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Abstract

We present a simple yet effective generative model for time series, based on a Recurrent
Variational Autoencoder that we refer to as AEQ-RVAE-ST. Recurrent layers often struggle
with unstable optimization and poor convergence when modeling long sequences. To address
these limitations, we introduce a training scheme that subsequently increases the sequence
length, stabilizing optimization and enabling consistent learning over extended horizons.
By composing known components into a recurrent, approximately time-shift-equivariant
topology, our model introduces an inductive bias that aligns with the structure of quasi-
periodic and nearly stationary time series. Across several benchmark datasets, AEQ-RVAE-
ST matches or surpasses state-of-the-art generative models, particularly on quasi-periodic
data, while remaining competitive on more irregular signals. Performance is evaluated
through ELBO, Fréchet Distance, discriminative metrics, and visualizations of the learned
latent embeddings.

1 Introduction

Time series data, particularly sensor data, plays a crucial role in science, industry, energy, and health. With
the increasing digitization of companies and other institutions, the demand for advanced methods to handle
and analyze time series sensor data continues to grow. Sensor data often exhibits distinct characteristics: it
is frequently multivariate, capturing several measurements simultaneously, and may involve high temporal
resolutions, where certain anomalies or patterns of interest only become detectable in sufficiently long se-
quences. Furthermore, such data commonly displays quasi-periodic behavior, reflecting repetitive patterns
influenced by the underlying processes. For generative models, this raises the challenge of how to embed
inductive biases that emphasize relative temporal dynamics over absolute time, encouraging the model to
treat repeating structures consistently regardless of their position in the sequence. These unique properties
present both opportunities and challenges in the development of methods for efficient data synthesis and
analysis, which are essential for a wide range of applications.

Throughout this paper, we use the term quasi-periodic in the applied anomaly-detection sense, referring to
time series that exhibit repetitive motifs recurring with imperfect regularity due to variable cycle lengths,
phase jitter, drift, noise, missing cycles, or occasional anomalies. This usage is consistent with the anomaly-
detection and time-series segmentation literature (Yang et al., 2025; Liu et al., 2022; Zangrando et al., 2022;
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Tang et al., 2023) and di�ers from the classical mathematical notion of quasi-periodicity, which typically
refers to structured signals generated by a �nite number of incommensurate frequencies.

Time series data analysis spans tasks such as forecasting (Siami-Namini et al., 2019), imputation (Tashiro
et al., 2021; Luo et al., 2018), anomaly detection (Hammerbacher et al., 2021), and data generation. Of
these, data generation stands out as the most general task, as advances in generative methods often yield
improvements across the entire spectrum of time series applications (Murphy, 2022).

Recurrent neural networks, particularly Long Short-Term Memory (LSTM) networks (Hochreiter & Schmid-
huber, 1997), are well-known for their ability to model temporal dynamics and capture dependencies in
sequential data. However, their e�ectiveness tends to diminish with increasing sequence length, as main-
taining long-term dependencies can become challenging (Zhu et al., 2023) where in contrast, convolutional
neural networks (CNNs) (LeCun et al., 1998) demonstrate superior scalability for longer sequences (Bai
et al., 2018). For instance, TimeGAN (Yoon et al., 2019) represents a state-of-the-art approach for gen-
erating synthetic time series data, particularly e�ective for short sequence lengths. In its original paper,
TimeGAN demonstrates its capabilities on samples with sequence lengths ofl = 24, showcasing limitations
of LSTM-based architectures. By contrast, a model like WaveGAN (Donahue et al., 2019), which is built on
a convolutional architecture, is trained on signi�cantly longer sequence lengths, withl = 16384 at minimum.
This contrast highlights the fundamental di�erences and capabilities between recurrent and convolutional
networks.

The limitations of LSTMs in modeling long-term dependencies are not restricted to time series data but also
impact their performance in other domains, such as natural language processing (NLP). Early applications of
attention mechanisms integrated with recurrent neural networks like LSTMs (Bahdanau, 2014) have largely
been replaced by Transformer architectures (Vaswani et al., 2017), which excel in data-rich tasks due to their
parallel processing capabilities and expressive attention mechanisms. While Transformer architectures have
shown exceptional results in NLP (Radford et al., 2019), their application to time series data remains chal-
lenging. This is due in part to the self-attention mechanism's quadratic scaling in memory and computation
with sequence length (Katharopoulos et al., 2020), which makes them less practical for very long sequences.
Additionally, the inductive bias of Transformers di�ers from that of recurrent models: Transformers rely on
positional encodings to model temporal structure, whereas recurrent architectures such as LSTMs process
data sequentially by design, which inherently embeds a sense of temporal order into the model dynamics.
This sequential processing makes recurrent models particularly well-suited for long, approximately stationary
time series, where preserving temporal continuity over extended horizons can be highly bene�cial.

Among the primary approaches for generative modeling of time series, three dominant frameworks have
emerged: Generative Adversarial Networks (GANs) (Goodfellow et al., 2020), Variational Autoencoders
(VAEs) (Kingma & Welling, 2014; Fabius & Van Amersfoort, 2014), and, more recently, Di�usion Models
(Ho et al., 2020). Di�usion Models have demonstrated impressive capabilities in modeling complex data
distributions, but their signi�cant computational demands, high latency, and complexity make them less
practical for many applications (Yang et al., 2024). Moreover, in terms of practical applications, there
are often constraints in both time and computational resources, which limit the feasibility of performing
extensive �ne-tuning for each individual dataset. A general, well-performing approach that is both simple
and e�cient is therefore more desirable. In this context, VAEs still stand out for their simplicity and direct
approach to probabilistic modeling. In our work, we focus on VAEs and propose a method for training VAEs
with recurrent layers to handle longer sequence lengths. We argue that VAEs are particularly suited for
generation of time series data, as they explicitly learn the underlying data distribution, making them robust,
interpretable, and straightforward to implement.

