)
2-0"‘/156 1 t
2 T TRt e = ——— (1 c ) - (2 =0 — pse
O a5l = e (L R o) - (2= 0= )
1+I€3c t( 2_9_,“3“ HXOScH 2—9—|—/J,Sc ||X0$c|| ) t
S _— —||X ,Se + 2 + X ,Se - — . 2_9+I,LSC
oy (2t el 2ol g 2T g - ol ) )
1+K}36
(S g s (2= 0 4 )

where ks = ny/pe + 2npr’, pse = \/((2 —0)2 — ‘i(%;i)). Suppose for some value ¢, we have
Qf > Qi forany 1 < k < ¢ + 1. Then we have

[zer2.sll = (T+nvpe) = (L+nvpe) (18] + (1 = O)(lIxes1.sll = lIxe.s1)) = nllAs-

Since ||x¢+1,5]|/[|Xt+1]| > @min holds for all ¢ > 0, we have ”ﬁ';:riﬂ > O/min, then
IAsl _ AL _ 1 Vg
= = p(i ) = )
lyer1,sll = aminllyesill = min® - 2 3 O'min

where the last second step uses Lemma 2 and the last step is due to our choice of p such that
Vdp? < 2. Then we have

npr’
|zt12,5] > (14 ny/pe — o (2 = O)[xev1sll — (1= 0)[xe.sll)-

Then by Lemma 17, we have

1+ ks t( 2—9—/1,3 t
x >(——— — % + —— (1 + ks)|x (2-60+
le.s ]l =(—5—)"{ ( s l[x0,s]l (1+/€s)us( s)lIxo.s) - ( ps)
2—0+pus 1 t
2 TR - - 1 (2-9—
g sl e (L # s)lxasl) - (2= 6 - s)
14+ ks 2—9—,&5 X0,S8
2(72 )t'(—72 ||X0,s||+7” ||)'(2—9+Ms)t
Hns
1+ksy lxosll

() TS 2=+ pns)

where ks = 1),/p€ — 25?; ps = \/((2 —0)2 — 4;%;?). Then we have

x5 N 1+ ks o lIXosll  2—04 pus
xt,sell = 14 kse” 2||x0,s¢] 2 — 0+ pse

where

1+ ks
> 1 1— c :1—
1+I€5c _( +l€8)( ns ) (anlin

2o0ts Sy - By — e e -er - Dy 19%29)2 L9,

+ 2)npr’ — kskse > 1 —2npr’ [ cumin,

2— 0+ pge 2-0 20 20 1+ ks 2— 1+ Kse
2 _9)2 2 (2 — 0)2 . !

1+ 1 02 +ks(2—10) )1 — 1 02 + ks (2 —0) )21_2(/{5 KS) S1o 3npr
2—0 1+ ks 2—0 1+ Kge % Omint
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Then we have
!

b'¢ b'¢ 4pr b'¢ X
R e e U oy (W e T e v
So we have

= x5l > l[%0,sl > Qi
Vxesl? + Txe,se 2~ 8llxose|
Thus for all t < .7/, we have o > otmin- O

Proof of Lemma 7

Proof. As stated above, we only need to prove the case when Ay > 7@_ Then there ex-
ist some p’ such that A,y < —./p€/2 < Apyy1. Let S’ be the subspace of R? spanned by

’
{uj,uy,...,uy} and 8¢ be the complementary subspace. Define x; s = Y &, (u;, %) u;,
d
X¢, 8¢ = Zi:p’+1 <Ui,Xt> u;, and let Qy =

Vol (BZ~( \/’
1/ 5 ) ,/ =1-34
0~/ md/i Vol(]Bd 0 05

we have ag > \/géo. Then we prove that there exists some ¢y with 1 < ¢ < .7 such that

Ixep.sell /7
N

Assume the contrary holds that forany 1 < ¢t < 7/, Hx‘&f[” > ‘/87 nd ”ny}‘jtS'Hr” > ‘é’f. Then
0

achieves the largest possible value and we have the following

we consider the case when ||x; s/
recurrence formula:

Iez.sre | < (1 my/BE/2) (.| + (1= 0) (e el — licesel]) + A
Since ”y‘r}‘}s"ru ‘ﬁ forany 1 < k <t + 1, then we have
to
nl|Ase|| < 1Asell 2 (f N \/@2) _ 2o
el + (0= Ok rsell — sl ~ Wlysel] = vper 2 T 3 )= 5

where the last is step is due to Lemma 2 and our choice of 1 such that v/du? < /2. Then we have

izl < (14 ny/pe/2 + 20 [y /E) (2 — B)|[xes,soel| — (1 — 0)[xesre])-
Then we have
1 + KS’e

2 )t(2*9+/15’°)t7

1%t || < [l%0,57¢I(

where ksre = 1,/pe/2+2pr" [ \/pE, jisre = \/(2 —6)2 — %' By Lemma 27, we have ||x; s|| >
(Lps)t. M (2—60+ ps)t forany 1 <t < .7'. Then we have

||X9/7Slc|| <2||X07SICH 1+I€S/c T’ 270+//LS/C Ed

sl = ool Tons) 204 ps)
2 14+ Kgre, g, 2—0+ s, g 2 /d 14+ Ksre,g,2—0+ pge
<— )7 ( )7 <=/ =( )7 ( )7
1+ ks 2—9+u5 do 1+ ks 2—0—0—#5
where
1+ Kgre < 1 < 1 - (ks — ksre)/2 Sl—ﬁs_ﬁs/c
14+ ks (l-i-lis)(l—/ﬁg/c) 1+(/{3—Hslc)/2 1+(I€5—/€3/c)/2 4
P2 = () e
4 - 16
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2—0+’U,S/c _1+gi,é < 1 _
— - ps = Ks _ Bsrey T
2—0+pus 1+ 5% (T4 35)(1 - 35%) (I+4/1- (1+i$1)(20 9)2 \/1 (1+ns,lc 92) 0)2
2(ks—hsrc) — kcre /De 1/4
§;:1—+§1—M§1—n pez _(pe) .
1 4 2ns—rsre) 14 2ms—rgre) 6 460 16V/¢

