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ABSTRACT

Masked discrete diffusion models (MDMs) offer a simple and stable likelihood-
based framework for sequence generation and have recently been extended to
any-length settings via token insertion. However, principled reward-guided fine-
tuning for any-length discrete diffusion remains largely unexplored. We introduce
Finetuning Any-Length Discrete Diffusion for Adaptive Decoding (A2D2), a
unified framework for reward-guided fine-tuning of any-length MDMs. A2D2
formulates generation as a controlled continuous-time Markov chain and jointly
optimizes insertion and unmasking policies to learn a reward-tilted path measure
without requiring target samples. We derive the Radon–Nikodym derivative for
the joint insertion–unmasking process and introduce the Adaptive Joint Decoding
(AJD) loss, which provably minimizes trajectory-induced error while preserving
the target distribution. Empirically, A2D2 improves reward optimization, genera-
tion accuracy, and flexibility over prior fixed-length and inference-time guidance
methods.

1 INTRODUCTION

Discrete diffusion models (Lou et al., 2023; Austin et al., 2021) have emerged as a leading paradigm
for sequence generation, addressing key limitations of autoregressive models by enabling bidirectional
context dependencies, any-order generation (Shi et al., 2024), flexible reward guidance (Schiff et al.,
2024; Nisonoff et al., 2024; Tang et al., 2025a), and parallel decoding (Christopher et al., 2025; Ren
et al., 2025). These properties have led to strong empirical performance across diverse domains,
including biological sequence design (Wang et al., 2024b; Gruver et al., 2023; Tang et al., 2025a),
reasoning (Ye et al., 2024; Zhu et al., 2025b), and efficient sampling (Holderrieth et al., 2025; Zhu
et al., 2025a). Among discrete diffusion approaches, masked discrete diffusion models (MDMs)
(Sahoo et al., 2024; Shi et al., 2024; Ou et al., 2024; Zheng et al., 2024) have demonstrated particularly
strong performance due to their simple design and stable, likelihood-based training objective. Recent
work has further extended MDMs to any-length generation by allowing the insertion of masked
tokens at arbitrary positions during the diffusion process (Kim et al., 2025a). Despite this progress,
how to effectively scale any-length discrete diffusion models for reward optimization and fine-tuning
remains largely unexplored.

Recently, Tang et al. (2025b) introduced a principled framework for robust fine-tuning of fixed-length
discrete diffusion models by combining off-policy learning with optimized buffer generation to
learn a controlled continuous-time Markov chain (CTMC) path measure P⋆ that samples from an
intractable reward-tilted target distribution ptarget(x), without requiring explicit target samples. While
this framework is effective for fixed-length MDMs—where the action space is limited to token
unmasking—any-length MDMs introduce a substantially larger, more complex action space that
includes both unmasking and variable-length insertions. As a result, model performance becomes
highly sensitive to the chosen insertion and unmasking trajectory. This motivates our key question:
Can we efficiently fine-tune any-length discrete diffusion models to sample from an intractable
reward-tilted distribution while preserving high generation quality?
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Contributions To answer this, we introduce Finetuning Any-Length Discrete Diffusion for
Adaptive Decoding (A2D2), a unified framework for reward-guided fine-tuning of any-length discrete
diffusion models via joint optimization of the insertion and unmasking policies and quality-based
inference schedule. We derive the Radon-Nikodym derivative for the joint insertion and unmasking
path measures, which enables theoretically-guaranteed convergence to an intractable reward-tilted
sequence distribution. We establish unmasking and insertion quality as tractable methods of mini-
mizing compounding parallelization error (CPE) and introduce the Adaptive Joint Decoding (AJD)
loss, which provably yields the optimal path measure that minimizes error and generates the reward-
tilted distribution. We demonstrate that A2D2 simultaneously optimizes rewards while enhancing
generation flexibility and accuracy over prior fixed-length fine-tuning and inference-time guidance
approaches.

Related Works We provide a comprehensive discussion of related works in App A.

2 PRELIMINARIES

Notation We denote the CTMC of a diffusion trajectory as X0:1 := (Xt)t∈[0,1] which lies in a
discrete state space X ∈ {1, . . . , V }L of sequences of length L and vocabulary size V . A any-length
discrete diffusion model is characterized by a path measure P ∈ P(X ) over trajectories that follow
an joint generator At = Qt + Rt, where Qt is the unmasking rate and Rt is the insertion rate.
Specifically, we denote the pre-trained discrete diffusion model as Ppre and the optimal target model
as P⋆. For a corrupted sequence xt at time t, the unmasking posterior is given by fθ(x, t) with
indices [ℓ,v] denoting the probability of a single token at position ℓ and the insertion rate is given by
gθ(xt, t)[ℓ] with indices [ℓ] indicating the insertion expectation between positions ℓ− 1 and ℓ of the
sequence.

Masked Discrete Diffusion Models The discrete diffusion paradigm that models sequence genera-
tion as a continuous-time Markov chain (CTMC) which starts at a uninformative prior distribution
pprior and makes discrete jumps over a finite time horizon t ∈ [0, 1] to generate a sample from the data
distribution pdata. Masked discrete diffusion models (MDMs) have a unique prior distribution pprior

consisting of fully masked sequences (M)L (Shi et al., 2024; Sahoo et al., 2024; Ou et al., 2024;
Zheng et al., 2024). Given a clean data distribution pdata, the MDM’s forward process progressively
converts clean tokens to masked tokens according to a time schedule. Then, the training process aims
to reconstruct the clean sequence x1 ∼ pdata from intermediate partially masked sequences xt by
minimizing the denoising cross-entropy (DCE) loss:

LDCE(θ;x1) := E
t∼U(0,1)

E
xt∼pt(·|x1)

− α̇t

1− αt

∑
ℓ:xℓ

t=M

log fθ(xt, t)[ℓ,x
ℓ
1]

 (1)

where αt : [0, 1]→ [0, 1] is the unmasking schedule bounded by α0 = 0 and α1 = 1 where 1− αt

determines the probability of a token remaining unmasked at time t in the forward masking process
and the unmasking occurs in the reverse process if the time t is greater than the unmasking time
tℓu ∼ α̇tdt, i.e. t ≥ tℓu. Under the standard linear schedule, αt = t.

Any-Length Discrete Diffusion To overcome the limitation of requiring a fixed-length initialization
of the masked sequence, any-length discrete diffusion models (Havasi et al., 2025; Kim et al., 2025a)
have enabled the ability to insert tokens along the generation process. In this work, we extend
the flexible-length masked diffusion model framework introduced in (Kim et al., 2025a), which
defines a joint stochastic interpolant for both the insertion process and the unmasking process.
In contrast to fixed-length MDMs, Kim et al. (2025a) defines the forward corruption process by
gradually masking and removing tokens by drawing an insertion time tℓi ∼ α̇tdt and unmasking
time tℓu ∼ 1[t ≥ tℓi ]

β̇t

1−β
tℓ
i

dt, which enforces that that the token is unmasked only after it is inserted,

i.e. tℓu > tℓi . To track the position of the clean token as tokens are removed, we set st[ℓ] as the
position of token xℓ

1 in the intermediate state (xt, st) ∼ pt(·|x1), such that xst[ℓ]
t = xℓ

1. To train the
generative any-length MDM, we parameterize both the unmasking posterior fθ(xt, t)[ℓ] ∈ ∆V and
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Figure 1: Adaptive Any-Length Discrete Diffusion. Our framework introduces a framework for joint fine-
tuning of the insertion and unmasking policies and quality classifier to generate sequences from the optimal
reward-tilted distribution P⋆. First, we generate sequences using adaptive inference and store them in a replay
buffer. Then, we compute the Adaptive Joint Decoding (LAJD), which weights each sequence’s loss contribution
with an importance weight W θ̄,ϕ̄.

an insertion expectation gθ(xt, t)[ℓ] ∈ R≥0 that returns the predicted number of tokens to insert at
each gap and minimize the following losses:

Linsert(θ;x1) = E
t∼U(0,1)

E
xt∼pt(·|x1)

− α̇t

1− αt

len(xt)∑
ℓ=0

ϕ (st[ℓ]− st[ℓ− 1], gθ(xt, t)[ℓ])

 (2)

Lunmask(θ;x1) = E
t∼U(0,1)

E
xt∼pt(·|x1)

[
− β̇t

1− βt

∑
ℓ:xℓ

t=M

log fθ(xt, t)[ℓ,x
ℓ
1]

]
(3)

where ϕ(x, y) = y− x log y is the scalar Bregman divergence. A detailed background on any-length
MDMs is provided in App B.1.

3 DEFINING THE UNMASKING AND INSERTION QUALITY

In this section, we formally define the quality of a step taken in the decoding process of any-length
MDM. First, we define the unmasking quality and derive its relationship to the error accumulated in
an unmasking step in Sec 3.1. Then, we introduce a theoretically-grounded definition of the insertion
quality and in Sec 3.2.

3.1 UNMASKING QUALITY

Definition We define the unmasking quality as the probability that the unmasked token is sampled
from the unmasking posterior given the context from the rest of the sequence. Concretely, given a
clean sequence from the target x1 ∼ ptarget, a sample along the interpolant x̃t, a masked position
x̃ℓ
t = M , a set of masked tokensMt that are unmasked to obtain y where yℓ ∼ fθ(x̃t, t)[ℓ], and

the unmasking posterior at position ℓ given by p(yℓ = ·|x̃t) = fθ(x̃t, t)[ℓ], we define the unmasking
quality as:

µℓ
⋆(y) := p(yℓ = xℓ

1|y) = fθ(x̃t, t)[ℓ,x
ℓ
1] (4)

which aligns with the definition of the per-token quality introduced in (Kim et al., 2025b). When the
probability of the true token p(yℓ = xℓ

1|y) for x̃ℓ
t = M is high given the unmasked context x̃UM

t ,
then the quality is high, and if the probability is low, then the quality is low. To predict the quality of
an already unmasked token yℓ such that it estimates the unmasking posterior defined on its masked
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state y◁MtM = x̃t, we train a parameterized model µϕ : X → [0, 1] to approximate µℓ
⋆ given its

unmasked state y as:
µℓ
ϕ(y) ≈ p(yℓ = xℓ

1|y) (5)
During inference, when we do not have access to the ground-truth sequence x1, the unmasking
quality determines which tokens are inconsistent and should be re-masked.

Training the Unmasking Quality Predictor To train µℓ
ϕ : X → [0, 1], we start with a clean

sequence from the target distribution x1 ∼ ptarget and sample an intermediate state from the joint
interpolant x̃t by partially masking and removing tokens in x1. Then, we take a single unmasking
step to obtain y by replacing a subsetM of tokens in x̃t with the clean token sampled from the
unmasking posterior yℓ ∼ fθ(x̃t, t)[ℓ]. Finally, we minimize an Unmasking Quality Loss (UQL)
defined as:

LUQL(ϕ;x1) := E
t∼U(0,1)

E
x̃t∼pt(·|x1),y

E
∼ps|t(·|x̃t)

[∑
ℓ∈M

BCE
(
1[yℓ = xℓ

1], µ
ℓ
ϕ(y)

)]
(6)

where BCE denotes the binary cross-entropy loss defined as BCE(b, c) = −b log c−(1−b) log(1−
c) for b ∈ {0, 1} and c ∈ [0, 1]. We note that this aligns with the loss defined in Kim et al. (2025b)
for fixed-length MDMs, where it is shown that the unmasking quality is the unique minimizer of
LUQL(ϕ).

Proposition 3.1 (Unique Minimizer of Unmasking Quality Loss). The unique minimizer of the
unmsaking quality loss LUQL(ϕ) is the true unmasking quality:

µ⋆ = µϕ⋆ , where ϕ⋆ = argmin
ϕ
LUQL(ϕ) (7)

The proof is restated for clarity in App C.2.

Compounding Parallelization Error of Unmasking Steps For unmasking, the compounding
parallelization error is defined as the error that arises from sampling the factorized distribution over
unmasked tokens sampled in parallel and the true joint distribution (Park et al., 2024). Concretely, it
is the KL divergence between the true joint distribution sampled by unmasking only a single token per
step, and the product of the marginals, which is the approximation made when unmasking multiple
tokens in parallel.

Definition 3.1 (Unmasking Compounding Parallelization Error). Consider a unmasking step
from state xs to xt, where {xℓk

t }Kk=1 denotes the set of K tokens unmasked in parallel at time t.
The unmasking CPE over the transition s→ t is defined as:

Eunmsk
CPE (s→ t) = Exs∼Ps

[
DKL

(
p(xℓ1

t , . . . ,xℓK
t |xs)

∥∥∥∥ K∏
k=1

p(xℓk
t |xs)

)]
(8)

where Ps is the marginal distribution of sequences at time s.

Optimal Parallel Unmasking as Maximizing the Unmasking Quality We now show that un-
masking quality provides an upper bound for the probability of successful parallel unmasking.