Our major contributions are:

ˆ We introduce a novel combination of inductive biases, network topology, and training scheme in a
recurrent variational autoencoder architecture. Our model integrates approximate time-shift equiv-
ariance into a recurrent structure, encouraging invariance to absolute time and thereby providing an
inductive bias toward quasi-periodic time series. Unlike existing recurrent or convolutional genera-
tive models, our architecture maintains a �xed number of parameters, independent of the sequence
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length. We further analyze this behavior through the Echo State Property (ESP), which serves as
a diagnostic lens to quantify how strongly the model forgets arbitrary initializations and aligns its
dynamics with the input structure.

ˆ We propose a simple yet e�ective training scheme that subsequently increases the sequence length
during training, leveraging the sequence-length-invariant parameterization of our model. We refer to
the combination of our architecture with this training scheme as AEQ-RVAE-ST. This scheme miti-
gates the typical limitations of recurrent layers in capturing long-range dependencies, is particularly
suited for quasi-periodic datasets, and contributes signi�cantly to our model's performance.

ˆ We conduct extensive experiments on �ve benchmark datasets and compare our method against
a broad range of strong baselines, including models based on GANs, VAEs, di�usion processes,
convolutions, and Transformers. This diverse set covers the most prominent architectural families
in time-series generation and ensures a fair and comprehensive evaluation.

ˆ To evaluate generative quality of the long generated sequences, we employ a comprehensive set of
evaluation metrics, including Contextualized Fréchet Inception Distance (Context FID), Discrimi-
native Score, and visualizations via PCA and t-SNE.

Our implementation, including preprocessing and model training scripts, is available in branches: main, sine,
inductive bias.

(a) Original data (b) Di�usion-TS (c) AEQ-RVAE-ST (ours)

Figure 1: Three excerpts of the electric motor dataset (4.1) with sequence lengthl = 1000: (a) original data,
(b) generated by Di�usion-TS (Yuan & Qiao, 2024), (c) generated by our model. Each row corresponds
to a di�erent channel. Our model (c) faithfully reproduces key signal characteristics across all channels,
including the pronounced voltage peak volatility (row 1), the sawtooth-like DC-bus pattern (row 2), and
both the high- and low-frequency components of the stator current (row 3). Di�usion-TS (b) captures the
general frequency structure but loses �ne-grained details such as the sawtooth shape and high-frequency
content.

2 Related Work

2.1 Deep Generative Models for Time Series

Time-series generation has been explored across various deep generative paradigms, including GANs, VAEs,
Transformers, and di�usion models. Early approaches focused on recurrent structures: C-RNN-GAN (Mo-
gren, 2016) used LSTM-based generators and discriminators, while RCGAN (Esteban et al., 2017) introduced
label-conditioning for medical time series. TimeGAN (Yoon et al., 2019) combined adversarial training, su-
pervised learning, and a temporal embedding module to better capture temporal dynamics. Around the
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same time, WaveGAN (Donahue et al., 2019) introduced a convolutional GAN architecture for raw audio
synthesis, illustrating that convolutional models can also be e�ective for generative tasks in the time domain.
TimeVAE (Desai et al., 2021b) further explored this direction by proposing a convolutional variational au-
toencoder tailored to time-series data. PSA-GAN (Paul et al., 2022) employed progressive growing (Karras
et al., 2018), incrementally increasing temporal resolution during training by adding blocks composed of
convolution and residual self-attention to both the generator and discriminator. This fundamentally di�ers
from our approach, which extends sequence length rather than resolution.

Recent advances in time-series generation have explored di�usion-based and hybrid Transformer architec-
tures. Di�usion-TS (Yuan & Qiao, 2024) introduces a denoising di�usion probabilistic model (DDPM)
tailored for multivariate time series generation. It employs an encoder-decoder Transformer architecture
with disentangled temporal representations, incorporating trend and seasonal components through inter-
pretable layers. Unlike traditional DDPMs, Di�usion-TS reconstructs the sample directly at each di�usion
step and integrates a Fourier-based loss term. Time-Transformer (Liu et al., 2024) presents a hybrid ar-
chitecture combining Temporal Convolutional Networks (TCNs) and Transformers in a parallel design to
simultaneously capture local and global features. A bidirectional cross-attention mechanism fuses these fea-
tures within an adversarial autoencoder framework (Makhzani et al., 2016). This design aims to improve
the quality of generated time series by e�ectively modeling complex temporal dependencies.

A common limitation across all these approaches is their focus on relatively short sequence lengths. Many
models, including TimeGAN, TimeVAE, and Time-Transformer, are evaluated at l = 24. Only the
transformer-based Di�usion-TS and PSA-GAN extend this slightly, with ablations up to l = 256, leaving
the performance on signi�cantly longer sequences largely unexplored.

2.2 Recurrent Variational Autoencoders

The Recurrent Variational Autoencoder (RVAE) was introduced by Fabius & Van Amersfoort (2014), com-
bining variational inference with basic RNNs for sequence modeling. In this architecture, the latent space
is connected to the decoder via a linear layer, and the sequence is reconstructed by applying a sigmoid acti-
vation to each RNN hidden state.1 We build on this framework by replacing the basic RNNs with LSTMs
(or GRUs) and using a repeat-vector mechanism that injects the same latent vector at every time step of
the decoder. This design encourages the latent code to encode global sequence properties, while the LSTM
handles temporal dependencies. Instead of a sigmoid, we apply a time-distributed linear layer, preserving
approximate time-translation equivariance (see Section 3.1).