Then we have

Ixzsell 2 ﬁ a0 VP
||Xy/73H - 50 e 16\/2 - &

So we conclude that there exist some 1 < to9 < .7/ such that Hx"o"S'HC I < ‘g‘f. Consider the

[ES =

normalized vector & = ', then we have [|égr|| < *ﬁ and ||és/|| > ||&]| — ||és<]] > 1 — g.
Then we have
TV2£(0)6 =(és + és')TVQf( J(ese +és)) = 5 V2F(0)és + L V2 F(0)és:
<l||ésre||* — H slF< ey — "5 A-"g7) <
O

D.1 PROOF OF THEOREM 2

Proof. Recall the parameters setting of Algorithm 3:

) €3 1 1 62 v \/Cj
5 — —, = —, 9: — = —, § = —, —32 10

éo — iCA’?a ’I"/ 506
p 32 d

where c4 is a large enough constant. Define a new parameter T = V/kca. From Lemma 5 we know
if ||V f(x;)|| > 2¢ for any 7 € [0, 7], then by running Algorithm 3 we have E; — Ey < —&.
Then we first assume that for each time we can escape saddle points successfully, i.e., after .7’
\//T6

iterations of the perturbation step, we have éTV?2f(x)é < . Then by Lemma 8, we have

mm{f(x—i\ﬁe),f(x-kf\/?w} < f(x 4‘ff((xx)‘ é) < f — /i and the total times
of random perturbations is no more than 384( f(x¢) — f )\/ By union bound the probability
that at least one time the negative curvature finding fails to escape saddle points is upper bounded

by 384(f - \/:3 0o <90.

Then we assume that we never encounter a SOSP in the rest steps. Set the total number of iterations
tobe T = max{%m, 68A;T'\/ 5} =0 (Afil;;fl/él 1og(z‘{§z2Af )) Denote by the N 5
the number of periods containing only large gradient steps, then we have

T A
52 5~ W) — 1[5 > e —snap 5 > B

By Lemma 5 we have the Hamiltonian will decrease by IV 17(5”‘ > Ay, which cause a contradiction.
Thus we have with probability at least 1 — §, we must encounter an e-approximate SOSP during the
T iterations. ]

E PARAMETER SETTINGS OF THE NUMERICAL EXPERIMENTS
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Table 2: Parameter settings of the cubic regularization problem experiment.

Algorithm Parameters
d =20, 100, 200, 1000
PAGD ¢=10,7n=1/¢,7 = 0.01, tinresh = 30, Ginresh = €/100
Z0-Perturbed-AGD {=10,p=1,7n=1/n,r = 0.001, x = 0.001
Z0-Perturbed-AGD-ANCF ¢=10,p=1,7=1/n,r = 0.001, x = 0.001

Table 3: Parameter settings of the cubic quartic function experiment.

Algorithm Parameters
d=20
PAGD 0=20,n=1/0,r = 1073, tinresh = 10, Gihresh = €/100
RSPI {=20,00 =1,00 =0.6,p,, =0.8,1,, =5,Tpper = 20
RSPI(SPSA) {=20,01 =1.75,09 = 0.65, ps, =0.8,1,, =15, Tpppr = 100
Z0O-GD-NCF ¢=20,p=10,p=1/¢
Z0-Perturbed-AGD {=20,p=10,n=1/¢,r=0.01, p = 0.001
Z0-Perturbed-AGD-ANCF {=20,p=10,n=1/¢,r =0.01, 1 = 0.01
d=100
PAGD =100, = 1/0,7 = 103, tiresh = 10, Gitresh = €/100
RSPI ¢ =100,01 = 1,09 = 0.65, py, = 0.95,1,, = 15, Tppp; = 20
RSPI(SPSA) ¢ =100,01 =1.75,09 = 0.65, p,, = 0.95,1,, = 15, Tppr = 100
Z0O-GD-NCF £=100,p=10,n=1/¢
Z0-Perturbed-AGD ¢=100,p=10,n=1/¢,r = 0.01,» = 0.001
Z0-Perturbed-AGD-ANCF {=2=100,p=10,n=1/¢,r =0.01,x = 0.01
d =200
PAGD 0=110,1=1/€,7 = 1073, tiresh = 10, Ginresh = €/100
RSPI {=200,01 =1.5,09 = 0.65, p,, = 0.96,7,,, = 15, Tppp; = 20
RSPI(SPSA) ¢ =200,01 =1.75,02 = 0.65, p,, = 0.98,1,, = 15, Tpppr = 100
Z0-GD-NCF ¢=150,p=10,n=1/¢
Z0-Perturbed-AGD ¢=200,p=10,n=1/¢,r = 0.01,x = 0.001
Z0-Perturbed-AGD-ANCF £=200,p=10,n=1/¢,r =0.01,u = 0.01
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