Proposition 3.2 (Relationship Between Unmasking Quality and Parallel Unmasking). Assume
that in a parallel unmasking step on indicesMt = {ℓk}Kk=1, the unmasked tokens are condition-
ally independent given the unchanged context x̄s and the current state xs, i.e. p(xMt

t |x̄s,xs) =∏K
k=1 p(x

ℓk
t |x̄s,xs). If we define the unmasking quality µℓk

⋆ (xt) := p(xℓk
t = xℓk

1 |x
ℓk←M
t ) and

note that p(xℓk
t |x̄s,xs) = p(xℓk

t |x
ℓk←M
t ), then

p(xMt
t |x̄s,xs) =

K∏
k=1

νℓk⋆ (xt) (9)

4



Accepted as a workshop paper at ReALM-GEN, ICLR 2026

The proof is deferred to App C.4. This establishes the theoretical grounding for our adaptive
unmasking strategy, which remasks low-quality tokens in xt to ensure only mutually high-quality
tokens are unmasked in parallel, which effectively maximizes the probability of optimal parallel
unmasking.

3.2 INSERTION QUALITY

Definition It is natural to define the insertion quality as the probability that the insertion is likely
to be decoded into a true token in the corresponding gap of the target sequence. Concretely, given a
clean sequence from the target distribution x1 ∼ ptarget and a sample along the interpolant x̃t, we
define quality of a mask inserted between positions ℓ− 1 and ℓ, denoted y := x̃◁ℓM

t , as:

ν⋆(y) := max
st[ℓ−1]≤i≤st[ℓ]

{
p(yℓ = xi

1|y)
}

(10)

which returns the highest probability of any ground truth token between positions st[ℓ− 1] and st[ℓ]
in the clean sequence x1 being predicted by the unmasking posterior p(yi = ·|y) = fθ(y, t)[i] at the
newly inserted mask token yi = (x̃◁ℓM

t )i = M . Alternatively, we can define the insertion quality
as the sum of the probabilities of all possible tokens that exist within the gap in the ground truth
sequence, given by:

νℓ⋆(y) :=

st[ℓ]∑
i=st[ℓ−1]

p(yℓ = xi
1|y) (11)

which is high when several potential tokens have a high potential to be unmasked to one of the
tokens within the gap. Note that when there is no token between positions st[ℓ− 1] and st[ℓ] in x1,
the quality is zero. Since we have no access to the ground truth sequence at inference, we aim to
train a parameterized model νϕ that takes only the sequence after the insertion step y as input and
approximates the quality of the insertion:

νiϕ(y) ≈
st[ℓ]∑

i=st[ℓ−1]

p(yℓ = xi
1|y) ∈ [0, 1] (12)

This allows us to evaluate the quality of an insertion and remove low-quality insertions that are likely
to result in mistakes in unmasking.

Training the Insertion Quality Predictor To train νℓ⋆(y), we start with a clean target sequence
x1 ∼ ptarget, we apply the standard joint interpolant to sample x̃t by partially masking and removing
tokens in x1. Then, we insert the set of masks I = {yi | x◁ℓM

t ; gθ(xt, t)[ℓ]} predicted by the
insertion expectation gθ(xt, t) at each gap to get y and predict the unmasking posterior over the
newly inserted masked positions fθ(y, t)[i]. Finally, we minimize the Insertion Quality Loss (IQL),
defined as:

LIQL(ϕ;x1) := E
t∼U(0,1)

E
x̃t∼pt(·|x1)

E
y∼ps|t(·|x̃t)

[∑
i∈I

BCE
(
νi⋆(y), ν

i
ϕ(y)

)]
(13)

where BCE denotes the Bernoulli cross-entropy loss for two values in defined as BCE(b, c) =
−b log c− (1− b) log(1− c) for two values b, c ∈ [0, 1]. If there are multiple masks (yi1 , . . . ,yiD )

inserted in a gap (x
st[ℓ−1]+1
1 , . . . ,x

st[ℓ]−1
1 ), then for each id, we sum over the probabilities over the

range st[ℓ− 1] + d to st[ℓ]− 1− (D − d). We show that the minimizer of the insertion quality loss
LIQL(ϕ) is the true insertion quality ν⋆ defined in (11).

Proposition 3.3 (Minimizer of Insertion Quality Loss). The unique minimizer of the insertion
quality loss LIQL(ϕ) is the true insertion quality:

ν⋆ = νϕ⋆ , where ϕ⋆ = argmin
ϕ
LIQL(ϕ) (14)

The proof is provided in App C.3. To formalize insertion quality as a measure of error accumulation,
we now introduce the insertion compounding parallelization error (CPE) and derive its relationship
to insertion quality.
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Optimizing Reconstruction Likelihood as Maximizing Insertion Quality To theoretically justify
maximizing insertion quality, we prove that it provides an upper bound for the probability of
reconstructing a clean sequence x1 ∼ ptarget.

Proposition 3.4 (Insertion Quality as an Upper Bound on Reconstruction via Insertions). Con-
sider a clean target sequence x1 ∼ ptarget and an intermediate sequence xs ∼ ps(·|x1). Given a
set of indices of inserted masks at each gap It which yields xItt , the probability of reconstructing
x1 is upper bounded by the product of insertion qualities:

p(xItt = xIt1 |xt) ≤
∏
i∈It

µi
⋆(xt) ≈

∏
i∈It

µi
ϕ(xt) (15)

assuming that the unmasking posterior for each inserted mask is conditionally independent given
xt.

We defer the proof to App C.5. This justifies maximizing insertion quality as optimizing reconstruction
quality.

4 A2D2: FINETUNING ANY-LENGTH DISCRETE DIFFUSION FOR ADAPTIVE
DECODING

In this section, we introduce Finetuning Any-Length Discrete Diffusion for Adaptive Decoding
(A2D2), a novel framework tailored for any-length masked diffusion models which jointly optimizes
the parameterized quality predictors and policy to sample from the reward-tilted data distribution.

4.1 ADAPTIVE JOINT DECODING LOSS

Optimal Reward-Tilted Path Measure Since the path measure Pv of any-length MDMs consists
of both insertion steps and unmasking steps which form the joint CTMC with rates Rv

t and Qv
t ,

respectively, we aim to define the tilted path measure P⋆ that optimally samples from the reward-tilted
distribution ptarget. Concretely, we define the tilted path measure as:

P⋆(X0:1) :=
1

Z
Ppre(X0:1) exp

(
r(X1)

α

)
, P⋆

1(x) =
1

Z
pdata(x) exp

(
r(x)

α

)
=: ptarget(x) (16)

where X0:1 = (Xt)t∈[0,1] is a joint CTMC induced by a path measure and Ppre is the reference path
measure induced by the pre-trained insertion rate Rpre

t and unmasking rate Qpre
t . Given parameterized

insertion and unmasking rates Rθ
t and Qθ

t , we can optimize θ such that the path measure Pθ matches
P⋆ by minimizing the following entropy-regularized reward optimization problem (Uehara et al.,
2024):

min
θ

EX0:1∼Pθ [r(X1)]− αDKL(Pθ∥Ppre) (17)

which is uniquely minimized when Pθ = P⋆. For any-length joint CTMCs, the KL-divergence takes
a unique form, as derived in App 1.

Weighted Cross-Entropy Objective To derive a loss that provably converges to P⋆, let’s consider
directly minimizing the KL objective DKL(Pθ,ϕ,P⋆). While it’s minimizer indeed matches the
optimal measure P⋆, it is difficult to optimize due to the expectation over Pθ,ϕ which changes as the
model is updated. Instead, we use the cross-entropy loss which takes the expectation over the fixed
target path measure P⋆:

FCE(Pθ,ϕ,P⋆) := DKL(P⋆∥Pθ,ϕ) = EP⋆

[
log

dP⋆

dPθ,ϕ

]
= EPv

[
dP⋆

dPv
log

dP⋆

dPθ,ϕ

]
(18)

where the final equality allows us to sample trajectories from any arbitrary path measure Pv and
reweight them such that they approximate the target path measure P⋆ at the infinite sampling limit.
The reweighting term dP⋆

dPv is the Radon-Nikodym derivative (RND) between the two path measures.
We derive the full tractable form of the RND in Prop 4.1.
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Proposition 4.1 (Radon-Nikodym Derivative of Parameterized Rates). Let the fine-tuned un-
masking rate be fv(xt, t)[ℓ] ∈ ∆V−1 and the insertion rate be gv(xt, t)[ℓ] ∈ R≥0 that generates
the path measure Pv. Then, given optimal rates f pre(xt, t) and gpre(xt, t) and reward function
r : X → R, the log RND between the optimal joint CTMC and the fine-tuned CTMC over the
trajectory X0:1 = (Xt)t∈[0,1] is defined as:

log
dP⋆

dPv
(X0:1) =

r(X1)

α
− logZ +

∑
tu:X

t
−
u
̸=Xtu

∑
ℓ:Xℓ

t
−
u

̸=Xℓ
tu

log
f pre(Xtu , t)[ℓ,d]

fv(Xtu , t)[ℓ,d]

+
∑

ti:X
t
−
i

̸=Xti

∑
ℓ:X

t
−
u
̸=Xℓ

log
gpre(Xti , ti)[ℓ]

gv(Xti , ti)[ℓ]
+

∫ 1

0

α̇t

1− αt

(∑
ℓ

(gpre − gv)(Xti , ti)[ℓ]

)
dt (19)

where ti ∈ [0, 1] denotes the times of insertion events and tu ∈ [0, 1] denotes the times of
unmasking events.

The proof is given in App C.8. Then, defining W v(X1) := log dP⋆

dPθ̄,ϕ̄ (X0:1), we can write the
cross-entropy loss as FCE(Pθ,ϕ,P⋆) = EPv [ 1Z eW

v

log dP⋆

dPθ,ϕ ].

Adaptive Joint Decoding Loss Now, we derive our Adaptive Joint Decoding (AJD) loss, which
allows us to optimize the cross-entropy loss without computing the inner RND dP⋆

dPθ,ϕ over trajectories
after each update to the model parameters.

min
θ,ϕ

EPv

[
1

Z
eW

v

log
dP⋆

dPθ,ϕ

]
= min

θ,ϕ
EPv

[
1

Z
eW

v

[− log Pθ,ϕ]

]

= min
θ,ϕ

EPv

 1

Z
eW

v

 ∑
ti:X

t
−
i

̸=Xti

− log Pθ,ϕ(X
t−i

|Xti , ) +
∑

tu:X
t
−
u
̸=Xtu

− log Pθ,ϕ(X
t−u

|Xtu)


 (20)

where the first equality follows from dropping the logP⋆ term independent of θ, ϕ, and the second
equality follows from decomposing the probability path into the sum of probabilities of each insertion
and unmasking step at times ti and tu, respectively. Rather than explicitly computing the sum over the
full trajectory, we observe that each inner term can be reframed as an expectation over samples from
the interpolant x̃t ∼ pt(·|X1) given a clean sample X1 from X0:1 ∼ Pv. Given the clean sample
x1, the optimal fθ, gθ, µϕ, and νϕ can be obtained by minimizing Lunmask(θ;x1) (3), Linsert(θ;x1)
(2), LUQL(ϕ;x1) (6), and LIQL(ϕ;x1) (13), respectively. This yields our Adaptive Joint Decoding
(AJD) loss, defined as:

LAJD(θ, ϕ) := E
X0:1∼Pv

[
1

Z
eW

v [
Lunmask(θ;X1) + Linsert(θ;x1) + LUQL(ϕ;X1) + LIQL(ϕ;X1)

]]
(21)

where the normalizing constant Z is approximated as Z ≈ EX0:1∼Pv

[
eW

v]
. This loss can be seen

as an extension of the weighted denoising cross-entropy loss used for fixed-length discrete diffusion
sampling (Zhu et al., 2025a) and fine-tuning (Tang et al., 2025b). This unique minimizer of the AJD
loss is the optimal unmasking generator Q⋆ and insertion generator R⋆ of the reward-tilted path
measure P⋆, with proof deferred to App C.8.

4.2 FINE-TUNING ANY-ORDER DISCRETE DIFFUSION

Off-Policy Reinforcement Learning To optimize the AJD loss defined in Sec 4.1, we leverage
an off-policy reinforcement learning strategy, where we define the path measure Pv := Pθ̄,ϕ̄

as the fine-tuned policy and planner models with detached gradients θ̄ := stopgrad(θ) and
ϕ̄ := stopgrad(ϕ). With this definition, the fine-tuning procedure proceeds as follows: (1) we
sample a batch of B sequences x1 while computing their log RND W θ̄,ϕ̄ and store them in a replay
buffer B = {(x1,i,W

θ̄,ϕ̄)}Bi=1, (2) for each x1,i, we sample R intermediate sequences from the
interpolant x̃t,j ∼ pt(·|x1,i), and (3) we compute the AJD loss (21) and update the parameters θ, ϕ.