Unlike dynamic VAEs (dVAE) that use a sequence of latent variables to increase �exibility (Girin et al.,
2021), we opt for a single latent vector of �xed size across the entire sequence. This choice re�ects our
focus on the inductive bias of translational equivariance and stationarity, where the latent code is meant to
capture global properties of the sequence while allowing the decoder to model local temporal dynamics. This
distinction means that, unlike in dVAE models, the latent code does not change over time, aligning with the
assumptions of our model and the goal of preserving global structure while modeling temporal relationships.

3 Methods

3.1 Stationarity, Time-Shift Equivariance, and ESP

A central challenge in generative modeling of time series is how models handle temporal invariances. Real-
world sensor data rarely satis�es strict stationarity. Instead, it often exhibits quasi-periodicity, characterized
by similar repeating patterns whose amplitude or frequency may vary slowly over time. Such data can be
viewed as approximately stationary over limited horizons, since its statistical properties remain relatively
stable under small temporal shifts. This raises the question of time-shift equivariance: whether a model's
predictive distribution treats the same local pattern consistently, independent of its absolute position within
the sequence.

1https://github.com/arunesh-mittal/VariationalRecurrentAutoEncoder/blob/master/vrae.py
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Recurrent architectures such as LSTMs naturally encourage this behavior through their sequential update
mechanism, but in practice true equivariance does not hold, as hidden states may retain information about
initial conditions or absolute position. This e�ect can be studied through the Echo State Property (ESP),
which describes the ability of recurrent networks to forget their initialization and converge to a state deter-
mined solely by the input sequence.

While ESP is not equivalent to stationarity, it facilitates approximate shift equivariance by removing spurious
dependencies on the initial hidden state. After a su�cient washout period, the network state is determined
primarily by the recent input sequence rather than by absolute position.

To avoid confusion, we brie�y summarize the concepts used in this work:

ˆ Stationarity (data property):

A process (x t ) is strictly stationary if the joint distributions of any two windows x t :t + ` and
x t +�: t + ` +� are identical for all shifts � . In practice, however, most real-world time series are only
approximately stationary. A common and practically relevant case is quasi-periodicity , where
the data exhibit recurring but not perfectly regular patterns, such as oscillations with slowly vary-
ing amplitude, phase, or frequency, that give rise to long-term statistical regularities without strict
invariance. Following the quasi-periodic anomaly-detection literature (Liu et al., 2022; Zangrando
et al., 2022; Tang et al., 2023), we characterize this regime operationally as time series that admit
a segmentation into cycles such that consecutive cycles are similar after mild alignment (e.g., small
time-warping or phase shift) and normalization, while residual components capture drift, noise, and
anomalies. This perspective aligns with how pseudo-periodic streams are handled in the data-stream
and segmentation literature (an Tang et al., 2007; Yin et al., 2014).

ˆ Time-shift equivariance (model property):

A model is time-shift equivariant if it treats the same local pattern equivalently, regardless of its
absolute position in the sequence. Formally, for strictly stationary data and small shifts � , the
predictive distributions should satisfy

D(p� (x t +1 j x1:t ); p� (x t +1+� j x �+1: t +� )) � 0;

where D denotes a divergence such as Kullback�Leibler or Jensen�Shannon.

ˆ Echo State Property (ESP, dynamical property of recurrent models):

ESP states that the in�uence of the initial hidden state vanishes over time: for any input sequence
(x t ) and any two initializations (h0; c0) and (h0

0; c0
0),

kFt (x1:t ; h0; c0) � Ft (x1:t ; h0
0; c0

0)k ! 0 as t ! 1 ;

where Ft denotes the unrolled recurrence. ESP provides a mechanism for approximate time-shift
equivariance, since after a su�cient washout period the hidden state depends only on the input
sequence and not on absolute position.

To illustrate this relation more concretely, consider the recurrent transition of an LSTM cell,

(hi +1 ; ci +1 ) = f̂ (x i ; hi ; ci );

which de�nes a discrete-time dynamical system on the hidden state. Now consider two partially overlapping
input sequencesX = [ x0; : : : ; xn ] and X 0 = [ x1; : : : ; xn ], where X 0 starts one step later but otherwise
shares the same continuation. When both sequences are propagated through the recurrencef̂ , their hidden
trajectories initially di�er due to the additional update step in X . However, under stable dynamics this
di�erence diminishes over time, and

f̂ (xk ; f̂ (xk � 1; : : : ; f̂ (x1; f̂ (x0; h; c)))) � f̂ (xk ; f̂ (xk � 1; : : : ; f̂ (x1; h; c))) ; (1)

for su�ciently long sequences. This convergence of hidden trajectories, often referred to asstate forgetting, is
the operational manifestation of the Echo State Property and underlies approximate time-shift equivariance
in recurrent models.
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3.2 Architectural Considerations for Quasi-Periodic Time Series

Given that our focus is on time series data with quasi-periodic behavior, other architectures such as con-
volutional layers and transformers face speci�c limitations. Convolutional layers are widely used to build
translation-equivariant networks, which makes them highly e�ective in domains like image processing where
pattern recognition should be invariant to position. However, in the context of time series, convolution alone
is not inherently designed for sequence generation: upscaling typically increases the resolution of a �xed
time window rather than extending the sequence length itself (Paul et al., 2022). This distinction limits the
ability of convolutional architectures to generate variable-length time series.

Transformers, on the other hand, excel at capturing long-range dependencies, but their self-attention mech-
anism scales quadratically with sequence length (Katharopoulos et al., 2020), which makes them computa-
tionally demanding for very long series. Moreover, transformers are not inherently translation-equivariant.
Instead, they are permutation-equivariant and therefore require explicit positional encodings to represent
temporal order. While this �exibility is powerful for text or other symbolic sequences, it contrasts with
the requirements of time series generation, where a consistent sense of order and time-shift equivariance are
central.

By comparison, recurrent architectures such as LSTMs embed temporal order directly into their model
dynamics. They maintain an internal state that evolves sequentially with the data, naturally supporting the
kind of approximate time-shift equivariance discussed above.

These properties motivate our choice of recurrent architectures for modeling quasi-periodic time series as
studied in prior anomaly-detection work (Liu et al., 2022; Zangrando et al., 2022; Tang et al., 2023). In such
data, approximate time-shift equivariance encourages representations that are stable under phase shifts and
cycle-to-cycle timing variability, matching the practical need to recognize the same pattern regardless of its
temporal position. Our progressive training scheme (Section 3.4) complements this architectural choice by
stabilizing learning on long horizons where repetition exists but is not exact due to drift, noise, and anomalies.
These conditions are characteristic of quasi-periodic benchmarks and industrial settings described in prior
work (Zangrando et al., 2022; Yang et al., 2025).

Figure 2: This �gure illustrates the architecture of our model. Both the encoder and decoder consist of
stacked LSTM layers. The encoder's �nal hidden state, denoted ashn , is used to compute the parameters
� and log(� 2), from which the latent variable z is sampled. The latent variable z is then repeated across
all time steps and used as the input to the decoder. The decoder generates the sequence step-by-step,
with each time step's hidden state passed through a time-distributed linear layer with shared weights. This
is represented by the individual Linearshared blocks. Throughout the network, approximate equivariance
is maintained with respect to time translation, and the number of trainable parameters remains constant
regardless of the sequence length. For a detailed layer-by-layer speci�cation of the decoder with the explicit
dimensions used in our experiments, see Appendix A.3.
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3.3 AEQ-RVAE-ST

Our model builds on the Variational Autoencoder (VAE) framework (Kingma & Welling, 2014; Fabius &
Van Amersfoort, 2014), which minimises the negative evidence lower bound (ELBO):

L �;� (x) = � Eq� (zjx ) [logp� (xjz)]
| {z }

L E

+ DKL (q� (zjx) k p� (z))
| {z }

L R

; (2)

where L E is the reconstruction loss,L R the KL-divergence to the prior p� (z) = N (0; I ), and q� (zjx) the
approximate posterior (Murphy, 2022).

The inference networkq� (zjx) is implemented using stacked LSTM layers. Given the �nal point in time of a
sequence, the output of the last LSTM layer is passed through two linear layers to produce� and log(� ). The
latent variable is sampled via the reparameterisation trick, z = � + � � � with � � N (0; I ). The generative
network p� (xjz) then reconstructs the data from z. To achieve this, z is repeated across all time steps (using
a repeat vector), ensuring that it remains constant and shared throughout the entire sequence:

zt = z for all t 2 f 1; 2; : : : ; ng;

where n denotes the total number of time steps. The repeat vector is followed by stacked LSTM layers.
Finally, a time-distributed linear layer is applied in the output. This layer operates independently at each
time step, applying the same linear transformation to the LSTM output at every time step, which can be
viewed as a1 � 1 convolution across the time dimension, with shared weights across all time steps.

The time-distributed layer is inherently equivariant with respect to time-translation, preserving temporal
structure and shifts over time. Together with our LSTM-based approach and the repeat-vector mechanism,
this design ensures that the number of trainable parameters remains independent of the sequence length,
while also enabling an adapted training scheme that can accommodate increasing sequence lengths. The
architecture is illustrated in Figure 2. Details and hyperparameters are provided in Appendix A.6.

3.4 Training scheme for sequence lengths

Building on the principles of time-shift equivariance and state forgetting discussed in Section 3.1, we adopt
a progressive training scheme that incrementally increases the sequence length during training. While the
recurrent architecture introduced in Section 3.3 provides the necessary structural inductive bias, training on
long sequences from the beginning often leads to unstable gradients and poor convergence. Our approach
mitigates this by �rst training on short sequences and gradually extending the sequence length, allowing the
model to incrementally adapt to longer temporal dependencies without sacri�cing training stability.

Training a recurrent model such as an LSTM to generate consistent long sequences is challenging, as recurrent
layers have a limited capacity to preserve information over extended temporal ranges. To facilitate learning
over longer horizons and to encourage stable hidden-state dynamics, we employ a progressive training scheme
for the AEQ-RVAE-ST model. The dataset is initially divided into short sequences on which the model is
�rst trained, stabilizing optimization and accelerating convergence. After this initial phase, we subsequently
increase the sequence length: the dataset is rebuilt into longer chunks, and training continues until the
validation loss saturates. This process is repeated iteratively, enabling stable training over increasingly long
horizons. Empirically, we �nd that this scheme improves both convergence stability and �nal performance
compared to training directly on long sequences.