Alternating Optimization of Policy and Quality Predictors Since the number of parameters θ in
the insertion and unmasking policy is orders of magnitude larger than the number of parameters ϕ

7
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Table 1: Multi-objective peptide design results. All values are averaged over 100 generated peptides. Best
values are bolded and second best values are underlined. Pre-trained denotes unconditional sampling with the
pre-trained peptide SMILES model from PepTune (Tang et al., 2025a) and our pre-trained any-length model.
PepTune denotes samples from 100 iterations of inference-time multi-objective guidance with the fixed-length
model. TR2-D2 w/o search denotes sampling from a fixed-length model fine-tuned with TR2-D2 for multiple
objectives without search (Tang et al., 2025b). A2D2 w/o quality denotes sampling from a fine-tuned any-length
model using the AJD loss without training or sampling with the quality predictors. A2D2 denotes sampling from
a fine-tuned any-length model using the AJD loss and quality predictor optimization and sampling. † indicates
values taken from (Tang et al., 2025b).

Target Protein Method Binding Affinity (↑) Solubility (↑) Non-hemolysis (↑) Non-fouling (↑) Permeability (↑)

TfR Pre-trained (Fixed Length) † 8.008±0.673 0.742±0.166 0.874±0.063 0.102±0.083 −7.470±0.120

Pre-trained (Any Length) 7.788±0.798 0.773±0.202 0.875±0.084 0.172±0.163 −7.248±0.314

PepTune † 8.216±0.703 0.789±0.144 0.902±0.051 0.121±0.081 −7.389±0.119

TR2-D2 w/o search 8.518±0.667 0.664±0.143 0.876±0.048 0.067±0.055 −7.296±0.140

A2D2 w/o quality 8.057±0.681 0.648±0.271 0.862±0.095 0.135±0.167 −7.252±0.320

A2D2 (Ours) 11.283±0.295 0.820±0.095 0.754±0.058 0.214±0.048 −6.628±0.110

GLP-1R Pre-trained (Fixed Length) † 8.233±0.367 0.742±0.166 0.874±0.063 0.102±0.083 −7.470±0.120

Pre-trained (Any Length) 7.788±0.798 0.773±0.202 0.875±0.084 0.172±0.163 −7.248±0.314

PepTune † 8.403±0.365 0.774±0.170 0.907±0.057 0.125±.082 −7.388±0.128

TR2-D2 w/o search 8.698±0.266 0.692±0.118 0.864±0.048 0.243±0.088 −7.332±0.059

A2D2 w/o quality 8.104±0.769 0.647±0.273 0.863±0.088 0.112±0.131 −7.228±0.336

A2D2 (Ours) 9.724±0.628 0.795±0.101 0.621±0.071 0.323±0.073 −6.689±0.074

GLAST Pre-trained (Fixed Length) † 7.830±0.420 0.742±0.166 0.874±0.063 0.102±0.083 −7.470±0.120

Pre-trained (Any Length) 7.100±1.274 0.742±0.166 0.874±0.063 0.102±0.083 −7.470±0.120

PepTune † 8.400±0.353 0.815±0.139 0.937±0.029 0.137±0.086 −7.311±0.106

TR2-D2 w/o search 8.579±0.591 0.709±0.144 0.913±0.029 0.119±0.059 −7.327±0.063

A2D2 w/o quality 7.545±1.259 0.691±0.233 0.860±0.084 0.134±0.153 −7.239±0.322

A2D2 (Ours) 11.265±0.345 0.827±0.103 0.703±0.063 0.183±0.055 −6.460±0.099

in the quality prediction heads, optimizing both models simultaneously results in unstable training
and sub-optimal convergence of the planner model, especially since the planner is being trained from
scratch. Inspired by recent works (Zhou et al., 2025), we leverage an alternating optimization strategy
which updates θ for Nm iterations with ϕ frozen, followed by updating ϕ for Np iterations with θ
frozen. Since the planner is initialized from scratch, we sample the replay buffer using only the
policy model θ for Nwarmup iterations. The full pseudo-code for fine-tuning with A2D2 is provided in
Algorithm 1.

Adaptive Inference with A2D2 We describe the adaptive inference with the model parameters
fθ, gθ and quality predictors µϕ, νϕ which starts from an empty sequence of pad tokens x0. At each
intermediate discrete time step [tk, tk+1], we perform the following steps:

(i) Adaptive Unmasking: We sample a subset of mask tokensM to unmask via the parameterized
unmasking posterior fθ(xt, t)[ℓ]. Then, we predict the unmasking quality for each token
µϕ(xt, t)[ℓ] and re-mask low-quality tokens that either fall below a threshold or until the
expected number of masked tokens at time t is reached.

(ii) Adaptive Insertion: We insert a set of masks I according by sampling insertion counts
Iℓt ∼ Poisson(gθ(xt, t)[ℓ] ·∆t) for each gap. Then, we predict the insertion quality νϕ(xt, t)[i]
for each inserted mask and subsequently remove low-quality masks.

We stop when no masks remain and the insertion expectation falls below 0.5 or when the total number
of time steps is reached. The full inference procedure is detailed in Algorithm 2.

5 EXPERIMENTS

5.1 MULTI-OBJECTIVE THERAPEUTIC PEPTIDE GENERATION

Setup In this experiment, we pre-train an any-length MDM on a dataset of 11 million peptide
SMILES containing 7451 sequences from the CycPeptMPDB database (Li et al., 2023), 825, 632
unique peptides from SmProt (Li et al., 2021), and approximately 10 million modified peptides
generated from CycloPs (Duffy et al., 2011; Feller & Wilke, 2025). Then, we use A2D2 to fine-tune
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Figure 2: Multi-objective fine-tuning with A2D2 for peptide generation with and without quality opti-
mization. Fine-tuning of any-length peptide SMILES generator with A2D2 was performed by optimizing
the sum of five reward functions, including either binding affinity to GLP-1R or GLAST protein, solubility,
non-hemolysis, non-fouling, and membrane permeability. Fraction of valid peptides over fine-tuning epochs
with quality optimization (blue and purple) and without quality optimization (red and magenta).

the pre-trained model on multiple therapeutic properties, including binding affinity to a protein target,
solubility, non-hemolysis, non-fouling, and permeability. Since not all SMILES sequences can be
decoded into peptides, we evaluate the validity fraction with the SMILES2PEPTIDE decoder from
Tang et al. (2025a).

Baselines To the best of our knowledge, there have been no prior works that train any-length
discrete diffusion models for peptide SMILES generation or that introduce a method for inference-
time guidance or fine-tuning of any-length discrete diffusion. Therefore, we compare against fixed-
length masked diffusion model baselines, including PepTune (Tang et al., 2025a), which leverages
Monte Carlo Tree Guidance (MCTG) for inference-time multi-objective guidance, and TR2-D2
(Tang et al., 2025b), which leverages off-policy RL for fine-tuning discrete diffusion models. We
also compare with the unconditional generative performance of the pre-trained fixed-length MDM
from Tang et al. (2025a) and our pre-trained any-length MDM. Finally, to determine the effects
of inference-time planning with our unmasking quality and insertion quality metrics, we compare
against A2D2 fine-tuned without the remasking and deletion operation (A2D2 w/o quality).

Results First, we show that with and without quality-based adaptive inference, fine-tuning any-
length MDMs with our AJD weighted loss yields significant increases in reward across multiple
objectives as shown by the consistently increasing trend of the evaluation curves (Fig 2). Compared to
both the pre-trained fixed-length and any-length baseline, A2D2 produces higher scoring sequences
across all objectives with the same inference cost (Table 1). Furthermore, we show that A2D2
produces higher rewards across most properties compared to fixed-length discrete diffusion fine-
tuning with TR2-D2 (Tang et al., 2025b). Notably, when optimizing the same reward functions, A2D2
with our quality-based adaptive inference increases the fraction of valid peptide sequences, indicating
that maximizing quality translates empirically to higher-quality and more accurate generation (Fig 2).

6 CONCLUSION

In this work, we introduce Finetuning Any-Length Discrete Diffusion for Adaptive Decoding (A2D2),
a novel framework that unlocks reward-guided fine-tuning for any-length masked diffusion models
with adaptive quality-based inference optimization. Driven by the importance of inference-schedule
in any-length decoding, we define the notion of unmasking quality and insertion quality and establish
a theoretical connection to compounding parallelization error. To enable adaptive inference and
sampling from an intractable reward-tilted distribution, we introduce a unified fine-tuning method
that co-optimizes the policy and quality predictors to obtain the model that provably generates the
optimal any-length path measure. Our approach is a significant step toward any-length generation for
diverse reward-based tasks.
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OUTLINE OF APPENDIX

In App A, we discuss related works in discrete diffusion, any-length generation, and fine-tuning and
inference optimization strategies. In App B, we provide a comprehensive theoretical background
on any-length masked diffusion, continuous-time Markov chains (CTMCs), and stochastic optimal
control. App C provides rigorous theoretical proofs for our method. We provide the details for
the multi-objective therapeutic peptide generation in App D. Finally, pseudo-code for training and
inference with A2D2 are provided in E.

Notation We denote the CTMC of a diffusion trajectory as X0:1 := (Xt)t∈[0,1] which lies in a
discrete state space X ∈ {1, . . . , V }L of sequences of length L and vocabulary size V . A any-length
discrete diffusion model is characterized by a path measure P ∈ P(X ) over trajectories that follow
an joint generator At = Qt + Rt, where Qt is the unmasking rate and Rt is the insertion rate.
Specifically, we denote the pre-trained discrete diffusion model as Ppre and the optimal target model
as P⋆. For a corrupted sequence xt at time t, the unmasking posterior is given by fθ(x, t) with
indices [ℓ,v] denoting the probability of a single token at position ℓ and the insertion rate is given by
gθ(xt, t)[ℓ] with indices [ℓ] indicating the insertion expectation between positions ℓ− 1 and ℓ of the
sequence.

A RELATED WORK

Inference-Time Scaling of Discrete Diffusion Inference-time scaling of diffusion models seeks
to maximize the capabilities of pre-trained diffusion models for specialized tasks during inference,
such as sampling from a reward-tilted distribution (Skreta et al., 2025; Singhal et al., 2025; Chen
et al., 2025), constrained sampling (Fishman et al., 2023), or entropy-maximization (De Santi et al.,
2025). Specifically in the discrete state space, search-based methods (Tang et al., 2025a;b; Li et al.,
2025; Ramesh & Mardani, 2025), importance-weighting techniques (Chatterjee & Diaconis, 2018),
reward-gradient methods (Song et al., 2020; Bansal et al., 2023), and classifier-based and classifier-
free guidance (Nisonoff et al., 2024; Rector-Brooks et al., 2025; Wang et al., 2024a; Schiff et al.,
2025; Rojas et al., 2025; Guo et al., 2024) have been explored.

Optimization of Inference Schedule for Discrete Diffusion Closest to our work is PRISM (Kim
et al., 2025b), which introduces per-token quality as a learned measure that determines whether to
re-mask already unmasked tokens during inference. However, their framework remains limited to
fixed-length masked diffusion for optimizing sampling of the data distribution. Co-GRPO (Zhou
et al., 2025), which introduces a reward fine-tuning strategy for fixed-length masked diffusion that
simultaneously optimizes the inference schedule and policy model with a shared reward signal with
group-relative policy optimization (GRPO). Jump Your Steps (JYS) (Park et al., 2024) optimizes
the times in which discrete jumps are made during inference by minimizing a KL upper bound on
the compounding decoding error for fixed-length masked diffusion models. Related inference-time
mechanisms include planner-guided decoding, which learns a planner to choose which tokens to
reveal at each step (Liu et al., 2024; Peng et al., 2025a;b), as well as remasking and corrector-style
methods that iteratively revise intermediate predictions to improve sample quality (Wang et al., 2025;
Zhao et al., 2024; Tian et al., 2025).

B EXTENDED THEORETICAL BACKGROUND

B.1 ANY-LENGTH MASKED DIFFUSION

In this work, we build upon the any-length masked diffusion model framework introduced in Kim
et al. (2025a), which leverages a pair of joint stochastic interpolants for the insertion and unmasking
schedules. Here, we will provide a comprehensive background on the any-length MDM framework
and highlight its distinction from standard fixed-length MDMs.

Forward Noising Process In standard MDM, the forward process involves applying mask tokens
gradually across the sequence until the sequence is fully masked at time t = 1. For any-length

13



Accepted as a workshop paper at ReALM-GEN, ICLR 2026

MDMs, the forward process consists not only of the masking step but also a deletion step, which
serves as the inverse operation for the insertion step during inference. Therefore, we must define both
the insertion time tℓi and the unmasking time tℓu for each token position xℓ as:

tℓi ∼ α̇tdt, tℓu ∼ 1[t ≥ tℓu]
β̇

1− βti

dt, xℓ
t =


(empty), 0 < t < tℓi
M , tℓi ≤ t ≤ tℓu
xℓ
1, tℓu ≤ t ≤ 1

(22)

where (empty) indicates a position that has not been inserted yet. We denote the index of a token in
the partial subsequence with st given by:

st := {ℓ ∈ {1, . . . , len(x1)}| tℓi ≤ t} (23)

where st[ℓ] is the index of the token xℓ
1 in xt at time t and we have len(st) ≤ len(xt).