This scheme can be motivated probabilistically. For a time seriesx of length l , hidden featuresh of length l ,
and a latent vector z, we assume a recurrent generative structure:

p(x; h; z) = p(z)
lY

i =1

p(hi j z; hi � 1; : : : ; h1) p(x i j hi ):
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This process can be approximated by restricting dependencies to a �nite memory oft steps:

p(x; h j z) =
lY

i =1

p(hi j z; hi � 1; : : : ; h1) p(x i j hi )

�
lY

i =1

p(hi j z; hi � 1; : : : ; hmax(1 ;i � t ) ) p(x i j hi ): (3)

Training on shorter sequences therefore corresponds to learning a truncated approximation of the full gen-
erative process. Subsequently extending the sequence length during training relaxes this truncation and
allows the model to gradually approximate the full time-shift invariant distribution p� (x). This progressive
extension of the training horizon operationalizes the approximate time-shift equivariance discussed earlier,
allowing the model to learn stable long-term dynamics in quasi-periodic data.

Based on our experience, we recommend starting at a short sequence length (e.g.,l = 50 to l = 100) and
using moderate increments (� l � 150). Large increments (� l � 300) tend to degrade performance. In the
main experiments, we use increments of� l = 100 as a robust default. A detailed sensitivity analysis is
provided in Appendix A.1.

4 Experiments

In our experiments, we compare the performance of AEQ-RVAE-ST to several baseline models. AEQ-
RVAE-ST uses a single, �xed con�guration across all datasets and sequence lengths. For the baselines, we
adopt o�cial con�gurations from the respective repositories (e.g., for Di�usion-TS we use the authors' Sine
con�guration for the Sine dataset); see Appendix A.11.1 for details.

For the training procedure, we started with a sequence length of 100 and subsequently increased it by 100
in each subsequent training phase, until reaching a maximum sequence length of 1000. We compare the
performance of the models at sequence lengths of 100, 300, 500, and 1000. To evaluate performance, we
employ a combination of short-term consistency measures based on independently generated ELBOs, the
discriminative score, and the contextual FID score. Additionally, we perform visual comparisons between
the training and generated data distributions using dimensionality reduction techniques such as PCA and t-
SNE. All reported results were tested for statistical signi�cance using the Wilcoxon rank-sum test (Wilcoxon,
1992). In cases where the di�erence was not statistically signi�cant, multiple values are highlighted in bold.

4.1 Data Sets

For our experiments we use three multivariate sensor datasets with typical semi-stationary behavior, a
synthetic benchmark, and one less quasi-periodic dataset. We speci�cally selected datasets with a minimum
size necessary for training generative models e�ectively.

Electric motor (EM)(Wiÿbrock & Müller, 2025; Mueller, 2024): This dataset was collected from a
three-phase motor operating under constant speed and load conditions. We use only the �leH1.5, selected
arbitrarily among the available recordings. The data was recorded at a sampling rate of 16 kHz. Out of the
twelve initially available channels, four were removed due to discrete behavior or abrupt changes, leaving only
smooth, continuous signals. The resulting dataset contains approximately 250,000 datapoints and represents
a highly quasi-periodic real-world time series.

ECG data (ECG) 2 Goldberger et al. (2000): This dataset contains a two-channel electrocardiogram
recording from the MIT-BIH Long-Term ECG Database. It has nearly 10 million time steps of which we use
the �rst 500,000 for training. The signals exhibit clear periodic structure corresponding to cardiac cycles, yet
show natural variability in frequency and morphology, including occasional irregularities such as arrhythmias.
Our objective is not to produce medically usable data; specialized models are likely more appropriate for
medical applications (Neifar et al., 2023).

2https://physionet.org/content/ltdb/1.0.0/14157.dat
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ETTm2 (ETT) 3: The ETTm2 dataset contains sensor measurements such as load and oil temperature
from electricity transformers, recorded over a two-year period at a coarse sampling rate of four points per
hour. While originally proposed for long-term forecasting (Zhou et al., 2021), our analysis suggests that
its temporal dynamics are weakly quasi-periodic at best, due to the limited temporal resolution, the short
analysis horizon relative to the seasonal cycles, and the small dataset size (69,680 samples).

Synthetic Sine: This dataset consists of �ve independent sine waves with randomly sampled frequencies
and initial phases drawn from N (0; 0:1). The resulting signals are smooth, noise-free, and nearly stationary,
serving as a canonical benchmark for generative time-series models (Yoon et al., 2019; Desai et al., 2021b;
Yuan & Qiao, 2024).

MetroPT3 (Davari et al. (2021)): The MetroPT3 dataset consists of multivariate time-series data from
analogue and digital sensors installed on a compressor, originally collected for predictive maintenance and
anomaly detection. The data were logged at 1 Hz. Similar to the Electric Motor dataset, we removed non-
continuous or discrete signals. Out of the original 1.5 million time steps, we used the �rst 500,000. Recurring
patterns in this dataset are frequently interrupted by phases of �at signals, leading to irregular temporal
dynamics.

4.2 Baseline Models

We compare against �ve established generative models spanning GANs, VAEs, di�usion models, and
Transformer-based architectures: TimeGAN (Yoon et al., 2019), a recurrent GAN; WaveGAN (Donahue
et al., 2019), a convolutional GAN originally designed for raw audio; TimeVAE (Desai et al., 2021b), a con-
volutional VAE; Di�usion-TS (Yuan & Qiao, 2024), a di�usion model with Transformer-based trend-seasonal
decomposition; and Time-Transformer (Liu et al., 2024), an adversarial autoencoder combining TCNs and
Transformers. None of these baselines enforce approximate time-shift equivariance by design. A detailed
description of each model's architecture and equivariance properties is provided in Appendix A.10.

4.3 Emphasizing Inductive Bias with Echo State Property (ESP)

The ESP provides a useful lens to analyze inductive bias in recurrent generative models. Formally, ESP states
that when driven by the same input sequence, hidden states forget arbitrary initial conditions and converge
to a unique input-determined trajectory (Jaeger, 2001; Manjunath & Jaeger, 2013). Note that standard
LSTMs do not guarantee ESP in general. Our measurements are empirical indicators of contraction rather
than a formal guarantee (Yildiz et al., 2012; Buehner & Young, 2006).

Interpreting ESP in our setting leads to three important insights:

ESP as forgetting irrelevant information: Strong ESP does not mean that the network indiscriminately
forgets all information, but speci�cally that it suppresses dependence on arbitrary initializations. Once
washout has occurred, the hidden states become determined primarily by the input. This aligns well with
nearly stationary or quasi-periodic data, where invariance to absolute time is desirable.

ESP versus meaningful long-term memory: A model without ESP may appear to �retain� information
longer, but what is retained is often dependence on the random initialization rather than useful structure in
the input sequence. Conversely, moderate ESP allows the model to forget initialization artifacts while still
preserving long-term dependencies driven by the input. Thus, ESP should not be interpreted as the opposite
of memory capacity, but rather as the ability to separate meaningful input-driven memory from spurious
initialization e�ects.

Inductive bias for stationarity: In generative modeling of time series, ESP encourages the network to
emphasize relative temporal patterns over absolute time indices. This induces an inductive bias toward
stationarity-like behavior: repeated patterns are treated consistently regardless of where they occur in the
sequence. At the same time, the property is only approximate in our trained models, allowing �exibility to
retain non-stationary structure (e.g., trends or irregular variations) when present in the data.

3https://github.com/zhouhaoyi/ETDataset
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Figure 3: Echo State Property (ESP) analysis across datasets (log scale). The x-axis shows sequence lengtht
and the y-axis the normalized hidden-state distancer (t) = d(t)=d(0), whered(t) = Ez; (h>

0 ) ;(h>0
0 ) [k h>

t � h>0
t k2].

Hereh>
t denotes the hidden state of the top LSTM layer only (no cell states are used). Random initializations

are applied only to the top layer; all lower layers use identical �xed initializations across runs. By construction
we setr (0) = 1 (the curve is normalized to the initial distance). The expectation is approximated by sampling
10 latent vectors z; for eachz one input sequence is generated andd(t) is averaged over 20 independent pairs
of random top-layer initial states (h>

0 ; h>0
0 ). On the logarithmic scale, exponential contraction appears as

straight lines. The untrained model indeed shows such monotonic exponential decay, withr (t) converging
into the range of 10� 9 and remaining stable thereafter, re�ecting trivial washout due to random initialization.
In contrast, trained models display weaker contraction with residual variability in the curves. ETTm2 reaches
about 10� 7, the synthetic sine dataset around10� 3, while ECG, EM, and MetroPT3 remain higher. This
illustrates how training balances ESP with the preservation of long-term temporal structure. All hidden
states are calculated based on the weights of the models withl = 1000.

As shown in Fig. 3, we observe contraction across all datasets, though with varying strength. Trained
models exhibit weaker contraction than the untrained baseline, with ETTm2 showing the strongest and
ECG, EM, and MetroPT3 the weakest contraction among trained models. This illustrates how training
counterbalances the architectural bias by preserving input-driven dependencies where useful, rather than
enforcing unconditional washout.

The particularly strong contraction observed on ETTm2 is likely due to the combination of a coarse temporal
resolution of four samples per hour, an analyzed horizon of 1000 steps (approximately 10 days), and a limited
total span of about two years. Together, these factors make it di�cult to learn meaningful long-term seasonal
dependencies, so that the model instead forgets initial states rapidly, producing the appearance of strong
ESP.
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4.4 Evaluation by Context-FID Score

To evaluate the distributional similarity between real and generated time series, we use the Context-FID score
(Paul et al., 2022), a variant of the Fréchet Inception Distance (FID) commonly used in image generation.
In this adaptation, the original Inception network is replaced by TS2Vec (Yue et al., 2022), a self-supervised
representation learning method for time series. The score is computed by encoding both real and generated
sequences with a pretrained TS2Vec model and calculating the Fréchet distance between the resulting feature
distributions. Lower scores indicate that the synthetic data better matches the distribution of the real data.

Table 1 reports the Context-FID scores across di�erent sequence lengths and datasets.

Across the di�erent sequence lengths, AEQ-RVAE-ST consistently outperforms all comparison models on
the Electric Motor, ECG, and especially the Sine datasets starting froml = 300. These datasets exhibit high
quasi-periodicity, which aligns well with the inductive biases of our approach. On the lesser quasi-periodic
datasets MetroPT3 and ETT, our model remains competitive, with TimeVAE surpassing it at l = 1000 for
both datasets. Additionally, for MetroPT3, Di�usion-TS outperforms our model at l = 500.

4.5 Evaluations by Discriminative Score

The discriminative score D was introduced by (Yoon et al., 2019) as a metric for quality evaluation of
synthetic time series data. For the discriminative score a simple 2-layer RNN for binary classi�cation is
trained to distinguish between original and synthetic data. Implementation details are in the appendix A.12.
It is de�ned as D = j0:5� aj, wherea represents the classi�cation accuracy between the original test dataset
and the synthetic test dataset that were not used during training. The best possible score of 0 means that
the classi�cation network cannot distinguish original from synthetic data, whereas the worst score of 0.5
means that the network can easily do so.