Parameterization Just like fixed-length MDMs, the masking step in any-length MDMs has an
inverse unmasking step that is parameterized with an unmasking posterior fθ(xt, t)[ℓ] : VL ×
[0, 1]→ ∆D that predicts the distribution over the token vocabulary for each masked position. This
model is trained with the standard denoising cross-entropy loss defined as:

Lunmask(θ;x1) = E
t∼U(0,1)

E
xt∼pt(·|x1)

[
− β̇t

1− βt

∑
ℓ:xℓ

t=M

log fθ(xt, t)[ℓ,x
ℓ
1]

]
(24)

Since any-length MDMs contain the additional deletion step, we parameterize the inverse insertion
step with a insertion expectation gθ(xt, t)[ℓ] : VL × [0, 1] → R>0 which predicts the number of
tokens that still need to be inserted between tokens xℓ−1

t and xℓ
t . This model is trained by minimizing

the scalar Bregman divergence ϕ(x, y) = y − x log y between the predicted insertions and the true
number of tokens that need to be inserted at each position:

Linsert(θ;x1) = E
t∼U(0,1)

E
xt∼pt(·|x1)

− α̇t

1− αt

len(xt)∑
ℓ=0

ϕ (st[ℓ]− st[ℓ− 1], gθ(xt, t)[ℓ])

 (25)

Minimizing both losses Lunmask(θ) and Linsert(θ) yields the unique optimal value which defines the
rate matrices of the reverse process given by:

Rt(x,x
◁ℓM ) =

α̇t

1− αt
· E[st[ℓ]− st[ℓ− 1]− 1| xt = x] =

α̇t

1− αt
· gθ(x, t)[ℓ] (Insertion Rate)

Qt(x,x
ℓ←d) =

β̇t

1− βt
· P(xst[ℓ]

1 = d|xt = x) =
β̇t

1− βt
· fθ(x, t)[ℓ,d] (Unmasking Rate)

Adaptive Inference A crucial feature of any-length MDMs is that the values of the rate matrix
are decoupled from the choice of masking schedule βt. This means that the unmasking posterior
learned by fθ(xt, t) and insertion expectation gθ(xt, t) captures all possible unmasking transitions
that interpolate between the empty prior p0 and the target distribution ptarget.

C THEORETICAL PROOFS

C.1 OBSERVATIONS

Throughout the theoretical proofs, we make the following key observations:

(i) The unmasking rate Qt and insertion rate Rt do not overlap, such that:

Qt(x,y)Rt(x,y) = 0, ∀t,x,y (26)

which follows from the fact that insertion and unmasking actions are disjoint.
(ii) The total generator At decomposes additively:

At(x,y) = Qt(x,y) +Rt(x,y), ∀t,x,y (27)

14



Accepted as a workshop paper at ReALM-GEN, ICLR 2026

(iii) Both insertion and unmasking rates are valid such that:

Qt(x,x) = −
∑
y ̸=x

Qt(x,y),
∑
y ̸=x

Qt(x,y) <∞ (28)

Rt(x,x) = −
∑
y ̸=x

Rt(x,y),
∑
y ̸=x

Rt(x,y) <∞ (29)

which ensures that the CTMC is well-defined such that reward tilting preserves the generator
structure.

(iv) The tilted generators Q⋆
t and R⋆

t and the reference generators Q0
t and R0

t have the same support,
such that:

Q0
t (x,y) = 0 =⇒ Q⋆

t (x,y) = 0 (30)

R0
t (x,y) = 0 =⇒ R⋆

t (x,y) = 0 (31)

which ensures that the path measures P0 and P⋆ are mutually absolutely continuous.

C.2 PROOF OF PROPOSITION 3.1

Proposition 3.1 (Unique Minimizer of Unmasking Quality Loss). The unique minimizer of
the unmsaking quality loss LUQL(ϕ) is the true unmasking quality:

µ⋆ = µϕ⋆ , where ϕ⋆ = argmin
ϕ
LUQL(ϕ) (7)

Proof. First, we recall the Unmasking Quality Loss LUQL defined in (6) as:

LUQL(ϕ;x1) := E
t∼U(0,1)

E
x̃t∼pt(·|x1),y

E
∼ps|t(·|x̃t)

[∑
ℓ∈M

BCE
(
1[yℓ = xℓ

1], µ
ℓ
ϕ(y)

)]
(32)

Given a clean sequence x1 ∼ pdata, let x̃t be a sample from the posterior x̃t ∼ pt(·|x1). Then, we
sample a subsetMt of masked indices in x̃t to unmask to obtain y where ∀ℓ ∈ Mt, we sample
yℓ ∼ fθ(x̃t, t)[ℓ].

Fix a position ℓ ∈Mt and consider the random binary variable bℓ defined by categorically sampling
from fθ(x̃t, t)[ℓ] and the model predicted token quality cℓ(y) := µℓ

ϕ(y):

bℓ := 1[yℓ = xℓ
1] ∈ {0, 1}, cℓ(y) := µℓ

ϕ(y) ∈ [0, 1] (33)

For every position ℓ ∈Mt, we minimize the following loss:

LUQL(ϕ; ℓ) := Ex1,x̃t,y [BCE (bℓ, cℓ(y))] (34)

Applying the law of total expectation, we have:

Ex1,x̃t,y [BCE (bℓ, cℓ(y))] = Ey

[
Ex1,x̃t

[
BCE(bℓ, cℓ(y))

∣∣y]]︸ ︷︷ ︸
:=Dℓ(y,cℓ)

(35)

Let us define the conditional random variable:

qℓ(y) := p(bℓ = 1|y) = p(yℓ = xℓ
1|y) = Ex1,x̃t [bℓ|y] (36)

Then, we can write the BCE loss Dℓ(y, c) as:

Dℓ(y, cℓ) = −qℓ(y) log cℓ − (1− qℓ(y)) log(1− cℓ) (37)

Differentiating with respect to the parameters ϕ denoted as cℓ and setting the derivative equal to 0,
we get that the minimizer is:

d

dcℓ
Dℓ(y, cℓ) = −

qℓ(y)

cℓ
+

1− qℓ(y)

1− cℓ
=⇒ qℓ(y)

c⋆ℓ
=

1− qℓ(y)

1− c⋆ℓ
=⇒ c⋆ℓ = qℓ(y) (38)

15
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Taking the second derivative with respect to cℓ, we show that this minimizer is unique:

d2

dc2ℓ
Dℓ(y, cℓ) =

qℓ(y)

c2ℓ
+

1− qℓ(y)

(1− cℓ)2
≥ 0 (39)

Since we defined the true unmasking quality as µℓ
⋆(y) := p(yℓ = xℓ

1|y), the minimizer c⋆ exactly
matches the true unmasking posterior:

c⋆ℓ = qℓ(y) = µℓ
⋆(y) = argmin

cℓ∈[0,1]
{Dℓ(y, cℓ)} (40)

Since for all pairs (y, ℓ), we have shown that the BCE loss Dℓ(y, cℓ) is minimized at µℓ
ϕ(y) = µℓ

⋆(y),
so the function that minimizes the full objective LUQL(ϕ) := Ey[Dℓ(y, cℓ)] must be the true function
µ⋆. □

C.3 PROOF OF PROPOSITION 3.3

Proposition 3.3 (Minimizer of Insertion Quality Loss). The unique minimizer of the insertion
quality loss LIQL(ϕ) is the true insertion quality:

ν⋆ = νϕ⋆ , where ϕ⋆ = argmin
ϕ
LIQL(ϕ) (14)

Proof. First, we recall the Insertion Quality Loss LIQL defined in (13) as:

LIQL(ϕ) := Ex1,x̃t,y

[∑
i∈I

BCE
(
νi⋆(y), ν

i
ϕ(y)

)]
(41)

where the BCE is defined as:

BCE(b, c) = −b log c− (1− b) log(1− c), b, c ∈ [0, 1] (42)

Since the sum
∑

i∈I BCE
(
νi⋆(y), ν

i
ϕ(y)

)
is inside the expectation, and the loss is calculated indepen-

dently for each position i given νiϕ(y), minimizing LIQL(ϕ) is equivalent to minimizing the following
for every inserted position i:

LIQL(ϕ; i) := Ex1,x̃t,y

[
BCE

(
νi⋆(y), ν

i
ϕ(y)

)]
(43)

Applying the law of total expectation, we have:

Ex1,x̃t,y

[
BCE

(
νi⋆(y), ν

i
ϕ(y)

)]
= Ey

[
Ex1,x̃t

[
BCE

(
νi⋆(y), ν

i
ϕ(y)

)∣∣y]]︸ ︷︷ ︸
:=Bi(y,c)

(44)

where we define ci := νiϕ(y) ∈ [0, 1] as the scalar predicted insertion quality at position i and
Bi(y, ci) as the prediction error given the input sequence y and predicted quality ci. Then, it suffices
to prove that for all (y, i), the prediction error is uniquely minimized at ci = νi⋆(y).

Fixing a pair (y, i), we can define:

bi := νi⋆(y) ∈ [0, 1], ci := νiϕ(y) ∈ [0, 1] (45)

which yields the prediction error objective:

Bi(y, ci) = −bi log ci − (1− bi) log(1− ci) (46)

Differentiating with respect to ci (parameterized model), we have:

d

dci
Bi(y, ci) = −

bi
ci

+
1− bi
1− ci

(47)

and setting the derivative to zero, we get the minimizer:

− bi
c⋆i

+
1− bi
1− c⋆i

= 0 =⇒ bi
c⋆i

=
1− bi
1− c⋆i

=⇒ c⋆i = bi (48)
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To prove uniqueness, we take the second derivative:

d2

dc2i
Bi(y, ci) =

bi
c2i

+
1− bi

(1− ci)2
≥ 0 (49)

So, the objective function is convex in ci and the minimizer is unique. Therefore, we conclude that:

bi = νi⋆(y) = argmin
ci∈[0,1]

{Bi(y, ci)} (50)

We have shown that for all (y, i), the prediction error is uniquely minimized at νiϕ(y) = νi⋆(y), the
only function νϕ that minimizes the outer expectation Ey[Bi(y, ci)] is the true function ν⋆. □

C.4 PROOF OF PROPOSITION 3.2

Proposition C.1 (Optimal Parallel Unmasking as Maximizing the Unmasking Quality). Assume
that in a parallel unmasking step on indicesMt = {ℓk}Kk=1, the unmasked tokens are condition-
ally independent given the unchanged context x̄s and the current state xs, i.e. p(xMt

t |x̄s,xs) =∏K
k=1 p(x

ℓk
t |x̄s,xs). If we define the unmasking quality µℓk

⋆ (xt) := p(xℓk
t = xℓk

1 |x
ℓk←M
t ) and

note that p(xℓk
t |x̄s,xs) = p(xℓk

t |x
ℓk←M
t ), then

p(xMt
t |x̄s,xs) =

K∏
k=1

νℓk⋆ (xt) (51)

Furthermore, the compounding parallelization error can be written as the KL divergence

ECPE
unmask(s→ t|xs) := DKL

(
p(xMt

t |x̄s,xs)

∥∥∥∥∥
K∏

k=1

p(xℓk
t |x̄s,xs)

)
≥ 0 (52)

and admits the decomposition

ECPE
unmask(s→ t|xs) = Ept

[
log p(xMt

t |x̄s,xs)
]
−

K∑
k=1

Ept

[
log µℓk

⋆ (xt)
]

(53)

with equality to 0 if and only if the KL divergence is 0 (i.e., optimal parallel decoding).