The discriminative score provides particularly meaningful insights when it allows for clear distinctions be-
tween models, which is best achieved by avoiding scenarios where the score consistently reaches its best or
worst possible values across di�erent models. To ensure consistency, we used the same �xed number of sam-
ples for training the discriminator across all experiments, regardless of sequence length. This �xed sample
size was found to be suitable for our experimental setup.

As shown in Table 2, the Discriminative Score yields a less clear-cut picture compared to other evaluation
metrics. The Wilcoxon rank-sum test reveals that in several cases, performance di�erences between models
are not statistically signi�cant.

On the Electric Motor dataset, AEQ-RVAE-ST achieves the best performance froml = 300 onwards. For the
ECG dataset, AEQ-RVAE-ST outperforms all other models at l = 1000, while for shorter sequence lengths,
its performance is comparable to that of Di�usion-TS. On the ETT dataset, AEQ-RVAE-ST, TimeVAE, and
Di�usion-TS perform similarly well across all sequence lengths, with no statistically signi�cant di�erences.
The Sine dataset exhibits more nuanced behavior: Di�usion-TS performs best atl = 100; at l = 300, AEQ-
RVAE-ST, TimeVAE, and Di�usion-TS perform comparably; and from l = 500 onwards, AEQ-RVAE-ST
achieves the best results. For the MetroPT3 dataset, AEQ-RVAE-ST is best atl = 100, while Di�usion-TS
slightly outperforms all other models at longer sequence lengths.

4.6 Evaluation by PCA

In this section, we evaluate the quality of the generated time series using PCA (Hotelling, 1933). The
idea is to train PCA on the original data, project it into a lower-dimensional space, and apply the same
transformation to the synthetic data to assess distributional alignment. While widely used for identifying
structural similarities, this technique does not account for temporal dependencies within the sequences.
Additional t-SNE (Hinton & Van Der Maaten, 2008) visualizations are provided in Appendix A.14.

These common techniques complement earlier methods that primarily assessed the sample quality of the
models. For brevity, we present the results of four selected experiments in the main paper, as all experiments
consistently yield the same �ndings. These four experiments include PCA plots on the EM dataset and on the
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Table 1: FID score of synthetic time series for six models (see 4.2), computed on the �ve datasets (see 4.1)
at sequence lengthsl = 100, l = 300, l = 500, and l = 1000. Lower scores indicate better performance.
Each score is based on 5000 generated samples, each evaluated (trained) 15 times, and reported with 1-
sigma con�dence intervals. AEQ-RVAE-ST consistently outperforms all baselines on the highly periodical
Electric Motor, ECG, and Sine datasets starting from l = 300. On the less periodical MetroPT3 and ETT
datasets, performance is more competitive, with TimeVAE and Di�usion-TS outperforming our model at
certain sequence lengths.

Sequence lengths

Dataset Model 100 300 500 1000

Electric
Motor

AEQ-RVAE-ST (ours) 0.35� 0.04 0.12� 0.01 0.10� 0.01 0.24� 0.02
TimeGAN 1.03� 0.07 3.77� 0.30 3.07� 0.24 33.7� 1.69
WaveGAN 0.55� 0.04 0.75� 0.07 0.87� 0.14 1.41� 0.24
TimeVAE 0.16� 0.01 0.97� 0.11 1.06� 0.14 1.19� 0.09
Di�usion-TS 0.04� 0.00 0.69� 0.06 1.10� 0.11 1.93� 0.13
Time-Transformer 2.19� 0.16 45.4� 1.57 44.5� 2.67 65.7� 2.86

ECG

AEQ-RVAE-ST (ours) 0.08� 0.01 0.09� 0.02 0.14� 0.02 0.46� 0.06
TimeGAN 26.8� 6.89 48.0� 6.26 47.2� 5.91 34.0� 3.43
WaveGAN 1.54� 0.19 1.56� 0.14 1.54� 0.13 1.51� 0.16
TimeVAE 0.26� 0.02 0.89� 0.07 1.07� 0.10 1.30� 0.08
Di�usion-TS 0.16 � 0.01 0.28� 0.03 0.52� 0.03 3.74� 0.22
Time-Transformer 1.34� 0.11 29.7� 1.78 33.0� 2.28 40.3� 2.44

ETT

AEQ-RVAE-ST (ours) 0.58� 0.05 0.65� 0.07 0.79� 0.07 1.82� 0.16
TimeGAN 1.51� 0.19 5.76� 0.43 13.7� 1.28 17.7� 1.57
WaveGAN 3.49� 0.22 3.90� 0.37 4.38� 0.39 4.94� 0.42
TimeVAE 0.66� 0.08 0.72� 0.08 0.97� 0.10 1.56� 0.14
Di�usion-TS 0.90 � 0.11 1.18� 0.18 2.16� 0.17 2.55� 0.27
Time-Transformer 1.28� 0.14 20.1� 1.22 22.1� 1.96 47.9� 5.28

Sine

AEQ-RVAE-ST (ours) 0.33� 0.04 0.34� 0.02 0.46� 0.03 0.42� 0.03
TimeGAN 7.70� 0.32 6.01� 0.34 7.96� 0.37 21.8� 1.25
WaveGAN 1.87� 0.10 2.09� 0.13 2.81� 0.22 3.36� 0.27
TimeVAE 0.24� 0.02 0.55� 0.05 1.26� 0.14 3.03� 1.00
Di�usion-TS 0.06� 0.00 1.52� 0.13 0.74� 0.04 2.66� 0.20
Time-Transformer 0.31� 0.02 4.10� 0.21 51.2� 1.94 74.5� 3.85