Proof. First, we recall the definition of token quality. Given a partially masked and deleted sequence
xt, the unmasking quality of each token xℓ

t is the probability that given the sequence masked at
position ℓ, denoted x̃s := xℓ←M

t , we sample x̃ℓ
s = xℓ

t via the unmasking posterior fθ(x̃s, s). This
is written as:

µℓ
⋆(x̃s) = p(x̃ℓ

s = xℓ
t|xℓ←M

t ) (54)

Consider a unmasking step xs → xt where a subset of K tokens with indicesMt := {ℓk}Kk=1 are
unmasked where x̄s is the subset of the sequence that remains unchanged from s→ t. Let the joint
conditional and the product of marginals conditioned on xs be denoted as:

pMt(·) := p(xMt
t |x̄s,xs), qMt(·) :=

K∏
k=1

p(xℓk
t |x̄s,xs) (55)

Then, the compounding parallelization error (CPE) of the step is given by:

ECPE
unmask(s→ t|xs) = DKL (pMt

∥qMt
) ≥ 0 (56)

where ECPE
unmask(s→ t|xs) = 0 if and only if pMt

= qMt
and all the unmasked tokens are conditionally

independent such that the product of the marginal probabilities and the joint probability is equal given
(x̄s,xs). Expanding the KL divergence yields:

ECPE
unmask(s→ t|xs) = E

x
Mt
t ∼pMt

[
log p(xMt

t |x̄s,xs)−
K∑

k=1

log p(xℓk
t |x̄s,xs)

]
≥ 0 (57)
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In the case where all unmasked tokens are conditionally independent, we have:

p(xMt
t |x̄s,xs) =

K∏
k=1

p(xℓk
t |x̄s,xs) (58)

In addition, under conditional independence ofMt, the probability of a particular unmasked token
xℓk
t should be the same given the context xs and given the context with only ℓk masked xℓk←M

t ,
which aligns with the definition of the true unmasking quality. Therefore,

p(xℓk
t |x̄s,xs) = p(xℓk

t |x
ℓk←M
t ) =: µℓ

⋆(xt) (59)

Substituting (59) into the optimal parallel unmasking condition in (58), we have:

p(xMt
t |x̄s,xs) =

K∏
k=1

p(xℓk
t |x̄s,xs) =

K∏
k=1

µℓ
⋆(xt) (60)

which means that maximizing the product of token qualities maximizes the probability of optimal
parallel unmasking. We can also derive a tractable Monte Carlo estimator for the CPE in (58) as:

ÊCPE
unmask(s→ t|xs) = log p(xMt

t |x̄s,xs)−
K∑

k=1

log p(xℓk
t |x̄s,xs), ECPE

unmask = Ept

[
ÊCPE

unmask

]
≥ 0

(61)

which concludes our proof. □

C.5 PROOF OF PROPOSITION 3.4

Proposition 3.4 (Insertion Quality as an Upper Bound on Reconstruction via Insertions).
Consider a clean target sequence x1 ∼ ptarget and an intermediate sequence xs ∼ ps(·|x1).
Given a set of indices of inserted masks at each gap It which yields xItt , the probability of
reconstructing x1 is upper bounded by the product of insertion qualities:

p(xItt = xIt1 |xt) ≤
∏
i∈It

µi
⋆(xt) ≈

∏
i∈It

µi
ϕ(xt) (15)

assuming that the unmasking posterior for each inserted mask is conditionally independent
given xt.

Proof. First, we recall the definition of insertion quality as the sum of the probabilities of all possible
tokens that exist within the gap in the ground truth sequence, defined as:

ν⋆(y) := max
st[ℓ−1]≤i≤st[ℓ]

{
p(yℓ = xi

1|y)
}

(62)

Consider a target sequence x1 ∼ ptarget. After an insertion step (It,xt) ∼ gθ(xs, s), we unmask the
masked tokens to reconstruct x1. For this proof, we assume that the unmasking posterior factorizes
across all masked tokens, which gives the equality:

p(xItt = xIt1 |xt) =
∏
i∈I

p(xi
t = xi

1|xt) (63)

log p(xItt = xIt1 |xt) =
∑
i∈I

log p(xi
t = xi

1|xt) (64)

Since we define the insertion quality µi
⋆ at an inserted mask position i as the largest probability mass

assigned by the unmasking posterior to any of the ground truth tokens at the gap Gi := [st[i−1], st[i]],
we can write:

p(xi
t = xGi1 |xt) ≤ µi

⋆(xt) =⇒ log p(xi
t = xGi1 |xt) ≤ log µi

⋆(xt) (65)

Assuming conditional independence across all inserted masks given xt,we get:

p(xItt = xIt1 |xt) =
∏
i∈I

p(xi
t = xGi1 |xt) ≤

∏
i∈I

µi
⋆(xt) (66)
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where xItt = xIt1 means that target tokens are aligned to inserted slots. Taking the expectation over
(It,xt) ∼ p(It,xt|xs), we have:

Ep(It,xt|xs)

[
p(xItt = xIt1 |xt)

]
≤ Ep(It,xt|xs)

[∏
i∈I

µi
⋆(xt)

]
(67)

Therefore, maximizing
∏

i∈I µ
i
⋆(xt) maximizes a tractable upper bound on the probability that all

inserted slots are reconstructed correctly, providing a principled surrogate objective for insertion
scheduling. □

C.6 COMPOUNDING PARALLELIZATION ERROR FOR INSERTION AND UNMASKING

First, we establish the following lemma that decomposes the KL divergence between joint distribu-
tions.

Lemma 1 (KL Divergence Chain Rule). The KL divergence between the joint distributions
Ps,t(Xs,Xt) and P′s,t(Xs,Xt) on the joint space X × X where X is a finite discrete state
space, satisfies:

DKL(Ps,t∥P′s,t) = DKL(Ps∥P′s) + Exs∼Ps

[
DKL(Pt|s(·|xs)∥P′t|s(·|xs)

]
(68)

where Ps,P′s denote marginal distributions and Pt|s,P′t|s denote conditional distributions.

Proof. By expanding the definition of KL divergence, we have:

DKL(Ps,t∥P′s,t) =
∑
xs,xt

Ps,t(xs,xt) log
Ps,t(xs,xt)

P′s,t(xs,xt)

=
∑
xs,xt

Pt|s(xt|xs)Ps(xs) log
Pt|s(xt|xs)Ps(xs)

P′t|s(xt|xs)P′s(xs)

=
∑
xs,xt

Pt|s(xt|xs)︸ ︷︷ ︸
=1

Ps(xs) log
Ps(xs)

P′s(xs)
+
∑
xs,xt

Pt|s(xt|xs)Ps(xs) log
Pt|s(xt|xs)

P′t|s(xt|xs)

=
∑
xs

Ps(xs) log
Ps(xs)

P′s(xs)︸ ︷︷ ︸
DKL(Ps∥Ps)

+
∑
xs

Ps(xs)
∑
xs,xt

Pt|s(xt|xs) log
Pt|s(xt|xs)

P′t|s(xt|xs)︸ ︷︷ ︸
DKL(Pt|s∥Pt|s)

= DKL(Ps∥Ps) + Exs∼Ps
[DKL(Pt|s∥Pt|s)] (69)

which concludes the proof. □

Proposition C.2 (CPE as Upper Bound on KL Divergence). Given a sampling schedule {T →
· · · → tK−1 → 0}, the KL divergence between the sampled distribution Pv

0 and true distribution
P⋆
1 is upper bounded by the total CPE:

DKL(P⋆
1∥Pv

1) ≤
K−1∑
k=0

[
E ins

CPE(tk → tk+1) + Eunmsk
CPE (tk → tk+1)

]
(70)

Proof. First, we recall our definition for the CPE for insertion as:

ECPE(s→ t) := Exs∼Ps

[
DKL

(
p(It,Xt|Xs)

∥∥∥∥p(It|Xs)p(Xt|Xs)

)]
(71)

and the CPE for unmasking as:

Eunmsk
CPE (s→ t) = Exs∼Ps

[
DKL

(
p(Xℓ1

t , . . . ,Xℓn
t |Xs)

∥∥∥∥ n∏
i=1

p(Xℓi
t |Xs)

)]
(72)
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Denoting the joint distribution under the true path measure P⋆ as P⋆
tk+1|tk(·|xtk) :=

p(Xℓ1
tk+1

, . . . ,Xℓn
tk+1
|Xtk) and the parameterized marginal distribution as Pv

tk+1|tk(·|xtk) :=∏n
i=1 p(X

ℓi
tk+1
|Xtk), we can write the terminal distribution generated by both path measures as:

P⋆
0 = P⋆

tK |tK−1
. . .P⋆

t1|t0P
⋆
t0 , Pv

0 = Pv
tK |tK−1

. . .Pv
t1|t0P

v
t0 (73)

Now, using Lemma 1, we can write the KL divergence between the marginals at time t where s > t
as:

DKL(P⋆
t ∥Pv

t ) ≤ DKL(P⋆
s,t∥Pv

s,t)

= DKL(P⋆
s∥Pv

s) + Exs∼Ps

[
DKL(Pt|s(·|xs)∥P′t|s(·|xs))

]
= DKL(P⋆

s∥Pv
s) + Exs∼Ps

[
E insert

CPE (s→ t|xs) + Eunmask
CPE (s→ t|xs)

]
= DKL(P⋆

s∥Pv
s) + E insert

CPE (s→ t) + Eunmask
CPE (s→ t) (74)

where the equality holds if and only if DKL(P⋆
t|s∥P

v
t|s) = 0. Then, applying this inequality over all

K time steps from t0 → · · · → tK−1 → tK = 0, we have:

DKL(P⋆
0∥Pv

0) = DKL(P⋆
tK∥P

v
tK )

≤ DKL(P⋆
tK−1
∥Pv

tK−1
) + E insert

CPE (tK−1 → tK) + Eunmask
CPE (tK−1 → tK)

...

≤ DKL(P⋆
t0∥P

v
t0)︸ ︷︷ ︸

=0

+

K−1∑
k=0

[
E insert

CPE (tk → tk+1) + Eunmask
CPE (tk → tk+1)

]
(75)

Since the distribution at time t0 is the fully empty sequence in any-length MDMs (i.e. P⋆
t0 = Pv

t0 =
πt0 ), we have finished the proof. This means that the KL divergence of the generated distribution and
the true distribution is zero if and only if the compounding parallelization error over all time steps is
zero, i.e. E insert

CPE (tk → tk+1) = 0 and Eunmask
CPE (tk → tk+1) = 0 for all k ∈ {0, . . . ,K − 1}. □

C.7 RADON-NIKODYM DERIVATIVE BETWEEN JOINT CTMCS

Proposition C.3 (Radon-Nikodym Derivative of Joint Any-Length CTMCs). Consider two joint
any-length path measures P and P′ defined by the unmasking rate matrices Q and Q′ and the
insertion rate matrices R and R′. Then, the Radon-Nikodym derivative over the trajectory
X0:1 = (Xt)t∈[0,1] is defined as:

log
dP′

dP
(X0:1) = log

dπ′0
dπ0

(X0)

+
∑

tu:Xtu− ̸=Xtu

log
Q′tu(Xtu−,Xtu)

Qtu(Xtu−,Xtu)
+

∫ 1

0

∑
z ̸=Xtu

(Qtu −Q′tu)(Xtu , z)dt

+
∑

ti:Xti
̸=Xti

log
R′ti(Xti−,Xti)

Rti(Xti−,Xti)
+

∫ 1

0

∑
y ̸=Xtu

(Rti −R′ti)(Xti , z)dt (76)

where ti ∈ [0, 1] denotes the times of insertion events and tu ∈ [0, 1] denotes the times of
unmasking events.

Proof. The discrete time log RND between the CTMC path measures P and P′ is defined as:

log
dP′

dP
(X0:1) = log

dπ′0
dπ0

(X0) +

N−1∑
n=0

log
dP′(Xtn+1 |Xtn)

dP(Xtn+1
|Xtn)

+O(∆t) (77)

where P0 = π0 and P′0 = π′0 are the initial distributions. Now, we have both unmasking and insertion
rates given by Qt(x,y), which denotes the rate of unmasking from state x → y, and Rt(x,y),
which denotes the rate of insertion from state x → y. Therefore, the total probability of a single
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jump under the joint path measure P can be decomposed into the probability of remaining the same
state (y = x) and the probability of jumping to a different state (y ̸= x):

P(Xtn+1 = y|Xtn = x) =

{
1−∆t

∑
z ̸=x (Qt(x,y) +Rt(x,y)) +O(∆t2) y = x

∆t(Qt(x,y) +Rt(x,y)) +O(∆t2) y ̸= x
(78)

For both cases, we will derive the log ratio of the two CTMCs. When the state remains the same over
the interval [tn, tn+1], the log-ratio expands to:

log
dP′(Xtn+1 |Xtn)

dP(Xtn+1 |Xtn)
= log

1−∆t
∑

z ̸=x

(
Q′tn(Xtn ,Xtn+1) +R′tn(Xtn ,Xtn+1)

)
+O(∆t2)

1−∆t
∑

z ̸=x

(
Qtn(Xtn ,Xtn+1

) +Rtn(Xtn ,Xtn+1
)
)
+O(∆t2)

= ∆t
∑

z ̸=Xtn

(
Qtn(Xtn ,Xtn+1

) +Rtn(Xtn ,Xtn+1
)

−Q′tn(Xtn ,Xtn+1
)−R′tn(Xtn ,Xtn+1

)
)
+O(∆t2)

= ∆t
∑

z ̸=Xtn

(
Qtn(Xtn , z)−Q′tn(Xtn , z)

)
+∆t

∑
z ̸=Xtn

(
Rtn(Xtn , z)−R′tn(Xtn , z)

)
+O(∆t2) (79)

When the state changes over [tn, tn+1], the log-ratio expands to:

log
dP′(Xtn+1

|Xtn)

dP(Xtn+1 |Xtn)
= log

∆t(Q′tn(Xtn ,Xtn+1
) +R′tn(Xtn ,Xtn+1

)) +O(∆t2)

∆t(Qtn(Xtn ,Xtn+1) +Rtn(Xtn ,Xtn+1)) +O(∆t2)

= log
Q′tn(Xtn ,Xtn+1

)

Qtn(Xtn ,Xtn+1)
+ log

R′tn(Xtn ,Xtn+1
)

Rtn(Xtn ,Xtn+1)
+O(∆t) (80)

Substituting (79) and (80) into (77) and taking the limit as ∆t→ 0, we get:

log
dP′

dP
(X0:1) = lim

∆t→0

{
log

dπ′0
dπ0

(X0) +

N−1∑
n=0

log
Q′tn(Xtn ,Xtn+1)

Qtn(Xtn ,Xtn+1)
+

N−1∑
n=0

log
R′tn(Xtn ,Xtn+1)

Rtn(Xtn ,Xtn+1)

+ ∆t
∑

z ̸=Xtn

(
Qtn(Xtn ,Xtn+1)−Q′tn(Xtn ,Xtn+1)

)
+∆t

∑
z ̸=Xtn

(
Rtn(Xtn ,Xtn+1)−R′tn(Xtn ,Xtn+1)

)
+O(∆t)

}

= log
dπ′0
dπ0

(X0) +
∑

tu:Xtu− ̸=Xtu

log
Q′tu(Xtu−,Xtu)

Qtu(Xtu−,Xtu)
+

∫ 1

0

∑
z ̸=Xtu

(Qtu −Q′tu)(Xtu , z)dt

+
∑

ti:Xti
̸=Xti

log
R′ti(Xti−,Xti)

Rti(Xti−,Xti)
+

∫ 1

0

∑
y ̸=Xtu

(Rti −R′ti)(Xti , z)dt (81)

which concludes our proof. □

Corollary 1 (KL Divergence Between Any-Length Joint CTMCs). The KL divergence between
two joint CTMCs P,P′ with unmasking rates Q,Q′ and insertion rates R,R′ is given by:

DKL(P∥P′) = DKL(P1∥P′1)

+ EX0:1∼P

[ ∑
tu:X

t
−
u
̸=Xtu

log
Q′tu(Xt−u

,Xtu)

Qtu(Xt−u
,Xtu)

+

∫ 1

0

∑
z ̸=Xtu

(Qtu −Q′tu)(Xtu , z)dt

+
∑

ti:Xti
̸=Xti

log
R′ti(Xt−i

,Xti)

Rti(Xt−i
,Xti)

+

∫ 1

0

∑
y ̸=Xtu

(Rti −R′ti)(Xti , y)dt

]
(82)
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Proof. The KL divergence is defined as the expectation of the log RND derived in Lemma C.3 as:

DKL(P′∥P) = EX0:1∼P′

[
log

dP′

dP
(X0:1)

]
= EX0:1∼P′

[
log

dπ′0
dπ0

(X0)

]

+ EX0:1∼P′

 ∑
tu:Xtu− ̸=Xtu

log
Q′tu(Xtu−,Xtu)

Qtu(Xtu−,Xtu)
+

∫ 1

0

∑
z ̸=Xtu

(Qtu −Q′tu)(Xtu , z)dt


+ EX0:1∼P′

 ∑
ti:Xti

̸=Xti

log
R′ti(Xti−,Xti)

Rti(Xti−,Xti)
+

∫ 1

0

∑
y ̸=Xtu

(Rti −R′ti)(Xti , z)dt

 (83)

We can decompose the first term as:

EX0:1∼P

[
log

dπ′0
dπ0

(X0)

]
= EX0∼π′

0

[
log

dπ′0
dπ0

(X0)

]
= DKL(π

′
0∥π0) (84)

The second term can be decomposed as:

EX0:1∼P′

 ∑
tu:Xtu− ̸=Xtu

log
Q′tu(Xtu−,Xtu)

Qtu(Xtu−,Xtu)
+

∫ 1

0

∑
z ̸=Xtu

(Qtu −Q′tu)(Xtu , z)dt


= EX0:1∼P′

 ∑
tu:Xtu− ̸=Xtu

log
Q′tu(Xtu−,Xtu)

Qtu(Xtu−,Xtu)

+ EX0:1∼P′

∫ 1

0

∑
z ̸=Xtu

(Qtu −Q′tu)(Xtu , z)dt


(85)

For the first component, we can consider the time discretization and take the limit for ∆t→ 0 to get:

EX0:1∼P′

[K−1∑
k=0

1[Xtk+1
̸= Xtk ] log

Q′tu(Xtk ,Xtk+1
)

Qtu(Xtk ,Xtk+1
)

]

=

K−1∑
k=0

EP′(Xtk
),P′(Xtk+1

|Xtk
)

[
1[Xtk+1

̸= Xtk ] log
Q′tu(Xtk ,Xtk+1

)

Qtu(Xtk ,Xtk+1
)

]

=

K−1∑
k=0

EP′(Xtk
)

∑
z ̸=Xtk

[
P′(z|Xtk) log

Q′tu(Xtk , z)

Qtu(Xtk , z)

]

=

K−1∑
k=0

EP′(Xtk
)

∑
z ̸=Xtk

[
∆tQ′tk(Xtk , z) log

Q′tk(Xtk , z)

Qtk(Xtk , z)
+O(∆t2)

]

=
∆t→0

EX0:1∼P′

∫ 1

0

∑
z ̸=Xtu

Q′tu log
Q′tu
Qtu

(Xt, z)dt

 (86)

Then, summing with the second integral, we get:

EX0:1∼P′

∫ 1

0

∑
z ̸=Xtu

Q′tu log
Q′tu
Qtu

(Xt, z)dt

+ EX0:1∼P′

[ ∫ 1

0

∑
z ̸=Xtu

(Qtu −Q′tu)(Xtu , z)dt

]

= EX0:1∼P′

∫ 1

0

∑
z ̸=Xtu

[(
Q′tu log

Q′tu
Qtu

+Qtu −Q′tu

)
(Xtu , z)

]
dt (87)

Applying the same procedure from lines (85) to (87) to the insertion rates, we get:

EX0:1∼P′

 ∑
ti:Xti

̸=Xti

log
R′ti(Xti−,Xti)

Rti(Xti−,Xti)
+

∫ 1

0

∑
y ̸=Xtu

(Rti −R′ti)(Xti , z)dt


= EX0:1∼P′

∫ 1

0

∑
z ̸=Xtu

[(
R′tu log

R′tu
Rtu

+Rtu −R′tu

)
(Xtu , z)

]
dt (88)
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Putting these terms together, we get that the KL divergence between the joint CTMCs P and P′ is
given by:

DKL(P∥P′) = DKL(P1∥P′1)

+ EX0:1∼P

[ ∑
tu:X

t
−
u
̸=Xtu

log
Q′tu(Xt−u

,Xtu)

Qtu(Xt−u
,Xtu)

+

∫ 1

0

∑
z ̸=Xtu

(Qtu −Q′tu)(Xtu , z)dt

+
∑

ti:Xti
̸=Xti

log
R′ti(Xt−i

,Xti)

Rti(Xt−i
,Xti)

+

∫ 1

0

∑
y ̸=Xtu

(Rti −R′ti)(Xti , y)dt

]
(89)

which concludes our proof. □

C.8 ADAPTIVE JOINT DECODING LOSS

In this section, we provide theoretical justifications for our Adaptive Joint Decoding (AJD) loss,
which can be used to jointly fine-tune the insertion and unmasking policies, as well as an adaptive
inference schedule, to optimize sampling from the reward-tilted distribution. Throughout the proofs,
we denote the full any-length generator as At := Qt +Rt where Qt denotes the unmasking rate and
Rt denotes the insertion rate.

We first derive the form of the optimal any-length generator A⋆, which follows seamlessly from the
theory of fixed-length MDM generators (Zhu et al., 2025a; Tang et al., 2025b) but is defined on a
larger state space of any-length sequences x ∈ X . Then, we show that our Adaptive Joint Decoding
loss provably converges to the optimal generator.

For an intermediate state x ∈ X , we define the total cost Jt(x, v) of insertions and unmasking steps
required to reach a final state X1 under a tilted path measure Pv . Given a terminal reward r(X1), we
define the cost-minimization objective as:

Jt(x, v) = E
X0:1∼Pv

∫ 1

0

∑
y ̸=Xs

Cs(Xs, y)ds− r(X1)

∣∣∣∣Xt = x

 (90)

where the cost is defined as the KL divergence between generators derived in (1) as Cs(x, y) :=(
Av

t log
Av

A0 −Av +A0
)
(x, y). We can minimize Jt(x, v) by maximizing a value function defined

as the negative optimal cost-to-go Vt(x) := −J⋆
t (x) = − infv Jt(x, v). Using the recursive nature

of the cost-to-go where the total cost is equal to the immediate and future cost, we can decompose
the value function using Bellman’s principle as:

−Vt(x) = J⋆
t (x) = inf

v
E

X0:1∼Pv

(∫ t+∆t

t

+

∫ 1

t+∆t

) ∑
y ̸=Xs

Cs(Xs, y)ds− r(X1)

∣∣∣∣Xt = x


=

∆t inf
v

∑
y ̸=x

Cs(x,y) +O(∆t2)

+ inf
v

E
X0:1∼Pv

[−Vt+∆t(Xt+∆t)|Xt = x] (91)

Now, we derive the full form of the optimal any-length generator A⋆ using our definition of the
value function.

Lemma 2 (Optimal Generator). Given a reference any-length generator A0 := Q0 + R0 a
value function Vt, the optimal generator takes the form:

A⋆
t (x,y) = A0

t (x,y) exp(Vt(y)− Vt(x))

= Q0
t (x,yu) exp(Vt(yu)− Vt(x)) +R0

t (x,y
i) exp(Vt(y

i)− Vt(x)) (92)

where yu denotes the state after an unmasking transition and yi denotes the state after an
insertion transition
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Proof. Starting with the expanded value function in (91), we expand the recursive term by defining
the next state Xt+∆t := y and applying the CTMC transition probability as:
inf
v

E
X0:1∼Pv

[−Vt+∆t(Xt+∆t)|Xt = x]

= inf
v

[
−
∑
y

Vt+∆t(y)
(
1x=y +∆tAv

t (x,y) +O(∆t2)
)]

= inf
v

−Vt+∆t(x)−∆t
∑
x̸=y

Vt+∆t(y)A
v
t (x,y) + ∆t

∑
x̸=y

Vt+∆t(x)A
v
t (x,y) +O(∆t2)


= −Vt+∆t(x) + ∆t inf

u

∑
x̸=y

Av
t (x,y) (Vt+∆t(x)− Vt+∆t(y))

+O(∆t2) (93)

Substituting (93) back into the Bellman recursion in (91), we get:

−Vt(x) =

∆t inf
v

∑
y ̸=x

Cs(x,y) +O(∆t2)


− Vt+∆t(x) + ∆t inf

u

∑
x̸=y

Av
t (x,y) (Vt+∆t(x)− Vt+∆t(y))

+O(∆t2)

Vt+∆t(x)− Vt(x) = ∆t inf
v

∑
y ̸=x

[Cs(x,y) +Av
t (x,y) (Vt+∆t(x)− Vt+∆t(y))] (94)

Then, dividing by ∆t, taking the limit ∆t → 0, and substituting Cs(x, y) =(
Av

t log
Av

A0 −Av +A0
)
(x, y), we get:

∂tVt(x) = lim
∆t→0

Vt+∆t(x)− Vt(x)

∆t
= inf

v

∑
y ̸=x

[Cs(x,y) +Av
t (x,y) (Vt(x)− Vt(y))]

= inf
v

∑
y ̸=x

[(
Av

t log
Av

A0
−Av +A0

)
(x,y) +Av

t (x,y) (Vt(x)− Vt(y))

]
(95)

The infimum is achieved by minimizing the following for every pair (x,y):

f(Av) = Av
t log

Av

A0
−Av +A0 +Av

t (Vt(x)− Vt(y)) (96)

f ′(Av) = log
Av

A0
+ (Vt(x)− Vt(y)) (97)

The minimizer A⋆ satisfying f ′(Av) = 0 is defined as:

log
A⋆

A0
= Vt(y)− Vt(x) =⇒ A⋆

t (x,y) = A0
t (x,y) exp (Vt(y)− Vt(x)) (98)

Since the total generator factorizes into the sum of insertion and unmasking rates and rates do not
overlap as defined in App C.1, we have:

A⋆
t (x,y) = Q⋆

t (x,y) +R⋆
t (x,y) s.t.

{
Q⋆

t (x,y) = Q0
t (x,y) exp (Vt(y)− Vt(x))

R⋆
t (x,y) = R0

t (x,y) exp (Vt(y)− Vt(x))
(99)

which proves our result. □

Now, we will derive the form of the optimal path measure P⋆ corresponding to the optimal generator
A⋆.