MetroPT3

AEQ-RVAE-ST (ours) 0.26� 0.04 0.65� 0.07 2.81� 0.37 2.84� 0.22
TimeGAN 5.79� 0.32 10.1� 0.79 18.6� 1.06 35.1� 3.74
WaveGAN 1.14� 0.09 1.82� 0.12 2.04� 0.16 2.43� 0.18
TimeVAE 0.67� 0.05 1.32� 0.13 2.02� 0.29 2.08� 0.31
Di�usion-TS 1.07 � 0.06 1.17� 0.12 1.82� 0.09 6.97� 0.75
Time-Transformer 2.28� 0.24 5.25� 0.46 22.9� 1.45 352� 66.1

ECG dataset, each with sequence lengths ofl = 100 and l = 1000 (see �gure 4). The full set of experiments
is provided in Appendix A.14.

The visual inspection of the PCA plots for the EM dataset with a sequence length ofl = 100 reveals no
signi�cant di�erences in the distributions of the models, with Time-Transformer showing a slightly less
pronounced overlap compared to the other models. However, as the sequence length increases to l = 1000,
the performance di�erences between the models become clearly visible. Interestingly, the PCA at this
length exhibits a circular pattern, indicating the periodic characteristics of the dataset. Among the models,

12



Published in Transactions on Machine Learning Research (03/2026)

Table 2: Discriminative score of synthetic time series for six models (see 4.2), computed on the �ve datasets
(see 4.1) at sequence lengthsl = 100, l = 300, l = 500, and l = 1000. A lower score indicates better
performance. Each score is based on 15 independent discriminator runs and reported with 1-sigma con�dence
intervals. AEQ-RVAE-ST performs best on the Electric Motor dataset from l = 300 onward and signi�cantly
outperforms all models on ECG at l = 1000, while showing comparable performance to Di�usion-TS at
shorter lengths. For the ETT and Sine datasets, multiple models perform similarly depending on the sequence
length. On MetroPT3, AEQ-RVAE-ST is best at l = 100, while Di�usion-TS dominates for longer sequences.
In cases without statistically signi�cant di�erences (Wilcoxon rank-sum test), multiple scores are highlighted
in bold.

Sequence lengths

Dataset Model 100 300 500 1000

Electric
Motor (EM)

AEQ-RVAE-ST (ours) .121� .021 .032� .018 .038� .018 .085� .015
TimeGAN .338� .030 .477� .018 .486� .013 .500� .000
WaveGAN .352� .009 .416� .009 .425� .011 .444� .011
TimeVAE .268� .214 .226� .176 .185� .083 .152� .047
Di�usion-TS .112� .056 .327� .130 .396� .085 .434� .084
Time-Transformer .334� .098 .500� .000 .500� .000 .500� .000

ECG

AEQ-RVAE-ST (ours) .012� .011 .009� .008 .016� .014 .009� .010
TimeGAN .466� .125 .500� 000 .500� .000 .500� 000
WaveGAN .306� .155 .300� .201 .402� .153 .298� .217
TimeVAE .034� .066 .058� .120 .131� .181 .153� .177
Di�usion-TS .007� .007 .016� .016 .010� .015 .382� .145
Time-Transformer .216� .107 .500� .000 .496� .014 .499� .002

ETT

AEQ-RVAE-ST (ours) .179 � .034 .172� .105 .189� .049 .132� .147
TimeGAN .107� .075 .160� .113 .270� .106 .320� .120
WaveGAN .362� .080 .345� .113 .377� .099 .385� .060
TimeVAE .118� .110 .140� .053 .167� .040 .068� .051
Di�usion-TS .204 � .086 .173� .063 .151� .055 .122� .051
Time-Transformer .198� .169 .179� .116 .408� .137 .500� .000

Sine

AEQ-RVAE-ST (ours) .069� .015 .113� .059 .080� .044 .021� .013
TimeGAN .465� .130 .457� .050 .491� .005 .497� .005
WaveGAN .187� .036 .367� .073 .449� .025 .449� .034
TimeVAE .161� .092 .160� .124 .272� .129 .347� .144
Di�usion-TS .035� .014 .182� .163 .294� .109 .428� .105
Time-Transformer .173� .019 .491� .004 .499� .001 .500� .000

MetroPT3

AEQ-RVAE-ST .098� .066 .367� .109 .423� .074 .496� .004
TimeGAN .428� .041 .498� .002 .499� .001 .499� .001
WaveGAN .432� .042 .494� .005 .497� .002 .497� .003
TimeVAE .279� .103 .438� .070 .488� .024 .495� .004
Di�usion-TS .139� .025 .251� .022 .319� .015 .486� .012
Time-Transformer .473� .007 .493� .005 .500� .000 .500� .000

AEQ-RVAE-ST demonstrates the highest degree of overlap between the original and synthetic data, �tting
the circular pattern without outliers. Di�usion-TS performs almost equally well, with slightly less overlap
compared to AEQ-RVAE-ST (see �gure 1 for visual comparison of the models). WaveGAN shows only a few
outliers near the circular pattern. TimeVAE synthetic points further �ll the circle, leading to greater deviation
from the original data distribution. The PCA plots for the ECG dataset provide a detailed view of models'
performances. At l = 100, AEQ-RVAE-ST, TimeVAE, and Di�usion-TS perform equally well, showing a
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