Lemma 3 (Optimal Path Measure). The optimal path measure P⋆ corresponding to the value
function Vt(x) is defined as:

P⋆
t (x) =

1

Z
P0
t (x)e

Vt(x), Z := Ex∼P0
1

[
er(x)

]
(100)

for continuous t 7→ A0
t .
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Proof. We define ht(x) :=
1
ZP0

t (x)e
Vt(x), which satisfies h1 = P⋆

1 by definition. To show that P⋆ is
the path measure generated by A⋆, it suffices to show that ht(x) satisfies the Kolmogorov forward
equation for A⋆

t . First, the Kolmogorov forward equation for the reference generator A0
t is given by:

∂tP0
t (x) =

∑
y ̸=x

(
A0

t (y,x)P0
t (y)−A0

t (x,y)P0
t (x)

)
(101)

Then, from Lemma 2, we have A⋆
t (x,y) = A0

t (x,y)e
Vt(y)−Vt(x) which can be substituted into (95)

to get:

∂tVt(x) =
∑
y ̸=x

A0
t (x,y)

(
eVt(x) − eVt(y)

)
(102)

Taking the partial derivative of ht(x) and substituting (102), we get:

∂tht(x) =
1

Z

[
∂tP0

t (x)e
Vt(x) + P0

t∂te
Vt(x)

]
=

1

Z

eVt(x)
∑
y ̸=x

(
A0

t (y,x)P0
t (y)−A0

t (x, y)P0
t (x)

)
+ P0

t (x)
∑
y ̸=x

A0
t (x,y)

(
eVt(x) − eVt(y)

)
=
∑
y ̸=x

(
A0

t (y,x)
1

Z
P0
t (y)e

Vt(x) −A0
t (x,y)

1

Z
P0
t (x)e

Vt(y)

)
=
∑
y ̸=x

(
A0

t (y,x)e
Vt(x)−Vt(y)ht(y)−A0

t (x,y)e
Vt(x)−Vt(y)ht(x)

)
(102)
=

∑
y ̸=x

(A⋆
t (y,x)ht(y)−A⋆

t (x,y)ht(x)) (103)

The final equality is exactly Kolmogorov forward equation of the optimal any-length generator A⋆
t

for the tilted path measure P⋆. Since the Kolmogorov forward equation yields an unique solution for
all t, we have shown that P⋆

t = 1
ZP0

t (x)e
Vt(x). □

Finally, we can derive the RND between the optimal any-length path measure P⋆ with respect to the
base measure P0 in the following Lemma.

Lemma 4 (Radon-Nikodym Derivative Between Optimal and Base Path Measures). The RND
between the optimal path measure P⋆ and its generator Q⋆ and the reference path measure P0

and generator Q0 over any trajectory X0:1 can be expressed as:

dP⋆

dP0
(X0:1) =

1

Z
er(X1), where Z := EX1∼P0

1
[er(X1)] (104)

Proof. From Prop C.3, the RND between the path measures is defined as:

log
dP⋆

dP0
(X0:1) = log

dP⋆
0

dP0
0

(X0) +
∑

t:X
t− ̸=Xt

log
A⋆

t (Xtu−,Xt)

A0
t (Xt− ,Xt)

+

∫ 1

0

∑
z ̸=Xt

(A0
t −A⋆

t )(Xt, z)dt

Then, applying Lemmas 2 and 3, we get:

log
dP⋆

dP0
(X0:1) = V0(X0)− logZ +

∑
t:X

t− ̸=Xt

(Vt(Xt)− Vt(Xt−)) +

∫ 1

0

∑
y ̸=Xt

A0
t (Xt, y)

(
1− eVt(y)−Vt(Xt)

)
dt

(105)

Now, we derive an expression for V0(X0) with respect to V1(X1) = r(X1) by recognizing that
the CTMC is a piecewise càdlàg function where each discrete step tk → tk+1 can be categorized
as a time evolution at a fixed state Xtk or a jump from state Xtk to Xt−k

̸= Xtk . Given this, we
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decompose the value difference as:

V1(X1)− V0(X0) =

K−1∑
k=0

(Vtk+1(Xtk )− Vtk (Xtk )) +

K−1∑
k=1

(Vtk (Xtk )− Vtk (Xtk−1))

=

K−1∑
k=0

∫ tk+1

tk

∂tVt(Xtk )dt+
∑

t:X
t− ̸=Xt

(Vt(Xt)− Vt(Xt−))

=

∫ 1

0

∂tVt(Xt)dt+
∑

t:X
t− ̸=Xt

(Vt(Xt)− Vt(Xt−)) (106)

V0(X0) = V1(X1)−
∫ 1

0

∂tVt(Xt)dt−
∑

t:X
t− ̸=Xt

(Vt(Xt)− Vt(Xt−))

(2)
= V1(X1)−

∫ 1

0

∑
y ̸=Xt

A0
t (Xt,y)

(
1− eVt(y)−Vt(Xt)

)
dt−

∑
t:X

t− ̸=Xt

(Vt(Xt)− Vt(Xt−))

(107)

where the final equality follows from Lemma 2. Substituting this expression for V0(X0) into (105),
terms cancel and the RND reduces to:

log
dP⋆

dP0
(X0:1) = V1(X1)− logZ =⇒ dP⋆

dP0
(X0:1) =

1

Z
eV1(X1) (108)

where V1(X1) = r(X1), we conclude our proof. □

Finally, we are ready to derive the RND between the optimal path measure and the parameterized
path measure.

Proposition 4.1 (Radon-Nikodym Derivative of Parameterized Rates). Let the fine-tuned
unmasking rate be fv(xt, t)[ℓ] ∈ ∆V−1 and the insertion rate be gv(xt, t)[ℓ] ∈ R≥0 that
generates the path measure Pv. Then, given optimal rates f pre(xt, t) and gpre(xt, t) and
reward function r : X → R, the log RND between the optimal joint CTMC and the fine-tuned
CTMC over the trajectory X0:1 = (Xt)t∈[0,1] is defined as:

log
dP⋆

dPv
(X0:1) =

r(X1)

α
− logZ +

∑
tu:X

t
−
u
̸=Xtu

∑
ℓ:Xℓ

t
−
u

̸=Xℓ
tu

log
f pre(Xtu , t)[ℓ,d]

fv(Xtu , t)[ℓ,d]

+
∑

ti:X
t
−
i

̸=Xti

∑
ℓ:X

t
−
u
̸=Xℓ

log
gpre(Xti , ti)[ℓ]

gv(Xti , ti)[ℓ]
+

∫ 1

0

α̇t

1− αt

(∑
ℓ

(gpre − gv)(Xti , ti)[ℓ]

)
dt (19)

where ti ∈ [0, 1] denotes the times of insertion events and tu ∈ [0, 1] denotes the times of
unmasking events.

Proof. First, we decompose the RND as:

log
dP⋆

dPv
(X0:1) = log

dP⋆

dP0

dP0

dPv
(X0:1) = log

dP⋆

dP0
(X0:1) + log

dP0

dPv
(X0:1) (109)

First, we derive the log dP0

dPv (X0:1) where P0 is the path measure of the pretrained model (f pre, gpre)
and Pv is the path measure generated from the tilted models (fv, gv). Let ti denote the times of
insertion events and tu denote the times of unmasking events. Then, the log RND decomposes into:

log
dP0

dPv
(X0:1) = log

dP0
0

dPv
0

(X0) +
∑

tu:Xtu− ̸=Xtu

log
Q0

tu(Xtu−,Xtu)

Qv
tu
(Xtu−,Xtu)

+

∫ 1

0

∑
z ̸=Xtu

(Qv
tu −Q0

tu)(Xtu , z)dt

+
∑

ti:Xti
̸=Xti

log
R0

ti(Xti−,Xti)

Rv
ti
(Xti−,Xti)

+

∫ 1

0

∑
y ̸=Xtu

(Rv
ti −R0

ti)(Xti , z)dt (110)
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Now, we recall the form of the any-length MDM unmasking rate:

Qv
t (x,x

ℓ←d) =
β̇t

1− βt
· P(xst[i]

1 = d|xt = x), d ∈ V,xi = M

=
β̇t

1− βt
· fv(x, t)[i,d] (111)

where the sum over the vocabulary
∑

d∈V fθ(x, t)[i,d] = 1. For a state x with |{ℓ : xℓ = M}|
masked positions, we have that the exit rate from state x reduces to:∑

y ̸=x

Qv
t (x,y) =

∑
ℓ:xℓ=M

∑
d

Qv
t (x,x

ℓ←d) =
β̇t

1− βt

∑
ℓ:xℓ=M

1 =
β̇t

1− βt

∣∣{ℓ : xℓ = M}
∣∣ (112)

Given the noise schedule βt is equal for both the pretrained and fine-tuned model, the number of
masked positions along the interpolant is equal. So we can write:∑

y ̸=x

Q0
t (x,y) =

β̇t

1− βt

∣∣{ℓ : xℓ = M}
∣∣ (113)

and the exit term vanishes: ∫ 1

0

∑
y ̸=Xtu

(Qv
tu −Q0

tu)(Xtu , y)dt = 0 (114)

The insertion rate is defined as:

Rv
t (x,x

◁ℓM ) =
α̇t

1− αt
· E[st[ℓ]− st[ℓ− 1]− 1|xt = x]

=
α̇t

1− αt
gv(x, t)[ℓ] (115)

Since the insertion rate depends on the model outputs, we have that R0
t (x,x

◁ℓM ) ̸= Rv
t (x,x

◁ℓM ).
In this case, the exit term is defined as:∫ 1

0

∑
y ̸=Xtu

(Rv
ti −R0

ti)(Xti , y)dt =

∫ 1

0

α̇t

1− αt

(∑
ℓ

gpre(Xti , ti)[ℓ]−
∑
ℓ

gvθ (Xti , ti)[ℓ]

)
dt (116)

Putting these terms together, we get the final form of the log RND between any-length path measures:

log
dP0

dPv
(X0:1) =

∑
tu:Xtu− ̸=Xtu

∑
ℓ:Xℓ

tu− ̸=Xℓ
tu

log
f pre(Xtu , t)[ℓ,d]

fv(Xtu , t)[ℓ,d]

+
∑

ti:Xti− ̸=Xti

∑
ℓ:X

t
−
u
=X

◁ℓM
tu

log
gpre
θ (Xti , ti)[ℓ]

gv(Xti , ti)[ℓ]
+

∫ 1

0

α̇t

1− αt

(∑
ℓ

gpre(Xti , ti)[ℓ]−
∑
ℓ

gv(Xti , ti)[ℓ]

)
dt

(117)

Finally, substituting the result from Lemma 4 and (117) into (109), we get:

log
dP⋆

dPv
(X0:1) = log

dP⋆

dP0
(X0:1) + log

dP0

dPv
(X0:1)

=
r(X1)

α
− logZ +

∑
tu:Xtu− ̸=Xtu

∑
ℓ:Xℓ

tu− ̸=Xℓ
tu

log
f pre(Xtu , t)[ℓ,d]

fv(Xtu , t)[ℓ,d]

+
∑

ti:Xti− ̸=Xti

∑
ℓ:X

t
−
u

=X
◁ℓM
tu

log
gpre
θ (Xti , ti)[ℓ]

gv(Xti , ti)[ℓ]

+

∫ 1

0

α̇t

1− αt

(∑
ℓ

gpre(Xti , ti)[ℓ]−
∑
ℓ

gv(Xti , ti)[ℓ]

)
dt (118)
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which concludes our proof. □

We use this form of the log RND to define the importance weight W v(X0:1) := log dP⋆

dPv (X0:1) in
the AJD loss, which yields the optimal any-length path measure P⋆, as we will prove in Prop C.4
below.

Proposition C.4 (Adaptive Joint Decoding Loss). The unique minimizer of the Adaptive Joint
Decoding (AJD) loss defined as:

LAJD(θ, ϕ) := E
X0:1∼Pv

[
1

Z
eW

v [
Lunmask(θ;X1) + Linsert(θ;X1) + LUQL(ϕ;X1) + LIQL(ϕ;X1)

]]
is the optimal unmasking generator Q⋆ and insertion generator R⋆ of the reward-tilted path

measure P⋆

Proof. First, we recall the form of the cross-entropy loss as:

FCE(Pθ,ϕ,P⋆) := DKL(P⋆∥Pθ,ϕ) = EP⋆

[
log

dP⋆

dPθ,ϕ

]
= EPv

[
dP⋆

dPv
log

dP⋆

dPθ,ϕ

]
(119)

Then, we substitute W v(X0:1) = log dP⋆

dPv (X0:1). Since P⋆ is fixed under (θ, ϕ), minimizing the CE
loss is equivlalent to minimizing:

min
θ,ϕ

EPv

[
dP⋆

dPv
log

dP⋆

dPθ,ϕ

]
= min

θ,ϕ
EPv

[
1

Z
eW

v(X0:1)(− log dPθ,ϕ(X0:1))

]
(120)

Since the path measure Pθ,ϕ is defined by disjoint insertion and unmasking decisions, the probability
of a path X0:1 under Pθ,ϕ can be written as the product of insertion and unmasking rates:

dPθ,ϕ(X0:1) = Pθ,ϕ
0 (X0)

∏
t:Xt− ̸=Xt

Pθ,ϕ(Xt− |Xt)

= Pθ,ϕ
0 (X0)

∏
ti:Xt

−
i
̸=Xti

Pθ,ϕ(Xt−i
|Xti)

∏
tu:Xt

−
u
̸=Xtu

Pθ,ϕ(Xt−u
|Xtu) (121)

Taking logs, we have:

− log Pθ,ϕ(X0:1) = − log Pθ,ϕ
0 (X0) +

∑
ti:X

t
−
i

̸=Xti

− log Pθ,ϕ(X
t−i

|Xti) +
∑

tu:X
t
−
u
̸=Xtu

− log Pθ,ϕ(X
t−u

|Xtu)

Instead of defining the loss with the probability of generating X1 ∼ ptarget via only the single
trajectory Pθ,ϕ(X0:1), we can define it with the expectation over many possible trajectories by taking
an expectation over intermediate samples from the endpoint-conditioned interpolant x̃t ∼ pt(·|X1)
and times t ∼ U(0, 1) following (Zhu et al., 2025a). Then, we have:

− log Pθ,ϕ(X0:1) = − log Pθ,ϕ
0 (X0) + E

t∼U(0,1)
E

x̃t∼pt(·|X1)

[
− log Pθ,ϕ(Xs|x̃t,X1)− log Pθ,ϕ(Xs|x̃t,X1)

]
Since we decompose each step into unmasking via fθ and remasking via µϕ and insertion via gθ and
deletion under νϕ and define the losses as a form of the negative log-likelihood of the step given the
ground-truth sequence X1 ∼ ptarget, we can write:

− logPθ,ϕ(X0:1) = Lunmask(θ;X1)︸ ︷︷ ︸
(3)

+Linsert(θ;X1)︸ ︷︷ ︸
(2)

+LUQL(ϕ;X1)︸ ︷︷ ︸
(6)

+LIQL(ϕ;X1)︸ ︷︷ ︸
(13)

+const (122)

Therefore, the minimizer in (120) is equivalent to:

min
θ,ϕ

EPv

[
dP⋆

dPv
log

dP⋆

dPθ,ϕ

]
= min

θ,ϕ
EPv

[
1

Z
eW

v(X0:1)
[
Lunmask(θ;X1) + Linsert(θ;X1) + LUQL(ϕ;X1) + LIQL(ϕ;X1)

]]
(123)

and defining LAJD(θ, ϕ) as:

LAJD(θ, ϕ) := E
X0:1∼Pv

[
1

Z
eW

v [
Lunmask(θ;X1) + Linsert(θ;X1) + LUQL(ϕ;X1) + LIQL(ϕ;X1)

]]
(124)

concludes our proof. □
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D PEPTIDE EXPERIMENT DETAILS

D.1 HYPERPARAMETERS

We provide the specific hyperparameter values used in the peptide experiment in Table 2.

Table 2: Hyperparameters for peptide design experiment. The same base hyperparameters were used for
A2D2, A2D2 w/o quality, and TR2-D2 results.

Hyperparameter Value

Number of Replicates R 8
Buffer Size B 50
Iterations Between Buffer Generation Nresample 10
Batch Size 10
Reward Scaling α 0.1
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E ALGORITHMS

Here, we provide the complete pseudo-code for the algorithms used in the A2D2 framework. Al-
gorithm 1 describes the joint fine-tuning procedure that alternates between fine-tuning the policy
model and the quality planner model to generate from a target reward-tilted distribution. Algorithm 2
describes the adaptive any-length inference procedure using our trained quality predictors. Algorithm
3 describes the method used to sample an intermediate state xt from the interpolant given a clean
sequence x1 ∼ ptarget. Algorithm 4 describes the procedure for adaptive remasking and Algorithm 5
describes the procedure for adaptive deletion.

Algorithm 1 A2D2: Adaptive Any-Length Discrete Diffusion

1: Input: Pretrained model f pre(xt, t), g
pre(xt, t), fine-tuned model fθ(xt, t), gθ(xt, t), number of

epochs Nepochs, buffer size B, number of repeats R
2: while not converged do
3: {x⋆

i ,W
θ̄,ϕ̄}Bi=1 ← BatchQualitySample(f pre, gpre, fθ, gθ)

4: B ← {xt,i,W
θ̄,ϕ̄}Bi=1

5: for epoch in 1, . . . , Nepochs do
6: ▷ Fine-tune policy model with frozen planner ◁

7: {x̃t,i,W
θ̄,ϕ̄} ← SampleInterpolant(B;R)

8: Predict unmasking posterior fθ(x̃t,j , t)

9: Lunmask(θ; x̃t,i)← − β̇t

1−βt

∑
ℓ:x̃t,j=M log fθ(x̃t,j , t)[ℓ,x

⋆
i ]

10: Predict insertion expectation gθ(x̃t,j , t)

11: Linsert(θ; x̃t,i)← − α̇t

1−αt

∑len(x̃t,j)+1
ℓ=1 ϕ (st[ℓ]− st[ℓ− 1], gθ(x̃t,j , t)[ℓ])

12: LAJD(θ)← 1
BR

∑
(x̃t,i,W θ̄,ϕ̄)∼B

[
eW

θ̄,ϕ̄

(Lunmask(θ; x̃t,i) + Linsert(θ; x̃t,i))
]

13: Update θ with ∇θLAJD(θ)
14: end for
15: for epoch in 1, . . . , Nepochs do
16: ▷ Fine-tune planner model with frozen policy ◁

17: {x̃t,i,W
θ̄,ϕ̄} ← SampleInterpolant(B;R)

18: Predict fθ(x̃t,j , t), gθ(x̃t,j , t)
19: x̃unmask

s,i ,M, x̃insert
s,i , I ← OneStepSampler(x̃t,i, t, fθ(x̃t,j , t), gθ(x̃t,j , t))

20: Predict insertion quality νϕ(x̃
insert
t,i , s)

21: LIQL(ϕ; x̃
insert
t,i )←

∑
i∈I BCE(νi⋆, ν

i
ϕ(x̃

insert
t,i ))

22: Predict unmasking quality µϕ(x̃
unmask
t,i , s)

23: LUQL(ϕ; x̃
unmask
t,i )←

∑
ℓ∈M BCE(1[x̃unmask,ℓ

s,i = x⋆,ℓ
i ], µℓ

ϕ(x̃
unmask
s,ℓ ))

24: LAJD(ϕ)← 1
BR

∑
(x̃t,i,W

θ̄,ϕ̄
i )∼B

[
eW

θ̄,ϕ̄

(LIQL(ϕ; x̃
insert
s,i ) + LUQL(ϕ; x̃

unmask
s,i ))

]
25: Update ϕ with ∇ϕLAJD(ϕ)
26: end for
27: end while
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Algorithm 2 BatchQualitySample: Sample a batch of sequences from the fine-tuned model
and compute Radon-Nikodym derivative importance weight

1: Input: Pretrained model f pre(xt, t), g
pre(xt, t), fine-tuned model fθ(xt, t), gθ(xt, t), reward

model r : X → R, reward scaling α, sampling steps Nsteps, max length L, tokens to remask
Nremask

2: ∆t← T/Nsteps
3: t← 0
4: for i = 1 to Nsteps do
5: Rθ

t (xt,xs)← β̇t

1−βt
· gθ(xt, t) ·∆t ▷ Predict insertion expectation

6: Qθ
t (xt,xs)← α̇t

1−αt
· fθ(xt, t) ·∆t ▷ Predict unmasking posterior

7: Rpre
t (xt,xs)← β̇t

1−βt
· gpre(xt, t) ·∆t ▷ Predict pretrained insertion expectation

8: Qpre
t (xt,xs)← α̇t

1−αt
· f pre(xt, t) ·∆t ▷ Predict pretrained unmasking posterior

9: xs ← SampleCategorical(Qθ
t (xt,xs)) ▷ Unmasking step

10: if i < Nsteps − 1 then
11: xs ← SchedulAwareRemasking(xs, νϕ)
12: end if
13: log_rnd← log_rnd+

∑
ℓ 1[xs ̸= xt]·(logQpre

t (xs,xt)[ℓ,x
ℓ
s]−logQθ

t (xs,xt)[ℓ,x
ℓ
s])

14: if i < Nsteps − 1 then
15: Lt ← len(xt)
16: It ∼ Poisson(Rθ

t (xt,xs) ·∆t) ▷ Sample number of tokens to insert at each gap
17: total_ext←

∑
ℓ L

ℓ
t

18: if total_ext+ Lt > Lmax then
19: Lt ← 0 ▷ Do not insert any masks
20: end if
21: Ls ← Lt + total_ext
22: ext_cum[Lt + 1]←

∑ℓ
j=1 I

ℓ
t ▷ Compute cumulative insertions up to position ℓ

23: x′s ← (pad)Lmax ▷ Initialize sequence of pad tokens
24: x′s[: Ls + 1]←M ▷ Initialize Ls tokens to mask
25: for ℓ = 1 to Lt do
26: x′s[ℓ+ ext_cum[ℓ]]← xs[ℓ] ▷ Set unmasked tokens to their new position
27: end for
28: x′s, I

⋆
t ← ScheduleAwareDeletion(x′s, µϕ)

29: xs ← x′s
30: ▷ Compute log insertion rates under Poisson ◁
31: log_policy_insert← I⋆t logR

θ
t (xt,xs)−Rθ

t (xt,xs)
32: log_pre_insert← I⋆t logR

pre
t (xt,xs)−Rpre

t (xt,xs)
33: log_rnd← log_rnd+

∑
ℓ(log_pre_insert[ℓ]− log_policy_insert[ℓ])

34: end if
35: xt ← xs

36: t← t+∆t
37: end for
38: r(x1)← RewardFunc(decode(x1))
39: log_rnd← log_rnd+ (r(xt)/α)
40: return x1,log_rnd, r(x1)
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Algorithm 3 SampleInterpolant: Partially remasks and deletes tokens in batch

1: Input: Batch of clean sequences {xT,i,W
θ̄,ϕ̄}Bi=1, number of replicates R

2: Repeat each sequence in batch {xT,j ,W
θ̄,ϕ̄}B×Rj=1

3: Initialize batch of corrupted sequences {xt,j}B×Rj=1

4: for xT,j in {xT,j}B×Rj=1 do
5: t ∼ U(0, 1)
6: for ℓ = 1 to L do
7: tℓi ∼ α̇tdt ▷ Sample insertion time
8: tℓu ∼ 1[t ≥ tℓi ]

β̇t

1−β
tℓ
i

dt ▷ Sample unmasking time

9: if t < tℓi then
10: xℓ

t,j ← (empty)] ▷ Deleted token at time t

11: else if tℓi ≤ t < tℓu then
12: xℓ

t,j ←M ▷ Masked token at time t
13: else
14: xℓ

t,j ← xℓ
T,j ▷ Clean token at time t

15: end if
16: Remove intermediate (empty) from xℓ

t,j and replace as pads at end of sequence
17: end for
18: end for
19: return {xt,j ,W

θ̄,ϕ̄}B×Rj=1

Algorithm 4 ScheduleAwareRemasking: Ensure the number of masked tokens after remasking
matches the expected mask count by remasking low-quality tokens.

1: Input: Draft sequence after unmasking x̃s, time s, unmasking quality model µϕ, unmasked
indicesMt

2: exp_num_mask← interpolant.exp_mask_fraction(x̃s, s)
3: num_mask← |{ℓ : x̃ℓ

s = M}|
4: mask_to_add← exp_num_mask− num_mask
5: for ℓ ∈Mt do
6: remask_scores[ℓ]← −µℓ

ϕ(x̃s) ▷ lower confidence has higher probability of remask
7: end for
8: Rs ← topk_indices(remask_scores,mask_to_add) ▷ set of indices to remask
9: for i ∈ Rs do

10: x̃ℓ
s ←M

11: end for
12: return x̃s

Algorithm 5 ScheduleAwareDeletion: Ensure the sequence length after insertion matches the
expected length by deleting low-quality insertions

1: Input: Draft sequence after insertion x̃s, time s, insertion quality model νϕ, inserted indices It,
threshold quality µmin

2: exp_length← interpolant.exp_length(x̃s, s)
3: if len(x̃s) ≥ exp_length then
4: to_delete← len(x̃s)− exp_length
5: insert_scores[i]← −νiϕ(x̃s) ▷ lower confidence has higher probability of deletion
6: Ds ← topk_indices(insert_scores,to_delete) ▷ set of indices to delete
7: x̃i

s ← (empty)
8: end if
9: return x̃s
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